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Appendix A Existence of a popular partition in FEN games

Recall that Theorems 2 and 3 say that locally popular partitions always exist and can be efficiently
found by a simple heuristic in symmetric FEN-AF and FEN-AE games. In this section, we show that
the same does not hold for popularity: there exist symmetric FEN games where for each possible
partition 7, there is a deviation involving multiple agents that yields a partition 7’ with A(w,7") > 0.
Specifically, we show that the verification problem for popularity in symmetric FEN games is coNP-
complete. Furthermore, we show that deciding whether a popular partition exists in such games is
computationally intractable as well; specifically, the existence problem for popularity in symmetric
FEN games is coNP-hard. These results on the complexity of popularity verification and existence
are the same as those known for other types of hedonic games, such as the altruistic hedonic games
studied by Kerkmann and Rothe [28]. Interestingly, Bullinger and Gilboa [12] recently settled
the complexity of whether there exist popular partitions in either additively separable or fractional
hedonic games by showing that these two problems are complete for NPNT | the second level of the
polynomial hierarchy—the first results closing the gap between the computational upper and lower
bounds for popularity existence in hedonic games. For our problems, we leave this question open.

We prove the following result for all FEN games, among them FEN-AF, FEN-AE, and FEN-B games.

Theorem 14. Given a FEN game I of some fixed, arbitrary type with symmetric preferences, verifying
whether a partition is popular in I is coNP-complete, while deciding whether a popular partition
exists for I is coNP-hard.

Proof. 1t is clear that verifying whether a given partition 7 is popular in a given FEN game I of some
fixed, arbitrary type with symmetric preferences is in coNP, because we can nondeterministically
guess a partition 7" and check in polynomial time whether A(r,#’) > 0. This is the case for some
partition 7’ exactly if 7 is not popular in I.

To prove coNP-hardness, we reduce from the EXACT 3-COVER problem whose input is a set U =
{u1,...,us,} and a set family F = {F1,..., F,,,} with each F; being a size-3 subset of U the task
is to decide whether there exists a set family S C F of size n such that U = J. 5 Fi-

We construct a FEN game I of the given type as follows; our reduction is correct irrespective of the
type of I. For each element u; € U, we create an agent u;, and for each set I; € F, we create an

agent F;; we use the notation U = {w : u € U} and F = {F}; : F; € F}. We further add two sets A
and A’ of anchor agents with |A| = |A’| = 5n + m and a set B of guard agents with |B| = 2n — 1.
Hence, the set of agentsin I is AUA'UBUU U F.

The relationships for I are defined as follows; recall that all relationships in [ are symmetric:

» Each anchor agent in A is friends with all other anchor agents in A and all agents in U.
* Each anchor agent in A’ is friends with all other anchor agents in A’ and all guard agents.
* Each guard agent is friends with all agents in F.
* Anagent; € U is friends with an agent F; € F if and only if u; € ;.
* Each anchor agent in A and each anchor agent in A’ are enemies.
We claim that I admits a popular partition if and only if 7* = {AU U, A’ U B U F} is a popular

coalition, which in turn happens if and only if our input instance Ix3c = (U, F) of EXACT 3-COVER
does not have a solution, i.e., there is no exact cover of B in F.

Eirst, kit us show that if S C F is a solution to Ixsc, then 7* is not popular. To this end, let
S ={F}; : F; € S}. We are going to show that A(7, 7*) > 0 where the partition
7={AUUUS, A UBUF\S} )

is obtained from 7 by a deviation of agents in S; this implies that 7* is not popular. Note that
each element u; € U is contained in some set F; € S, which means that each agent uw; € U
has more friends in 7(@;) than in 7*(u;) (and zero enemies in both) and thus prefers 7 to 7*.
By contrast, each guard agent b € B has fewer friends in 7(b) than in 7*(b) (and zero enemies
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in both) and thus prefers 7* to 7. Furthermore, each agent F; € S gains three new friends and
loses all of its guard friends when switching from 7* to 7 (and has zero enemies in both) and
thus prefers 7* to w. Since every remaining agent is indifferent between 7 and 7*, we obtain that
Am,7*)=|U| - |B|—|S|=3n—(2n—-1)—n=1>0.

Next, we show that if 7* is not popular, then Ix3c has a solution. Let 7 be a partition that is more
popular than 7*, i.e, A(7*,7) > 0. Observe that for an anchor agent a € A U A’, all friends and
no enemies of a are in 7*(a), so anchor agents cannot prefer 7 to 7*. Moreover, if some anchor
agent prefers 7* to 7, then at least |A| = |A’| = 5n + m anchor agents do so; however, at most
|U|+|F|+|B| = 3n+m+2n—1 agents may prefer 7 to 7*, which contradicts A(7*,7) > 0. Thus
anchor agents must be indifferent between 7 and 7*, which yields that 7 contains two coalitions C
and C’ suchthat C D AUU and ¢’ D A’ U B.

Define S = C'N F; note that |S| > 0, as otherwise, 7 = 7*. Note that each guard agent b € B
has fewer friends in 7(b) than in 7*(b) (and zero enemies in both) and thus prefers 7 to 7*, and
so do the agents in S as well (they gain three friends each from U but lose all guards from among
their friends when deviating to 7). Let V be the set of agents in U who prefer 7 to 7*; notice that
V = {w; : 3F; € S such that u; € F}} by construction.

Then the agents preferring 7 to 7* are those in V while those that prefer 7* to 7 are those in B U S.
Hence, A(7*,7) = |V| — |B| — |S| > 1, which implies that

V> @2n—1)+|S|+1. 3)

Recall also that - - o

V| < 3n and V] < 3|S], 4)
because each agent in S has three friends in V. Taking the linear combination of these two inequalities,
we obtain that [V| < 2n + |S], and thus the three inequalities in (3) and (4) must all hold with
equality. In particular, |V| = 3n and |S| = n, and the former implies V' = U, that is, Ufj s =U.
Therefore, the set family S = {F} : F; € S} is a solution to the EXACT 3-COVER instance Ixsc.

It remains to show that if 7* is not popular, then there is no popular partition 7 at all. For the sake of
contradiction, assume that 7 is popular. We have already proven that A(m, 7*) > 0 implies that 7
must be of the form (2) for some S C F. By our assumption that 7 # 7, we also know that S is
nonempty. However, then the switch F'; — A’ U BU F \ S locally blocks  for any agent F; € S,
because all guard agents as well as F'; votes for it, whereas at most three agents in U vote against it.
This shows that no partition other than 7* may be popular in 1. O

Next, we show that popular partitions may fail to exist even in a symmetric FE game where neutral
relations are not allowed and thus every agent that is not a friend of ¢ is an enemy of ¢, i.e., the
friendship digraph and the enmity digraph are complements of each other. This suggests that the
intractability shown in Theorem 14 does not stem from the possibility of neutrality.

Proposition 15. There exists a FE game with symmetric and friend-appreciative (or, equivalently,
with symmetric and enemy-averse) preferences that does not admit a popular partition.

Proof. Consider the FE game [ with symmetric and friend-appreciative (or equivalently, symmetric
and enemy-averse) preferences on agent set N = {0,1,...,6} where the friendship graph is a
bidirected cycle of length 7: every agent i € N considers both (i — 1) mod 7 and (i + 1) mod 7 a
friend and each other agent in NV \ {i} an enemy. We claim that I does not admit a popular partition.

First, the grand coalition 7% = {N} is not popular, as A(7™, 72, ;) > 0 for each agent i: even

though 7 and both friends of ¢ vote against the switch 7 — (), all four remaining agents vote for it.

Second, if 7 is a partition such that there are at least four agents ¢ € N with ffr( i) < 1, then
A(m,7) > 0, because these four agents prefer the grand coalition to 7. It follows that any popular
partition must be of the form 7* = {{i}, N\ {i}} for some i € N. However, in this case, the switch
(i 4+ 1) mod 7 — {i} locally blocks 7*, because all agents vote for this switch except for the agent

(i + 2) mod 7; in particular, A(n?, Ti+1) mod 7_>{i}) > 0, contradicting the popularity of 7*. Hence,
no popular partition exists for I. O
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Appendix B  Efficient implementation for LocPop and LocStab

In this section, we present an efficient implementation of LocPop and LocStab that proves Theorem 3.

Theorem 3 (x). LocPop can be implemented to run in O(nA3logn) time (or O(nA?logn) for
FEN-B games) and LocStab can be implemented to run in O(nA?logn) time.

Proof. Regarding the running time of LocPop and LocStab, it is clear that each step can be performed
in O(nAk) time even in asymmetric FEN games, where k denotes the number of coalitions in the
current partition: to check for each agent i € N and each coalition C' € 7 U {(} whether i — C
locally dominates or locally blocks, it suffices to know the number of agents in C' and in 7(7) who
regard ¢ a friend or an enemy and of those whom 4 considers a friend or an enemy. As the number of
such agents is at most 2A, each step can be done in |[N|(k + 1)O(A) = O(nkA) time.

In the following, we show how our heuristics can be implemented much more efficiently; we will
focus on symmetric FEN games due to their practical relevance. We start with a way to characterize
when a switch ¢ — C' locally dominates a partition 7.

Lemma 16. Given a symmetric FEN game I with a partition m, consider the following conditions
for some agent i and coalition C € 7 U {(}:

(c0) fé — eljc > f;(i) — e;(i) +1; (c3) Qf}; — e’é > foT(i) — e;(i);

() Jo—eczfrg—CGpt2 () fo=2e0 > frp — 2600

(c2) f;(i) - e;(i) +1>fo—ec = f;(i) - e:r(i).
If I is a FEN-B/ FEN-AF / FEN-AE game, then the switch i — C locally dominates w if and only if
condition (c0) / condition (c1) V ((c2) A (c3)) / condition (c1) V ((c2) A (c4)), respectively, hold.

Proof. Statement (b) of Lemma 1 yields

AT, mise) = fo — el — ffr(l-) + ejr(i) + vote; (7, Ti¢)- Q)
We first show that the respective conditions imply that ¢ — C locally dominates 7.
First, if (c1) holds, then A(w, m;—¢) > 2 + vote; (7, mi—¢) > 0 due to (5), so the switch i — C
locally dominates 7 even if ¢ votes against it, irrespective of the type of I. If I is a FEN-B game, then

(c0) already suffices to ensure that i — C'locally dominates 7, because it implies vote; (mw, m;—,¢) > 1
by the definition of balanced preferences, which in turn yields A(7, ;) > 2 due to (5).

If (c2) holds, then A(m, m;—,¢) > vote;(m, m;—¢) due to (5) and, hence, it suffices to show that (c3)
implies that ¢ — C' is a Nash deviation under friend-appreciating preferences, whereas (c4) implies
that ¢ — C is a Nash deviation under enemy-averse preferences:

* Assume first that  is a FEN-AF game where (c2) and (c3) hold, but ¢ — C'is not a Nash
deviation. Then either f;( o = f& and e;( i < €¢, OF fjr(l.) > f¢&. The former case cannot

happen, as it contradicts (c3). Hence, we must have ffr (i) > fé + 1; however, adding this
inequality to ffr( By ejr( = f& — el we get a contradiction to (c3) again.

* Assume now that I is a FEN-AE game where (c2) and (c4) hold, but i — C'is not a Nash
deviation; our reasoning mirrors the previous case. Then either 6;(1‘) = ey and f;(i) > fé,
or efr(i) < ek,. The former case cannot happen, as it contradicts (c4). Hence, we must have
el > ejr(i) + 1; however, adding this inequality to f;(i) — e;(i) +1> f& —el, wegeta
contradiction to (c4) again.

For the other direction, suppose that : — C' locally dominates T, i.e., A(Tl',ﬂ'z'_>c) > 0. Then
A_i(m,mi¢) > 05 recall that A_;(m, mimc) = f& — el — f;(i) + e;(i) by statement (b) of
Lemma I, so we get 4 ‘ ‘ '

fe —ec 2 fru) = €y (6)

If A_;(m,m—c) > 2, then (cl) is satisfied. Else, A_;(m, m;—,¢) € {0, 1}, which implies (c2), and
we also get vote; (m, m;—,¢) > 0 due to (5) and the assumption that ¢ — C locally dominates 7. In

22



960

961
962

963
964

965

966

967

968

969

970

971
972
973

974

975

976
977

978
979
980
981
982

983
984
985

986
987

988
989

990
991

992
993

995
996
997

998
999
1000
1001

1002
1003
1004
1005

fact, vote;(m, m;,c) = 0 is not possible, as that would mean f} , — e’ ;) = f& — e implying
A(m,mic) = 0 by (5); a contradiction to our assumption that A (7, m;,_.c) > 0. Therefore, i — C
must be a Nash deviation; using this, we now show that the required conditions hold.

* For balanced preferences, this means that (5) implies A(7, 7;—,¢) > 2 which, due to (5),
implies (c0).

* For friend-appreciating preferences, we get f& > f7 . or f& = fi ) and ex < el ;3
taking (6) into account, both of these cases yield 2f& — el > for(i) — e;(i), i.e., (c3) holds.

» For enemy-averse preferences, we get e, < el . or ey = el and f¢& > f1,; taking (6)
into account, both of these cases imply f&, — 2el, > ffr(i) — Qefr(i), i.e., (c4) holds.

This completes the proof of Lemma 16. O

Implementation. Let us describe the implementation of heuristics LocPop and LocStab in detail.

The key idea is that for each agent i € N, we maintain two vectors =} and z? that are used to store
the following values corresponding to each coalition C' € 7 U {(}}. The first vector stores the values
z}(C) = fb —el — I @+ e (i) while the values stored in the second vector depend on the type of

the game: If condition (c2) of Lemma 16 holds, then z7 stores x7(C) = 2f& — ety — 2f1 ;) + el
if preferences are friend-appreciating, and a7 (C) = f& — 2e; — f1 ;) + 2€l ) if preferences are
enemy-averse, while we set z2(C) = —oo if (c2) fails. For balanced preferences, the vector 7 is not
used.

Notice that maintaining the values z¢(C) and 2% (C') for each agent i and for all coalitions C' € TU{D}
for the current partition 7 would suffice to determine whether there exists a switch ¢ — C for some
coalition C' € 7 U {0} that locally dominates or locally blocks 7, due to Lemma 16. However, it
is not hard to observe that it suffices to focus for each agenti € N on the set C* of coalitions in 7
in which i has at least one friend or enemy. Then it is sufficient to maintain the values =} (C) and

x2(C) for each agent i only for coalitions C' € C?, together with the values f" @) and e:(i). Indeed,
for every coalition C € 7 U {0} \ C* we know e’ = f¢ = 0, and thus the values =} (C) and 2Z(C)
can be calculated easily: first, we have z} (C') = — Fa(iy T €x(s)s second, to determine x2(C'), we first
check whether condition (c2) holds (using e = f¢ = 0 again) and set 2?(C) = —o0 if (c2) fails
and, otherwise, set 27(C) = —2f} ) + el ;) in FEN-AF games and 27 (C) = —f1 ;) + 2}, in
FEN-AE games. Notice that the values z} (C) and 27 (C) therefore are the same for each coalition C
in7TU{0}\C".

Therefore, the vectors z; and 7 are indexed by the set of all coalitions in C* together with one
dummy coalition representing all coalitions in = U {0} \ C".

To facilitate an efficient search for a locally dominating or locally blocking switch, we keep the entries
in the vectors z; and 27 ordered. Furthermore, we additionally order the set X! = {z} : i € N} of
vectors according to their first coordinates, and order the vectors in X2 = {z? : i € N} similarly.
Observe that the largest entry occurring in any vector of X! is therefore the first coordinate of the
first vector in X! and, similarly, the largest entry occurring in any vector of X ? is the first coordinate
of the first vector in X 2. We will maintain this property throughout the algorithm; call it property (x).

The initialization. To initialize C* and the vectors x} and x7 for the starting partition 7o, we start
by computing the values f¢, and e, for all agents ¢ € IV and coalitions C' € m in which 7 has a
friend or an enemy. This takes O(nA) time in total for all agents using the friendship and enmity
digraphs.

Next, we order the O(A) values in each of the 2n vectors in X! U X?2; this takes O(nA log A) time.
Then we order the set X' = {z;} : i € N} of vectors according to their first coordinates, and order
the vectors in X2 = {z? : i € N} similarly in O(nlogn) time. The required running time for the
initializations is therefore O(nA + nAlog A +nlogn) = O(nAlogn)asl < A <n.
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The computation of a step in the heuristic. We check if the largest entry in the vectors in X is
at least 2 by looking at the first coordinate of the first vector in O(1) time. If yes, we have found
a locally dominating switch i — C'; note that if the coalition achieving the largest enty in X is
a dummy coalition representing all coalitions in 7 U {()} \ C? for some agent i, then a coalition
C € 7 U {0} \ C? can be found in O(|C¢|) = O(A) time.” To maintain the vectors x} and 27 as well
as the sets C* for all agents i € IV, we only need to update these vectors and sets for the O(A) agents
in {i} U E(i) U F(7) and, regarding the vectors, only at the coordinates corresponding to 7(¢) and
to C'; note that this update may result in adding a new coordinate to the vector or deleting one from it.
Then, in order to maintain property (), we have to reorder X * and X2 again—but we do not have
to perform a complete ordering from scratch; we just have to find the correct places of the updated
elements in the already existing ordering. Hence, this can be implemented in O(A(log A + logn))
time, as there are O(A) elements to update and an insertion of an element to an ordered list of length
¢ can be done in O(log ¢) time.

If the largest entry in the vectors of X! is 0 or 1, then we check the largest entry in the vectors of X2
(recall that xf stores a nonnegative entry for a coalition C' only if condition (c2) holds for i and C)
and check if the first coordinate is larger than O or not. If not, then 7 is locally popular by Lemma 16.
Otherwise, we again have found a locally dominating switch; we then perform this switch and update
the sets C* and the vectors in X* and X2 in O(A logn) time as in the previous case.

Checking whether ¢ — C'is a Nash deviation for LocStab can also be implemented in the same
running time. We just have to append the condition that ¢ improves to each case in Lemma 16, which
is also a condition that can be checked in O(1) time. In fact, we can redefine the values z}(C') and

22(C) to be —co if i has no incentive to join C. This way, it remains true that the value of z} (C),

3
and also of 22 (C'), coincides for all coalitions where i has neither a friend nor an enemy; thus, our

approach still works.

Summarizing all of the above, we get the running time of O(nAlogn + K geps - Alogn) where
K ygeps 18 the number of steps (i.e., number of switches) performed by the algorithm. Combining this
with Theorem 2 proves Theorem 3. O

We can take C' = () unless we aim for a variant of the algorithm that keeps the number of coalitions constant;
in this case, we can iterate over the coalitions of the current partition until we find one that is not in C* in O(A)
time.
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Appendix C Additional material for the simulations

We remark that all codes used for our simulations are available in the supplementary material files
of our submission. In Section C.1, we present our simulation result for community detection in the
form of some figures; we do the same for clustering in Section C.2. Finally, we present a detailed
evaluation of our results in Section C.3.

C.1 Community detection: omitted figures

This section contains all figures depicting our simulation results for the Karate club (Figure 4), Jazz
musicians (Figure 5), Cora (Figure 6), and Random-25 (Figure 7) datasets, comparing our heuristics
LocPop and LocStab with the Louvain and Leiden algorithms in terms of Rand index and modularity.
As the Jazz dataset has no true labels, we did not compute the Rand index for it.
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Figure 4: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Karate club dataset.
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Figure 5: Comparing modularity of Louvain, Leiden, and LocPop (left) or LocStab (right) variants

for the Jazz dataset.
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Rand Index by Method on Cora Modularity by Method on Cora
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Figure 6: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Cora dataset.
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Figure 7: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Random-25 dataset.

C.2 Clustering: omitted figures

This section contains all figures depicting our simulation results on the Iris (Figure 8), Breast Cancer
Wisconsin (abbreviated as Cancer, Figure 9), Moons (Figure 10), and 3-Circles (Figure 11) datasets,
comparing our heuristics LocPop and LocStab with the k-means and DBSCAN algorithms in terms
of Rand index and silhouette score.
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Figure 8: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and LocPop
(top) or LocStab (bottom) variants for the Iris dataset.
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Figure 9: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and LocPop
(top) or LocStab (bottom) variants for the Cancer dataset.
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Figure 10: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the Moons dataset.
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Figure 11: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the 3-Circles dataset.

C.3 Evaluation of results

General takeaways for LocPop and LocStab. LocPop and LocStab produced very similar results,
although the scores of LocStab were more dependent on the preference domains. The best threshold
parameters were also mostly the same for LocPop and LocStab. In LocPop variants, the three
different preferences domains (AF, AE, and B) lead to quite similar results across all instances. This
is probably due to the fact that only the agent who switches may vote differently in these cases,
and a single vote usually has no substantial influence. In the case of local stability, where a Nash
deviation is needed, a larger differentiation was observed. The simulations also showed that—while
no preference domain was consistently performing better than the two others—the balanced one
performed best or close to the best for both LocPop and LocStab. Hence, in light of Theorems 3 and 4,
using balanced preferences seems most preferable, as we have a faster runtime guarantee, and it is the
only preference domain where the LocStab heuristic converges in polynomial time for asymmetric
graphs. Hence, we suggest that future research focuses on the balanced preference domain.

In general, the -P and -S variants both performed well. However, the -S variant often requires much
more steps to reach an outcome, which is expected, as it starts with n clusters. Hence, if there is a
good estimate (or even an upper bound) on the expected number of clusters, then the -P variant may
be the optimal. The LocPop-P and LocStab-P variants we implemented also had a constraint that new
coalitions could only be created if the current number of clusters was smaller than their predicted
number.

In most cases, the (0.4, 0.4) or the (0.2, 0.2) parameters lead to the best results, but these parameters
also often lead to the worst results; while the parameter (0.25, 0.35) performed consistently between
them. This suggests that parameter tuning can have a large effect on achieving the best possible
outcome.

Since LocPop and LocStab are not deterministic (randomness comes from (i) the initial clustering,
(i) the indexing of the data points, and (iii) the choice of the implemented switches), we did 10
repetitions, each time randomly permuting the data points and with a random initial partition with the
predicted number of clusters for LocPop-P and LocStab-P (for the other variants the initial partition is
fixed) to estimate the mean and standard deviation of the scores. The algorithm was implemented in a
way such that switches involving smaller-indexed agents were preferred, but by randomly permuting
the indices, this bias was eliminated. The standard deviations observed were at most 0.01-0.02 on
average after doing 10 repetitions, except for the Karate club dataset (~ 0.05). Hence, for that dataset,
we increased the number of repetitions to 30 for more robust results. We also note that in many cases,
the standard deviations were too small to be visible in the figures (e.g., < 1073).

Comparison with mainstream algorithms. Let us compare the performance of our algorithms
with the most widely used mainstream methods, both for community detection and for clustering.
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Community detection. Using the output of Leiden, variants of LocPop-Ld (and LocStab-Ld)
achieved a similar value in modularity, and slightly outperformed it w.r.t. the Rand index. Hence,
starting from the output of Leiden was very beneficial in terms of achieving better modularity scores.
For the Random-25 dataset, LocPop-S and LocPop-S were able to significantly outperform Louvain
and Leiden (by more than 10%) w.r.t. the Rand index, but LocPop-P and LocPop-S were close to
a 10% improvement too. For the Karate club dataset, LocPop and LocStab variants were able to
outperform Louvain and Leiden by more than 50% in Rand index.

Clustering. In clustering, with the parameter (0.4, 0.4), LocPop performed up to 20% better than
k-means w.r.t. the silhouette score in the Iris and 3 Circles datasets (and performed similarly for
the others), while the other parameters led to (sometimes significantly) worse results. DBSCAN
performed the worst in terms of the silhouette score, and it often put all points together, in which
case the silhouette score is undefined. Regarding the Rand index, (0.4,0.4) turned out to be the
worst parameter in general, which highlights that silhouette score may often not be the best measure
to asses the quality of a clustering with regards to label prediction. This was most apparent in the
Cancer dataset.

With respect to the Rand index, the best performing variants of LocPop and LocStab, which were
the ones with the parameter (0.2, 0.2) (except in the 3 Circles case) were within 10% of k-means,
often matching it, LocPop-P and LocStab-D outperformed it by roughly 50% for the Moons dataset
(LocStab-P being close behind them, but all variants performed better than k-means), where DBSCAN
was able to find the true clusters completely. As opposed to community detection, for LocPop, here
we found no clear benefit of using the output of DBSCAN or k-means to start with, while starting
with a correctly predicted number of random clusters helped significantly for the Moons dataset. With
LocStab-D, starting with these outputs did lead to better results for the Moons dataset.

Summarizing our observations, we conclude that the variants of LocPop and LocStab performed well
and consistently, often leading to the best results in both community detection and clustering.

Other observations, runtimes and outlook. For heuristics LocPop and LocStab started with the
outputs of Leiden and k-means, we tracked the Rand index between their initial partition (i.e., the
output of Leiden or k-means, respectively) and the final partition. We observed that even in these
cases, both algorithms often made quite a lot of changes. For LocPop, we observed an average Rand
index—here used to measure the difference between the initial and the final partition—of 0.65 with a
minimum of 0.33 across community detection datasets; for clustering datasets, these values reached
an average of 0.55 with a minimum of 0.34. For LocStab, the obtained numbers were slightly higher,
as expected. For community detection datasets, the average Rand index was 0.67 with a minimum of
0.33 and for clustering datasets, an average of 0.65 with a minimum of 0.43.

We also tracked the running times. Our LocPop algorithms run within a couple of seconds even on
a mid-range hardware, except for Cora, the largest dataset, where computation took 3-5 minutes,
LocPop-S and LocStab-S being the slowest as expected. For these variants, to speed up computation,
we used random clusters of size 6, instead of singleton clusters, still modeling the same behavior.
We emphasize that our implementation is not the most efficient one discussed in Section 3, but a
simpler approach that iterates through the agents and the current clusters in each step. Furthermore,
our approach to constructing the friendship and enmity graphs did not guarantee bounded degrees,
causing a limitation, since then the running time in Theorem 3 are not guaranteed to be linear. For
instances of even larger size, constructions that guarantee bounded degrees—e.g., taking the d nearest
neighbors as friends and the d farthest ones as enemies for each agent—may lead to more efficient
computation. We leave this for future work.

There are many more ways to generate friendship and enmity relations among agents, and it might
be interesting to see whether there are approaches that lead to improved results. Further, another
limitation is that LocPop might have a problem with instances containing clusters of different sizes,
since large clusters can get rid of unwanted agents simply due to their voting power. It will be
interesting to test this in future work. Finally, note that LocStab might be a fix for those instances,
since agents cannot be pushed out of a cluster “against their will” (and maybe that is the reason why
it performs better on the Cancer dataset).
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Appendix D Omitted proofs

This section contains all proofs omitted from the main body of our paper, except for the proof of
Theorem 3 which we proved in Appendix B. Sections D.1, D.2, and D.3 contain the omitted proofs
of our results on FEN-AF, FEN-B, and FEN-AE games, respectively.

As already mentioned in Example 1, throughout this paper, all relations among agents that are not
explicitly mentioned are tacitly assumed to be neutral.

D.1 Omitted proofs for our results on FEN-AF games

Before we restate and prove our intractability results concerning FEN-AF games, we state some
structural observations concerning AF-gadgets in Section D.1.1. We then proceed to provide all
omitted proofs of our results on FEN-AF games in Sections D.1.2-D.1.4.

D.1.1 A structural lemma on AF-gadgets

Given an AF-gadget G, let us define the distance of agents ¢ and j within G as the minimum number
of arcs on a path from 7 to j or from j to ¢ within the friendship graph of G. Moreover, whenever
an AF-gadget is defined over agent set K = {0,1,...,2k}, the agent i + ¢ is always interpreted as
(i + ¢) mod (2k 4 1) for each agent i € K and constant integer c.

Lemma 17. Consider a FEN-AF game that admits a locally stable partition m and contains an
AF-gadget G over agent set K. If some coalition C' € w with C C K contains two agents whose
distance in G is at least 4, then C = K.

Proof. Note that any two agents whose distance in G is at least 4 are mutual enemies. Hence, if two
such agents 7 and j belong to some coalition C' C K, then each of them must have a friend in C":
indeed, assuming that one of them, say agent 7, does not have a friend in C, we get that the switch
1 — () locally blocks 7, because 7 and ¢’s enemies in C vote for it, while only 7 — 1 may vote against
it. The distance between the friend of ¢ and the friend of j (i.e., agents ¢ 4+ 1 and j + 1) within G
is again at least 4, so by the same reasoning, each of them must have a friend within C'. Repeating
this argument, we get that every agent of C' must have a friend within C, which implies K C C. By
C C K we get C' = K, as required. O

D.1.2 Proof of Theorem 5

Theorem 5 (x). The asymmetric FEN-AF game consisting solely of an AF-gadget admits no locally
popular partition.

Proof. Consider an AF-gadget G of size 2k + 1 containing agents 0, 1, . .., 2k. Suppose for the sake
of contradiction that 7 is a locally popular partition.

If 7 is the grand coalition, then for an arbitrary agent 7, the switch 7 — () locally dominates 7, because
(recalling that k£ > 5) exactly 2k — 4 > 3 agents vote for it (those who consider ¢ an enemy) and
only the two agents 7 and ¢ — 1 vote against it (as they both lose a friend). This contradicts the local
popularity of 7.

Thus 7 is not the grand coalition. By Lemma 17, this implies that for any two agents ¢ and j
with 7(¢) = =(j), the distance of ¢ and j in G is at most 3, so each coalition in 7 is a subset
of {i,44+ 1,7+ 2,47 + 3} for some agent i.

Suppose now that some agents  and 7 + 2 are both within some coalition C' = 7 (i) = 7 (i + 2), but
i+ lisnotin C. Then i + 1 has an incentive to join C, that is, ¢ + 1 votes for the switchi + 1 — C,
and so does 7. Since the distance between any two agents of C'is at most 3 in G, there can be at most
one agent in C' who considers 7 4+ 1 an enemy, namely agent ¢ — 1. Thus at most one agent in C'
votes against the switch ¢ + 1 — C, and note also that no agent in 7 (i + 1) votes against it. Hence,
i+ 1 — C' locally blocks m, a contradiction. This shows that each coalition in 7 must either contain
at most four agents who, additionally, appear consecutively on the friendship cycle of G, or it must
be of the form {7, 7 + 3} for some .
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If there is a coalition of the form {7, ¢ + 3}, then the switch i + 3 — 7 (i + 4) locally blocks 7, as
both 7 as 7 + 3 vote for it and the only agent who may vote against itis 7 + 7.

If there is a coalition containing four agents {i,i+1, 742, i4+3}, then again, the switch i+3 — m(i+4)
locally blocks 7: the only agents who may vote against it are ¢ + 2 and ¢ 4 7, whereas agents 4, 7 + 1,
and ¢ + 3 all vote for it.

Therefore, every coalition must contain at most three agents who appear consecutively on the
friendship cycle of G. Suppose there is a coalition with exactly three agents. Then, as 3 does not
divide 2k + 1, there is one coalition, say {7, ¢+ 1,7+ 2}, which is followed (along the friendship cycle
of G) by a coalition of size two, namely coalition {i + 3,7 + 4}. Then the switch i + 2 — 7 (i + 3)
locally blocks 7, as agents ¢ and ¢ + 2 vote for it, and only agent ¢ + 1 votes against it.

Hence, each coalition contains at most two agents. If there is one containing exactly two agents, then
there is one coalition, say {i,¢ + 1}, which is preceded (on the friendship cycle of ) by a coalition
of size one, namely {i — 1}, as 2k + 1 is odd. Hence, the switch i — 1 — {4, 4 + 1} locally blocks .
It follows that each coalition in 7 must be a singleton. But then the switch where any agent ¢ joins
{i + 1} locally blocks m, again a contradiction. It follows that no locally popular partition exists for
this hedonic game. O

Note that for the hedonic game defined in the proof of Theorem 5, there does exist a unique locally
stable partition: the grand coalition containing all agents. In fact, the proof of Theorem 5 even implies
the following slightly stronger claim.

Remark 1. Suppose that a hedonic game with friend-appreciative preferences contains an AF-gadget
over agent set K, and admits a locally stable partition 7. If no coalition of 7 contains agents both in
and outside of K, then K itself is a coalition in 7.

D.1.3 Proof of Theorem 6
Theorem 6 (x). There exists an asymmetric FEN-AF game that admits no locally stable partition.
Proof. As a counterexample, consider a FEN-AF game I that contains an AF-gadget over a set

K =1{0,1,...,2k} of agents together with an additional set A = {aq,...,as;—4} of agents such
that

* ai,...,as,_4 are mutual enemies with 1,2, ..., 2k + 1,
* ag,...,as,—4 consider 0 an enemy,
¢ 0 considers a; a friend and ao, . . ., asi_4 enemies,

e a1 and ao are mutual friends, and

* a, considers a;41 a friend fori =2,3,...,2k — 5.

Suppose that 7 is a locally stable partition for I. First, we claim that if a coalition C' € 7 contains
both an agent from K and an agent from A, then C' contains 0 as well. To see this, consider the
“largest” agent j = max;.;cxnc of K in C. If 0 ¢ C, then the switch j — () locally blocks ,
because agent j and all agents in AN C # () vote for it, while at most one agent (namely, agent j — 1)
may vote against it.

Next, we claim that if some coalition C' € 7 contains both 0 and a; for some 4, then C also
contains a; 1 if it exists. For 7 = 1, this follows from the fact that, otherwise, a; has an incentive
to join m(ag), as both a; and ag vote for the switch a; — 7(az) and only agent 0 votes against it
(note that only agents in K consider a; an enemy, and we have K N m(ay) = () by the previous
paragraph), contradicting our assumption that 7 is locally stable. For ¢ > 1, we can similarly show
that if a;41 ¢ C, then the switch a; — 7(a;1) locally blocks 7: both a; and 0 vote for it, and only
agent a;_1 may vote against it.

As a consequence, no coalition C' in 7 contains both an agent from K and an agent from A. Indeed,
assuming otherwise, the coalition C' would contain agents 0 and asj—4 by the previous two claims,
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in which case the switch agy,_4 — 0 locally blocks 7r: both asi_4 and 0 vote for it, while at most one
agent (namely, agent agi—3) may vote against it.

Due to Remark 1, it follows that the agents of K must form a single partition in 7. In particular,
agent 0 has one friend and 2k — 4 enemies within 7(0). Also, agent 0 has at least one friend and at
most 2k — 5 enemies in the coalition 7 (a1 ), so 0 has an incentive to join 7(a;). Finally, the switch
0 — 7(aq) locally blocks 7, because 2k — 4 + 1 agents from K vote for it (namely, agent 0 and all
those regarding 0 an enemy), while only one agent from K (namely, agent 2k) and 2k — 5 agents
from A (all of them except a;) vote against it. This contradiction shows that 7 cannot be locally
stable. O

D.1.4 Proof of Theorem 7

Theorem 7 (x). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-
complete for FEN-AF games.

It is clear that both problems are in NP, as given a FEN-AF game, we can nondeterministically guess
a partition 7 and then verify in polynomial time that no possible switch locally dominates or locally
blocks 7 (note that the number of switches for 7 is at most quadratic in the number of agents). We
complete the proof of Theorem 7 by proving the NP-hardness of LOCAL-STABILITY-EXISTENCE
and LOCAL-POPULARITY-EXISTENCE separately in Theorems 18 and 24, starting with the former.

Theorem 18. LOCAL-STABILITY-EXISTENCE is NP-hard for FEN-AF games.

Proof. We provide a reduction from 5-SAT which, given a Boolean formula ¢ in conjunctive normal
form with five literals per clause, asks whether ¢ is satisfiable. Let ¢ be our input 5-SAT formula
with variables vy, ..., v, and clauses C,...,C,,. By adding dummy clauses if needed, we may
assume that m = 1 mod 3 and that m = 1 mod 2.

We create an instance I of LOCAL-STABILITY-EXISTENCE as follows. Letk = 5 - 11m = 55m;
then £ = 1 mod 2 and £ = 1 mod 3 . For each clause C;, we create a clause gadget G ; that is an

AF-gadget of size k. The agents of G, ordered along the friendship cycle of G5, are 0 obm—1,

grer g
Every 11m-th agent 29, z}'™, ..., %™ along this cycle corresponds to one of the literals in C; =
(lj, V- -V 1j,); these are called literal agents. We also add 5m auxiliary gadgets A, . .., As, €ach
of them an AF-gadget of size kK = 55m. Each auxiliary gadget A; has a single distinguished agent
a?; we refer to such agents as enforcer agents. We also add an agent 7. Intuitively, in a locally stable
partition, the coalition containing 1" will also include a literal agent from each clause corresponding

to a true literal. We proceed by describing the relationships between the agents on different cycles:

T

 Every literal agent considers 7" a friend and is considered by 7" an enemy.
* Every enforcer agent considers 7" a friend but is considered by 7" as a neutral.
* T and every non-literal, non-enforcer agent consider each other mutual enemies.

* Any two agents y and z from two different clause gadgets are mutual enemies, unless y
and z are both literal agents that do not correspond to a positive and a negative literal of the
same variable, in which case they are mutually neutral.

* Any two agents y and z from two different auxiliary gadgets are mutual enemies, unless
both are enforcer agents, in which case they are mutually neutral.

* Finally, for a vertex x from a clause gadget and a vertex y from an auxiliary gadget,

— if y is not a literal agent or z is not an enforcer agent, then they are mutual enemies;

— if y is the literal agent corresponding to the ¢-th literal of the j-th clause, then y and z

are mutual enemies if z = ag (—1)+0° and they are mutually neutral if 2 is an enforcer

agent other than ag; .

This completes our construction of the instance I of LOCAL-STABILITY-EXISTENCE from the
given 5-SAT instance . It remains to prove the correctness of the reduction: I is a yes-instance
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of LOCAL-STABILITY-EXISTENCE if and only if ¢ is satisfiable. This will follow from a series of
claims.

Direction “=-"": Let us first assume that there exists a locally stable partition 7 for I.

Claim 19. Coalition 7(T') contains at most 20m — 1 agents. Consequently, m(T') cannot contain all
agents from a clause or an auxiliary gadget.

Proof of claim. For a contradiction, suppose that more than 20m — 1 agents are in the same coalition
as T'. Then at least 10m of them are mutual enemies of 7', as only 10m agents consider 7" a friend,
and no agent considers 7" as neutral. Recall also that 7" considers no agent as a friend and thus has an
incentive to leave (7). Hence, the switch T — () locally blocks 7, a contradiction. <

Claim 20. No coalition C' € 7 can contain all agents from some clause or auxiliary gadget.

Proof of claim. For the sake of contradiction, assume that some coalition C' contains some clause
or auxiliary gadget K. Claim 19 implies C' # «(T'). Let y be a literal or enforcer agent in K.
Since y has one friend and exactly 55m — 5 enemies within K, y has an incentive to join 7(7T") by
Claim 19. Thus the switch y — 7 (7") locally blocks 7: at least (55m — 5) + 1 agents—all enemies
of y within K and y itself—vote for it, whereas at most (20m — 1) + 1 agents—enemies of y in 7(T")
and the unique agent in K who considers y a friend—vote against it, a contradiction. <

Claim 21. Ifa coalition C € wwith T ¢ C contains agents from two different clause or auxiliary
gadgets, then C cannot contain a non-literal, non-enforcer agent.

Proof of claim. Suppose for the sake of contradiction that C' €  with T' ¢ C' contains some agent y
from a (clause or auxiliary) gadget K, some agent 3/’ from a different gadget X', and a non-literal,
non-enforcer agent w. Note that neither K nor K" is fully contained in C' due to Claim 20. Therefore,
using also T' ¢ C, we get that C contains an agent z € K and an agent 2’ € K’ such that neither z
nor 2z’ considers any agent in C' a friend. Moreover, w is a mutual enemy with some 2" € {z, z'}.
This implies that the switch z”/ — () locally blocks 7, because both 2" and w vote for it, while at
most one agent (who considers 2z a friend) may vote against it, a contradiction. <

Claim 22. Coalition 7(T') contains at least one agent from each clause gadget and each auxiliary
gadget.

Proof of claim. For a contradiction, suppose that 7(7") contains no agent from some clause or
auxiliary gadget K. If no agent from K is contained in the same coalition as some agent from a
different gadget, then Remark 1 implies K € , a contradiction to Claim 20. Hence, there is a
coalition C' that contains some agent y from K and some agent from a different gadget. By Claim 21,
we get that y is either a literal or an enforcer agent. Suppose that y is a literal agent y = z for
some clause gadget K = G the case when K is an auxiliary gadget and y is an enforcer agent is
analogous.

Note that :v?'l is the only agent z; considers a friend, while the only agent who considers x; a
friend is G;‘l. Since both Gj-_l and xé-“ are non-literal, non-enforcer agents, neither of them is

contained in C' due to Claim 21. In particular, xg has an incentive to join w(x;“). Since the switch

zh — 77(:1:?“) cannot locally block 7, we obtain that there must be some agent in 7T(I§+1) who

considers x; an enemy. Observe that T' ¢ 7r(x§-+1) by our choice of K = G, so by Claim 21 we know
that all agents of w(xéﬂ) belong to G;. Using Lemma 17 and Claim 20, we get that 7r(x§+1) cannot
contain two agents whose distance along G; is more than 3; we refer to this fact as (#). This implies

i e{i—2,i—1,i+1,i+2,i+3,i+4} for every agent x? € ﬂ'(a:;“), so the agent within 7r(x31+1)
who considers % an enemy must be 22 or /"%, Moreover, {z %, 2**} Z (2" also follows.

We distinguish between two cases and arrive at a contradiction in both, which proves the claim.
) i+1 i+1 i—2 i1 i+l i—1 i+1
C;lse A: ;7% € m(z""). Then W(I; ) C a2 ,o:; } due tol(Q). Ifz’"" ¢ m(x%7), then
zitt ’?). Since the switch 2" — 7(2/?) does not locally block 7
+1

but both xéﬂ and x;’fQ vote for it, it follows that at least two agents must consider x; an enemy
i4—2)
J

has an incentive to join 7 (
in7(x

. However, due to (#), these agents could only be 1:;_1 and z;+5, but they cannot both be
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#*2), a contradiction. Thus it must be the case that 77( ) = {2l % 27" 2} Then 2

has an incentive to join 7T($i+1) recall that T ¢ 7 (%), so «; has no friend in 7 (2 ) Observe that

in7(x

the switch 2% — 7(x 1+1) locally blocks 7: both 3: and x vote for it, but only i 2 votes against
it, a contradiction.
Case B: :1:“'4 € 7r(.'1:i.+1) Then 7T( H'1) - {xiH xi+2, x;+3 l+4} Then x1+4 has an incentive to

join 7r(x§+5) so both 2" and 2/ vote for the switch 2% — 7 (z/*?). Slnce 7 is locally stable,

there must be two agents who Vote against this switch. If m“g ¢ w(z ;H) then these must be two

agents in 7(x ’:+5) ;+4 an enemy. Due to (Q) these can only be agents x”‘Z

%%, but at most one of them can be in 7(z*°), a contradiction. Hence, 2 € 7 (z ;H). Since
the switch x;+2 — 7(z ;H) does not locally block , it follows that :E’” € 7r(x§+1) as well, which
yields {z*1, 2*2 2773, 2/} € 7. Then the switch z/** — 7(z ‘»+5) locally blocks 7, because

J
7+1 1472 1+4 i+3

three agents (namely, T anda:

who consider x and

) vote for it and at most two may vote against it ("~ and

possibly x;+8), a contradlcnon. <

Claim 23. Coalition ©(T) contains no non-literal, non-enforcer agents. Also, each literal agent
in w(T') can have at most one mutual enemy in 7(T'), which is necessarily an enforcer agent.

Proof of claim. For the sake of contradiction, assume that y # 7' is a non-literal, non-enforcer agent
in w(T'). Take an agent z € 7(7T') from a clause G; not containing y such that the unique friend of =
within K is not in 7(7"). By Claims 22 and 19, there must be such an agent z. Note that y and z are
mutual enemies. If z is not a literal agent, then z has no friend in 7(7T'), so the switch z — () locally
blocks 7, a contradiction. If z = x; is a literal agent, then z is mutual enemies with every agent from
at least one auxiliary gadget by construction, so z has at least two mutual enemies in 7(7).

It now suffices to show that the assumption that z has at least two mutual enemies in 7 (7") leads to a
contradiction.

Assume first that = has an incentive to join m(2/""). Then 2, T, and the two mutual enemies of 2}

in 7(T) vote for the switch x — 7(x j“) and at most one agent in 7(7") votes against it. Moreover,

due to Lemma 17 and Claim 20, each two agents in w(xj*l) are at distance at most 3 from each other

along G, and thus the only agents in 7r(:c§-+1) who consider xé an enemy can be x;*Q and x;“, SO
fewer than four agents vote against the switch, a contradiction.

It follows that x; has no incentive to join 71'(:L';3+1), which happens only if x; regards at least

two agents in 77(902“) as enemies. This implies that 7r(1:§-+1) contains at least two agents from

{172,277 2%} As 7 is locally stable, it follows that {«/"* z/**} C n(2*!). Suppose
that x§+4 € n(z;+1) as well. Then the switch x§+4 — ﬂ'(x;%) locally blocks m, because
i+4 T i+2 i+1 +8

z, xe and all vote for it, whereas only x;-”’ and x; may vote against it. Oth-

erwise, w(z'™!) = {x”l 2, ”3} The switch m”?’ — 7(x ”4) locally blocks 7 unless

m(ztt) = {xz+5 x;+6,x;’.+ ;+8} In this case, however the switch z; R 7r(:c3.+9) locally

blocks 7 by the argument used in the previous case. <

We are now ready to prove that ¢ is satisfiable.

By Claim 22, at least one literal agent from each clause gadget G; must be contained in (7). We
claim that the corresponding literals can be set to true at the same time. For a contradiction, suppose
that there are two literal agents, y and z, in 7(7T") such that one of them corresponds to literal v; and
the other one to its negation v;. By Claim 23, a(;- € m(T') for any auxiliary gadget A;, which means
that every literal agent is mutual enemies with at least one enforcer agent in (7"). Since y and z
are also mutual enemies by construction, each of these two literal agents have at least two mutual
enemies, which is a contradiction to Claim 23. Hence, ¢ is satisfiable.

Direction “<"": Let us now assume that ¢ is satisfiable.

Consider a truth ass1gnment that makes ¢ true. Create a partition 7 as follows. For each aux1hary
gadget A;, group s together with 7. Also, from each clause gadget, choose a literal agent z
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corresponding to a true literal and group it together with 7', too. Finally, for each clause or auxiliary
gadget K, create coalitions of size two from the agents of K not put into 7(7") such that each of
these coalitions contains two agents appearing consecutively on K.

We claim that 7 is locally stable. Agent 7" has an incentive to join every coalition C' in 7 U {(} other
than 7(T"). However, at least 6m agents vote against such a switch ' — C and at most one votes
for it. Note that a literal or enforcer agent in 7(7") has one friend in 7(7") and at most one enemy:
Indeed, each enforcer agent is mutual enemies with exactly one literal agent—which may or may not
be in m(T")—and vice versa; moreover, two literal agents are mutual enemies only if they correspond
to a literal v; and its negation v;, respectively. This, however, cannot happen, as only literal agents
corresponding to true literals are in 7(7"). Since each literal or enforcer agent has at most one friend
in every coalition C' # 7(T'), and if they do have a friend in C' then they also have an enemy in C, so
they have no incentive to join C'.

For a non-literal, non-enforcer agent y, let {y, v’} denote the coalition 7(y). On the one hand, if y
regards 3/’ as a friend, then y has no incentive to join any coalition in = U {@}. If, on the other hand, 3’
regards y as a friend, then y has an incentive to join the unique coalition containing its sole friend 3",
but the switch y — 7 (y”") does not locally block 7, because only y votes for it but ¢’ votes against it.

We conclude that 7 is locally stable, proving the correctness of our reduction. O

We now turn to the existence problem for local popularity and its computational complexity.
Theorem 24. LOCAL-POPULARITY-EXISTENCE is NP-hard for FEN-AF games.

Proof. We again provide a reduction from 5-SAT by slightly modifying the reduction presented in
the proof of Theorem 18.

Let ¢ be a 5-SAT formula with variables vy, ..., v, and clauses C1,...,C,,. By adding dummy
clauses if needed, we may again assume that m = 1 mod 3 and m = 1 mod 2.

From ¢ we create an instance I of LOCAL-POPULARITY-EXISTENCE as follows. Again, let k =
5-11m = 55m; then £ = 1 mod 2 and £ = 1 mod 3. For each clause C;, we create a clause

gadget G; that is an AF-gadget of size k. The agents of G; are again referred to as x?, o 755355’”*1,
ordered along the friendship cycle of G, and every 11m-th agent x?, :Ejl-lm . x?‘lm along this
cycle corresponds to one of the literals in C; = (I;, V - - - V 1}, ). These are again called literal agents.
Note that we do not create the auxiliary gadgets and enforcer agents used in the proof of Theorem 18,
but we do add an agent T'. As before, a locally popular partition will always group 7" together with
an agent corresponding to a true literal from each clause. We proceed by describing the relationships

between agents on different gadgets:
* Every literal agent considers 7" a friend, whereas T" considers everyone an enemy and is

considered an enemy by every non-literal agent.

* Furthermore, two agents y and z from two different clause gadgets are mutual enemies,
unless y and z are both literal agents that do not correspond to a positive and a negative
literal of the same variable, in which case they are mutually neutral.

We are going to show that the constructed instance I of LOCAL-POPULARITY-EXISTENCE admits a
locally popular partition if and only if ¢ is satisfiable.

Direction ““=>"": Let us first assume that there exists a locally popular partition 7 for I.

Claim 25. No coalition C' € 7 may contain all agents from some clause gadget.

Proof of claim. For a contradiction, suppose that a coalition in 7 contains all agents of a clause

gadget G;. Then the switch 2% — () for an arbitrary agent ”33 in G locally dominates , because at
least 55m — 5 agents vote for such a switch and at most one agent votes against it, a contradiction. <

Claim 26. If a coalition C' € 7 with T ¢ C contains agents from two different clause gadgets, then
C cannot contain a non-literal agent.

Proof of claim. Exactly the same arguments as used in the proof of Claim 21 prove the claim. <
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Claim 27. Coalition (T contains at least one literal agent from each clause gadget.

Proof of claim. For a contradiction, suppose that there is a clause gadget G ; that contains no agent
in 7(T'). If no agent of G; is in the same coalition as some agent from a different gadget, then 7
cannot be locally popular, because we have shown in Theorem 5 that an AF-gadget does not admit a
locally popular partition.

By Claim 26, it follows that there must be a literal agent x; in G; such that C' = 7T({L‘;) contains

only literal agents, with at least one of them not in G;. By 7' ¢ C, we know that x; has an incentive
to join w(x?“l). Hence, as no agent considers :r; a friend in C, there must be an agent in w(x;“)
who considers x; an enemy, as otherwise, the switch x; — 77(:]5;-“) locally blocks 7. Note that
?‘1 is a non-literal agent, we know that 7r(:r§-+1) CG;
by Claim 26. Therefore, by Lemma 17 and Claim 25, we know that all agents in 7r(x§+1
AR 1) who considers « an enemy
or :r;_z, and they cannot both be contained in 7r(x§+1). Distinguishing between the
cases zi % € m(z/"") and 2** € w(2/"") and using exactly the same arguments as in Cases A
and B in the proofﬂ of Theorem 18 we obtain a contradiction to the local stability and, hence, to the

local popularity of 7. <

T¢ w(m§+1) by our choice of G, and since
) are at

distance at most 3 from x
-2

along G;. Hence, the agent in 7(z
must be x;

We are now ready to prove that ¢ is satisfiable.

By Claim 27, 7(T') contains at least one literal agent from each clause gadget. We claim that the
corresponding literals can be made true at the same time. For a contradiction, suppose that there are
two literal agents, y and z, corresponding to some variable v; and its negation v;, respectively, that
are both in 7(7"). Then y and z are mutual enemies. Hence, the switch y — () locally dominates 7,
as both 7" and z vote for it and only y votes against it, a contradiction. Hence, this yields a truth
assignment satisfying ¢.

Direction “<": Assume now that there is a truth assignment satisfying ¢.

Create a partition 7 as follows. For each clause gadget G, choose a literal agent corresponding to
a literal set to true and group it with 7. Then for each clause gadget K, create coalitions of size
two from the agents of K not put into 7(7") such that each of these coalitions contains two agents
appearing consecutively on K.

We claim that 7 is locally popular. Let C' € = U {(}. Note that the only agent who may vote for a
switch " — C'is T', while at least m agents vote against it. For a literal agent 2 € (T, the only

agents who vote for a switch x; — C can be T and possibly agent 1;;-*1, while x§ itself votes against
it, and moreover, if m;‘-*l € C votes for the switch, then xTQ € C votes against it. Hence, :c; —C

does not locally dominate 7. For an agent y in a coalition {T;, a:;“} €  of size two, only one agent
may vote for the switch y — C, and this happens only if either y = :c;.“ and y has a friend in C, in

which case xé votes against the switch, or if y = x; and C = {xé_Q, xj._l}, in which case both xé_Q
and xz vote against the switch. Hence, no switch locally dominates 7, so 7 is locally popular, which
completes the proof of correctness for our reduction. O

D.2 Omitted proofs for our results on FEN-B games

We start with restating and proving Theorem 4, stating the polynomiality of LocStab on FEN-B
games, in Section D.2.1. We move on with some structural observations concerning B-gadgets in
Section D.2.2. We then proceed to provide all omitted proofs of our results on FEN-B games in
Sections D.2.3-D.2.6.

D.2.1 Polynomiality of LocStab
Theorem 4 (x). In a possibly asymmetric FEN-B game, the total balanced utility of all agents

strictly increases in each step of heuristic LocStab, consequently, heuristic LocStab always converges
in O(nA) steps to a locally stable partition, irrespective of the initial partition.
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Proof. Let N denote the set of agents. Consider a step of the heuristic where a partition 7 is replaced
by 7, ¢ for some agent i and coalition C' € wU{0} is such that CU{i} >; 7(¢) and A(m, m;,c) > 0.
As A(m, 7 ¢c) > 0 we have A_;(m, m;—,¢) > 0. So, by statement (a) of Lemma 1,

Z Ul;‘(ﬂ'ieC) - U?(ﬂ-) =A_i(m, misc) > 0.
JEN\{i}

Finally, u?(C) — u?(n (7)) > 0 because the switch is performed by heuristic LocStab based on
the condition that it is a Nash deviation, i.e., ¢ has an incentive to join C (recall that preferences
are balanced). Hence, f(mi—c) — f(m) = ;o n uj(mic) — uj(m) > 0, which proves the first
statement of the theorem. Since the total balanced utility is between —nA and nA, the claimed

bound on the number of steps follows as well. O

D.2.2 A structural lemma on B-gadgets

Let us say that a coalition C' in a B-gadget over agent set K = {0,1,...,6} is consecutive if
C={i,i+1,...,i+ £} for some integer ¢ € [6].

Lemma 28. Let 7 be a partition for a B-gadget, and let C' € 7 be a coalition with either |C| > 4, or
|C| = 3 and C is not consecutive. Then i — | locally dominates w for some agent i € C.

Proof. Let 7 be a partition for the B-gadget over agent set K = {0,1,...,6} and let C' € 7.

If C is the grand coalition, then ¢ — () locally dominates 7, because ¢, i + 2, i + 3, and 7 + 4 all vote
for it, while only ? — 1 and 7 — 2 vote against it.

If 4 < |C] < 6, then let i € C be an agent such that i — 1 ¢ C and, if C is not consecutive, then
{i,i+ 1,74 2} € C; observe that such an agent i exists. Consider the switchi — 0. If i — 2 ¢ C,
then at least two agents in {i + 2,7 + 3,7 + 4} N C vote for this switch, while ¢ 4 1 is indifferent
between 7 and 7;_,. Hence, even if ¢ votes against it, we get A(m, m;_,g9) > 1. Ifi —2 € C and C
is consecutive, then C' = K \ {i — 1}, in which case agents i, i + 2, i + 3, and ¢ + 4 all vote for the
switch ¢ — (), and only ¢ — 2 votes against it. If i — 2 € C but C' is not consecutive, then due to our
choice of 4, we know that C does not contain both i + 1 and i + 2, and thus f& = 1, implying also
el > 2 (because |C| > 4andi — 1 ¢ C). Hence, i has an incentive to join (). Moreover, at least one
agentin {i + 2,7 + 3,7 + 4} N C votes for i — ), while only i — 2 votes against it. Hence, we get
A(rm, mi_¢) > 1 again, which means that ¢ — () locally dominates 7, as required.

It remains to consider the case when |C| = 3 and C is not consecutive. If {4, j,j + 1} C C for some
agent j,then j ¢ {i — 2,0 — 1,0+ 1}. If j € {¢ + 2,4 + 3}, then both j and j + 1 regard i as an
enemy, and thus they both vote for the switch ¢ — (. If j = 7 + 4, then both ¢ and 7 + 4 vote for
the switch ¢ — (). Hence, we get A(m, m;_,¢) > 1 in both cases. Finally, if {j,j + 1} ¢ C for any
agent j € K, then C must be of the form {4, + 2,4 + 4} for some ¢ € K. Then both i + 2 and i + 4
vote for ¢ — (), yielding again a switch that locally dominates 7. O

D.2.3 Proof of Theorem 8

Theorem 8 (x). The asymmetric FEN-B game consisting solely of a B-gadget admits no locally
popular partition.

Proof. Assume for the sake of contradiction that 7 is a locally popular partition for the B-gadget
over agent set K = {0,1,...,6}. By Lemma 28 we know that 7 contains no coalition of size more
than 3, and moreover, all coalitions of size 3 must be consecutive. If 7 contains a nonconsecutive
coalition C of size 2, then C must be of the form {i,i + 2}, as otherwise, its two agents are mutual
enemies, and thus either of them switching to () locally dominates 7. We may further assume that
i—1¢ m(i+ 1) (as otherwise, we can pick the coalition {¢ — 1,4 4+ 1} instead of C'); hence, either
{i + 1} is a singleton in 7 or {i + 1,7 + 3} € m. Consider the switch i + 2 — 7(i + 1): both
i+ 1 and 7 4 2 vote for it, while only ¢ votes against it (note that ¢ + 3 is indifferent between 7 and
Tit2—x(i+1))- Hence, this switch locally dominates 7, a contradiction that shows that all coalitions
in m must be consecutive.

If C = {i,i + 1} € m, then both ¢ and i + 1 vote for the switch ¢ + 2 — C, and only i + 2 (but
neither ¢ + 3 nor ¢ + 4) may vote against it, contradicting again the local popularity of . Thus 7 can
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only contain singletons and (consecutive) coalitions of size 3. If ¢ and ¢ + 1 both form singletons
in 7, then ¢ has an incentive to join {7 4+ 1}, and ¢ + 1 does not vote against it, so ¢ — {i + 1} locally
dominates 7. Hence, the only remaining possibility is that 7 contains a singleton and two coalitions
of size 3, say {i — 3,4 — 2,7 — 1} and {¢,7 + 1,7 + 2} for some agent i. However, in this case the
switch ¢ — 7 (i — 1) locally dominates 7, because agents ¢ — 1, ¢ — 2, and ¢ + 2 vote for it, while
only ¢ and ¢ — 3 vote against it. This contradiction completes the proof. O

D.2.4 Proof of Theorem 9

Before proving Theorem 9, we start with a simple lemma that gives the bases of our reductions for
Theorems 9 and 11.

Lemma 29. Consider a FEN-B game containing three special agents, s1, ss, and ss, a set D1 U
Dy U D3 of dummy agents, and a set A of vertex agents with |D1| = |Ds| = | D3| = 3| A|. For each
i € [3], let D} = D; U {s;} and let the friendship and enmity relations in I be such that

* every agent in Dj' regards all other agents in D;” a friend and regards every remaining
special or dummy vertex a friend, and

* vertex agents are mutually neutral with every dummy agent.

Then every locally stable partition 7 contains three coalitions, C1, Cs, and Cs, such that Dj' C C;
foreachi € [3].

Proof. First, assume that there exists a coalition C' € 7 such that C' contains agents both from Df
and D;-r for some indices i # j; we will call such coalitions mixed. Pick i such that \Dl+ NC| <
|D;»L NC|. If D;r N C contains a dummy agent d, then the switch d — ) locally blocks 7, because all
agents in D;’ as well as d vote for it, while only the agents in D;‘ \ {d} vote against it; a contradiction.
Hence, we know that C' N D;" = {s;}. In this case we must have |C' N Dj'| < |A|, as otherwise,
s; — (0 locally blocks 7, because only vertex agents in C' may vote against it, while all agents in
D;' as well as s; vote for it. Thus each mixed coalition C contains dummy agents from at most one
set D; among D1, D, and D3 (and then must contain a special vertex other than s;), and moreover,
a mixed coalition can contain at most |A| agents from Dj*.

Fix some index j € [3], and assume now that there are coalitions C' and C’ in 7 such that both
contain agents from D;, |C'N Dj\ <|C'n D;‘ |, and C” is non-mixed. Let us pick an arbitrary agent
delCn Dj. Then the switch d — C” locally blocks m, as all agents in (C" N D}") U {d} vote for
it, while the only agents who vote against it are those in (C' N Dj) \ {d} because C’ is non-mixed.
This contradiction shows that there is at most one non-mixed coalition that contains agents from D;,
and moreover, it contains fewer agents from Dj than any mixed coalition containing an agent of D).

If  contains at least one mixed coalition C' with CND; # (), then the unique (or possibly nonexistent)
non-mixed coalition that contains agents from D; must contain fewer than | A| agents from Dj.
However, since there can be at most two mixed coalitions containing agents of D; (as each of
them must contain a special agent other than s;), we obtain that a total of at most 3| A| — 1 agents
of Dj can be contained in coalitions of 7, contradicting | D;| = 3| A|. This proves that there are no
mixed coalitions containing agents of D; and hence all agents of D; must be contained in a unique
non-mixed coalition C;;. Note also that s; € C; follows, as otherwise, s; — C; locally blocks 7.
This proves the claim. O

Theorem 9 (x). LOCAL-POPULARITY-EXISTENCE is NP-complete for FEN-B games.

Proof. 1t is clear that this problem is in NP, as given a FEN-B game, we can nondeterministically
guess a partition 7 and then verify in polynomial time that no possible switch locally dominates 7
(note again that the number of switches for 7 is at most quadratic in the number of agents).

To show NP-hardness, we reduce from the NP-hard 3-COLORING problem: given an undirected
graph G = (V, E), the task is to decide whether G admits a coloring x : V' — [3] that is proper, i.e.,
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there is no edge {u,v} € E with x(u) = x(v). We will call a proper coloring tight if each vertex
has two neighbors whose colors differ from each other.

Given an instance G = (V, E) of 3-COLORING, we start by creating a graph H as follows: for each
vertex v € V, we add new vertices v!, v2, and v° to G forming a triangle, and we connect vl and v2
to v by an edge. Observe that a proper coloring of G can be extended into a tight coloring of H and,
in fact, every proper coloring of H is tight. Let H = (V' E’) denote the constructed graph and let
n=|V’|.

Next, we create a FEN-B game [ based on H as follows. We introduce a set D1 U Do U D3 of dummy
agents with |D1| = |Dy| = |Ds| = 21n, three special agents, s1, sa, and s3, and for each vertex
veV aset A, = {v; :i € {0,1,...,6}} of seven vertex agents who form a B-gadget. We will use
the notation D" = D; U {s;} for each i € [3], so the set of agents is N = Uic D UU,ev Ao

The remaining relationships between the agents are as follows:

* For each i € [3], every agent in D considers each other agent in D; a friend and every
remaining special or dummy agent an enemy.

» Two vertex agents, u; € A, and v; € A,, are mutual enemies if and only if {u;,v;} € £,
otherwise, they are mutually neutral.

» Each vertex agent is mutual friends with every special agent and mutually neutral with every
dummy agent.

This completes our construction of the instance I of LOCAL-POPULARITY-EXISTENCE from the
given 3-COLORING instance G. We are now going to show that the constructed FEN-B game [
admits a locally popular partition if and only if G admits a proper 3-coloring.

Direction “=>"": Assume first that there exists a locally popular partition 7 for I.
Let us fix an arbitrary vertex v € V' and consider the corresponding B-gadget on A,,. Let C,, denote
the set of all coalitions C' € 7 with C'N A, # . Let I,, be the FEN-B game comprising solely of A,,
andlet 71* = {C'N A, : C € C,} denote the partition for I, that can be thought of as the projection
of 7 onto A,. Let the level of a coalition C € C, be

lev(C) = [F(v:) N (C\ Av)| = [E(vs) N (C'\ Ay)|
for an arbitrary v; € C' N A, ; note that this notion is well-defined, as all vertex agents in A, have the
same friends and enemies outside A,,.

Observe now that [ satisfies the conditions in Lemma 29: hence, as 7 is locally stable, we get that
there exist coalitions C7, Cy, C3 € 7 such that D;" C C; for each i € [3]. Since vertex agents in A,
regard only special agents as friends outside A,, it follows that the level of any coalition in C, is at
most 1.

Claim 30. Each coalition C' € C,, has level at least 0.

Proof of claim. For the sake of contradiction, assume that C' € C, has level at most —1.

If C'N A, satisfies the condition of Lemma 28 (i.e., either [C N A,| > 4,0r |[CNA,| =3and CN A,
is not consecutive), then we know that there exists an agent v; in C' N A,, such that the switch v; —
Notice that agents in A, \ {v;} do not consider their relationships outside A, when voting for or
against the switch v; — (), so they vote the same way in I as in I,,. Moreover, we have
votey, (7, Ty, p) > vote,, (7r|”, wa)t_m)

because v; has more enemies in C'\ A, than friends (since C' has level at most —1). Finally, both
friendship and enemy relationships between two agents who do not belong to the same B-gadget are
symmetric, so we know that

Z voteg (T, Ty, p) = —lev(C) > 1.
ac€C\A,

Summing up all these insights, we obtain that A(w, 7, ,9) > 1 —lev(C) > 2, contradicting the
local popularity of 7.
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Assume now that |C' N A,| = 3 and C N A, is consecutive, that is, C' N A, = {v;, v;41,v; 42} for
some i € [6] (henceforth, we treat indices within A, modulo 7). Then v; — () locally dominates 7:
agent v; votes against it, v; o votes for it, v;41 does neither, while the total vote of all agents in C'\ A4,
sums up to —lev(C) > 1, yielding A(mw, 7, p) > 1.

If |C N A, = 2and C' N A, is nonconsecutive, then the switch v; — @ for any v; € C locally
dominates 7, because at least one agent in C' N A, votes for it, while the total vote of all agents
in C'\ A, sums up to —lev(C') > 1, yielding A(m, m,, 9) > 1.

If CN A, = {v;,v;11} for some agent v; € C, then again v; — () locally dominates 7: by
uy (m) = 0, both v; and v; 1 are indifferent between 7 and 7, _,¢, and the total vote of all agents
in C'\ A, sums up to —lev(C') > 1, yielding A(m, m,, ,9) > 1.

Finally, if C N A, = {v;}, then again v; — ) locally dominates 7, because v; votes for it, and the
total vote of all agents in C'\ A, sums up to —lev(C') > 1, yielding A(m, 7,, ,¢) = 2. <

We next show that it is not possible for all coalitions in C, to have level exactly 0. Assume the
contrary. By Theorem 8, we know that 7/¥ cannot be locally popular in I,, so there exists an agent v;
and a coalition C' € 71V U {()} such that the switch v; — C locally dominates 7/ in I,,. Let C" € 7
be the coalition satisfying C' = C’ N A,. We will show that the switch v; — C” locally dominates 7
in I. First, agents in A, N (7(v;) U C") \ {v;} vote for or against the switch without regard for the
agents outside A,. Second, the contribution of all agents outside A, to the balanced utility of v,
remains the same in C’ as in 7(v;) due to lev(C’) = lev(w(v;)) = 0. Third, the total vote of all
agents regarding the switch v; — C” sums up to exactly —lev(w(v;) 4 lev(C) = 0. Summing up all
this, we get A(m, 7y, cv) > 1, as promised.

By Claim 30, this shows that for each v € V’, there exists some C € C, with lev(C) = 1; if there
are multiple such coalitions, then fix one arbitrarily. Notice that C' must contain a unique special
agent s; due to lev(C') = 1; we then define x(v) = i. We claim that  is a proper coloring of H:
Assuming that the endpoints of an edge {u,v} € E’ (recall that E’ is the edge set of H) have the
same color ¢, we get that C; = m(s;) contains agents both from A, and A, ; however, as they are
mutual enemies and the only friend of vertex agents outside their gadget must be a special agent, we
obtain that agents in A, N C; have at least as many enemies as friends in C; \ A,, a contradiction to
lev(C') = 1. It follows that H and, hence, its subgraph G admits a proper 3-coloring.

Direction “<": Assume now that G admits a proper coloring, so H admits a proper and tight
coloring x : V' — [3]. Create the partition 7 consisting of three coalitions

Ci=Df U{A, v e V' x(v) =i}

fore = 1,2,3. We claim that 7 is locally popular. For the sake of contradiction, assume that some
switch a — C' locally dominates 7.

First, if a is a dummy or special agent in C; for some ¢ € [3], then all agents in D;L vote against a — C,
and the only agents that may vote for it are vertex agents (in case a = s;); hence, A(m, T7o—c) <0
by |D;f| > 7n.

Second, if a is a vertex agent in A, then three agents in A, vote for a — C, while two agents in A,
vote against it. We also know that u? (7) = 0, because it has three enemies in A, and two friends
in A, plus s;,. Moreover, no vertex agent in A, votes for the switch a — C': since x is a proper
coloring, there are no enemies of a in C; \ A,; the special agent s; votes against it, and dummies in C;
are indifferent between 7 and m,_,¢. This already shows that a — () does not locally dominate 7,
because A(7, T 0) = D co, VOtea (7, mq—sp) = 0. To deal with the case when C = C; € 7 for
some j # i, recall that since x is tight, there is at least one vertex u € ¥V’ among the neighbors of v
with x(u) = j. This means that all seven agents in A,, C C; vote against a — C;; while the only
agent in C; that votes for it is s;. Therefore, A(m, 7Ta—>cj) < —6. This contradiction proves that 7 is
indeed locally popular. O

D.2.5 Proof of Proposition 10

Proposition 10 (x). There exists a symmetric FEN-B game that admits a partition that is popular but
does not maximize the agents’ total balanced utility.
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Proof. Consider the symmetric FEN-B game [ on agent set N = AU B where A = {q; : i € [7]}
and B = {b; : i € [7]}. To create the (undirected) friendship graph G*' of I, we add a clique on A,
a clique on B, plus the three edges in {{a;, b;} : i € [3]}. The (undirected) enmity graph G¥ of I
contains only the four edges in {{a7,b;} : j =4,5,6,7}.

We claim that the grand coalition 7% = {N} is popular for I. To see this, assume for the sake
of contradiction that there is a partition 7 with A(7™V,7) > 0. Note first that no agent in N \
{az, by, b5, b, b7} may prefer 7 to 7V as they have all their friends with them and no enemies in the
coalition N. Thus at most five agents may prefer 7 to 7V. Second, if some agent prefers 7 to 7'V,
then 7 must put a7 and at least one agent in {by, b5, b, b7} in different coalitions.

If there is no coalition in 7 containing A, then all six agents in A \ {a7} prefer 7 to 7.

If some agent other than a; prefers 7 to 7, then B must also be contained in some coalition of 7.
Otherwise, no agent in {by, bs, bg, b7 } prefers 7 to 7wV, as they lose at least one friend and lose at
most one enemy when switching from 7%V to 7. Hence, in this case only 7 = { A, B} is possible, but
then all six agents in {a;, b; : i € [3]} prefer 7™ to .

Finally, if only a7 prefers 7 to 7'V, then 7 must contain a coalition C' with C' C B. However, then all
agents b;, i € [3], prefer 7 to 7.

This proves that 7% is indeed popular.

The total balanced utility of 7% is f(7?) = 4. (;) +2-3—2-4, but this is lower than the total balanced
utility of the partition { A, B} by f({A H=4- ( ) < f(=™). This proves our statement. O

D.2.6 Proof of Theorem 11

Theorem 11 (x). Given a symmetric FEN-B game I and an integer t, the problem of deciding
whether I admits a partition m whose total balanced utility is at least t is NP-complete.

Proof. 1t is clear that the problem is in NP, as we can compute the total utility of any partition
efficiently. To prove NP-hardness, we again present a reduction from 3-COLORING based on the
construction in Lemma 29. Given an input graph G = (V, E) over n vertices, let us create a
symmetric FEN-B game I as follows. We introduce a set D1 U Dy U D3 of dummy agents with
|D1| = |D2| = | D3| = 3n, three special agents, s1, s2, and s3, and a vertex agent v’ for each vertex
v € V. We will again use the notation D;” = D; U {s;} for each i € [3].

The friendship and enmity relationships between the agents are as follows:

* For each i € [3], every agent in D;" considers each other agents in D;" a friend and every
remaining special or dummy agent an enemy.

 Two vertex agents, v’ and v, are mutual enemies if and only if {u, v} € E; otherwise, they
are mutually neutral.

 Each vertex agent is mutual friends with every special agent and mutually neutral with every
dummy agent.

Additionally, we set our target value as t = 6(72’) =+ 2n.

This completes our construction of the instance I from the given 3-COLORING instance G. We are
going to show that the constructed FEN-B game I admits a partition 7w with f(7) > ¢ if and only if
G admits a proper 3-coloring.

Direction “=>"": Assume first that there exists a popular partition 7 for I with f(7) > ¢; without loss
of generality, we may assume that 7 maximizes the total balanced utility over all partitions for /. In
particular, this implies that [ is locally stable: otherwise, a switch that locally blocks 7 would result
in a strict increase in f(7), as shown in Theorem 4; a contradiction. Therefore, Lemma 29 can be
applied, and we obtain that 7 contains three coalitions C'y, Cs, C's € 7 such that Di+ C C; for each
i€ 3.

Since each vertex agent can belong to at most one of the sets Cy, Cs, and (', the total balanced
utility of all dummy and special agents is at most 6(3) + n. Moreover, the balanced utility of any
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Figure 12: Ilustration of the AE-gadget as defined in Definition 4. Here we denote friendship arcs as
thin, blue lines and enemy arcs as thick, red lines.

vertex agent v’ is at most 1, as the only agents regarded as friends by v’ are special agents, and v’ can
share a coalition with at most one of them. Hence, f(7) < 6(;‘) + 2n = t, and equality can only be
achieved if each vertex agent v is in coalition C; for some ¢ € [3] and has no enemies in 7 (v') = C;.
However, this implies that each set {v € V : v € C;} is an independent set in G (i.e., no two of its
vertices are connected by an edge of ), proving that G admits a proper 3-coloring.

Direction “<="": Assume now that G admits a proper 3-coloring x : V' — [3]. Define coalitions
C; = Df U{v' :v € Vand x(v) =i} fori € [3]. Then the partition 7 = {C1, Cy, C3} has total
balanced utility exactly f(7) = 6(3) + 2n = t, proving the correctness of our reduction. O

D.3 Onmitted proofs for our results on FEN-AE games

After stating some structural observations in Section D.3.1, we provide all omitted proofs for FEN-AE
games in Sections D.3.2-D.3.3. See Figure 12 for an illustration of an AE-gadget, our building block
for all of our nonexistence and hardness results concerning FEN-AE games.

D.3.1 A structural lemma on AE-gadgets

Lemma 31. Consider a FEN-AE game I that contains an AE-gadget as described in Definition 4
over agent set K = {c}U{b; : i € [12]}U{a;,d;, x; : ¢ € [3]}, and let 7 be a locally stable partition
for I. Assume that no agent outside K considers anyone within K a friend, and among agents of K,
only 1, xo, and x3 may have friends outside K. Furthermore, assume that coalitions 7(c), 7(b11),
and 7(b12) only contain agents from K. Then

(a) {a17a27a37d17d27d3} QZW(C%
(b) if, for some i € [3], agent x; considers no agent in w(x;) \ K afriend, then x; € 7(c); and
(c) {b;:i€[12]} Cm(br) # m(c).
Proof. To show (a), we first show that d; € 7(c) for each i € [3]. By our assumptions, the only
agents who consider d; a friend are a; and ¢, whereas d; has only c as a friend and has no enemies

in w(c). Therefore, if d; ¢ 7(c), then d; has an incentive to join 7(c), and thus the switch d; — m(c)
locally blocks 7: both d; and ¢ vote for it and only a; may vote against it. This proves d; € 7(c).
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This implies that among the three agents whom a;, for some ¢ € [3], considers friends, two are
contained in 7(c), and due to our assumptions, a; has no enemies in 7 (c). Hence, if a; ¢ (c), then
a; has an incentive to join 7(c). The switch a; — 7(c) then locally blocks 7: both a; and ¢ vote for
it, while only z; (the only agent who considers a; a friend) may vote against it. This contradiction
proves {a1, ag, az,d;,ds,ds} C 7(c), as desired.

To show (b), assume for the sake of contradiction that z; ¢ m(c) and z; has no friends in 7(x;) \ K.
Then z; has no friends in 7(x;), because the only agent whom xz; considers a friend is a; € 7(c).
Since x; has no enemies in w(c) C K due to our assumptions, z; has an incentive to join 7(c). Hence,
x; — m(c) locally blocks m, as both x; and a; vote for it, and only ¢ votes against it; a contradiction
proving (b).

It remains to show (c). First observe that ¢ ¢ 7(b12) must hold, as otherwise, the switch s — ()
would locally block 7, as both ¢ and b1 would vote for it (as they are mutual enemies) and only by
may vote against it. Similarly, ¢ ¢ m(by1) also holds, as otherwise, the switch by; — @) would locally
block m, since both ¢ and by; would vote for it and only b;¢ may vote against it (note that b1 ¢ m(c)
as we have just shown).

Next, we claim that 7(b11) = 7(b12). Suppose the contrary: 7(b11) # 7(b12). Choose j and j’ such
that {7, 7'} = {11,12} and 7 (b;) contains at least as many agents from {b; : ¢ € [10]} as 7w (b;).
Since b1 and by2 consider each other a friend and, apart from each other, they have the same set
of friends, and their only enemy c is not in either of w(b;1) or w(b12), it follows that the switch
bjr — m(b;) locally blocks m, as both by1 and b1 vote for it and only b1 may vote against it.

It follows that byg € m(b11), as otherwise, bjo has an incentive to join 7 (b11), and the switch
b1o — 7(b11) locally blocks 7: agents byg, b11, and by2 all vote for it and only bg and by may vote
against it. Similarly, we obtain bg € 7(b11). Finally, once we know that b;; € 7(b11) for all ¢/ > i
for some ¢ € [8], then b; € 7(by1) follows, as otherwise, b; — 7(b11) would locally block 7: among
the three agents whom b; considers friends, 7(b11) contains two and contains no enemies of b; by
m(b11) C K, so b; together with b1; and byo vote for b; — m(b11), while only b;_1 and b;_ may
vote against it. Hence, {b; : 7 € [12]} C 7(b11) = 7(b1) # 7(c). O

D.3.2 Proof of Theorem 12

Theorem 12 (x). The asymmetric FEN-AE game consisting solely of an AE-gadget admits no locally
stable partition.

Proof. Consider a FEN-AE game I that solely consist of an AE-gadget as described in Definition 4
over agent set K = {c}U{b; : i € [12]}U{a;,d;, z; : ¢ € [3]}. By Lemma 31, the only partition that
may be locally stable for I is 7 = {{a;,d;, x;,c: i € [3]},{b; : i € [12]}}. Observe that ¢ has two
enemies and zero friends in 7(b; ), whereas c has three enemies in 7(c), and hence, ¢ prefers 7(b;)
to 7(c). Therefore, the switch ¢ — m(b;) locally blocks 7: nine agents (namely, ¢ and b; for j € [8])
vote for it, while only eight agents (namely, a; and d; for i € [3] as well as by; and b;2) vote against
it. Thus no partition for [ is locally stable. O

D.3.3 Proof of Theorem 13

Theorem 13 (x). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-
complete for FEN-AE games.

Proof. ltis clear that both problems are in NP, as given a FEN-AE game, we can nondeterministically
guess a partition 7 and then verify in polynomial time that no possible switch locally dominates
or locally blocks 7 (recall that the number of switches for 7 is at most quadratic in the number of
agents).

To show the NP-hardness of these problems, we present a reduction from 3-SAT that works for both
problems. Let p = C LA .-< A C™ be an instance of 3-SAT, i.e., a Boolean formula over variables
v1, ..., U, With three literals per clause; without loss of generality, we assume that m > 2.

We create a FEN-AE game I of LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-
EXISTENCE as follows. For each clause C7, we create an AE-gadget G’ as described in Definition 4

over agent set K/ = {7}y U {b] :i e [12]} U{al,d}, ) : [i € [3]}. We will call ¢/ a clause agent

R R Rt )
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and agents x{, xé, and xé literal agents, corresponding to the three literals in CJ. We further add an
agent 7.

The friendship and enmity relations between agents from different AE-gadgets are as follows:

« 27 considers T a friend for each i € [3] and j € [m], while all other agents consider T an
enemy.

« T considers z a neutral for each i € [3] and j € [m] but considers every other agent an
enemy.

* Two agents, u and v, from different AE-gadgets are mutual enemies unless both of them are
literal agents corresponding to literals that are not negations of each other, in which case
they are mutually neutral.

We prove the correctness of the reduction via Claims 32 and 33.

Claim 32. [If I admits a locally stable partition, then  is satisfiable.

Proof of claim. Let 7 be a locally stable partition for /. For the sake of contradiction, suppose that
an agent v € {c¢/,b],,b],} is contained in the same coalition of 7 as some agent u from a different
AE-gadget G". Let ¢ denote the largest integer such that both u and v have at least £ enemies
in 7m(u) = m(v). Since u and v are mutual enemies, we know £ > 1, and thus both u and v have an
incentive to join (). However, none of the switches v — () and v — @ can locally block m, so there
must exist a set £, of at least £ + 1 agents in 7(u) = 7(v) who consider u a friend and, similarly, a
set F, of at least £ + 1 agents who consider v a friend in 7(v) = 7(u). In particular,  is not a literal
agent 2! € K" for some i € [3], as 2 is regarded as a friend only by a*. Moreover, as all friendship
relations lie within some AE-gadget, we get that F;, C K hand F, C KJ. However, v must then
be mutual enemies with all £ + 1 agents in F, C 7(v), and v mutual enemies with all £ + 1 agents
in F,, C 7(v), which contradicts the definition of ¢.

Again for the sake of contradiction, suppose now that an agent v € {c¢’, b’,, b}, } is contained in 7(T').
Since v and T are mutual enemies but v — ) does not locally block 7, there must be at least two
agents in 7(7T') who consider v a friend. These two agents cannot be literal agents by the choice
of v, so they are also mutual enemies with 7. Hence, at least four agents vote for the switch 7" — ()
including 7. However, we have already shown that no agent from an AE-gadget other than G¥ can
be contained in 7w(v) = 7(T); therefore, at most three agents in 7(7") consider 7" a friend, implying
that T — () locally blocks 7, a contradiction.

We conclude that coalitions 7(c7), (b7, ), and 7(b7,)) only contain agents from G7. This means that
all conditions of Lemma 31 are satisfied. Hence, if no agent xf € {x{, xé, x%} considers at least
one agent in 7(z?) \ K7 a friend, then by Lemma 31 we get n(c’) = {a7 a?,d?,¢7 : i € [3]} and
7(bl) = {b! : i € [12]}. However, then it follows from Theorem 12 that some switch, namely the
switch ¢/ — W(b{), locally blocks 7, a contradiction.

This means that for each AE-gadget G/, there exists a literal agent 27 € K7 that considers at least
one agent in 7(x]) \ K7 a friend; by construction, this agent can only be T'. Let X denote the set
of literal agents in 7(7'); then we have just proven that X N K7 # () for each j € [m]. Suppose
that two agents in X7 are mutual enemies (which happens if they correspond to literals v; and v;
for some variable v;). Then both of them have an incentive to join (3, and thus both of them vote for
the corresponding switches, whereas at most one agent may vote against them (because for each
literal agent xi , there is only one agent, namely ag , who considers xf a friend); thus, either of these
switches locally blocks 7, a contradiction.

Therefore, we can create a truth assignment by setting v; to true if and only if there is a literal agent
corresponding to v; in X7. By the above arguments, this is a consistent truth assignment and yields a
true literal in each clause, thus satisfying ¢. <

Claim 33. If p is satisfiable, then I admits a locally popular partition.
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Proof of claim. Suppose that ¢ is satisfiable by a truth assignment p. We create a partition m
as follows. We let w(T") contain—besides T—all literal agents that correspond to true literals.

Additionally, for each AE-gadget GJ, we create a coalition {5/ : i € [12]} and a coalition
{al,dl,z}, ¢ i € 3]} \ n(T).

We claim that 7 is locally popular. Since u satisfies , each clause agent ¢/ has at most two enemies

and six friends in 7(c’), has two enemies and zero friends in (b} ), and has at least m + 1 > 3
enemies in 7(7T'). Hence, the only possible coalition in 7w U {()} that ¢/ has an incentive to join is ()
via the switch ¢/ — (). Regarding the remaining (i.e., all non-clause) agents, observe that none of
them has enemies in its coalition under 7. Using this, we get the following:

* Neither 7" nor any agent df votes for any possible switch.

* An agent bg may only vote for the switch ¢/ — 7(b]). However, all agents in {¢, af , df :
i € [3]} U{bly,b],} vote against such a switch, while only the agents in {b] : i € [8]} vote
for it, so it does not locally dominate 7.

 As we have argued, a clause agent ¢/ votes only for the switch ¢/ — @; however, such a

switch does not locally dominate 7, as only ¢/ votes for it, while all six agents in {a?, d’ :

i € [3]} vote against it.

« An agent a’ votes only for switches of the form x] — 7(a]), where 27 € 7(T). However,
such a switch does not locally dominate 7, as only a] votes for it, while ¢/ votes against it.

* Finally, an agent xf may only vote for a switch of the form 7' — m(z7) or af — m(zd).
A switch T — m(2?) for some 27 ¢ n(T) is voted for only by the at most two literal
agents in 7(z7), while it is voted against by 7" and all remaining seven agents in 7(z7). A
switch al — 7 () for some 27 € m(T') is voted for only by the at most three literal agents
in 7(T) N K7, while T, ¢/, and at least m — 1 > 1 literal agents from 7(7") \ K’ vote
against it. Thus none of these switches locally dominates 7.

We obtain that no switch for which at least one agent votes locally dominates 7, that is, 7 is locally
popular. <

As a locally popular partition is locally stable by definition, NP-hardness of both LOCAL-STABILITY-
EXISTENCE and LOCAL-POPULARITY-EXISTENCE follows. O
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