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A Lower Bound on Model Selection for Stochastic Environments

Considering a simple multi-armed bandit problem suffices to prove that in stochastic environments
with gap A it is generally impossible to obtain model selection guarantees of the form

R*(IL;,)log T
A .
Theorem 6. Let K1, Ko € Nwith K1 < Ko and let A € R be fixed. Further, let ¢ : N — R be an
arbitrary function over the real numbers. If (K1) < Ko — K3, there is a class of Ko multi-armed

bandit problems with one optimal arm and gaps in [A,2A] and a Ty € N such that the following
holds. For any algorithm A and for all T > Ty, there is a problem instance such that

D INT  if the optimal arm a*
ptimal arm o* € [K1]

E[Reg,(T)] > K.

[Reg, ()] {0(2)1111 otherwise .

Remark 7. The proof below actually shows the following stronger version

By if the opti *
ptimal arm a* € [ K3
E[Regy (T)] > { (5, ey , =
1 F2=%1 otherwise .

This shows that if we aim to obtain an instance-dependent logarithmic regret bound that only scales
with K1 when a* € [K1], then we cannot recover sublinear regret for Ko > Ky when a* ¢ [K1].

Proof. We will show the statement for K; = 1 but it can be trivially generalized to K; > 1. The
rewards of all arms and in all instances are drawn from a Gaussian distribution with variance 1 but
different means. We denote by £ the mean reward of arm j in instance ¢. We identify each bandit
instance in the family by its mean rewards p;. They are given by

i = [A,0,....,0] fori = 1 (6)
pi = [A,0,..., 2A,0,...,0] fori > 1 7)
i’th pos

Thus, arm ¢ is optimal in instance ¢. Consider any algorithm A and assume it violates the lower bound
for the case where a* € [K1], i.e., in the first problem instance,

c(K1)log(T)
A

holds for some 1" > T{, (we will specify T} later). Otherwise, the statement is already true. We
will now show that this algorithm has to satisfy the regret lower bound in one of the other problem
instances for 7'. By definition of 11, we can write the expected regret as

E [RegA(T7 ,ul)] S

K>
ERegy (T, 1) > 24 Y Eq([T(T)]
i=K;+1
where T;(T') is the (random) number of times A has pulled arm ¢ up to time 7. E; and P; denote
the expectation and the probability distribution induced by algorithm A in instance j, respectively.

Consider now a problem instance i € argming, ,<;<s, 1 [T3(T)]. As a consequence of the
previous two observations,

(K, - Ky [B(n)] < LD
hence "
Eq [T(T)] < ﬁ .

By the divergence decomposition [20, Lemma 15.1],

(28)° _ e[y log(T)

KL Py, ;) = 1 [(D)] "5~ < ¢

(2
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Define the event & = {73 (T") < Z}. Notice that,

T c(Ky)log(T
AP, () < Ey Reg, (1) < V080
which implies,
2¢(K) log(T)
< — 7 =2 7
Pi(€) € =57 )
By the Bretagnolle-Huber inequality,
c(Kq)
1 c(Kl)log(T) 1 1 Ko—Kj
P P- (&) > = | == | =
L)+ P(e) 2 gowp (- HED) D ()T

and by combining the last two inequalities, we can lower bound PP; (£€) as

c(Ky)
. 11\ %51 2¢(Kq)log(T)
. > (= Ve
(€2 5 (1) o7

Since E- Reg, (T, ii7) > LAP- (£°) this implies,

E; Reg, (T, 117) > 5\ 7 —T'T R — oK) log(T) -

c(K7)
TA (1 (1\% K 2(Ky)log(T) | A,y ey
2 AT 4

By setting T} sufficiently large as a function of A, Ky, K5 and ¢, we can conclude that

A Ky A Ky Ks)log(T
E; Regy (T, p17) > ZTl K- Ki — c(Kq)log(T) > ng oK > % .
Specifically, it suffices to set T as the smallest value of 7" that satisfies the last two inequalities in the
display. This shows that the lower bound holds at time 7" for problem instance . O

B Examples of h-Stability and Extendability

This appendix shows examples of h-stability and extendabilty. The first example, contained in Section
B.1, is a variant of the Geometric Hedge algorithm from [7]. We sketch a second example in Section
B.2, where we deal with a high probability variant of the Exp4 algorithm from [6].

B.1 Geometric Hedge for Adversarial Linear Bandits

Let us start by introducing a weighted version of the Geometric Hedge Algorithm that satisfies the
h-stability condition of Definition 2. We consider the setting where the action A C R? is finite (but
potentially large). We denote by a; and w; the learner’s action selection and the adversary’s reward
vector at time ¢, respectively. The associated reward r; = a, w; is assumed to lie in the interval
[—1, 1]. Moreover, let § € (0, 1) be a probability parameter and set for brevity 6’ = %.

The algorithm, an anytime variant of the Geometric Hedge algorithm from [7] with John’s ellipsoid
exploration (e.g., [9]) is detailed in Algorithm 3. We call the algorithm Anytime Weighted Geometric
Hedge. The algorithm takes in input the set of actions .4, the failure probability J, and a weighting
probability p € (0,1] which will play the role of an importance weight. As is standard, the
algorithm maintains over time a distribution p; over A, which is itself a mixture of an exponential
weight distribution ¢, and an exploration distribution pg. The exploration distribution pg is defined
beforehand to be the John’s ellipsoid distribution associated with A (see [9] for details). As in
Geometric Hedge [7], the algorithm builds a covariance matrix 3; by computing the expectation of
aa' where a is drawn according to the current distribution p, over actions.® Then, the algorithm
samples a Bernoulli random variable b;, and computes an (importance-weighted) unbiased estimator
@, of wy, which is plugged into the (biased) reward estimator 7 (a) that the algorithm associates with
every action a € A. The factors 7;(a) are those that determine the exponential update of distribution

DPe-

8In this section, we denote by ;1 the o-algebra generated by all past random variables up to, but excluding,
the random draw of a; (so that p; is F¢—1-measurable).
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Algorithm 3: Anytime Weighted Geometric Hedge.

Input: Action set A, failure probability J, weighting probability p € (0, 1].
Initialize wi (a) = 1, W = |A] and q1(a) = 1 foralla € A
fort=1,2,--- do

Compute sampling distribution

Wt (a)
Wi

pi(a) = (1 — v)q(a) + pe(a) where g;(a) = 9)

Adversary generates reward vector wy

Sample action a; ~ p;

Observe and gather reward r;, = alﬁT wy

Build covariance matrix X; = Ea~,, [aa’ |F_1]
Sample b; ~ Ber(p)

mZ;lat

Compute unbiased reward vector estimator w; = by :

Compute the reward upper bounds

In(12£2/6")

A4
dt ac A

ma)=a'®, +2a'2; a
Update distribution

t
wH_l(a) = exXp (Ut+1 Z ?g(&)) Va € A (10)
(=1

Update normalization factor W1 = >, 4 wii1(a)

Remark 8. For simplicity, the algorithm is formulated for the case where the action space A is
finite. When A is infinite, we can still formulate an algorithm that applies to a e-cover of A that is
restarted at exponentially increasing time-steps to = 1,2,4,8, ... .. At the beginning of each epoch,
the covering level e is set to O(1/tg) so as to obtain an anytime algorithm. A very similar bound to
the one in Theorem 10 is obtained, where | A| therein is replaced by | A, /4|, Ay )¢ being a 1/t-cover
of A w.r.t. the infinity norm.

Remark 9. Notice that we are using the fact that 3, is invertible for all t. This is no loss of generality,
as we can always assume that A spans the whole d-dimensional space (if this is not the case, we can
project each a onto the space spanned by A and reduce to this case). Combined with the fact that,
for all t, distribution p, assigns a nonzero probability to each action, this implies that the expectation
3 =Eanp, [aaT|.7-"t_1] must be full rank.

B.1.1 h-Stability

Setting the mixture factor +; and the learning rate 7, appropriately, we can prove the following regret
guarantee for Algorithm 3.

Theorem 10. Let the Anytime Weighted Geometric Hedge Algorithm be run with

0 oV . din|A/Inf 1
Ne = ) 7t = min 1 a9
d+ \/%/plnmung P

and p € (0,1]. Then with probability at least 1 — §(3 + 2d?), simultaneously for all t, the regret
Reg(t) after t rounds can be bounded as

ldtn|A| ¢ t Al t\"* (1Yt 1 ¢
t) = ——— In— 1 In—1Int In - A= —In- | .
Reg(t) (9( P n6+pn|A|n6n +( 7 B3 P +pn6

In the above, the big-oh notation only hides absolute constants.
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Hence we have the following corollary.

Corollary 11. Let the complexity R(II) of the policy space 11 be defined as R(II) = /d log | A|.
Then with the same assumptions and setting as in Theorem 10, the Anytime Weighted Geometric
Hedge algorithm is h-stable in that, for t — oo and constant p independent of t, its regret Reg(t)
satisfies

Reg(t) = 0O <R(H) %ln 2) ,

with probability at least 1 — 6, where the big-oh hides terms in t which are lower order than \/tlogt
ast — oo.

B.1.2 Extendability

The extendability of the Anytime Weighted Geometric Hedge algorithm is easily obtained by simply
observing that, since A4 C R?, we can extend the dimensionality d to d + k. Then we extend each

a=(ay,...,aq) € Atoa’ = (a1,...,aq,0,...,0), and add k new actions b; of the form
——
k Z€eros
b; =(0,...,0,0,...,1,...,0)
—— ——— ——
d Zeros  position ¢
fori = 1,..., k. Denote the extended policy space by .A’. Consistent with this extension, any policy
m in the original policy space II has to be interpreted as a probability distribution in A 4/, whose
last k£ components are zero, while the k extra indicator policies 1 {b1},...,1{by} are degenerate

probability distributions in A 4/, where 1 {b;} places all its probability mass on the (d + 7)-th
component. Finally the adversary reward vector w; € R? turns into the (d 4 k)-dimensional vector
w, € R4k where the first d components of the two vectors are the same, and the (d + i)-th
component of w;, is simply the regret generated for the i-th extra action b;.

B.1.3 Removing an Individual Policy For Best of Both Worlds Regret

For the best of both worlds regret in Section 5 we adopt the following view. Here, each policy
corresponds to a single action a € A, i.e., the policy space of the learner is IT = {1 {a}: a € A}
In this case, the random draw of a; ~ p; is interpreted as a random choice of policy. Note that this
view does not impact the regret guarantee and is consistent with approach for extendability above.
This view is necessary for a positive gap to be possible and removing a certain policy can be easily
implemented by removing the corresponding action.

B.1.4 Proofs

We work under the assumption all the rewards 7; have values between —1 and 1:

Assumption B.1 (Boundedness). The true rewards ry are bounded in that Va € A and ¥Vt € N we
have |a”w;| < 1.

For all a € A, define

_ ~ N =)
7(a)=a'®, where @ = btw .

We will use the notation E[-|F;] to denote the conditional expectation where the sigma algebra F;
is generated by the random variables (w1, b1,a1, -+ ,wi—1,bi—1,a:1,ws, by, a). Let F; be the
sigma algebra generated by (w1, b1, a1, ,ws—1,bi—1,8:—1,w;). Observe that &y, 7;(-) and 7(-)
are F; measurable, X; is F;_1 measurable, £ [&M}T] = wy and E [by|Fi—1] = E [bt|}"t_] = p.
When considering £ [ |]-'t_] , the expectation is over a;, b; holding w; fixed. Every time we consider an
expectation of the form E, .., [?t(a) |]—'{} , Eacp, [Ft(a) \}T] Eanp, [Tt(a)|Fi] or Eanp, [T2(a)|F]
the random variable a is a sample from p; conditionally independent from a; given F; or F; .
Moreover, for notational simplicity, whenever possible, we will omit the absolute multiplicative
constants, and instead resort to a big-oh notation.
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Lemma 12. Let J
sup aTEflb < @ , (11)
a,becA Yt
Sor some function ¢(-) whose value will be detailed later on. Then for any fixed a € A andt € N the
following holds:

3. Eaep, [’é (=, ‘}‘t 1} - and  Ea.,, [’aT (Et)’l'é’}'{} —d;

4. E[f(a)| 7] < L

Proof. Ttem 1 simply follows by recalling that 7;(a) = bt% with |r;| < 1. The condition
from Equation 11 then implies the result. Item 2 follows from the same condition. Item 3 follows by
observing that
Eanp [8" (£4) 7 & Fi-1] = Bany, [tr@ =71 Fiot] = tr (Bawy, [22]371) = d.
Item 4 follows from the definition of 7;(a). In fact, for any fixed a, we can write
. _ 1 - - _
E[fi(a)| F ] = ?EthBeF(P)aavat piria’ (20 aal (Z) al F ]

1 _
= anm[rQaT (2¢) 1atat (34)~ a|]:t_}

p
1 _
< ;anm @ (30) " aal (30) al F ]
1
= ; T (Et) Et [atat ] (Et)
1 _
=-a' (Et) 'a )
p
where (4) holds because |r;| < 1. O

This allows us to prove the following version of Lemma 5 in [7],

Lemma 13. Let {a,}72 | be a sequence of deterministic nonnegative weights satisfying oy < 1 for
alll € N. Let §' = ﬁ. Then with probability at least 1 — §, simultaneously for all a € A and all
teN,

t
dt
Zam Z ( ;m(S +Btln5> , (12)

where By = maxy<; C(pgj‘ + .

Proof. Fix a € A, and recall the definition of 7(a) in Algorithm 3. Define M;(a) = aya'w; —

ay7¢(a), and notice that {M;(a)},—; 2, .. is a martingale difference sequence. Using Lemma 12 (Item
1), along with Assumption B.1, we see that

e(d)oy
PVt

Let Vi(a) = >°,_, Var[M,(a) | F, ] be the sum of conditional variances of variables M;(a). Using
Lemma 50 we see that with probability at least 1 — ¢’, simultaneously for all ¢,

t
Zam ZZ a'wy — (,/vfln(S +Bf1n5> . (13)

/=1

[Mi(a)] <

+O[t.
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Since Var[M;(a) | F, ] < E[M?(a) | F, | < o?E, [F?(a)], by Lemma 12 (Item 4) we can write

Vi(a) < | Y afaT (3) 'a

IN
N
sl

Q
=N
o
4|
S|y
o
~_—
| &

IN
N | =
VR
‘H
Q
N0
o
_'
—~
™
&~
N—
iR
Y
‘&
~
N——

the last inequality being the arithmetic-geometric inequality v ab < %(a + b). Substituting back into
Eq. (13) gives

t t 2. T -1
~ T Yoeiazal (3 Ta dt t t
;:1 ary(a) > ;Il ara wy — O << N + ; lny + B, lny

with probability at least 1 — (5’ for all ¢ € N. Since the function g(t) == — s decreasing for all

t > 1 we conclude tha d(,
condition oy < 1 we see that

a’ (3, 'a 1 a (%) 'a t ,al (B 'a t
WT In— > WT In— >0 ——F— lny ,

and therefore

t T -1 t T -1
. a' (X)) "a ¢ . a' (X)) "a t
ZZE . Oé["[(a) + Q(W In = Z E Ozﬂ'g(a) + QZW In y

with probability at least 1 — ¢’ for all ¢ € N. The result follows by taking a union bound over all
ac A O

In particular when all weights oy = 1 Lemma 13 implies the following.

Corollary 14. With the same notation as in Lemma 13, with probability at least 1 — 0 simultaneously
foralla e Aandallt € N,

Zm ZZ wy — ( (Ilgtl 5—|—Bﬂn§>7

where B, = max <, % + 1.

We now proceed to upper bound |7;(a)|. This will inform our choice for learning rate 7;.

R(a)] = 0 (42 4+ (-4 n ).

Lemma 15. Let §' =

Proof. For each a € A, we can write

~ B N al (Et)fla t
[re(a)| = O <|7"t(a) + 7\/111 5,>
_of@ N

O(P% * <%\/pd : ))

the last inequality holding as a consequence of Lemma 12. O
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For the analysis of exponential weights, we will insure that |n;7;(a)| < 1 for all a and ¢. This imposes
the restriction of the following form

n=0 d -0 P . (14)

c(d) c(d) c(d)
7-“ (m pln%) C(d)"‘ \/7 pln 57

We are now ready to tackle the anytime high probability regret guarantees for Algorithm 3.

Lemma 16. Let the condition in Eq. (14) hold with a nonincreasing sequence of learning rates 1.
Then foralla € Aandt € N

oA < F E )| F
> <1+ +;1—w< e [7o(@) + 10 (7(@))* | 2] = eBannto) [Fe@)|72])

Proof. Recall that

-1
wy(a) = exp (m Z ?p(:i))

=1
and Wy = > ., we(a). Let us also define

-1
w, (a) = exp (77@—1 > ?é/(a)>

=1
and, W, = > 4w, (a). Moreover, set for brevity A, = In <%> We can write
Wiia
W
¢ ~

D acA OXP (77@ D=1 Tr (a))
- -1 ~

2acA OXP (W Dy e (a))
= Z qe(a) exp (nere(a))

acA

<1+ q@mnei(a) + g(a)n? (7 ()’
acA

exp(Ay) =

the last inequality holding because ¢ < 1+ z + 2% whenever |z| < 1. Taking logs and using the
fact that In(1 + z) < x yields

Ar <oy a(@)Fe(@) + q(a)me (Fo(a)?
acA
(2) pg(a) ~ 9
< W;qe 1_7/74 (Te(a))
@) W Z pe(a)Fo(a) + pe(a)me (7e(a))? — yepr(a)T(a)
aE.A

where (4) follows because ¢y(a) < % and (i¢) because py = (1 — v¢)qe(a) + yepr(a). Hence

> pe(@)Ti(a) + pe(a)ne (7o(a))? — vepe(a)ie(a) . (15)

acA
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Now, define the following potential

o in ()

acA

Notice that by de L'Hopital’s rule, this implies lim,, o ®¢(n) = ®,(0) = 1 for all £. Let o = 0. We
have

1+Z—1 (

— e

> = ®q(no) + Z Dy11(ne) — Pe(ne)

(=1

= (Z (Pe(ne-1) — q’ﬁ(W))) + ®rpa(me) -

=1

Next, we now show that for all ¢ the function ®,(n) is an increasing function of 7. To this effect, let

pl(a) = Za,ng;i: ;, i:;; (;)/)(a/))_ Observe that the following relationship holds,

, 1 ZaEA {Ze/ LT (a )} exp ("7 Zﬁf—ll Te (a))
wel) = (lA agat g (UZ "l )) " ZaeA exXp (77 Ze' 1 Ty (a ))

-1
~ Xt (1w - (g T (15w ) ))
acA =1 a’eA =1

= FKL (p/, Uniform(A))

>0,
where KL(-,-) denotes the Kullback Leibler divergence between the two distributions at arguments.

Since we are assuming 7, < 1y_1, this implies that ®¢(ny—_1) > P¢(n,). Thus,

L+ Z *1 ( Hl) = <Z (Pe(ne—1) — ‘M(W))) + @1 () = Prpa (). (16)
(=1

Combining (15) with (16) gives

=
<130 T D pe@)T@) + pe@)e (@)’ — vepe(a)iia)
=1 acA

Since for any a € A the potential ®;1(n;) satisfies,

©o1 () = — ( Zexp<mzre ))2 t

ae.A

M

~
~+

LT T T ) + pe(a)n (Fo(a))° — veps (@) (a)

The claimed result now follows by simply observing that

>~ pe(a)Fe(a) + pela)ne (Fo(a)® = Bavy, [Fi(a) + e (e(@))* | 7] -
acA
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In the sequel, we shall impose the restriction
€(0,1/2], a7
holding for all ¢, so that ;— < 2 and 5 "“ - <1

To get a high probability anytlme bound startmg from Lemma 16, we are required to prove high
probability bounds for each of the terms I, IT, ITT and I'V defined below:

{=1
1

11— Eanp, [72()| Fe]
;1—w a~pe [Te(a)]Fe]
t e

HI= Y " Eay, |(e(a)* | 7]
=

e ~
IV = =3 = Bavp ()| 7]
=1

We proceed by (upper or lower) bounding the four terms above in turn.

Bounding term I. By Corollary 14 with probability at least 1 — ¢ foralla € A and all ¢ € N

simultaneously,
t
_ dt c(d) t
I> Tw,—0(/—=In— — ~—4+1)ln—| .
—e;a - (V 5’ <r?3tx e > ' 5/>

Let us denote the event where this bound holds by &;. The preceding discussion implies P (£1) > 1—9.

Bounding term IT. Recalling the definition of 7 (a), we can write

t
1 -
=3 =, By (@) 72

~ 1 d 4
T g e IO (u—w o\ <5)>

i1 dt
<
<5 B )IFeHO( @)) , 13

where (i) follows from Item 3 in Lemma 12, and in (ii) we have used —— 7 <2,In (f) <In(%),
along with 2221 \/; < 2/dt .

We are left to prove a high probability upper bound for Y,_, ﬁEaNm [Fe(a)|Fe] which we
achieve through the following Lemma.

Lemma 17. With probability at least 1 — § for all t € N,

t t
1 dt .t c(d) t
E T WEaNM a)|F < E ( ; In 5 + rilgtx ( + 1) In 5) .

{=1 =

23



Proof. Let a; = Ea~p, [a|F;] where the samples a ~ py are conditionally independent from a,.
Observe that
t t

1 = 1
> mane [Fe(a)|Fe) = ?WE&NPZ W/ a|F] =

-~

=1 =1 =1
The proof of this lemma follows closely the proof of Lemma 6 in [7]. Consider the martingale
~T —
difference sequence Y; = %{Y;” with respect to the filtration {F, }72,, where we recall that

Wy = bgMEzi/flw, The process {Y}9°2, is a martingale difference sequence w.r.t. the filtration
{F, 12, since B (@] a| F, | = w/ ay = E[r¢|F; ], and therefore E [&, a, — r|F, | = 0.

The conditional variance of Y, can be bounded as follows:
_ 2 _
Var [Yo|F; ] = E | (v)° |7 |
E [ (@7 8 — o)’ |77 |
(1 =)
(1)

< AR [(agrag)z ‘f;]

i) 431 Y 1g
(<) 432212 ay

p
(49) 4Barp, (a7 Al Fi ]
- p
(iv) 4d
p Y

where: (i) holds because E {(@;ég - w)Q \}"[] <E {(@;55)2 |]-"[} and = < 2; (ii) is a
consequence of Item 4 of Lemma 12 (treating a, as a fixed vector); (i¢) holds by Jensen’s inequality;
(iv) holds by Item 3 of Lemma 12. Thus, Var [Y;|F; ] < 24

As a consequence, Y_,_, Var [Y;|F, | < 44, Furthermore, |Y;| < 2;@ +2by Item 1 in Lemma 12

and because L < 2.
—Ye

We are in a position to apply Lemma 51 (setting therein V; = 4“ and By 2;2(? + 2) to the
martingale differences sequence {Y7}7° . Rearranging terms this glves the claimed bound. O

Denote by &1 the event where the bound of Lemma 17 holds. By the previous result we have
P (&) > 1 — 6. Lemma 17 along with |ry| < 1 for all ¢ (see Assumption B.1) together imply the
following.

Corollary 18. If &y holds then

t
dt .t C(d) t
Eanp, [Te(a)[Fe] < Zz+2w+(9< p1n6+r?g§g<+1>1n5> )

t

S

= P
Proof. Since 1— -1=
t t
Sy
= e 4 e
And from [r¢| < 1and = <2,
t t
Zl W:ZT“LQW’
=1 =1
thereby concluding the proof. O
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Finally, (18) and Corollary 18 imply that, in case &y holds,

t
dt c(d t dt
II<ZT¢—|—2W+O<U ln5+ Z<t <p(w)+1>ln(5 1 <(5’>> )
=1

Bounding term III. By definition of 7;(a), the fact that ﬁ < 2, along with the inequality
(a+b)? < 2a? + 2b2, we can write

¢ ‘ Aln (12@

e ~2 = 2 ) Ty-1 2’
27 B [HIF] < D ey, | (@) + — 7= (a5 a) |72

= 2477£Ea~p[ [ Te(a ’-7'—2]

A
(a's7'a)’ n (£)
pdl ‘F o

t
+0 (Z W]anm
B

(=1

We proceed to upper bound A and B separately. Let us start from term B. We have

t ya £
B? o <Z Man:z [aTs; 1a ) ) Z <7756d1n(5’)> .19

P plrye plye

where (i) follows from Item 2. of Lemma 12, and (i¢) follows from Item 3. of the same lemma.
Notice that this upper bound holds deterministically. Let us now turn to handling term A now. We
use a similar argument as Lemma 8 in [7].

Lemma 19. With probability at least 1 — § simultaneously for all t € N,

A=0 ZM-F n()zm + max (d)’”lg . (20)

1 1 Yep? P*ve

Proof. Recalling that &, = bngziﬁ, we first observe that

E pe we aa wg

acA

=) (Z pg(a)aa—r> Wy

acA

Eavp, [ (Fo(2))? | 7]

?bi al 5!
= E 242 ay
p?
T’Zbg _ _
= 722 a, 5, '5,5; ay
bgaZEglag
IS
Summing over ¢ and multiplying by 47, yields
4
A< Z ”‘bfal 5, lay .

Now, Item 2 of Lemma 12 implies the magnitude of each of the terms %bgaz EZlag is at most

4C(d)?7e

pert Moreover, Item 3 of Lemma 12 implies that for each term the conditional expectation
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E %bga X, ag‘}' ] equals 4"”1 . As for the conditional variance, we can write

2
Var[p bea ;e - 5| 7 ] Os [1f (a7 2 )’ |77

Yep
(i) 16n7c(d)d
Yep?
where (i) follows from Item 2 in Lemma 12, and (#4) is from Item 3. An application of Lemma 51
concludes the proof O

We denote by Errr the event where the bound of Lemma 19 holds. By the previous result, P (Eprr) >
— 4. Thus if &p11 holds, Equations 19 and 20 imply,

t
Il = 5:21 %anpz [7:? (a)]

: ¢ ¢
d)dIn (5
Zmd+ ( > njc( XC(ZZ)W 1DE+Z77£C( )dln ()
P =1 s g

Pt wp P — plye

Bounding Term IV. Define supp(pg) = {a € A : pg(a) > 0}, and recall that

VoY S

Ly
Let a be any action in supp(pg ), and set in Lemma 13 oy = that with probability
atleast 1 — 6,
Loy : dt. t (cd)
0 T
Zl_wm(a) Zzl—wa w(9< ?hler < P +1> lné/>
=1 =1
t
dt c(d) t
>—2Zw—0< ! ( | 5,)
=1

the last inequality following from |a"w,| < 1 and = < 2.

A simple union bound along with the fact that ZaESupp(pE) pe(a) = 1 implies that with probability
at least 1 — |supp(pg)|d

t
|t c(d
IV§22w+O< ZIn 5,+((p)+1)1 5/) .
/=1

Similar to before, we denote by £y the event where this bound holds. By the previous result
P(&rv) > 1 — [supp(pg)|d.

Putting it all together. We plug the bounds so obtained on I — I'V back into Lemma 16, collect
common terms, and overapproximate. We obtain that, when & N &1 N Er N Epv holds,

t ¢
- In(.A) dt c(d) nec(d)dIn (§)
E alwy—r) =0 + —ler <+1 +§ E AR\ )
P (B e =) < e o' P =,
o2
ned t npe(d)d C(d) t
2,y <5> 2 g g

= P> Ve
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4
with ¢/ = \AI

Now, recall the restriction on 7; as in (14). In order to fulfill this requirement, we set

O Pt

o(d) + <2, [pln| Al n &

N =

This gives

t
1 1

S (aTwe - ) = o LA fo AL ) L (SD ) A £
P dt d <t \ pye )

t t ¢ t

In|A|In (%) ~Yed dtln|A|  12¢2

E E il b el ¥ VA § e Bl L 1 P L
+2:1W+e:1 +e:1 o )+ P i

We now set y; so as to satisfy (17):

. c(d)ln|A\ln§ 1
~¢ = min i '3

Under the assumption that ¢(d) > d (see below) this gets

¢
Z (aTw, — 1) (U d)tIn ‘A| + pln| A 1n dtn |A|
{=1
In |A| EA
+<c(d) n5> t p pln5 .

Now, from [9] (Ch. 5 therein), it is known that with John’s exploration, the smallest eigenvalue of
3, is at least 27, so that the function c¢(d) in Lemma 12 is < d. Moreover, the support of John’s
exploration distribution has size at most d(d + 1)/2 + 1 < 2d?. Combining with the last displayed
equation, and taking a final union bound so as to make the events &t, &1, €111, and Ery jointly hold
concludes the proof of Theorem 10.

B.2 Exp4 algorithm for finite policy classes

Consider now the case of the Exp4 algorithm from [6]. The algorithm operates with a finite set of
policies II. An anytime high probability regret guarantee for a biased version of Exp4 can be derived
by following a similar pattern as in Section B.1, but it can also be derived, e.g., by modifying the
high-probability analysis for Exp3 contained in [25]. The proof is omitted.

Corollary 20. Let the complexity R(II) of the policy space 11 be defined as R(I1) = +/|.A| log |TI].
Then a version of the Exp4 algorithm from [6] exists that is h-stable in that, for t — oo and constant
p independent of t, its regret Reg(t) satisfies

Reg(t) = O (R(H) %m ;) ,

with probability at least 1 — 6§, where the big-oh hides terms in t which are lower order than \/t log t
ast — oo.

Regarding extendability and the ability to handle policy removals, this is fairly immediate for Exp4,
and we omit the trivial details.
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C Adversarial Regret Balancing and Elimination

In this section, we provide the proof of Arbe’s regret bound for adversarial environments. For
convenience, we restate the main theorem here:

Theorem 4. Consider a run of Algorithm 1 with Arbe(6,1,0) and M base algorithms with 1 <
R(IT,) < --- < R(I1p;) where 11, is the extended version of policy class T1; with (M — i) additional
actions. Then with probability at least 1 — poly (M )6 the regret Reg(t, 1) for all rounds t > i, is

bounded by
RL,) , ~ oot
@ ((m\/l*+M> R(Hl*) Z*tln 6) N (4)

where i, is the smallest index of the base algorithm that is h-stable.

The proof of this regret bound relies on the following regret bound of Arbe in between restarts:

Lemma 21 (Regret per Epoch of Arbe). Consider a run of Algorithm 1 with Arbe(d, s, tg) let
T € NU {oo} be the round when the algorithm restarts (T = oo if there is no restart). Then the
regret against 11y is bounded with probability at least 1 — poly(M)é for all t € [T simultaneously
as

R(TL;, )

Regy([to +1,1], 1) = O <<MR(ﬁi*) + () 5 5

f) (¢ to)n &+ Mo 1“)-

Further, if s > 1%, then the algorithm does not restart, i.e., T' = oo.

With this result, Theorem 4 can be proven quickly:

Proof of Theorem 4. Denote by ty = 0 and ¢; the round of the i-th restart and oo if it does not exist
for i € [i,]. By Lemma 21, there can be at most i, — 1 restarts and thus ¢;, = oo. The total regret of
Arbe(d, 1,0) can be decomposed into the regret between two restarts

Regy(t,IIps) = ZReg([ti_l + 1, min{¢;, t}], M) .

=1

We can now plug in the bound from Lemma 21 for each term on the RHS which gives

R(L.)? - / Int
Regy (¢, ) Z(’)(( )+R(ﬁl)\/;> 15+M1 5)' 21)

where £, = max{min{t,,¢} — t;_1,0}. We can bound this further using Jensen’s inequality and the
fact that >_'7 | ¢, =t as

R(L) - Int
Regy(t, ) = O (( R((ﬁ;))ﬁ+ M) R(, )y Jirtn & 5+ Mi.In r; ) (22)

When ¢ > i, the last term is dominated by the others and hence, the proof is complete. O

C.1 Proof of Lemma 21

We first show that there are at most i, restarts. This is because, due to extendability and h-stability of
learners above i,, the elimination test can never trigger for them. The following lemma makes this
argument formal:

Lemma 22. With probability at least 1 — poly(M)J, the elimination test in Equation 2 never triggers
fori,gwithi, <i<j <M.

Proof. Leti,j € [ix, M] = {is,ix +1,...,M} and t € N and denote by ¢y the round of the last
restart before ¢. By definition of i, in Section 2.1, base learner 7 is h-stable and extendable. We
consider the event where the regret bound of ¢ holds and where the statements in Lemma 23 hold.
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This happens for all ¢ > i, with probability at least 1 — poly(M)d. Since i > i, is h-stable and
extendable, we have

t—to

>
E
SR

max Z Eanrlre(a, zo)] — ro(ab, z0) < cR(IL,)
€L p 4

where c is an absolute constant. Since the extended policy class ﬁ,- includes an action a; that always
follows base learner A;, i.e., r¢(a;, z¢) = r¢(a}, z¢), we have in particular

t
. . ~ t—t t
S° [relads o) — rela,we)] < eR(T) /=2
pi d
t

L=to+1

Using now Equation 25 from Lemma 23, we have

CRew; (to, ) — CRew; (to, ) < Dj(to,t) + Dy(to,t) + Z:P“%“ A%wﬂ

< Dj(to,t) + Dy(to, t) + cR(IL;)

~
< ||
S

-

(=)
—
=
SIS

and thus, the test in Equation 2 does not trigger for % and j in round ¢. [
We are now ready to do the proof of Lemma 21.

Proof of Lemma 21. By Lemma 22 there are at most 7, restarts and s < i, at all times. The regret of
Arbe in rounds [ty + 1, t] against any policy «’ € II; can be written as

t

Z [Ea~r[re(a, xe)] — re(ae, o)) Z Z [PiBamn [re(a, 2¢)] — L{bs = i} re(ae, z¢)] -

l=to+1 i=s b=to+1
For ¢ > i,, we can bound the summand on the RHS directly using h-stability and extendability of 7 as
t
D [piEanwlre(a, mo)] — 1 {be = i} re(ac, 0]
L=to+1
t

= Pi Z {anﬂ" [re(a, xe)] —

1{b; =i} re(al, CC():|

L=to+1 pi
t .
< pi Z [an,r/ [re(a, z)] — rg(a},xg)] + piDi(to, t) (Lemma 23)
l=to+1
cR( I/ (t + piD;(to, 1) (h-stability of A;)
-0 (R(H )\/(t —to)piln L Z \/(t to)ps In h;t +1n h:;) (definition of D;)
Int . ~
=0 R + ln— (since R(II;) > 1)
=0 Mt_—tﬂ L +In Int (definition of p;)
S R0 0
—of [zttt (since s < iy)
R(,)=2 o 0
1
O(R N/t —to)In +1 nt) (23)
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For 7 < i,, we cannot rely on h-stability and extendability and instead have to use the fact that the
misspecification test in Equation 2 did not trigger until the last round where there can be at most a
regret of 1. This allows us to bound

t

Y [piBanwlre(a,ze)] = 1{be = i} re(as, x0)]

L=to+1
t . i
1{by =i} re(al,x
= pi Z [an«[re(awz)] SRl }f( £ Z)}
fI=to+1 pi
t
1{by = 1, )
<o Y [Bawlrlazg) - LS 1
l=tpo+1
+ piDi(to, t) + piDs, (to, t) + R i pi(t ln 5 +1 (misspecification test failed)
< pi Z [Eann [re(a, z¢)] — re(al, z0)] (Lemma 23)
L=to+1
- t
+ 2P1Dz* (t(), t) + R(HZ) pz(t - t()) In g +1 (Dz* (t()7 t) 2 Di(to, t))

t—to

In % +2p;D;, (to,t) + R(ﬁi)\ [ pi(t —to) hl% +1  (h-stability of A; )
Pi,
~ t—to Int
=0 [ p;R(I;,) o ln—+\/;71 o (t—to)lnS+R( iINPi (t—to)lng—i—l 5

< picR(IL;,)

(definition of D)
o ((ﬂR(H) +R(ﬁi)ﬁ> (= to)n +1n1“t>
Pi, 0 0
B R(ﬁi*)z = Int
_O<< R +R(Hz)> pi (t—to>ln5+1n 5 )
R(IL, )? In L) < R(TI,

Finally, combining both bounds yields

7 —1
] Int
Regy([to + 1,4], ) = ((ZR i) ) )me n)
Int
z*> (t —to)1 +M1 I;) .

=0 ((MR(EJ
C.2 Concentration Bounds on Reward Sequences
Lemma 23. With probability at least 1 — poly(M)0, the following inequalities hold for all base
learners i € [M] for all time steps t € N where A; was not eliminated yet
t
) In(t —t
3 []EM [re(a, )] — w(a;,x@)] -0 <\/ (t — to) In (50)> (24)
l=to+1
t .
1{b, = , t—t In(t —1¢ 1. In(t—t
e _WWH ~° W S L 0>>
t=tgt1 Pi Pi Pi
(25)




where t is the time of the last restart of Algorithm I before t and p; is the probability with which
learner i is chosen in round t.

Proof. There can be at most M restarts of Algorithm 1. Thus, we can prove the concentration bounds
for a single restart and a single base learner ¢ and obtain the statement for all restarts with a union
bound over M?2.

Consider first Equation 24 and let
Fo=o ({rj,xj, ] {at e, b Yieftor1,e—1) U {re, me, 7, {aﬁ}ke[M]\{i}})

be the sigma field of all previous reward functions, contexts and actions as well as the context and
action in the current round. Further let 7 be the stopping time w.r.t. {F;} of when the algorithm
restarts, and denote

Xe=1{02 7} (B [rea,0)] = relag, a0) ) -
The sequence { X/} s>+, is a martingale difference sequence w.r.t. {F;}~¢, and X, € [—1, 1] almost

surely for all £. Then by Lemma 46 (setting m = 1 and a; = —1, by = 1) with probability at least
1 — 6, we have for all ¢ > g

S X< 1.44\/(15 — o) (1.4lnln (4(t — o)) +1n 5;) ~0 (\/(t —to)In hl(tafo))

l=tp+1

We can apply the same argument to — Zzzto 1 X¢ which proves Equation 24.

Consider now Equation 25 and let

Fer=0o ({Tj,fj, 77{, {az'}ie[wl]abj}je[to—&-l,f—l] U {7% Ly, Wé» {a?}ke[M]}) .
Again, let 7 be the stopping time w.r.t. {F;}¢ of when the algorithm restarts and denote

1 {bé = Z} Tg(aé, a’,‘g)
Pi

Xe=1{{ >} [ —m(a@,m)}

which is a martingale difference sequence w.r.t. {Fp}ose,. We have X, < % almost surely and
E( X7 F] < pi By Lemma 47 (with m = 1/p;), this implies that with probability at least 1 — § for
allt >ty

¢

— 2 A1 2

E X, < 1.44\/t fo (1.4 Inln (4(t — to)) +1In 56) + 0 (1.4lnln (4(t —to)) +1n 55> .
Pi Pi

t=to+1

:2Di (to ﬂf)

We define the RHS as the precise definition of D; (¢, t) used in Algorithm 1. Note that

—ty. In(t— 1. In(t—
Di(to,t) = O <\/t fo In(t—%) 1) M) (26)
pi 0 i 5

are required. Finally, we can apply the exact same argument to — Zzzto 1 X¢ which finishes the
proof. O

D Adversarial Regret Balancing and Elimination with Best of Both Worlds
Regret

In this section, we provide the proofs of the main regret bound for Arbe-Gap in Theorem 5 and
describe the Arbe-GapExploit subroutine in detail. We restate the theorem her for convenience:
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Theorem 5. Consider a run of Algorithm 2 with inputs to = 0, arbitrary policy policy T € Tl
and M base learners A1, ..., Ay, Then with probability at least 1 — poly(M)0, the following two
conditions hold for all t > M? simultaneously. In any adversarial or stochastic environment B, the
regret is bounded as

R(IT; ~ t
Reg(t,IIy) = O | | M +1n(t) + g\/a R(IL; )4 /t(n(t) + i) In < | .
R(II) 0
If B is stochastic and there is a unique policy with gap A > 0, then the pseudo-regret is bounded as,
o RIy)? t  R(IL.)2R(Iy)2 M2, o [ MR(Iy)
PseudoRegy, (t, ) = O <A In(¢) In 5 + AL A In A3 .
(&)

We break the proof of this statement into several parts based on the phases of the algorithm. The first
phase end when Arbe-Gap calls Arbe-GapExploit and the second phase are all rounds played by
Arbe-GapExploit. Finally, in case Arbe-GapExploit was called but terminated at some point, we
have a final phase where we simply execute Arbe. For the regret in this final phase, we can directly
use the guarantees of Arbe. The behavior in the first two phases is analyzed below. The following
lemma characterizes the regret and pseudo-regret in the first phase until Arbe-GapExploit is called.
It also ensures that if the environment is stochastic, the inputs of Arbe-GapExploit are correct, i.e., T

is the optimal policy and A is an accurate estimate of its gap.

Lemma 24 (Guarantee for First Phase). Consider a run of Algorithm 2 with inputs to = 0, arbitrary
policy policy T € Ilys and M base learners A1, ..., Ay Further, let tg, € NU {00} be the round
where the Arbe-GapExploit subroutine is called. Then with probability at least 1 — poly(M)0, the
following conditions hold for all rounds t € [2i,,tgap]. The regret is bounded as

_ R(L,) . = ot
Regy (¢, 1) = O ((M + T \/z:> R(IL;, )4 /t(In(t) + ix) In 5) )

If B is stochastic and there is a unique policy 7, with gap A > 0, then the gap estimator A and

policy T passed onto Arbe-GapExploit satisfy % < A < A and 7 = my. Further, the pseudo-regret
is bounded as

[ R(IL,)2R(Iy)? M?i,  ( MR(Iy) \ | ¢
PseudoRegM(t,HM)O( ()2 A In N lng .

The proof of this result can be found in Appendix D.2. To characterize the regret and pseudo-regret
of the second phase, we use the following main properties of the Arbe-GapExploit routine in
Algorithm 4. It ensures that the regret and pseudoregret are well controlled and that the routine never
terminates if the environment was indeed stochastic with a gap.

Lemma 25 (Guarantee for Second Phase). Let A be an h-stable learner with policy class I15. Then
the regret of Algorithm 4 against Iy U {7} is bounded with probability at least 1 — O(9) for all
rounds t > tg that the algorithm has not terminated yet as

2
Regy([to + 1, t], Iy U{7}) = O (R(EA) (ln(t) lnz +Iln Rgf)> + \/(t —tp) In(t) In :;) .

4]

Further, if the environment is stochastic with an optimal policy 7, that has a gap A compared to the

best policy in 11, and the inputs satisfy T = m, and A < A < 2A, then with probability at least
1 — O(0) the pseudo-regret of Algorithm 4 is bounded in all rounds t > ty as

PseudoRegy ([fo + 1,1, {7} UTIL) = O (R%V <ln(t) 1n§ +In R(;M))

and the algorithm never terminates.
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The proof of this statement is available in Appendix D.3. While combining Lemma 24 and Lemma 25
gives the desired pseudo-regret guarantee in Theorem 5 above for stochastic environments fairly
directly, the bound on the regret in Theorem 5 requires more work. Arbe-GapExploit guarantees
only guarantees that the regret is of order O(R(IT; \ {7})?/A + v/t) while we would like a bound
that does not scale with R(IT5; \ {7} in our final result. To achieve that, we will use the following
lemma which states that the length of the initial phase ¢, has to be sufficiently large as a function
of the gap estimate A. This will allow us to absorb the R(II5; \ {7})?/A term into the regret of the
first phase.
Lemma 26. Consider a run of Algorithm 2 with inputs to = 0,n = 1, arbitrary policy ™ € Iy
and M base learners A1, ..., Ay with1 < R(Hl) < R(Hg) <o < R(HM) where H is the
extended version of policy class I1; with (M + 1 — i) additional actions. Let t4qy, be the round where
ArbeGap-Exploit was called with gap estimate A. Then with probability at least 1 — poly(M)o

~ R(Ij)? [In ==

A=0 ( ~M) =5

R(IL;,) V tgap

Proof. ArbeGap calls ArbeGap-Exploit as soon as 2W (¢g, t) < A,. Hence, when the call happened

in round ¢ 44, we must have 2W (tg, tgqp) < A or, plugging in the definition of W (¢o, ¢ g4p) With an
appropriate absolute constant ¢

T n(k nln(k)
cR(yy) | In k) Lol nln(k) <A
VPM k pv K

where k = t4,, — to. We can further lower-bound the LHS as

cR(Ty) [m2E ¢ 1

~ nk L n nh:;(k) - CR(ﬁM) %
VPM k pm kK - o\ k
M .
ZR(HZ)72

c R(ﬁ M ) 2 In %
R(IT;, )2\ k
where the last equation holds because 7, is never eliminated with high probability Lemma 28. Finally,
since the function on the RHS is monotonically decreasing in k, we can further lower-bound this

i’
Sk

Z CR(ﬁ]W)2

R(fia)? | [Inig2
R(11;, )2 tgap
gives the desires statement. O

quantity by replacing k with ¢,,, > k. Hence, we have A >c . Reordering terms

We are now ready to state the proof of Theorem 5:

Proof of Theorem 5. We first consider stochastic environments with a gap and apply Lemma 24.
We denote by 44, the round where Arbe-Gap calls Arbe-GapExploit. For all ¢ < ¢4, the
pseudo-regret is bounded as

R(II;, )2R(IIp)2 M%, . ( MR(Ily) \ , ¢
P = 2 - .
seudoRegy (¢, Iy ) = O < R(iT)? A In N In 3

Further, Arbe-GapExploit can only be called with IT, = ITy; \ {7}, T = 7, and A that satisfies

A < A < 2A. This allows us to apply Lemma 25 to bound the pseudo-regret of any round played by
Arbe-GapExploit as

R(II,)? t R(II
PSGUdORegM([tgap + 1’t]’ HM) =0 ((AM) (ln(t) . 5 +n (Ac;W)>) '
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It further tells us that, with high probability, Arbe-GapExploit will never return. Hence, we can
bound the pseudo-regret of both phases to get a bound on the total pseudo-regret after any number of
rounds

T V2R(TT., )2 M2 T
PseudORegM(t,HM) — O<R(Hl*) R(H]VI) M 2" ln (MR(HM)> ln tgap

R(ﬁ1)2 A Ad )
+ 73(1_2»1)2 (ln(t) 1n§ +1In R(Eéw)) >

[ R(Tx)? t  R(I,)2R(Iy)? M2, MR(I1,;)
oMl g ISR (ML)

where we upper-bounded ¢4, using a crude upper-bound O (%) of the bound in Lemma 34

which gives that In(tyq,) = O(In(MR(I15;)/A6)).
We now move on to the regret bound in any environment. Again, Lemma 24 gives us a regret bound
that holds with high probability for any round ¢ < 4, of

_ R(I;,) ~ ot
Regy(t, ) = O ((M + R(ﬁl)\/g> R(II;, )4 /t(In(t) + ix) In (5) .

If ¢ falls into a round that is played by the routine Arbe-Gap, then Lemma 25 the regret after ¢4,
and before ¢ is bounded as

RegM([tgap +1, t]a Iy) =0 (R(H&W <1n(t) hl% +1In R(g[;\/l)) + \/(t - tgaz)) In(t) In :;) .

R(I1;, vap . L.
=0 (ﬁ lnt(lw) and plugging this into the

Using Lemma 26, we can further bound

B=

bound above gives

RegM([tQGP +1, t]7 HM)

=0 (R(ﬁi*), /tgap (1113/2(13) Int/2 % + 1n(tgapR(HM))> + \/(t — tgap) In(t) In ;)

-0 (R(ﬁi*)\/ilng/z(t) Int/? % +4/tIn(t) In (’;) :

Here, we also used the fact that ., = Q(R(IIs)) since the test in Line 14 of Algorithm 2 can only
trigger when W (to,t) < R(I1)? which is only possible after at least (R(I1,;)) rounds. Finally,
if ¢ falls into a round after Arbe-GapExploit returned (in round ¢4, then the regret since the return
can be bounded using the regret bound of Arbe in Theorem 4 as

_ R(L,) . N A
Regy([taas + 1,t],ar) = O <<R(ﬁl)\/a+ M) R(II;, )y /st In 5) )

Combining the bounds from all three possible phases gives the following bound that holds for all
t > M? as

Regy(t, Iar) = O( (M " };((%“)) ﬁ) R(TL;, )/ t(In(t) +1.,) 1n§
1
+ R(ﬁi* )WEIn®2(t) In'/? ;)
-o( (5 " f,,)/t(n(t) + i) In &
=0 ((R(fh) Vie + M +1 (t)> R(IL; )\ /t(n(t) +4,)1 5)
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Algorithm 4: Arbe-GapExploit

Input: current round ¢, learner A with policy class IT, candidate policy 7, gap estimate A,
failure probability §

Initialize ko = © (R L) 1y R(nm)

As
for epoche =0,1,2...do
Set next epoch length k.1 = 2k, and final round .1 = t. + k.
Set learner probability p¢ = © ( : (Zg“) In —) where 6, = ﬁ

Restart A with failure probability d,

for roundt =t. + 1,te +2,...,tcq1 do

Set 7} as the current policy of A and ¥ = 7

Sample b; ~ Bernoulli(p®)

Get context z; and compute at ~ 7i(-|zy) fori € {0,1}
Play action a; = at and receive reward r;(a¢, x¢)

Update learner A with reward W

In tte In 2t—te)

SetV(t) =0 (R(HA) e T )

f(fﬁé@o(t +1t) CRew; (te+1,t) ) oA V(¢) then

—te
Lreturn // env1ronment is adversarial

if CReWQ(te-‘rl,tt):tCRer(te-i-l,t > 4A+ V(t) then
L return // environment is adversarial

D.1 Description of the Second Phase: Gap Exploitation

We present the Arbe-GapExploit algorithm of the Gap Exploitation phase as a general procedure
that takes a focus policy 7, a policy class I14 and a gap estimate A and is tasked with testing the
hypothesis ‘7 is the optimal policy, and has a gap of order ©(A)’, incurring in small regret while
doing so.

We use Arbe-GapExploit with input policy class II, = II5,. If it ever returns, the learner can
conclude the environment is adversarial and thus, start playing Arbe with the policy classes
I, ..., not yet eliminated by the misspecification tests during Arbe-Gap. We develop
results for the more general case when the input algorithm and policy class equal A and

II5. In case the environment is stochastic with gap A and A = ©(A), we show Arbe-
GapExploit has a pseudo regret of order O ( (ln( )In L 5 +1n R(H“)
Lemma 38). Similarly we show that Arbe- GapEXpIOIt has an adversarlal regret rate of order
(@] (M <ln( t)lnt +1In (H“)) +4/(t—to)In(t)In %) at time ¢ (see Lemma 41). The adver-

) at time ¢ (see

A
sarial rate consists of a poly-logarithmic factor with an upfront multiplier of order (AHA) plus a
factor scaling with \/t — t(. Since in our case A=Q <};((%M ))2 1/ M Zﬁ) (see Lemma 26) and

II, = IIjy, the adversarial regret has an upper bound of the form O (R(ﬁ,;* ),/tgap + /T — tgap)

(where O hides polylogarithmic factors) thus satisfying a model selection guarantee.

In Arbe-GapExploit we divide time into epochs indexed from e = 0,1, ... of length k. = k¢ - 2°
° (HA)
where kg = © (HA)I ®

). During epoch e, learner A is sampled with probability

2(fi ke
p¢ = 0 (R(sz;f(ée)) We define kg and p° so that for all epochs 1 — p¢ > % Thus
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forall t € {t. + 1,--- ,tey1}, it holds that ‘C/ﬁé;/o(te +1,t) — ZE:%H Eoz [re(a, xp)]| =
@ ( (t —te)In %) By the h-stability of A, and using a concentration argument, we prove

that C/R\ejvl(te + 1,t) can be used to estimate maXqer,\ {7} Zz:te-rl Eor [re(a, x¢)] up to

n —te n In(t—te)
V(t)=6 (R(HA) 1 (t“te) + ! — ) accuracy.

~

When the environment is stochastic, 7 is the optimal policy and A/2 < A < A it follows that

t

(t—t)A < Z amiaonD [P(a,2)] =  max Z]EMMD( 2)] < 4A .
’=t, WEHA\{”}Z te+1

Therefore when the condition in line 14 or 16 of Algorithm 4 trigger, we would have found evidence
that

t t

Eqzz~p [r(a,z)] — max Eqgrzo~op [r(a, z)] < t—teﬁ
X Beralon)] = g Y Brrap (o] < (0-1)
=t.+1 l=t.+1

or

t
> Eawraeplr(a,z)] — max Z Eomnonp [F(a, 2)] > 4t — t)A
f=to+1 meLMTY S

thus indicating the environment cannot be stochastic.

The observations above imply that in case the environment is stochastic the tests of lines 14 and 16 in
Algorithm 4 do not trigger. Let us jump to the task of analyzing the regret of Arbe-GapExploit in
stochastic environments. We will assume ¢ lies in epoch e. By the h-stability of A, the sum of its
pseudo-rewards in a stochastic environment satisfies

mell\{7}

l=te.+1 l=te.+1

I

In this case, pseudo-regret is only incurred when b, = 1. From ¢, 4 1 to ¢ the variable b; equals 1
an average of p°(t — t.) times. Let us use the notation 7, = max,c,\ (7} Ea~r,z~p [7(2,a)]. The
regret collected during these rounds can be upper bounded by

Olapl—t)+ o x1 :O(Ape(t*te)+R(HA\{%}))\/Pe(t*te)lnt;te).
— N—— .

Regret of 7r; W.r.t. Regret of A w.r.t. 7ri

Substituting in the value of p® and using the fact that A= O(A) when the environment is stochastic
allow us to write

S Byt op (@, 2)]+0 (R(HA\{%}) (t;fe) lntg:e> max Z Ear o [r(a,

. e v R%*(I1,) ke R3(Ily) [t—t. t—te ke
A-p(t—te)+p .IO< WA (tte)ln<6€>+ A e ln( 5 >ln(6€)

=0 (RQ(AHA) In (l;)) .

Summing over all epochs €’ < e, and using Y ., _, In (’;6:) =0 (ln(t) In (%) +1In ( (rg,g)) we
conclude that ‘

PseudoRegy ([to + 1,¢], {7} UIl) = O (R(EA)Q <ln Rg;&x) +1In(t) In g))

and thus the proof sketch of Lemma 38.
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We now bound the adversarial regret of Arbe-GapExploit during the timesteps before Lines 14 or 16
of Algorithm 4 trigger. In this case, the h-stability of A implies,

melly\{7}

> Egont [re(a,z0)]+0 (R(HA\{%}) (f;ete) m?)g max_ > Egur [re(a, ze)] -

f=t.+1 t=to+1
TI(t,t.)
27
While Lines 14 or 16 of Algorithm 4 have not triggered, we can certify that with high probability
t ¢
Rlt—t)=Ve®)t—t) € 3 Eauz [re(a,ze)l= S Egms [rea, ze)) < AB(1—t)+Va()(t—t,).
=t +1 f=t.+1
(28)
In the above, we used the notation V. (¢) to denote the V() of epoch e. Hence the regret collected
during rounds {t. 4+ 1,...,t} can be upper bounded by the sum of three terms
t t
( Z Eoz [re(a, z¢)] — Z Eomn, [1e(a, z¢)] ,O>
f=t.+1 t=t.+1
B
t t
+ max max Eqr [re(a, x Eo~z [re(a,x 0
(ratt, 3 Bemrlntasal= 3 Eucslrdoaoto)
=te+1 =te+1
C

t
+ Y Baws[re(a,z0)] — refas, @) -
f=t.+1

D
From ¢, + 1 to ¢ the variable b; equals 1 an average of p°(t — t.) times. Note that V (t)(t — t.) =~

(@] (ﬁs [ke(t — te)). We can bound B, C, D individually as follows:

e B is the Pseudo-Regret of A wrt 7, and can be wupper bounded by
o (3 pe(t—te) + A pe /[t — te)ke) =0 (3 S pea/(t— te)k:e) as a consequence of
multiplying the right hand side of Equation 28 by p°.

. C is the Pseudo- Regret of # w.r.t. I, \ {7}, and can be upper bounded by IL(t, ¢,) — A(t —
te) + Ve(t)(t —t.) as a consequence of combining Equations 27 and the left hand side of 28.

e D is the difference between sample rewards vs. Pseudo-Rewards and can be bound by
Hoeffding’s inequality.

Let ¢, = min(t, t.). Summing the upper bound C over all epochs ¢’ < e, we choose the multiplier ¢

in p® = CR:(&H;*) In }g—: such that’
. te)) =
IL(t,,  te) — At — Ver ) kete = te) — At —te
S t) < Bl 1) Vet 1) = S0 (3BT g )

go(ﬁ%). (29)

Combining the bounds for B and D,

0| 8srtmsgeyforom (1) | —o (W (%) 4 o m (51,
—

D

“Increasing the value of ¢ implies we have to set kg to be larger. This has the only effect of increasing the
constant on the RHS of Eq. 29.
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Summing over all epochs and using the upper bounds

gln (1;) =0 (ln(t) In <§> +1In (RgA))>
i (t, —te)In (t’eléelte/) —0 <\/(t —to) In(¢) In ;)

e’=0

and the bound from Eq. 29 along with the observation ﬁko =0 (% In %) allows us to

conclude,

Ay R(IT,)? t R(ITy) t
Regy([to + 1,8, Iy U {7}) = O ( KA (ln(t) In— +1In ﬁdA ) + \/(t —t0) In(¢) In 5) ,

4]

and with it we finish the proof sketch of Lemma 41. Combining these results finalizes the proof of
Lemma 25.

D.2 Analysis of the First Phase

We will use the notation g, to denote the (random) time when the Arbe-Gap estimation phase ends
(see Algorithm 2).

Lemma 27 (Guarantee for First Phase). Consider a run of Algorithm 2 with inputs tq = 0, arbitrary
policy policy T € Iy and M base learners Aq, . .., Ayg. Further, let tg,, € NU {co} be the round
where the Arbe-GapExploit subroutine is called. Then with probability at least 1 — poly(M)J, the
following conditions hold for all rounds t € [2i,,tgap]. The regret is bounded as

Regy (¢, 1) = O <<M + 1;((@*) \/7*) R(I;, )1/ t(In(t) 4 i,) In ;) :

II;)

If B is stochastic and there is a unique policy T, with gap A > 0, then the gap estimator A and

policy T passed onto Arbe-GapExploit satisfy % < A < A and 7 = . Further, the pseudo-regret
is bounded as

R(II;,)2R(IT;)% M2, . MR(I,) .
R(1I,)? A '

PseudoRegy (¢, ) = O ( = N; 3

D.2.1 Adversarial Guarantees

We first start by bounding the number of restarts of the algorithm:

Lemma 28 (Number of Restarts of Arbe-Gap). Consider a run of Algorithm 2 with inputs ty = 0,
arbitrary policy policy © € Tlp; and M base learners Ay, . .., Ay Then for any total number of
rounds t, there are at most ln(t) restarts due to a change in candidate policy (Line 17 in Algorithm 2)
up to that round t. Further, with probability at least 1 — poly(M)$, there are at most i, — 1 restarts
due an elimination of a base learner (Line 11 in Algorithm 2).

Proof. We first show the bound on the number of restarts due to changes in the candidate policy 7.
Let ¢y, to, ... be the rounds at which a restart is triggered in Line 17 of Algorithm 2 and 7y, 7o, . . .

be the candidate policies selected at those restarts. For each restart 7, we know that 7; was selected in
at least % of the first ¢; rounds and therefore also ;1 rounds. However, since the policy changed

from 7; to 7;11 at round ¢;, 1, we also know that 7; can only be selected at most t%l of the first ¢;1
rounds. Combining both bounds yields
3ti < tit1
4 — 4
and thus ¢;11 > 3t; holds for all 7. Since also ¢; > 9 by the condition in the algorithm, up to round ¢,
there can only be log;(¢) — 1 < In(¢) — 1 < In(¢) restarts.

Finally, the number of restarts due to base learner elimination is bounded by ¢, — 1 since this condition
can never trigger for ¢ > i, by Lemma 22 (which also holds for Arbe-Gap). O
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The following lemma now bounds the regret within each restart:

Lemma 29. Consider a run of Algorithm 2 with Arbe-Gap(9, s,to,T) where s < i, and let
T € NU{oo} be the round when the algorithm restarts or calls Arbe-GapExploit (T = oo if there is
no restart or transition to the second phase). Then the regret against 11, is bounded with probability
at least 1 — poly(M)é forall t € [to + 1,T) = {to + 1,to + 2, ..., T} simultaneously as

R(1L;,)?

Regy([to + 1,1],Ip7) = O <<MR(1:[1'*) + () 5 5

\F> (t—to)ln + MIn m)

Proof. The regret of Arbe-Gap in rounds [ty + 1, t] against any policy 7’ € II; can be written as

t M+1 t
Z [Eqmn [re(a, z0)] — re(ae, x¢)] Z Z [0iEa~r[re(a, xe)] — 1 {by = i} re(ag, x¢)] .
L=to+1 i=s l=to+1

For i € [s, M|, we can follow the analysis of Arbe and apply the arguments in the proof of Lemma 21
verbatim. This yields with probability at least 1 — poly (M )d

M t
Y D [piBanw(re(a,ze)] = 1 {be = i} re(ag, z)]

i=s f=tg+1
o T R(ﬁl*)Q - Int
_O(<MR(H“)+]%(1A_11)\/Z*> (t—to)l 6+M1H§> . (30)

It only remains to bound the regret contribution of the special base learner A1, which does not
exist in Arbe. To do so, we will use the fact that the gap test in Line 14 can only trigger in the
last round before a restart happens. This allows us to relate the regret of A4 to that of Aj,. For
the regret of A, we again use the arguments in the proof of Lemma 21 (Equation 23 specifically)
verbatim to show

t

Z [ormEamr [re(a,ze)] — 1{by = M} re(ag,xe)] = O (R(ﬁ W/ (t— to)ln 5 +1In hlt) .

0
L=to+1
(3D
The regret contribution of A ;41 can now be bounded as
¢
Y [oas1Bann [rea,ze)] = 1{be = M + 1} re(ag, z)]
l=to+1
= P ( Z Eqn[re(a .CC@)] — CRew o1 (to + 1,t)> (definition of CRew 1741
Le= t0+1
= pPM+1 < Z ]Ea,wr re(a xg)] — CRew s (to + 1,t)>
Ll=to+1
+ pPMm+1 (CRGWM(tO + ].,t) — C/]—;{EVM+1@0 + ].,t))
< pM+1 < Z Eo~r[re(a J:g)] — CRew s (to + 1,t)>
Ll=to+1
+ Torna W (to, t)(t —to) + 1 (gap test not triggered at ¢ — 1)
PM+1 ~ t Int .
< TO R(IT;, )4/ (t — o) In 5 +1In 5 + ToaraW (to,t)(t —to) +1  (Equation 31)
M
~ t Int
S O R(Hl*) (tfto)lnngln? +7p]uW(t0,t)(t7t0) (PM ZPM+1)
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0 (R(ﬁi*)@/(tto)lng +1n

=0 (R(ﬁi*) (t— to)lnE +1In

0

0 (R(ﬁi*),/(t—to)lnfs e

Int

> +O (R(ﬁM) pm(t —to)ln ;) (definition of W)

Int t—to t N
5 \/Z%jl R(T,) 2 (5) (definition of par)
1n5t> (s < i)

Note that pp; > par+1 holds without loss of generality since Il M+1 contains 2 fewer policies than
II5,. Finally, the desired statement follows by combining the previous display with Equation 30. [

Equipped with the previous two lemmas, we can now prove the regret bound of the first phase for
adversarial environments:

Lemma 30. Consider a run of Algorithm 2 with inputs to = 0, arbitrary policy policy © € Il; and
M base learners Ay, . .., Apr. Further, let tg,, € NU{oo} be the round where the Arbe-GapExploit
subroutine is called. Then with probability at least 1 — poly(M )4, the following conditions hold for
all rounds t € [2i,,tgap]. The regret is bounded as

R(IT;, )

Regy(t, ) = O ((MR(ﬁiJ + R(L)

ﬁ) {(In(t) + i) In ;) .

Proof. Let 1y, 71, ... be the rounds where Arbe-Gap restarts or eventually calls Arbe-GapExploit.
By convention, we set 79 = 0 and 7; = co when there are less than ¢ total calls to Arbe-Gap. By
Lemma 28, there are at most In(¢) + i, calls of Arbe-Gap up to round ¢ with probability at least
1 —poly(M)é for all ¢ € N jointly. Further, by Lemma 29, the regret in each of these calls is bounded
with probability 1 — poly(M )4 as well. If we were to apply a naive union bound over all In(t) + i,
then our failure probability would increase at a rate of In(¢). However, we can easily avoid this by
choosing the absolute constants in the definition of D; appropriately. A factor of 3 larger is sufficient.
This ensures that each of these terms is effectively at least as large as if we had invoked them with :—2
instead of § in the n-th restart of Arbe-Gap. We now illustrate why this is true. Let ¢’ be the absolute
constant such that

Int

4]

t—t Int /
Olni+iln
pi o pi

Di(to, t) = C/

satisfies the necessary concentration bounds (see Section C.2) for a single restart of Arbe-Gap. Now,
we have

t—to, Int 3¢, Int t—to, (Int)® ¢ . (Int)3
3¢/ In— + = In— >/ —2In—21 + =1
¢ pi n5+z 5 = pi S +Pin53
t—t Int)3 " (Int)?
> ¢ Oln(n) +£1n(ni)
pi J pi §
t—t Int / Int
> % n r; “ 1(15
Pi 2z Pi e
—t | S|
> t OlnnTt—l—c—lnnTt
Pi nZ i nZ

where the last step holds because the number of calls n to Arbe-Gap due to a change in candidate
policy at round ¢ is bounded as In(¢). Hence, with this choice of constant, we can ensure that the
statement of Lemma 29 holds with probability at least 1 — poly (M )4 jointly for all calls of Arbe-Gap
(for the remaining i, < M restarts possible due to elimination of a base learner, we apply a standard
union bound).
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Now, just as in the proof of Theorem 4, we write the regret of Arbe-Gap using t, =
max{min{7s,t} — 75_1,0} as
RegM(tvnM)

In(t)+i,
= Y Reg([ri-1 + 1, min{r;, t}], Ty

i=1
In(t)+i, _ N
= Z O | MR11;,) + R(Hii*)\/zi t; lnE +Mln Int (Lemma 29)
» R(,) V5 5

_ ~ N2 In(t)+i.
=0 (MR(HZ-*HW\/Z) (n(t) +i) > filn
=1

R(IL)
. Int . .
+0 (M(ln(t) +iy)In 5) (Jensen’s inequality)
=0 | MRIL,) + M\/T t(In(t) 4+ )1nE
Vs R(ﬁl) * * (5
. Int _
+0 (M(ln(t) +iy)In (5) Qo ts <)
- M. )2
=0 ((MR(HZ-*) + %ﬁ) t(In(t) +ix) In ;) (t > 2i, by assumption)
This concludes the proof. O

D.2.2 Stochastic Guarantees

As a first step, we show that Arbe-Gap always maintains valid confidence bounds on the gap of the
candidate policy in a stochastic environment:

Lemma 31 (Confidence bounds on the gap). Consider a run of Algorithm 2 with inputs n = 1,tg = 0,
arbitrary policy policy @ € Iy and M base learners Ay, ..., Ay with 1 < R(IT;) < R(IIp) <
-+« < R(ITps) where 11; is the extended version of policy class IL; with (M + 1 — i) additional

actions. Assume the environment B is stochastic and there is a policy 7, with gap A > 0. Then with
probability at least 1 — poly(M)d in all rounds t € N

Ay < Ax < Ay + 2W(to, t)

where W(to, t) is the term used in the definition ofﬁt in the algorithm with

R ﬁ 1 n(t—to) 11 nln(t—to)
Wito, ) = | T) [0 75 = L In—T )
VPM t—1o pm t—1o

and to and n are the time and number of the last restart and before t and Az = 1 {7 = m,} A is the
gap of the candidate policy T in round t.

Proof. First, consider a single restart of Arbe-Gap. We note that both base learner A, and

Ajr41 are h-stable on their respective policy classes I v and I M+1 by assumption (removing
a single policy usually does not impede h-stability, see e.g. Appendix B). Further, denote by
i = argmin_ g Eqr z~p[r(a, )] a best policy in policy class II;. We can use these insights

Ty

and definition to derive the following lower-bound on (Tﬁé;/i(to, t) fori € {M, M + 1} that holds
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uniformly with probability at least 1 — poly (M)

CRew, (to,t)

t
. —to. In(t— 1 In(t—
> Z re(ag, z¢) — O t=to In n(t — to) + — IHM (Lemma 23)
o=t Pi Y Pi 0
=to+1
t
~ — — 1 In(t —
> max Y Eo[re(a,z)] — O (R(Hi) ol oo 1y M)
' ell; t=tg+1 Pi § Pi )
—
(h-stability of A;)
t
~ t—1 t—1 1 In(t —t¢ o~
> Z Eqri[re(a, ze)] — O | R(IL) %1 O 4~ In(t = to) (r% € II;)
' pi 4 pi 4
l=to+1
t
~ t—t t—t 1 In(t —t
> Y Burpanoblan) -0 (R SR 0 4 1y D))
t=to+1
Int
-0 ( (t—to)In 6) (Lemma 43)

t
~ — — 1 In(t—
> Eanriwnplr(a,z)] — O (R(Hi) t=top it 1, Int=t) t°)> .
* pi d pi d
l=tp+1

Conversely, using similar concentration arguments, we can derive the following upper-bound for
CRew,(tg,t) fori € {M, M + 1} that holds uniformly with probability at least 1 — poly (M )d:

CRew; (o, t)

¢
< Z re(ah, z¢) + O <\/t — to In In(t — to) + 1 In hl(tto)) (Lemma 23)
Pi d Pi 0
L=to+1
¢
< Y Eonlrela,z)]+0 <\/ Ltoy Int—to) 1 M) (Lemma 23)
¢ Pi d pi 0
L=to+1
¢
< > Eyeriwenlr(a, )] +0 <\/t ;ito In ln(t(; to) + éln hl(tﬁ) (Lemma 43)
L=to+1
¢
<Y Euomwnplr(an)] +0 [ [T 0t Ly It} e of i)
Pt * Pi 5 Pi 4]

Note that Az = Eqra poplr(a,z)] —E, a4, plr(a,x)] which is either A if 7 = m, or 0if

7 # 7*. Combining the bounds on CRew; with a union bound, we can derive the following deviation
bound

=~ t—t In(t—to)
o R(HM)+ 1 In ==© +<1+ 1 )ln —
N{YE V/PM+1 t—to PM  PM+1 t—to
- CRew s (to,t) — CRew 41 (o, t)
- t—to

R(II 1 In t=to 1 1\ In 2l=to)
+0 (Mart) | LR, ( + ) 2
VPM+1 VPM t—to PM  PM+1 t—to
We can further simplify those bounds by noting that R(ﬁM+1) < R(ﬁM) and thus also ppr1 > pas
since IIj, is identical to ITj;4; but contains two more policies. Thus, we can bound the magnitude

— Az <
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of the upper and lower bound further by

R(Iy) [mig 1 It

O
vem \ t—to  pm t—to

We now rebind § by > and apply a union bound over all restarts of Arbe-Gap. Thus, we can choose
a constant in the deﬁnmon of

ﬁ 1 n(t—to) 11 nln(t—to)
Wit )= AU Ji "5 = LI
2y t—to pv t—to

large enough so that

—_~ e/~

CRewM (to, t) - CRGWM+1 (to, t)
t—to
holds for all ¢ in all possible restarts of Arbe-Gap with the desired 1 — poly(M)d probability. [

—W(to,t) < — Az < W(to, 1)

The lemma above immediately implies the correctness of the first phase, in the sense that if the
algorithm moves on to the second phase in a stochastic environment, the candidate policy has to be
optimal and the gap estimate is accurate up to a multiplicative factor:

Corollary 32. Consider a run of Algorithm 2 with inputs n = 1,tq = 0, arbitrary policy policy

7 € Iy and M base learners A+, ..., Ay with1 < R(Hl) < R(Hg) - < R(HM) where I1; is
the extended version of policy class H with (M + 1 — i) additional actions. Assume the environment
B is stochastic and there is a policy 7, with gap A > 0. Then with probability at least 1 — poly(M )¢

the policy T and gap estimate A passed to Arbe-GapExploit satisfy
T =T, and A < A<2A.

Proof. The statement follows from Lemma 31 and the condition in Line 14 of Algorithm 2. First,
note that the test cannot trlgger when 7 # 7, since At < 0 in this case. Second, since A satisfies
2W (to,t) < Aand A < A < A+ 2W (¢, t) when the test triggers, we have

A<A<A+2W(t,t) <27,

as claimed. O

We now move on to show that if there is a policy with a gap, the alorithm has to identify it within a
certain number of rounds:

Lemma 33 (Arbe-Gap selects the right candidate policy). Consider a run of Algorithm 2 with l’nputs
to = 0, arbitrary p()lzcy policy 7 € Ty and M base learners Ay, ..., Ay with 1 < R(IT;) <

R(ly) < --- < R(Ily) where 11; is the extended version of policy class IT; with (M + 1 — i)
additional actions. Assume the environment B is stochastic and there is a policy 7, with gap A > 0.
Then with probability at least 1 — poly(M )0 the number of rounds until 7, is always chosen as the
candidate policy T is bounded as

2 R(ﬁi*)Q- R(Hz*) i o MR(II z*)
o (o + A, ) i g

Proof. By Lemma 30, with probability at least 1 — poly (M )é the regret of Arbe-Gap is bounded for
all rounds ¢ € [2i,, tgap] as

Regy(t,p) = O ((MR(ﬁ“) + ~\/Zj> t(In(t) + ix) In 2)

= ) R(ﬁ) n—
_0<< R(IL;, )iy + —mt R )\/1 )
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By the concentration argument in Lemma 42, the same bound can be established for the pseudo-regret

PseudoRegy, (¢, IIps) < c( R(IL;, Wiy + —= RAL. 7, ) \[lnf (32)
R(TLy)
for some sufficiently large absolute constant c. Now denote v = ¢ (M R(IL;,)Vix + %ﬁ*; ) and
consider the value
162’721 2 87
A2 AV
In(t)

Then by the properties of — i investigated in Lemma 52, we can bound for ¢ > ¢/

t =

PseudoRegy (t, I157) < vvtIn % (Equation 32)
In(t/0) A
= < yt— L 2
vt N 7t47 (Lemma 52)
4
= ZA .

We have shown that the adversarial regret rate implies that the pseudo-regret for rounds ¢ > ¢’ has to
be bounded by iA. Since each policy but 7* incurs a pseudo-regret at least A per round, Arbe-Gap
has to select 7* in at least %t among all ¢ rounds to satisfy this pseudo-regret bound. As a result,
a switch of the candidate policy to 7* would be triggered if it is not already the candidate policy.
Further, no other policy can be selected more than a quarter of the times, thus the candidate policy
has to be 7* in all rounds ¢ > t'. O

Lemma 34 (Number of Rounds in the First Phase). Consider a run of Algorithm 2 with l'nputs
to = 0,n =1, arbttrary policy © € Iy and M base learners Ay, ..., Ay with 1 < R(II;) <

R(Ily) < --- < R(Ily;) where 11; is the extended version of policy class II; with (M + 1 — i)
additional actions. Assume the environment B is stochastic and there is a policy m, with gap A > 0.
Then with probability at least 1 — poly(M)d the number of rounds until the algorithm enters the
second phase by calling ArbeGap-Exploit is bounded as

R(ﬁM)4 ~ M'L* MR( z*)
(i ) )

Proof. By Lemma 33, after a certain number of rounds %,,;, the candidate policy has to be m, at all
rounds. Hence, there can be no restarts due to candidate policy switches anymore. According to
Lemma 28, there can only be up to 4, restarts after round ¢,,,; due to elimination of a base learner. We
will in the following show that if ArbeGap has been (re)started with candidate policy , and there
are no other restarts in the meantime, it has to switch to the second phase within a certain number of
rounds k. The total number of rounds in the first phase, is then bounded by

tpol+i*'k~

We will now show a bound on k. By Lemma 31, we have at all times that ﬁt < A (since ™ = w4 by
assumption) and the algorithm moves on to the second phase as soon as 2W (g, t) < Et. Note that
the condition of ﬁt <AKIL R(ﬁ M)2 is always satisfies in stochastic environments. Hence,the
algorithm cannot stay in the first phase if 2W (¢g,t) < A or, plugging in the definition of W (¢, t)
with an appropriate absolute constant ¢

= 1 n(t—to) In™ In(t—tp)
cAlll) 757 e BT
Py t—to pm t—to

Hence, we can obtain an value for the bound k by identifying a value that satisfies

In <£— In £ 2
5/ Apnr and /7 < A 2
k 2¢ k 4c2R(ITp,)?
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Since A € (0,1] and ¢, R(IT5;) > 1 without loss of generality, it is sufficient to only consider the
condition on the right. By Lemma 53, we can set k as

16c2R(I1y )2 . [ 2n 4c2R(I1yp)? MR(I)* | R(Iy)
= — hl = O ~ ln ’
A?py 6 A?py R(I1,)2A2 dA

where we used the fact that n < Intp + i, = O (%). Hence, the total length of the first phase
can be at most

i MR(Iy)* R(IIy) (z*)Q R(IL;, )% , o MR(IL;,)
R(IT;)2A2 In AS +<M + )2 ) A2 In Ad )

B R(ITy)* ~ Mi, QMR( i)
o o)
_o M?i, R(TLy)* In? MR(Iy)

R(IL;)2A2 A ’

tpol+i*'k:(9<

as claimed. O

Lemma 35 (Pseudo-Regret of the First Phase). Consider a run of Algorithm 2 with inputs to =
0,n=1, arbttrary poltcy 7w € IIp; and M base learners Aq, ..., Ay with 1 < R(Hl) < R(Hg)

- < R(Ilp) where I1; is the extended version of policy class IT; with (M + 1 — i) additional
actions. Assume the environment B is stochastic and there is a policy 7, with gap A > 0. Let t 44,
be the round where ArbeGap-Exploit was called. Then with probability at least 1 — poly(M)0, the
pseudo-regret in all rounds t € [2i,,t,q,] is bounded as

I1;, )2R(Ip)? M2, ( MR(IT
PseudoRegM(t,Hﬂf)z(’)(R( l*)~R( ) k ln< RA(5M)>111;>.

R, A

Proof. First, we bound the pseudo-regret by regret through a simple concentration argument in
Lemma 42

PseudoRegy (t, Tar) < Regy(t, ar) + O ( tIn ln(5t> '

Next, we bound the regret by Lemma 30 which holds for any environment (adversarial but also
stochastic). This yields
R(IT;, )2

PseudoRegy (¢, IIp)) = O | | MR ﬁi* + —
g (t, Iar) (( (I, ) (i)

\/Z> t(In(t) + i) In Z’;)

and finally, we use the bound on ¢ < ¢, the length of the first phase from Lemma 34 to replace
t(In(t) + 4, ) above which gives

PseudoRegy (¢, TTs)

R(1Iy) R(H1> A Ad
B R(L;,) : Mi, R(II;, ) R(II;)? . MR(I1,;) Lt
‘O<<M+R<ﬁ1>ﬁ) RIA ( As )1 5)
0 M2, R(T1;, )2 R(ITp/ ) . MR(Iy,) .
R(II})2A AS 5/
as claimed. O
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D.3 Analysis of Arbe-GapExploit

In this section we prove the following result:

Lemma 36 (Guarantee for Second Phase). Let A be an h-stable learner with policy class I15. Then
the regret of Algorithm 4 against Iy U {7} is bounded with probability at least 1 — O(9) for all
rounds t > tg that the algorithm has not terminated yet as

Regy([to + 1,t], Iy U{7}) = O (R(EA)Q <ln(t) lng +1In Rgf;”) + \/(t —to)In(t) In :;) .

Further, if the environment is stochastic with an optimal policy 7, that has a gap A compared to the
best policy in 11, and the inputs satisfy 7 = m, and A < A < 2/, then with probability at least
1 — O(0) the pseudo-regret of Algorithm 4 is bounded in all rounds t > ty as

PseudoRegy([to + 1,t], {7} UIly) = O <R(11A)2 (ln(t) lng +In Rg?)))

and the algorithm never terminates.

D.3.1 Guarantees for stochastic environments

Lemma 37 (Algorithm 4 does not terminate in stochastic environemnts). Assume the environment
is stochastic and there is an optimal policy T, with a gap /A compared to the best policy in T ,. If

Algorithm 4 is called with inputs T = 7, and A < A < 2A, then with probability at least 1 — O(9)
it never terminates.

Proof. Let e be an arbitrary epoch. By following the steps of Lemma 23, we can show that with
probability at least 1 — O(J,) for all time steps in epoch e

<o t—tqnma—g)+g%nm@—g)
pe de pe de

t—t. . In(t—te) 1 In(t — te)
<
_O<\/1_peln 5 +1_peln 5
and for ¢ € {0,1}

t
g Ty ag,a:g E anﬂ re(a, z)| <

l=te.+1 l=te.+1

t

CRewl te+1,1) Z T aﬁ,wg
f=t.+1

o t

CRewq(te + 1,¢) — ro(al, zy)
f=t.+1

Combining these bound together with Lemma 42, we have with 7, » being the best policy in IT4

CRewo(te + 1,¢) — CRewy (te + 1, 1)
t

< |: aN‘n'Z z~D|T (a,x)] - ]anﬂl},wwD[T(av‘r)]}
- In(t — 1. In(t—
) t—te In n(t —t.) L n(t —t.)
p° Oc pe e
t—t.  In(t—t.
Eor. 0onlr(@,2)] - Eanr, , onplr(a 2)] +o<\/ e, n(é ))
z:tp+1 P e

: 1. In(t—te)
+0 [Bar sl ()] = B seplr(a, )] + 0 i 25

{=t.+1

Mﬁ

— A(f — t,) + PseudoReg, ([to + 1,8, T1) + O <\/t “ley, ln(t(; te) 1 mﬁé“)
pe e pe e
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sA(t—te)+RegA([te+1,t],HA)+o<\/t_t€1 Int —t.) | 1 1““‘”)

~1
pe " Oc pe o Oc
(Lemma 42)
- le - le 1 1 — le .
<A@t —t)+0 (R, [t 20 b Lyt (A is h-stable)
pe Oe pe Oc
. t—t, t—t, 1. In(t—t. .
§2A(t—te)+(’)<R(HA) e nn(5)> (A < 2R)

where we used the fact that p¢ < 1/2 < 1 — p® by the choice of constants (see Lemma 39). This
chain of inequalities holds with probability 1 — O(d.). Combining this with a union bound, this
implies that with this probability at least 1 — O(4), the test Line 16 never triggers. Similarly, we can
lower-bound the same term as

CRewo(te + 1,t) — CRew (te + 1, 1)
t

> 3 [Baergoonlr(@2)] = Byt oplr(a,2)]]

l=t.+1
o (\/t—te . In(t = t) +11nln(t—te)>
pe O pe Oc
t
2 Z [EaNﬂ*,mND[T(aa l’)] - anﬂ’*,A,IN’D [T(CLJ?)H (772 = 7‘—*)
f=t.+1

_0 t—te 1nln(t—te)_’_ilmln(t—te)
pe Je pe Je

zA(t—te)—O<\/t_t51nln(t_t€>+llnln(t_te)>

pe Oc pe Oe
>At—t,)—0 I te In In(t — te) + iln In(t = t) (A < A)
p° de pe de

Hence, after combining these statements with a union bound, this implies that with this probability
atleast 1 — O(9), the test Line 14 never triggers. A final union bound for both tests completes the
proof. O

Lemma 38 (Pseudo-regret of Algorithm 4). Assume the environment is stochastic and there is an
optimal policy , with a gap A. If Algorithm 4 is called with inputs T = 7, and A = O(A), then
the pseudo-regret of the algorithm is bounded with probability at least 1 — O(6) as

PseudoRegy ([to + 1, 1], {7} UTL,) = O (R%)Q (m R(Ar?) +In(t)In ;))

for all rounds t > to where the algorithm has not terminated.

Proof. The pseudo-regret of Algorithm 4 can be decomposed into the regret in each epoch as
i)

PseudoRegy([to + 1,t], {7} UIIx) = Z PseudoRegy ([te + 1,t.], {7} UTIL,)
e=0
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where ¢, = min{t.+1,¢} and j(¢t) = min{e € N: t.41 > t} is the epoch at time ¢. We consider the
regret in each epoch separately as

PseudoRegy ([te + 1,2.], {7} UTly)

= (EaNﬂ*,m~D[T(aa x)] —Eo~ry znD [T(a,x)])

l=te.+1
te
= > b (Banr ol (@,2)] = Eyort sonlr(a, )] =)
l=to+1
te
< 3" b (B4 Eannponnlr(@,2)] = Egyurs aunlr(a,2)])
l=t.+1

where 7} is the best policy in II, which incurs a pseudo-regret of at most A per round. We now apply a
concentration argument. Denote Y, = 1{¢ > t.} (A + Equrt onn[r(a, )] — Eqnr, e~n(r(a, z)])
and let ; be the sigma-field that includes {7} }{-, , {b; f;tlo and ¢.. Note that Yy is Fy-measurable
and ZZ;:teH(bg — p°)Y, is a martingale difference sequence w.r.t. Fy. Since |(by — p®)Ys| < 2 and
the sequence of conditional variance is bounded as V; = Zz/ﬁ:te Pl =p°)Y, < Z?;te 11 P°Y,
we can apply Lemma 47 and get with probability at least 1 — J. for all rounds t, <t < t.41

t t ~ ~
In(t — ¢, In(t — ¢,
Y - We<o |\ Y p¥iln nf —fe)  p, Inlt —te)
O Oe
O=t,+1 =t +1

i ~
In(t —t, . .
< Z pYe+ <O <1n n((5)> (AM-GM inequality)
f=t.+1 ¢

This holds in particular for = ¢/, and with shorthand k! = t, — ¢, this gives

PseudoRegy ([t. + 1,t.], {7} UTly)

t/
< In(k!
< 2p° Z (A+ Eonrs znp[r(a, )] — Banryonp [r(a,z)]) + O <ln n( 6)>
(=t +1

e/ e / ln(ké)
= 2p°kLA + p® PseudoReg, ([te + 1,¢,],114) + O ( In 5

In(k!
< 20°kLA + p° Regy ([te + 1,t2],TT5) + O | p4/ k. In n((s c) +In 5

!/ !/ !
<20°kLA+ O <peR(HA)1 / ke In % +1In lngk6)> (A is h-stable)
pe e e
/ /
<20°klA+ O <R(HA)W [ pek! ln% +1In hl((sk(5)>

li(IIA)2A ke li(IIA)z ke ké hl<l€é)
< - =< _____ = —~ = —~ P
0 ( 5 In 5. + R(II,) 5 In 5. In 3. +In 5

(definition of p© and k., < k)

R(IIp)?% . ke A —
<o( . m@> A =06(A)

(Lemma 42)




Now, we can combine this pseudo-regret bound across all epochs and get

J(t) 2
I
PseudoRegy([to + L], {7} UTLL) < 3 O (R(AA) In ’;)

e=0
16) (j(t)R(iA)2 In ’5‘75@))

IN

::@(ng)lmwmg) (i(t) = O(n(#))

when j(t) > 1 since k. < kj(;) < 2t in this case. In the other case, where j(t) = 0, we have

_ R(ITy)? . ko R(ITy)? . R(IIy)
g < < .
PseudoRegy([to + 1,t], {7} UIIL) < O ( In 5 @) In 5

Hence, combining both cases gives the final bound

PseudoRegy([to + 1,t], {7} UII4) = O <R(11A)2 <1n RgsA) +1In(?) In 2)) .

D.3.2 Exploitation Subroutine Guarantees for Adversarial Environments

Lemma 39. Assume the absolute constant in the length of the initial epoch kg of Algorithm 4 is
chosen large enough. Then the regret of Algorithm 4 against 11, is bounded with probability at least
1 — O(9) for all rounds t that the algorithm has not terminate yet as

RegM([tO + 17t}7HA) = O(Ak@)

Proof. Consider any round ¢ > ¢, before the test in Line 14 or 16 triggers. The total reward in relevant
rounds can be decomposed into epochs e = 0, . .., j(t) as follows where j(¢) = max{e € N: ¢, < t}
is the epoch of round ¢ and ¢, = min{t.,1,t}.

t i)t

> relag ) =Y > relag )

l=to+1 e=0l=t.+1

Further, let k!, = t/, — t. be the number of rounds in the e-th epoch and consider now a single epoch
e. We can write
re(ag, v¢)
r=t.+1
= p°CRew (te +1,t.) + (1 — p°)CRewo (te + 1,1.)

> p*CRew (e + 1,£)) + (1 — p°) (C/R\(;vl(te +1,t) + Ak — V(t;)kg)
(first test did not trigger)

—~

> CRew (te + 1, ) + (1 — p°) (ﬁk;; - V(t;)k;)

t/
- ~ k! . In(k! 1. In(k!
> 3 rlabm) + (- ) (BR - VEDR) - 0 [ 2R Ly, Tk
(=t +1 p* Oc p° Oc
(see proof of Lemma 37)
t/
. kL kL 1. In(kl)
> _ Pe gy e o 2y )
2 max Z Eo~rlre(a, )] — O (R(HA) - In 5 + p In 3 )
l=t.+1
+(1—p°) (ﬁk; - V(t;)k;) (A is h-stable)
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t, . / ! !
> max Eorl[re(a, ze)] + (1 = p°)Aky — O <R<HA) %ln% * %ln ln((;:e)>

(=t +1
(definition of V'(t.,))

Hence, by rearranging terms, we get that the regret in a single epoch is bounded as

Kk 1 In(k)

Regy([te + 1,82),104) < (p° — 1)AK, + O (R(HA) p—j 1n6— + y In 3 ) .

To further upper-bound these terms, we first derive useful expression for the inverse probability

of playing A. Here, we make the constants in the definition of the initial epoch length k¢ explicit.

CORSHA)Q In 2co R(IT,)
A2

Specifically, we assume that ky = where ¢ is the absolute constant. We have

1 kA2
P cpR(I1x)? In ke
Plugging this bound on the inverse probability back into the expression for the regret per epoch above,
we get with ¢ as the constant in the O notation
6ckike  6cA’k,
o coR(T4)?

~ 6cke 6cAk,
:Akg<—1+pe+ Te, = )

Regy([te +1,£,],114) < (p° — 1)AK, + A

cokl  klLc,R(I14)2

A 12¢ 12¢ A
< S -k 4 Zkekl + =2 ke | . e <1/2
— 2 ( e + Cp € + Cp R(HA) > (p —_ / )

In the last step, we used p® < p® < 1/2 which we can establish by choosing the constants ¢, and cq
in the definition of p and kg appropriately. Specifically,

2 ko ko coR(IT,)*
pf<p’=c R(I1,)" In S _ In 5 Cpl 5283 9
- - p N - R(H ) - CoR(HA) - :
2 C A Ci S0 CA) C
A2k, 01ln R 0 In A 0

Thus, choosing ¢y > 6¢,, is sufficient to ensure p¢ < 1 /2. Summing now the bound above over
epochs gives

X 10) ~ i
A 12¢ % 12¢ A
R to+ 1.t 10, < = | =t +1¢ - kk! + ———— N "k,
egp([to + 1,1],T0) < 5 +to + - ;:0 !4 o R ;:O

We now distinguish between two cases. First consider the case where j(t) > 1 and assume that
cp 2 9 - 12c¢. Since in this case, the number of rounds ¢ — g is at least half the sum of epoch lengths,

Zi(z% k., we have

~ j(t) J(t)
A 17 1
R t Lt I )< = | —t+t — kok! + = ke
egy([to + 1, 1], A)_2 +o+3e§:0\/ €+9§:0
o~ (t) o~
A 4 A 8
<= |- = <=(- ~(t— <0.
<3 t+to+ge§zoke _2( t+t0+9(t t0)>_0

In the other case, when j(t) = 0, we have
A

A [12¢ 12¢ ~
1,¢],I0,) < = | —k¢ =\ /kok! — O(AE).
RegM([to + ,t], A) <35 ( ko + P k‘ok‘o + P R(HA) k‘o) O( k‘o)

Hence, the regret against 11, is always bounded as
R‘egM([tO + 17 t}v HA) - O(ﬁko)
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Lemma 40. The regret of Algorithm 4 against T is bounded with probability at least 1 — O(4) for
all rounds t that the algorithm has not terminated yet as

Regy ([t + 1,1], {7}) = O (R(EA)Q (1n<t> In s +1n Rfﬁ) + ¢ (t = to) In(t) In 2) .

Proof. Consider any round ¢ > ¢, before the test in Line 14 or 16 triggers. The total reward in relevant
rounds can be decomposed into epochs e = 0, . .., j(t) as follows where j(¢) = max{e € N: ¢, < ¢}
is the epoch of round ¢ and ¢, = min{t.,1,t}.

t i)t
> rasx) =Y > rilas,xe)
=to+1 e=0 t=t,+1

Further, let k., =t/ — t. be the number of rounds in the e-th epoch and consider now a single epoch
e. We can write

¢

e

> relag, )

f=te+1
= (1 - p°)CRewo(t + 1,t.) + p°CRew, (. + 1,1.)
> (1 - p)CRewo(te +1,,) + p° (CRewo(te + 1,41) — 48K, — V (£L)k.)
(second test did not trigger)
> CRewo(te + 1,) — p° (4&; + V(t;)k;)
[ A
(see proof of Lemma 37)

~ k! In(k.) 1 In k!
_ € ! AYRA N e e e
p° (4AK, + V(te)ke) o < = In 5 + T In 5. ) .

-~ In(k! 1 Ink’
> T‘g(a},fﬂg) —p° (4Aké + V(t;)k;) -0 ( n(ke) n e)

WV,
=
Q
=
o~
8
=
o~
=
/N

) By rearranging

The last step here follows since p°kLV (t.) < O(R(II4)y/pk., In & 5

terms, we can bound the regret against 7 in epoch e as

Regy([te + 1,t.],{7})

/
ek’A—I—V / lnk>

k! 1 Ink,
n In
1—p° be

(definition of p¢, V'(t.) and k. > k)

([
/ / /
O(R ke ke ke 1 mm"’G)

<O

IN
S
IZU

l>
—_
|
)
®
Qq

IN

e 1—p¢ 0. 1—0p° Oe

IN
G

k? € e
ln66+ kélnéfe‘+ln 5. ) (p° <1/2)

O

IN



Note that p¢ < 1/2 holds for appropriate constants in the definition of kq and p° (see Lemma 39).
We can now sum the regret over all epochs e and get

J(t)
=~ R(HA)2 ke ké
RegM([tO"f'lat]?{Tr}) S ZO ( 3 IHE‘F kélng

e=0
() . | ‘ |
<20 (R(EA) w YO D \/kg In W)
=7 (O 0+ MG BOEIB 1 i) 1) Wsl)k”> |

We now distinguish between two cases. First, j(t) = 0, in which case

(R R(I) R(11,)
RegM([t()+17t]a{7T})—O< A In AS +m)

_ <R(HA)2 In R(HA))

=

A As
and the case where j(t) > 0, where j(t) = O(In(t — t9)) = O(In(t)) and k) < 2(t —to)

Regy([to + 1,t],{7}) = O (R(g )y In(t — to) In t ;to + \/(t — 1) In(t — o) In t _5“))

=0 <R(1§A)2 In(t) 111% + \/(t —tp) In(t) In ;) .

Combining both cases gives

Regy([to + 1,1], {7}) = O (R(%) (m(t) 1n§ +1In Rg“) + \/(t — to)In(t) In ;) .

O

Lemma 41 (Regret in adversarial environments). Assume the absolute constant in the length of the
initial epoch ko and sampling probabilities p° of Algorithm 4 is chosen large enough. Then the regret
of Algorithm 4 against 11y U {7} is bounded with probability at least 1 — O(8) for all rounds t that
the algorithm has not terminated yet as

L R(HA)Q t R(HA> _ 0 nz
Regy([to + 1,t], Ty U {7}) = O ( % (ln(t) In- +1In x5 ) + \/(t to) In(t)1 ) .

4] 4]

Proof. By combining Lemma 39 and Lemma 40, we have

Regy([to + 1,t], Iy U {7})
o+, R(IIy)? t o, R(I4) t
=0 (Ako + x (ln(t) In 5 +1n A > + \/(t —to)In(t) In 5)

and by plugging in the definition of &y, we get

Regy([to + 1,t], Iy U {7}) = O (R(EA)Q (ln(t) lng +1n Rg;”) + \/(t —to)In(t) In :;) .

O
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D.4 Concentration Bounds in Stochastic Environments

Lemma 42. In stochastic environments, the regret and pseudo-regret of any algorithm A against a
policy class I satisfy with probability at least 1 — 0 for all rounds t € N

PseudoReg, (¢, 11') — Reg, (t,11') = O (\/tl 1r16t> . (33)

Proof. Let m, € argmax, cip Eqor z~p[(a, )] be the best policy in II'. Then

PseudoReg, (¢, 11') — Reg, (¢, H')

Il
MN

anﬂ* me ZEGNTK‘g xND a .’E)]

t t
max E Ea~r [re(a, xp)] g o(ag, xp)
n' eIl

=1 =1

o~
I
-

N

= Z ro(ag, x¢) — ZEQ,\,.,W@ND[T(CL, x)]

t t
+ ZEGNW*JND[T((J,JU)] —max » E,or[re(a,z)]

=1 T
t t
< Z’r‘g(ag,l'[) — Zanmg xND[ (a Ji)]
=1 =1
t t
+ ZEG«NTK‘* 1:~D ZEGNW* Tf a, {Eg)] (m, € H/)
=1 =1

<2 x 1.44\/max(2t, 2) (1.41n In (2 (max (2;, 1))) +In ?) (Lemma 46)
Int
o).

Here, the last main step is to apply the time-uniform Hoeffding bound from Lemma 46 to the the
two differences individually. Both are martingale sequences that are bounded, i.e., r¢(as, zg) —

Eoporpaplr(a,z)] € [-1,1] and Eqrr, zp[r(a, )] — Eqer, [re(a, z¢)] € [-1,1].

Lemma 43. Let ty € N be a possibly random time and let {7 }¢>, be a possibly random sequence of
policies p: X — A 4 so that for all £ > to, 7y is independent of {(r;, ;) }j>¢ and to is independent
of {(rj,2;)}j>t,- Then with probability at least 1 — 2§

2, [Eanr[refaz)] - an,zw[r(a,x)n‘ =0 W (t — to) 1n1n<té—to>> .

L=to+1

Proof. Define the sigma-algebra Fy = o ({r;,z;,m;};j<¢ U {m, to}) and let

4 {0 if ¢ <t
£ Eor,[re(a, 2¢)] — Egmry wop[r(a, z)]  otherwise.
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The sequence {Z;}seny is a martingale difference sequence w.r.t. Fe and Z, €
[-1{¢>to},+1{l > to}]. As aresult, we can apply Lemma 46 and get that

t

Y [Banr [re(a, 7)) = Bgmry amnlr(a, 2)]] = Y 2
(=1

f=to+1
<102 (i (2 (oo (0.1 )) o 22)
-0 t—to haM
<\/< )= )

holds for all ¢ with probability at least 1 — . Applying the same argument to —Z, and a union bound
completes the proof. O

Notice that, because contexts are i.i.d., a simple anytime Hoeffding bound implies the random variable
MaxRew () (recall this quantity is defined as the maximum sum of pseudo-expectations over realized

contexts) is larger than tE, ., (.z),z~p [7(a, )] (up to a factor of 5(ﬁ))
Lemma 44. [f the environment B is stochastic then with probability at least 1 — §

t
tEymr, (|2),a~p [r(a, 2)] < max Eo~r [re(a,x0)] + O (\/tln :;)

=1
forallt € N.

Proof. Consider the martingale sequence {Z,}32, defined as Z;, = Eqr, (|2),2~p [7(a,x)] —
Eqer, (-|z;) [7(a, x)|2¢]. By definition | Z,| < 2 for all £. Therefore by an anytime Hoeffding bound
(Lemma 46 in Appendix E), with probability at least 1 — §,

o)

for all t € N. Thus,

t
t
tEymr, (|2),a~p [T(a,2)] < ZIEQNM [re(a, xze)] + O (\/tln 6)
=1
! [t
< 17?21%( Eor [re(a,xp)] + O ( tln 5)

{=1

O

Lemma 44 implies that an algorithm that an algorithm that competes with MaxRew (¢) in turn can
compete against tE, ., (.|z),e~D [r(a, 2)]. This fact will help us argue that an adversarial algorithm
has good performance in a stochastic environment.

Let’s show that when the contexts are i.i.d., the counterfactual reward of any algorithm that decides
what policy to play before the context is revealed is (up to a 4 /tln% factor) upper bounded by

t]Ea~7r*(-|a:)7w~D [r(a, Jj)]7
Lemma 45. [f the environment is stochastic with i.i.d. contexts and the algorithm decides on its
policy my before observing context x; then with probability at least 1 — 0,

t
/ t
ZEGNWHW) [r(a,xg)|acg] < tEaN,,r*(.|x)7m~D [r(a, :L‘)] + O < tln 5)

{=1
forallt € N.
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Proof. Similar to the proof of Lemma 44, consider the martingale sequence {Z,}7°, defined as
Zp = Barmy(-|z0) [7(@; 20)|20] — Eqmry(|2),e~D [7(@, 2)] . By definition | Z,| < 2. Therefore by the
anytime Hoeffding bound of Lemma 46, with probability at least 1 — §

t t t £
IEED S R I D R ()
(=1 (=1 (=1
for all t € N. By definition 7, is the policy satisfying 7, = argmax, E,r s~p [r(a,z)] and
therefore for any 7y, the inequality Eyrr, zp [1(a, 2)] < Eqn, o~p [7(a, )] holds. O

Lemma 45 implies that in the case of i.i.d. contexts a learner that selects a policy based on historical
data (that is the learner selects a policy to play before the context is revealed) cannot do substantially
better than playing 7, = argmax, .1y Eqr(.|2),e~D [r(a, 2)] during all timesteps. This will prove
helpful when deriving bounds for the gap estimation phase.

E Additional Technical Lemmas
Lemma 46 (Time-uniform Hoeffding bound). Let S; = 22:1 Y, be a martingale sequence w.r.t.

some sigma algebra F; and let Yy € |ay, bt| almost surely for a;, by measurable in Fy. Then with
probability at least 1 — § forallt € N

Sy < 1.44\/max(Wt,m) <1.41n In <2 (max (VVt, 1>>> + In 562>
m

where Wy = 22:1 W and m > 0 arbitrary but fixed.

Proof. By entry “Hoeffding I”” in Table 3 of Howard et al. [18], S; is a sub-ty process with variance
process W;. Further, by Proposition 2 in Howard et al. [19], this implies that it is also a sub-¢p
process with ¢ = 0. We now apply Lemma 48 to achieve the desired result. [

Lemma 47 (Time-uniform Bernstein bound). Let S; = 22:1 Y; be a martingale sequence w.r.t. a
sigma algebra F; and let Y; < c a.s. for some parameter ¢ > 0. Then with probability at least 1 — §

forallt € N
Sy < 1.44\/max(Wt,m) <1.41n In <2 (max (VVt, 1>>> + In 552>
m
+ 0.41c (1.4lnln (2 (max (VVt7 1))) +1In 52)
m 1)

where W; = 22:1 E[Y;?|F;] and m > 0 is arbitrary but fixed.

Proof. By entry “Bennett” in Table 3 of Howard et al. [18], S; is a sub-1p process with variance
process Wy and parameter ¢ = 0. We now apply Lemma 48 to achieve the desired result. O

Lemma 48 (General concentration result). In the terminology of Howard et al. [18], let S, =

22:1 Y be a sub-yp process with parameter ¢ = 0 and variance process Wy. Then with probability
atleast 1 — 6 forallt € N

Sy < 1.44\/max(Wt,m) <1.41n In (2 (max <VVt, 1>>> + In ?)
m
+ 0.41c (1.41n1n (2 (max (VVt, 1))) +1In 52)
m 1)

where m > 0 is arbitrary but fixed.

Proof. This bound follows from Howard et al. [18] Theorem 1 with Equation 10 in that paper by
setting s = 1.4 and np = 2. O
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Lemma 49. Suppose {X;}?°, is a martingale difference sequence with | X;| < b. Let
Vare(Xg) = VvaI‘(ng‘)(l7 s ,Xg,l)

Let V; = Z§:1 Vary(Xy) be the sum of conditional variances of X;. Then we have that for any
8 €(0,1)andt € N

t
P (Z Xo > 2V Ay + 3bA§) <y,

=1

where Ay = \/21n1n (2 (max (%, 1))) +In %.

Proof. We are in a position to use 47 (with ¢ = b). Let S; = 22:1 Xiand Wy = Zzzl Var(X,).
Let’s set m = b2. It follows that with probability 1 — §’ forall t € N

2
S < 1.44\/max(Wt,b2) <1.41n In (2 (max (I;)Zt, 1))) +In 55,>
+ 0.41b (1.4lnln <2 (maX (Wb/t, 1))) + In 55/2)
< 2\/max(Wt,b2) (2 Inln (2 (max (Ig;vt, 1))) +1n ;)
+b (21nln (2 (max (3?, 1))) + In (?/)

= 2max(\/W;, b)A; + bA?
< 2/ W, Ay + 2bA; + AT

(i)
< 2/ W, Ay + 3bAZ

where A; = \/2 Inln (2 (max (%%,1))) + In 5. Inequality (¢) follows because A; > 1.

Setting V; = W, we conclude the proof. O

In turn, a corollary of the previous lemma is the following.

Lemma 50. Suppose {X;}$°, is a martingale difference sequence with | X¢| < by with by a non-
decreasing deterministic sequence. Let

Varz(Xg) = VaI‘(Xg‘Xl, e ,Xg_l)

Let V; = 22:1 Var¢(X,) be the sum of conditional variances of Xy. Then for any 6 € (0,1) and
t € Nwe have

t
P (Z X, > 2/ ViA, + SBtAf> <4,

=1
where A:(6) = 24/In %.

Proof. For any t define a martingale difference sequence {X lft) 172, as follows:

X _ X, ife<t
£ 710  otherwise

We apply Lemma 49 with parameter 6’ = % and b = B, and then overapproximate. A union bound
over t € N gets the desired result. O
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Lemma 51. Suppose {X;}$°, is a martingale difference sequence with | X¢| < by with by a non-
decreasing deterministic sequence. Let

Varg(Xg) = Var(Xg\Xl, e ,ngl)

Let V, = Zi=1 Vary(Xy) be the sum of conditional variances of X;. Then we have that for any

§€(0,1)andt € N
t
12¢2 12¢2
P (ZXE > 4m+ 12btln(5> <4,

{=1

Proof. Notice that by definition V;(a) < tb?. Therefore max( th(za) ,1) <tand

2 2
At(é’)g\/21nln2t+ln 1? \/1 % — A,(5).

Substituting this upper bound in the statement of Lemma 50 yields the result. O

Lemma 52. Letc,d € (0,1] and t > 28 1n® Z. Then

In %
<c
N
Proof. The function f(t) = lr\’/f is non-increasing on (€24, o0). Thus, it is sufficient to show that the
2 2
inequality holds for ¢t = 162 2=>. Since In(z) < § forall 2 € R, we can upper-bound this value of
t as
16
t < Pyl
This implies
16 2 In?(2/¢/d)
lng <hn— =dln = = oy [16——5"— =Vt
which proves the claim. O

Lemma 53. Let ¢, € (0,1] and t > 21n Z. Then

L . . .. .
Proof. The function f(t) = I — is non-increasing on (ed, co). Thus, it is sufficient to show that the

inequality holds for ¢ = 4m2  Since In(z) < § forall z € Ry, we can upper-bound this value of ¢
as
t < 4
2
This implies
4 2
lné <1110252 —21n£:ft<ct

which proves the claim. ]
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