Offline Constrained Multi-Objective Reinforcement
Learning via Pessimistic Dual Value Iteration

Runzhe Wu Yufeng Zhang
Shanghai Jiao Tong University Northwestern University
runzhe@sjtu.edu.cn yufengzhang2023@u.northwestern.edu
Zhuoran Yang Zhaoran Wang
Princeton University Northwestern University
zy6Q@princeton.edu zhaoranwang@gmail.com
Abstract

In constrained multi-objective RL, the goal is to learn a policy that achieves the best
performance specified by a multi-objective preference function under a constraint.
We focus on the offline setting where the RL agent aims to learn the optimal policy
from a given dataset. This scenario is common in real-world applications where
interactions with the environment are expensive and the constraint violation is
dangerous. For such a setting, we transform the original constrained problem into
a primal-dual formulation, which is solved via dual gradient ascent. Moreover, we
propose to combine such an approach with pessimism to overcome the uncertainty
in offline data, which leads to our Pessimistic Dual Iteration (PEDI). We establish
upper bounds on both the suboptimality and constraint violation for the policy
learned by PEDI based on an arbitrary dataset, which proves that PEDI is provably
sample efficient. We also specialize PEDI to the setting with linear function
approximation. To the best of our knowledge, we propose the first provably
efficient constrained multi-objective RL algorithm with offline data without any
assumption on the coverage of the dataset.

1 Introduction

There has been increased interest in multi-objective RL in recent years. Compared with traditional
single-objective RL, the goal of the multi-objective one depends on a preference function, which takes
the multiple objectives as input and outputs a scalar. The multi-objective optimization problems are
usually constrained, as otherwise, it may cause danger or malfunction in applications. For example,
consider a home automation system that helps humans monitor and control home attributes which can
be regarded as multi-objectives. Users at different times may value different aspects of its services.
Some may think highly of lighting at night, while others may concern the climate. We can formulate
the users’ preference as a preference function on the multiple objectives. Therefore, the system is
dealing with a multi-objective optimization problem. However, the system cannot optimize this
problem without any constraints, which might go against human’s will, such as generating extreme
climate inside a house or performing unacceptably energy-consuming operations.

We formulate the constrained multi-objective Markov decision process (CMOMDP), which is similar
to the constrained Markov decision process (CMDP) (Altman, [1999). The difference is that the
objectives are multiple and constraints can be nonlinear. We aim to minimize the value of a preference
function, which takes multiple objectives as input and outputs a scalar.
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Most existing RL methods assume full accessibility of the environment for the agent, which tends to
be impractical as the exploration could be expensive (Gottesman et al.| 2019) and dangerous (Shalev+
Shwartz et al.,|2016). Hence, we consider the offline case where the agent has only a historical dataset
collected a priori and has no further interactions with the environment. This setting is common and
embodied in various scenarios such as healthcare (Chakraborty and Murphyl, 2014)) and auto-driving
(Sun et al., |2020). However, offline RL is less understood theoretically (Levine et al., 2020) than
online RL, and how to maximally exploit the dataset remains unclear.

In this paper, we study the offline CMOMDP. The challenges are threefold:

(i) Different from CMDPs, the nonlinearity of the preference function and constraints of
CMOMDPs makes the analysis challenging. Moreover, constraints can be neither convex
nor concave in the policy, which means the optimization problems are usually non-convex. It
brings great difficulty to designing a provably efficient algorithm.

(ii) Since further interaction with the environment is prohibited, the dataset’s quality is not guaran-
teed. The data collected by the experimenter may not sufficiently cover the trajectories induced
by the optimal policy. Therefore, the information of the optimal policy could be limited, which
probably makes the suboptimality and constraint violation arbitrarily large.

(iii)) As the CMOMDP can be considered a generalization of CMDP (see the reduction in Appendix
[O), any difficulties emerging in the CMDP will arise here too. For example, due to constraints,
the Bellman optimality equation may not hold anymore. Therefore, most existing offline RL
algorithms based on dynamic programming are inapplicable.

Challenge (i) is inherent in CMOMDPs, and certain requirements on the preference function and
constraints are inevitable. Hence, We suppose they satisfy some conditions. For instance, a geometric
analog of Slater’s condition, which is usually assumed in CMDPs, is imposed. To tackle challenge
(ii), existing works have put a great effort. One possible principle is pessimism, which applies
penalties to ensure pessimistic estimation. This method is successful in ordinary RL, and we extend
it to CMOMDPs. We also note that we only impose a minimal assumption on the offline dataset’s
compliance in our analysis. For challenge (iii), we apply the convex conjugate and Fenchel’s duality
to transform the problem into a primal-dual formulation.

In summary, our work answers the following question:

Is it possible to develop a provably efficient offline algorithm for constrained multi-objective
reinforcement learning with minimal assumptions on the dataset?

We propose the Pessimistic Dual Iteration (PEDI) algorithm. Theoretical contributions are as follows:

(i) By transforming the original constrained optimization problem of CMOMDPs into a primal-dual
formulation via convex conjugate and duality, we develop the algorithm for general CMOMDPs
with offline dataset, which iterates in a dual gradient ascent manner. Then, we instantiate the
algorithm for linear kernel CMOMDPs, which is a large class of CMOMDPs that includes the
tabular case.

(i) We show in Appendix [F]the significance of pessimism in offline CMOMDPs. To summarize,
we decompose the discrepancy between a value function and the optimal one into spurious
correlation, intrinsic uncertainty, and optimization error, among which the spurious correlation
is the most difficult to control. However, by maintaining pessimistic estimates of the value
functions, PEDI eliminates the spurious correlation.

(iii)) We establish theoretical guarantees for PEDI. Specifically, we demonstrate that two metrics,
the suboptimality and the constraint violation, can be bounded from above by the optimiza-
tion error of @(1/v/K) and the intrinsic uncertainty, where K is the number of iterations.
When specialized to linear kernel CMOMDPs, the upper bound of suboptimality matches the
information-theoretic lower bound up to the optimization error and multiplicative factors of
constants related to the CMOMDP, which suggests the near-optimality of PEDI.

(iv) We show that the error of PEDI is data-dependent, i.e., it depends on how well the dataset
covers the trajectories induced by the optimal policy. When the trajectories are assumed further

to be sufficiently covered, the suboptimality and constraint violation are o (1/v/N) where N is
the number of trajectories in the dataset.



To the best of our knowledge, we are the first to propose a provably efficient offline algorithm that
considers the constrained multi-objective RL without any assumptions on the coverage of the dataset.
As a by-product, our method can be viewed as a highly generalized one as it can easily reduce to
certain simpler cases such as CMDPs, which is discussed in Appendix [C]

1.1 Related works

Constrained RL. Our work is closely related to CMDPs (Altman, [1999). Several recent works
(Efroni et al.| 2020; Ding et al.|[2021} |Qiu et al.| 2020; Brantley et al., |2020; Tessler et al.| |2018)) have
studied the MDP with linear constraints and others (Bhatnagar and Lakshmanan, 2012;Chow et al.,
2017} |Paternain et al.|[2019) have considered RL with more complex constraints. Most of them have
provided algorithms with both regret and total constraint violation guarantees. However, while these
approaches are successful in CMDPs, they cannot be applied to CMOMDPs where objectives are
multiple and constraints can be nonlinear. The difference between their methods and ours are (i) they
usually assume the Slater’s condition, while we consider its geometric analog, and (ii) most works
utilize the Lagrangian multiplier to handle constraints, while in our method, we obtain a primal-dual
formulation via conjugate.

Multi-objective RL. Existing studies on multi-objective RL can be divided into two groups: the first
maintains a set of Pareto-optimal policies (Barrett and Narayanan, 2008} |Castelletti et al., 2011}, |2012;
Wang and Sebag| 2013), and the second collapses multi-objective vector into a scalar and then apply
a standard RL method (Barrett and Narayanan 2008} [Natarajan and Tadepalli, 2005} |Van Moffaert
et al.,[2013} |Cheung, [2019). However, these methods are available in unconstrained multi-objective
RL but unsuitable for constrained cases. The difficulty is that the constraints invalidate the Bellman
optimality principle, which is the cornerstone of these works.

Offline RL. Recent successful offline RL (Lange et al.;[2012; |Levine et al.,|2020) methods (Fujimoto
et al., 2019; [Laroche et al., 2019; Jaques et al., 2019; |Wu et al.| [2019; |Kumar et al., 2019} [2020;
Agarwal et al.| 2020; Yu et al., 2020; Kidambi et al.,[2020; |Siegel et al., [2020; [Nair et al., [2020; Liu
et al., 2020; [Wang et al.| 2020alb; [Tosatto et al.,|2017; [Farahmand et al., 2016} 2010) fall into two
categories (Buckman et al.| [2020): (i) uncertainty-aware pessimistic algorithms and (ii) proximal
pessimistic algorithms. (i) gives a lower estimate for states and actions less covered by the dataset,
while (ii) avoids visiting these less visited states and actions by regularization. However, existing
methods are largely based on approximate dynamic programming and do not take constraints into
account, thus failing to apply. Our proposed method generalizes the ordinary pessimistic algorithm
so that it is compatible with multiple objectives and constraints.

In the analysis, we only assume the compliance of the dataset. In comparison with existing works,
which assume the sufficient coverage of the dataset such as the finite concentrability coefficients
(Antos et al., [2008; [Farahmand et al., [2010; |Scherrer et al.} 2015} |[Le et al., [2019; |Chen and Jiang,
2019; [Fu et al., |2020) and uniformly lower bounded densities of visitation measures (Yin et al.,
2021)), we require no assumptions as they often fail to hold in practice. AsWang et al.|(2020a)) have
studied the influence of insufficient coverage of the dataset, their conclusion is also reflected in our
main results. Moreover, we do not impose any constraints on the affinity of the behavior policy and
the learned policy (Liu et al., 2020). In addition, our general algorithm uses convex conjugate, a
technique used similarly in|Yu et al.| (2021); Miryoosefi and Jin|(2021) but their method cannot apply
to offline situations and [Yu et al.|(2021) do not address the function approximation setting.

1.2 Notations

For simplicity, we write (f,g)x = [, f Py x) dz as the inner product on space X for functions

fig : X = R. We also define the norms ||f||2x = ([, f)x and || fllcc,x = sup,ex |f(x)|.
We denote by [n] the set of posmve 1ntegers not greater than n, ie, [n] = {i € Z|1 <
it < n}. For two vectors x, &’ € RP, we write x > z’ (or x < ') if x is not smaller
(or larger) than &’ in an elementwise manner. We set || = (|21, |z2],...,|zp|)" and z, =
max{xl, g max{xs,0},...,max{zp,0})". We denote by B the D-dimensional unit Euclidean
ball, i.e., BY = {x € R” : ||z|2 < 1}. The set of probability distributions on a set X" is denoted by

A(X). We denote by O(-) the big O notation ignoring logarithmic factors.



2 Preliminaries

2.1 Constrained multi-objective Markov decision process (CMOMDP)

We consider an episodic CMOMDP given by M = (S, A, H, P, c) where S is a state space, A
is an action space, H € N, is the horizon, P = {Ph}f:l is a collection of transition kernels
Pr: S xA— A(S), and ¢ = {c;}L, is a collection of cost functions ¢;, : S x A — [0,1]P.
Note that by P we mean both the probability density function and the probability mass function, as
they can be unified (see Appendix [A]for details). We suppose a fixed initial state s € S for simplicity.
However, a stochastic initial state poses no extra difficulty to our analysis. In each episode, given a
policy 7 = {7 }#L | where 7, : S — A(A), the agent interacts with the environment as follows. At
state s, the agent takes action a;, € A according to 7, (- | s,), and then receives a stochastic cost
cn, € [0,1]P, for which we assume Elcp,|sp, an] = ei(s,a). The system then transits to the next
state sj,41 according to Py (- | sp, ap). The episode terminates at state sy1 where no action is taken
and the cost is zero.

Given a policy T, the state-value function V;™ : § — [0, H]” and the action-value function Q7 : S x
A — [0, H]P at the h-th step are defined as V;"(s) = E, [Zf[:h ci(si,a;) | sp = s]and QL (s,a) =
E. [ZlH:h ci(8i,a;) | sp = s, ap = a] where the expectation [E; is taken with respect to a; ~ m;(- | s;)
and s; 41 ~ P(-|s;,a;) fori € [h : H]. Note that those value functions are D-dimensional vector-
valued, and we use bold letters to represent vectors. We denote their i-th scalar components by V"
and Q" respectively. For notational simplicity, we write: P,[V](s,a) = Eyp, (.| s,a) [V (s)]s
B [V](s,a) = cn(s,a) +Pr[V](s,a), and D [Q](s) = Eyur(.|5)[Q(s, a)]. Thereby, the Bellman
equation for any (s,a) € S x A and h € [H] can be written as Q7 (s,a) = B,[V;"](s,a), and
V7 (s) = D.[QF](s). Our goal is to minimize the value of a preference function subject to some
constraints. Formally, we define g : RP — R as the preference function and assume that ¢ is
1-Lipschitz and convex and that g(x) > g(«’) holds as long as & > «’. For example, g(x) can be
the summation over {z;}?_; or the maximum among {z;}?_,. We aim to find the optimal policy 7*
of the following constrained optimization problem,
min Vi (s st. V7 (s) e W, 1

ﬂeA(A‘&H)Q( 1 (7)) 1" (s) ¢y
where W* C [0, H]P is a target set. We use V;*(s) = V;™ (s) to denote the state-value function of
the optimal policy of (T)) for simplicity.

Solving (I) is impossible when we have no geometric requirements on the target set W*. Cor-
responding to the Slater’s conditimﬂ commonly imposed in CMDPs, we establish its geometric
analogue for CMOMDPs, as studied in|Yu et al.|(2021). Let V be the set of achievable values, i.e.,
V = {V{™(s) : any policy 7}, and W = V N W* be the achievable values within the target set. We
suppose W is nonempty. We denote by 0WV* and JV the boundaries of W* and V), respectively.
With a little abuse of notations, we set IV = IW* N IV as the intersection of boundaries. If WV is
nonempty, then for each W € 0W, we define the angle between support VectorsE] at W as

(W) = min {Z(a,b) | a, b are support vectors of W* and V at W, respectively }

where /(a, b) denotes the angle between a and b. We impose geometric requirements on the target
set W* as stated below.

Assumption 1. We assume the target set YW* is closed and convex, and there exists an upper bound
Ymax € [g, ) such that maxwecaw Y(W) < Ymax. Moreover, we assume W* is a lower set, i.e.,
Sfor any W € W*, it holds that W' € W* forany 0 < W' < W.

We write p = 2/ sin(max) for notational simplicity. Explanations and justifications of Assumption[l]
are provided in Appendix [B]where we show that this assumption is reasonable and closely related to
Slater’s condition. However, the optimization problem (1)) is still hard even with these assumptions.
Instead, we solve it by considering the suboptimality and constraint violation as performance metrics,
which are defined as

SubOpt(m) = g(Vi"(s)) — g(Vi*(s)), Violation(r) = dist (V" (s), W*), (2)

"For CMDPs with constraints in the form of V'™ < b, the Slater’s condition assumes the existence of a policy
m such that V'™ < b.
2The support vectors at a point are normals to the support hyperplanes at this point.



where we define dist(V{"(s), W*) = minwew- [|Vi"(s) — W 2.

To show that the formulation of CMOMDPs is reasonable, we state the relationship between
CMOMDPs and CMDPs in the following proposition, which suggests that the CMOMDP is a
generalization of the CMDP. The proof is deterred to Appendix [C.I]

Proposition 1. The CMDP is a special case of the CMOMDP, and the Slater’s condition assumed in
CMDPs corresponds to the existence of Ymax in Assumption[l|in CMOMDPs.

2.2 Offline learning

We consider the offline setting where we only have access to a dataset D = {(s}, a}, c})} 1~ | with
N trajectories collected a priori by an experimentor. We only make the following assumption on the
data collecting process.

Assumption 2 (Compliance of dataset). We assume that the dataset D is compliant with the
CMOMDP M, i.e., forany c € [0,1]P,s' € S,h € [H], and T € [N],

Prp(sh =5, ¢y =c|Fy) =Pr(sny1 =5, cn =c|sp = s}, an = aj), (3)

where FJ is the o-algebra generated via Fi, = o({(s?',al",c}') | (n—1)H+i < (tr—1)H+h}). The

probability on the left-hand side of () is with respect to the joint distribution of the data collecting
process, and that of the right-hand side is with respect to the underlying CMOMDP.

Assumption [2is adapted from Jin et al.[ (2020D). It implies that the dataset D is generated from the
CMOMDP and possesses the Markov property. Such an assumption holds when the experimenter
collects the dataset by interacting with the CMOMDP. In particular, we do not require that the
data collecting process well explores the state-action space. In other words, we do not impose any
assumption on the coverage of the dataset.

3 Pessimistic Dual Iteration (PEDI)

In this section, we first motivate our method to solve CMOMDPs in Section 3.1} Then, we develop
our algorithm, Pessimistic Dual Iteration (PEDI), for general CMOMDPs in Section@]and introduce
an instantiation for linear kernel CMOMDPs in Section[3.3]

3.1 Primal-dual formulation

To solve problems like (TJ), recent works usually apply Lagrangian multipliers to handle the constraints.
However, we seek to use another dual method. Specifically, we consider the following problem:

p* = min ( SubOpt(r) + v Violation(r)), )

where v is a scaling constant that serves as a trade-off between suboptimality and constraint violation.
In Appendix@ we show that when v > 1, and share the solution, and thus they are equivalent.
We note that the formulation of @) is different from existing works on CMDPs where v usually
plays the role of the Lagrangian multiplier. Intuitively, a large v lies more emphasis on satisfying the
constraints, while a small v focus on reducing the suboptimality.

However, p* is hard to solve in (@), since the relationship between the objective and the policy 7 is
complex. Therefore, we substitute the policy 7 with the state-value function in the following way,

p* —min (9(V77()) — g(V () + vdist (V7 (), "))

= min (g(V) —g(Vi"(s)) + v dist(V, "))

(&)

Nevertheless, solving this problem is still hard since the objective is nonlinear in V' and thus standard
RL cannot apply. Therefore, we utilize the convex conjugate to “linearize” the objective. This
technique is widely used in related works (Miryoosefi and Jin, [2021}; [Yu et al.,[2021). Specifically, by
convex conjugate, we have

9(V) = max BV =g (8), dist(V,W) = max(a'V - maxa'z) (6



for any V' € V. The effective domains, B2, of both cx and 3 are obtained by the 1-Lipschitzness and
Corollary 13.3.3 in[Rockafellar| (1970). To see why the second equality of (6)) holds, we notice that

: *\ T _ To 13 *
dist(V, W )—O{rel%% (a |4 max (o' @ — dist(z, W ))),
(%)

and (*) attains the maximum when z € W* since o € BP. We call @ and 3 the dual variables
throughout this paper. By plugging (@) into (3)), we have

* : . _ Al o _ * T o T
P —$61111}a%g)é17 L(V;o,8)=B"V —g*(B)—g(Vi'(s)) +va'V viax o @ (7)

Its dual problem can be written as d* = max, gegp D(a, 3), where D(a, 3) is the dual function
defined as D(a, 8) = miny ey L(V; ¢, 3). We notice that L(V'; at, B) is convex in V' € V and
concave in o, 3 € B, which implies the strong duality, p* = d*. Hence, dual methods can apply.

When a and 3 are fixed, solving D(a, 3) is a planning problem. When the model is known, it
suffices to conduct value iteration on the model. However, what we have is a dataset collected a priori
in offline RL. Therefore, we develop the offline planning algorithm that is a pessimistic variant of
the value iteration (Jin et al.,|2020b), which applies penalties to ensure pessimism. We explain why
pessimism is crucial to offline CMOMDP in Appendix [F} We now describe the high-level intuition of
our approach. Consider a meta-algorithm that constructs the empirical transition kernel P and the
empirical cost function ¢ based on the dataset D. As defined below, we introduce the uncertainty
quantifier that bounds the estimation error from above with a confidence parameter £ € (0, 1).

Definition 1 (¢-uncertainty quantifier). We call {(T7,T¢)}L | a &-uncertainty quantifier if the
following event

E = {‘ﬁh(s’|s,a) — Ph(s’|s,a)‘ <I7(s,a,s), |E‘§L(s,a) — c%(&a)’ < I‘Zi(&a)
3)
forall (s,a,s') € Sx Ax S,he[H|iec [D}}
holds with probability at least 1 — £. Here we write I'S = (1"21 , I‘ff, ey F;D ).

Then, we can construct the empirical counterparts of P, and B, by I@h[V](s, a) =
(V(),Pn(-]s,a))s and B,[V](s,a) = en(s,a) + Py[V](s,a). Note that for any function
V : 8 — [0, H], under the event &, it holds for any (s,a) € § x A and any h € [H] that

|(]IA"h —Pu)[V](s,a)| = /s (”ﬁh(s'\& a) — Pu(s'|s,a))V(s')ds’

SH/Ff(s,a,s')ds’.
s

Therefore, we define ', (s, a) = H [T} (s,a,s") ds’, which quantifies the uncertainty arising from
the transition kernel. We use the {-uncertainty quantifier as the penalty function for pessimistic
planning, which leads to a conservative estimation of the value function. We formally describe our
planning method in Algorithm 1} where 8 denotes a projection vector to be specified later. By adding
the pessimistic penalty I'y, - 1 + I'}; to the estimated value, we ensure a conservative estimation. We
also truncate Q¥ and V¥ in [0, H — h + 1]P to improve the estimation.

It remains to solve max, gegp D(c, 3). We utilize the projected subgradient method which produces

a sequence of dual variables {a*}X_| and {8*}X | that approximately solves the dual problem.
A detailed description of projected subgradient method is provided in Appendix [H.6.2] For a brief
description, we update the dual variables via

af !« Tgo {a® + 9"(V" — argmax (a¥) ")},
TeW*

B Tigo {85+ (V= 09"(8")) }.
where V¥ € argminy .y, £(V; ¥, B%) and 1" is the step length at the k-th iteration.

As claimed in Proposition |1} the CMDP is a special case of the CMOMDP. Moreover, we show
in Appendix [C.2] that when reducing to the CMDP, the objective (7) reduces to the Lagrangian
formulation of the CMDP problem. Hence, our proposed method has good generalization ability.

(©))



Algorithm 1 Pessimistic planning.

1: function PESSPLANNING(O, D, { ('}, Fg)}le)

2 forsteph:H,H—l,..A.,ldo

3 Qu() < Tn() +Pu[Viga]( ) + Th - 14T
4 Qh('v') %min{Qh('v')v(H_h—’_l)'l}_;r

5: 7h () < argmin,c 4 Qn(-,-) - 0

6: Vi () < Dr, [@Qn]()

7 end for

8 return 7 = {Wh}hH:p Q= {Qh}hH:u V= {Vh}thl
9: end function

3.2 General CMOMDPs

Based on the above analysis, we now develop the Pessimistic Dual Iteration (PEDI) (Algorithm [2)
for general CMOMDPs, which is motivated by the dual gradient method in solving the minimax
optimization problem. Specifically, PEDI solves D(c, 3) via PESSPLANNING (Algorithm and
updates dual variables via (9), alternately. The output policy 7 is a mixed policy executed by randomly
selecting a policy * from {7*}X_| with equal probability beforehand and then exclusively following

7 thereafter. Hence, it holds that, for the mixed policy 7, V{7 (s) = & Zszl Vfrk (s). Note that the
mixed policy may not be a Markov policy (Altman, [1999). However, it would be useful to extend the
definition of a policy m = {7r;,,}hH:1 so as to allow 7, to depend not only on & but also on some initial
randomizing mechanism. That is, we may have a set of policies I/ and a distribution ¢ € A(U). Then
we define the mixed policy of U, 7, as a policy to be executed by first using ¢ to choose some policy
m € U and then proceeding with only that policy. The optima of (I]) over the mixed policy is still
attained by the Markov policy 7*. Thus, SubOpt(7) remains a reasonable performance metric of
our algorithm.

Algorithm 2 Pessimistic Dual Iteration (PEDI).

Input: offline dataset D, step length {77"’}?21, scaling parameter v
Output: the mixed policy 7 = {7, }L | of {7F} X |

randomly initialize dual variables o', 3' € B, and set 8! = va'' + 31
construct {¢p, }/__, and {P, } | based on D
construct the -uncertainty quantifier {(I'7,T'¢)}._ | based on D
for iteration k = 1,2,..., K do
7%, QF, V¥ < PESSPLANNING (0’“, D, {(I7, Fg)}le)
update o, B* to a¥*1, BF+1 via (O)
9k+1 — Vak+1 +5k+1
end for

PR D AR

3.3 Linear kernel CMOMDPs

In this section, we study PEDI on settings with linear function approximation such as linear kernel
CMOMDPs. To that end, we first introduce the linear kernel CMOMDP, which is a generalization of
the linear kernel MDP (Yang and Wang, |2019; Jin et al., [2020a; |Cai et al., [2020)). Then, we propose
an instantiation of Algorithm [2|for linear kernel CMOMDPs.

Definition 2 (Linear kernel CMOMDP). The CMOMDP (S, A, H, P, ¢) is a linear kernel CMOMDP
with a known kernel feature map v : S x Ax S — R% and a known value feature map ¢ : S x A —
R, if for any h € [H| there exist unknown vectors 0, € R% and 05 € R*% for any i € [D] such
that for any (s,a,s’) € S x A x S,

Pu(s'|s,a) = (s, a, s')THh,, c%(s, a) = (p(s,a)Tﬁfj.



Let d = max{dy, da}. We assume there exists a constant R > 0 such that

R~ 2 max (yTl/)(S,a,s’))2 < / (yTw(s,a,s’))zds’ <d
S

s'eS

forany (s,a) € S x Aandy : ||y||2 < 1. Moreover, we assume ||0||2 < v/d and ||9}°L o < Vd for

i € [d].

The existence of constant R naturally holds when (s, a, ) is upper bounded and Lipschitz continuous
forall (s,a) € S x.A. Note that the tabular CMOMDP is a special case of the linear kernel CMOMDP
with R = 1 (see Appendix[G]for a detailed discussion).

An instantiation of PEDI for linear kernel CMOMDPs is deferred to Appendix [E| where we propose

a method to estimate the empirical transition kernel P and cost function € and thereby construct a
&-uncertainty quantifier.

4 Theoretical results

In this section, we first show upper bounds for suboptimality and constraint violation for PEDI
on general CMOMDPs in Section @.1] In Section [#.2] we show that PEDI achieves the minimax
optimality up to the optimization error and multiplicative factors of constants related to the CMOMDP
when specified to linear kernel CMOMDPs. Moreover, when the dataset has sufficient coverage over

the trajectories induced by the optimal policy, the intrinsic uncertainty is guaranteed to be (5(1 /VN)
where N is the number of trajectories in the dataset.

4.1 Results of general CMOMDPs

By using pessimistic planning (Algorithm , we ensure a pessimistic policy 7. We formally state

this notion in the following lemma.
Lemma 1 (Pessimism). Suppose that Assumptions [I|and [2| hold. By Algorithm under event £

defined in [B), for any (s,a) € S x Aand h € [H), it holds that V¥ (s) > V;™ (s), Q¥(s,a) >
Q’,{k (s,a), and dist (Vi¥(s), W*) > dist (Vl”k (s), W*). Furthermore, it holds that

g(Vi(s)) = g(Vi'(s)) and dist (Vi(s), W") > dist (V" (s), W"),
where Vy(s) = + Zle Vi (s) and 7 is the output ofAlgorithm
Proof of Lemmall} See Appendix for a detailed proof. O

We are now ready to establish the following theorem, which characterizes the suboptimality and
constraint violation of PEDI for general offline CMOMDPs.

Theorem 1 (Suboptimality and constraint violation for general CMOMDPs). Suppose that Assump-
tions[I|and 2| hold. Under event £ defined in (8), for the output policy 7 of Algorithm[2} when we set

v=ypandn* =2G~'\/D/k (or 2G~'\/D/K if K is predefined), where G = 2(1 + v)H+/D, it
holds that

SubOpt(7) < ex + IntUncerth, ,  Violation(7) < = (ex + IntUncert}, ), (10)

TN

where we let C denote an absolute constant and define

[DH? . -
ex = C(1+p) % IntUncerty, =2(1+ p)\/BZE,,* [Th(sny an)+I|T5 (shy an)|| oo | 51 = 3].

h=1
Proof of Theorem([l] See Appendix [H.2for a detailed proof. Here we provide a proof sketch, which
consists of two steps.

First step: upper bounding SubOpt(7) + v Violation(#), which is our objective @). Here 7
is the output of PEDI (Algorithm . By pessimism, we have SubOpt(#) + v Violation(7) <



g(V1(s)) — g (Vi(s)) + v dist(V1(s), W*) where V1 (s) = + Zle V*(s). We do linearization
via convex conjugate (6) and then get

K
SubOpt(#) + v Violation(#) <K ! max {ﬁ . Z V’f(ﬁ) — Zg* (,3)} —g(Vi(s))
k=1 k

<1
I8Il< —

K K
+ K 'v max { o - E Vi(s) — max o - p.
lleefl<1 P TEW™

k=1

Recall that PEDI uses the projected subgradient method, which approximates the max operator above
by a sequence of variables at the expense of a sublinear approximation error, which leads to

K T
SubOpt(7) + v Violation(#) <K ! Z {(Bk) Vi(s)—g* (ﬁk) } —g(Vi(s)
k=1

—1 . Tyrk kT
+ K VZ{(ak) V1(§)_£%(a) a:}
k=1
+C(1+v)/DH?/EK,

where C'is a constant. We rearrange the right-hand side above with some tricks and then obtain
K T
SubOpt(#) + v Violation(7) < K~y {(ek) (V’f(g) - V’;(s))] +C(1+v)/DHYK.
k=1

The last term in the right hand side above is exactly ef. Intuitively, the term (8%)T (V¥ (s) —
V'i(s)) indicates the projected difference of state-value functions along 6, which motivates the
PESSPLANNING (Algorithm I)). We apply results from this pessimistic approach and then conclude

SubOpt(#)+v Violation(#) = g VT(s —g(V7i(s))+vdist VT(s), W) < e +IntUncert’ .
1 1 1 D

Second step: upper bounding SubOpt(7) and Violation(7) individually. This is done by two facts:
(i) dist (-,) > 0, and (i) g(V' (s)) — g (Vi(s)) > —vdist(V{(s), Vi(s))/2. We plug them into
the resulting inequality in the first step and then complete the proof. O

As shown in Theorem|I] our pessimistic algorithm bounds the suboptimality and constraint violation
from above by the sum of the optimization error ex € O(1/v/ K) and the intrinsic uncertainty
IntUncert, . The optimization error € vanishes as K goes into infinity. Later, we will show that

the intrinsic uncertainty, IntUncertg, is impossible to eliminate through an analysis of PEDI on
linear kernel CMOMDPs in Section 4.2]

4.2 Results of linear kernel CMOMDPs

The following theorem characterizes the suboptimality and constraint violation of PEDI for linear
kernel CMOMDPs. Recall that we instantiate PEDI to linear kernel CMOMDPs in Appendix [E]
Theorem 2 (Suboptimality and constraint violation for linear kernel CMOMDPs). We set A = 1 and
k = CRy/dlog(dN) + log(DH/€) where C > 0 is an absolute constant. Then, under Assumptions
and E] (TP, T YH_| defined in 24) (Appendix@) is a £-uncertainty quantifier. Hence, under the
same settings of v and n* in Theorem (TO) holds with probability at least 1 — & for the output T,
and the intrinsic uncertainty is specified to

H
IntUncert, = 2(1+ p)v/D ZE”* [H/ k- ||Y (s, an, s’)||A;1 ds’'+k-||e(sh, ah)”/\;lh |s1 = s].
h=1 S "

Proof of Theorem 2] See Appendix [H.3|for a detailed proof. O

In what follows, we show that when the dataset sufficiently covers the trajectories of the optimal
policy, the intrinsic uncertainty is O(1/v/N) where N is the number of trajectories in the dataset.



Corollary 1 (Dataset with sufficient coverage). Suppose that the T-th trajectory {(sz, ay,c}) }hH:1
of the dataset D is generated by a behavior policy ™7 for T € [N]. Meanwhile, we assume that
there exists a constant ¢ > 0 such that uZ(s7a)/u2’T(s,a) < ¢ forany h € [H],7 € [N], and

(s,a) € 8 x A. Here {y; YE | and {)>" YIL_| are the visitation measures of m* and w>7. Then, we
have with probability at least 1 — & that

IntUncert}, € 5(0(5(1 + p)H?\/d|S|/N).
Proof of Corollary[l] See Appendix [H.5|for a detailed proof. O

Here |S| denotes a certain measure on S. For instance, when S = [0, 1] and we take the Lebesgue
measure, we have |S| = 1. Note that Corollary [T|holds under a weaker condition than the uniform
coverage (Wang et al.| [2020a; Rashidinejad et al.,2021)), where the condition is max, u™/ ub <C
for a certain constant C'. However, our algorithm is still able to achieve the intrinsic uncertainty of

O(,/1/N). In particular, our condition, 1* /. < ¢, can hold when we have expert demonstration in
the dataset D (Buckman et al., [2020).

In Theorem [2] we notice that when the number of iteration K goes into infinity, the optimization
error €y vanishes, and the suboptimality and constraint violation are bounded from above by the
intrinsic uncertainty IntUncertg only. However, this is the best effort that we can put. The following
theorem indicates that the term IntUncert%* is impossible to eliminate since it arises from the
information-theoretic lower bound.

Theorem 3 (Information-theoretic lower bound). For the output T of any algorithm of offline
CMOMDPs, there exists a linear kernel CMOMDP M with initial state s € S and a dataset D
compliant with M, such that

SubOpt(7)

H
S B [l an)llaos, +ISI=1 S 195, an, )50 ds

where the expectation is taken with respect to the data collecting process, and ¢ > 0 is an absolute
constant.

]ED ZC

b

S1 =§]

Proof of Theorem 5] See Appendix [H.4]for a detailed proof. O

By Theorem [2| and Theorem (3| we find that the upper bound of suboptimality of Algorithm [2| for
linear kernel CMOMDP matches the information-theoretic lower bound up to the optimization error
O(1/vK) and some multiplicative factors of horizons, dimensions, and geometric properties of the
target set, which means that PEDI is near-optimal for linear kernel CMOMDP.

5 Experimental Results

We also conduct numerical experiments to verify our theory. Please see Appendix [l| for details. The
results show that the proposed algorithm is not only provably efficient but also applicable.

6 Conclusion

In this paper, we propose a general algorithm, Pessimistic Dual Iteration (PEDI), for constrained multi-
objective reinforcement learning with offline data. We show our algorithm delivers a data-dependent
upper bound for suboptimality and constraint violation. The upper bound is composed of the
optimization error and the intrinsic uncertainty. Moreover, we show that the bound of suboptimality
is minimax optimal for linear kernel CMOMDPs up to the optimization error and multiplicative
factors of constants related to the CMOMDP. When the trajectories of optimal policy are sufficiently

covered, the intrinsic uncertainty is proved to be O (1/v/N) where N is the number of trajectories in
the dataset.
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A Generalization of the definition

Adapted from Bauerle and Rieder| (2010), a more general definition of an episodic CMOMDP with
horizon H € N is given by a sequence of sets of data {(S, A, X, Pry,, ¢i) }L |, where

» S is the state space equipped with a o-algebra Fgs.
» A is the action space equipped with a o-algebra F 4.

* X}, is a measurable subset of X = S x A, which denotes the set of accessible state-action
pairs at time h.

* Pry, is a stochastic transition kernel at time h. For any fixed (s, a) € A}, the mapping S —
Pry (S| s, a) is a probability measure on S. Moreover, the mapping (s, a) — Pry (S| s, a)
is measurable with respect to (s,a) for all S € Fg. Intuitively, Pry,(S|s,a) gives the
probability that the next state is in S if the current state is s and action a is taken at time h.

e ¢p, : X, — RP is a measurable function, which defines the expected cost at time h if the
current state is s and action a is taken.

Forany h € [H| and (s,a) € S x A, we define Py (- | s, a) as the density of Pry,(-| s, a) relative to
a certain measure 4 by the Radon—-Nikodym derivative, i.e., P, = d Prj, /du. We usually let 4 be
the Lebesgue measure when the state is continuous and be the counting measure when S is discrete.
For example, for measurable real-valued function f, when S is discrete, Py, (- | s, a) is the probability
mass function and [ f dp coincides with 3 ¢ f(s). When S is continuous, Py (- | s,a) is the
probability density function and f < f du denotes the Lebesgue integration. Our proposed method is
able to handle both of the above situations. For notational simplicity, we omit the dependence on p
through the paper.

B Explanations and justifications of Assumption

In this section, we explain and justify Assumption [I]imposed on the target set. This assumption is a
stronger version of the one used in|Yu et al.[(2021) where WW* is not assumed to be a lower set.

B.1 Nonsingular intersections

We first explain the meaning of nonsingular intersection, namely the existence of ,,,x. The intuition
is that the target set V* and the achievable values V' do not share the same support hyperplane.

wr 1% wr
(a) Nonsingular inter- (b) Singular intersection.
section.

Figure 1: The illustration of two types of intersections: the nonsingular intersection and the singular
intersection. The target set WW* is represented by a red square and the achievable values V is
represented by a blue circle. The intersection is in grey.

We illustrate it via a two-dimensional example in Figure|l} The target set YW* is represented by a
red square and the achievable values V is represented by a blue circle. The intersection is in grey.
In (a), the intersection is nonsingular, which guarantees the existence of y,.x < 7. However, in
(b), V intersects with W singularly, leading to the inexistence of an upper bound v,.x. We notice
that Figure[T] also intuitively shows why the Slater’s condition implies our assumption, since interior
points guarantee the nonsingular intersection.

As we see in related proofs, for any W € V), nonsingular intersection enables us to reduce the
calculation of dist(W, W*) to dist(W, W) multiplied by the sine of the included angle. We note
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that when this geometric requirement is not satisfied (i.e., when the intersection is singular), this
reduction may not exist. The reason is that when V is not of full dimension, W can be arbitrarily
close to WW* while remains far away from WV, making the reduction impossible (Yu et al., [2021).

B.2 Being a lower set

Now we discuss the assumption of being a lower set. It is much milder than at first glance and can be
easily relaxed. For target set WW* which is not a lower set, we can transform it into a lower set with at
most D - 2P dimensions. We achieve this by cutting the boundary of W* into at most 2° pieces. We
provide a two-dimensional example as shown in Figure[2] The target set is defined as

W= {(c",?) |+ > H/2,c' + <3H/2,c' —® > —H/2,c' — * < H/2}.

H/2

H/2 H cl

Figure 2: An example of target set W* = {(c!,c?)|c* + ¢ > H/2,c' + ¢ < 3H/2,c! — 2 >
—H/2,c' — ¢ < H/2}. Although it does not satisfy Assumption|I|of being a lower set, we can cut
its boundaries into four pieces, each of which corresponds to a partial constraint. Since each partial
constraint can be expressed in a way that is a lower set, the target set YV* can be reformulated as the
combination of those partial constraints to satisfy the lower set requirement at the expense of higher
dimension.

We cut its boundaries into four pieces: the upper left one, the upper right one, the bottom left one,
and the bottom right one. For the upper right boundary, it corresponds to the partial constraint:

{(c',?)|c" +* <3H/2}.

It is a little tricky to represent the other three. We take the upper left boundary, ¢? — ¢! < H/2, for
an example. To that end, we notice that it is equivalent to ¢? + (H — ¢*) < 3H/2. Hence, we set
¢ = H — c! and ¢* = 2. Then we can represent this boundary by ¢ + ¢* < 3H /2, which satisfies
Assumption 1] of being a lower set with respect to ¢ and ¢*. Analogously, we introduce c5 to cg for
the other two boundaries. Finally, we obtain a new target set with 8 objectives, ¢y, . . ., cg, that meet
Assumption[I} Hence, we successfully relax the constraint of being a lower set.

B.3 Summaries
In a word, our assumption is mild, and thus target sets that satisfy Assumption I]are very common

in applications. For example, we can define W* as W* = {W € [0, H]P : W < b} forb € RP,
which is equivalent to the formation of constraints in CMDPs.
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C Reducing CMOMDPs to CMDPs

C.1 Proof of Proposition|[i]

Proof of Proposition[l] We first show that the CMDP is a special case of the CMOMDP. Then, we
point out the correspondence between the assumptions imposed on CMDPs and on CMOMDPs. To
be specific, we show that Slater’s condition imposed on CMDPs is equivalent to the existence of
Ymax 10 Assumption Hence, the CMOMDP is a reasonable generalization of CMDPs.

Reducing to CMDPs. An episodic CMDP is usually given by M = (S, A, H, P, c,u), where S
is a state space, 4 is an action space, H is the horizon, P = {Ph}le is a collection of transition
kernels Py, : S x A — A(S), ¢ = {cp }}, is a collection of cost functions ¢, : S x A — [0, 1], and
u = {uy, }fL, is a collection of utility functions uy, : S x A — [0,1].

The CMDP aims to solve the following problem:

i yver L V™ (s)<b 11
realing Vi (s) s 17 (s) < b, (1n

where V<™ and V™7 are the state-value functions for cost ¢ and utility u, respectively. Here we
assume b € [0, H]P to avoid triviality.

Now we construct a CMOMDP M’ that is equivalent to M. To that end, we set M’ =
(S, A, H,P,c') where S, A, H, and P are same as M. We define ¢’ = {c} } 1L, as the concatenation
of cand u, i.e., ¢} = (cp,u) )" €[0,1]P*+ for h € [H].

The preference function g : RP*+! — R is defined as the first coordinate map, i.e., we define
g(1,...,Tpt1) = T1.

We set the target set W* as W* = {W € [0, H]|P+! : Wo.(p+1) < b} where Wy, (p 1) denotes the
D-dimensional vector obtained by removing the first coordinate of W.

The CMOMDP M’ seeks to solve the following optimization problem

i v LoV ., 12
WeAI&I?&H)g( ©7(s) s T (s) eW (12)

A careful analysis will reveal that, by the construction of M’, (I2)) is equivalent to (TIT). Hence,
CMDP is a special case of CMOMDP.

Correspondence of assumptions. Under the above definition, it is clear that g is 1-Lipschitz and
convex and that g(x) > g(z’) as long as > ' for any =, 2’ € RP*+1. In addition, W* is a lower
set, and it is close and convex.

It remains to show that the existence of Yy,ax in Assumption is satisfied. However, this is equivalent
to Slater’s condition on the CMDPs. Recall that Slater’s condition supposes the existence of an
interior point, which is equivalent to a nonsingular intersection between the target set and the set of
achievable values. Hence, it is exactly the geometric analog of Slater’s condition. O

C.2 PEDI on CMDPs

Now we analyze PEDI on CMDPs. Recall that the core of PEDI is solving (7). Based on the
analysis in Appendix [C.1] as we have specified g as the first coordinate map, we can derive its convex
conjugate,

0, xz* = (1,0,...,0)7

13
400, otherwise (13

g°(@") =sup (22" — g(2)) = sup (&' &" — 1) = {

Therefore, solving (/) is equivalent to solving

p* = min max V! — VY 4+ va’'V — v max o', (14)
VEV aeBP TEW*
since the objective attains the maximum with respect to 3 when 3 = (1,0, ...,0) . Here, by V! and

V'1* we mean the first coordinates of V' and V*, respectively. Now we consider maxzeyy- o ' .
Recall that we construct WW* by

W* ={W € [0,HP* . W <b'}, (15)
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where we suppose b’ = (H,b")T for simplicity. We observe this constraint is element-wise, i.e.,
different coordinates of W are independent. Hence, we have

D+1 D+1 D+1
max &' £ = max E ;T; = max E T, = E max ;T = oy +b’ (16)
TEW* zEW* 0<z;<b;, “ L~ 0<z;<b;,
ie[D+1] =1 =l je[D+1]

where aT denotes (). Then, we have
P = iy max V' V' 4+ v(a’V - alb). (7)

A good observation is that & > 0 always holds (otherwise, we can increase the negative component
of o to make the objective larger). Therefore, the optimization problem is actually

p* = {/nl% max V- VY 4 va(V - b)
€V aeB?

_ e w,m _b
{/né%ané%%\/ "(s) = Vi (s) + v (VM7 (s) - b),

(18)

where the second equality is by definition and the fact that b, = H > V. We notice that va
can be considered the Lagrangian multiplier. Hence, we conclude that the objective reduces to the
Lagrangian formulation of the CMDP optimization problem, and our algorithm reduces to the dual
gradient method.

D Equivalence of problems

In this section, we show that (I)) and (@) share the same solution.

For convenience, we denote by p} the original problem (I, and by p3 the new problem (). We first
substitute their variables 7 with the state-value function.

For pj, we have
pi =ming(V{"(s)) st Vi(s) e W

. (19)
$ér§g(V) st. Vew
while for p3, we have
p; = (SubOpt( ) + v Violation())
= m,;n (9(Vi"()) = 9(V7"(9)) + wdist (V7" (), W") ) o0

=min (9(V) = g(Vi"(s)) + v dist(V, V"))
= min, g(V) +vdist(V,W*)

We suppose that V' is the solution of p3. To show that VT is also the solution of p3, it suffices to
verify dist(V'T, W*) = 0.

Suppose dist(VT,W*) £ 0, i.e., VT & W*. We consider its projection on W*, V¥ = [],,. V.
Since g is 1-Lipschitz, when v > 1, it holds that

g(V8) —g(VT) < vdist(VT, V¥, 1)
Then, by (ZI), we have
g(V®) + v dist(VE, W)
<g(VH) — g(VE) + g(VT) + v(dist(VE, W*) + dist(VT, V¥))
=g(VT) 4+ vdist(VT, W*),

where the last equality is for dist(V'¥ WW*) = 0. It contradicts our assumption that VT is the solution
of p5. Therefore, we conclude that the solution VT of p5 should lie in W*, which completes the
proof of the equivalence between (T) and (@).
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E An instantiation of PEDI for linear kernel CMOMDPs

This section serves as complements for Section [3.3]

We now propose a method to estimate the empirical transition kernel P and cost function ¢ and
thereby construct a £-uncertainty quantifier to specify Algorithm [2|for linear kernel CMOMDPs. We
construct the empirical transition kernel by ridge regression on the offline dataset D as follows,

73h(s’ |s,a) = (s, a, s’)Tgh
N

where 6, = argminZ/ (057, (") = (s, af, s')T9)2 ds’ + \||0]]3.
beR

Here 7 (s) is the Dirac function centered at s, for continuous space and indicator function for finite
space, and A > 0 is the regularization parameter. Note that we can obtain the following closed form

of Gh,

N N
O =AY U(sh.a,h,,) where A = Z/Su;(s;,a;,s')¢(s;,a;,s’)T ds'+ 1. (22)
T7=1 T=1

We construct € in an analogous way by ridge regression,

N
7 (s,a) = o(s, a)Tgf; where 5,“; = argminz (cZ’T — (s, aﬁ)T9)2 + \||6]]3.
]S —
and (9\2 has the closed form
) N N
O =A% D wlsiiap) where Agn =) @(sh.ap)p(si,ap)t +AL (23)
T=1 T=1

Moreover, we construct the -uncertainty quantifier for h € [H] below
I7(s,a,8) = min{n~ |’¢(3,a, S,)HA;l’l}’ p}::(g,a) = min {n. \|<p(3,a)||A;1h, 1}, (24)

where k > 0 is a scaling parameter to be specified later. By plugging (24) into the pessimistic
planning (Algorithm[T)), we finish the establishment of PEDI on linear kernel CMOMDPs.

F Pessimism is all you need

This section studies the effectiveness of the pessimistic approach for offline CMOMDPs. To that
end, we first introduce the model evaluation error and then develop the decomposition lemma, which
decomposes the discrepancy between the state-value functions of the learned policy and the optimal
policy into three parts: the spurious correlation, the intrinsic uncertainty, and the optimization error.
Then, we show that our proposed method successfully eliminates the spurious correlation, which is
the most difficult one to control.

We consider a meta-algorithm that constructs a sequence of policies {7, } 5, which ideally converges
to the optimal policy. At the k-th iteration, the algorithm constructs the estimations {V,*}/_, and
{Qﬁ}thl such that Vi¥(s) = Dy [QF](s). We define the model evaluation error below, which
characterizes the error of estimating the Bellman equations.

Definition 3 (Model evaluation error). The model evaluation error for the k-th iteration is defined as
k k k
Lh(s’ a) = Qh(s’ Cl) - Bh‘/}z-&-l(sv CL).
We denote its i-th scalar component by L%k(s, a), ie., sz(s, a) = Qﬁl’k(s, a) — IB%hV,ffl (s,a).

Utilizing the model evaluation error, the discrepancy between any state-value function and the optimal
one admits a decomposition as shown in the following lemma.
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Lemma 2 (Decomposition of state-value function). Let {V,*}L  and {Q¥}_,| be any state-value
function and action-value function such that V}¥(s) = D« [QF](s) for any s € S and any h € [H).
Then, it holds that

B [tf; (sn,an) | 51 = 3]

I
M=

VE(s) — Vi (s)

>
Il

1

+
M=

e [(@hm, )y (7 = 7L 30)) 4 | 1 = 5]

h=1
and that
H H
Vi (s) = Vit(s) == S B [th(snoan) | 51 = ] + 3 Ene [th (snran) [ 51 = 5]
h=1 h=1
(i) Spurious Correlation (ii) Intrinsic Uncertainty

51:§:|7

H
Y B [(Qh o), (k= 7) ([ 51)).
h=1

(iii) Optimization Error

where E_« and B are taken with respect to the trajectories induced by ©" and ™ in the underlying
CMOMDP, respectively.

Proof of Lemmal[2] See Appendix [H.6.1]for a detailed proof. O

Lemma [2]is the vectorized analogue of Lemma 3.1 in Jin et al| (2020b). It suggests that we can
decompose the discrepancy between the state-value function of learned policy and the optimal one
into (i) spurious correlation, (ii) intrinsic uncertainty, and (iii) optimization error. Among them, (i) is
the most difficult to control since it depends on both 7* and LZ’ that spuriously correlated with each
other. As the learner has no control over the data collecting process, this spurious correlation could
be large even in a multi-armed bandit setting (Jin et al., 2020b). Term (ii) is easier to control since 7*
is intrinsic to the underlying CMOMDP and therefore not spuriously correlated with L;’j.

As proved in Section 1] our proposed algorithm successfully eliminates term (i) through pessimism.
In Section[4.2] we have shown that (ii) is impossible to eliminate as it arises from the information-
theoretic lower bound of linear kernel CMOMDPs.

G Reducing linear kernel CMOMDPs to tabular CMOMDPs

All we need is to represent the transition kernel P and cost function ¢ of tabular CMOMDP in the
form of linear kernel CMOMDP.

We set di = |[S||A[|S| and do = [S||A| and set ¥(s,a,s") = €(s,a,s')> (Hh)(s,a,s’) =
P(s'|5,a),¢(s,a) = €(s,0), and (0}) (s,0) = € (5, 0).

Here we denote by e the canonical basis. It can be verified that the definition of linear kernel MDP
(Definition [2)) is satisfied with R = 1.

H Proofs for Section 4

For notational simplicity, we sometime use the shorthand L’,?L, Qp, Vi, 7, to denote LI;L(S}L, ap),
Qrn(sn,an), Vi(sn), and 7y, (ap | sn,) when there is no risk of confusion.

H.1 Proof of Lemmalll

Proof of Lemmall] The proof is by backward induction. Suppose the inequality holds for Q)-values
in the (h + 1)-th step. Then, it holds that for any s € S, € [D],

ik ik i, i,mF
Viki(9) = Do [@3 ] () = Doy [@RTL] (6) = Vi
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For any (s,a) € Sx A,i € [D], when Q;I’k(s, a) = H—h+1, itholds that Q’k(s, a) > QZ’"k (s,a).
Otherwise, by the definition of £-uncertainty quantifier defined in Definition |1} it holds that

sz(s a) >c (s,a) + IP’k [Vhﬂ} (s,a)+Tp+ Ff;
>cj,(s,a) + B [Vl | (s, )
>cj (s.a) + B |V | (s, )
=@y (s.0)

. . . . ik
under event €. Thus, by induction, it holds for all / that Q;L’k > QY
Then, by the fact that g() > g(z’) holds as long as > a’, we have

9(Vils)) = g(Vi"(9)).
For the constraint violation, we consider the point W = V™" (s) + [Ty~ Vi(s) — Vi¥(s). By the
fact that WW* is a lower set in Assumption ] it holds that W, € W* and
dist (V7™ (5), W*) < dist (Vi (), W) < dist (V*(s), W").

Thus, we complete the proof of LemmalT]

H.2 Proof of Theorem[I]

Proof of Theorem([l] In the following lemma, we show that the difference between any state-value
function and the optimal one, as stated in Lemma[2] can be bounded from above by the -uncertainty
quantifier with high probability when projected along with 6*.

Lemma 3 (Upper bound of projected difference of state-value functions). Suppose {(I'],T'¢)}HL |
in Algorithm[2|is a &-uncertainty quantifier. Then under event £, we have

H
(0")T (Vi (5) = Vi*(5)) <201+ p)VD Y Ere [Ti(sn,an) + [T (50, an) oo | 51 = 5]
h=1
Proof of Lemma[3] See Appendix for a detailed proof. O

In what follows, we suppose the event £ holds, which has probability at least 1 — £. Applying Lemma
[T} we have

K [g(Vi(5) — 9(Vi' () + pdist (V77 (), W") |
<K [g(‘71(§)) — (Vi () + pdist (Vi (s), W*)] :
By the convex conjugate in (6] and the fact that Vi (s) = Zszl V¥ (s), we get

K [g(Vf(é)) —g(Vi*(s)) + pdist (V{7 (s), W*)}

K K
:mqﬁzw@—ZﬂM~mmw»
k=1

IBl<1
+ p max (o - V max o -
||a|\<1{ Z 1= kszW* }
‘We observe these two terms

K K
e {8-> Vi) =D g"(B)}, H ‘?gl{a Z‘/lk(ﬁ) - Z Inax a-x},
- k=1 k=1 =1 k=
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are the “single best desicion” in hindsight in the projected subgradient method. By setting n* =
2G~1\/D/k (or 2G=*\/D/K if K is predefined), we apply Theoremwith R=2and G =
2(1 + p)H+/D (to verify the conditions, note that g* is H+/D-Lipschitz) to get

K[Q(Vf(ﬁ)) — g(Vi'(s)) + pdist (V7" (), W")

K
Z (36— (09) = Ko(Vi () + 03 (0T VaH ) — g (@) T} @)
+C(1+ p)VDH?K

where C' is a constant. Then, by observing

g"(8") = max {(8") "V —g(V)} > (8")'V/"(s) — g(V{" (5)),
max (@) '@ > (o) 'V (s),

we have for that
9(Vi(5)) = (V7' (s)) + pdist (V77 (), ")

{(BTViE () = (BY) V() + p((a") TV (s) = (@*)TWY'(s)) } + C(1 + p) VDIPK

IA
M= I0M= 2

()T (Vi*(s) = V' () | + C(1 + p)VDHPK

k=1
(26)
Applying Lemma 3] we have
K[Q(Vf(ﬁ)) —9(Vi*(s)) + pdist (Vf(é)aw*)}
H
<2K(1+ p)VD Y B [Ta(sn,an) + |15 (sn, an)llo | 51 = 5] + C(1 + p)VDH?K
h=1
=K (ex + IntUncert}, ),
where we define
[DH? . -
ex = C(1+p) i IntUncerth, =2(1+ p)\/BZEW* [Th (s, an)+I|T5 (shy an)|| oo | 51 = 5].
h=1

Note that dist(W X W*) > 0. Therefore, we can bound the suboptimality from above by

g(Vf(§)) — g(Vl*(§)) <eg + IntUncert%* .
To obtain an upper bound of the constraint violation, we employ the following lemma.

Lemma 4. Let W* denote a return vector in set YV that achieves the lowest cost, i.e. YW €
W, g(W) > g(W™*). Then, under Assumption it holds for any W € RP that

g(W) — g(W™*) > —dist(W, W")/ sin(Vmax)-

Proof of Lemmald} See Lemma 16 in|Yu et al.|(2021) for a detailed proof. O
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We notice that by definition, W* = V;*(s). Therefore, applying Lemma@]with W = V[ (s), we
have

dist (V7" (s), W*)

< dist (V{7 (s), W*) + sin(Ymax) [g(Vf(S)) —g(Vi'(s)) + diSts(iZ{;g;)W ) ]

—sin(ymax) [9(VI* () = 9(V'(5)) + pdist (V77 (), "]
2 .
<—(ex + IntUncert?, ).
p
where the last inequality follows from (26). Thus, we complete the proof of Theorem|[I} O

H.3 Proof of Theorem[2]

Proof of Theorem 2] 1t suffices to show that {(T'7,T'¢)}Z | defined in (24) is a £-uncertainty quanti-
fier as stated in the following lemma.

Lemma 5. Under Assumptions[2] we set

A=1, k= CRy/dlog(dN)+log(DH/¢),

where C > 0 is an absolute constant and § € (0,1) is the confidence parameter. Then,
{TP. TS} in is a {-uncertainty quantifier.

Proof of Lemmal[5] See Appendix [H.6.5for a detailed proof. O
By Theorem|[I} we have that

SubOpt(7) < ex + IntUncertly ,  Violation(7) < = (ex + IntUncert} )

R

where we define
[DH? . =l
ex =C(1+p) 7 IntUncerty, = 2(1+ p)\/ﬁZEﬂ* [TCr(s,a) +[ITF (s, a)] 0 ‘ 51 =s].
h=1

By Lemma[5|and the &-uncertainty quantifier defined in (24), we finish the proof. O

H.4 Proof of Theorem[3|

Proof of Theorem[3] The following lemma is adopted from Jin et al.| (2020b)), which characterizes
the information-theoretic lower bound of offline RL.

Theorem 4. For the output T of any offline RL algorithm, there exists a tabular MDP M with initial
state s € S and a dataset D compliant with M, such that

SubOpt(7)

Ep >C
Yoy Ere [1/3/T+ (50, an) | 51 = ]
where C' > 0 is an absolute constant. Here ny(sp,ap) = Z]TV:1 1{s], = sn,a], = ap} for
(sh,an) € S x A
Proof of Theoremld} See Theorem 4.6 in|Jin et al.|(2020b) for a detailed proof. O

Note that we can view the MDP as a special case of CMOMDP with the target set W* = RP, D =1
and g being the identity function. Hence the hard instance in Theorem []is also a hard instance of
CMOMDP. It remains to reduce the tabular MDP there to a linear kernel MDP defined in Definition
To that end, we set d; = |S||A||S| and dy = |S||A| and set ¢(s, a,s") = €(s.a,5), (On)(s,0,5') =
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P(s'|s,a),(s,a) = €(s.q), and (05") (5.a) = ¢}, (s, a). Here e denotes the canonical basis. It can be
verified that Deﬁnmon[é]ls satisfied with R =

Then, it holds that

N
Ah = A+ Z Z 1#(5;7 (L;, 8/)7/1(52, a;a S/)T =AM+ Z Z nh(sa a)E(s,a,s/),(s,a,s’)

T=1s'€S (s,a)ESxXAs'€ES

where E(5 4.5/),(s,a,5/) 1S the matrix in which entries at ((s, a,s’), (s, a, s’)) is 1 and other entries are
all 0. We note that A = 1 and A, is diagonal and thus we have

1

(s, 0,8, < T @7
Following the same derivation we get
1
le(s,a)llazz, < rmea (28)
Then, by Theorem[d] (27), and (28), we have
l SubOpt (%)
Y E we [lloCsns an)lla-y + 1817 [ lleb(sn, any )z ds' [ 51 = o]
SE l SubOpt(7 )
=P oS o [T F i (onean) |51 = 8]
>c/2.
which completes the proof of Theorem 3] O

H.5 Proof of Corollary/]
Proof of Corollary[I} By the property of visitation measure, we have that
Ers [Th(sn, an) + L5 (sn, an) | s1 = 5]
=E,; [Fh(s,a)] +E,; [F (s, a)]
wr(s,a) . 29
< ( e h) (B [a(s,0)] + B, [T (5,0)]) @

s,a)ESXA by’ (S, a)

<g- (]EH;;,T [Ch(s,a)l +E,J;;* [Ff;‘(s,a)}),

where the first inequality follows from Holder’s inequality and the last inequality follows from the
condition. We will upper bound the term E +.- [T’ (s, a)] and E o [T'57(s,a)] respectively.
h

Let X3 =E,v.- [[(s,a)] — T} (s}, ). which is a martmgale difference process with respect
to the filtration {]-' 71N . To see this, we have
[XC“ |J,—_-'r 1] ]EI:XCl 7'] =0

Note that | X" | is bounded by 2, and thus Azuma’s inequality implies for all h € [H] that

N
> X" < C\/Nlog(DH/¢) (30)

T=1
holds with probability at least 1 — /(D + 1). Here C' denotes an absolute constant.
Moreover, by the Cauchy-Schwarz inequality, it holds that

N
ZFC7 (shrap) < Z \/90 3h7ah>TA¢ h@(shaah) Sk NZS" Sh’ah)TAgp h‘P(Smah)

= = =1
(€29
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and by the property of trace, we have

ng Shnah @ILSD(s;7a;)

Mz

=tr () w(sh,ai) A Le(sh, ah))

3
Il
_

(32)

WE

=tr (> o(sq,ap)e(sh,af) TA})

Il
—

=tr ((Apn — ADALL)
=tr (I — Adiag(A1, Ag, .. -, )‘dz)_l)
San

where in the last equality we denote by A1, Ao, ..., Ag, the eigenvalues of A, ;. By plugging (32)
into (31) we have

N
> Tyi(sh,af) < kVAN, (33)
T=1
Combining (30) and (33)), we have
N N N
D B [T(s,a)] =) X7+ ) Tyi(sh.ap) < Cry/dN log(DH/E) (34)
=1 T=1 =1

with probability at least 1 — /(D + 1).

For term E 1 - [T1(s,a)], we follow a similar derivation. Let X = E v.- [[(s,a)] — Ti(s}, af,)

be a martmgale difference sequence with bound 2/ for each X7 . Then, }by the Azuma’s inequality,
it holds that

N
ZX,; < CH\/Nlog(DH/¢) (35)
=1

with probability at least 1 — /(D + 1). Similarly, we have

N N
th(s;,a;) < ZH/ n\/w(sg,az,s’)TAglw(s;,a;,s’) ds’
r=1 r=1 7S

(36)
N
<RSIV Y [ 0(sF.af ) TAG (o) A
T=1
and note that
N
> [ wlefa ) TA (T o) ds
T=1
N
=tr Y(sh,ah,s) A p(sh,af,s')ds
(Tz_jl/suh)h(;,) .
N
=tr (Z/ w(sﬁ,a};,3’)1/}(5};,@2,5/)TA;1 ds/)
r=1"S
<dj.
Combining (33), (36) and (37), we have
N N N
ZEHZ‘T [Tn(s,a)] = X7+ Tu(sj,a) < CkH+/dN|S|log(DH/¢) (38)
= T=1 T=1
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holds with probability at least 1 — /(D + 1).
Taking the union bound for (34) and (38)), by (29), we have

H
IntUncert 5 = 2(1 + p) ZIEW [Th(sns an) + 115 (sh, an) |l oo | 51 = 5]
h=1

H N
<21+ p) > NS (B [Tals, )] + By [IT5 (s, )] )

h=1 =1
< Csk(1 4 p)H?\/d|S|/Nlog(DH/£)

with probability at least 1 — &. Thus, we complete the proof of Corollary O

H.6 Supporting lemmas and proofs
H.6.1 Proof of Lemmal[2]
Proof of Lemma

Lemma 6 (Extended value difference (Cai et al.,[2020)). Let 7 = {m,}}_, and n’ = {r} }L, be

two arbitrary policies and let {Qn}_, be any given Q-functions. For any h € [H], we define a
value function Vi, : S — R by letting Vi,(s) = (Qn(s, "), mn(- | s)) 4 for all s € S. Then, we have

Vi) = V7' (8) = 3 B [(@nlon )y ma [ 50) = mh(-[ 50) 4 | 51 = o]

M= I

B [Qn(sh,an) — (BrVig1)(sh,an) | s1 = s].

>
Il
—

where s is an initial state.

Proof of Lemmal6] See Section B.1 in|Cai et al.| (2020) for a detailed proof. O

Applying Lemma@with rm=7F 7' =n* and Q) = Qz’k, we get

H
Vik(s) = VI (s) ZE (@it omk —mi) s = 8] + Y B [ [s1=5]. @9
h=1

Moreover, applying Lemma@with 7 =n"=7% we get

VI (8) = Vit (s) = =D B [1" |51 = 5. (40)
Since for any k € [K],
k * ok *

VI (s) = Vi'(s) = V™ () = Vi*(s) + Vi (s) — V" (), @1)

we are done by plugging (39) and (@0) into {T).

H.6.2 Projected subgradient method

Our algorithm benefits from the online projected subgradient method for the update of dual variables.
We formally state it below for compactness.

Online learning. Online learning involves two players: the adversary and the player. The online
learning protocol is shown in Algorithm 3]
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Algorithm 3 Protocol of Online Learning

1: fort=1,...,T do

2 The player chooses an action ;.
3 The adversary picks a function f;.
4: The player obtains reward f;(x;).
5

6:

The player learns via f;.
end for

Note that there is no assumption on how the adversary will pick the function f;, and it may be
adversarially chosen. The player aims to minimize the regret:

T T
Regret = max Y _ fy(x) = Y fulx1), (42)

t=1 t=1
which measures the quality of the player’s strategy =1, . .., x7 compared with the single best desicion

in hindsight.
Projected subgradient method. The projected subgradient method is a particular case of mirror

descent/ascent with Euclidean distance. Applying this method to online learning produces a regret
bound of the order O(v/T).

We suppose that the actions x; are required to be contained in some convex set X, i.e., z; € X.
Let g; € Of:(z;) denote a subgradient of f; at z; and G and R denote two constant bounds such
that max, yex ||z — yll2 < R and max;er) [|0f:(x¢)||2 < G. We set the step length 7; at the ¢-th
iteration to % if we do not know the number of iterations 7" in advance and to —£— if we have the

knowledge of T'. The latter case will leads to an upper bound with a smaller constant multiplicative
factor. With these notations, the update rule of projected subgradient method can be expressed as

1
Tya1 ¢ argmax {ft(xt) + (Nege,x — ) — §||x — xﬂ%}
zeX

We describe the complete method in Algorithm[4]

Algorithm 4 projected subgradient method

1: Arbitrarily initialize z; € X.

2: fort=1,...,T—1do

3 @ - argmaxgex {fi(@) + (g, v — a0) — gz — x5}
4: end for

By this method, the regret is guaranteed to increase sublinearly as stated in Theorem 5}

Theorem 5. Using projected subgradient method mentioned in Algorithm || it holds that for the

regret that
Regret < CRG\/T,

where C' is an absolute constant.
Proof of Theorem[5] See|Zinkevich|(2003)) for a detailed proof. O

H.6.3 Proof of Lemmal[3

Proof of Lemma|3] The model evaluation error can be upper bounded by the £-uncertainty quantifier.
We formally state it below.

Lemma 7. Under event &, it holds that for any k € [K] and h € [H],
0<if(s,a) < 2(Tp(s,a) - 1+T5(s,a)).

Proof of Lemmal7} See Appendix for a detailed proof. O
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By Lemma[2] it holds that

(647 (V) ~ V7 () =3 B [(09)7ek [ 51 = o

h=1
(i)
H
+ ZEW* [<(0k)TQZ,7rZ — 7r,§>A ‘sl = §} .
h=1

(i)
We bound these two terms above separately. For (ii), since 7” in Algorithm is greedy (see Line ,

we have (ii)< 0. For (i), by Lemmal[7] we get

H
() < 2(0%"> B [Cu(sn,an) - 1+ T (s, an) | 51 = s).
h=1
By plugging them back and applying Holder’s inequality, we have

H
0°)T (Vi¥(s) = Vi*(s)) < 2(1+ p)VD D> Ere [Ti(sn,an) + [T (sn an) | | 51 = 5],
h=1
where we notice that ||0%||; < (1 + p)v/D. Thus, we finish the proof of Lemma O
H.6.4 Proof of Lemma/7]
Proof of Lemmal[]] For any i € [D], recall that we have
f{k(s, a) = min {@Z’k(s,a), H-h+ 1}+.
Under event £, we have
Qi (s,0) =5 (s.0) + BulViil)(s,a) + Tn + T
>ch(s.0) + Ba[Vy ]

>0

where the last inequality follows from V,jfl € [0, H — h]. Therefore, it holds that Qf{k(s, a) <
@th(s, a) and
Z’k(&a) = min {@Zk(s,a), H-h+ 1}+
> min {c},(s,a) + Ph[V}Z’fl], H-h+ 1}+
=ch(s,a) + Pu[Vf]
which implies
Lﬁ;k(s’ a) = Qﬁ;k(s, a) — [C;L(S, a) + lP’thifl(s,a)] > 0.
It remains to establish an upper bound for Lﬁl’k (s,a). To that end, we have
L?{k(s,a) = Z’k(s,a) — [ch(s,a) + Py VP (s, )]
g@ﬁ;k(s,a) — [cz(s, a) + ]P’hV}ffl(s,a)]
=[¢i(s.a) + BalV;i](5.0) + Tu(s,a) + T (s,0)] = [ch(s,a) + PulV;ifi] (5. 0)]
=[I§ (5,0) — i (s,a) + T (s,a)] + [Ta(s,a) — PaVioF (s, a) + Py VioF (s, a)]
<2(Tn(s,a) + 7§ (s,a)),

where the last inequality follows from the definition of the £-uncertainty quantifier. Thus, we finish
the proof of Lemmal[7] O

S

h+1
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H.6.5 Proof of Lemmal3|

Proof of Lemma[5] In what follows, we show that {(I'7,T'¢)}/L_| defined in are £-uncertainty
quantifier for linear kernel CMOMDP.

Uncertainty quantifier for 7. We first show that I'7 is the £-uncertainty quantifier of P.

By definition, we have

Pu(s' | s,a) = (s, a,s) 0y =1(s,a, s’)TAglAhéh

N
=(s,a,s") A" (Z /5 W(sh,ap, s )Pu(s"|sh,ap,)ds + /\€h> i
T=1

Thus, by the closed form of §h in (22)), we have
Pr(s' | s,a) — Pu(s' | s,a) R
= Ph(S/ ‘ S, a) - w(S, a, S/)Teh

N
w(sva,S’)TAf(Z (/ w(S;T”aZ,s/)Ph(S'ISE,a;C)dS’w(SE,aﬁstH)))
2 s 43)

(1)
+ A Y(s,a,8) A0

(i)

For term (i), by Cauchy-Schwartz inequality, we have

‘(1)| < ||1/’(3,aasl)||/\;1 :

N
S /S (s, af o )Pals' | 57,07) s’ — (57, af, 5hen)
T=1

At
< C1R - +/dlog(dN) + log(DH/£) - Hw(s,a,s’)HA,—l, V(s,a,8') €S x Ax S, he[H

with probability at least 1 — £/(D + 1). Now we prove the last inequality of the above derivation.
To that end, we need the following lemma that generalizes the Theorem 1 in|Abbasi-Yadkori et al.
(2011) to function-valued process.

Lemma 8 (Self-normalized bound for function-valued Process). Let ) be a probability space and
{132, be a function-valued stochastic process with a filtration {G; }32,, i.e., n: : 2 x S — R. We
assume that 1, | Gy_1 is zero-mean and o —sub-Gaussian, i.e.,

E[ne(s)|Gi—1] =0, VseS,
10g]E[exp(<f,m>) (GH} <|IfI% -6%/2, Yf:S8—=R.

Let { X, }$2, be an Re-function-valued stochastic process, i.e., X; : Q x S — RY, and suppose X,
is Gi_1-measurable. We further assume that

N Xilloe < R- I X (44)

almost surely for any \ € R, Let V € R¥*? be a positive definite matrix. We define

t

V,=V+ Z/ X, (8)X,(s)" ds
r=17S
and
t
Sy = Z <X7'777'r>,5 .
T=1

Then for any § > 0, with probability at least 1 — 6, it holds that for any t > 0,

det(V,)1/? )

2 2 2
||St||7t*1 S 20. R log <5det(v)1/2
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Proof of Lemmal(8] See Appendix [H.6.6|for a detailed proof. O

We consider the filtration {F} }f’f\il defined in Assumption Then it holds that

E[dy;

Sht1

(s) [ Fr] = Pu(s'| 5T, ap).

For any f : § — R, by Holder’s inequality, it holds that (f, Px(- | s}, a},) — 67, ,)s < 2[/f|l.
which implies

logE[exp(<f,Ph(~|s;,a2) éHl ‘]:h'r}<4||fH /2.

It corresponds to the conditional 2-sub-Gaussianity. Moreover, noticing that ¢ (s}, aj, s’) is F -

measurable and both P(- | s}, a}) and 0,7,  are Fj, ;-measurable, we apply Lemma E with X, =

W(sh,al, ), nn = Pn(-]s],a}) — 6S;+1 and V = A to get

2

N
([ 9l6Fah P 57207 d' = 00T 57.0)
—s A (45)
< 8R?-log (H/p - det(Ay)"/? det(\I)~1/?)
with probability at least 1 — p/H. It remains to upper bound det(Ay,).
By Definition 2} we have
N
y Ay = Allyll3 + D (v sk ah, ).y T (sh an, ) < Ayl + dN - Jlyl3,
T=1
which implies |Ap|]2 < A+ dN, and therefore,
det(Ah) < ||Ah||2 ()\‘FdN) (46)
Setting A = 1 and plugging (6) back into (@3), we get
N 2
) ( [ #an P 5o s w<sz,az,s;+1>>
=1 S ATl
h 47

<8R?-(1/2-dlog(1+dN) +log(H/p))
< CR?- (dlog(dN) + log(H/p))

holds with probability at least 1 — p/H. Here C'is an absolute constant. By the union bound, @7)
holds for all » € [H] with probability at least 1 — p

For term (ii) in (@3), by setting A = 1, we have
|(i)] < Hw(s,a,sl)HA;l . ”‘9th1\;1 <+d- ||1/)(5,CL,S/)||A;1 (48)

where the last inequality is due to the definition of linear kernel MDP (Deﬁnition and [|[A; |2 < 1.
By plugging and @8) into (43)), we get, for all h € [H], (s,a,s’) € S x AX S,

[Pu(s'| s,a) — Pp(s' | s,a)| < CR\/dlog(dN) + log(DHJE) - ||1(s, a, s ||A_

49)
< - (5,0,

holds with probability at least 1 — /(D + 1).
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Uncertainty quantifier for c. Due to the closed form solution of @\g in (23), we have

|ch8a—’5z a)l

=lp(s,0)T (05 — 07)

N .
=|p(s,a TAW b Z o(sh,ap) — Mg b))

N : .
(s, @) A5 (D wlshan) (67 — elshan) ;) — 25 )|

=1

N . .
<|lp(s,a HA - Z e(sh.ap)(c,” — (s, ap) " 05 )HA;,lh + A||65, HA;,I»L

Following a similar argument as we did for P, we obtain a result analogous to (49),
Ieh(s,) = (s, 0| < - [, 0)ll -

with probability at least 1 — p

Finally, by setting p = £/(D + 1) and taking union bound for P and ¢’ (i € [D]), we complete the
proof of Lemma 3] O

H.6.6 Proof of LemmalS]
Proof of Lemma[§] We generalize the proof of [Abbasi-Yadkori et al| (201T) as follows.
Lemma9. Let A € R? be an arbitrary vector and

SO Xy IATXS 3
Mﬁ:exp[2<< ) TR

T=1

Let T be a stopping time with respect to {G;}32,. Then M% is almost surely well-defined and
E[M3] < 1.

Proof of Lemmal[g] We first show that {M;*}3° is a supermartingale. To see this, we have

AT Xm) AT X3

]E I:Mt)\ | gt*l] = Mt>\—l . ]E exp( 02R2 9 ) gt1‘|
A IATXe 2 IATXE
<M, -E {GXP( IR2 - oR2 Gt1

_ A
=M.

where the inequality is due to the conditional o-sub-Gaussianity of 7, and the condition in (]Z_Z;D It also
implies E[M}] < 1 for any ¢ > 0. By martingale convergence theorem, with ¢ — co, M;* almost
surely converges to a random variable M2 with finite expectation, and thus M3 is well-defined
almost surely. Applying Fatou’s lemma, we have

E[M} =E [ligiogf M%M} <liminfE [M7,,] < 1.
O

Lemma 10. Ler T be a stopping time with respect to {G:}72,. Then the following holds with
probability at least 1 — §

det(V )1/2
2 2 p2
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Proof of Lemma[I0} For notational simplicity, we assume o - R = 1. We define

= $)X,(s)" ds
Vt—;/SXT()X()d

and therefore V; = V; + V. Then we can write M} = exp(ATS; — [[A[[},/2). Let A be a
R<-valued Gaussian random variable with covariance V~! and that it is independent of {G;}5°.
Let M; = E [M}| G| where Goo = o(cupi2(G;). Let g denote the density of A and v(A4) =

Jexp(—x " Az/2) dz = /(2m)9/ det(A) for any positive definite matrix A.

Then, we have
Mi = [ exp(378: = AR, /2)a(0)
= [ (A= VSR 2+ 11 -1 /2)a(0) (50)
=o(V) " exp(|Si]2,1/2) - / coxp (= (1A= VS, + IAIR) /2)
Note that

— ——1 —
N =V Sul, + I = 1A = Vi S, + IV Sl = 11825,

7 la 2 2 2 D
= A=V Sillg, + 1Selly- = [1Sell5--
By plugging (51)) into (30), we get
_ —=—1
My = o(V) " - exp (I1S0121/2) /R exp (— A -V, )2 /2) da
_ v(Ve) 2
= U(V) - exXp (||St||7;1/2)
= \/det(V)/det(V) - exp (||StH2V;1/2)-
Hence, we have
det(VT)1/2
2
IP’(HSTHV; > 2log (W)> =P(5- My >1) <E[5- My] <6,
which completes the proof of Lemma|[I0] O
We construct a stopping time as below.
_ det(V,)1/2
— . 2 t
Then, we have
et (V1) 1/2
]P’(Elt > 0,152 > 2log (W))
=P(T < o)
et(V)1/2
—P(I5r1%. > 210 (355857 ). 7 < o)
de &V 1/2
< (150l > 2108 (5527
<4,
which completes the proof of Lemmalg] O
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I Experiments

Experiments are conducted on tabular CMOMDPs as follows. We define the constraint set as
W* = {z € RP : ||z||2 < 1} for simplicity, and one can verify that it satisfies Assumption
The transition kernel P and cost function ¢ are generated uniformly at random from [0, 1] (and
we conduct normalization for P). We make the cost deterministic for simplicity. In addition, we
set Pr(so | s0,a0) = 1 and ¢ (s0,ap) = 0 for a certain state action pair (sg,ag) € S x A for all
h € [H], and the initial state is set to so. The intuition here is to ensure that the optimal policy, which
always takes action ag, achieves zero total cost and zero constraint violation for simplicity. The
dataset is generated by a uniformly random experimenter, i.e., it picks a € A uniformly at random at
each step. Hyperparameters are listed in Table[T]

Table 1: List of hyperparameters

Hyperparameter Value
H: horizon 5

D: dimension of cost function 6

|S|: cardinality of state space 5

| A|: cardinality of action space 5

|D|: dataset size 50000
K: number of iteration of PEDI 100

d: confidence level 0.9

7: step length 0.01
v: scaling constant 3

In our implementation, PEDI estimates the transition and cost functions by the empirical mean,
ie., Pu(s,a) = nu(s,a,s') /nu(s, a) and i (s,a) = fi(s,a)/nu(s,a) fori € [D] where ny (s, a)
is the number of visits to (s, a) at step h and f;(s,a) is the sum of the i-th cost incurred in the
dataset when visiting (s, a) at step h. We construct the Hoeffding-style uncertainty quantifiers, i.e.,
I7(s,0,5') = /log(H|S|AS]/8)/ (21, (5, ) and T = +/log(2DHISIAI/8)/ (2 (s, a))-
We can verify that they satisfy the definition (Definition [J).

We conduct experiments to see how PEDI converges to the optimal policy with different preference
functions: quadratic functions, polynomial functions, and their combinations.

Quadratic Functions. Suppose the interplay of cost functions can be modeled by a positive definite
matrix A, a vector b and a constant ¢, i.e., the preference function is defined as

1
g(z) = ixTAx +b x4+,

where A is positive definite. For simplicity, we assume b is the zero vector and ¢ = 0. To guarantee
1-Lipschitzness, it suffices to restrict the spectral radius A\p,ax. In particular, we require \pax(A) <
1/(2HD'/?) since [|0,9ll2 = ||2Az|l2 < 2Amax(A)H D2, For the convex conjugate, we can
verify that g*(2*) = $(z* —b)TA~(2* — b) — ¢ = $2* A~ 12", In the numerical experiment, the
matrix A is randomly generated with the mentioned spectral radius requirement. The results are given
in Table 21

Table 2: Results of quadratic preference functions

Iteration k& Suboptimality =~ Constraint Violation
1 0.067 0.880
2 0.505 4.007
3 0.067 0.880
4,5,...,100 0.000 0.000

As we see, it converges to the optimal policy in mere four iterations and stays optimal permanently.
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Polynomial Functions. Suppose the preference function is polynomial, i.e.,

D
g(x) = ch|xl pi,
i=1
For simplicity, we assume p = p; = p; andc = ¢; = ¢; forany 1 < 4,5 < D. To en-

sure 1-Lipschitzness, it suffices to set ¢ = 1/(pHP~'D'/?) for all i which results in ||0,g2 =
cprP~1D'/2 < 1 for z > 0. Then, we have g*(¢*) = Y12, % where zlz + % = 1. In the
numerical experiment, we set p = 2. The results are shown in TableE}

Table 3: Results of polynomial preference functions

Iteration k& Suboptimality ~ Constraint Violation
1 0.165 1.009
2 0.139 0.844
3,4,...,100 0.000 0.000

As we see, it reaches the optimal solution in only three iterations.

Combination of Quadratic Functions and Polynomial Functions. We consider more complex sce-
narios where preference functions are combinations of quadratic functions and polynomial functions,
ie., g(z) = g1(21) + g2(x2) with
1 o
gi(z) = §$TA$ +b', g2(x) = z;czkﬂz
i—
Here * = (z{,79 )" with x; € RP1, 29 € RP2 and Dy + Dy = D. Itis clear that g*(z*) =
g1 (x7)+g5 (23). In experiments we set D1 = Dy = D /2. Moreover, we impose similar requirements
and restrictions as we did previously to ensure 1-Lipschitzness. The numerical results are in Table
[l which show that the suboptimality and constraint violation decrease as the number of iterations
increases, and PEDI finds the solution in nine iterations.

Pi

Table 4: Results of functions that are a combination of quadratic functions and polynomial preference
functions

Iteration k Suboptimality Constraint Violation
1 1.517 6.033
2 1.490 6.000
3,4,5 1.438 5.864
6 1.333 5.609
7 0.811 4.152
8 0.093 0.884
9,10,...,100 0.000 0.000

The following two remarks discuss (1) possibilities to handle other (even more general) preference
functions and (2) some practical variants of PEDI for application, which is left to future work, as this
paper is mainly theoretical.

Remark 1 (General Preference Function). In addition to the above demonstration, PEDI is also
easily applicable to preference functions from many function classes such as exponential function,
logarithmic function, and entropy function. Even when the exact expression of the preference function
g is not good or even unknown, PEDI applies as long as we can approximate g* by some numerical
methods, say, by directly approximating sup,, ((z*, z) — g(x)), which is the definition of the convex
conjugate. To obtain the subgradient, we can use certain techniques such as numerical differentiation.
Remark 2 (General Planning Algorithm). For a real-world application, the pessimistic planning
(PESSPLANNING, see Algorithm/[I)) may seem too heavy. It can be replaced by any algorithms as
long as it approximately produces the desired policy 7" and a pessimistic estimation of the value
functions V'* at each iteration. For example, we can apply policy iteration algorithms or even any
neural network-based approximate algorithms.
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