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A GENERAL FRAMEWORK FOR UNEVEN COMMUNITY SIZES

In this section, we generalize our theory to the community property tests when the community sizes
in C0 and C1 are not necessarily even, e.g., Example 1.3. For any z ∈ C0∪C1, denote the community
size nk(z) = |{z(i) = k | i ∈ [n]}| for k ∈ [K]. Let

cK = max
z∈C0∪C1

max
1≤k≤K

|nk(z)− n/K|. (A.1)

When the community sizes are even, we have cK = 0. In this section, we consider the cases when
cK could be larger than zero. We will show that the shadowing bootstrap method in Section 2.4 can
be applied to test the uneven community property as well. The information-theoretic lower bound is
also similar to the one in Section 4.

A.1 GENERAL SYMMETRIC COMMUNITY PROPERTIES

For the uneven community class, we still need some symmetry property for the assignments in C0
and C1. When community sizes are even, Definition 2.2 depicts the symmetry via the representative
node set N and the representative assignment z̃. However, for many community properties of inter-
est, e.g., the community size test in Example 1.3, we cannot find such N and z̃. In Example 1.3, we
are interested in testing the community size and thus there is no representative nodes. See Figure 6
for illustration.

Therefore, we define the following generalized symmetric community property pair.
Definition A.1 (Generalized symmetric community property pair). We say two disjoint community
properties C0 and C1 is a generalized symmetric property pair if for any z, z′ ∈ C0, there exist
permutations σ ∈ SK and τ ∈ Sn such that

(1) τ ◦ σ(z) := (σ(z(τ(1))), . . . , σ(z(τ(n)))) = z′ and

(2) C1 is also closed under such transform τ ◦ σ, i.e., for any z′′ ∈ C1, τ ◦ σ(z′′) ∈ C1.

Definition A.1 generalizes the concept of symmetric community property in Definition 2.2 via in-
troducing the permutation transform. We can check that Examples 1.1 and 1.2 are still symmetric
by Definition A.1. See Figure 6(a) for an example of choosing σ and τ . On the other hand, the
community sizes properties

C0 = {z ∈ [K]n : all community sizes = n/K} and C1 = Cc0, (A.2)

are also symmetric by Definition A.1 but not by Definition 2.2. See Figure 6(b) for illustration. In
fact, the following proposition shows that Definition 2.2 is a special case of Definition A.1.
Proposition A.1. If C0, C1 ⊆ Kn satisfy Assumption 2.1, then C0 and C1 is a generalized symmetric
property pair. Moreover, the property pairs in (2.1), (2.2) and (A.2) are generalized symmetric
property pairs.

We defer the proof of the proposition to Appendix B.2. In Figure 6, we show how to choose concrete
permutation transforms σ and τ for Examples 1.1 and 1.3.

A.2 SHADOWING BOOTSTRAP FOR GENERAL CASE

We now generalize the testing method proposed in Section 2.4 to the uneven case. A key step is to
generalize the boundary Bz0 in Definition 2.5. Recall that for the even case, our insight is that the
statistic L in (2.6) taking the supremum over C1 is asymptotically equal to the L0 in (2.7) taking
the supremum over Bz∗ , which is much smaller than C1. Similar insight applies to the uneven case
using the following generalized definition of boundary.
Definition A.2. For a given z0 ∈ C0, we define the boundary centered at z0 with radius r as

Bz0(r) = {z ∈ C1|d(z0, z) ≤ r}.

We illustrate the two types of boundary in Figure 7. From Figure 7(a), we can see that Bz0 =
Bz0(d(C0, C1)). Therefore, Definition A.2 is a generalization of Definition 2.5. For the uneven case,
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Community 1 Community 2

Community permutation

1    2    3    4    5 6    7   8    9   10

1    2    3    4    5 6    7   8    9   10

1    2    3    6    8 4    5   7    10   9

Node permutation

1    2    3    4    5 6    7    8    9   10

1    3    6    7    8 2    4    5    9   10

Community 1 Community 2

1    3    6    7    8 2    4    5    9   10

Community permutation
� : (1, 2) ! (1, 2)

<latexit sha1_base64="Rly0VsKn8a7aYuJ4qEwycEKpERE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpQkCoqrghuXFewDmlAm02k6dGYSZiZKCV268VfcuFDErZ/gzr9x2mahrQcuHM65l3vvCRNGlXacb6uwtLyyulZcL21sbm3v2Lt7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTC4fXEb90TqWgs7vQoIQFHkaB9ipE2Utc+9BWNOLqCFffUO4G+pNFAIynjh5nStctO1ZkCLhI3J2WQo961v/xejFNOhMYMKdVxnUQHGZKaYkbGJT9VJEF4iCLSMVQgTlSQTR8Zw2Oj9GA/lqaEhlP190SGuFIjHppOjvRAzXsT8T+vk+r+ZZBRkaSaCDxb1E8Z1DGcpAJ7VBKs2cgQhCU1t0I8QBJhbbIrmRDc+ZcXSdOrumdV7/a8XPPyOIrgAByBCnDBBaiBG1AHDYDBI3gGr+DNerJerHfrY9ZasPKZffAH1ucP2NaXQQ==</latexit>

Node permutation

⌧ : (4, 5, 6, 7, 8, 9, 10)

! (6, 8, 4, 5, 7, 10, 9)
<latexit sha1_base64="j0PHAFgMKFYWhwXFtu2me07RTkE="></latexit>

⌧ : (3, 6, 7, 8, 2, 4, 5)

! (2, 3, 4, 5, 6, 7, 8)
<latexit sha1_base64="DH2yaGdG0hNnNp5r2gvGyGzhp4A=">AAACHnicbVBLS0JBGJ1rL7OX1bLNkAQKF7n3qimthDYtDfIBXpG546iDcx/MfLcQ8Ze06a+0aVFE0Kr+TeNjUdqBgcM55+Ob73iR4Aos69tIbGxube8kd1N7+weHR+njk4YKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3uh65jfvmVQ8DO5gHLGOTwYB73NKQEvddMkFEuMrnC2Yl2bZrJiOWTRLOey62JV8MAQiZfiAs45ZmBmLUK6bzlh5aw68TuwlyaAlat30p9sLaeyzAKggSrVtK4LOhEjgVLBpyo0ViwgdkQFraxoQn6nOZH7eFF9opYf7odQvADxXf09MiK/U2Pd00icwVKveTPzPa8fQr3QmPIhiYAFdLOrHAkOIZ13hHpeMghhrQqjk+q+YDokkFHSjKV2CvXryOmk4ebuQd26LmaqzrCOJztA5yiIblVEV3aAaqiOKHtEzekVvxpPxYrwbH4towljOnKI/ML5+AP5enCY=</latexit>

Community 1 Community 2

Community permutation

1    2    3    4    5 6    7   8    9   10

1    2    3    4    5 6    7   8    9   10

1    2    3    6    8 4    5   7    10   9

Node permutation

1    2    3    4    5 6    7    8    9   10

1    3    6    7    8 2    4    5    9   10

Community 1 Community 2

1    3    6    7    8 2    4    5    9   10

Community permutation
� : (1, 2) ! (1, 2)

<latexit sha1_base64="Rly0VsKn8a7aYuJ4qEwycEKpERE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpQkCoqrghuXFewDmlAm02k6dGYSZiZKCV268VfcuFDErZ/gzr9x2mahrQcuHM65l3vvCRNGlXacb6uwtLyyulZcL21sbm3v2Lt7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTC4fXEb90TqWgs7vQoIQFHkaB9ipE2Utc+9BWNOLqCFffUO4G+pNFAIynjh5nStctO1ZkCLhI3J2WQo961v/xejFNOhMYMKdVxnUQHGZKaYkbGJT9VJEF4iCLSMVQgTlSQTR8Zw2Oj9GA/lqaEhlP190SGuFIjHppOjvRAzXsT8T+vk+r+ZZBRkaSaCDxb1E8Z1DGcpAJ7VBKs2cgQhCU1t0I8QBJhbbIrmRDc+ZcXSdOrumdV7/a8XPPyOIrgAByBCnDBBaiBG1AHDYDBI3gGr+DNerJerHfrY9ZasPKZffAH1ucP2NaXQQ==</latexit>

Node permutation

⌧ : (4, 5, 6, 7, 8, 9, 10)

! (6, 8, 4, 5, 7, 10, 9)
<latexit sha1_base64="j0PHAFgMKFYWhwXFtu2me07RTkE="></latexit>

⌧ : (3, 6, 7, 8, 2, 4, 5)

! (2, 3, 4, 5, 6, 7, 8)
<latexit sha1_base64="DH2yaGdG0hNnNp5r2gvGyGzhp4A=">AAACHnicbVBLS0JBGJ1rL7OX1bLNkAQKF7n3qimthDYtDfIBXpG546iDcx/MfLcQ8Ze06a+0aVFE0Kr+TeNjUdqBgcM55+Ob73iR4Aos69tIbGxube8kd1N7+weHR+njk4YKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3uh65jfvmVQ8DO5gHLGOTwYB73NKQEvddMkFEuMrnC2Yl2bZrJiOWTRLOey62JV8MAQiZfiAs45ZmBmLUK6bzlh5aw68TuwlyaAlat30p9sLaeyzAKggSrVtK4LOhEjgVLBpyo0ViwgdkQFraxoQn6nOZH7eFF9opYf7odQvADxXf09MiK/U2Pd00icwVKveTPzPa8fQr3QmPIhiYAFdLOrHAkOIZ13hHpeMghhrQqjk+q+YDokkFHSjKV2CvXryOmk4ebuQd26LmaqzrCOJztA5yiIblVEV3aAaqiOKHtEzekVvxpPxYrwbH4towljOnKI/ML5+AP5enCY=</latexit>

(a) Example 1.1 (b) Example 1.3

Figure 6: Permutation of null assignments in Example 1.1 and Example 1.3

L0 is no longer asymptotically equal to L. We need to enlargeBz0 toBz0(r) for some r > d(C0, C1)
and modify the statistic L0 in (2.7) by taking the supremum over Bz∗(r).

C0
<latexit sha1_base64="W5LFcFu36ZNHaoaSeEM5tiiWA+Y=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7vu/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8web1JHw</latexit>

C1
<latexit sha1_base64="C1LRHDSqiPLgaIsqb07S6Z94KOM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7ve/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8wedWJHx</latexit>

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit>

z⇤
<latexit sha1_base64="ICfF2vdtAdU+tTXGxTSJJiiul9I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OIxonlAEsPspDcZMju7zMwKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrqd+8xGV5pG8N+MYuyEdSB5wRo2V7p4eznrFklt2ZyDLxMtICTLUesWvTj9iSYjSMEG1bntubLopVYYzgZNCJ9EYUzaiA2xbKmmIupvOTp2QE6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoKrbsplnBiUbL4oSAQxEZn+TfpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK7UWpWsniyMMRHMMpeHAJVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP/wqNjg==</latexit> Bz⇤

<latexit sha1_base64="n4VAs9CZA20WcyP7/fgYVF5vL8E=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY9OIxgnlAsobZSScZMju7zMwKcclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8xGV5pG8N+MY/ZAOJO9zRo2Vmtfd9OnhbNItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjUrZOy9X7i5K1UoWRx6O4BhOwYNLqMIt1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AAUrj08=</latexit>

Bz0
<latexit sha1_base64="BU+ykausmbcUw8NUo9EQbl2i5xA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0IWy223bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnC/YgOlRgIRtFK7ZsgewrcaVCuuFV3DrJKvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWaVPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3oX1dr9ZaVey+Mowgmcwjl4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Pz49W</latexit>

r = d(C0, C1)
<latexit sha1_base64="7ed2o+Z2P4QONGeNkJ14GFiFVi0=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXQjFLpxWcE+oB1KJpNpQzOZIckIZegHuPFX3LhQxK0f4M6/MW1nUVsPBE7OuZd77/FizpS27R8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHY8rChngjY105x2Yklx6HHa9kb1qd9+pFKxSDzocUzdEA8ECxjB2kj9YkmiW+SXeyHWQ4J5Wp/07Qu0+HXOTZVdsWdAq8TJSAkyNPrF754fkSSkQhOOleo6dqzdFEvNCKeTQi9RNMZkhAe0a6jAIVVuOjtmgs6M4qMgkuYJjWbqYkeKQ6XGoWcqp1uqZW8q/ud1Ex3cuCkTcaKpIPNBQcKRjtA0GeQzSYnmY0MwkczsisgQS0y0ya9gQnCWT14lrWrFuaxU769KtWoWRx5O4BTK4MA11OAOGtAEAk/wAm/wbj1br9aH9TkvzVlZzzH8gfX1C3Mrme4=</latexit>

C0
<latexit sha1_base64="W5LFcFu36ZNHaoaSeEM5tiiWA+Y=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7vu/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8web1JHw</latexit>

C1
<latexit sha1_base64="C1LRHDSqiPLgaIsqb07S6Z94KOM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7ve/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8wedWJHx</latexit>

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit>

z⇤
<latexit sha1_base64="ICfF2vdtAdU+tTXGxTSJJiiul9I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OIxonlAEsPspDcZMju7zMwKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrqd+8xGV5pG8N+MYuyEdSB5wRo2V7p4eznrFklt2ZyDLxMtICTLUesWvTj9iSYjSMEG1bntubLopVYYzgZNCJ9EYUzaiA2xbKmmIupvOTp2QE6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoKrbsplnBiUbL4oSAQxEZn+TfpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK7UWpWsniyMMRHMMpeHAJVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP/wqNjg==</latexit>

Bz0
(r)

<latexit sha1_base64="uQJfvGWJ9tTabJDwRcJDW6j03l4=">AAAB8XicbVBNTwIxEJ3iF+IX6tFLIzHBC9lFEz0SvXjERMAIm023dKGh2920XRPc8C+8eNAYr/4bb/4bC+xBwZdM8vLeTGbmBYng2jjONyqsrK6tbxQ3S1vbO7t75f2Dto5TRVmLxiJW9wHRTHDJWoYbwe4TxUgUCNYJRtdTv/PIlOaxvDPjhHkRGUgeckqMlR6u/OzJdyZVdeqXK07NmQEvEzcnFcjR9MtfvX5M04hJQwXRuus6ifEyogyngk1KvVSzhNARGbCupZJETHvZ7OIJPrFKH4exsiUNnqm/JzISaT2OAtsZETPUi95U/M/rpia89DIuk9QwSeeLwlRgE+Pp+7jPFaNGjC0hVHF7K6ZDogg1NqSSDcFdfHmZtOs196xWvz2vNOp5HEU4gmOoggsX0IAbaEILKEh4hld4Qxq9oHf0MW8toHzmEP4Aff4AruiQNw==</latexit>

Bz⇤(r)
<latexit sha1_base64="rayJRHTDBMKuPwtuCUQiR0yX7o0=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUD2W3CnosevFYwX5gu5Zsmm1Dk+ySZIW69F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QcyZNq777Swtr6yurec28ptb2zu7hb39ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HriNx+p0iySd2YUU1/gvmQhI9hY6f6qmz49nI5L6qRbKLpldwq0SLyMFCFDrVv46vQikggqDeFY67bnxsZPsTKMcDrOdxJNY0yGuE/blkosqPbT6cVjdGyVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQkv/ZTJODFUktmiMOHIRGjyPuoxRYnhI0swUczeisgAK0yMDSlvQ/DmX14kjUrZOytXbs+L1UoWRw4O4QhK4MEFVOEGalAHAhKe4RXeHO28OO/Ox6x1yclmDuAPnM8fpC+QMA==</latexit>

r > d(C0, C1)
<latexit sha1_base64="PbcL7Mm9YOCbJZnvgF7fh9upmUw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXQlhW5cVrAPaIeSyWTa0ExmSDJCGfoBbvwVNy4UcesHuPNvTNtZ1NYDgZNz7uXee7yYM6Vt+8fKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vVF96rcfqVQsEg96HFM3xAPBAkawNlK/WJLoFvnlXoj1kGCe1id9+wItfp1zU2VX7BnQKnEyUoIMjX7xu+dHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzo6ZoDOj+CiIpHlCo5m62JHiUKlx6JnK6ZZq2ZuK/3ndRAc3bspEnGgqyHxQkHCkIzRNBvlMUqL52BBMJDO7IjLEEhNt8iuYEJzlk1dJq1pxLivV+6tSrZrFkYcTOIUyOHANNbiDBjSBwBO8wBu8W8/Wq/Vhfc5Lc1bWcwx/YH39AnTPme8=</latexit>

C0
<latexit sha1_base64="W5LFcFu36ZNHaoaSeEM5tiiWA+Y=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7vu/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8web1JHw</latexit>

C1
<latexit sha1_base64="C1LRHDSqiPLgaIsqb07S6Z94KOM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7ve/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8wedWJHx</latexit>

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit>

z⇤
<latexit sha1_base64="ICfF2vdtAdU+tTXGxTSJJiiul9I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OIxonlAEsPspDcZMju7zMwKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrqd+8xGV5pG8N+MYuyEdSB5wRo2V7p4eznrFklt2ZyDLxMtICTLUesWvTj9iSYjSMEG1bntubLopVYYzgZNCJ9EYUzaiA2xbKmmIupvOTp2QE6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoKrbsplnBiUbL4oSAQxEZn+TfpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK7UWpWsniyMMRHMMpeHAJVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP/wqNjg==</latexit> Bz⇤

<latexit sha1_base64="n4VAs9CZA20WcyP7/fgYVF5vL8E=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY9OIxgnlAsobZSScZMju7zMwKcclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8xGV5pG8N+MY/ZAOJO9zRo2Vmtfd9OnhbNItltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjUrZOy9X7i5K1UoWRx6O4BhOwYNLqMIt1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AAUrj08=</latexit>

Bz0
<latexit sha1_base64="BU+ykausmbcUw8NUo9EQbl2i5xA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0IWy223bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnC/YgOlRgIRtFK7ZsgewrcaVCuuFV3DrJKvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWaVPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3oX1dr9ZaVey+Mowgmcwjl4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8Pz49W</latexit>

r = d(C0, C1)
<latexit sha1_base64="7ed2o+Z2P4QONGeNkJ14GFiFVi0=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXQjFLpxWcE+oB1KJpNpQzOZIckIZegHuPFX3LhQxK0f4M6/MW1nUVsPBE7OuZd77/FizpS27R8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHY8rChngjY105x2Yklx6HHa9kb1qd9+pFKxSDzocUzdEA8ECxjB2kj9YkmiW+SXeyHWQ4J5Wp/07Qu0+HXOTZVdsWdAq8TJSAkyNPrF754fkSSkQhOOleo6dqzdFEvNCKeTQi9RNMZkhAe0a6jAIVVuOjtmgs6M4qMgkuYJjWbqYkeKQ6XGoWcqp1uqZW8q/ud1Ex3cuCkTcaKpIPNBQcKRjtA0GeQzSYnmY0MwkczsisgQS0y0ya9gQnCWT14lrWrFuaxU769KtWoWRx5O4BTK4MA11OAOGtAEAk/wAm/wbj1br9aH9TkvzVlZzzH8gfX1C3Mrme4=</latexit>

C0
<latexit sha1_base64="W5LFcFu36ZNHaoaSeEM5tiiWA+Y=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7vu/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8web1JHw</latexit>

C1
<latexit sha1_base64="C1LRHDSqiPLgaIsqb07S6Z94KOM=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLQjcsK9gHtUDJp2oZmMmNyp1CGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniKUw6Lrfzsbm1vbObmGvuH9weHRcOjltmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4m9cxvT7k2IlKPOIu5H9KREkPBKFrJ74UUx4zKtD7ve/1S2a24C5B14uWkDDka/dJXbxCxJOQKmaTGdD03Rj+lGgWTfF7sJYbHlE3oiHctVTTkxk8Xoefk0ioDMoy0fQrJQv29kdLQmFkY2MkspFn1MvE/r5vg8M5PhYoT5IotDw0TSTAiWQNkIDRnKGeWUKaFzUrYmGrK0PZUtCV4q19eJ61qxbuuVB9uyrVqXkcBzuECrsCDW6jBPTSgCQye4Ble4c2ZOi/Ou/OxHN1w8p0z+APn8wedWJHx</latexit>

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit>

z⇤
<latexit sha1_base64="ICfF2vdtAdU+tTXGxTSJJiiul9I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFPQY8OIxonlAEsPspDcZMju7zMwKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPrqd+8xGV5pG8N+MYuyEdSB5wRo2V7p4eznrFklt2ZyDLxMtICTLUesWvTj9iSYjSMEG1bntubLopVYYzgZNCJ9EYUzaiA2xbKmmIupvOTp2QE6v0SRApW9KQmfp7IqWh1uPQt50hNUO96E3F/7x2YoKrbsplnBiUbL4oSAQxEZn+TfpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK7UWpWsniyMMRHMMpeHAJVbiBGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP/wqNjg==</latexit>

Bz0
(r)

<latexit sha1_base64="uQJfvGWJ9tTabJDwRcJDW6j03l4=">AAAB8XicbVBNTwIxEJ3iF+IX6tFLIzHBC9lFEz0SvXjERMAIm023dKGh2920XRPc8C+8eNAYr/4bb/4bC+xBwZdM8vLeTGbmBYng2jjONyqsrK6tbxQ3S1vbO7t75f2Dto5TRVmLxiJW9wHRTHDJWoYbwe4TxUgUCNYJRtdTv/PIlOaxvDPjhHkRGUgeckqMlR6u/OzJdyZVdeqXK07NmQEvEzcnFcjR9MtfvX5M04hJQwXRuus6ifEyogyngk1KvVSzhNARGbCupZJETHvZ7OIJPrFKH4exsiUNnqm/JzISaT2OAtsZETPUi95U/M/rpia89DIuk9QwSeeLwlRgE+Pp+7jPFaNGjC0hVHF7K6ZDogg1NqSSDcFdfHmZtOs196xWvz2vNOp5HEU4gmOoggsX0IAbaEILKEh4hld4Qxq9oHf0MW8toHzmEP4Aff4AruiQNw==</latexit>

Bz⇤(r)
<latexit sha1_base64="rayJRHTDBMKuPwtuCUQiR0yX7o0=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUD2W3CnosevFYwX5gu5Zsmm1Dk+ySZIW69F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QcyZNq777Swtr6yurec28ptb2zu7hb39ho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HriNx+p0iySd2YUU1/gvmQhI9hY6f6qmz49nI5L6qRbKLpldwq0SLyMFCFDrVv46vQikggqDeFY67bnxsZPsTKMcDrOdxJNY0yGuE/blkosqPbT6cVjdGyVHgojZUsaNFV/T6RYaD0Sge0U2Az0vDcR//PaiQkv/ZTJODFUktmiMOHIRGjyPuoxRYnhI0swUczeisgAK0yMDSlvQ/DmX14kjUrZOytXbs+L1UoWRw4O4QhK4MEFVOEGalAHAhKe4RXeHO28OO/Ox6x1yclmDuAPnM8fpC+QMA==</latexit>

r > d(C0, C1)
<latexit sha1_base64="PbcL7Mm9YOCbJZnvgF7fh9upmUw=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXQlhW5cVrAPaIeSyWTa0ExmSDJCGfoBbvwVNy4UcesHuPNvTNtZ1NYDgZNz7uXee7yYM6Vt+8fKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0PK8qZoE3NNKedWFIcepy2vVF96rcfqVQsEg96HFM3xAPBAkawNlK/WJLoFvnlXoj1kGCe1id9+wItfp1zU2VX7BnQKnEyUoIMjX7xu+dHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzo6ZoDOj+CiIpHlCo5m62JHiUKlx6JnK6ZZq2ZuK/3ndRAc3bspEnGgqyHxQkHCkIzRNBvlMUqL52BBMJDO7IjLEEhNt8iuYEJzlk1dJq1pxLivV+6tSrZrFkYcTOIUyOHANNbiDBjSBwBO8wBu8W8/Wq/Vhfc5Lc1bWcwx/YH39AnTPme8=</latexit>

(a) Boundary Bz0 in Definition 2.5 (b) Generalized boundary Bz0(r)

Figure 7: The boundary Bz0 defined previously for even cases is in essence a ball centered at z0
with radius r = d(C0, C1)

In fact, we can still use the shadowing bootstrap method in Section 2.4 to the uneven case. All
procedures are exactly same as Section 2.4 except that we only need to replace the bootstrap statistic
Wn in (2.11) by

Wn = sup
z∈Bz0

(r)

∑
1≤i<j≤n

(
Âij−Ep̂,q̂(Âij)

)(
1[(i, j) ∈ E2(z0, z)]−1[(i, j) ∈ E1(z0, z)]

)
eij , (A.3)

where r is a tuning parameter to be specified in the following theorem.

Theorem A.2. Suppose C0 and C1 are generalized symmetric community property pair and cK =
O(1). Suppose d(C0, C1) = o(nc1) for some constant c1 < 2, and 1/ρn = o(n1−c2) for some
constant c2 > 0. We choose the radius r in (A.3) as r ≥ rK := d(C0, C1) + c2KpK/(2(p− q)) and
r = d(C0, C1) + O(1). If for any z0 ∈ C0, we have |Bz0(r)| = O(nc0) for some positive constant
c0, then

lim
n→∞

sup
z∗∈C0

P(pW ≤ α) = α and lim
n→∞

sup
z∗∈C0

P(reject H0) = α.

Moreover, if d(C0, C1)I(p, q) = Ω(nε) for some arbitrarily small constant ε > 0, we have

lim
n→∞

inf
z∗∈C1

P(reject H0) = 1.
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We defer the proof of theorem to Appendix C.2. The scaling assumptions in Theorem A.2 are
similar to Theorem 3.2. The condition |Bz0(r)| = O(nc0) for some c0 > 0 is similar to Assumption
3.1. We need cK in (A.1) to be bounded to prevent a specific community from being too large.
By the theorem, we need to choose r ≥ rK := d(C0, C1) + c2KpK/(2(p − q)), while p, q, cK
are unknown. In practice, we suggest to choose the radius as r = d(C0, C1) + Cp̂K/(p̂− q̂) for
some sufficiently large C. In fact, for many concrete examples, even though rK is unknown, we
can directly construct Bz0(rK). The following proposition shows how to construct Bz0(rK) for
Examples 1.1-1.3. Moreover, it shows the conditions on d(C0, C1) and |Bz0(rK)| in Theorem A.2
are true for all these examples.
Proposition A.3. For any z0 ∈ C0, Bz0(rK) can be constructed as follows.

(1) Example 1.1: Bz0(rK) is composed of all the assignments obtained from reassigning one
node of any z0 ∈ C0 in [m] to a different community. See Figure 8(a) for an illustration.
Moreover, we have d(C0, C1) = n/K and |Bz0(rK)| = m(K − 1).

(2) Example 1.2: Suppose m ∧ m′ ≤ cK , Bz0(rK) is composed of all the assignments ob-
tained from reassigning nodes m+1, . . . ,m+m′ in any z0 ∈ C0 collectively to a different
community. Moreover, we have d(C0, C1) = n(m ∧ m′)/K and |Bz0(rK)| = K − 1.
Suppose m ∧ m′ > cK , Bz0(rK) is composed of all the assignments obtained from ex-
changing label of nodes m + 1, . . . ,m + m′ collectively with another m′ nodes from a
different community for any z0 ∈ C0. See Figure 8(b) for an illustration. Moreover, we
have d(C0, C1) = 2m ∧m′(n/K −m ∧m′) and |Bz0(rK)| = O(K(n/K)m∧m′

).

(3) Example 1.3: For an arbitrary z0 ∈ C0, Bz0(rK) can be constructed by reassigning any
node of z0 to a different community. See Figure 8(c) for an illustration. Moreover, we have
d(C0, C1) = n/K and |Bz0(rK)| = n(K − 1).

We defer the proof to Appendix B.3. The construction of Bz0(rK) is visualized in Figure 8. We
also summarize the results in Table 1.

Community 1 Community 2

⇓
<latexit sha1_base64="yfl6q4WLIyxpGKaGYKVy6hEMyQk=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osegHjxGMA/ILmF2MpsMmZ1ZZmYNYclvePGgiFd/xpt/4R/obJKDJhY0FFXddHeFCWfauO6nU1hb39jcKm6Xdnb39g/Kh0ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0nfvtB6o0k+LeTBIaxHggWMQINlby/Rs5FlgpOUalXrnq1twZ0CrxFqRar3x/1QGg0St/+H1J0pgKQzjWuuu5iQkyrAwjnE5LfqppgskID2jXUoFjqoNsdvMUnVqljyKpbAmDZurviQzHWk/i0HbG2Az1speL/3nd1ESXQcZEkhoqyHxRlHJkJMoDQH2mKDF8YgkmitlbERlihYmxMeUheMsvr5LWec1za96dTeMK5ihCBU7gDDy4gDrcQgOaQCCBR3iGFyd1npxX523eWnAWM8fwB877D8wrk8E=</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="6ruzoFJ3njekA8oWTTvUbU6ma3U=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRDx4r2A9oQtlsN+3SzW7Y3VhK6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc397hNVmknxaGYJDWI8EixiBBsr+f6dnAqslJyiyqBac+vuAmideAWpQYHWoPrlDyVJYyoM4VjrvucmJsiwMoxwOq/4qaYJJhM8on1LBY6pDrLFzXN0YZUhiqSyJQxaqL8nMhxrPYtD2xljM9arXi7+5/VTEzWCjIkkNVSQ5aIo5chIlAeAhkxRYvjMEkwUs7ciMsYKE2NjykPwVl9eJ52ruufWvQe31rwp4ijDGZzDJXhwDU24hxa0gUACz/AKb07qvDjvzseyteQUM6fwB87nD15PkTc=</latexit>

z1
<latexit sha1_base64="q2m+QClZrjmZag1SWNhRoJPTc8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AELOo2W</latexit>  1   2   3   4   5 6   7   8   9   10 3

Move

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit> 1   2   3   4   5 6   7   8   9   10

Community 1 Community 2

⇓
<latexit sha1_base64="yfl6q4WLIyxpGKaGYKVy6hEMyQk=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osegHjxGMA/ILmF2MpsMmZ1ZZmYNYclvePGgiFd/xpt/4R/obJKDJhY0FFXddHeFCWfauO6nU1hb39jcKm6Xdnb39g/Kh0ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0nfvtB6o0k+LeTBIaxHggWMQINlby/Rs5FlgpOUalXrnq1twZ0CrxFqRar3x/1QGg0St/+H1J0pgKQzjWuuu5iQkyrAwjnE5LfqppgskID2jXUoFjqoNsdvMUnVqljyKpbAmDZurviQzHWk/i0HbG2Az1speL/3nd1ESXQcZEkhoqyHxRlHJkJMoDQH2mKDF8YgkmitlbERlihYmxMeUheMsvr5LWec1za96dTeMK5ihCBU7gDDy4gDrcQgOaQCCBR3iGFyd1npxX523eWnAWM8fwB877D8wrk8E=</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="6ruzoFJ3njekA8oWTTvUbU6ma3U=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRDx4r2A9oQtlsN+3SzW7Y3VhK6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc397hNVmknxaGYJDWI8EixiBBsr+f6dnAqslJyiyqBac+vuAmideAWpQYHWoPrlDyVJYyoM4VjrvucmJsiwMoxwOq/4qaYJJhM8on1LBY6pDrLFzXN0YZUhiqSyJQxaqL8nMhxrPYtD2xljM9arXi7+5/VTEzWCjIkkNVSQ5aIo5chIlAeAhkxRYvjMEkwUs7ciMsYKE2NjykPwVl9eJ52ruufWvQe31rwp4ijDGZzDJXhwDU24hxa0gUACz/AKb07qvDjvzseyteQUM6fwB87nD15PkTc=</latexit>

Move

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit> 1   2   3   4   5 6   7   8   9   10

z1
<latexit sha1_base64="q2m+QClZrjmZag1SWNhRoJPTc8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AELOo2W</latexit>  1   2   3   4   5 6   7   8   9   10 4   5

Community 1 Community 2

⇓
<latexit sha1_base64="yfl6q4WLIyxpGKaGYKVy6hEMyQk=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osegHjxGMA/ILmF2MpsMmZ1ZZmYNYclvePGgiFd/xpt/4R/obJKDJhY0FFXddHeFCWfauO6nU1hb39jcKm6Xdnb39g/Kh0ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0nfvtB6o0k+LeTBIaxHggWMQINlby/Rs5FlgpOUalXrnq1twZ0CrxFqRar3x/1QGg0St/+H1J0pgKQzjWuuu5iQkyrAwjnE5LfqppgskID2jXUoFjqoNsdvMUnVqljyKpbAmDZurviQzHWk/i0HbG2Az1speL/3nd1ESXQcZEkhoqyHxRlHJkJMoDQH2mKDF8YgkmitlbERlihYmxMeUheMsvr5LWec1za96dTeMK5ihCBU7gDDy4gDrcQgOaQCCBR3iGFyd1npxX523eWnAWM8fwB877D8wrk8E=</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="6ruzoFJ3njekA8oWTTvUbU6ma3U=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRDx4r2A9oQtlsN+3SzW7Y3VhK6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc397hNVmknxaGYJDWI8EixiBBsr+f6dnAqslJyiyqBac+vuAmideAWpQYHWoPrlDyVJYyoM4VjrvucmJsiwMoxwOq/4qaYJJhM8on1LBY6pDrLFzXN0YZUhiqSyJQxaqL8nMhxrPYtD2xljM9arXi7+5/VTEzWCjIkkNVSQ5aIo5chIlAeAhkxRYvjMEkwUs7ciMsYKE2NjykPwVl9eJ52ruufWvQe31rwp4ijDGZzDJXhwDU24hxa0gUACz/AKb07qvDjvzseyteQUM6fwB87nD15PkTc=</latexit>

z1
<latexit sha1_base64="q2m+QClZrjmZag1SWNhRoJPTc8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AELOo2W</latexit>  1   2   3   4   5 6   7   8   9   10 3

Move

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit> 1   2   3   4   5 6   7   8   9   10

Community 1 Community 2

⇓
<latexit sha1_base64="yfl6q4WLIyxpGKaGYKVy6hEMyQk=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osegHjxGMA/ILmF2MpsMmZ1ZZmYNYclvePGgiFd/xpt/4R/obJKDJhY0FFXddHeFCWfauO6nU1hb39jcKm6Xdnb39g/Kh0ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0nfvtB6o0k+LeTBIaxHggWMQINlby/Rs5FlgpOUalXrnq1twZ0CrxFqRar3x/1QGg0St/+H1J0pgKQzjWuuu5iQkyrAwjnE5LfqppgskID2jXUoFjqoNsdvMUnVqljyKpbAmDZurviQzHWk/i0HbG2Az1speL/3nd1ESXQcZEkhoqyHxRlHJkJMoDQH2mKDF8YgkmitlbERlihYmxMeUheMsvr5LWec1za96dTeMK5ihCBU7gDDy4gDrcQgOaQCCBR3iGFyd1npxX523eWnAWM8fwB877D8wrk8E=</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="eQg4EOB6V5zXZPnvDVIoaZlWJls=">AAAB83icbVDLSgNBEOyNrxhfUY+5DAbBU9j1osfgAzxGMA/IhjA7mU2GzM4sM7OGsOQ3vHhQxKs/4y1/4R/obJKDJhY0FFXddHcFMWfauO7Uya2tb2xu5bcLO7t7+wfFw6OGlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8zvzmI1WaSfFgxjHtRLgvWMgINlby/Rs5ElgpOUKFbrHsVtwZ0CrxFqRcLX1/3Y6m9Vq3+On3JEkiKgzhWOu258amk2JlGOF0UvATTWNMhrhP25YKHFHdSWc3T9CpVXoolMqWMGim/p5IcaT1OApsZ4TNQC97mfif105MeNlJmYgTQwWZLwoTjoxEWQCoxxQlho8twUQxeysiA6wwMTamLARv+eVV0jiveG7Fu7dpXMEceSjBCZyBBxdQhTuoQR0IxPAEL/DqJM6z8+a8z1tzzmLmGP7A+fgBBaCVaw==</latexit><latexit sha1_base64="6ruzoFJ3njekA8oWTTvUbU6ma3U=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRDx4r2A9oQtlsN+3SzW7Y3VhK6N/w4kERr/4Zb/4bN20O2vpg4PHeDDPzwoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc397hNVmknxaGYJDWI8EixiBBsr+f6dnAqslJyiyqBac+vuAmideAWpQYHWoPrlDyVJYyoM4VjrvucmJsiwMoxwOq/4qaYJJhM8on1LBY6pDrLFzXN0YZUhiqSyJQxaqL8nMhxrPYtD2xljM9arXi7+5/VTEzWCjIkkNVSQ5aIo5chIlAeAhkxRYvjMEkwUs7ciMsYKE2NjykPwVl9eJ52ruufWvQe31rwp4ijDGZzDJXhwDU24hxa0gUACz/AKb07qvDjvzseyteQUM6fwB87nD15PkTc=</latexit>

Move

z0
<latexit sha1_base64="2+eF3ehjinPd7Gt2AKNF1VfC1P4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEJto2V</latexit> 1   2   3   4   5 6   7   8   9   10
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(a) Example 1.1 (b) Example 1.2 (c) Example 1.3

Figure 8: Construction of Bz0 in Proposition A.3: (a) C0 is that nodes {1, 2, 3} belong to the same
community; (b) C0 is that the nodes set {1, 2, 3} and {4, 5} belong to the same community; (c) C0 is
that community 1 and community 2 have equal size of 5.

We therefore have the following corollary of Theorem A.2.
Corollary A.4 (Examples 1.1 -1.3). Suppose 1/ρn = o(n1−c2) for some constant c2 > 0 and
cK = O(1). We assume that m∧m′ = O(1) in Example 1.2. For Examples 1.1 -1.3, with Bz0(rK)
constructed in Proposition A.3 our test for the hypothesis H0 : z∗ ∈ C0 versus H1 : z∗ ∈ C1 is
honest, i.e.,

lim
n→∞

sup
z∗∈C0

P(reject H0) = α.

Moreover, if I(p, q)n/K = Ω(nε) for some small positive constant ε, we have

lim
n→∞

sup
z∗∈C1

P(reject H0) = 1.

A.3 GENERAL LOWER BOUND

We can also generalize the information-theoretic lower bound in Theorem 4.1 and Theorem 4.2 to
the uneven case. Similar to the even case, we need to define packing number of Bz0(r), which
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d(z0, C1) |Bz0(rK)| N(Bz0(rK),
√
d(z0, C1))

Example 1.1 n/K m(K − 1) m
Example 1.2
m ∧m′ ≤ cK

n(m ∧m′)/K K − 1 1

Example 1.2
m ∧m′ > cK

2m ∧m′(n/K −m ∧m′) O(K(n/K)m∧m′
) 1

Example 1.3 n/K n(K − 1) n

Table 1: Important values for general cases of Examples 1.1-1.3.

follows the same definition of N
(
Bz0 , ε

)
in Definition 4.1. We then have the lower bound of the

general case as follows.

Theorem A.5. Suppose 1/ρn = o(n1−c2) for some constant c2 > 0, p ≤ 1 − δ for some constant
δ > 0 and cK = O(1). If there exists a z0 ∈ C0 and some r = d(z0, C1) + O(1) such that
logN

(
Bz0(r),

√
d(z0, C1)

)
= O(log n), and

lim sup
n→∞

d(z0, C1)I(p, q)
logN

(
Bz0(r),

√
d(z0, C1)

) < 1, (A.4)

then lim inf
n→∞

r(C0, C1) ≥ 1/2.

Remark A.1. If we choose r = d(z0, C1), as Bz0 = Bz0(d(z0, C1)), (A.4) reduces to (4.1). The
relaxed assumption on r = d(z0, C1) +O(1) can give us a better lower bound.

We can also generalize Theorem 4.2 to the following theorem.

Theorem A.6. Suppose 0 < q < p ≤ 1− δ for some constant δ > 0 and limn→∞ d(C0, C1)p = ∞.
If one of the following conditions:

(1) d(C0, C1)I(p, q) ≤ c for some sufficiently small constant c;

(2) limn→∞ d(C0, C1)I(p, q) = ∞, but there exists a z0 ∈ C0 and some r = d(z0, C1) +O(1)
such that lim supn→∞ d(z0, C1)I(p, q)/logN(Bz0(r), 0) < 1,

is satisfied, then lim inf
n→∞

r(C0, C1) ≥ 1/2.

We defer the proof of the above two theorems to Appendix D.1.

To apply the general lower bound theorem to Examples 1.1-1.3, we need the following proposition
on the packing number.

Proposition A.7. We have the packing number N(Bz0(rK),
√
d(z0, C1)) for three examples as

follows:

• Example 1.1: N(Bz0(rK),
√
d(z0, C1)) = m;

• Example 1.2: N(Bz0(rK),
√
d(z0, C1)) = 1;

• Example 1.3: N(Bz0(rK),
√
d(z0, C1)) = n.

We defer the proof to Appendix B.4. The results is also summarized in Table 1.

Since rK = d(C0, C1) + c2KpK/(2(p − q)), where c2KpK/(2(p − q)) = O(1) and d(C0, C1) =
d(z0, C1) by the symmetry of C0, C1, we have that rK = d(z0, C1) + O(1). Applying Theorem A.5
and Proposition A.7, we have the following lower bound of same community test in Example 1.1.

Corollary A.8. For C0 and C1 defined in Example 1.1, if 1/ρn = o(n1−c2) for some constant
c2 > 0, p < 1− δ for some constant δ > 0, cK = O(1) and

lim sup
n→∞

nI(p, q)/(K logm) < 1,
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we have lim inf
n→∞

r(C0, C1) ≥ 1/2.

Applying Theorem A.6 and Proposition A.7, we have the following lower bound of same community
test for groups in Example 1.2.

Corollary A.9. For C0 and C1 defined in (2.2), if np→ ∞, 0 < q < p < 1− δ for some δ > 0 and

lim sup
n→∞

nI(p, q) < c,

for some sufficiently small constant c > 0, we have lim inf
n→∞

r(C0, C1) ≥ 1/2.

For Example 1.3, applying Theorem A.5 and Proposition A.7, we have the following result.

Corollary A.10. For C0 and C1 defined in (A.2), if 1/ρn = o(n1−c2) for some constant c2 > 0,
p < 1− δ for some constant δ > 0 and

lim sup
n→∞

nI(p, q)/(K log n) < 1,

we have lim inf
n→∞

r(C0, C1) ≥ 1/2.

B PROOFS OF COMMUNITY PROPERTIES

In this section we mainly focus on the proofs concerning community properties, including the gen-
eralization of symmetric community property pairs from even to uneven cluster sizes, the size of the
ball Bz0(rK) in three examples, and the packing number of the ball in each case.

B.1 PROOF OF PROPOSITION 4.3

Example 1.1: In this case, for a given z0 ∈ C0, we have derived the form of Bz0 . For any
zi, zj ∈ P

(
Bz0 ,

√
d(z0, C1)

)
, we know from Section 2.4 that they are transformed from z0 by

swapping one of the first m nodes with another node from a different cluster. The node among
the first m to be swapped s ∈ [m] cannot be the same for the two assignments, otherwise
|E1,2(z0, zi) ∩ E1,2(z0, zj)| ≥ |E1(z0, zi) ∩ E1(z0, zj)| = n/K − 1 ≫

√
d(z0, C1). Thus each

z ∈ P
(
Bz0 ,

√
d(z0, C1)

)
corresponds to a different swapped node among the first m nodes, and

we have N
(
Bz0 ,

√
d(z0, C1)

)
≤ m. On the other hand, for the given assignment z0, we can

construct the following set {zk}mk=1: we take a set of nodes S = {s1, s2, ..., sm} from a cluster
different from the cluster to which the first m nodes of z0 belong. Then for each k, we swap the
cluster assignment of node k with node sk, k = 1, ...,m, and obtain the corresponding alternative
assignment zk. Then for any two alternative assignments zi and zj obtained this way, we have
|E1,2(z0, zi) ∩ E1,2(z0, zj)| ≤ 4. Thus N

(
Bz0 ,

√
d(z0, C1)

)
= m.

Example 1.2: For a given z0 ∈ C0 and the corresponding boundary Bz0 , it can be perceived that
N(Bz0 ,

√
d(z0, C1)) = N(Bz0 , 0) = 1, because any z ∈ Bz0 involves swapping the set S2 so that

∀zi, zj ∈ Bz0 , |E1,2(z0, zi) ∩ E1,2(z0, zj)| ≥ m ∧m′(n/K −m ∧m′).

B.2 PROOF OF PROPOSITION A.1

To prove that Definition 2.2 is a special case of Definition A.1 when the community size is even, it
suffices for us to construct a concrete community label permutation σ and node label permutation
τ satisfying Definition A.1 based on N and z̃. Here we use Figure 6 to illustrate the construction.
Given any z, z′ ∈ C0, we first construct σ. Since zN ≃ z′N ≃ z̃N , by Definition 2.2, there must
exist a σ ∈ SK mapping z to z′ on the support N , i.e., σ(zN ) = z′N . For example, in Figure 6,
we construct a σ swapping communities 1 and 2. After matching the community labels, we now
construct τ in order to transform σ(z) to z′. Since the community size is even and σ(zN ) = z′N ,
σ(z) and z′ have equal cluster sizes on the support of N c. Therefore, there exists τ ∈ Sn such that
τ(σ(z)N c) = z′N c and τ(σ(z)N ) = σ(z)N = z′N . We can see the example of τ in Figure 6. Using
σ and τ constructed above, we can check that τ ◦ σ(z) = z′. We now check the last condition in
Definition A.1. For any z′′ ∈ C1, since τ is invariant on N , we have τ ◦ σ (z′′N ) = σ (z′′N ) ≃ z′′N .
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By Definition 2.2, the alternative community C1 is closed under permutation on the support of N ,
we have τ ◦ σ(z′′) ∈ C1. Therefore, we check that Definition 2.2 is a special case of Definition A.1.

Since the property pairs in (2.1) and (2.2) are symmetric property pairs, they are also generalized
symmetric property pairs following the preceding arguments. As for the property pair in (A.2), we
can see from Figure 6(b) that for any two assignments z, z′ ∈ C0, since they have equal community
sizes, we can take σ to be the identity map and there exists τ ∈ Sn such that τ(z) = z′. Then for
any z′′ ∈ C1, since τ does not change the community sizes, we know that τ(z′′) still have uneven
community sizes and τ(z′′) ∈ C1. Therefore, by Definition A.1, the property pair in (A.2) is a
generalized symmetric property pair.

B.3 PROOF OF PROPOSITION A.3

Example 1.1: To construct Bz0(rK), we need to find all the assignments in C1 whose distance from
z0 is no larger than d(C0, C1) by an extra constant term. To construct assignments in C1 closest
to z0, we would pick one node in [m] and reassign it to a different community (see Figure 8 (a)).
Assignments constructed in such ways will satisfy d(z0, z1) = d(C0, C1) = n/K. If we make
community changes to any other nodes on the basis of such construction, then d(z0, z1) would
increase by at least n/K − 2, which exceeds the constant level. Thus Bz0(rK) consists of all
assignments constructed by moving one node of z0 in [m] to a different cluster. Since we can pick
m nodes in total and reassign them to K − 1 different clusters, |Bz0(rK)| = (K − 1)m = O(m).
Example 1.2: For an arbitrary z0 ∈ C0, without loss of generality, we assume that m′ ≤ m. Then
when m′ ≤ cK , to construct assignments in C1 that are closest to z0, we need to reassign nodes
m + 1, . . . ,m + m′ collectively to a different community (see Figure 8 (b). Such constructed
assignments have distance d(z0, z1) = d(C0, C1) = m′n/K. Similar to the previous example,
any community changes to other nodes on the basis of such construction would result in increase
of d(z0, z1) by at least n/K − m′ − 1. Therefore, Bz0(rK) consists of those assignments in C1
constructed by reassigning nodes m + 1, . . . ,m + m′. Since there are K − 1 other clusters to
reassign in total, we have |Bz0(rK)| = K − 1 = O(1). On the other hand, when m′ > cK , then
we cannot reassign nodes m + 1, . . . ,m + m′ collectively without exchanging with other nodes,
otherwise the community size bound will be violated. Then d(C0, C1) and Bz0(rK) is exactly the
same as the even case and the claim follows.
Example 1.3: As for the ball Bz0(rK) for an arbitrary z0 ∈ C0, to transform z0 into an assignment
z1 ∈ C1, the simplest way is to reassign an arbitrary node to a different community, and d(z0, z1) =
d(C0, C1) = n/K ≍ n. Further community changes will result in increasing in d(z0, z1) that
exceeds the constant level. Since we can obtain such z1 by reassigning any one of the n nodes into
the other K − 1 clusters, we have |Bz0(rK)| = n(K − 1) = O(n).

B.4 PROOF OF PROPOSITION A.7

The arguments for Example 1.1 and Example 1.2 are almost the same as in the even cases and are
hence omitted.

Example 1.3: For a given z0 ∈ C0, from previous discussion we can see that the ball Bz0(r) with
r = d(z0, C1) + O(1) is composed of all the assignments that differ from z0 by one mis-aligned
node. For any zi, zj ∈ P

(
Bz0(r),

√
d(z0, C1)

)
, the misaligned node s cannot be the same, otherwise

|E1,2(z0, zi) ∩ E1,2(z0, zj)| ≥ n/K ≫
√
d(z0, C1). Thus we have N

(
Bz0(r),

√
d(z0, C1)

)
≤ n.

Also since the set {zk}nk=1 where each zk is obtained by reassigning the node k into another cluster
obviously satisfies the condition that |E1(z0, zi) ∩ E1(z0, zj)| + |E2(z0, zi) ∩ E2(z0, zj)| ≤ 1, we
have that N

(
Bz0(r),

√
d(z0, C1)

)
= n.

C PROOF OF INFERENCE RESULTS

In this section, we provide the proofs of the theorems on inference results. We will first prove Propo-
sition 2.3 which implies that the p-value based on the maximal leading term L0 can be estimated
without knowing the true assignment, then we prove the main Theorem 3.2 using Proposition 2.3
along with other lemmas. The proof of the technical lemmas will be deferred to Section E.
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In the following part of our paper, we use c, C, c1, c2, C1, C2, . . . to represent generic constants and
their values may vary in different places.

C.1 PROOF OF PROPOSITION 2.3

To prove Proposition 2.3, we need the following generalized version of Lemma 2.2 stated previously

Lemma C.1 (Shadowing symmetry lemma). For a given z ∈ C0 and a given radius r > 0, we list
the assignments in the ball Bz(r) as z1, z2, . . . , z|Bz(r)|. Define a |Bz(r)|-dimensional vector Lz as

(Lz)k = g(p, q)

( ∑
(i,j)∈E2(z,zk)

Aij −
∑

(i,j)∈E1(z,zk)

Aij

)
, for k = 1, 2, . . . , |Bz(r)|.

Suppose C0 and C1 satisfy definition A.1, then for any z0, z′0 ∈ C0, we have |Bz0(r)| = |Bz′0(r)| and
Cov(Lz0) equals to Cov(Lz′0) up to permutation, i.e., there existing a permutation τ ∈ S|Bz0

(r)|
such that Cov(Lz0)kl = Cov(Lz′0)τ(k)τ(l) for all k, l = 1, . . . , |Bz0(r)|.

We defer the proof of Lemma C.1 to Section E.1. Now we are ready to prove Proposition 2.3. In
fact, the boundary in the definition of L0 can be generalized to the ball Bz(r) with r ≥ rK :=
d(C0, C1)+ c2KpK/(2(p− q)) and r = d(C0, C1)+O(1). For the true assignment z∗ ∈ C0, we have
that

L0 = sup
zk∈Bz∗ (r)

{
g(p, q)

( ∑
(i,j)∈E2(z∗,zk)

Aij −
∑

(i,j)∈E1(z∗,zk)

Aij

)}

= g(p, q) sup
zk∈Bz∗ (r)

{∑
i<j

{(
Aij − E(Aij)

)(
1[(i, j) ∈ E2(z∗, zk)]− 1[(i, j) ∈ E1(z∗, zk)]

)}}
+ g(p, q)µ0 + δn

= g(p, q)σ0 sup
k∈[|Bz∗ (r)|]

{ 1

σ0

∑
i<j

(Xij)k

}
+ g(p, q)µ0 + δn.

where the vector Xij ∈ R|Bz∗ (r)| and (Xij)k =
(
Aij−E(Aij)

)(
1[(i, j) ∈ E2(z∗, zk)]−1[(i, j) ∈

E1(z∗, zk)]
)
, δn = O(ρn), and σ0 =

√
d(C0, C1)

(
p(1− p) + q(1− q)

)
, µ0 = d(C0, C1)(q − p).

We can see that for different (i, j), the vector Xij are independent of each other. For a fixed
k ∈ [|Bz∗(r)|], when (i, j) /∈ E1,2(z∗, zk), (Xij)k = 0. When (i, j) ∈ E1,2(z∗, zk), under the
regime 1/ρn = o(n1−c2) for some positive c2, there exists Bn = 1/

√
ρn = o(n(1−c2)/2) such that∣∣(Xij)k/

√
ρn
∣∣ ≤ Bn and B2

n(log 2d(C0, C1)|Bz0(r)|)7/n ≤ n−c2/2, where d(C0, C1) = o(n2).
Therefore, following a very similar proof as Theorem 2.2 and Corollary 2.1 in Chernozhukov et al.
(2013), we have

g(p, q) sup
k∈[|Bz∗ (r)|]

{∑
i<j

(Xij)k/σ0

}
d→ sup
k∈[|Bz∗ (r)|]

Z̃k,

where Z̃ ∼ N(0,Σz∗/σ
2
0), and Σz∗ = Cov(Lz∗). Therefore, we have that

sup
t∈R

∣∣∣∣∣P(L0 ≤ t)− P(σ0 sup
k∈[|Bz∗ (r)|]

Z̃k + g(p, q)µ0 ≤ t)

∣∣∣∣∣
≤ sup

t∈R

∣∣∣∣∣P(L0 ≤ t)− P(σ0 sup
k∈[|Bz∗ (r)|]

Z̃k + g(p, q)µ0 + δn ≤ t)

∣∣∣∣∣
+ sup

t∈R

∣∣∣∣∣P(σ0 sup
k∈[|Bz∗ (r)|]

Z̃k + g(p, q)µ0 + δn ≤ t)− P(σ0 sup
k∈[|Bz∗ (r)|]

Z̃k + g(p, q)µ0 ≤ t)

∣∣∣∣∣
≤ o(1) + sup

t∈R

∣∣∣∣∣P(∣∣ sup
k∈[|Bz∗ (r)|]

Z̃k − (t− g(p, q)µ0) /σ0
∣∣ ≤ δn/σ0

)∣∣∣∣∣ .
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We know that mink∈[|Bz∗ (r)|] Var(Z̃k) = Ω(g(p, q)2) = Ω(1), log |Bz∗(r)| = O(log n) and
δn/σ0 = O(n−1/2). Then by Lemma 2.1 in Chernozhukov et al. (2013), we have

sup
t∈R

∣∣∣∣∣P(∣∣ sup
k∈[|Bz∗ (r)|]

Z̃k − (t− g(p, q)µ0) /σ0
∣∣ ≤ δn/σ0

)∣∣∣∣∣
≲
δn
σ0

{√
2 log |Bz∗(r)|+

√
min

k∈[|Bz∗ (r)|]
Var(Z̃k)σ0/δn

}
≤ n−1/4.

And thus we have

sup
t∈R

∣∣∣∣∣P(L0 ≤ t)− P(σ0 sup
k∈[|Bz∗ (r)|]

Z̃k + g(p, q)µ0 ≤ t)

∣∣∣∣∣ = o(1).

Following the same procedure with z∗ replaced by z0, we also have

sup
t∈R

∣∣∣∣∣P(L0(z0) ≤ t)− P
(
σ0 sup

k∈[|Bz0
(r)|]

(Z̃ ′)k + g(p, q)µ0 ≤ t
)∣∣∣∣∣ = o(1),

where Z̃ ′ ∼ N(0,Σz0/σ
2
0), and Σz0 = Cov(Lz0). By Lemma C.1 we know that Σz∗ and Σz0 are

equal up to permutation. Therefore, the claim follows. We may also note that the validity of the proof
does not depend on the values of p, q as long as the regime is 1/ρn = o(n1−c2) for some constant

c2 > 0, and thus the statement is also true for L̂0 := supzk∈Bz∗ (r)

{
g(p̂, q̂)

(∑
(i,j)∈E2(z∗,zk)

Aij −∑
(i,j)∈E1(z∗,zk)

Aij

)}
with plugged-in estimators p̂, q̂.

C.2 PROOF OF THEOREM 3.2

In fact, Proposition A.1 shows that the symmetric community property pairs defined in Section 2 are
general symmetric property pairs under the general framework, and Theorem A.2 is a generalization
of Theorem 3.2 under uneven cluster sizes. Thus we can just prove the more general Theorem A.2
and the proof will also apply to Theorem 3.2.

The proof of the main theorem requires the help of Proposition 2.3 and the following lemma that
shows why the maximizer in the alternative assignment space can be restricted to the ball centered
at the true assignment z0 ∈ C0.

Lemma C.2. We denote z∗ as the true assignment, and Bz∗(rK) is the ball centered at z∗ with
radius rK = d(z∗, C1) + pK

2(p−q)c
2
K , cK = O(1). Under the same conditions of Theorem A.2, when

z∗ ∈ C0
sup
z∈C1

log f(A; z, p̂, q̂) = sup
z∈Bz∗ (rK)

log f(A; z, p̂, q̂) +OP (ρn); (C.1)

Moreover, for any true assignment z∗, we have

sup
z∈C0∪C1

log f(A; z, p̂, q̂) = log f(A; z∗, p̂, q̂) +OP (ρn). (C.2)

With help of this lemma, instead of taking the supremum over the entire assignment space C1, we
are able to restrict the maximizer to a much smaller set Bz0(rK) so that the Central Limit Theorem
can be applied. Recall that the boundary Bz∗ defined in Section 2.3 is in essence a ball with radius
d(z∗, C1). We defer the proof of Lemma C.2 to Appendix E.2.

Now we are ready to present the proof of Theorem A.2:

We first define the α quantile of the L̂RT statistic. Let CW (α) be the 1 − α quantile of Wn condi-
tioning on Â and A, i.e., P(Wn ≤ CW (α)|Â,A) = 1 − α. We then estimate the quantile of LRT
by

qα = g(p̂, q̂)CW (α) + g(p̂, q̂)µ̂0, (C.3)
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then it can be seen that the two events {L̂RT ≥ qα} and {pW ≤ α} are equivalent. Therefore,
it suffices to show that limn→∞ supz∗∈C0

P(L̂RT ≤ qα) = α. The proof is mainly composed
of three parts. The first part is to briefly illustrate the derivation of L0 as the leading term of the
log-likelihood ratio, the second part is to control the error caused by plugging in the estimators of
connection probabilities p̂, q̂, and the third part is to illustrate the multiplier bootstrap as a valid
approximation of the LRT quantile.

C.2.1 DERIVATION OF THE LEADING TERM FOR LRT

For a given true assignment z∗ ∈ C0, by Lemma C.2 we have:

L̂RT = log
supz∈C1

f(A; z, p̂, q̂)

supz∈C0∪C1
f(A; z, p̂, q̂)

= sup
z∈C1

log f(A; z, p̂, q̂)− log f(A; z∗, p̂, q̂) +OP (ρn)

= sup
zk∈Bz∗ (r)

(
log f(A; zk, p̂, q̂)− log f(A; z∗, p̂, q̂)

)
+OP (ρn),

where r ≥ rK := d(C0, C1) + c2KpK/(2(p− q)) and r = d(C0, C1) +O(1). In practice, due to the
consistency of p̂, q̂, when we choose the radius r = d(C0, C1) +Cp̂K/(p̂− q̂) for some sufficiently
large C, we can make sure that the conditions on the radius is satisfied with probability 1 − o(1).
Thus we can see that the L̂RT is essentially the supremum of the log-likelihood difference between
the true assignment z∗ and the alternative assignments in the ball Bz∗(r). We further expand the
log-likelihood terms and can write

L̂RT = sup
zk∈Bz∗ (r)

{
g(p̂, q̂)

( ∑
(i,j)∈E2(z∗,zk)

Aij −
∑

(i,j)∈E1(z∗,zk)

Aij

)
+ log

(1− q̂

1− p̂

)(
n1(z

∗, zk)− n2(z
∗, zk)

)}
+OP (ρn)

= L̂0 + δn.

where δn = supzk∈Bz∗ (r)

{
log
(
(1− q̂)/(1− p̂)

)(
n1(z

∗, zk)− n2(z
∗, zk)

)}
+ OP (ρn) =

OP (ρn), and L̂0 = g(p̂, q̂) supzk∈Bz∗ (r)

(∑
(i,j)∈E2(z∗,zk)

Aij − ∑
(i,j)∈E1(z∗,zk)

Aij

)
. From

Proposition 2.3 we have that limn→∞ supt∈R |P(L̂0 < t) − P(L̂0(z0) < t)| = 0 for any z0 ∈ C0.
Therefore, it suffices for us to prove that P(L̂RT ≥ qα) = α + o(1) for one given true assignment
z0 ∈ C0. Now we are ready to prove the validity of multiplier bootstrap for estimating the quantile
based on the leading term.

C.2.2 BOUNDING OF ERROR CAUSED BY PLUGGING IN p̂, q̂

From previous section we know that

L̂0(z0) = g(p̂, q̂)σ0 sup
k∈[|Bz∗ (r)|]

{ 1

σ0

∑
i<j

(Xij)k

}
+ g(p̂, q̂)µ0 +OP (ρn),

where (Xij)k =
(
Aij −E(Aij)

)(
1[(i, j) ∈ E2(z0, zk)]−1[(i, j) ∈ E1(z0, zk)]

)
. For any z0 ∈ C0,

we give the following notations:

T0 = sup
k∈[|Bz0

(r)|]

{ 1

σ0

∑
i<j

(Xij)k

}
, Ξ0 = sup

k∈[|Bz0
(r)|]

{ 1

σ0

∑
i<j

{ξij}k
}
, Ξ′

0 = sup
k∈[|Bz0

(r)|]

{ 1

σ̂0

∑
i<j

{ξ̂ij}k
}
,

and denote
W̃n =Wn/σ̂0 = sup

k∈[|Bz0
(r)|]

{ 1

σ̂0

∑
i<j

(X̂ij)keij

}
,
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where (X̂ij)k =
(
Âij − Ep̂,q̂(Âij)

)(
1[(i, j) ∈ E2(z0, zk)] − 1[(i, j) ∈ E1(z0, zk)]

)
and the ad-

jacency matrix Â is generated by p̂, q̂, and σ̂0 =
√
d(C0, C1)

(
p̂(1− p̂) + q̂(1− q̂)

)
. ξij and ξ̂ij

are the independent mean zero Gaussian vectors with covariance matrix equal to that of Xij and
X̂ij respectively ({ξij}k = 0 if (i, j) /∈ E1,2(z0, zk), and the same for {ξ̂ij}k ). {eij}i<j are i.i.d
standard Gaussian. By Corollary 2.1 in Chernozhukov et al. (2013), we have

sup
t∈R

|P (T0 ⩽ t)− P (Ξ0 ⩽ t)| = o(1);

Also, by Lemma 3.2 and Corollary 3.1 of Chernozhukov et al. (2013) we have

sup
t∈R

∣∣∣P(W̃n ⩽ t|X̂ij

)
− P (Ξ′

0 ⩽ t)
∣∣∣ = oP (1).

We let ΣΞ0 and ΣΞ′
0 be the covariance matrix of the vectors

{∑
i<j{ξij}k/σ0

}
k

and{∑
i<j{ξ̂ij}k/σ̂0

}
k

respectively. Thus for k, l ∈ [|Bz0(r)|] we have:

ΣΞ0

k,l =
1

σ2
0

Cov(
∑
ij

{ξij}k,
∑
ij

{ξij}l)

=
1

σ2
0

Cov(
∑
i<j

(Xij)k,
∑
i<j

(Xij)l)

=
|E2(z0, zk) ∩ E2(z0, zl)|q(1− q) + |E1(z0, zk) ∩ E1(z0, zl)|p(1− p)

d(C0, C1)
(
p(1− p) + q(1− q)

) .

Accordingly,

Σ
Ξ′

0

k,l =
1

σ̂2
0

Cov(
∑
i<j

(X̂ij)k,
∑
i<j

(X̂ij)l)

=
|E2(z0, zk) ∩ E2(z0, zl)|q̂(1− q̂) + |E1(z0, zk) ∩ E1(z0, zl)|p̂(1− p̂)

d(C0, C1)
(
p̂(1− p̂) + q̂(1− q̂)

)
=

|E2(z0, zk) ∩ E2(z0, zl)|q(1− q) + |E1(z0, zk) ∩ E1(z0, zl)|p(1− p) +OP (d(C0, C1)√ρn/n)
d(C0, C1)

(
p(1− p) + q(1− q)

)
+OP (d(C0, C1)√ρn/n)

.

Then we have

∆0 = max
k,l

|ΣΞ0

k,l −Σ
Ξ′

0

k,l| ≤
∣∣∣∣OP (d(C0, C1)√ρn/n)σ̂2

0

∣∣∣∣+ ∣∣∣∣ΣΞ0

k,l

OP (d(C0, C1)√ρn/n)
σ̂2
0

∣∣∣∣ = OP (
1√
n2ρn

).

Thus by Lemma 3.1 in Chernozhukov et al. (2013), there exists a constant C such that

sup
t∈R

|P (Ξ0 ⩽ t)− P (Ξ′
0 ⩽ t)| ≤ C∆

1/3
0 (1 ∨ log (|Bz0(r)|/∆0))

2/3
= oP (n

−1/6−c2/12).

and thus
sup
t∈R

|P (Ξ0 ⩽ t)− P (Ξ′
0 ⩽ t)| = oP (1),

and in turn we have
sup
t∈R

∣∣∣P (T0 ⩽ t)− P
(
W̃n ⩽ t|X̂ij

)∣∣∣ = oP (1).

C.2.3 VALIDITY OF MULTIPLIER BOOTSTRAP IN ESTIMATING LRT QUANTILE

Now recall that C
W̃n

(α) is the α quantile of W̃n conditional on X̂ij , and we would like to control

the order of C
W̃n

(α) in order to bound the error in estimating the quantile of L̂RT. Give a constant
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t >
√
2c0, we have

P(W̃n ⩾ t
√
log n|X̂ij) = P(Ξ′

0 ⩾ t
√

log n) + oP (1)

≤
∑

k∈[|Bz0 (r)|]
P

{ 1

σ̂0

∑
i<j

{ξ̂ij}k
}
⩾ t
√

log n

+ oP (1)

≲ |Bz0(r)|e−
t2

2 logn + oP (1) = OP

(
nc0−t

2/2
)
+ oP (1) = oP (1).

Thus we know that C
W̃n

(α) = OP (
√
log n). We know that qα = g(p̂, q̂)σ̂0CW̃n

(α) + g(p̂, q̂)µ̂0,

L̂RT = L̂0 + δn and also limn→∞ supt∈R |P(L̂0 < t)− P(L̂0(z0) < t)| = 0. Therefore,

P(L̂RT ≥ qα) = P(L̂0 + δn ≥ qα) = P(L̂0(z0) + δn ≥ qα) + o(1)

= P(g(p̂, q̂)σ0T0 + g(p̂, q̂)µ0 + δn ≥ g(p̂, q̂)σ̂0CW̃n
(α) + g(p̂, q̂)µ̂0) + o(1)

= P
(
T0 ≥ σ̂0

σ0
C
W̃n

(α) +
µ̂0 − µ0

σ0
− δn
g(p̂, q̂)σ0

)
+ o(1).

We have that |σ̂0 − σ0| = OP (
√
d(C0, C1)/n) and |µ̂0 − µ0| = OP (d(C0, C1)√ρn/n). Therefore,

P(L̂RT ≥ qα) = P
(
T0 ≥ C

W̃n
(α) +

C1

√
d(C0, C1)
σ0n

C
W̃n

(α) +
C2d(C0, C1)√ρn

σ0n
− δn
g(p̂, q̂)σ0

)
+ o(1)

= P
(
T0 ≥ C

W̃n
(α) + C1

√
log n/(n2ρn) + C2

√
d(C0, C1)/n+ C3

√
ρn

d(C0, C1)

)
+ o(1)

= P
(
T0 ≥ C

W̃n
(α) + ∆n

)
+ o(1),

where ∆n = oP (n
−c) for some positive constant c > 0. Now from previous results we have

|P(L̂RT ≥ qα)− α| ≤ |P
(
T0 ≥ C

W̃n
(α) + ∆n

)
− P

(
W̃n ≥ C

W̃n
(α) + ∆n

)
|

+ |P
(
W̃n ≥ C

W̃n
(α) + ∆n

)
− P

(
W̃n ≥ C

W̃n
(α)
)
|+ o(1)

≤ P(|W̃n − C
W̃n

(α)| ≤ ∆n) + oP (1).

Now we study the distribution of W̃n: if we denote Yk = 1
σ̂0

∑
i<j(X̂ij)keij , then Yk|X̂ ∼

N(0, σ2
k), where σ2

k =
∑
i<j(X̂ij)

2
k/σ̂

2
0 , and supk |E(σ2

k) − 1| ≤ |σ̂2
0/σ̂

2
0 − 1| + oP (1) = oP (1).

Also, |(X̂ij)
2
k| < 1. Under the event A = {p̂ = o(1)} ∩ {q̂ = o(1)} with P(A) = 1 − o(1), by

Bernstein’s inequality, we have

PX̂(|σ2
k − EX̂(σ2

k)| > 1/2) ≤ 2 exp

(
−

1+1
8 σ̂4

0

( 16 + 1)σ̂2
0

)
= 2 exp

(
−3σ̂2

0

14

)
,

where PX̂ and EX̂ denotes probability and expectation with p̂ and q̂ fixed and consider only the
randomness of X̂. Also

PX̂(min
k
σ2
k < 1/2) ≤

∑
k

PX̂(|σ2
k − EX̂(σ2

k)| > 1/2)

= 2|Bz0(r)| exp
(
−3σ̂2

0

14

)
= oP (1),

where the last oP (1) term is due to the fact that σ̂2
0 = ΩP (nρn) = ΩP (n

c2) and |Bz0(r)| = O(nc0).
Then by Lemma 2.1 in Chernozhukov et al. (2013), we have

P(|W̃n − C
W̃n

(α)| ≤ ∆n) = P(|max
k

Yk − C
W̃n

(α)| ≤ ∆n) ≤ sup
z∈R

P(|max
k

Yk − z| ≤ ∆n)

= OP

(
∆n

{√
2 log |Bz0(r)|+

√
log(min

k
σ2
k/∆n)

})
= oP (1),
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and thus limn→∞ supz∗∈C0
P(L̂RT ≥ qα) = α.

As for the Type I error, from the preceding proof we see that P(LRT ≥ qα) = α + oP (1), and the
convergence of the oP (1) term is independent of z∗ ∈ C0 due to the symmetry of C0. Therefore, we
have

sup
z∗∈C0

P(reject H0) = sup
z∗∈C0

P(LRT ≥ qα) = α+ oP (1),

and hence the claim follows. As for the Type II error, when the true assignment is z∗ ∈ C1, by (C.2)
in Lemma C.2, we have

LRT = log
supz∈C1

f(A; z, p̂, q̂)

supz∈C0∪C1
f(A; z, p̂, q̂)

= log
supz∈C1

f(A; z, p̂, q̂)

f(A; z∗, p̂, q̂)
+ log

f(A; z∗, p̂, q̂)
supz∈C0∪C1

f(A; z, p̂, q̂)
= OP (ρn).

And since σ̂0 ≍
√
d(C0, C1)p̂, µ̂0 ≍ −d(C0, C1)p̂ = −ΩP (n

c2) and C
W̃n

(α) = OP (
√
log n), we

have qα = g(p̂, q̂)σ̂0CW̃n
(α) + g(p̂, q̂)µ̂0 → −∞. Since the convergence is independent of z∗, we

have for any true assignment z1 ∈ C1,

inf
z∗∈C1

P(reject H0) = 1− sup
z∗∈C1

P(LRT ≤ qα) = 1− oP (1).

D PROOF OF THEOREMS FOR THE LOWER BOUND

In this section, we will prove the theorems for the lower bound. Similar as the upper bound, since
Theorem A.5 and Theorem A.6 are general versions of Theorem 4.1 and Theorem 4.2, we will only
prove the general versions and the proof can be applied to Theorem 4.1 and Theorem 4.2, too. Also,
the proof of Theorem A.5 is actually based on the proof of Theorem A.6 under a stronger regime.
Therefore, we will prove the two theorems together: we will first prove Theorem A.6 under more
general conditions, and then we will apply the proof of Theorem A.6 to the proof of Theorem A.5
under stronger conditions.

D.1 PROOF OF THEOREM A.5 AND THEOREM A.6

The proof proceeds in the following order: we first prove the results under the two conditions of
Theorem A.6, namesly the proof of Theorem A.6 (1) and the proof of Theorem A.6 (2), then we
provide the proof of Theorem A.5.

D.1.1 PROOF OF THEOREM A.6 (1)

As for the minimax rate, we have:

r(C0, C1) = min
ψ

{
sup
z∈C0

Pz(ψ = 1) + sup
z∈C1

Pz(ψ = 0)

}
≥ min

ψ

{
Pz0(ψ = 1) + Pz1(ψ = 0)

}
.

where z0 and z1 are fixed cluster assignments in C0 and C1 respectively. For a given adja-
cency matrix A, we know that ψ is a function of A, and the only information of A relevant
to classification of the true assignment is {Aij , (i, j) ∈ E1(z0, z1)

⋃ E2(z0, z1)}. Larger size of
E1(z0, z1) and E2(z0, z1) will provide more information and lead to smaller type I and type II er-
ror. Thus, the worst case is when the size of E1(z0, z1) and E2(z0, z1) obtains the infimum, i.e.,
d(z0, z1) = n1(z0, z1) ∨ n2(z0, z1) = d(C0, C1).
To obtain infψ

{
supz∈C0

Pz(ψ = 1) + supz∈C1
Pz(ψ = 0)

}
, the optimal method ψ̃ must be

the mode of the posterior distribution. For the convenience of notations, we denote L(z,A) as
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f(A; z, p, q), and ni as ni(z0, z1), i = 1, 2 for short:

L(z0,A) ∝ p
∑

(i,j)∈E1(z0,z1) Aij (1− p)n1−
∑

(i,j)∈E1(z0,z1) Aijq
∑

(i,j)∈E2(z0,z1) Aij (1− q)n2−
∑

(i,j)∈E2(z0,z1) Aij

L(z1,A) ∝ p
∑

(i,j)∈E2(z0,z1) Aij (1− p)n2−
∑

(i,j)∈E2(z0,z1) Aijq
∑

(i,j)∈E1(z0,z1) Aij (1− q)n1−
∑

(i,j)∈E1(z0,z1) Aij

and correspondingly,

ψ̃(A) =

{
0, if L(z0,A) > L(z1,A);
1, if L(z0,A) ≤ L(z1,A).

Then Pz0(ψ̃ = 1) = Pz0(L(z0,A) ≤ L(z1,A)) and Pz1(ψ̃ = 0) = Pz1(L(z0,A) > L(z1,A)).
Without loss of generality, we assume that n1(z0, z1) ≥ n2(z0, z1). Then, if we expend the size
of E2(z0, z1) to be the same as E1(z0, z1), adding i.i.d entries {Aij , (i, j) ∈ EL2 (z0, z1)\E2(z0, z1)}
conforming to the same distribution as {Aij , (i, j) ∈ E2(z0, z1)}, more information will be provided
and the error rate will decrease, where EL2 (z0, z1) denotes the set expended on E2(z0, z1), and we
have:

L̃(z0,A) ∝ p
∑

(i,j)∈E1(z0,z1) Aij (1− p)n1−
∑

(i,j)∈E1(z0,z1) Aijq
∑

(i,j)∈EL
2 (z0,z1)

Aij
(1− q)

n1−
∑

(i,j)∈EL
2 (z0,z1)

Aij

L̃(z1,A) ∝ p
∑

(i,j)∈EL
2 (z0,z1)

Aij
(1− p)

n1−
∑

(i,j)∈EL
2 (z0,z1)

Aij
q
∑

(i,j)∈E1(z0,z1) Aij (1− q)n1−
∑

(i,j)∈E1(z0,z1) Aij

Thus we can obtain lower bound on the minimax rate:

r(ψ̃) = Pz0(L(z0,A) ≤ L(z1,A)) + Pz1(L(z0,A) > L(z1,A))

≥ Pz0(L̃(z0,A) ≤ L̃(z1,A)) + Pz1(L̃(z0,A) > L̃(z1,A))

= Pz0
( ∑

(i,j)∈E1(z0,z1)

Aij ≤
∑

(i,j)∈EL
2 (z0,z1)

Aij

)
+ Pz1

( ∑
(i,j)∈E1(z0,z1)

Aij >
∑

(i,j)∈EL
2 (z0,z1)

Aij

)

≥ 2P
( n1∑
u=1

Xu ≥
n1∑
u=1

Y u
)
.

where {Xu} i.i.d∼ Ber(q), {Y u} i.i.d∼ Ber(p), and {Xu} are independent to {Y u}.

Now n1 = d(C0, C1), and both p and q change with n1. We have E(|Xu − Y u − E[Xu − Y u]|3) ≍
p(1 − q) + q(1 − p). Since 0 < q < p < 1 − δ, we have δp < p(1 − q) + q(1 − p) < 2p. Thus
E(|Xu − Y u − E[Xu − Y u]|3) ≍ p. Similarly Var(Xu − Y u) ≍ p. Thus,∑n1

u=1 E(|Xu − Y u − E[Xu − Y u]|3)
Var (

∑n1

u=1 {Xu − Y u})3/2
≍ n1[p(1− q) + q(1− p)]

n13/2(q(1− q) + p(1− p))3/2
≍ 1√

n1p
→ 0

Therefore, by the Lyapunov’s Central Limit Theorem and the independence of {Xu} and {Y u}, as
n→ ∞, we have

∑n1

u=1X
u −∑n1

u=1 Y
u d→ N(n1(q − p), n1q(1− q) + n1p(1− p)). Therefore,

P(
n1∑
u=1

Xu ≥
n1∑
u=1

Y u) = P(
n1∑
u=1

Xu −
n1∑
u=1

Y u ≥ 0) = 1− Φ(

√
n1(p− q)√

p(1− p) + q(1− q)
) + o(1).

When lim sup
n→∞

n1I(p, q) = O(1), we can see that p− q = o(1). We have

I(p, q) = −2 log
(
1− (

√
p−√

q)2 + (
√
1− p−√

1− q)2

2

)
=

(
(p− q)2

(
√
p+

√
q)2

+
(p− q)2

(
√
1− p+

√
1− q)2

)
(1 + o(1))

≥ δ

2

(p− q)2

p(1− p) + q(1− q)
(1 + o(1)).
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Thus, if lim sup
n→∞

n1I(p, q) ≤ δΦ−1(3/4)2/2, namely, lim sup
n→∞

√
n1(p −

q)/
√
p(1− p) + q(1− q) ≤ lim sup

n→∞

√
2n1I(p, q)/δ ≤ Φ−1(3/4), we have

P(
n1∑
u=1

Xu ≥
n1∑
u=1

Y u) ≥ 1− Φ(
√
n1(p− q)/

√
p(1− p) + q(1− q)) ≥ 1/4.

and
r(C0, C1) ≥ 2(1− Φ(

√
n1(p− q)/

√
p(1− p) + q(1− q))) ≥ 1/2.

D.1.2 PROOF OF THEOREM A.6 (2)

When d(z0, C1)I(p, q) → ∞, if there exists a z0 ∈ C0 and some r = d(z0, C1) + O(1) such
that lim supn→∞ d(C0, C1)I(p, q)/ logN(Bz0(r), 0) < 1, then we take a 0-packing P(Bz0(r), 0)
(denoted P(0) for short) of the ball Bz0(r), and we have:

r(C0, C1) = min
ψ

{
sup
z∈C0

Pz(ψ = 1) + sup
z∈C1

Pz(ψ = 0)

}
≥ min

ψ

{
Pz0(ψ = 1) + sup

z∈P(0)

Pz(ψ = 0)

}
= min

ψ

{∑
A

(
Pz0(ψ = 1|A = A)Pz0(A = A) + sup

z∈P(0)

Pz(ψ = 0|A = A)Pz(A = A)
)}

= min
ψ

{∑
A

(
1(ψ(A) = 1)Pz0(A = A) + 1(ψ(A) = 0) sup

z∈P(0)

Pz(A = A)
)}

,

where the sum over A is the summation over all possible realizations of the adjacency matrix A.
Thus the optimal method ψ̃ in this scenario should be:

ψ̃(A) =

{
0, if L(z0,A = A) ≥ supz∈P(0) L(z,A = A);
1, if L(z0,A = A) < supz∈P(0) L(z,A = A).

and we have L(z0,A = A) < supz∈P(0) L(z,A = A)

r(C0, C1) ≥ Pz0(ψ̃ = 1) + sup
z∈P(0)

Pz(ψ̃ = 0)

= Pz0
(
L(z0,A = A) < sup

z∈P(0)

L(z,A = A)
)

+ sup
z∈P(0)

Pz
(
L(z0,A = A) ≥ sup

z∈P(0)

L(z,A = A)
)

= Pz0
(

sup
z∈P(0)

logL(z,A = A)− logL(z0,A = A) > 0
)

+ sup
z∈P(0)

Pz
(

sup
z∈P(0)

logL(z,A = A)− logL(z0,A = A) ≤ 0
)
.

Similar with the case when d(z0, C1)I(p, q) = O(1), we can expand each E2(z0, z) to EL2 (z0, z) (or
E1(z0, z) to EL1 (z0, z), we use the former notation for convenience) so that E1(z0, z) and E2(z0, z)
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are of equal sizes, and then we have

r(C0, C1) ≥ Pz0
(

sup
z∈P(0)

( ∑
(i,j)∈EL

2 (z0,z)

Aij −
∑

(i,j)∈E1(z0,z)

Aij

)
> 0

)

+ sup
z∈P(0)

Pz
(

sup
z∈P(0)

( ∑
(i,j)∈EL

2 (z0,z)

Aij −
∑

(i,j)∈E1(z0,z)

Aij

)
≤ 0

)

≥ Pz0
(

sup
z∈P(0)

( ∑
(i,j)∈EL

2 (z0,z)

Aij −
∑

(i,j)∈E1(z0,z)

Aij

)
> 0

)

= Pz0
(

sup
z∈P(0)

( n1(z0,z)∑
u=1

Xu
z −

n1(z0,z)∑
u=1

Y uz

)
> 0

)
,

where {Xu
z }

i.i.d∼ Ber(q), {Y uz }
i.i.d∼ Ber(p), {Xu

zi} ⊥ {Xu
zj}, i ̸= j, {Y uzi} ⊥ {Y uzj}, i ̸= j and

{Xu
zi} ⊥ {Y uzj},∀i, j. By Lemma 5.2 in Zhang & Zhou (2016), we know that there exists η → 0

such that

Pz0
( n1(z0,z)∑

u=1

Xu
z −

n1(z0,z)∑
u=1

Y uz > 0
)
≥ exp

(
− (1 + η)d(z0, C1)I(p, q)

)
.

When lim supn→∞ d(z0, C1)I(p, q)/ log |P(0)| < 1, for sufficiently large n we have (1 +
η)d(z0, C1)I(p, q) ≤ log |P(0)|, and since x > 1 − (1/2)x for x > 0, we have that for n large
enough

Pz0
( n1(z0,z)∑

u=1

Xu
z −

n1(z0,z)∑
u=1

Y uz > 0
)
≥ exp

(
− (1 + η)d(z0, C1)I(p, q)

)
≥ exp

(
− log |P(0)|

)
= 1/|P(0)| ≥ 1− (1/2)1/|P(0)|,

and thus

r(C0, C1) ≥ Pz0
(

sup
z∈P(0)

( n1(z0,z)∑
u=1

Xu
z −
n1(z0,z)∑
u=1

Y uz

)
> 0

)
= 1− Pz0

(
sup

z∈P(0)

( n1(z0,z)∑
u=1

Xu
z −
n1(z0,z)∑
u=1

Y uz

)
≤ 0

)

= 1−Πz∈P(0)Pz0
( n1(z0,z)∑

u=1

Xu
z −
n1(z0,z)∑
u=1

Y uz ≤ 0

)
≥ 1−

{
(1/2)1/|P(0)|

}|P(0)|
= 1/2.

The statement is true for any 0-packing of the ball Bz0(r), and thus the statement follows.

D.1.3 PROOF OF THEOREM A.5

Under the regime 1/ρn = o(n1−c2), we take one
√
d(z0, C1)-packing P(Bz0(r),

√
d(z0, C1)) (de-

noted P̃ for short) of the ball Bz0(r), similar with the proof of Theorem 3.2, by Corollary 2.1 in
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Chernozhukov et al. (2013), we have:

r(C0, C1) ≥ Pz0
(
sup
z∈P̃

( n1(z0,z)∑
u=1

Xu
z −

n1(z0,z)∑
u=1

Y uz

)
> 0

)

= Pz0
(
sup
z∈P̃

( d(z0,C1)∑
u=1

Xu
z −

d(z0,C1)∑
u=1

Y uz

)
> δn

)

= Pz0
(
sup
z∈P̃

( d(z0,C1)∑
u=1

Xu
z −

d(z0,C1)∑
u=1

Y uz + d(z0, C1)(p− q)
)
> d(z0, C1)(p− q) + δn

)
= Pz0

(
sup
z∈P̃

ξz >
d(z0, C1)(p− q)

σd
+ δn/σd

)
+ o(1).

where δn = supz∈P̃

(∑d(z0,C1)
u=1 Xu

z − ∑d(z0,C1)
u=1 Y uz

)
− supz∈P̃

(∑n1(z0,z)
u=1 Xu

z −∑n1(z0,z)
u=1 Y uz

)
= O(1) and σd =

√
d(z0, C1)

(
p(1− p) + q(1− q)

)
, and {ξz}z∈P̃ are stan-

dard Gaussian variables with the same covariance matrix as {(∑d(z0,C1)
u=1 Xu

z − ∑d(z0,C1)
u=1 Y uz +

d(z0, C1)(p− q))/σd}z∈P̃ .

By Lemma 2.1 in Chernozhukov et al. (2013), combined with the fact that d(z0, C1) = ΩP (n) and
1/ρn = o(n1−c2), we have that∣∣∣∣Pz0( sup

z∈P̃
ξz >

d(z0, C1)(p− q)

σd
+δn/σd

)
−Pz0

(
sup
z∈P̃

ξz >
d(z0, C1)(p− q)

σd

)∣∣∣∣ ≲ δn
σd

√
log n = o(1).

We let {X̃u
z }u,z be i.i.d Ber(q) random variables and {Ỹ uz }u,z be i.i.d Ber(p) random variables,

and {X̃u
z }u,z and {Ỹ uz }u,z are independent of each other. Then for each z ∈ P̃ ,

∑d(z0,C1)
u=1 X̃u

z −∑d(z0,C1)
u=1 Ỹ uz + d(z0, C1)(p− q) shares the same distribution with

∑d(z0,C1)
u=1 Xu

z −∑d(z0,C1)
u=1 Y uz +

d(z0, C1)(p − q). We let {ξ̃z}z∈P̃ be the corresponding Gaussian analog of {(∑d(z0,C1)
u=1 X̃u

z −∑d(z0,C1)
u=1 Ỹ uz + d(z0, C1)(p− q))/σd}z∈P̃ . Then we have:

|Cov(ξzi , ξzj )− Cov(ξ̃zi , ξ̃zj )| =
{

0 if i = j,
O( 1√

d(z0,C1)
) if i ̸= j.

Thus by Lemma 3.1 in Chernozhukov et al. (2013), we have ∆0 = O
(
1/
√
d(z0, C1)

)
, and

sup
t∈R

∣∣∣Pz0( sup
z∈P̃

ξz > t

)
− Pz0

(
sup
z∈P̃

ξ̃z > t

)∣∣∣ ≤ C∆
1/3
0 (log |P̃|/∆0)

2/3 = o(1),

and thus

Pz0
(
sup
z∈P̃

( d(z0,C1)∑
u=1

Xu
z −

d(z0,C1)∑
u=1

Y uz + d(z0, C1)(p− q)
)
> d(z0, C1)(p− q)

)

= Pz0
(
sup
z∈P̃

( d(z0,C1)∑
u=1

X̃u
z −

d(z0,C1)∑
u=1

Ỹ uz + d(z0, C1)(p− q)
)
> d(z0, C1)(p− q)

)
+ o(1).

Then similar with previous proof, we have when lim sup limn→∞ d(z0, C1)I(p, q)/ log |P̃| < 1,

r(C0, C1) ≥ Pz0
(

sup
z∈B(rK)

( n1(z0,z)∑
u=1

X̃u
z −

n1(z0,z)∑
u=1

Ỹ uz

)
> 0

)
+ o(1) ≥ 1/2 + o(1).

Also the results hold for any
√
d(z0, C1)-packing of the ball Bz0(r). Therefore, we proved the

claim.
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E PROOF OF TECHNICAL LEMMAS

Now we will provide proofs for the technical lemmas used for the proof of Theorem A.2.

E.1 PROOF OF LEMMA 2.2

It suffices for us to prove Lemma C.1, the more general version of Lemma 2.2. Due to the structure
of Lz , it suffices for us to prove that the edge-wise distance between assignments are permutation-
invariant.

For any given z0 ∈ C0 and z1, z′1 ∈ C1, we have:

n1(z0, z1) =
∑

i<j,i,j∈[n]

1
(
z0(i) = z0(j), z1(i) ̸= z1(j)

)
=

∑
i<j,i,j∈[n]

1

(
σ
(
z0(i)

)
= σ

(
z0(j)

)
, σ
(
z1(i)

)
̸= σ

(
z1(j)

))
=

∑
τ(i)<τ(j),i,j∈[n]

1

(
τ ◦ σ(z0)

(
τ(i)

)
= τ ◦ σ(z0)

(
τ(j)

)
, τ ◦ σ(z1)

(
τ(i)

)
̸= τ ◦ σ(z1)

(
τ(j)

))
= n1(τ ◦ σ(z0), τ ◦ σ(z1)).

Then very similarly we have n2(z0, z1) = n2
(
τ ◦σ(z0), τ ◦σ(z1)

)
and thus d(z0, z1) = n1(z0, z1)∨

n2(z0, z1) = n1
(
τ ◦ σ(z0), τ ◦ σ(z1)

)
∨ n2

(
τ ◦ σ(z0), τ ◦ σ(z1)

)
= d

(
τ ◦ σ(z0), τ ◦ σ(z1)

)
. This

suggests that the permutation τ ◦ σ does not change the distance between assignments. Also,

|E1(z0, z1) ∩ E1(z0, z′1)| =
∑

i<j,i,j∈[n]

1
(
z0(i) = z0(j), z1(i) ̸= z1(j), z

′
1(i) ̸= z′1(j)

)
=

∑
i<j,i,j∈[n]

1
(
τ ◦ σ(z0)(i) = τ ◦ σ(z0)(j), τ ◦ σ(z1)(i) ̸= τ ◦ σ(z′1)(j), τ ◦ σ(z′1)(i) ̸= τ ◦ σ(z1)(j)

)
=
∣∣E1(τ ◦ σ(z0), τ ◦ σ(z1)) ∩ E1

(
τ ◦ σ(z0), τ ◦ σ(z′1)

)∣∣.
And similarly,

|E2(z0, z1) ∩ E2(z0, z′1)| = |E2(τ ◦ σ(z0), τ ◦ σ(z1)) ∩ E2(τ ◦ σ(z0), τ ◦ σ(z′1))|.
Thus the cardinality of the intersection of the sets Ei, i = 1, 2 is also invariant under the permutation
τ ◦ σ.

Now for any z0, z′0 ∈ C0, if τ ◦ σ(z0) = z′0, and d(z0, z1) = d(z0, C1), from previous results we
have d(z′0, τ ◦ σ(z1)) = d(z0, C1). If there exists an assignment z′1 ∈ C1 such that d(z′0, z

′
1) <

d(z′0, τ ◦ σ(z1)), then d(z0, (τ ◦ σ)−1(z′1)) = d(z′0, z
′
1) < d(z0, C1) due to the fact that τ ◦ σ is a

one to one mapping. Since z0 = (τ ◦ σ)−1(z′0), we know that C1 is closed under (τ ◦ σ)−1 and
(τ ◦ σ)−1(z′1) ∈ C1. This is contradictory to the fact that z1 = argminz∈C1

d(z0, z). Therefore,
d(z′0, C1) = d(z′0, τ ◦ σ(z1)) = d(z0, C1).
Similarly, if z1 ∈ Bz0(r), then τ ◦ σ(z1) ∈ Bz′0(r). If z′1 ∈ Bz′0(r), then (τ ◦ σ)−1(z′1) ∈ Bz0(r).
Therefore, τ ◦ σ is a one to one mapping from Bz0(r) to Bz′0(r), and |Bz0(r)| = |Bz′0(r)|.
Now for a given radius r, we find the permutation τ ∈ S|Bz′0

(r)| such that τ(zi) = τ ◦ σ(zi) = z′i
for zi ∈ Bz0(r) and z′i ∈ Bz′0(r).
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When the true assignment is z0, the (k, l)-th entry of the covariance matrix for the vector Lz0 can
be expressed as

Cov(Lz0)kl = g(p, q)2
(
|E2(z0, zk) ∩ E2(z0, zl)|q(1− q) + |E1(z0, zk) ∩ E1(z0, zl)|p(1− p)

)
= g(p, q)2

(
|E2(τ ◦ σ(z0), τ ◦ σ(zk)) ∩ E2(τ ◦ σ(z0), τ ◦ σ(zl))|q(1− q)

+ |E1(τ ◦ σ(z0), τ ◦ σ(zk)) ∩ E1(τ ◦ σ(z0), τ ◦ σ(zl))|p(1− p)
)

= Cov
(
g(p, q)

( ∑
E2(τ(z′0),τ(z

′
k))

Aij −
∑

E1(τ(z′0),τ(z
′
k))

Aij

)
, g(p, q)

( ∑
E2(τ(z′0),τ(z

′
l))

Aij −
∑

E1(τ(z′0),τ(z
′
l))

Aij

))
= Cov(Lz′0)τ(k)τ(l).

Hence we finish the proof.

E.2 PROOF OF LEMMA C.2

The proof mainly follows from Lemma 2.3 and Lemma 2.6 in Wang & Bickel (2017) with modifi-
cations for the function F (·) and G(·). We provide the sketch of proof as following:
We first define the count statistics as proposed in Wang & Bickel (2017):

Ai,j | (z(i) = a, z(j) = b) ∼ Ber (Ha,b) , i ̸= j, a, b ∈ [K].

where Ha,b = p = λ1ρn if a = b, and Ha,b = q = λ2ρn if a ̸= b. H = ρnS.

Oa,b(z) =

n∑
i=1

∑
j ̸=i

1 (z(i) = a, z(j) = b)Aij ,

L =

n∑
i=1

n∑
j=i+1

Aij , µn = n2ρn.

For two assignments z, z′, The confusion matrix is:

Rk,a(z, z
′) = n−1

n∑
i=1

1 (z(i) = k, z′(i) = a) .

By definition, we have |nk(z) − n/K| ≤ cK ,∀z ∈ C0 ∪ C1,∀k = 1, 2, ...,K. We let ñ(z) denote
the number of within-cluster edges, and assume

nk(z) = n/K + ak, |ak| ≤ cK , k = 1, 2, ...,K,

K∑
k=1

ak = 0.

Then

ñ(z) =

∑K
k=1(n/K + ak)

2 − n

2
=
n2/K − n

2
+

∑K
k=1 a

2
k

2

≤ n2/K − n

2
+Kc2K/2.
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Therefore, ∀z, z′ ∈ C1 we have ñ(z) + n2(z, z
′) − n1(z, z

′) = ñ(z′), |n2(z, z′) − n1(z, z
′)| =

|ñ(z)− ñ(z′)| ≤ Kc2K/2. Thus, we denote z∗ as the true assignment, and ∀z ∈ C0 ∪ C1 we have

log f(A; z, p̂, q̂) =
1

2

( K∑
a,b=1

Oa,b(z) log
Ĥa,b

1− Ĥa,b

)
+ ñ(z) log(1− p̂) +

(
n(n− 1)/2− ñ(z)

)
log(1− q̂)

=
1

2

( K∑
a,b=1

Oa,b(z)
(
log Ŝa,b + log ρn − log(1− Ĥa,b)

))
+ C(z∗) +OP (ρn)

=
µn
2

( K∑
a,b=1

Oa,b(z)

µn
{log Ŝa,b +OP (ρn)}

)
+ log ρnL+ C(z∗) +OP (ρn).

where C(z∗) = ñ(z∗) log(1 − p̂) +
(
n(n − 1)/2 − ñ(z∗)

)
log(1 − q̂). We let F (O(z)/µn) =∑K

a,b=1
Oa,b(z)
µn

log
Ŝa,b

1−Ĥa,b
and F (RSR⊤(z)) =

∑K
a,b=1(RSR⊤(z))a,b log

Ŝa,b

1−Ĥa,b
, where

R(z) = R(z, z∗) and RSR⊤(z) = R(z, z∗)SR(z, z∗)⊤. We denote C̃ ⊆ C0 ∪ C1 as some subset
of assignments, and we let VG denote the set of z ∈ C̃ that maximizes F (RSR⊤(z)). Obviously
F (·) is Lipschitz, for ϵn → 0 slowly,∣∣∣F (O(z)/µn)− F (RSR⊤(z))

∣∣∣
≤C ·

∑
k,l

∣∣∣∣Ok,l(z)/µn −
(
RSR⊤(z)

)
k,l

∣∣∣∣
=OP (ϵn) .

We choose some positive δn → 0 slowly enough such that δn/ϵn → ∞. We take any Z ′ ∈ VG, then
we define

Jδn =
{
z ∈ [K]n : F (RSR⊤(z))− F (RSR⊤(Z ′)) < −δn

}
.

Then we have ∑
z∈Jδn

elog f(A;z,p̂,q̂) ≤ f(A;Z ′, p̂, q̂)KneOP (µnϵn)−µnδn/2+OP (ρn)

= f(A;Z ′, p̂, q̂)oP (1).

For z ∈ C̃\ {Jδn ∪ VG}, |F (RSR⊤(z)) − F (RSR⊤(Z ′))| → 0 and ∥RSR⊤(z) −
RSR⊤(Z ′)∥∞ → 0. Treating R(z) as a vector, choosing z⊥ be such that R (z⊥) :=

minR(z0):z0∈VG
∥R(z)−R (z0)∥2 for a given z ∈ C̃\ {Jδn ∪ VG}. Due to the consistency of p̂, q̂,

the function F (·) is a linear function with constant coefficients. We know that with probability
1− o(1):

∂F
(
(1− ϵ)RSR⊤ (z⊥) + ϵRSR⊤(z)

)
∂ϵ

∣∣∣∣∣∣
ϵ=0+

< 0.

Given a matrix A, we denote the matrix maximum norm ∥A∥∞ = maxjk |Ajk|. Letting z̄ =

minσ(z) |σ(z)− z⊥|, and X(z) = O(z)/µn −RSR⊤(z), we have

P
(

max
z/∈S(z⊥)

∥X(z)−X (z⊥)∥∞ > ϵ |z − z⊥| /n
)

≤
n∑

m=1

P
(

max
z:z=z,|z−z⊥|=m

∥X(z)−X (z⊥)∥∞ > ϵ
m

n

)

≤
n∑

m=1

2KKnmKm+2 exp
(
−Cmµn

n

)
→ 0.
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where S(z) = {σ(z)|σ ∈ SK}. Since RSR⊤(z)−RSR⊤ (z⊥) = Ω(|z̄ − z⊥|), we have that

O(z)

µn
− O (z⊥)

µn
= (1 + oP (1))

(
RSR⊤(z)−RSR⊤ (z⊥)

)
.

And thus we probability 1− o(1) uniform on all z, we have

F (O(z)/µn) < F (O(z⊥)/µn) .

In turn, we have

log f(A; z, p̂, q̂) ≤ log f (A; z⊥, p̂, q̂) +OP (ρn).

Since from Lemma A.1 in Wang & Bickel (2017) the high probability is uniform on all assign-
ments, we have that, with probability 1 − o(1), for any z ∈ C̃\VG we can find z′ ∈ VG such that
log f(A; z, p, q) = log f(A; z′, p, q) +OP (ρn), and therefore,

sup
z∈C̃

log f(A; z, p̂, q̂) = sup
z∈VG

log f(A; z, p̂, q̂) +OP (ρn).

Now we consider F (RSR⊤(z)):

F (RSR⊤(z)) = E(F (O(z)/µn))

=
1

µn

(
C1(z

∗) + log
λ̂1(1− p̂)

λ̂2(1− q̂)

(
n2(z

∗, z)q − n1(z
∗, z)p

))
=

1

µn

(
C1(z

∗) + log
λ̂1(1− p̂)

λ̂2(1− q̂)

(
n2(z

∗, z) ∨ n1(z∗, z)(λ2 − λ1) + c0(z)
)
ρn

)
,

where λ̂1 = p̂/ρn, λ̂2 = q̂/ρn and C1(z
∗) = log λ̂1

1−p̂ ñ(z
∗)p+ log λ̂2

1−q̂ (n(n− 1)/2− ñ(z∗))q, and
c0(z) ≤ λ1Kc

2
K/2,∀z ∈ C0 ∪ C1.

Thus when z∗ ∈ C0 and C̃ = C1, it can be easily perceived that VG ⊆ Bz∗(rK) with high probability,
and hence

sup
z∈C1

log f(A; z, p̂, q̂) = sup
z∈Bz∗ (rK)

log f(A; z, p̂, q̂) +OP (ρn).

Moreover, when z∗ ∈ C̃, VG ⊆ Bz∗(r
∗) with high probability, where r∗ = λ1Kc

2
K/{2(λ1 −

λ2)} = O(1). By Lemma 5.3 in Zhang & Zhou (2016), for any z ∈ Bz∗(r
∗), if z ̸= z∗, then

d(z∗, z) = Ω(n). Therefore, Bz∗(r∗) = {z∗}. In other words, we have

sup
z∈C̃

log f(A; z, p̂, q̂) = log f(A; z∗, p̂, q̂) +OP (ρn). (E.1)

More concretely, if we take C̃ = C0 ∪ C1, we have

sup
z∈C0∪C1

log f(A; z, p̂, q̂) = log f(A; z∗, p̂, q̂) +OP (ρn),

and if z∗ ∈ C1, we have

sup
z∈C1

log f(A; z, p̂, q̂) = log f(A; z∗, p̂, q̂) +OP (ρn).

E.3 CONSISTENCY OF PROBABILITY ESTIMATION

Recall the estimators p̂ and q̂ are defined in (2.9), and that λ̂1 = p̂/ρn and λ̂2 = q̂/ρn. The following
lemma shows that λ̂1 and λ̂2 are consistent.

Lemma E.1. Under the same condition of Theorem A.2, we have

|λ̂i − λi| = O(1/
√
n2ρn), i = 1, 2

31



Under review as a conference paper at ICLR 2023

Proof. From Lemma 1 and Theorem 2 in Bickel et al. (2013), we know that | log
(
p̂/(1 − p̂)

)
−

log
(
p/(1− p)

)
| = O(1/

√
n2ρn) and | log

(
q̂/(1− q̂)

)
− log

(
q/(1− q)

)
| = O(1/

√
n2ρn). We let

ν1 and ν2 denote the logit of p and q. Then since (ν1, ν2) is a one-to-one function of (p, q), we know
the relationship between (ν̂1, ν̂2) and (p̂, q̂) should be ν̂1 = log p̂/(1 − p̂) and ν̂2 = log q̂/(1 − q̂).
Then we have

ν̂i − νi = log
λ̂iρn

1− λ̂iρn
− log

λiρn
1− λiρn

= log λ̂iρn − log λiρn + log(1− λiρn)− log(1− λ̂iρn)

= log

(
1 +

λ̂i − λi
λi

)
− log

(
1 +

(λi − λ̂i)ρn
1− λiρn

)

= (1 + o(1))
λ̂i − λi
λi

+ (1 + o(1))
(λ̂i − λi)ρn
1− λiρn

≍ λ̂i − λi

and thus by previous results we have

|λ̂i − λi| = O(1/
√
n2ρn), i = 1, 2
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