CONVERGENCE ANALYSIS OF INEXACT OVER-RELAXED ADMM vIA DISSIPATIVITY THEORY

This appendix is organized as following.
e Section A provides missing proofs of the theoretical results in Section 3.
e Section B provides missing proofs of the theoretical results in Section 4.

e Sectin C provides more details of experiments.

Appendix A. Missing Proofs of Section 3

A.1. Proof of Lemma 3
Proof Substituting (12a) into (9a), we obtain

~ 1 . ~ 1
{Fowrn) + 5 Wi + 51— 0 = w2} = min {7, (w) + S w4+ 51— ¢ = wil*} < e/

Applying strong convexity of the objective, the left-hand side can be relaxed as

~ 1 [~ 1
{Fowirn) + 51w + 0 — e = wlf = min {F (wien) + S I wier + s — € = wel?

m+p

2
< .
9 ”W Wk—l—lH } > €k+1/ﬂ

+ (Vo (Wrt1) + Wip1 + 8¢ — € — W, W — Wig1) +

It is equivalent to

~

. ~ m—+p
—m“lln {(pr(wk+1)+wk+1 +Ssp—Cc—ug, W_Wk+1>+Tp”W_Wk+1”2} < 6k+1/p. (A30)
Taking the optimum for w, we obtain
2(p + T/T\l)ﬁk_‘_l

Hvﬁ?(wk+1)+wk+l+Sk—C—ukH2 < e

This implies that there exists 7, € RP with |5, ||> < 2(p + M)eg41/p? such that
VJ/‘;(WkH) + W1+ S —C—ug + 1, =0.
Substituting By, = pr(WkJrl), it becomes
Wri1 = —8g + U — (Bpp1 + Mps) + € (A31)
Substituting (12b) into (9b),
N 1 2
{B(s140) + Sllawirs — (1= @)si + 141 — ae — el
. [~ 1
— min {gp(s) + iHawkH —(1—a)sp+s—ac— ukH?} < Ok11/p-

Applying strong convexity of the objective, the left-hand side can be relaxed as

=R 1
{QP(SkJrl) + §H04Wk+1 — (1 —a)sg +sp41 —ac — ukH2}
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.1 ~
— min {QHQWkH — (1 — @)y + 81 — ac — ug||* + Gp(Ske1)
1
+ <*yk+1 +awgy — (1 — a)sg + Sgr1 — ac — uy, s — sk+1> + 5”5 - Sk+1”2} < py1/p.
It is equivalent to
. 1 2
— min {<'yk+1 +awgi1 — (1 — a)sg + sk — ac — ug,s — sk+1> + §||s — Skt1]] } < Ok11/p-

Taking the optimum for s, we obtain

20
H’7k+1 +awgy1 — (1 — a)sg + Spp1 — ac — ukH2 < ];H.

This implies that there exists {1 € RP with ||¢;41]*> < 26k+1/p such that
Vg1 Fawppr — (1 —a)sp +spp1 —ac —uy + (g = 0. (A32)
It follows then that
Sk+1 = —aWgi1 + (1 — a)sp + up — (Viy1 + Cpq1) + c
Substituting (A31), we obtain
Sit1 = sk + (1 — a)ug + a(Bry1 + Mig1) — Vewr + Crar)- (A33)
Combining (12c) and (A32), we obtain

U1 = Y1 + Crpr (A34)

Given (A31), (A33) and (A34), it is straightforward to show

Ery1 = (K ®@1,)€;, + (f” @ I)vi,
YI%; = (61 ® Ip)ék + (ﬁl ® Ip)Vk,
vi=(C*®L)& + (D* @ 1,)vy.

This completes the proof. |

A.2. Proof of Lemma 4

Before starting our main proof, we first introduce the following lemma.

Lemma A12 Under the same setting as Lemma 3, the following inequality holds for Vk > 0:

la(Wi1 — W) + b(Byy1 — Bl < max(lal, [b]) (1€ — &l + mp4a])- (A35)



CONVERGENCE ANALYSIS OF INEXACT OVER-RELAXED ADMM vIA DISSIPATIVITY THEORY

Proof It can be proved by applying Lemma 1 and the definition of our dynamical system.

max(a®, 0%) Wi i1 — Wi + Bii1 — Bell® = lla(wir — W) + b(Byir — B

= (max(az, b?) — a2) [Wei1 — Wi||® + 2(max(a2, b?) — ab) (W1 — Wa, B — B,)
+ (max(a?,0%) = V) ||1Byy1 — BulI?

> 2(max(a®,b?) — ab) (Wi1 — Wi, Bps1 — By) >0,

where the last inequality follows from Lemma 1. Thus,

la(Wir1 = W) + b(By41 — Bl < max([al, [P [(Wrt1 — W) + (B — Bl (A36)

Applying the definition of our dynamical system,

(Wit1 — Wi) + (Bry1 — By)
= —Sp +u; — (ﬁk+1+"7k+1) +c— (_S*+u*_6*+c) +(/6k+1 _/3*)
= —(sp—s4) + (W —uy) — Mgy

Thus, [|(We+1 — W) + (Bry1 — B4) | becomes

[(Wrt1 = W) + (Bri1 — Bl < N5k —s5) — (g — w) || + [|mp41
= [|(sk = sx) — (V& — Y + Mgl
< Vllsk = sll2+ |7k — Vll2 + M5 |

Y — Vx
_ Sk — Sx
=25+ e

up —
= 1€k — &l + Mg ll;

+ Mg |l

where the second inequality follows from Lemma 1. Substituting it into (A36), we obtain

la(Wis1 = wa) + b(Bry1 — B < max(lal, [b]) (1€ — &l + 17254 1)-

This completes the proof. |

Next, we start to prove Lemma 4.

A.3. proof of Lemma 4
Proof By the fact that &, is a fixed point of (14), (ﬁkﬂ - E*) can be rewritten as

£k+1 —5* = ((A@Ip)sk + (ﬁ@Ip)Vk) — ((K@Ip)ﬁ* + (]§ ®Ip)v*) = |}&®Ip ]§®Ip] |:£k _5*:|.

Vk- — Vi
Thus,
Vi — Vi

ATPA 2P ATPB
B'PA B'PB

Vi — Vi

.
Ve (&) — T VR(&) = Fk B 5*] (
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Applying (19), it becomes

AT~
1 D1 13051
Vo (&1) — T2V (&) S c D ] [)\ M 0

(:31 @1] o1, [51@—5*]

Vi — V* ( C?2 D2 0 A2M2||C2 D2 K — Vi
1 1
_ yk - Y*
— QI
<[ 0, A2M2 P ) [yi - yz]
T T (™M
=M (vt - (M1 @1 ) —y) + X (y: - v?) <M2 ® Ip) (vi —v?).

Substituting M! and MQ, we obtain

]
Vel - Ve(6n) < 3t T (M et [ TR - o s - )

+ 2/\1<nk+17 My (Wri1 — Wa) + Moy (Bpy1 — /5*)> + /\1M22H77k+1”2 — 223 (k1 — Sks Cpy1)-

Applying Lemmas 1 and 2, it becomes

Ve(&41) — T2 VR(&) < 2)‘1<nk+17 My (Wit — W) + Moy By — 5*)> + A Mgy |my 12
— 2X%(Sk41 — S o)
The right-hand side can be further relaxed as
Ve (&1) — T VeR(&)
< 2/\1<77k:+17 My (Wi — W) + My (81 — ﬁ*)> + A Mo |mgep 12 — 237 (Sk1 — 84, Cpr)

< 2)\1“1\7112 (Wit1 — W) +2(Bry1 — By)

‘Ilmmll + 20 1 7+ 207311 — 8|1 |-
Applying Lemma A12,

Ve (€&h41) — T°VR(&)
< 20 max (2, | M) (1€x — &0 + Ima D Imesa |+ 20 750 17 + 202]1€5 1 — EICr il
< 2\ max (2, |M112‘)H77k+1\|||5k =&+ 2>\1(1 + max (2, |M112D) st l” + 2231 — EMNCha -

It can be rewritten as

2\ max(2p, i + L) 2\ max(3p, p + M + L)
1€ — &xllllmpiall +
p p
+ 22%(|€ 541 — EllICks1]l-

Substituting 4112 < 2(p + M)err/p? and €51 — &2 < 25021/,

2v2A1\/p + mmax(2p, M + L)
2
p

Ve (€pyr) — VR (&) < [

2
Vo(€xs) — Vo(Ep) < € — &, Ve + w\[p 1€0a — €/
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AN (p + m) max(3p, p + m + E)
+ p3 €k+1-

Substituting §7 0 and 6, it becomes

Ve (E41) — T2Ve(€)) < Oerir + 016, — € l1Verrt + 01 €kt — €)1V Okt

This completes the proof. |

A.4. Proof of Theorem 7

Following is a useful lemma on non-negative sequences that will be used in the analysis of
inexact over-relaxed ADMM.

Lemma A13 Assume that an increasing sequence {Si}r>0, three non-negative sequences
{ Ak} k=0, { M tk=0 and {Br}r>o satisfy So > 65 and

T T
BE < Sr+ Y MBro1+ ) AeB, VT > 1.
k=1 k=1

Then, YT > 0:

(Xk + Ak)>2> " (A37)

N | —
[M]=

l~(~  +
5T§2Z(>\k+>\k>+<ST+(

k=1

B
Il

1

T T T 2
BE<Sr+ > MBr1+ Y MeBr < <\/§+ Z(Xk +>\k>> : (A38)

k=1 k=1 k=1

The proof of Lemma A13 is provided in Section A.4.1.
With Lemma A13 at hand, we are ready to prove Theorem 7.

Proof For convenience, we define Ej 1 = gek“ +§||£k—£*]\ V10 €pir—E€ |/ Okr1, VE >
0. Then, the result of Lemma 4 can be rewritten as

Ve (&41) < 72Ve (&) + Ertr.

Applying the relationship from £ = 0 to kK = T — 1 recursively, we obtain

T

Ve (&r) < 7TVe (&) + Y T ME.
k=1

Substituting Ej, it becomes

T

Ve(€r) < 77V (€) + Y 7T (Fer + 0641 — &1V +011€ — €1V )

k=1
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Multiplying both sides with 7727

T

T T
T Ve(Er) < V(&) +0Y 7 Fep+0d 7 ellgn — &l +0 Y T/ 0kl1€r — &l

k=1 k=1 k=1
(A39)
By further relaxing the right-hand side,

S

T T
T o[ Ep—E, ] < V(&) +0 Z T e+0 Z T‘Qk\/illékfl—é*\lﬂtéz VIR TSR A}

k=1 k=1 k=1

It is equivalent to

T ~ 7 I

_ 1 ~ _ 0 _ 0 _

T 2T‘|£T_€*H250min {VP(EO>+HZT lek}‘*‘gmin ZT Qk\/ek|’€k—1_€*”+amin ZT 2k 0kl €&, |-
=1

P k=1 P 5 P

It can be rewritten as

~T T é‘
(rTlér - €.1)° < im{vp<so>+02 e }+Z<f‘<’““ ﬁ;)(*’“ Dlgr — &)

op k=1 k=1 p
d 5 0 —k
(Vo) (T le - &),
k=1 p
Applying Lemma A13 with
~ 7 _
def — def VP (50) 6 — N def — 0 ~ def _ 0
TG, SrE o ZT e, A = 7R \n{;, e S 77 F—— /6y,
P 1S - — op op
we obtain
_ ¢ 0 ke O . 0
AT P B AU B S Z e VB
P P _ P
~ T ~ T T 2
\% 0 0 0
< Prgfr?) + min Z T_2k€k + min Z T_k\/a + min Z T_k\/g
op i T0p 14 i S
Ve (&o) 0 ke
S min + min Z T min Z T \/7 + mln Z T
op op" TO'P

It can be rewritten as

~ T -
Vo (£ 9 9 . g e~
HET - S*HQ < T2T zlgm?) + min + min ZT k\/a_‘_ omin ZT : 5k
P P =
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Substituting ¢, it becomes

~ T ~ T
0 _ 0 _
lor = el <7\ Viplieo — el + | \) o + o |27 VA Sam Vo
k=1

P Op

e
Il
—

This completes the proof. |

A.4.1. PROOF OF LEMMA A13

Proof This lemma is obtained by slightly modifying Lemma 1 presented in (7). We prove

it by induction. It is true for 7' = 0 by assumption. Next, we assume it is true for (7" — 1),
then prove it is also true for T'. We denote Bpr_1 o max{fo, ..., r—1}. It leads to
T T—1 X pel T T—1
> 5 3 <) . T 0N 5
Br < St +5T—1<k§_:1)\k + kz_l /\k> + Arfr = (BT - 2)< St + —- +/8T 1(2)\ 2_:1)%>

The definition of ET implies
/\ T T 1/2
Br = max{f,..., Br-1,Br} < max{ Br1, o <5T++5T 1(2)\ Z)\>>
k=1 k=1

~ N 2 32 ~ ~ _
The two terms in the maximum are equal if (ﬁT—l - /\TT) = ST+%+BT,1 (ZZ:I AL+ Zg;ll Ak
ie.,
1/2

N (Lo I 2

,8},1:§Z(Ak+)\k)+ St + (22(Ak+Ak)>
k=1 k=1

Then, we can cons1der two cases.

Case 1: If ﬂT 1 < BT 1, then BT < BT ; since the two terms in the maximum are increasing

function of @T—L N
Case 2: If fr_1 > B7_, then

1/2

XT:(Xk +>\k)>2

k=1

DO =

T
Bro1> B, = %Z(Xk +Xk> + | 57+ (
k=1

This leads to a contradiction as we assume (A37) holds for (T'— 1). Combining two cases
together, we obtain

1/2

S(hen))

k=1

NN

_ 1 & _
< p 2;()\19“‘)\19)"‘ ST+<
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Next, we prove the (A38). It can be proved by applying (A37). Relaxing the right-hand side
of (A37), we obtain

By < \/S>k+zk:<//\\i+)\i>,Vk20.
i=1

Thus,

T T
BE< S+ ) MBror+ > b
k=1 k=1

ST+éXk (MJFIE(XZ- +/\i)) +§T:Ak<¢§k+ Ek:@ +)\i)>

IN

T T
< Sr+ [ VSt + Z(Xk +)\k)> Z(Xk +Xk:)~
k=1 k=1
It implies
T 2
Bt < (\/@—1- Z(Xk —|—>\k)> )
k=1
This completes the proof. |

Appendix B. Missing Proofs of Section 4
B.1. Proof of Lemma 8

Proof Since ﬁ,(w) is convex and L/p-smooth, and gp(W) is convex,

~

Fo(we) 2 Fp(Whi) - (Bras We = W) + o= 1B = Bl
9p(8%) 2> Gp(Sk+1) + (Vig1, 8% — Skt1)-
Summing up them together,
J?p(WQ + fq\p(s*) > f/;(wk-i-l) + :q\p(sk—s-l) + </8k+1aw* - Wk+l> + <’7k+1a Sk — Sk+l> + %Hﬁkﬂ - :B*Hz'
Rearranging both sides,
Fowa) = Fo(Win) + Gp(54) = Golsisn) = (B W = W) = (Vo84 = si41)
2 = (Brt1 = Bio Wit — W) = (Yey1 — Voo Sk1 — Si) + %Hﬁk—l—l - B.I* (A40)
The optimality conditions of (wy, sy, u,) imply
B,—u, =0, v,—u,=0, w,+s,—c=0.
Substituting these into (A40), we obtain

~

FowWs) = fo(Wii1) + p(8x) — Gp(Skr1) — (Wi, W — Wi 1) — (U, Sic — Spy1) + (Wi + 84 — €, U — Ugyy)
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P
> - <:6k+1 — By Wil — Wy) — <’Yk+1 — Yy Sk1 — Si) F i”,@kﬂ - 5*||2~

It can be rewritten as

P
- <:3k+1 = By Wil — Wy) — <’7k+1 — Vs Sk+1 — S*) + EHIBk-H - ﬁ*HQ

T
~ ~ Wil — Wy — Uy
< fo(wy) — fp(wkH) + Q\p(s*) - /g\p(skH) — | Sk+1 — S« —u,
Ug41 — Uy W, +S,—¢C
On the other hand, S(&;, vi) can be written as
_ T ~1 /1l [ Al Dl _
& — & ¢ D M 0)]C D & — &
S(Ekavk): _ ~2 N2 2l a2 "2 ®Ip _
Vi — Vi C D 0 M4 |C° D Vi — Vi
1,177 M. 0 1 1
— |:yk Y*:| g 1 |:yk y*] .
Yi =i o M|/ |lyi-v?
Substituting M! and ﬁz, it becomes
P
Sk, Vi) = — (Bre1 — B Wil — W) — (Y1 — Voo Skl — Sx) + Eﬂﬁkﬂ ~ B

p p
— (Mgt 1 Wha1 — W) + f<nk+1vﬁk+1 —B,) + EHWHHQ — (Sk+1 — Su, Cpge1)-

Applying (A40), we obtain

-
~ ~ Wil — Wy — Uy
S(&x vi) < fp(W*) — fo(Wig1) + Gp(8x) — Gp(Ska1) — | Skt1 — Sk —Ux
Upt1 — Uy W, + 8, —C
P P 2
— (M1, Wr1 — Wy) + f<nk+1vﬁk+l —B,) + EHTMHH — (Sk41 = Sxs Cpop1)-
Rearranging both sides, it becomes
-
N N Wi+1 — Wy — Uy
S(Skvvk) Sfp(w*) - fp(wk-i-l) + gp(s*) - gp(sk-l—l) — | Sk+1 — S« — U,
Up4+1 — Uy Wy +8,—¢C

14 p
+<77k+1a f(lngrl —B,) — (Wry1 — W*)> + EanJrlHQ — (Sk41 — Ss, Ck+1>'

This completes the proof. |

B.2. Proof of Theorem 9
Proof By the fact that &, is a fixed point of (14),

Ve (&41) — Vo (&) = (€1 — &) TP (& — &) — (&, — £) P&, — £,)
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~

ATPA-P ATPB
BTPA B'PB

— |:£k€*:|—r<
Vi — Vi

Ve (&py1) — V(&) < S(&k, Vi)

8 1p> ]

Applying (27), it becomes

Substituting the upper bound of S(§;, vy) from Lemma 8, we obtain

-

~ —~ W41 — Wy —Ux

fp(Wk+1) - fp(W*) + Qp(sk+1) - gp(s*) + | Sk+1 — S« —Uy + VP(E]C+1)
Ug41 — Uyx W, + 8, —C

< Vo) + (Mt 5B = B) = (Wern —w)) + ol = (ka1 = 50, Gesa)

2L
P P
< V(&) + |5 Bt =8 = (Wer = W)l + s | + s = sull [

p+L

< Vp(&) + (1€, = &l + 1mpia ) 1mesa ]l + AH77k+1H2 F 1€xr1 — &l Crrall

3p + 2L

2
n + 1€ EallllCksalls
o5 Il 1€kr = &€l

/\

Ve (&) + L HEk = &lllmpall +

where the last inequality follows from Lemma A12. Substituting |7, ]|* < 2ex11/p and
ICkr1ll? < 20541/,

T

—~ ~ Wil — Wy —Uyx

fp(Wk+1) - fp(w*) + gp(sk—irl) - gp(s*) + | Sk+1 — S« — U, + VP(£k+1)
Ug4+1 — Uk W, +S,—¢C

p+L [2 3p + 2L 2
< Vp(&) + E\/;Hﬁk — & llVerr1 + Tfk—&-l + ;kaﬂ — &V Oy

Summing up it from k=0to k=T — 1,

T | R WL — Wy T —u,
Z fp(Wk) - fp(w*) + /g\p(sk) - ap(s*) + | Sk — Sx —Uy +Vp(&r)
k=1 Ui — Uy W, + 8, —C

-~ T ~
3p+2L +L
< Vp(gg) + L Y+ P

2 T
SANERNES AN
k=1

By the definitions of w, s, J/”;(w) and g,(s), it can be rewritten as

X — Xy T —pATu*
1 Z Fo0) + glm) — g(z) + | m—2 “pBTu. | b+ Ve(Er)
p(ug — u,) Ax, + Bz, — ¢
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=~ T
3 2L L
ks > p+

elva+ [z RN

(A41)

Applying (23) to the right-hand side,

3p+ 2L L 2& 2 o
Voler) < Voleo) + LSt P S e e v 23 e e v
k=1 k=1

P k=1

By further relaxing the right-hand side,

\% 3 2L L
Jer—gol < P p;mm +2r &y mm\f > eV
P

Applying Lemma A13 with

def aer VP (§0) 3p+2L D def ,O—I-Z 2 | 2
Br = Hgk_EOH7 St = 0_%11? + ZGk, A = =—— 7\/;7 A = O—i:T)lin ;,/5 ,

pLamm =1 Log™ vV p
we obtain
Ve (&) 3,0+2L p+L
e o Zuékl EIVE Zusk &1V
P pLO‘ k: 1 L
Ve (&) 3p+2L p+L\[ \f
< >+ 0
(| s 2L S s T

It is equivalent to

3p + 2L p+ L
Vp(&) + E €k +
PL k=1 L

5 T
e+ \fp S - £V
k=1

2

~ T T
3p + 2L p+L 2 2 r—
< (50) Z €+ —= min Z \/a + po.min Z O
k=1 P og=1

pL el L POp

By further relaxing right-hand side,

3p —1— 2L ,0 —1— L
Ve (&o) + 6

&V + \fznsk—s*nf

30+ 2L L | 2 &
S SO p min Z \/7 + min Z m
Pop Pop k=1
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Substituting it into (A41), we obtain

X — Xy T prTu*
- Z f(x0) + 9(zk) — g(2x) + Zk — Zx —pB'u, + V(&)
p(ug — u,) Ax, + Bz, —
2
T T
3,0 + 2L 2
< Ve + . \/ 0
= | VPR \/ fw%““ Vo o k)
Dividing both sides by T’
1 T E— Xy —pATu* P
T Z f(xe) = f(xx) + 9(z) — g(z0) + Zk — Zx —pBTu, + fVP(Sk)
k=1 p(ug — u,) Ax, + Bz, —
- 2
p /3/) + 2L 2 r—
S T 50 min Z \/7 + ml Z 6k ’
Pop R -

Applying the convexity of f(x) and g(z

XT — X4 —pATu*
f(x7) — f(x0) +9(2Z7) — 9(2x) + { Zr — 74 [ -pBTu, | + 5V (ér)
U A
+
L

p 3p + 2L
<7 Ve (&) + ~ ;
pL k=1 PoPp

Note that Vp(&7) > 0, thus

XT — Xx —pATu*
f()_(T) - f(X*) + Q(ZT) - g(z*) + ZT — Zy —pBTu*
ur — uy,) Ax, + Bz, —c
p 3p + 2L p+ 1L 4 2 & i
< 2| V(&) = . € + . o | -
T 0 5 7\ pone kZ:l Ve prT ; Vo

This completes the proof. |

B.3. Proof of Theorem 11

Proof Without loss of generality, we assume p = 2p0E and P = 21, where po,x > 0. Then,

M! becomes
— 0 —-0.5
M! = .
[—0.5 Lo ]
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We define S as

~ —~ o~~~ ~ —~ T r—
ATPA-P A'PB c! Dl M o
B'PA B'PB C?2 D2 0 M?|

Next, we show that det(S) < 0. Substituting the values of all matrices into S, we obtain

0 z(1— ) xa—0.5 x—0.5
g def z(1— ) za(a — 2) za(l —a)+0.5 (a—1)(x—0.5)
ra—0.5 zall—a)+05 za®— (po+1) —a(x—0.5) |’
z—05 (a—1)(x—05) —afz—0.5) 2z — 1

Substituting x = %, S becomes

0 0.5(1 — ) 0.5(a—1)
0.5(1 — ) 0.5a(a — 2) 0.5a(1 —a) 4+ 0.5
0.5(a—1) 0.5a(1 —a)+0.5 0.5a% — (po+ 1)

0 0 0

o O O O

It is casy to see that det(S) = 0. Thus, P = 0.5I, satisfies the linear matrix inequality (27).
This complete the proof. |

Appendix C. More Details of Experiments
C.1. Problem Formulation and ADMM Updates
The distributed ¢1-norm regularized logistic regression can be written as

min iZlog(l—l—exp( bg<<ag,xj>+vj))) + M|z (A42)

3 witd
{X7U}J:17 j 12

st.x! —z=0, vV =1, Vi=1,...,J

The augmented Lagrangian of (A42) is formed as

Lo({x 7}y 2 {0 7)) Zzlog(1+exp( bl ((ad,x7) + 7)) ) + Nzl

7j=11i=1
J ,0 J J ,0 J
— J xJ _ s J_ 42 _ J(0)J g
P2 =)+ § Y el =Y )+ Y
J=1 Jj=1 J=1 Jj=1
Updates for (X] vJ)
ForVj=1,...,J, Xk+1 and Uk+1 can be obtained by solving

mm{Zlog( —i—exp( b9(<a XJ)+vﬂ)))+g”xj_ui_ZkH2+g(Uj—Si—nk)2}. (A43)

xJ vI



ZHOU PAN

It does not have an analytical solution, thus we apply L-BFGS to solve it. We need to
compute the duality gap when it be used as the criteria to terminate L-BFGS solver. Thus, we
derive the dual problem. For convenience, define X, and 0] as X, = uj, +z, and 0, = s}, + ;..
Then, (A43) can be written as

m1n{Zlog<1+exp( bg<<ag,xj>+vj)))+g||xj_§”2+g( j vi)Q}. (A44)

xJ,v7

The dual problem of (A44) is

e . . , . 1 .. o 1 ..
max { = > {6l10g67 + (1 - 8])log(1 — 67) } - o |ATOI — (L, AT07) — o (b7, )

6’ =1
— ol (b, eﬂ)}
s.t. 67 € (0,1), (A45)

where AJ = [blad,.. .,b%ja%j] and bi = [b), .. .,b,j%.]. In addition, the KKT condition of
(A44) establishes o
exp ((—bj ({a7, (')*) + (v))*))

(0} = 2 (A46)
1L+ exp (= b ((al, (x9)%) + (v7)*))
Thus, given a primal solution x/,v7, we can get a dual solution 67 as
; exp ( — bJ (a x7) + vl
o — P bil D iz, m. (A47)

1+exp(— b](<a x7) _|-UJ))

It is straightforward to show 6 is a feasible solution. Then, the dual gap G(x, 0’ ) can be
computed by applying (A43) and (A45).

Updates for (Z,n)

Specifically, z and 1 can be obtained by solving

mln{)\HzHl—i-Z Haxk+1+(1 k—uk—zH —i—Z avk+1+ )771@—82—7])2}.
7j=1

Thus, we obtain

J J

1 : : 1 : :
Zpi1 = Sp% i Z:<axi:Jrl + (1 —a)zg — ui) and N1 = 7 Z:(owiJrl +(1—a)n, — sfg),
=1 =1

where S » (+) denotes the Soft Thresholding operator for ¢1-norm.
pJ

Updates for (u/,s?)
ForVj =1,...,J, u and s/ can be updated as following

ui+1 = u{; - (O‘Xi—l—l + (1 — @)z — 2p41) and Si+1 = Si - (a”iﬂ + (1= a)ng — Mi+1)-
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C.2. Experiment Setting

We define n = Z}]:l n; as the total number of samples over all workers. We use n™ and n~
to denote the total number of positive and negative samples, respectively, overall all workers.
By collecting the data over all workers, (A42) is equivalent to

)rcniang(l + exp(—b;((a;,x) +v))) + A||z|][1 st. x—z=0. (A48)
Ui

Koh et al. (2007) show that the dual problem of (A48) is

n

max — )" {@- log B; + (1 — B;) log(1 — @)} st. [|ABlle <X, (b,B)=0, (A49)

i=1

where A = [biay, ..., bya,]. It is easy to see there exists a Amax such that (A48) and (A49)
have an analytical solution for any A > Apax. Specifically, for any A > A.x, we have

n_ if ;=1 .
wi=0, ¢ =0, (m);_{nz ;f L Vi=l...n
n L
The value of A\pax can be computed by Apax = HA’BKmaxHOO. In our experiments, we set

the value of A as A = 0.05Anax for both datasets. Consequently, we obtain A = 5.751 and
A = 6.892 for MDS and RCV1I, respectively. For initialization, we set w}) = 0,v} = 0,u) =
0,vj=1,...,J and z9g = 0.
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