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Appendix

Broader impact. The broader impact of the proposed framework is significant, as it extends
the ability to gain trust in machine learning systems. However there are important concerns and
limitations.

* Focus on performance metrics In this paper we propose a range of performance metrics,
which extend well beyond standard metrics concerning expected loss. However, in many
situations these metrics are not sufficient to capture the effects of the machine learning
system. Often a number of different metrics are required to provide a clearer picture of
model performance, while some effects are difficult to capture in any metric. Also, while the
measures studied offer the ability to more evenly distribute a quantity across a population,
they do not offer guarantees to individuals. Finally, achieving a more equal distribution of
the relevant quantity (e.g., loss or income) may have negative impacts on some segments of
the population.

» Limitations These are summarized in the Conclusion but are expanded upon here. An
important assumption in this work, and in distribution-free uncertainty quantification more
generally, is that the examples seen in deployment are drawn from the same distribution as
those in the validation set that are used to construct the bounds. Although this is an active
area of research, here we make this assumption, and the quality of the bounds produced may
degrade if the assumption is violated. A second limitation is that the scope of hypotheses
and predictors we can select from is limited, due to theoretical constraints: a correction must
be performed based on the size of the hypothesis set. Finally, the generated bounds may not
be tight, depending on the amount of available validation data and unavoidable limits of the
techniques used to produce the bounds. We did some comparisons to Empirical values of
the measures we obtained bounds for in the experiments; more extensive studies would be
useful to elucidate the value of the bounds in practice.

Organization of the Appendix. (1) In Appendix we provide detailed statements and derivations
of our methodology presented Section including how to obtain bounds for those measures
mentioned in Section[3} (2) in Appendixe introduce further societal dispersion measures, beyond
those presented in Section and corresponding bounds; (3) in Appendix [C] we investigate the
extension of our results to multi-dimensional settings; (4) lastly, in Appendix|D| and we provide
more complete details and results from our experiments (Section .

A Derivations and proofs for bounding methods

Section- |A.1]| we first consider how to control, or provide upper bounds on, various quantities when
we are given (Fn s Fn ), Which are constructed by {X;}? ,, such that

P(Fyy S F 3 Fyp) 216
where the randomness is taken over { X} ;.

Then, in Section we will show how we obtain (Fn I Fg ) by extending the arguments in [32].
In addition, we show details in Section[A.2.2Jon how we go beyond the methods in [32] and provide
a numerical optimization method for tighter bounds.

Proof of Proposition We briefly describe the the proof for Proposition The proof is mainly
based on [32], but we include it here for completeness. Notice for any non-decreasing function
G : R — R (not just a CDF), there exists the (general) inverse of G as G~ (p) = inf{x : G(z) > p}
for any p € R.

Proposition 2 (Restatement of Proposition. For the CDF F of X, if there exists two increasing
functions Fyy, Fy, such that Fy = F' = Fp, then we have F;, = F'~ = F;.

Proof. For any two non-decreasing function G(p) and C(p), by
function, G(G~ (p)) > p. If C = G, we therefore have C(G~ (
to both sides yields C~ (C(G~(p))) > C~(p). Butz > C~ o

the definition of the general inverse

)) > G(G~(p)) > p. Applying C~
C(x) (see e.g. Proposition 3 on p. 6
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of [30]) and thus G~ (p) > C~ (p). Plugging in F" and Fy; as G and C, this can yield F'~ > F;.
The other direcion is similar. O

A.1 Control of nonlinear functions of CDFs (Section 4.1}

A.1.1 Control for monotonic functions

Recall that we start with the simplest case where £ is a monotonic function in the range of X. It is
straightforward to have the following claim.

Claim 1. Ifwe have F L S F= F‘S 'y with probability at least 1 — 0 for some § € (0,1), if € is an
increasing function, then

S(Fnp) = E(F7) = &(Fy)
with probability at least 1 — §. Similarly, if £ is a decreasing function, then §(ﬁ’3;) = E(F’) =<
f(ﬁsz,) with probability at least 1 — 0.
We show how this could be applied to provide bounds for Gini coefficient and Atkinson index by
controlling the numerator and denominator separately as integrals of monotonic functions of F'~
Example 1 (Gini coefficient). If given a (1 — 6)-CBP (F? |, FS ;) and F? | = OI we can provide
the following bound for the Gini coefficient. Notice that
_ 1 _
Jo@p—1)F~(p)dp [ 2pF~ (p)dp
1 =T
Jo F~(p)dp Jo F~(p)dp

Given F~(p) > 0 (since we only consider non-negative losses, i.e. X is always non-negative), we
know

G(X) = ~1.

fo 2pF dp
G <20 T L VTR
( ) f FSU( )dp

with probability at least 1 — §.

Example 2 (Atkinson index). First, we present the complete version of Atkinson index. Namely,

1
1—e¢

(fol F_(p))l_sdp>

Al X)= 17 - et Er
__exp(Jy In(F~ (p))dp) P
! a0 Fe=h

Notice that for e > 0, (-)1=¢ and In(-) are increasing functions, thus, for Atkinson index and a (1 — 6)-

1

(Jo (EX o)~ Sdp)
N fo FSYL (p)dp
;122 Uo 1n5 nu , if € = 1. Then, with probability at least 1 — 6, A% (e, X) is an upper
fo Fn L(p)dp
bound for A(e, X)for alle € [0,1).

CBP (F | F?. U) ifﬁ‘S = 0, let us define A9, (e, X) := , ife > 0,e #

As mentioned in Remark instead of calculating bounds separately for each €, simple post-processing
enables us to efficiently issue a family of bounds.

Example 3 (CVaR fairness-risk measures and beyond). Recall that for o € (0, 1),

. 1
Dev,o(T(Fy)) = glelﬂlg {p + 1—a Egpu[T(Fy) — P]-i—} — Egopu [T(Fy)].

The function [T(F,) — pl+ is an increasing function when p is fixed and its further composition
with the expectation operation is still increasing. If we have (T2 (F,), TS (F,)) such that T2 (F,) <

'This can be easily achieved by taking truncation over 0. Also, the construction of F;f £, in Section
always satisies this constraint.
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T(F,) <T; (Fg)for all g with probability at least 1 — 0, then we have

. 1
Deva(T(Fy)) < T;lel]g {P + 1-o Eg~pru [Tg(Fg> - P]+} —Egpi [Tg(Fg)]’

and the first term of RHS can be minimized easily since it is a convex function of p.
A.1.2 Control for absolute and polynomial functions
Recall that if s;, < s < sy, then

sp1{sp > 0} — sy1{sy <0} < |s| < max{|su],|sL|}-

More generally, for any polynomial function ¢(s) = >, _, o sk, Notice if & is odd, s* is monotonic
w.r.t. s and we can bound

dls)< > awsh+ Y, st

{k isodd, a,, >0} {k isodd, o, <0}
+ > o max{|sp ¥, |su|F} + > a(sp1{sy > 0} — syl{sy < 0})*.
{k iseven, a;, >0} {k iseven, a;, <0}

So, for ¢(F ), we can plug in ng and FSE to replace sy and sy, to obtain an upper bound with
probability at least (1 — ¢). The derivation for the lower bound is similar. We summarize our results
as the following proposition.

Proposition 3. If given a (1 — 6)-CBP (F | | F? ),
£8,— 1§ fa0,— £8,— 1 § 20, — - BS,— | | 26, —
FooWFp 20} — Fop{Ey ) <0 2 [F7| 2 max{[F, |, \E 1}
Moreover, for any polynomial function ¢(s) = >, _, axs”, we have
_ £8,— 8, —
oF = Y aBD) Y Bt
{k isodd, a;;>0} {k is odd, aj; <0}
+ Y armax{{Epylh |FTN)
{k is even, a,, >0}
Y arErp{Ey 2 0y~ Eypa{Ey < o0pt.
{k iseven, ap, <0}

Example 4. If we have (T2 (F,), TS (F,)) such that T2 (F,) < T(F,) < T5(F,) holds for all g we
consider, then we can provide high probability upper bounds for

§(T(Fy,) —T(Fy,))
for any polynomial functions or the absolute function &. For example, with probability at least 1 — ¢

|T(F91) - T(F92)| < maX{|Tg'(Fgl) - Tg(FQ2)‘7 ‘Tg(Fgl) - Tg(ng)H
We will further show in Appendixhow our results are applied to specific examples.

A.1.3 Control for a general function

To handle general non-linearity, we need to introduce the class of functions of bounded variation
on a certain interval, which is a very rich class that includes all the functions that are continuously
differentiable or Lipchitz continuous on that interval.

Definition 4 (Functions of bounded total variation [28])). Define the set of paritions on [a, b] as

IT = {m = (wo, 21, - ,&n,) | 7 is a partition of [a, b] satisfying x; < x;41 for all0 < i < np—1}.

2T (Fy) here is one of the functionals in the form we studied, so that we can provide upper and lower bounds
for it.
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Then, the total variation of a continuous real-valued function &, defined on [a,b] C R is defined as

= sup Z;

P Z 1€(@iv1) — (1)

where 11 is the set of all partitions, and we say a function £ is of bounded variation, i.e. £ € BV([a, b])
iff Vi (€) < o0

Recall that X > 0 in our cases, then, for £(F'~), we can have the following bound.

Theorem 2 (A restatement & formal version of Theorem . Fora (1 —6)-CBP (F, 37 s FS, v ) for
any p € [0, 1] such that the total variation of £ is finite on |0, Fn 7 (p)), then

§F () < Vit P(e) VTP () 1 (B ().

Moreover, if € is continuously differentiable on [0, ng (p)], we can express Vi (€) as fo
~ o
forany z € [0, For (p)]-

s)|ds

S

Proof. By the property of functions of bounded total variation [28], if £ is of bounded total variation
on [0, FSZ (p)], then, we have that: for any z € [0, ng (p)]

£(x) = Vo' (&) — (V57 (§) — &())
where both f1 () := Vi*(€) and fa(x) := V() — £(x) are increasing functions. Moreover,
dg

Vi (€) = —(s)|d
o= [ |5 )]s
if £ is continuously differentiable.
Thus, by taking advantage of the monotonicity, we have
oz (P) E 5 (p) -
§E () <V P ) Vo "7 +E(E ()

So, if £ is of bounded variation on the range of X, then

o

EF) SV E(€) — VIO (€ 4 €(BY) = REST) — B(EDS).

A.2  Methods to obtain confidence two-sided bounds for CDFs (Section [4.3)

We provide details for two-sided bounds and our numerical methods in the following.

A.2.1 The reduction approach to constructing upper bounds of CDF's (Section[@

We here provide the proof of Lemma

Lemma 2 (A restatement & formal version of Lemma. ForO0<L{ <Lg---< Ln < 1, since
P(Vi: F(X(;)) > Li) > P(Vi: Uyy > Ly) by [32]], if we further have P(Vi : Uy > L) > 1 — 0,
then we have

P(Vi: lim F(X(Z-) —€6)<1—Ly_iy1)>1-06.

e—0+

Furthermore, let R(x) be defined as

1—-L,, Jorxz < Xy

1—L,_1, fOVX(l) SJ)<X(2)
R(z) = .
1— 14, fOl’X(n,I) §x<X(n)
1, Jor X(n) < .

Then, ' < R.
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Proof. Notice that for given order statistics { X ;) }7, let Py X(i}r, denote the probability taken
over the randomness of { X ;) }j-,, and Px denote the probability taken over the randomness of X,
which is an independent random variable drawn from F'. Let us denote B = —X, and B(i) as the
i-th order statistic for samples {— X}, . Itis easy to see that B(,,_;;.1) = —X(;). We also denote
Py as the probability taken over the randomness of B, and F'p as the CDF of B.

P{X(i)}?:1 (VZ : lim F(X(l) - 6) S 1-— Ln—i+1) :P{X(i)}?zl (VZ : Px(X Z X(l)) > Ln—i+1)

e—0+
ZP{X(“};;I(W Py (=X < =X()) > Ln—it1)
:P{Xm}?:l(w :Pp(B < Bn—it1)) > Ln—it1)
=P(Vi: Fpo Fg(Upn—it1)) > Ln—it1)
>P(Vi: Up—ig1) > Ln—it1).
where we use the fact that F'g (U(n,iﬂ)) is of the same distribution as B(,_;;1) and the last
inequality follows from Proposition 1, eq. 24 on p.5 of [30].

Notice that P(Vi : Up—it1) > Ln—iy1) = P(Vi: Up—it1) > Ln—iy1), and according to [32] and
our assumption, P(Vi : F'(X(;)) > L;) > P(Vi: Uy > L) > 1 6.

The conservative construction of R satisfies R = F’ straightforwardly if Vi : lim_,o+ F/(X(;) —¢€) <
1—L,,—;+1) holds. Thus, we know R = F with probability at least 1 — 8. Our proof is complete. []

Uniform Distribution Empirical Distribution

.
0.6 »
B v Y

° °
0.4

°
.
.
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— e o
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00  EmgE=S
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Figure 4: Example illustrating the construction of distribution-free CDF lower and upper bounds
by bounding order statistics. On the left, order statistics are drawn from a uniform distribution. On
the right, samples are drawn from a real loss distribution, and the corresponding Berk-Jones CDF
lower and upper bound are shown in black. Our distribution-free method gives bound bgl) and bl(-u) on
each sorted order statistic such that the bound depends only on 7, as illustrated in the plots for i = 5
(shown in blue). On the left, 1000 realizations of x(y), . .., z(,) are shown in yellow. On the right,
1000 empirical CDFs are shown in yellow, and the true CDF F' is shown in red.

A.2.2 Details of numerical optimization method (Section|4.3.2)

Now, we introduce the details of our numerical optimization method. Recall that one drawback of the
QBRM bounding approach is that it is not weight function aware: when controlling fol Y(p)F~(p)dp
for a non-negative weight function 1, the procedure ignores the structure of v, as it first obtains ﬁ'g I»

then provides an upper bound fol w(p)ﬁizz (p)dp.

Our numerical approach can overcome that drawback and can also easily be applied to handle
mixtures of multiple functionals. The bounds obtained by our method are significantly tighter than
those provided by methods in [32] in the regime of small data size. Notice that the small data size
regime is the one people care about because when the data size is large, all the bounds we discussed
will converge to the same value, and the gap between different bounds will shrink to 0 as the data
size grows.
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First, by |23] and Proposition 1, eq. 24 on p.5 of |30]], we have forany 0 < L; < --- < L, <1,
P(Vi, F(X@)) > Li) > P(Vi, Uy > Ly)

1 Ty T2
> n!/ d:cn/ dTp_1 -+ / dxq,
L, Ly—1 L,y

where the right-hand side integral is a function of {L;}?_; and its partial derivatives can be exactly
calculated by the package in [22]. Specifically, the package in [22] enables us to calculate

02
U(LhLQ,"' / d(L’n/ d(En 1 / d!El
n 1

for any positive integer n. Notice that the partial derivative of v(Lq, Lo, - - - , L,,, 1) with respect to

L; is:
i+2
3L,;U(L1,L2,"' ny 1 / dxn/ drn_1- / dzitq
n. 1 L+1
2

T
. / dIz_l / d.fCh
Li_1 Ly

== *U(Li—'rl, e aLn, 1) : U(le e 7Li—1,Li)a
which we can also use the package in [22] to calculate the partial derivatives.
Consider providing upper or lower bounds for fol ¥ (p)F~ (p)dp for non-negative weight function ¢
as an example. For any {L;}?_; satisfying IP’(W F(X i) > L-) > 1 — 4, one can use conservative
CDF completion in [32] to obtain F,f s le. fo (Fs L (p)dp = S0} (X&) fLLj,l ¥ (p)dp,

where Ly, y1is 1, Lo = 0, and X(,,11) = coora known upper bound for X. Then, we can formulate
tightening the upper bound as an optimization problem:

n+1

i o) [ oty

such that

P(Vi, F(X;) > L) >1—6, and0 < Ly <--- < L, < 1.
Similarly, for the lower bound, we can use the CDF completion ment10ned in Theoreml 1} and
construct £ ) u» then, we can study the following lower bound for fo (p)F~(p)dp,

n Lyp_it1

Sexe) [ v

i=1 Lin—i
where X ) = 0.

Parameterized model approach. Notice the above optimization problem formulation has a draw-
back: if more samples are drawn, i.e. n increases, then the number of parameters we need to optimize
also increases. In practice, we re-parameterize {L; }1_; as the following:

> exp(do(gy))
1+ 377 exp(o(g;))

where g; are random Gaussian seeds. This is of the same spirit as using random seeds in generative
models. We find that a simple parameterized neural network model with 3 fully-connected hidden
layers of dimension 64 is enough for good performance and robust to hyper-parameter settings. Take
the upper bound optimization problem as an example; using the new parameterized model, we have

Li(0) =

ntl Li(6)

min Z§ X)) / Y(p)dp (D

{032 L;_1(0)
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such that

1 Tn T2
n!/ dxn/ dmn,l---/ dxy > 19,
L, (0) L,-1(0) L1(0)

where Lo = 0, L1 = 1, X(,41) = oo or a known upper bound for X. We can solve the above
optimization problem using heuristic methods such as [9].

Post-processing for a rigorous guarantee for constraints. Notice that we may not ensure the
. 1 T T . . . . .
constraint n! an(e) dz,, an,l(e) dTp_1 - fo(H) dxy > 1 — ¢ is satisfied in the above optimization
because we may use surrogates like Langrange forms in our optimization processes. To make sure
the constraint is strictly satisfied, we can do the following post-processing: let us denote the obtained

L;’s by optimizing (1) as L;(f). Then, we look for v* € [0, L,,(6)] such that

v =inf{y: nlo(Li(0) — v, , La(0) —7,1) > 1— 4,7 > 0}.

Notice there is always a feasible solution as when v = L,,(0),

no(Li(0) =, Lu(0) —7,1) > P(Vi, Uy >0) =1

and v(L1(0) — v,---, L,(0) —7,1) is a decreasing function of 7. We can use binary search to
efficiently find (a good approximate of) *.

B Other dispersion measures and calculation

B.1 Lorenz curve & the extended Gini family

Lorenz curve. In the main context, Lorenz curve has been mentioned in reference to Gini coefficient
and Atkinson index. To be more complete, we further demonstrate the definition of Lorenz curve in
its mathematical form.

Definition 5 (Lorenz curve). The definition of Lorenz curve is a function: fort € [0, 1],
t
F~1(p)d
fo F_l(p) dp

We can obtain a lower bound and an upper bound function for the Lorenz curve. Given a (1 — §)-CBP
(FJ 1, Y ;) and F?2 | = 0, we can construct a lower bound function £9 (t):

t 8-
[,5 (t) _ f(] Fn,U(p) dp

L PSS N

fo Fn,L (p) dp

and an upper bound can be obtained by
t G, —

S5 fO Fn,L (p) dp
Ly (z) = T e =

Jo Frw(p)dp

With probability at least 1 — 4, the true Lorenz curve sits between the upper bound function and the
lower bound function for all ¢ € [0, 1].

The extended Gini family. The Gini coefficient can further give rise to the extended Gini family,
which is a family of variability and inequality measures that depends on one parameter — the extended
Gini parameter. The definition is as follows.

Definition 6 (The extended Gini family[37]). The extended Gini coefficient is given by
—vCov(X,[1 - F(X)]* 1)

G, X):= EX]
vk - F(p)dp
Jo F=(p)dp

where v > 0 is the extended Gini parameter and Cov(-,-) is the covariance.
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For the extended Gini coefficient, choosing different 1/’s corresponds to different weighting schemes
applied to the vertical distance between the egalitarian line and the Lorenz curve; and if v = 2, it is
the standard Gini coefficient.

Given a (1 — §)-CBP (Fn‘S I F v) and F 8 . =0, we can construct upper bound for G. Let
v fo ) 1F6 v(p)dp
fo Fg,L (p)dp

then GJ (v, X) = G(v, X) with probability at least 1 — 4.

gg(y,X) =

b

B.2 Generalized entropy index

The generalized entropy index [31] is another measure of inequality in a population. Specifically, the
definition is: for real number o

B [(%) —1], a#01

GE(a, X) = E[X ()], if a=1

~E[In(g¢)], if a=0.

It is not hard to further expand the expressions and write the generalized entropy index as:

b {(IOIP;((];))dp)a - 1} dp, a# 0,1

S N B Gl ¢2) F~(p ooy —
GE(a,X) =< [, |:f01 = (0)dp In(— TTF- (p)dp)} dp, if a=1

F~(p) e
fo [ln TTE (1; dp)] dp, if a=0.

Notice that (-)® is a monotonic function for the case o # 0, 1, and In(+) is also a monotonic function,
so the bound can be obtained similarly as in the case of Atkinson index. For instance, for a > 1,

givena (1—06)-CBP (F7 , F? ),
Faﬁ a
( (10) ) B 1] .

1 - o 1
o ey s s [ G

Other cases can be tackled in a similar way, which we will not reiterate here.

B.3 Hoover index

The Hoover index [16] is equal to the percentage of the total population’s income that would have to
be redistributed to make all the incomes equal.

Definition 7 (Hoover index). For a non-negative random variable X, the Hoover index is defined as

H(X) fo |F fo dQ|dp

2fo

Hoover index involves forms like |F'~ — p| for p = fol F~(p)dp. This type of nonlinear structure
can be dealt with the absolute function results mentioned in Appendix

For Hoover index and a (1 — §)-CBP (F;iL, F;f’U), let us define
1 £26,— 1 o, — £, — 1 pe,—
fO max{‘Fn,L (p) - fO Fn,U(q)dq|7 |Fn,U(p) - fO Fn,L (q)dq|}dp

2 [ B2y (p)dp

Then, with probability at least 1 — §, Hy(, X) is an upper bound for H (X).

Hy(X) =
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B.4 Extreme observations & mean range

For example, a city may need to estimate the cost of damage to public amenities due to rain in a certain
month. The loss for each day of a month is X3, - - - , X} i.i.d drawn from F', and the administration
hopes to estimate and control the dispersion of the losses in a month so that they can accurately
allocate resources. This involves quantities such as range (max; ¢z X; —min;¢cx X;) or quantiles of
extreme observations (max;c(x) X;). The CDF of extreme observations such as max;¢x) X; involves

a nonlinear function of F, i.e. (F(z)).

Example 5 (Quantiles of extreme observations). The CDF of max;cy) X; is F*_ Thus, by the result
oprpendix if given a (1 — §)-CBP (F;iL, FSU) and 1 = FSE = ng = 0, with probability
at least 1 — 0, . .

(Fpp) 2 F* = (k.
We also have . .

(Fpp)* 2 F* = (B,
Similarly, for min;e ) X;, the CDF is 1 — (1 — F), thus, we have

[0, — 0, —
1_(1_F7L:U)k ij = 1_(1_Fn,L)k'

We also want to emphasize, even if, X is not necessarily non-negative, we can apply the polynomial
method in Appendixor Fg; and ng
Example 6 (Mean range). By [I3], if we further have prior knowledge that X is of continuous
distribution, the mean of max;¢c ) X; — min;ey) X; can be expressed as:

1
K / F(2)[F*(2) — FH(@)|dF(z) = k / F(F~ (p)[F* (F~(p)) — F*(F~(p))ldp

Notice that both F and F~ are increasing. Thus, if given a (1 — §)-CBP (Fg,u ngU), FS,L =0,
then with probability at least 1 — 6,

1
| B o) [ (Bl ) = (Bl (Bl w) )y
is an upper bound of the mean range.

There are many other interesting societal dispersion measures that could be handled by our framework,
such as those in [20]. For example, they study tail share that captures “the top 1% of people own X
share of wealth", which could be easily handled with the tools provided here. We will leave those
those examples to readers.

C Extension to multi-dimensional cases and applications

We briefly discuss extending our approach to multi-dimensional losses. Unfortunately, there is
not a gold-standard definition of quantiles in the multi-dimensional case, and thus we only discuss
functionals of CDFs and provide an example. For multi-dimensional samples { X} ,, each of
k dimensions, i.e. X; = (X{,---,X}), for any k-dimensional vector = (21, - - ,zy), define
empirical CDF

n

. 1
Fo(w) = — 2 1{X; < x}.
1=
where we abuse the notation < to mean all of X;’s coordinates are smaller than x’s.

By classic DKW inequality, we have with probability at least 1 — §,

. In(k(n+1)/9)
(@) - Fla)| < | 2000
Meanwhile, we can further adopt Frechet-Hoeffeding bound, which gives,
k
max{1 —k+ Y Fi(z;),0} < F(x) < min{Fy(z1), - , F(ax)}

i=1
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where F; is the CDF of the i-th coordinate. Then, we can construct (F’s/ Lk ’i, 13’3/[];1) such that

(Fs/f R Fé/]~C "), with probability at last 1 — & /k. Thus, by union bound,
mwu—k+2yW“x»@fﬁmasmmﬁﬁﬂm»m,@ﬁﬂun

for all  with probability at last 1 — §.

We have
F(z )>max{1—k+ZF5/’“ .0, By (z) — W}
. . ~ In(k(n+1)/6
F(e) < min{ B ) B ), Bue) + D),
with probability at last 1 — 24.

Example 7 (Gini correlation coefficient [37]). The Gini correlation coefficient for two non-negative
random variable X and'Y are defined as

Con(X,Fy(v)) I T (Fxx(@.y) = Fx(@Fy(¥))dadFy (y)
COU(XaFX(X)) B COU(X,F_)(<X)) ’

FX,Y =

where Fx, Fy are marginal CDFs of X,Y and Fx y is the joint CDF. One can use the multi-
dimensional CDF bounds and our previous methods to provide bounds for the Gini correlation
coeffiecient.

D Experiment details

This section contains additional details for the experiments in Section We set 6 = 0.05 (before
statistical corrections for multiple tests) in all experiments unless otherwise explicitly stated. When-
ever we are bounding measures on multiple hypotheses, we perform a correction for the size of the
hypothesis set. Additionally, when we bound measures on multiple distributions (e.g. demographic
groups), we also perform a correction. Our code will be released publicly upon the publication of this
article.

D.1  CivilComments (Section[5.1)

Our set of hypotheses are a toxicity model combined with a Platt scaler [24], where the model is
fixed and we vary the scaling parameter in the range [0.25, 2] while fixing the bias term to 0. We
use a pre-trained toxicity model from the popular python library Detoxify [10] and perform Platt
Scaling using code from the python library released by [19] A Platt calibrator produces output
according to:

1

hv) = ——
) 1+ exp(wv +b)
where w, b are learnable parameters and v is the log odds of the prediction. Thus we form our

hypothesis set by varying the parameter w while fixing b to 0. Examples are drawn from the train
split of CivilComments, which totals 269,038 data points.

The loss metric for our CivilComments experiments is the Brier Score. For n data points, Brier score

is calculated as:
n

L=23(fi - o)

n -
i=1

where f; is prediction confidence and o, is the outcome (0 or 1).

Shttps://github.com/unitaryai/detoxify
“https://github.com/p-lambda/verified_calibration
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D.1.1 Bounding complex objectives (Section|5.1.1

We randomly sample 100,000 test points for calculating the empirical values in Table[T} and draw our
validation points from the remaining data. We perform a Bonferroni correction on § = 0.05 for the
size of the set of hypotheses as well as the number of distributions on which we bound our measures
(in this case the number of groups, 4). We set A = 1.0.

Numerical optimization details (including training strategy and hyperparameters) are the same as
Section[5.1.2] explained below in Appendix[D.T.2] For each group g we optimize the objective

O =T(Fy) + Tz(Fy)

where F is the CDF bound for group, T} is expected loss, and 75 is a smoothed version of a median
with a = 0.01 (see Appendix[D.I.2|and Flgure.

For comparison, the DKW inequality is applied to get a CDF lower bound, which is then transformed
to an upper bound via the reduction approach in Sectlon 1| To get the lower bound b ,,, we set:

B = max #pomts < ﬁ log(2)

)

n 2n

D.1.2 Numerical optimization examples (Section

We parameterize the bounds with a fully connected network with 3 hidden layers of dimension 64.
The n gaussian seeds are of size 32, which is also the input dimension for the network. Training is
performed in two stages, where the network is first trained to approximate a Berk-Jones bound, and
then optimized for some specified objective O. In both stages of training we aim to push the training
error to zero or as close as possible (i.e. “overfit”), since we are optimizing a bound and do not seek
generalization. The model is first trained for 100,000 epochs to output the Berk-Jones bound using a
mean-squared error loss. Then optimization on O is performed for a maximum of 10,000 epochs,
and validation is performed every 25 epochs, where we choose the best model according to the bound
on O. Both stages of optimization use the Adam optimizer [17] with a learning rate 0.00005, and for
the second stage the constraint weight is set to A = 0.00005. We perform post-processing to ensure
the constraint holds (see Section . For some denominator m (in our case m = 10%) we set

v=2L, 2 2 and check the constraint until it is satisfied.

This approach is applied to both the experiments in SectionFand Sectlonq 5.1.2] Details on the
objective for Section|5.1.1|are above in Appendix In Section[5.1.2] we set § = 0.01 and our
metrics for optimization are described below:

CVaR CVaR is a measure of the expected loss for the items at or above some quantile level 5. We set
B = 0.75, and thus we bound the expected loss for the worst-off 25% of the population.

VaR-Interval In the event that different stakeholders are interested in the VaR for different quantile
levels 3, we may want to select a bound based on some interval of the VaR [SByin, Bmaz]. We perform
our experiment with 3,,,;, = 0.5, Bnaz = 0.9, which includes the median (5 = 0.5) through the
worst-case loss exluding a small batch of outliers (3 = 0.9).

Quantile-Weighted We apply a weighting function to the quantile loss ¥ (p) = p, such that the loss
incurred by the worst-off members of a population are weighted more heavily.

Smoothed Median We study a more robust version of a median:
1 (»—B)?
a\/T exp( a?

with S = 0.5 and a = 0.01, similar to a normal distribution extremely concentrated around its mean.
See Figure for an illustration of such a weighting.

Y(p; B) = )

D.2  Bounds on standard measures (Section[5.2)

This section contains additional details for the experiments in Section
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Figure 5: Plot of smoothed median function with 5 = 0.5 and a = 0.01

D.2.1 RxRxl (Section[5.2.1)

We use the code released by [18t0 pre-train a model on the train split of RxRx1 [33] and we
evaluate our algorithm on the OOD val split with 9854 total samples. We randomly sample 2500
items for use in validation (bounding and model selection), and use the remainder of the data points
for illustrating the empirical distribution induced by the different hypotheses. The thresholds which
are combined with the pre-trained model to form our hypothesis set are evenly spaced in [—8, 0]
under the log transformation with base 10, thus leaving the thresholds in the range [1078, 1].

Balanced accuracy is calculated as:

N 1 A N
LY,Y)=1- §(Sens(Y, Y) + Spec(Y,Y)), where

. yny k—|Y|—|Y\Y

k=Y

and Spec(Y,Y) =

where Y is the set of ground truth labels (which in this experiment will always be one label), Yisa
set of predictions, and k is the number of classes.

D.2.2 MovieLens-1M (Section

MovieLens-1M [12] is a publicly available dataset. We filter all ratings below 5 stars, a typical
pre-processing step, and filter any users with less than 15 5-star ratings, leaving us with 4050 users.
For each user, the 5 most recently watched items are added to the test set, while the remaining
(earlier) items are added to the train set. We train a user/item embedding model using the popular
python recommender library LightFME]with a WARP ranking loss for 30 epochs and an embedding
dimension of 16.

For recommendation set I we compute a loss combining recall and precision against a user test set
of size k:

L=oal.(I,1)?>+ (1 —a)l,(I,1)% where

. 1 . A 1
(I, I)=1—-— H{iel}tandl,([,])=1— — 1{zel
En=1-p 3 Uie bl =1- 53 Mic )
% iel
where o = 0.5. We randomly sample 1500 users for validation, and use the remaining users to plot

the empirical distributions. The 100 hypotheses tested are evenly spaced between the minimum and
maximum scores of any user/item pair in the score matrix.

Shttps://github.com/p-lambda/wilds
®https://github.com/lyst/lightfm
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s0 E Additional results for numerical optimization (Section|5.1.2)

691 Figure@compares the learned bounds G, to the Berk-Jones (G'g) and Truncated Berk-Jones
692 (G pj_¢) bounds, as well as the empirical CDF of the real loss distribution.

CVaR VaR Interval

;3' 9 L ) X ‘/3

Figure 6: Learning tighter bounds on functionals of interest for protected groups. On the left, a
bound is optimized for CVaR with 5 = 0.75, and on the right a bound is optimized for the VaR
Interval [0.5,0.9]. In both cases the optimized bounds are tightest on both the target metric as well as
the mean, illustrating the power of adaptation both to particular quantile ranges as well as real loss
distributions.
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