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ABSTRACT

Recent works have empirically analyzed in-context learning and shown that
transformers trained on synthetic linear regression tasks can learn to implement
ridge regression, which is the Bayes-optimal predictor, given sufficient capacity
(Akyiirek et al.l 2023)), while one-layer transformers with linear self-attention and
no MLP layer will learn to implement one step of gradient descent (GD) on a
least-squares linear regression objective (von Oswald et al., [2022). However, the
theory behind these observations remains poorly understood. We theoretically
study transformers with a single layer of linear self-attention, trained on synthetic
noisy linear regression data. First, we mathematically show that when the covari-
ates are drawn from a standard Gaussian distribution, the one-layer transformer
which minimizes the pre-training loss will implement a single step of GD on the
least-squares linear regression objective. Then, we find that changing the distribu-
tion of the covariates and weight vector to a non-isotropic Gaussian distribution
has a strong impact on the learned algorithm: the global minimizer of the pre-
training loss now implements a single step of pre-conditioned GD. However, if
only the distribution of the responses is changed, then this does not have a large
effect on the learned algorithm: even when the response comes from a more gen-
eral family of nonlinear functions, the global minimizer of the pre-training loss
still implements a single step of GD on a least-squares linear regression objective.

1 INTRODUCTION

Large language models (LLMs) demonstrate the surprising ability of in-context learning, where an
LLM “learns” to solve a task by conditioning on a prompt containing input-output exemplars (Brown
et al., 2020 |Lieber et al., 2021; Radford et al., 2019; Wang & Komatsuzaki, 2021). Recent works
have advanced the understanding of in-context learning via empirical analysis (Min et al.|[2022; |Wei
et al., 2023} |Akytirek et al.,[2023} von Oswald et al.} 2022} |Dai et al., [2023)), but theoretical analysis
remains limited (Xie et al., [2022)).

A recent line of work (Garg et al.l |2022; |Akyiirek et al.l 2023} von Oswald et al., 2022} Dai et al.,
2023)) empirically finds that transformers can be trained to implement algorithms that solve linear
regression problems in-context. Specifically, in each input sequence the transformer is given a set
of in-context examples (z;, y; ), where y; = w ' x; + ¢; with a shared and hidden random coefficient
vector w and random noise €;, and a test example xﬂ The transformer is then trained to predict
y = w 'z + €, where e denotes random noise from the same distribution as ¢;. These works find that
the transformer outputs a prediction ¢ which is similar to the predictions of existing, interpretable
linear regression algorithms, such as gradient descent (GD) or ordinary least squares, applied to the
dataset consisting of the pairs (x;, y;). In particular, [von Oswald et al. (2022)) empirically show that
a one-layer transformer with linear self-attention and no MLP layer will implement a single step of
gradient descent when trained on such a distribution.

Several works (e.g. |Akytrek et al.| (2023); [Liu et al.| (2023); |Giannou et al.| (2023))) theoretically
study the expressive power of transformers. In the context of linear regression tasks, |Akyiirek et al.

'In some settings in these works, the noise is set to 0.
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(2023) describe how transformers can represent gradient descent, or Sherman-Morrison updates, and
Giannou et al.|(2023) describe how transformers can represent Newton’s algorithm for matrix inver-
sion. However, in addition to the expressive power of transformers, it is also of interest to understand
the behavior of transformers trained with gradient-based algorithms. Furthermore, it is still useful
to understand the behavior of models with restricted capacity—though practical LLMs are very ex-
pressive, they need to perform many tasks simultaneously, and therefore the capacity per problem
may still be relatively limited. Thus, motivated by [von Oswald et al.| (2022)), we theoretically study
the global minima of the pre-training loss for one-layer transformers with linear self-attention on the
linear regression data distribution described above.

Contributions. In this paper, we study transformers with one linear self-attention layer, and mathe-
matically investigate which algorithms the transformers implement for synthetically generated linear
regression datasets. We prove that the transformer which implements a single step of gradient de-
scent on a least squares linear regression objective is the global minimizer of the pre-training loss.
This exactly matches the empirical findings of von Oswald et al.| (2022).

Concretely, we consider a setup similar to von Oswald et al| (2022)); |Akyiirek et al.| (2023). The
model we study is a transformer with one linear single-head self-attention layer, which is the
same model as the one empirically studied by |[von Oswald et al.| (2022). The training data for
this transformer consist of sequences of the form (z1,y1,...,%n,yn), where the z; are sampled
from N(0, Ixq) and y; = w'x; + ¢;, where w is sampled from N(0, I;x4) once per sequence,
and the ¢; are i.i.d. Gaussian noise with variance o2. The pre-training loss is the expected error
that the transformer achieves when predicting y = w2 given the test example = and the context
(1,41, -+, Tn,Yn), i.e. the pre-training loss is L = E, 1 20 vn),2y (Y — 9)?], where § is the
output of the transformer given (z1,y1,. .., Zn, yn) and z as input.

We show in Section [3| that the transformer which is the global minimizer of the pre-training loss L
implements one step of gradient descent on a linear regression objective with the dataset consisting
of the (x;,y;). More concretely, the transformer implements the prediction algorithm

n
=) vz (1)
=1

where 7 is a learning rate independent of the z;, the y; and . However, one step of GD is also
preferred in part due to the distribution of the x;. In particular, if the covariance of z; is no longer
the identity matrix, we show (Section[d)) that the global minimum of the pre-training loss corresponds
to one step of GD, but with pre-conditioning.

Interestingly, our theory also suggests that the distribution of y;|z; does not play such a significant
role in the algorithm learned by the transformer. In Section |5| we study a setting where y;|x; is
nonlinear, but satisfies some mild assumptions, such as invariance to rotations of the distribution of
the ;. As a concrete special case, the target function can be a neural network with any depth/width
and i.i.d. random Gaussian weights. We show in Section [5] that a one-layer transformer with linear
self-attention, which minimizes the pre-training loss, still implements one step of GD on a linear
regression objective. Intuitively, this is likely because of the constraint imposed by the architecture,
which prevents the transformer from making use of any more complex structure in the y;.

Concurrent Works. We discuss the closely related works of |Ahn et al.| (2023) and [Zhang et al.
(2023) which are concurrent with and independent with our work and were posted prior to our work
on arXiv. |Ahn et al.| (2023) give theoretical results very similar to ours. They study one-layer
transformers with linear self-attention with the same parameterization as [von Oswald et al.| (2022),
and show that with isotropic x;, the global minimizer of the pre-training loss corresponds to one step
of gradient descent on a linear model. They also show that for more general covariance matrices,
the global minimizer of the pre-training loss corresponds to one step of pre-conditioned gradient
descent, where the pre-conditioner matrix can be computed in terms of the covariance of x,%

Different from our work, |Ahn et al.|(2023) also show additional results for multi-layer transformers
(with linear self-attention) with residual connections trained on linear regression data. First, they
study a restricted parameterization where in each layer, the product of the projection and value

*This result is not exactly the same as our result in Section since we assume w ~ A(0, ©71) while they
assume w ~ N(0, Lixa).
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matrices has only one nonzero entry. In this setting, for two-layer transformers with linear self-
attention, they show that the global minimizer corresponds to two steps of pre-conditioned GD with
diagonal pre-conditioner matrices, when the data is isotropic. For linear transformers with % layers,
they show that k steps of pre-conditioned GD corresponds to a critical point of the pre-training
loss | where the pre-conditioner matrix is the inverse of the covariance matrix of the ;] Next,
they study a less restrictive parameterization where the product of the projection and value matrices
can be almost fully dense, and show that a certain critical point of the pre-training loss for k-layer
linear transformers corresponds to k steps of a generalized version of the GD++ algorithm, which
was empirically observed by [von Oswald et al.|(2022)) to be the algorithm learned by k-layer linear
transformers.

Zhang et al.[(2023) also theoretically study a setting similar to ours. They not only show that the
global minimizer of the pre-training loss implements one step of GD (the same result as ours), but
also show that a one-layer linear transformer trained with gradient flow will converge to a global
minimizer. They also show that the transformer implements a step of pre-conditioned GD when
the x; are non-isotropic. They also characterize how the training prompt lengths and test prompt
length affect the test-time prediction error of the trained transformer. Additionally, they consider the
behavior of the trained transformer under distribution shifts, as well as the training dynamics when
the covariance matrices of the z; in different training prompts can be different.

One additional contribution of our work is that we also consider the case where the target function
in the pre-training data is not a linear function (Section [5). This suggests that, compared to the
distribution of the covariates, the distribution of the responses at training time does not have as
strong of an effect on the algorithm learned by the transformer. We note that our proof in this setting
is not too different from our proof in Section 3] [Zhang et al.|(2023)) consider the case where the y;’s
in the test time prompt are obtained from a nonlinear target function, and consider the performance
on this prompt of the transformer trained on prompts with a linear target function — this is different
from our setting in Section [5]since we consider the case where the training prompts themselves are
obtained with a nonlinear target function. We discuss additional related works in Appendix [A]

2 SETUP

Our setup is similar to[von Oswald et al.[(2022).

One-Layer Transformer with Linear Self-Attention. A linear self-attention layer with width s
consists of the following parameters: a key matrix Wx € R**®, a query matrix Wy € R®***, and

a value matrix Wy € R**%. Given a sequence of T' > 1 tokens (v1, v, ..., vr), the output of the
linear self-attention layer is defined to be (01, 92, . .., O), where for ¢ € [T] with i > 1,
i—1
f)i = Z(vaj)(U;—WI—{rWQUi) 5 (2)
j=1

and 91 = 0. In particular, the output on the 7™ token is

T-1
br = (Wyw;)(v] Wi Waour) . 3)

j=1

As in the theoretical construction of ivon Oswald et al.|(2022), we do not consider the attention score
between a token v; and itself. Our overall transformer is then defined to be a linear self-attention
layer with key matrix Wy, query matrix Wy, and value matrix Wy, together with a linear head
h € R® which is applied to the last token. Thus, the final output of the transformer is h " 7. We will
later instantiate this one-layer transformer with s = d + 1, where d is the dimension of the inputs ;.
We note that this corresponds to a single head of linear self-attention, while one could also consider
multi-head self-attention.

3One technical point is that they show there exist transformers representing this form of pre-conditioned GD
having arbitrarily small gradient, but not that there exists a transformer with gradient exactly O which represents
this form of pre-conditioned GD.

*Here, they assume that z; ~ N (0, ¥) and w ~ A'(0, £71), which is the same assumption as our result in
Section E]but different from their result for one-layer transformers where z; ~ A(0, X).
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Linear Regression Data Distribution. The pretraining data distribution consists of sequences
D = (21,91, - Tn+1,Yn+1)- Here, the exemplars x; are sampled i.i.d. from N(0, I4x4). Then,
a weight vector w € R? is sampled from N (0, I5x4), freshly for each sequence. Finally, y; is
computed as y; = w'x; + ¢ where ¢, ~ N (0,02) for some 0 > 0. We consider the vector

Yi
considered to have n + 1 tokens (rather than 2(n + 1) tokens). We use 7 to denote the distribution
of sequences defined in this way.

v; = { g ] € R4 to be a token — in other words, the sequence (T1,¥1,- -, Tnt1,Ynt1) iS

At both training and test time, (X1, Y1, - - -, Tn, Yn, Tni1,Ynt1) is generated according to the pre-
training distribution 7, i.e. the x; are sampled i.i.d. from A (0, [44), a new weight vector w € R4
is also sampled from A/ (0, I4x4), and y; = w " z;+¢; where the ¢; are sampled i.i.d. from N (0, 02).
Then, the in-context learner is presented with 1,91, ..., Zn, Yn, Tn+1, and must predict y,, 1. We
refer to x1, ..., x, as the support exemplars and x, 41 as the query exemplar. Here, vy, ..., v, are

0
note that this is not significantly different from the standard in-context learning setting, since even
though the final token v, 41 has 0 as an extra coordinate, it does not provide the transformer with
any additional information about ¥, ;1.

defined as above, but v, 41 = Tn , following the notation of [von Oswald et al. (2022) We

Loss Function. Given a one-layer transformer with linear self-attention and width d + 1, with
key matrix Wy € REHDXEHD " query matrix W € REFVX(@+1) " and value matrix Wy €
R(4+1)x(d+1) “and with a head h € R*+!, the loss of this transformer on our linear regression data
distribution is formally defined as

LWk, Wo, Wy, h) = Epur[(h 6ps1 — yni1)?], )
where as defined above, 0,11 is the output of the linear self-attention layer on the (n + 1)th token,
which in this case is CL‘n0+1
We now rewrite the loss function and one-layer transformer in a more convenient form. As a
convenient shorthand, for any test-time sequence D = (z1,y1,...,%n+1,0), we write D =
(1,Y1,---,ZTn, Yn), i.e. the prefix of D that does not include x,,11 and y,, 1. We also define

n T
x; T
(;,~ _ ) ) . 5
= ][] ®

With this notation, we can write the prediction obtained from the transformer on the final token as
N T T
Unt1=h WyGWeWouaya . (6)

where v, 11 = [ x’b“ ] . Additionally, we also define the matrix X € R™*? as the matrix whose

T

ith ie.

row is the row vector x

70

and we define the vector 4/ € R™ as the vector whose " entry is y;, i.e.
Y1
Y2

: ®)

<y
Il

Yn

SIf we were to treat z; and y; as separate tokens, then we would need to deal with attention scores between
y; and y; for i # j, as well as attention scores between y; and x; for ¢ # j. Our current setup simplifies the
analysis.
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Finally, it is worth noting that we can write the loss function as
L(Wg,Wo, Wy, h) =Epr[(h" Wy G Wi Wavat1 — Ynt1)?] - )
Thus, for w € R4 and M € REFD*(4+D) if we define
L(w, M) = Ep~r{(w' GMoni1 = yni1)?], (10)

then L(W} h, W Wgq) = L(Wx, Wg, Wy, h). Note that we have a slight abuse of notation, and
L has two different meanings depending on the number of arguments. Finally, with the change
of variables M = W/IWg and w = Wi h, we can write the prediction of the transformer
as w' G p5Mwvpi1. Thus, the output of the transformer only depends on the parameters through
’LUTG D M.

Additional Notation. For a matrix A € R4*? we write A; j,: to denote the sub-matrix of A that
contains the rows of A with indices between 4 and j (inclusive). Similarly, we write A:,i: ;j to denote
the sub-matrix of A that contains the columns of A with indices between 4 and j (inclusive). We
write Aj.; 1. to denote the sub-matrix of A containing the entries with row indices between ¢ and j
(inclusive) and column indices between & and [ (inclusive).

3 MAIN RESULT FOR LINEAR MODELS

Theorem 1 (Global Minimum for Linear Regression Data). Suppose (Wi, W, Wy, h*) is a
global minimizer of the loss L. Then, the corresponding one-layer transformer with linear self-
attention implements one step of gradient descent on a linear model with some learning rate

. x
n > 0. More concretely, given a query token v, = [ ”OH }, the transformer outputs
n T _ B~T[‘I’%X "4 - n .
N iq Yi; Tny1, where n = —2=T=B——=_ Here given a prefix D of a test-time data sequence
o EDNT[y XX Ty

D, we let W ;5 denote the solution to ridge regression on X and ij with regularization strength o2

The minimizer (W3, Wa, Wy, h*) is not unique, though the linear predictor implemented by the
minimizer is unique — see the discussion after Lemma[2] One such construction is as follows. [von
Oswald et al.| (2022) describe essentially the same construction, but our result shows that it is a
global minimum of the loss function, while von Oswald et al.[(2022) do not theoretically study the
construction aside from showing that it is equivalent to one step of gradient descent. We define

« _ (laxa O « _ (Iaxa O «_ (0 0 . |0
WK—(O O’WQ_ 0 O’W_On’h_ 11 (11)
Es [0 XX
To see why this construction implements a single step of gradient descent on a linear model, note

Here, the unique value of 7 which makes this construction a global minimum is n =

that given test time inputs 1, Y1, .. ., Tn, Yn, Tnt1, if We write v; = [ xt ] fort <nandv,y1 =
K3
[ $n0+1 } , then the output of the corresponding transformer would be
n n
()T S (Wiv) (] (Wie) T Wavner) =0 yia] a1 - (12)

i=1 i=1
On the other hand, consider linear regression with total squared error as the loss function, using the
z; and y;. Here, the loss function would be L(w) = 1 > | (w " 2; —y;)?, meaning that the gradient
is Vo L(w) = Z?Zl(wai — y;)x;. In particular, if we initialize gradient descent at wy = 0, then
after one step of gradient descent with learning rate 7, the iterate would be at wy = 1> .| y;T; —
observe that the final expression in Equation is exactly wy T, 1.

Now, we give an overview of the proof of Theorem|[I] By the discussion in Section[2] it suffices to
show that L((Wy) " h*, (W) T W) is the global minimum of L(w, M ). The first step of the proof
is to rewrite the loss in a more convenient form, getting rid of the expectation over x,, 11 and ¥y, 4+1:
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Lemma 1. Let w5 be the solution to ridge regression with regularization strength o? on the ex-

emplars (x1,y1), - - ., (Tn, Yn) given in a context D. Then, there exists a constant C' > 0, which is
independent of w, M, such that L(w, M) = C + ]EDNTHM;TLde)w —wgl3

As discussed towards the end of Section [2| the prediction can be written as w'G 5 Muvy, 1 where

Upil = [ "0‘” } , meaning that the effective linear predictor implemented by the transformer is

the linear function from R? to R with weight vector M, ;,T1: 4G 5w. Thus, we can interpret Lemma
as saying that the loss function encourages the effective linear predictor to match the Bayes-optima

predictor 5. Note that it is not possible for the effective linear predictor of the transformer to
match 0 5 exactly, since the transformer can only implement a linear or quadratic function of the

x;, while representing w7 requires computing (X TX +02I)~}, and this is a much more complex
function of the x;. We prove Lemmausing the fact that E 5 _— [Ynt1] = wgaan and standard
manipulations of random variables — we give a detailed proof in Appendix

Next, the key step is to replace w in the above lemma by X .

Lemma 2. There exists a constant Cy > 0 which is independent of w, M, such that

L(w, M) =C1+Ep_|[M].,Grw—nXT§3. (13)

Lemma says that the loss depends entirely on how far the effective linear predictor is from nX T .
It immediately follows from this lemma that (Wx, W, Wy, h) is a global minimizer of the loss if
and only if the effective linear predictor of the corresponding transformer is n.X " 4. Thus, Theorem
follows almost directly from Lemma[2] and in the rest of this section, we give an outline of the proof
of Lemma 2] — the detailed proofs of Theorem [I]and Lemma [2] are in Appendix [C]

Proof Strategy for Lemma Our overall proof strategy is to show that the gradients of L(w, M)
and L' (w, M), defined as

L(w, M) :=Ep_|M..Gw—pl3, L'(w,M):=Ep_,|M}.,Gsw—nX"73, (14)

are equal at every w, M, from which Lemma [2 I immediately followsE] For simplicity, we write
A=M] 1:d> SO w1thout loss of generality, we can instead show that the gradients of the loss functions

J1(A, w) and Jy(A, w) are identical, where J; and J» are defined as
Ji(Aw) =Ep _,[AGgw — 5|3, Jo(A,w)=E5 [|AGpw—nX"§|3. (15)

In this section, we discuss the gradients with respect to w — we use the same proof ideas to show
that the gradients with respect to A are the same. We have

Vuwli(A,w) =2E5 +GA" (AGpw — ) (16)
and
Vudo(A,w) =2B5 +GrAT (AGpw —nX ). (17)

Thus, showing that these two gradients are equal for all A, w reduces to showing that for all A, we
have

Ep  GpA ip=nEp GrATX Ty, (18)

n e T e

Recall that G  is defined as G = Z [ zli% y;;l ] . Our first key observation is that for any
i=1 v ¢

i € [n] and any odd positive integer k, E[y* | X] = 0, since y; = w' z; + ¢;, and both w " z; and ¢;

have distributions which are symmetric around 0. This observation also extends to any odd-degree

SThis is because L and L’ are defined everywhere on R x R(@HDX+D) "and for any two differentiable

functions f, g defined on an open connected subset S C RF, if the gradients of f and g are identical on S,
then f and g are equal on .S up to an additive constant. This can be shown using the fundamental theorem of
calculus.
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monomial of the y;. Using this observation, we can simplify the left-hand side of Equation (I8) as
follows. We can first write it as

X + Wz(AT)dH W,
Es.  GpA g § L0 D | 19
b~7Y B Ep. - 2 [ AT)l a5+ 2 (AT ) gt (19)
Then, since zI)D = (XTX + 021)*1XTy, each entry of 1[15 has an odd degree in the y;, mean-

ing the terms z;z; (A7) 1.0, 5 and y2(A " )g41,:W0 5 in the above equation vanish after taking the
expectation. Thus we obtain

- AT yle d+1“’D W XTgA:TdefJ
Eoarpd 0p DNTZ [ YiZ; A 1:d%5 ="t gTXArr:dwﬁ ' 20

Since each entry of 7X "3 has an odd degree in the y;, in order to simplify the right-hand side of
Equation , we can apply the same argument but with @ 5 replaced by n.X T4/, obtaining

X7 yA Xy
TyTo A1
LGRATX —nEDNT{ XAt x| 1)
Thus, showing Equation (T8)) reduces to showing that
XTyAT d W XTyAT d Ty
D~T —*TXA +dleD = nEﬁwT —*TXA 1+leT — . (22)

To show Equation (22), our key tool is Lemma] which follows from Lemma 3]

Lemma 3. There exists a scalar cy such that E5_ T[XT TX] = c11gxq, and there exists a scalar
co such that B [X T ] = colgxa.

]EDNT[“’ TxT 9

qTxme,thenIE~ FInX Tyt X — XTﬂAT] 0.

Lemma4. [fn =

Sl

Overview of Proof of Lemma [3and Lemma[d} We give an overview of how we prove Lemmal
and Lemma @ here, and defer the full proofs to Appendix |C} To show that Ex - [X ¢ TgyT X is
a scalar multiple of the identity, we first use the fact that even when all of the xl are rotated by a
rotation matrix R, the distribution of 7] X remains the same, since the weight vector w is drawn from
N (0, Ijx4) which is a rotationally invariant distribution. Thus, if we define M(X) = E[g7" | X]
as a function of X € R™*?, then for any rotation matrix R € R*d we have

M(XR") =E[yg" | XR"| =E[gy" | X] = M(X), (23)

where the second equality is because multiplying X on the right by R" corresponds to rotating
each of the x; by R. Additionally, if we rotate the z; by R, then E5_[X T4y X] remains the
same — this is because the distribution of the z; is unchanged due to the rotat10nal invariance of the
Gaussian distribution, and the conditional distribution y; | x; is unchanged when we rotate x; by R.
This implies that

EX 77" X] =EX"M(X)X]=E[(XR")"M(XR")XR'], (24)

where the second equality is because, as we observed above, E ENT[X T7y" X] remains the same
when we rotate each of the z; by R. Since M(XR") = M(X), we have

E(XR")"M(XR")XR"] = RE[X "M(X)X|R", (25)

which implies that E[X "¢" X] = RE[X "¢y X]R" for any rotation matrix R, and therefore
E[X T45" X] is a scalar multlple of the 1dent1ty matrix. To finish the proof of Lemma [3] we show
that Ey - [X Tyl ] is a scalar multiple of the identity using essentially the same argument To
show Lemma@ we 51mply take the trace of E_ - [nX Tyt X - X Tyw |, and select 7 so that this
trace is equal to 0.

Finishing the Proof of Lemma@} Recall that, to show that the gradients of J; and J5 (defined in
Equation (I3)) with respect to w are equal, it suffices to show Equation @ However, this is a
direct consequence of Lemmald] This is because we can rewrite Equation (22)) as

X5 A: av1 X7 XA g1
Ep T g | T D~T

D~T [ tr(wp7 XA—r tr(XT TXATl 2) (26)
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This shows that the gradients of .J; and Jo with respect to w are equal, and we use similar arguments
to show that the gradients of J; and J, with respect to A are equal. As mentioned above, this implies
that By M) ,Grw—iz|3—Ep M. ,Gzw—nX T3 is a constant that is independent
of M and w, as desired.

4 RESULTS FOR DIFFERENT DATA COVARIANCE MATRICES

In this section, we consider the setting where the x;’s have a covariance that is different from the
identity matrix, and we show that the loss is minimized when the one-layer transformer implements
one step of gradient descent with preconditioning. This suggests that the distribution of the z;’s has
a significant effect on the algorithm that the transformer implements.

Data Distribution. Concretely, the data distribution is the same as before, but the x; are sampled
from AV(0, ), where ¥ € R4 is a positive semi-definite (PSD) matrix. The outputs are generated
according to y; = w' x; + €;, where w ~ N(0,X71). This can equivalently be written as z; =
Y120, where u; ~ N(0, Iyxq), and y; = (w') Tu; + €;, where w’ ~ N(0, Iyxq). We keep all
other definitions, such as the loss function, the same as before.

Theorem 2 (Global Minimum for 1-Layer 1-Head Linear Self-Attention with Skewed Covari-
ance). Suppose (Wi, W¢,, Wy, h*) is a global minimizer of the loss L when the data is gen-
erated according to the distribution given in this section. Then, the corresponding one-layer
transformer implements one step of preconditioned gradient descent, on the least-squares lin-
ear regression objective, with preconditioner 71, for some learning rate n > 0. Specifically,

) x
given a query token v, = { "OH } the transformer outputs 0y, y; (X7 2;) T wpp1, where

Eg 7T X(XTX+0°%) 7' X ]

= Ep ., [0 X5 X 3]

To prove this result, we essentially perform a change of variables to reduce this problem to the
setting of the previous section — then, we directly apply Theorem [I] The detailed proof is given in

Appendix

5 RESULTS FOR NONLINEAR TARGET FUNCTIONS

In this section, we extend to a setting where the target function is nonlinear — our conditions on
the target function are mild, and for instance allow the target function to be a fully-connected neural
network with arbitrary depth/width. However, we keep the model class the same (i.e. 1-layer trans-
former with linear self-attention). We find that the transformer which minimizes the pre-training loss
still implements one step of GD on the linear regression objective (Theorem [3), even though the tar-
get function is nonlinear. This suggests that the distribution of y;|z; does not affect the algorithm
learned by the transformer as much as the distribution of z;.

Data Distribution. In this section, we consider the same setup as Section [3} but we change the
distribution of the y;’s. We now assume y; = f(z;) + €;, where ¢; ~ N(0,0°) as before, but f is
drawn from a family of nonlinear functions satisfying the following assumption:

Assumption 1. We assume that the target function f is drawn from a family F, with a probability
measure P on F, such that the following conditions hold: (1) for any fixed rotation matrix R € R%*4,
the distribution of functions [ is the same as the distribution of f o R (where o denotes function
composition). Moreover, the distribution of f is symmetric under negation. In other words, if E C F
is measurable under P, then P(E) = P(—FE), where —E = {—f | f € E}.

For example, Assumptionis satisfied when f(z) is a fully connected neural network, with arbitrary
depth and width, where the first and last layers have i.i.d. A/(0, 1) entries — see Appendix [B] for
further discussion. Under this assumption, we prove the following result:

Theorem 3 (Global Minimum for 1-Layer 1-Head Linear Self-Attention with Nonlinear Target
Function). Suppose Assumption (l| holds, and let (W}, wWa, Wy, h*) be a global minimizer of the
pre-training loss. Then, the corresponding one-layer transformer implements one step of gradi-
ent descent on the least-squares linear regression objective, given (T1,Yy1,-..,Tn,Yn). More con-
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. x
cretely, given a query token v, +1 = [ "O‘H } the transformer outputs '’y ., Vi, Tpy1, where

Ep@lX 'y _ . 9 ~ . .
=gy Up = argmin Be [(w Zpi1—Ynt1)? | D], and D, D are as in Section|2)

The result is essentially the same as that of Theorem[I]— note that the learning rate is potentially dif-
ferent, as it may depend on the function family F. The proof is analogous to the proof of Theorem|T]
First we prove the analogue of Lemma defining L(w, M) as in Section

Lemma 5. There exists a constant C' > 0 such that L(w, M) = C + ]EENT|\M:T1:dG5w —Up

where Uy = argmin, By, o [(U- Tyt — Yng1)? | l~)]

2
2

Next, in the proof of Lemma[2] we used the fact that odd-degree polynomials of the y; have expec-
tation 0 — the corresponding lemma in our current setting is as follows:

Lemma 6. For even integers k and for i € [n], E[yfup | X] = 0. This also holds with y¥
replaced by an even-degree monomial of the y;. Additionally, for odd integers k and for i € [n],
E[y* | X] = 0. This also holds with y¥ replaced by an odd-degree monomial of the y;.

Proof of Lemmal6] This follows from Assumption [} This is because for each outcome (i.e.
choice of f and €;,...,€,) which leads to (z1,%1,...,%n,Yn), the corresponding outcome
—f,—¢€1,...,—€, which leads to (1, —y1,...,Zn, —Yn) is equally likely. The %7 which is ob-
tained from the second outcome is the negative of the u 5 which is obtained from the first outcome.
If k is even, then y¥ is the same under both outcomes since  is even, and the average of y*u 7 under
these two outcomes is 0. Additionally, if & is odd, then yf under the second outcome is the negative
of y¥ under the first outcome, and the average of y* under these two outcomes is 0. This completes
the proof of the lemma. O

Next, we show the analogue of LemmaE}

Lemma 7. E5 . [X "7y X] and IEENT[XT;J&%] are scalar multiples of the identity. Thus,
Ep[usX 4]

IEENT[XTgfﬂg] = nEﬁNT[XTg]jTX], where n = s sar

The proof of Lemma [7] is nearly identical to that of Lemma [3] with Assumption [I] used where
appropriate. We include the proof in Appendix [E] We now state the analogue of Lemma 2}

Lemma 8. There exists a constant C1 > 0 which is independent of w, M, such that L(w, M) =

EplutX T4
C+Ep | M ,Gow—nXTg plipX 9]

2 _
5, where n = Ep[7 XX T3]

Theorem |3 now follows from Lemmabecause M;,le 1+G 5w is the weight vector for the effective
linear predictor implemented by the transformer. All missing proofs are in Appendix [E]

6 CONCLUSION

We theoretically study one-layer transformers with linear self-attention trained on noisy linear re-
gression tasks with randomly generated data. We confirm the empirical finding of von Oswald et al.
(2022) by mathematically showing that the global minimum of the pre-training loss for one-layer
transformers with linear self-attention corresponds to one step of GD on a least-squares linear re-
gression objective, when the covariates are from an isotropic Gaussian distribution. We find that
when the covariates are not from an isotropic Gaussian distribution, the global minimum of the
pre-training loss instead corresponds to pre-conditioned GD, while if the covariates are from an
isotropic Gaussian distribution and the response is obtained from a nonlinear target function, then
the global minimum of the pre-training loss will still correspond to one step of GD on a least-squares
linear regression objective. We study single-head linear self-attention layers — it is an interesting
direction for future work to study the global minima of the pre-training loss for a multi-head linear
self-attention layer. Another interesting direction is to study the algorithms learned by multi-layer
transformers when the response is obtained from a nonlinear target function. We note that|Ahn et al.
(2023) have studied the case of multi-layer transformers when the target function is linear. They
show that for certain restricted parameterizations of multi-layer linear transformers, the global min-
ima or critical points of the pre-training loss correspond to interpretable gradient-based algorithms.
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A ADDITIONAL RELATED WORK

The work of [Takakura & Suzuki (2023)) theoretically shows that transformers can achieve low ap-
proximation error when the target function is shift-equivariant on sequences of infinite length, sub-
ject to certain regularity conditions. Bai et al.| (2023) propose various constructions through which
transformers can solve problems such as Bayesian linear regression and generalized linear models,
achieving low test error - they also show that transformers can represent a form of model selec-
tion. |Guo et al.| (2023) similarly provide constructions of transformers which can represent certain
algorithms. Compared to these works which give approximation-theoretic constructions, we show
that one step of gradient descent is the best predictor that can be implemented by 1 layer of linear
self-attention.

Another concurrent work by Tarzanagh et al.| (2023) analyzes the global minima and training dy-
namics of transformer layers with general data. They show that the global minimum corresponds
with a type of max-margin solution, and give conditions under which the training dynamics converge
to this global minimum.

B DISCUSSION OF ASSUMPTION 1]

Assumption |1} holds in the case where f is a fully connected neural network, where the first and
last layers have i.i.d. N'(0, 1) entries. For simplicity, we show this in the case of two-layer neural
networks. We let our function family F be {x — Wao(Wiz) | W1, Wa have i.i.d. N(0,1) entries}.
Let f(z) = Wao(Wix) be a two-layer neural network drawn randomly from F. Let R be a fixed
rotation matrix. Then, (f o R)(z) = Wao (W1 Rx). Since R is a fixed rotation matrix, and W; has
i.i.d. N(0,1) entries, W1 R has the same distribution as ;. Thus, f o R has the same distribution

as f.

C MISSING PROOFS FROM SECTION[3]

Proof of Lemmall] We can write
L(w,M) =Epo7[(Ynt+1 — wTGﬁMUHH)Q] 27
=Ep5 ., . By (i1 —w' G5Muni1)? | 2s1, D - (28)

D,xp41

Let us simplify the inner expectation. For convenience, fix D and Zn+1, and consider the function
g : R4 — R given by

g(u) = Eyn+1 [(u *Tn41 — yn+1)2 ‘ D7 xﬂ-i'l] . (29)
It is a well-known fact that the minimizer of g(u) is given by 1 5 where vy = (X ' X+021) "' X T
is the solution to ridge regression on X and ¢ with regularization strength o2. (See e.g. equation

(19) of |Akytirek et al.| (2023).) Furthermore,

0= vug(wf)) = EynJrl [2(wf) *Tp41 — yn—i-l)xn—&-l | 57 xn-‘rl} ) (30)
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and in particular, taking the dot product of both sides with v — w5 (for any vector u € RY) gives

Byt (@05 - Tnst = Yng1) - (U Tny1 — W - Tpg1)] = 0. 31)

Thus, letting u = w' G 75M.,1.4, we can simplify the inner expectation in Equation :
Ey i [(Yns1 — 0 GyM. 1.a%n41)? | Tns1, D] (32)
=By, (W1 — 0 5@ni1 + 052041 — w GM.1an11)” | Tns1, D] (33)
=Ey, . [(Ynt1 — 0 5zn41)? | Tnt1, D]+ (0 5ani1 —w' GpM. 1.47n41)? (34)

+2- Eynﬂ[(yn-i-l - ngn-i-l)(ngn-&-l - wTGEM:,l:dxn+l) | xn_,_l,f)] (35)

=By, (U1 — D520 11)° | Tngr, D)+ (D Swn1 —w G M. 1.awns1)?
(By Equation (31))
We can further write the final expression as C wi1,D + (wImnH — wTGpM. 1.q2p41)%, where

Cx wi1,D is a constant that depends on x,,; and D but is independent of w and M. Thus, we have

Llw,M)=Ez, [C, 5l+E5, [(@ftn —w G5M 1.azn11)%) (36)

D s> Tn+1
=C+Epllwp — M ,Gpwl3, B.c. zn+1 ~ N (0, Laxa))
where C' is a constant which is independent of w and M. O

Proof of Lemma[3] For convenience let M (X) = Ep,_ 4 | X] — we use this notation to make
the dependence on X clear. Then, the (¢, j)-th entry of MX)SE[(w-z; +€)(w-z; +¢5) | X]
and this is equal to E[(w - z;)(w - z;) | X] fori # j, and E[(w - z;)(w - ;) | X] 4 o2 fori = j.
If we perform the change of variables x; — Rax; for a fixed rotation matrix R and all ¢ € [n], then
Ey[(w- Rz;)(w- Rxj) | X] =Ey[(w-z;)(w-z;) | X]because w ~ N (0, Igxq) and N'(0, Igxq)
is a rotationally invariant distribution. In other words, we have M (XR') = M(X). Thus, for any
rotation matrix R,

Ex[X"M(X)X]=Ex[(XR)"M(XR")(XR")] (By rotational invariance of dist. of x;)
=R'Ex[X"M(XR"X|R" (37)
= R'Ex[X M(X)X]R. (Because M(XR'") = M(X))

This implies that Ex [ X T M (X)X] = Ex

57| X 757" X] is a scalar multiple of the identity matrix.

Next, we consider E5_, T[wa | X], which we write for convenience as J(X). Similarly to the
above proof, we use the observation that if we make the change of variables x; — Rx;, then the

joint distribution of y1,...,Yn,yn+1 is unchanged due to the rotational invariance of w. Addi-
tionally, if we write Wz as wﬁ(xl, Y1,---,Zn,Yn) to emphasize the fact that it is a function of
LT1,Y1y--+s Ty Yns then

Wp(Rxy,y1, Reo,yo,. .., Rop, yn) = R5 (21,91, T2, Y2, - -, Tny Yn) (38)
because w5 is the minimizer of F(w) = |w' X — #||3 + 02| w||3, and if all the z; are rotated by
R, then the minimizer of F’ will also be rotated by R. Thus,

J(XR")=Ep _,lg} | XR']| =Ep_,[jo R | X] = J(X)R'. (39)

We can use this to show that E ENT[X Ty?i%] is a scalar multiple of the identity. Letting R be a
rotation matrix, we obtain

Ep X jul] =Ep +EX gl | X] (40)
=E5 X E[fd T | X]) (41)

=Ex[X " J(X)] (42)
=Ex[(XR")TJ(XR")] (By rotational invariance of dist. of ;)
=Ex[RX"J(X)R"] (B.c. J(XRT) = J(X)R")

= REx[X"J(X)|R" (43)

=REp (X "gil]R". (By Equation ([@2))

This implies that E5_ [ X Tgwg] is a scalar multiple of the identity. 0

12
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Proof of Lemmad} By Lemma we have B [X "5y  X] = ei and E_[XTgwl] = cof
for some scalars c1, co. Taking the traces of both matrices gives us

ad=u(Ep (X 5 X)) =Ep (X g7 X)) =Ep_,[§' XX, (44)
and similarly,
cod = tr(BEp (X TG ]]) =Ep (X g L) =Ep (i X (45)
By the definition of 7 as EED”T[QT e Xj]q] , we have
nE g X 57" X] = Ep (X TG l] = neil — ol (46)
Es 7T XXT Ep 0l X"y
— . D~T[yd vy 20 T[dD a5 (47)
_ EﬁwT[ngTyﬂ B EﬁNT[ngT?ﬂ )
d d
=0, 49)
completing the proof of the lemma. O
Proof of Lemma For convenience, we write A = M:Tl: 4- Then, we wish to show that for all
A € R+ and w € R4 we have
E5 7l AGw — w53 = C +Ep || AG5w — nX T I3 (50)
for some constant C' independent of A and w. Define
J1(A,w) =Ep_,|AGpw — w53 (51)
and
Jo(A,w) = Ep_ 7| AG 5w — nX "3 . (52)

To show that J; (A, w) and J2(A, w) are equal up to a constant, it suffices to show that their gra-
dients are identical, since .J; and .J, are defined everywhere on R%t1 x R(4+1)x(d+1) and by the
fundamental theorem of calculus.

Gradients With Respect to w. First, we analyze the gradients with respect to w. We have
Vuwli(A,w) =2E5 GAT (AGpw — ) (53)
and
Vula(A,w) =2E5 +GpAT (AGpw — nX '4) (54)

where we use the convention that the gradient with respect to w has the same shape as w. To show
that V. J1 (A, w) = V., Jo(A, w), it suffices to show that B, GATwp = nEp GrAT X 7.
Observe that we can write G 5 as

[ z 17 o] Yi
G- — i i _ il ili | 35
D ;h“y] ;{yﬂ yf] 43
Given X, the expected value of any odd monomial of the y; is equal to 0, since w and ¢; are
independent of X and have mean 0. Thus, we can ignore the blocks corresponding to z;z,; and y2,
since the entries of w7 and X T4/ contain odd monomials of the 7; once X is fixed.

We now proceed in two steps. First, we deal with the terms correspondlng to the lower left block of
G i and show that their respective contributions to E5 G5 ~AT pand nE5 Gp ~ATX T are

equal For E DNTG AT~ 7 these terms contribute:

TZ% Jra by =Ep 7 XAl 1:aWp (56)
=Ep 1 tw(py " XA, ld) (57)
=tr(Ep, T[wDy X]A a) s (58)

13
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while for nE5_ G5 AT X T4, these terms contribute:

MEp Y izl Al XTi=nBp ;5 XAT X Ty (59)
=1

=nEp_ (X Ty XAl L,) (60)

=tw(Ep_ X 77T X]A.,), (61)

and since B [wp" X] =Ep

5o X 177" X] by Lemma these two contributions are equal.

Second, we deal with the terms corresponding to the upper right block of G'5. ForE5 G 5 AT 5
these terms contribute

Epor Z yimi(AT)(dJrl),:wﬁ = E5~TXT7>7AT(d+1)ﬁ’5 (62)
i=1
=Ep X ;A (as1),
(B.c. dot product AT( d _H)tb 5 1S commutative)
while for nE_G5AT X 77, these terms contribute
nEp. .+ Z Yiri (A ) as1), X = nEﬁNTXTgA:T(dJrl)XTg (63)
i=1
= nEENTXngTXA:,(d-‘rl) ;
(B.c. dot product A:T( 4 Jrl)X T4 is commutative)

and again these contributions are equal by Lemma [4] In summary, we have shown that for
Ep. G EAT”LD pandnEp -G BATX T4/, the contributions corresponding to the lower left and
upper right blocks of G5 are equal, meaning that E5 - GpATwp and nEp, G AT X 7 are
equal. This shows that V,,J; (A, w) and V,,J2(A, w) are equal.

Gradients With Respect to A. We can compute the gradient of .J; with respect to A as follows:

Vadi(Aw) =Ep _+Val|AGzw — w53 (64)
=Ep_;Va(AGpw —p) (AGpw —ip) (65)
=2E5 - (AGpw —wp)(Gpw) ', (66)
and we can similarly compute

Vado(A,w) =Ep _+VallAGpw — nX "3 (67)
=Ep_rVa(AGpw — X "§) " (AGpw — nX "§) (68)
=2E5 (AGpw —nX "§)(Gpw)" . (69)

Thus, to show that the gradients with respect to A are equal, it suffices to show that
Ep ripw Gp=nEp X jw'Gp (70)

for all w.

As before, we only need to consider the lower left and upper right blocks of G 7, since the entries
of the other blocks have even powers of the y;. First let us consider the lower left block. The
contribution of the lower left block to E5 - sw' Gy is

Ep  ipwsn) Y vir; =Bp pipwesni' X =wainEp ;ip5 X, (71)
=1

while the contribution of the lower left block to nE5 X TywT Gy is

Ep X " jwi Z yir; =nwapnEp X7 X, (72)
=1

14
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and these two are equal by Lemma The contribution of the upper right block to E5 _-w BwTG 7

18
n

Ep ripwly y vivi =Ep rizw X §= Ep_;ipi X)wria, (73)
i=1
by the commutativity of the dot product wlT aX T4, while similarly, the contribution of the upper
right block to nEﬁNTXT'g’wTGﬁ is
Ep X gwly Y yiwi = g X 77 X)wia, (74)
i=1
and these two quantities are equal by Lemma Thus, we have shown that V 4J;(4,w) =
VA J2 (A, ’LU)

Summary. We have shown that V,,J1 (A4, w) = V,J2(A4,w), and V41 (A4, w) = VaJz(4, w).
This completes the proof of the lemma. O

Proof of Theorem[I] This theorem follows from Lemma [T and Lemma 2] To see why, recall from
Section that the output of the transformer on the last token v,, 1 can be written as w'G sMuvny1,

where M = WL Wg and w = WJ h. By Lemma [2| the pre-training loss is minimized when
M:’le JApw =nX T4 almost surely (over the randomness of X and ), and when this holds, the
output of the transformer on the last token is

w' GpMuy1 = w' Gy M. raznir = X 9) @i =0 Y viz] wnia, (75)
i=1
as desired. O

D MISSING PROOFS FOR SECTION [4]

Proof of Theorem[Z] As discussed in Section@ we can write z; = %1/ %u;, where u; ~ N(0, Iyxq).
Furthermore, we can let U € R™*< be the matrix whose i row is uZT . Note that X = UX/2,

since Y is a symmetric positive-definite matrix. Given D = (1,91, -+ Tn,Yn), we can define
g = U TU + 02I)~'U T §f — this would be the solution to ridge regression if we were given

the u; and y;. Using X = UX'/? which implies U = XX ~1/2, we obtain

Uy = (STV2XTXE Y2 42N e 12X Ty (76)
— (21/2271/2XTX271/2+O_221/2)71X—rg (77)
_ (XTXZ—1/2 +0_221/2)—1XTQ» (78)
=SVHXTX +020) 71X Ty, (79)

We now change variables in order to reduce Theorem [2]to Theorem I} using the fact that u; and y;
together are from the same distribution as the data studied in Theorem [T} We can write the loss as

L(WK7 WQ7 WV7 h’) = EDNT[(yTI-‘rl - hTﬁTL+1)2] (80)
=B, [Byuis (@1 = 6010)? 2000, D). 8D)

The solution to ridge regression given the wu; and y; is 121572, meaning Ely,+1 | unt1,D] =

wgvgunﬂ and therefore E[y,+1 | ni1, D] = 'L/[)g72un+1, since w11 = X~ Y2x,,1, which is
an invertible function of x,, 1. Thus,

Eyas [(Wns1—h" 0n41)? | Tni1, D] (82)

=Ey, .\ [(ynt1 — U%junﬂ)Q | g1, D] (83)

+ By [(0F stinsr — b 0n41)? [ g1, D) (84)

+ 2By, [(Yn41 — B ptnt1) (@ i1 — b vnga) [ @ns, D]. (89

15
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Now, note that Ey, ,, [(yni1 — u?% Eunﬂ)(u?g SUnt1 — R 0ni1) | @py1,D] = 0 since
11% SUn+1 — hT 9,4 is fully determined by x,,,1 and D, and Elyn+1 — ﬁ)g 5 Unt1 | Zyt1, ﬁ] =0

. .. . AT 2 =
as mentioned above. Additionally, we can write E,, | [(yn41—0 5,2u”+1) | pt1, D] as C’szrl D

(denoting a constant that depends only on z,,4; and lND) since it is independent of the parameters

Wik, Wqg, Wy, h. Thus, taking the expectation over z,,1 and D, for some constant C' which is
independent of Wy, Wqo, Wy, h, we have

LWk, Wo,Wy,h)=C+Ep,  (0f tns1—h 0p41)? (86)
=C+Ep,  (bf s —h WyGpWiWaunis)® (87)
=C+E5, (uv]_Twun+1 — BT WyGEWEWo, 1, ynt1)” (88)
=C+ nym(wg’zunﬂ - hTWVGf)W;{FWQ:,I:dgl/Quan. (89)

To finish the proof, observe that we can write

n T
o= 3]

1=1
_ »1/2 0 - U U; T ni/2 0
(0 1)21[%][%] 0 1 o1
—HGHHT, o

0 1

n T
o =3 ][] 2

i=1

»/2 0
where we have defined H = and

Now, let us make the change of variables h = b/, Wy, = W{,H !, W = W) H~! and Wg =
WHH —1. Then, we obtain

L(Wg,Wg, Wy, h) (94)
=C+E5,, . (wg’zum1 —hTWy G W We, 1 5" Pun i) (95)
=C+Ep5, . (0f qunsr — (W) Wy H ' HG5'H (96)

H (Wi) "W, S8 ug0)? 9)
=C+Ep,, ., (wg’zum1 — (h')TW’VGE’(W;()TW({;?:J:duW)2 ) (98)

In other words, this is equal to the loss obtained by the transformer corresponding to
b, Wy, Wi, W, when the data is from the distribution studied in Section [3} The above proof
also shows that the transformer corresponding to h, Wy, Wi, W has the same output on =, 1, as
the transformer corresponding to i/, Wy, W, W, does on u;,41. By Theorem the output of the
latter transformer on w41 is

(U ") "1 = 03 Ut (99)
=0 yitt] uni (100)

i=1
=0y 2a) TS 2w, (101)

i=1
=Y vz S e, (102)

i=1
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where the learning rate is

Ep.rlif U]

n= - (103)

EENT[yTUUTg]
E~ —*TX XTX 22 7121/2UT

= D~T[y IE§~ [g’:'i:;UT)g'} J (By definition of 12/5,2)
D~T

B 7T X(XTX +02%) 71N 202X T B U — X512

- E~ [g’sz—l/Qz—l/Qng‘] (B.c. - )

D~T
— ]EﬁNT[ZjTX(XTX + 022)_1XT;J] (104)
]EBNT[QTXE*XTQ’]
This completes the proof. O

E MISSING PROOFS FROM SECTION[3]

Proof of Lemma[5] We proceed similarly to the proof of Lemma |1} For convenience, fix D and
consider the function

g(“’) = Ezn+lyyn+l [(u *Tp4l — yn+1)2 | ﬁ] : (105)

Then, we have
vug(u) = EI’VL+17y7L+1 [2(’LL *Tp41 — yn+1)xn+1 ‘ ﬁ] . (106)

Therefore, if U is the minimizer of g(u) (note that ©@ 75 depends on D but not on ZTp41 and yp41),
then for any u € R?, we have

EI7I+17yn,+1 [(ﬂf) *Tp41 — yn+1)(u *Tp41 — ﬂf) . :L'n-‘rl) | 5] = (u - ﬂf)) . vug(ﬂﬁ) = 07
(107)

meaning that for any v € R?, and some C 5 which only depends on D and is independent of w,

Eap iy gmsn (0 Togt — Ynr1)? | D] (108)
=Eorss a0 Tpi1 — T - Trg1 + T Tng1 — Yng1)? | D) (109)

=Eup i1y (4 Tpgy — T - pi1)? | D] (110)

+Eoriy s (@5 - Tt — Ynt1)? | D] (111)

T2y (0 Tt — T Tpi1)(Tp - Trgt — Yng1) | D] (112)

=By iypia (U g1 — T Tng1)? | D] (113)
+Eops s (@5 - Tnit = yni1)? | D] (By Equation (T07))

= [lu —usl5+ C5- (114)

Here the last equality is because z,4.1 ~ N(0, Igxq), and because By, . [(Up Tng1 —Ynt1)? |
D] is a constant that depends on D but not on u. We can apply this manipulation to the loss function:

L(w, M) = B o7 [Er, oy s (s = u2)” | D] 115)

= Ep oy [BansnssWnss — 0 G5 Muas1)* | D] (116)

=Ep 7 :]Ewm,ym [(Ynt1 — w' G M. 1.q2n11) | 5}] (117)

=Ep. ;|35 — M.Gpul}+ 0,5} (By Equation (TT4))

=Ep rllip — M 1.Gpwll3] +C. (118)

Here, C' is a constant independent of w and M. This completes the proof of the lemma. [
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Proof of Lemmal7| We prove this using Assumption [I] imitating the proof of Lemma 3] For con-
venience, let M(X) = E[yy" | X]. Then, the (i, j)-th entry of M (X) is Ef[f(z;)f(x;)] + o2 if
i =jand E¢[f(x;)f(z;)] if i # j, since E[e;] = 0 and the ¢; are 1.i.d. and independent of X. If
we perform the change of variables z; — Rz; for a fixed rotation matrix R and all ¢ € [n], then by
Assumption[T} Ef[f(Rx;) f(Rx;)] = Ef[f(x;) f(x;)], meaning that for any rotation matrix R,

Ex[X"M(X)X]=Ex[(XR")"M(XR")(XR")] (119)
= REx[X 'M(XR")X|R" (120)
= REx[X "M (X)X]R" (121)

by the rotational invariance of the x;. This implies that Ex[X "M (X)X] = E5[X "57" X] is a
scalar multiple of the identity matrix.

Next, we consider EENT[XTQ‘HE. For convenience, let J(X) = EENT[gj‘ﬂg | X]. If we make
the change of variables x; — Rx;, then the joint distribution of ¥y, ..., Yn, Yn+1 does not change
by Assumption , meaning that % is replaced by Ruz. Thus, we can conclude that J(X) is
equivariant to rotations of all the x; by R:

J(XR")=E[ju} | XR"]| =E[jufR" | X] = J(X)R". (122)

Thus,
Ep X "§up] = Ex[X T J(X)] (123)
=Ex[(XR")TJ(XR")] (By rotational invariance of N (0, Igxq))
= REx[XTJ(X)|R" (By Equation (122))
= REp (X "Jus]R". (124)

Thus, E5_[X Tg‘ag] is a scalar multiple of the identity matrix. The final statement of the lemma
follows by taking the trace of the left and right hand sides. O

Proof of Lemmal8] This follows by the same argument as Lemma [2] — here we use Lemma [6] in
order to show that we only need to consider the lower left and upper right blocks of G, and the
rest of the proof follows from linear algebraic manipulations and applying Lemma [/| (in place of
Lemma [ which was used in the proof of Lemma 2). O

Proof of Theorem[3] This follows directly from Lemmal] since the effective linear predictor being
nX "4 is a necessary and sufficient condition for minimizing the pre-training loss. O

F LEARNING RATE SIMULATIONS

We follow a setup similar to|von Oswald et al.|(2022)). Our goal is to verify that a trained linear self-
attention layer will implement a single step of gradient descent (GD), with a learning rate which
matches our theoretical prediction in Theorem I} As in|von Oswald et al.[(2022)), we compare the
predictions of our trained linear self-attention layer with 1 step of GD with learning rate 1. One
important difference between our experiment and that of von Oswald, et al. is that we set ) to be our
theoretical prediction from Theorem |l rather than selecting 7 using line search. As in|von Oswald
et al.| (2022), we evaluate the trained linear self-attention layer and the GD baseline on inputs which
are scaled by a large amount compared to during training.

In our setting, the z;’s are 10 dimensional vectors chosen so that each entry is uniformly random in

[—1, 1] (we note that this is similar to the setting of [von Oswald et al.| (2022) but different from our
theoretical setting). The weight vectors w for each sequence are random Gaussian vectors, chosen
independently of the z;’s. (Thus, if we scale the z;’s by a certain « at evaluation time, then this
leaves the distribution of w unchanged, but the y;’s are also scaled by a factor of « at test time
compared to during training.) In both the training and the evaluation data, 0 = 0.5.

Exs L [wLlX T4 .
71@5{1;[3[77%( % 3]7] as in
Theorem [I] We then sample 100,000 sequences in order to estimate the expectations in each of the
numerator and the denominator.

We estimate the learning rate for the GD baseline as follows. We predict n =

18
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le17 LSA and 1-step GD Difference

3.5 1 — LSA and GD Diff
LSA and Target Y Diff

3.0 ~

2.5~

2.0 A

MSE

1.5 4
1.0 4

0.5 4

0.0 - ———/

T T T T
1 2 4 8 16 32 64 128 200 300 400 500 600 700 80
Scaling of X

Figure 1: As the x; are scaled to be larger, the difference between the linear self-attention layer and
the ground truth increases much more than the difference between the linear self-attention layer and
the GD baseline.

Ly

Since the x;’s are 10-dimensional vectors, [ 4
K2

} will be an 11-dimensional vector. Thus, to match

our theoretical setting, the key and query dimensions of our linear self-attention are 11 as well. We
train the linear self-attention layer using Adam, with a learning rate of le-4. We use a batch size
of 2048 and train for 12000 steps. We also perform gradient clipping with a maximum norm of 10.
T4

In all sequences (at both train and test time), there are 10 context vectors { } , followed by one

query vector { 98 }

See Figure [I] for the results. Our experiment shows that, as the inputs are scaled to be larger, the
trained linear self-attention layer becomes farther from the ground truth, while the difference be-
tween the linear self-attention layer and the GD baseline does not grow as quickly, which suggests
that the GD baseline with our predicted n matches the algorithm that the trained linear self-attention
layer learns. For instance, in the case where the scaling of the z; is 1, i.e. we do not rescale the
x;, the mean-squared error between the linear self-attention layer and the ground truth is about
2.6, while the difference between the linear self-attention layer and the GD baseline is about 0.14.
Additionally, Figure [2| shows that as o2 increases (shown in the x-axis) the theoretically predicted
learning rate (shown in the y-axis) decreases.
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Thearetical Prediction for Learning Rate using o

0.140 1

0.135 4

0.130 4

0.125 4

0.120 4

—— Predicted LR

0.5

Output variance g

1.5

Figure 2: Change in learning rate as we vary o2.
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