
Appendix A Existence of a popular partition in FEN games826

Recall that Theorems 2 and 3 say that locally popular partitions always exist and can be efficiently827

found by a simple heuristic in symmetric FEN-AF and FEN-AE games. In this section, we show that828

the same does not hold for popularity: there exist symmetric FEN games where for each possible829

partition π, there is a deviation involving multiple agents that yields a partition π′ with Λ(π, π′) > 0.830

Specifically, we show that the verification problem for popularity in symmetric FEN games is coNP-831

complete. Furthermore, we show that deciding whether a popular partition exists in such games is832

computationally intractable as well; specifically, the existence problem for popularity in symmetric833

FEN games is coNP-hard. These results on the complexity of popularity verification and existence834

are the same as those known for other types of hedonic games, such as the altruistic hedonic games835

studied by Kerkmann and Rothe [28]. Interestingly, Bullinger and Gilboa [12] recently settled836

the complexity of whether there exist popular partitions in either additively separable or fractional837

hedonic games by showing that these two problems are complete for NPNP, the second level of the838

polynomial hierarchy—the first results closing the gap between the computational upper and lower839

bounds for popularity existence in hedonic games. For our problems, we leave this question open.840

We prove the following result for all FEN games, among them FEN-AF, FEN-AE, and FEN-B games.841

Theorem 14. Given a FEN game I of some fixed, arbitrary type with symmetric preferences, verifying842

whether a partition is popular in I is coNP-complete, while deciding whether a popular partition843

exists for I is coNP-hard.844

Proof. It is clear that verifying whether a given partition π is popular in a given FEN game I of some845

fixed, arbitrary type with symmetric preferences is in coNP, because we can nondeterministically846

guess a partition π′ and check in polynomial time whether Λ(π, π′) > 0. This is the case for some847

partition π′ exactly if π is not popular in I .848

To prove coNP-hardness, we reduce from the EXACT 3-COVER problem whose input is a set U =849

{u1, . . . , u3n} and a set family F = {F1, . . . , Fm} with each Fi being a size-3 subset of U ; the task850

is to decide whether there exists a set family S ⊆ F of size n such that U =
⋃

Fi∈S Fi.851

We construct a FEN game I of the given type as follows; our reduction is correct irrespective of the852

type of I . For each element ui ∈ U , we create an agent ui, and for each set Fj ∈ F , we create an853

agent F j ; we use the notation U = {u : u ∈ U} and F = {Fj : Fj ∈ F}. We further add two sets A854

and A′ of anchor agents with |A| = |A′| = 5n+m and a set B of guard agents with |B| = 2n− 1.855

Hence, the set of agents in I is A ∪A′ ∪B ∪ U ∪ F .856

The relationships for I are defined as follows; recall that all relationships in I are symmetric:857

• Each anchor agent in A is friends with all other anchor agents in A and all agents in U .858

• Each anchor agent in A′ is friends with all other anchor agents in A′ and all guard agents.859

• Each guard agent is friends with all agents in F .860

• An agent ui ∈ U is friends with an agent F j ∈ F if and only if ui ∈ Fj .861

• Each anchor agent in A and each anchor agent in A′ are enemies.862

We claim that I admits a popular partition if and only if π⋆ = {A ∪ U,A′ ∪ B ∪ F} is a popular863

coalition, which in turn happens if and only if our input instance IX3C = (U,F) of EXACT 3-COVER864

does not have a solution, i.e., there is no exact cover of B in F .865

First, let us show that if S ⊆ F is a solution to IX3C, then π⋆ is not popular. To this end, let866

S = {Fj : Fj ∈ S}. We are going to show that Λ(π, π⋆) > 0 where the partition867

π = {A ∪ U ∪ S, A′ ∪B ∪ F \ S} (2)

is obtained from π by a deviation of agents in S; this implies that π⋆ is not popular. Note that868

each element ui ∈ U is contained in some set Fj ∈ S, which means that each agent ui ∈ U869

has more friends in π(ui) than in π⋆(ui) (and zero enemies in both) and thus prefers π to π⋆.870

By contrast, each guard agent b ∈ B has fewer friends in π(b) than in π⋆(b) (and zero enemies871
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in both) and thus prefers π⋆ to π. Furthermore, each agent Fj ∈ S gains three new friends and872

loses all of its guard friends when switching from π⋆ to π (and has zero enemies in both) and873

thus prefers π⋆ to π. Since every remaining agent is indifferent between π and π⋆, we obtain that874

Λ(π, π⋆) = |U | − |B| − |S| = 3n− (2n− 1)− n = 1 > 0.875

Next, we show that if π⋆ is not popular, then IX3C has a solution. Let π be a partition that is more876

popular than π⋆, i.e, Λ(π⋆, π) > 0. Observe that for an anchor agent a ∈ A ∪ A′, all friends and877

no enemies of a are in π⋆(a), so anchor agents cannot prefer π to π⋆. Moreover, if some anchor878

agent prefers π⋆ to π, then at least |A| = |A′| = 5n + m anchor agents do so; however, at most879

|U |+ |F|+ |B| = 3n+m+2n−1 agents may prefer π to π⋆, which contradicts Λ(π⋆, π) > 0. Thus880

anchor agents must be indifferent between π and π⋆, which yields that π contains two coalitions C881

and C ′ such that C ⊇ A ∪ U and C ′ ⊇ A′ ∪B.882

Define S = C ∩ F ; note that |S| > 0, as otherwise, π = π⋆. Note that each guard agent b ∈ B883

has fewer friends in π(b) than in π⋆(b) (and zero enemies in both) and thus prefers π to π⋆, and884

so do the agents in S as well (they gain three friends each from U but lose all guards from among885

their friends when deviating to π). Let V be the set of agents in U who prefer π to π⋆; notice that886

V = {ui : ∃F j ∈ S such that ui ∈ Fj} by construction.887

Then the agents preferring π to π⋆ are those in V while those that prefer π⋆ to π are those in B ∪ S .888

Hence, Λ(π⋆, π) = |V | − |B| − |S| ≥ 1, which implies that889

|V | ≥ (2n− 1) + |S|+ 1. (3)

Recall also that890

|V | ≤ 3n and |V | ≤ 3|S|, (4)
because each agent in S has three friends in V . Taking the linear combination of these two inequalities,891

we obtain that |V | ≤ 2n + |S|, and thus the three inequalities in (3) and (4) must all hold with892

equality. In particular, |V | = 3n and |S| = n, and the former implies V = U , that is,
⋃

F j∈S Fj = U .893

Therefore, the set family S = {Fj : F j ∈ S} is a solution to the EXACT 3-COVER instance IX3C.894

It remains to show that if π⋆ is not popular, then there is no popular partition π at all. For the sake of895

contradiction, assume that π is popular. We have already proven that Λ(π, π⋆) ≥ 0 implies that π896

must be of the form (2) for some S ⊆ F . By our assumption that π⋆ ̸= π, we also know that S is897

nonempty. However, then the switch F j → A′ ∪B ∪ F \ S locally blocks π for any agent F j ∈ S ,898

because all guard agents as well as F j votes for it, whereas at most three agents in U vote against it.899

This shows that no partition other than π⋆ may be popular in I .900

Next, we show that popular partitions may fail to exist even in a symmetric FE game where neutral901

relations are not allowed and thus every agent that is not a friend of i is an enemy of i, i.e., the902

friendship digraph and the enmity digraph are complements of each other. This suggests that the903

intractability shown in Theorem 14 does not stem from the possibility of neutrality.904

Proposition 15. There exists a FE game with symmetric and friend-appreciative (or, equivalently,905

with symmetric and enemy-averse) preferences that does not admit a popular partition.906

Proof. Consider the FE game I with symmetric and friend-appreciative (or equivalently, symmetric907

and enemy-averse) preferences on agent set N = {0, 1, . . . , 6} where the friendship graph is a908

bidirected cycle of length 7: every agent i ∈ N considers both (i− 1) mod 7 and (i+ 1) mod 7 a909

friend and each other agent in N \ {i} an enemy. We claim that I does not admit a popular partition.910

First, the grand coalition πN = {N} is not popular, as Λ(πN , πN
i→∅) > 0 for each agent i: even911

though i and both friends of i vote against the switch i → ∅, all four remaining agents vote for it.912

Second, if π is a partition such that there are at least four agents i ∈ N with f i
π(i) ≤ 1, then913

Λ(π, πN ) > 0, because these four agents prefer the grand coalition to π. It follows that any popular914

partition must be of the form πi = {{i}, N \ {i}} for some i ∈ N . However, in this case, the switch915

(i+ 1) mod 7 → {i} locally blocks πi, because all agents vote for this switch except for the agent916

(i+ 2) mod 7; in particular, Λ(πi, πi
(i+1) mod 7→{i}) > 0, contradicting the popularity of πi. Hence,917

no popular partition exists for I .918
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Appendix B Efficient implementation for LocPop and LocStab919

In this section, we present an efficient implementation of LocPop and LocStab that proves Theorem 3.920

Theorem 3 (⋆). LocPop can be implemented to run in O(n∆3 log n) time (or O(n∆2 log n) for921

FEN-B games) and LocStab can be implemented to run in O(n∆2 log n) time.922

Proof. Regarding the running time of LocPop and LocStab, it is clear that each step can be performed923

in O(n∆k) time even in asymmetric FEN games, where k denotes the number of coalitions in the924

current partition: to check for each agent i ∈ N and each coalition C ∈ π ∪ {∅} whether i → C925

locally dominates or locally blocks, it suffices to know the number of agents in C and in π(i) who926

regard i a friend or an enemy and of those whom i considers a friend or an enemy. As the number of927

such agents is at most 2∆, each step can be done in |N |(k + 1)O(∆) = O(nk∆) time.928

In the following, we show how our heuristics can be implemented much more efficiently; we will929

focus on symmetric FEN games due to their practical relevance. We start with a way to characterize930

when a switch i → C locally dominates a partition π.931

Lemma 16. Given a symmetric FEN game I with a partition π, consider the following conditions932

for some agent i and coalition C ∈ π ∪ {∅}:933

(c0) f i
C − eiC ≥ f i

π(i) − eiπ(i) + 1; (c3) 2f i
C − eiC > 2f i

π(i) − eiπ(i);
(c1) f i

C − eiC ≥ f i
π(i) − eiπ(i) + 2; (c4) f i

C − 2eiC > f i
π(i) − 2eiπ(i);

(c2) f i
π(i) − eiπ(i) + 1 ≥ f i

C − eiC ≥ f i
π(i) − eiπ(i).

934

If I is a FEN-B / FEN-AF / FEN-AE game, then the switch i → C locally dominates π if and only if935

condition (c0) / condition (c1) ∨ ((c2) ∧ (c3)) / condition (c1) ∨ ((c2) ∧ (c4)), respectively, hold.936

Proof. Statement (b) of Lemma 1 yields937

Λ(π, πi→C) = f i
C − eiC − f i

π(i) + eiπ(i) + votei(π, πi→C). (5)

We first show that the respective conditions imply that i → C locally dominates π.938

First, if (c1) holds, then Λ(π, πi→C) ≥ 2 + votei(π, πi→C) > 0 due to (5), so the switch i → C939

locally dominates π even if i votes against it, irrespective of the type of I . If I is a FEN-B game, then940

(c0) already suffices to ensure that i → C locally dominates π, because it implies votei(π, πi→C) ≥ 1941

by the definition of balanced preferences, which in turn yields Λ(π, πi→C) ≥ 2 due to (5).942

If (c2) holds, then Λ(π, πi→C) ≥ votei(π, πi→C) due to (5) and, hence, it suffices to show that (c3)943

implies that i → C is a Nash deviation under friend-appreciating preferences, whereas (c4) implies944

that i → C is a Nash deviation under enemy-averse preferences:945

• Assume first that I is a FEN-AF game where (c2) and (c3) hold, but i → C is not a Nash946

deviation. Then either f i
π(i) = f i

C and eiπ(i) ≤ eiC , or f i
π(i) > f i

C . The former case cannot947

happen, as it contradicts (c3). Hence, we must have f i
π(i) ≥ f i

C + 1; however, adding this948

inequality to f i
π(i) − eiπ(i) + 1 ≥ f i

C − eiC , we get a contradiction to (c3) again.949

• Assume now that I is a FEN-AE game where (c2) and (c4) hold, but i → C is not a Nash950

deviation; our reasoning mirrors the previous case. Then either eiπ(i) = eiC and f i
π(i) ≥ f i

C ,951

or eiπ(i) < eiC . The former case cannot happen, as it contradicts (c4). Hence, we must have952

eiC ≥ eiπ(i) + 1; however, adding this inequality to f i
π(i) − eiπ(i) + 1 ≥ f i

C − eiC , we get a953

contradiction to (c4) again.954

For the other direction, suppose that i → C locally dominates π, i.e., Λ(π, πi→C) > 0. Then955

Λ−i(π, πi→C) ≥ 0; recall that Λ−i(π, πi→C) = f i
C − eiC − f i

π(i) + eiπ(i) by statement (b) of956

Lemma 1, so we get957

f i
C − eiC ≥ f i

π(i) − eiπ(i). (6)

If Λ−i(π, πi→C) ≥ 2, then (c1) is satisfied. Else, Λ−i(π, πi→C) ∈ {0, 1}, which implies (c2), and958

we also get votei(π, πi→C) ≥ 0 due to (5) and the assumption that i → C locally dominates π. In959
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fact, votei(π, πi→C) = 0 is not possible, as that would mean f i
π(i) − eiπ(i) = f i

C − eiC implying960

Λ(π, πi→C) = 0 by (5); a contradiction to our assumption that Λ(π, πi→C) > 0. Therefore, i → C961

must be a Nash deviation; using this, we now show that the required conditions hold.962

• For balanced preferences, this means that (5) implies Λ(π, πi→C) ≥ 2 which, due to (5),963

implies (c0).964

• For friend-appreciating preferences, we get f i
C > f i

π(i), or f i
C = f i

π(i) and eiC < eiπ(i);965

taking (6) into account, both of these cases yield 2f i
C − eiC > 2f i

π(i) − eiπ(i), i.e., (c3) holds.966

• For enemy-averse preferences, we get eiC < eiπ(i), or eiC = eiπ(i) and f i
C > f i

π(i); taking (6)967

into account, both of these cases imply f i
C − 2eiC > f i

π(i) − 2eiπ(i), i.e., (c4) holds.968

This completes the proof of Lemma 16.969

Implementation. Let us describe the implementation of heuristics LocPop and LocStab in detail.970

The key idea is that for each agent i ∈ N , we maintain two vectors x1
i and x2

i that are used to store971

the following values corresponding to each coalition C ∈ π ∪ {∅}. The first vector stores the values972

x1
i (C) = f i

C − eiC − f i
π(i) + eiπ(i), while the values stored in the second vector depend on the type of973

the game: If condition (c2) of Lemma 16 holds, then x2
i stores x2

i (C) = 2f i
C − eiC − 2f i

π(i) + eiπ(i)974

if preferences are friend-appreciating, and x2
i (C) = f i

C − 2eiC − f i
π(i) + 2eiπ(i) if preferences are975

enemy-averse, while we set x2
i (C) = −∞ if (c2) fails. For balanced preferences, the vector x2

i is not976

used.977

Notice that maintaining the values xi
i(C) and x2

i (C) for each agent i and for all coalitions C ∈ π∪{∅}978

for the current partition π would suffice to determine whether there exists a switch i → C for some979

coalition C ∈ π ∪ {∅} that locally dominates or locally blocks π, due to Lemma 16. However, it980

is not hard to observe that it suffices to focus for each agent i ∈ N on the set Ci of coalitions in π981

in which i has at least one friend or enemy. Then it is sufficient to maintain the values x1
i (C) and982

x2
i (C) for each agent i only for coalitions C ∈ Ci, together with the values fπ(i)

i and e
π(i)
i . Indeed,983

for every coalition C ∈ π ∪ {∅} \ Ci we know eCi = fC
i = 0, and thus the values x1

i (C) and x2
i (C)984

can be calculated easily: first, we have x1
i (C) = −f i

π(i) + eiπ(i); second, to determine x2
i (C), we first985

check whether condition (c2) holds (using eCi = fC
i = 0 again) and set x2

i (C) = −∞ if (c2) fails986

and, otherwise, set x2
i (C) = −2f i

π(i) + eiπ(i) in FEN-AF games and x2
i (C) = −f i

π(i) + 2eiπ(i) in987

FEN-AE games. Notice that the values x1
i (C) and x2

i (C) therefore are the same for each coalition C988

in π ∪ {∅} \ Ci.989

Therefore, the vectors x1
i and x2

i are indexed by the set of all coalitions in Ci together with one990

dummy coalition representing all coalitions in π ∪ {∅} \ Ci.991

To facilitate an efficient search for a locally dominating or locally blocking switch, we keep the entries992

in the vectors x1
i and x2

i ordered. Furthermore, we additionally order the set X1 = {x1
i : i ∈ N} of993

vectors according to their first coordinates, and order the vectors in X2 = {x2
i : i ∈ N} similarly.994

Observe that the largest entry occurring in any vector of X1 is therefore the first coordinate of the995

first vector in X1 and, similarly, the largest entry occurring in any vector of X2 is the first coordinate996

of the first vector in X2. We will maintain this property throughout the algorithm; call it property (⋆).997

The initialization. To initialize Ci and the vectors x1
i and x2

i for the starting partition π0, we start998

by computing the values f i
C and eiC for all agents i ∈ N and coalitions C ∈ π0 in which i has a999

friend or an enemy. This takes O(n∆) time in total for all agents using the friendship and enmity1000

digraphs.1001

Next, we order the O(∆) values in each of the 2n vectors in X1 ∪X2; this takes O(n∆ log∆) time.1002

Then we order the set X1 = {x1
i : i ∈ N} of vectors according to their first coordinates, and order1003

the vectors in X2 = {x2
i : i ∈ N} similarly in O(n log n) time. The required running time for the1004

initializations is therefore O(n∆+ n∆ log∆ + n log n) = O(n∆ log n) as 1 ≤ ∆ ≤ n.1005
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The computation of a step in the heuristic. We check if the largest entry in the vectors in X1 is1006

at least 2 by looking at the first coordinate of the first vector in O(1) time. If yes, we have found1007

a locally dominating switch i → C; note that if the coalition achieving the largest enty in X1 is1008

a dummy coalition representing all coalitions in π ∪ {∅} \ Ci for some agent i, then a coalition1009

C ∈ π ∪ {∅} \ Ci can be found in O(|Ci|) = O(∆) time.2 To maintain the vectors x1
i and x2

i as well1010

as the sets Ci for all agents i ∈ N , we only need to update these vectors and sets for the O(∆) agents1011

in {i} ∪E(i) ∪ F (i) and, regarding the vectors, only at the coordinates corresponding to π(i) and1012

to C; note that this update may result in adding a new coordinate to the vector or deleting one from it.1013

Then, in order to maintain property (⋆), we have to reorder X1 and X2 again—but we do not have1014

to perform a complete ordering from scratch; we just have to find the correct places of the updated1015

elements in the already existing ordering. Hence, this can be implemented in O(∆(log∆ + log n))1016

time, as there are O(∆) elements to update and an insertion of an element to an ordered list of length1017

ℓ can be done in O(log ℓ) time.1018

If the largest entry in the vectors of X1 is 0 or 1, then we check the largest entry in the vectors of X21019

(recall that x2
i stores a nonnegative entry for a coalition C only if condition (c2) holds for i and C)1020

and check if the first coordinate is larger than 0 or not. If not, then π is locally popular by Lemma 16.1021

Otherwise, we again have found a locally dominating switch; we then perform this switch and update1022

the sets Ci and the vectors in X1 and X2 in O(∆ log n) time as in the previous case.1023

Checking whether i → C is a Nash deviation for LocStab can also be implemented in the same1024

running time. We just have to append the condition that i improves to each case in Lemma 16, which1025

is also a condition that can be checked in O(1) time. In fact, we can redefine the values x1
i (C) and1026

x2
i (C) to be −∞ if i has no incentive to join C. This way, it remains true that the value of x1

i (C),1027

and also of x2
i (C), coincides for all coalitions where i has neither a friend nor an enemy; thus, our1028

approach still works.1029

Summarizing all of the above, we get the running time of O(n∆ log n +K#steps ·∆ log n) where1030

K#steps is the number of steps (i.e., number of switches) performed by the algorithm. Combining this1031

with Theorem 2 proves Theorem 3.1032

2We can take C = ∅ unless we aim for a variant of the algorithm that keeps the number of coalitions constant;
in this case, we can iterate over the coalitions of the current partition until we find one that is not in Ci in O(∆)
time.
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Appendix C Additional material for the simulations1033

We remark that all codes used for our simulations are available in the supplementary material files1034

of our submission. In Section C.1, we present our simulation result for community detection in the1035

form of some figures; we do the same for clustering in Section C.2. Finally, we present a detailed1036

evaluation of our results in Section C.3.1037

C.1 Community detection: omitted figures1038

This section contains all figures depicting our simulation results for the Karate club (Figure 4), Jazz1039

musicians (Figure 5), Cora (Figure 6), and Random-25 (Figure 7) datasets, comparing our heuristics1040

LocPop and LocStab with the Louvain and Leiden algorithms in terms of Rand index and modularity.1041

As the Jazz dataset has no true labels, we did not compute the Rand index for it.1042

Figure 4: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Karate club dataset.

Figure 5: Comparing modularity of Louvain, Leiden, and LocPop (left) or LocStab (right) variants
for the Jazz dataset.
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Figure 6: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Cora dataset.

Figure 7: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Random-25 dataset.

C.2 Clustering: omitted figures1043

This section contains all figures depicting our simulation results on the Iris (Figure 8), Breast Cancer1044

Wisconsin (abbreviated as Cancer, Figure 9), Moons (Figure 10), and 3-Circles (Figure 11) datasets,1045

comparing our heuristics LocPop and LocStab with the k-means and DBSCAN algorithms in terms1046

of Rand index and silhouette score.1047
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Figure 8: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and LocPop
(top) or LocStab (bottom) variants for the Iris dataset.

Figure 9: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and LocPop
(top) or LocStab (bottom) variants for the Cancer dataset.

Figure 10: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the Moons dataset.
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Figure 11: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the 3-Circles dataset.

C.3 Evaluation of results1048

General takeaways for LocPop and LocStab. LocPop and LocStab produced very similar results,1049

although the scores of LocStab were more dependent on the preference domains. The best threshold1050

parameters were also mostly the same for LocPop and LocStab. In LocPop variants, the three1051

different preferences domains (AF, AE, and B) lead to quite similar results across all instances. This1052

is probably due to the fact that only the agent who switches may vote differently in these cases,1053

and a single vote usually has no substantial influence. In the case of local stability, where a Nash1054

deviation is needed, a larger differentiation was observed. The simulations also showed that—while1055

no preference domain was consistently performing better than the two others—the balanced one1056

performed best or close to the best for both LocPop and LocStab. Hence, in light of Theorems 3 and 4,1057

using balanced preferences seems most preferable, as we have a faster runtime guarantee, and it is the1058

only preference domain where the LocStab heuristic converges in polynomial time for asymmetric1059

graphs. Hence, we suggest that future research focuses on the balanced preference domain.1060

In general, the -P and -S variants both performed well. However, the -S variant often requires much1061

more steps to reach an outcome, which is expected, as it starts with n clusters. Hence, if there is a1062

good estimate (or even an upper bound) on the expected number of clusters, then the -P variant may1063

be the optimal. The LocPop-P and LocStab-P variants we implemented also had a constraint that new1064

coalitions could only be created if the current number of clusters was smaller than their predicted1065

number.1066

In most cases, the (0.4, 0.4) or the (0.2, 0.2) parameters lead to the best results, but these parameters1067

also often lead to the worst results; while the parameter (0.25, 0.35) performed consistently between1068

them. This suggests that parameter tuning can have a large effect on achieving the best possible1069

outcome.1070

Since LocPop and LocStab are not deterministic (randomness comes from (i) the initial clustering,1071

(ii) the indexing of the data points, and (iii) the choice of the implemented switches), we did 101072

repetitions, each time randomly permuting the data points and with a random initial partition with the1073

predicted number of clusters for LocPop-P and LocStab-P (for the other variants the initial partition is1074

fixed) to estimate the mean and standard deviation of the scores. The algorithm was implemented in a1075

way such that switches involving smaller-indexed agents were preferred, but by randomly permuting1076

the indices, this bias was eliminated. The standard deviations observed were at most 0.01-0.02 on1077

average after doing 10 repetitions, except for the Karate club dataset (∼ 0.05). Hence, for that dataset,1078

we increased the number of repetitions to 30 for more robust results. We also note that in many cases,1079

the standard deviations were too small to be visible in the figures (e.g., < 10−3).1080

Comparison with mainstream algorithms. Let us compare the performance of our algorithms1081

with the most widely used mainstream methods, both for community detection and for clustering.1082
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Community detection. Using the output of Leiden, variants of LocPop-Ld (and LocStab-Ld)1083

achieved a similar value in modularity, and slightly outperformed it w.r.t. the Rand index. Hence,1084

starting from the output of Leiden was very beneficial in terms of achieving better modularity scores.1085

For the Random-25 dataset, LocPop-S and LocPop-S were able to significantly outperform Louvain1086

and Leiden (by more than 10%) w.r.t. the Rand index, but LocPop-P and LocPop-S were close to1087

a 10% improvement too. For the Karate club dataset, LocPop and LocStab variants were able to1088

outperform Louvain and Leiden by more than 50% in Rand index.1089

Clustering. In clustering, with the parameter (0.4, 0.4), LocPop performed up to 20% better than1090

k-means w.r.t. the silhouette score in the Iris and 3 Circles datasets (and performed similarly for1091

the others), while the other parameters led to (sometimes significantly) worse results. DBSCAN1092

performed the worst in terms of the silhouette score, and it often put all points together, in which1093

case the silhouette score is undefined. Regarding the Rand index, (0.4, 0.4) turned out to be the1094

worst parameter in general, which highlights that silhouette score may often not be the best measure1095

to asses the quality of a clustering with regards to label prediction. This was most apparent in the1096

Cancer dataset.1097

With respect to the Rand index, the best performing variants of LocPop and LocStab, which were1098

the ones with the parameter (0.2, 0.2) (except in the 3 Circles case) were within 10% of k-means,1099

often matching it, LocPop-P and LocStab-D outperformed it by roughly 50% for the Moons dataset1100

(LocStab-P being close behind them, but all variants performed better than k-means), where DBSCAN1101

was able to find the true clusters completely. As opposed to community detection, for LocPop, here1102

we found no clear benefit of using the output of DBSCAN or k-means to start with, while starting1103

with a correctly predicted number of random clusters helped significantly for the Moons dataset. With1104

LocStab-D, starting with these outputs did lead to better results for the Moons dataset.1105

Summarizing our observations, we conclude that the variants of LocPop and LocStab performed well1106

and consistently, often leading to the best results in both community detection and clustering.1107

Other observations, runtimes and outlook. For heuristics LocPop and LocStab started with the1108

outputs of Leiden and k-means, we tracked the Rand index between their initial partition (i.e., the1109

output of Leiden or k-means, respectively) and the final partition. We observed that even in these1110

cases, both algorithms often made quite a lot of changes. For LocPop, we observed an average Rand1111

index—here used to measure the difference between the initial and the final partition—of 0.65 with a1112

minimum of 0.33 across community detection datasets; for clustering datasets, these values reached1113

an average of 0.55 with a minimum of 0.34. For LocStab, the obtained numbers were slightly higher,1114

as expected. For community detection datasets, the average Rand index was 0.67 with a minimum of1115

0.33 and for clustering datasets, an average of 0.65 with a minimum of 0.43.1116

We also tracked the running times. Our LocPop algorithms run within a couple of seconds even on1117

a mid-range hardware, except for Cora, the largest dataset, where computation took 3-5 minutes,1118

LocPop-S and LocStab-S being the slowest as expected. For these variants, to speed up computation,1119

we used random clusters of size 6, instead of singleton clusters, still modeling the same behavior.1120

We emphasize that our implementation is not the most efficient one discussed in Section 3, but a1121

simpler approach that iterates through the agents and the current clusters in each step. Furthermore,1122

our approach to constructing the friendship and enmity graphs did not guarantee bounded degrees,1123

causing a limitation, since then the running time in Theorem 3 are not guaranteed to be linear. For1124

instances of even larger size, constructions that guarantee bounded degrees—e.g., taking the d nearest1125

neighbors as friends and the d farthest ones as enemies for each agent—may lead to more efficient1126

computation. We leave this for future work.1127

There are many more ways to generate friendship and enmity relations among agents, and it might1128

be interesting to see whether there are approaches that lead to improved results. Further, another1129

limitation is that LocPop might have a problem with instances containing clusters of different sizes,1130

since large clusters can get rid of unwanted agents simply due to their voting power. It will be1131

interesting to test this in future work. Finally, note that LocStab might be a fix for those instances,1132

since agents cannot be pushed out of a cluster “against their will” (and maybe that is the reason why1133

it performs better on the Cancer dataset).1134
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Appendix D Omitted proofs1135

This section contains all proofs omitted from the main body of our paper, except for the proof of1136

Theorem 3 which we proved in Appendix B. Sections D.1, D.2, and D.3 contain the omitted proofs1137

of our results on FEN-AF, FEN-B, and FEN-AE games, respectively.1138

As already mentioned in Example 1, throughout this paper, all relations among agents that are not1139

explicitly mentioned are tacitly assumed to be neutral.1140

D.1 Omitted proofs for our results on FEN-AF games1141

Before we restate and prove our intractability results concerning FEN-AF games, we state some1142

structural observations concerning AF-gadgets in Section D.1.1. We then proceed to provide all1143

omitted proofs of our results on FEN-AF games in Sections D.1.2–D.1.4.1144

D.1.1 A structural lemma on AF-gadgets1145

Given an AF-gadget G, let us define the distance of agents i and j within G as the minimum number1146

of arcs on a path from i to j or from j to i within the friendship graph of G. Moreover, whenever1147

an AF-gadget is defined over agent set K = {0, 1, . . . , 2k}, the agent i+ c is always interpreted as1148

(i+ c) mod (2k + 1) for each agent i ∈ K and constant integer c.1149

Lemma 17. Consider a FEN-AF game that admits a locally stable partition π and contains an1150

AF-gadget G over agent set K. If some coalition C ∈ π with C ⊆ K contains two agents whose1151

distance in G is at least 4, then C = K.1152

Proof. Note that any two agents whose distance in G is at least 4 are mutual enemies. Hence, if two1153

such agents i and j belong to some coalition C ⊆ K, then each of them must have a friend in C:1154

indeed, assuming that one of them, say agent i, does not have a friend in C, we get that the switch1155

i → ∅ locally blocks π, because i and i’s enemies in C vote for it, while only i− 1 may vote against1156

it. The distance between the friend of i and the friend of j (i.e., agents i + 1 and j + 1) within G1157

is again at least 4, so by the same reasoning, each of them must have a friend within C. Repeating1158

this argument, we get that every agent of C must have a friend within C, which implies K ⊆ C. By1159

C ⊆ K we get C = K, as required.1160

D.1.2 Proof of Theorem 51161

Theorem 5 (⋆). The asymmetric FEN-AF game consisting solely of an AF-gadget admits no locally1162

popular partition.1163

Proof. Consider an AF-gadget G of size 2k + 1 containing agents 0, 1, . . . , 2k. Suppose for the sake1164

of contradiction that π is a locally popular partition.1165

If π is the grand coalition, then for an arbitrary agent i, the switch i → ∅ locally dominates π, because1166

(recalling that k ≥ 5) exactly 2k − 4 > 3 agents vote for it (those who consider i an enemy) and1167

only the two agents i and i− 1 vote against it (as they both lose a friend). This contradicts the local1168

popularity of π.1169

Thus π is not the grand coalition. By Lemma 17, this implies that for any two agents i and j1170

with π(i) = π(j), the distance of i and j in G is at most 3, so each coalition in π is a subset1171

of {i, i+ 1, i+ 2, i+ 3} for some agent i.1172

Suppose now that some agents i and i+ 2 are both within some coalition C = π(i) = π(i+ 2), but1173

i+ 1 is not in C. Then i+ 1 has an incentive to join C, that is, i+ 1 votes for the switch i+ 1 → C,1174

and so does i. Since the distance between any two agents of C is at most 3 in G, there can be at most1175

one agent in C who considers i + 1 an enemy, namely agent i − 1. Thus at most one agent in C1176

votes against the switch i+ 1 → C, and note also that no agent in π(i+ 1) votes against it. Hence,1177

i+ 1 → C locally blocks π, a contradiction. This shows that each coalition in π must either contain1178

at most four agents who, additionally, appear consecutively on the friendship cycle of G, or it must1179

be of the form {i, i+ 3} for some i.1180
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If there is a coalition of the form {i, i+ 3}, then the switch i+ 3 → π(i+ 4) locally blocks π, as1181

both i as i+ 3 vote for it and the only agent who may vote against it is i+ 7.1182

If there is a coalition containing four agents {i, i+1, i+2, i+3}, then again, the switch i+3 → π(i+4)1183

locally blocks π: the only agents who may vote against it are i+ 2 and i+ 7, whereas agents i, i+ 1,1184

and i+ 3 all vote for it.1185

Therefore, every coalition must contain at most three agents who appear consecutively on the1186

friendship cycle of G. Suppose there is a coalition with exactly three agents. Then, as 3 does not1187

divide 2k+1, there is one coalition, say {i, i+1, i+2}, which is followed (along the friendship cycle1188

of G) by a coalition of size two, namely coalition {i+ 3, i+ 4}. Then the switch i+ 2 → π(i+ 3)1189

locally blocks π, as agents i and i+ 2 vote for it, and only agent i+ 1 votes against it.1190

Hence, each coalition contains at most two agents. If there is one containing exactly two agents, then1191

there is one coalition, say {i, i+ 1}, which is preceded (on the friendship cycle of G) by a coalition1192

of size one, namely {i− 1}, as 2k + 1 is odd. Hence, the switch i− 1 → {i, i+ 1} locally blocks π.1193

It follows that each coalition in π must be a singleton. But then the switch where any agent i joins1194

{i+ 1} locally blocks π, again a contradiction. It follows that no locally popular partition exists for1195

this hedonic game.1196

Note that for the hedonic game defined in the proof of Theorem 5, there does exist a unique locally1197

stable partition: the grand coalition containing all agents. In fact, the proof of Theorem 5 even implies1198

the following slightly stronger claim.1199

Remark 1. Suppose that a hedonic game with friend-appreciative preferences contains an AF-gadget1200

over agent set K, and admits a locally stable partition π. If no coalition of π contains agents both in1201

and outside of K, then K itself is a coalition in π.1202

D.1.3 Proof of Theorem 61203

Theorem 6 (⋆). There exists an asymmetric FEN-AF game that admits no locally stable partition.1204

Proof. As a counterexample, consider a FEN-AF game I that contains an AF-gadget over a set1205

K = {0, 1, . . . , 2k} of agents together with an additional set A = {a1, . . . , a2k−4} of agents such1206

that1207

• a1, . . . , a2k−4 are mutual enemies with 1, 2, . . . , 2k + 1,1208

• a2, . . . , a2k−4 consider 0 an enemy,1209

• 0 considers a1 a friend and a2, . . . , a2k−4 enemies,1210

• a1 and a2 are mutual friends, and1211

• ai considers ai+1 a friend for i = 2, 3, . . . , 2k − 5.1212

Suppose that π is a locally stable partition for I . First, we claim that if a coalition C ∈ π contains1213

both an agent from K and an agent from A, then C contains 0 as well. To see this, consider the1214

“largest” agent j = maxi:i∈K∩C of K in C. If 0 /∈ C, then the switch j → ∅ locally blocks π,1215

because agent j and all agents in A∩C ̸= ∅ vote for it, while at most one agent (namely, agent j− 1)1216

may vote against it.1217

Next, we claim that if some coalition C ∈ π contains both 0 and ai for some i, then C also1218

contains ai+1 if it exists. For i = 1, this follows from the fact that, otherwise, a1 has an incentive1219

to join π(a2), as both a1 and a2 vote for the switch a1 → π(a2) and only agent 0 votes against it1220

(note that only agents in K consider a1 an enemy, and we have K ∩ π(a2) = ∅ by the previous1221

paragraph), contradicting our assumption that π is locally stable. For i > 1, we can similarly show1222

that if ai+1 /∈ C, then the switch ai → π(ai+1) locally blocks π: both ai and 0 vote for it, and only1223

agent ai−1 may vote against it.1224

As a consequence, no coalition C in π contains both an agent from K and an agent from A. Indeed,1225

assuming otherwise, the coalition C would contain agents 0 and a2k−4 by the previous two claims,1226
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in which case the switch a2k−4 → ∅ locally blocks π: both a2k−4 and 0 vote for it, while at most one1227

agent (namely, agent a2k−3) may vote against it.1228

Due to Remark 1, it follows that the agents of K must form a single partition in π. In particular,1229

agent 0 has one friend and 2k − 4 enemies within π(0). Also, agent 0 has at least one friend and at1230

most 2k − 5 enemies in the coalition π(a1), so 0 has an incentive to join π(a1). Finally, the switch1231

0 → π(a1) locally blocks π, because 2k − 4 + 1 agents from K vote for it (namely, agent 0 and all1232

those regarding 0 an enemy), while only one agent from K (namely, agent 2k) and 2k − 5 agents1233

from A (all of them except a1) vote against it. This contradiction shows that π cannot be locally1234

stable.1235

D.1.4 Proof of Theorem 71236

Theorem 7 (⋆). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-1237

complete for FEN-AF games.1238

It is clear that both problems are in NP, as given a FEN-AF game, we can nondeterministically guess1239

a partition π and then verify in polynomial time that no possible switch locally dominates or locally1240

blocks π (note that the number of switches for π is at most quadratic in the number of agents). We1241

complete the proof of Theorem 7 by proving the NP-hardness of LOCAL-STABILITY-EXISTENCE1242

and LOCAL-POPULARITY-EXISTENCE separately in Theorems 18 and 24, starting with the former.1243

Theorem 18. LOCAL-STABILITY-EXISTENCE is NP-hard for FEN-AF games.1244

Proof. We provide a reduction from 5-SAT which, given a Boolean formula φ in conjunctive normal1245

form with five literals per clause, asks whether φ is satisfiable. Let φ be our input 5-SAT formula1246

with variables v1, . . . , vn and clauses C1, . . . , Cm. By adding dummy clauses if needed, we may1247

assume that m ≡ 1 mod 3 and that m ≡ 1 mod 2.1248

We create an instance I of LOCAL-STABILITY-EXISTENCE as follows. Let k = 5 · 11m = 55m;1249

then k ≡ 1 mod 2 and k ≡ 1 mod 3 . For each clause Cj , we create a clause gadget Gj that is an1250

AF-gadget of size k. The agents of Gj , ordered along the friendship cycle of Gj , are x0
j , . . . , x

55m−1
j .1251

Every 11m-th agent x0
j , x

11m
j , . . . , x44m

j along this cycle corresponds to one of the literals in Cj =1252

(lj1 ∨ · · · ∨ lj5); these are called literal agents. We also add 5m auxiliary gadgets A1, . . . , A5m, each1253

of them an AF-gadget of size k = 55m. Each auxiliary gadget Aj has a single distinguished agent1254

a0j ; we refer to such agents as enforcer agents. We also add an agent T . Intuitively, in a locally stable1255

partition, the coalition containing T will also include a literal agent from each clause corresponding1256

to a true literal. We proceed by describing the relationships between the agents on different cycles:1257

• Every literal agent considers T a friend and is considered by T an enemy.1258

• Every enforcer agent considers T a friend but is considered by T as a neutral.1259

• T and every non-literal, non-enforcer agent consider each other mutual enemies.1260

• Any two agents y and z from two different clause gadgets are mutual enemies, unless y1261

and z are both literal agents that do not correspond to a positive and a negative literal of the1262

same variable, in which case they are mutually neutral.1263

• Any two agents y and z from two different auxiliary gadgets are mutual enemies, unless1264

both are enforcer agents, in which case they are mutually neutral.1265

• Finally, for a vertex x from a clause gadget and a vertex y from an auxiliary gadget,1266

– if y is not a literal agent or z is not an enforcer agent, then they are mutual enemies;1267

– if y is the literal agent corresponding to the ℓ-th literal of the j-th clause, then y and z1268

are mutual enemies if z = a05(j−1)+ℓ, and they are mutually neutral if z is an enforcer1269

agent other than a05(j−1)+ℓ.1270

This completes our construction of the instance I of LOCAL-STABILITY-EXISTENCE from the1271

given 5-SAT instance φ. It remains to prove the correctness of the reduction: I is a yes-instance1272
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of LOCAL-STABILITY-EXISTENCE if and only if φ is satisfiable. This will follow from a series of1273

claims.1274

Direction “⇒⇒⇒”: Let us first assume that there exists a locally stable partition π for I .1275

Claim 19. Coalition π(T ) contains at most 20m− 1 agents. Consequently, π(T ) cannot contain all1276

agents from a clause or an auxiliary gadget.1277

Proof of claim. For a contradiction, suppose that more than 20m− 1 agents are in the same coalition1278

as T . Then at least 10m of them are mutual enemies of T , as only 10m agents consider T a friend,1279

and no agent considers T as neutral. Recall also that T considers no agent as a friend and thus has an1280

incentive to leave π(T ). Hence, the switch T → ∅ locally blocks π, a contradiction. ◁1281

Claim 20. No coalition C ∈ π can contain all agents from some clause or auxiliary gadget.1282

Proof of claim. For the sake of contradiction, assume that some coalition C contains some clause1283

or auxiliary gadget K. Claim 19 implies C ̸= π(T ). Let y be a literal or enforcer agent in K.1284

Since y has one friend and exactly 55m− 5 enemies within K, y has an incentive to join π(T ) by1285

Claim 19. Thus the switch y → π(T ) locally blocks π: at least (55m− 5) + 1 agents—all enemies1286

of y within K and y itself—vote for it, whereas at most (20m− 1)+ 1 agents—enemies of y in π(T )1287

and the unique agent in K who considers y a friend—vote against it, a contradiction. ◁1288

Claim 21. If a coalition C ∈ π with T /∈ C contains agents from two different clause or auxiliary1289

gadgets, then C cannot contain a non-literal, non-enforcer agent.1290

Proof of claim. Suppose for the sake of contradiction that C ∈ π with T /∈ C contains some agent y1291

from a (clause or auxiliary) gadget K, some agent y′ from a different gadget K ′, and a non-literal,1292

non-enforcer agent w. Note that neither K nor K ′ is fully contained in C due to Claim 20. Therefore,1293

using also T /∈ C, we get that C contains an agent z ∈ K and an agent z′ ∈ K ′ such that neither z1294

nor z′ considers any agent in C a friend. Moreover, w is a mutual enemy with some z′′ ∈ {z, z′}.1295

This implies that the switch z′′ → ∅ locally blocks π, because both z′′ and w vote for it, while at1296

most one agent (who considers z′′ a friend) may vote against it, a contradiction. ◁1297

Claim 22. Coalition π(T ) contains at least one agent from each clause gadget and each auxiliary1298

gadget.1299

Proof of claim. For a contradiction, suppose that π(T ) contains no agent from some clause or1300

auxiliary gadget K. If no agent from K is contained in the same coalition as some agent from a1301

different gadget, then Remark 1 implies K ∈ π, a contradiction to Claim 20. Hence, there is a1302

coalition C that contains some agent y from K and some agent from a different gadget. By Claim 21,1303

we get that y is either a literal or an enforcer agent. Suppose that y is a literal agent y = xi
j for1304

some clause gadget K = G; the case when K is an auxiliary gadget and y is an enforcer agent is1305

analogous.1306

Note that xi+1
j is the only agent xi

j considers a friend, while the only agent who considers xi
j a1307

friend is Gi−1
j . Since both Gi−1

j and xi+1
j are non-literal, non-enforcer agents, neither of them is1308

contained in C due to Claim 21. In particular, xi
j has an incentive to join π(xi+1

j ). Since the switch1309

xi
j → π(xi+1

j ) cannot locally block π, we obtain that there must be some agent in π(xi+1
j ) who1310

considers xi
j an enemy. Observe that T /∈ π(xi+1

j ) by our choice of K = Gj , so by Claim 21 we know1311

that all agents of π(xi+1
j ) belong to Gj . Using Lemma 17 and Claim 20, we get that π(xi+1

j ) cannot1312

contain two agents whose distance along Gj is more than 3; we refer to this fact as (♠). This implies1313

i′ ∈ {i−2, i−1, i+1, i+2, i+3, i+4} for every agent xi′

j ∈ π(xi+1
j ), so the agent within π(xi+1

j )1314

who considers xi
j an enemy must be xi−2

j or xi+4
j . Moreover, {xi−2

j , xi+4
j } ̸⊆ π(xi+1

j ) also follows.1315

We distinguish between two cases and arrive at a contradiction in both, which proves the claim.1316

Case A: xi−2
j ∈ π(xi+1

j )xi−2
j ∈ π(xi+1

j )xi−2
j ∈ π(xi+1

j ). Then π(xi+1
j ) ⊆ {xi−2

j , xi−1
j , xi+1

j } due to (♠). If xi−1
j /∈ π(xi+1

j ), then1317

xi+1
j has an incentive to join π(xi+2

j ). Since the switch xi+1
j → π(xi+2

j ) does not locally block π1318

but both xi+1
j and xi−2

j vote for it, it follows that at least two agents must consider xi+1
j an enemy1319

in π(xi+2
j ). However, due to (♠), these agents could only be xi−1

j and xi+5
j , but they cannot both be1320
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in π(xi+2
j ), a contradiction. Thus it must be the case that π(xi+1

j ) = {xi−2
j , xi−1

j , xi+1
j }. Then xi

j1321

has an incentive to join π(xi+1
j ); recall that T /∈ π(xi

j), so xi
j has no friend in π(xi

j). Observe that1322

the switch xi
j → π(xi+1

j ) locally blocks π: both xi
j and xi−1

j vote for it, but only xi−2
j votes against1323

it, a contradiction.1324

Case B: xi+4
j ∈ π(xi+1

j )xi+4
j ∈ π(xi+1

j )xi+4
j ∈ π(xi+1

j ). Then π(xi+1
j ) ⊆ {xi+1

j , xi+2
j , xi+3

j , xi+4
j }. Then xi+4

j has an incentive to1325

join π(xi+5
j ), so both xi+1

j and xi+4
j vote for the switch xi+4

j → π(xi+5
j ). Since π is locally stable,1326

there must be two agents who vote against this switch. If xi+3
j /∈ π(xi+1

j ), then these must be two1327

agents in π(xi+5
j ) who consider xi+4

j an enemy. Due to (♠), these can only be agents xi+2
j and1328

xi+8
j , but at most one of them can be in π(xi+5

j ), a contradiction. Hence, xi+3
j ∈ π(xi+1

j ). Since1329

the switch xi+2
j → π(xi+1

j ) does not locally block π, it follows that xi+2
j ∈ π(xi+1

j ) as well, which1330

yields {xi+1
j , xi+2

j , xi+3
j , xi+4

j } ∈ π. Then the switch xi+4
j → π(xi+5

j ) locally blocks π, because1331

three agents (namely, xi+1
j , xi+2

j , and xi+4
j ) vote for it and at most two may vote against it (xi+3

j and1332

possibly xi+8
j ), a contradiction. ◁1333

Claim 23. Coalition π(T ) contains no non-literal, non-enforcer agents. Also, each literal agent1334

in π(T ) can have at most one mutual enemy in π(T ), which is necessarily an enforcer agent.1335

Proof of claim. For the sake of contradiction, assume that y ̸= T is a non-literal, non-enforcer agent1336

in π(T ). Take an agent z ∈ π(T ) from a clause Gj not containing y such that the unique friend of z1337

within K is not in π(T ). By Claims 22 and 19, there must be such an agent z. Note that y and z are1338

mutual enemies. If z is not a literal agent, then z has no friend in π(T ), so the switch z → ∅ locally1339

blocks π, a contradiction. If z = xi
j is a literal agent, then z is mutual enemies with every agent from1340

at least one auxiliary gadget by construction, so z has at least two mutual enemies in π(T ).1341

It now suffices to show that the assumption that z has at least two mutual enemies in π(T ) leads to a1342

contradiction.1343

Assume first that xi
j has an incentive to join π(xi+1

j ). Then xi
j , T , and the two mutual enemies of xi

j1344

in π(T ) vote for the switch xi
j → π(xi+1

j ) and at most one agent in π(T ) votes against it. Moreover,1345

due to Lemma 17 and Claim 20, each two agents in π(xi+1
j ) are at distance at most 3 from each other1346

along Gj , and thus the only agents in π(xi+1
j ) who consider xi

j an enemy can be xi−2
j and xi+4

j , so1347

fewer than four agents vote against the switch, a contradiction.1348

It follows that xi
j has no incentive to join π(xi+1

j ), which happens only if xi
j regards at least1349

two agents in π(xi+1
j ) as enemies. This implies that π(xi+1

j ) contains at least two agents from1350

{xi+2
j , xi+3

j , xi+4
j }. As π is locally stable, it follows that {xi+2

j , xi+3
j } ⊆ π(xi+1

j ). Suppose1351

that xi+4
j ∈ π(xi+1

j ) as well. Then the switch xi+4
j → π(xi+5

j ) locally blocks π, because1352

xi+4
j , xi+2

j , and xi+1
j all vote for it, whereas only xi+3

j and xi+8
j may vote against it. Oth-1353

erwise, π(xi+1
j ) = {xi+1

j , xi+2
j , xi+3

j }. The switch xi+3
j → π(xi+4

j ) locally blocks π unless1354

π(xi+4
j ) = {xi+5

j , xi+6
j , xi+7

j , xi+8
j }. In this case, however, the switch xi+8

j → π(xi+9
j ) locally1355

blocks π by the argument used in the previous case. ◁1356

We are now ready to prove that φ is satisfiable.1357

By Claim 22, at least one literal agent from each clause gadget Gj must be contained in π(T ). We1358

claim that the corresponding literals can be set to true at the same time. For a contradiction, suppose1359

that there are two literal agents, y and z, in π(T ) such that one of them corresponds to literal vi and1360

the other one to its negation vi. By Claim 23, a0j ∈ π(T ) for any auxiliary gadget Aj , which means1361

that every literal agent is mutual enemies with at least one enforcer agent in π(T ). Since y and z1362

are also mutual enemies by construction, each of these two literal agents have at least two mutual1363

enemies, which is a contradiction to Claim 23. Hence, φ is satisfiable.1364

Direction “⇐⇐⇐”: Let us now assume that φ is satisfiable.1365

Consider a truth assignment that makes φ true. Create a partition π as follows. For each auxiliary1366

gadget Aj , group s0j together with T . Also, from each clause gadget, choose a literal agent xi
j1367
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corresponding to a true literal and group it together with T , too. Finally, for each clause or auxiliary1368

gadget K, create coalitions of size two from the agents of K not put into π(T ) such that each of1369

these coalitions contains two agents appearing consecutively on K.1370

We claim that π is locally stable. Agent T has an incentive to join every coalition C in π ∪ {∅} other1371

than π(T ). However, at least 6m agents vote against such a switch T → C and at most one votes1372

for it. Note that a literal or enforcer agent in π(T ) has one friend in π(T ) and at most one enemy:1373

Indeed, each enforcer agent is mutual enemies with exactly one literal agent—which may or may not1374

be in π(T )—and vice versa; moreover, two literal agents are mutual enemies only if they correspond1375

to a literal vi and its negation vi, respectively. This, however, cannot happen, as only literal agents1376

corresponding to true literals are in π(T ). Since each literal or enforcer agent has at most one friend1377

in every coalition C ̸= π(T ), and if they do have a friend in C then they also have an enemy in C, so1378

they have no incentive to join C.1379

For a non-literal, non-enforcer agent y, let {y, y′} denote the coalition π(y). On the one hand, if y1380

regards y′ as a friend, then y has no incentive to join any coalition in π∪{∅}. If, on the other hand, y′1381

regards y as a friend, then y has an incentive to join the unique coalition containing its sole friend y′′,1382

but the switch y → π(y′′) does not locally block π, because only y votes for it but y′ votes against it.1383

We conclude that π is locally stable, proving the correctness of our reduction.1384

We now turn to the existence problem for local popularity and its computational complexity.1385

Theorem 24. LOCAL-POPULARITY-EXISTENCE is NP-hard for FEN-AF games.1386

Proof. We again provide a reduction from 5-SAT by slightly modifying the reduction presented in1387

the proof of Theorem 18.1388

Let φ be a 5-SAT formula with variables v1, . . . , vn and clauses C1, . . . , Cm. By adding dummy1389

clauses if needed, we may again assume that m ≡ 1 mod 3 and m ≡ 1 mod 2.1390

From φ we create an instance I of LOCAL-POPULARITY-EXISTENCE as follows. Again, let k =1391

5 · 11m = 55m; then k ≡ 1 mod 2 and k ≡ 1 mod 3. For each clause Cj , we create a clause1392

gadget Gj that is an AF-gadget of size k. The agents of Gj are again referred to as x0
j , . . . , x

55m−1
j ,1393

ordered along the friendship cycle of Gj , and every 11m-th agent x0
j , x

11m
j , . . . , x44m

j along this1394

cycle corresponds to one of the literals in Cj = (lj1 ∨ · · · ∨ lj5). These are again called literal agents.1395

Note that we do not create the auxiliary gadgets and enforcer agents used in the proof of Theorem 18,1396

but we do add an agent T . As before, a locally popular partition will always group T together with1397

an agent corresponding to a true literal from each clause. We proceed by describing the relationships1398

between agents on different gadgets:1399

• Every literal agent considers T a friend, whereas T considers everyone an enemy and is1400

considered an enemy by every non-literal agent.1401

• Furthermore, two agents y and z from two different clause gadgets are mutual enemies,1402

unless y and z are both literal agents that do not correspond to a positive and a negative1403

literal of the same variable, in which case they are mutually neutral.1404

We are going to show that the constructed instance I of LOCAL-POPULARITY-EXISTENCE admits a1405

locally popular partition if and only if φ is satisfiable.1406

Direction “⇒⇒⇒”: Let us first assume that there exists a locally popular partition π for I .1407

Claim 25. No coalition C ∈ π may contain all agents from some clause gadget.1408

Proof of claim. For a contradiction, suppose that a coalition in π contains all agents of a clause1409

gadget Gj . Then the switch xi
j → ∅ for an arbitrary agent xi

j in Gj locally dominates π, because at1410

least 55m− 5 agents vote for such a switch and at most one agent votes against it, a contradiction. ◁1411

Claim 26. If a coalition C ∈ π with T /∈ C contains agents from two different clause gadgets, then1412

C cannot contain a non-literal agent.1413

Proof of claim. Exactly the same arguments as used in the proof of Claim 21 prove the claim. ◁1414

35



Claim 27. Coalition π(T ) contains at least one literal agent from each clause gadget.1415

Proof of claim. For a contradiction, suppose that there is a clause gadget Gj that contains no agent1416

in π(T ). If no agent of Gj is in the same coalition as some agent from a different gadget, then π1417

cannot be locally popular, because we have shown in Theorem 5 that an AF-gadget does not admit a1418

locally popular partition.1419

By Claim 26, it follows that there must be a literal agent xi
j in Gj such that C = π(xi

j) contains1420

only literal agents, with at least one of them not in Gj . By T /∈ C, we know that xi
j has an incentive1421

to join π(xi+1
j ). Hence, as no agent considers xi

j a friend in C, there must be an agent in π(xi+1
j )1422

who considers xi
j an enemy, as otherwise, the switch xi

j → π(xi+1
j ) locally blocks π. Note that1423

T /∈ π(xi+1
j ) by our choice of Gj , and since xi+1

j is a non-literal agent, we know that π(xi+1
j ) ⊆ Gj1424

by Claim 26. Therefore, by Lemma 17 and Claim 25, we know that all agents in π(xi+1
j ) are at1425

distance at most 3 from xi+1
j along Gj . Hence, the agent in π(xi+1

j ) who considers xi
j an enemy1426

must be xi−2
j or xi−2

j , and they cannot both be contained in π(xi+1
j ). Distinguishing between the1427

cases xi−2
j ∈ π(xi+1

j ) and xi+4
j ∈ π(xi+1

j ) and using exactly the same arguments as in Cases A1428

and B in the proof of Theorem 18 we obtain a contradiction to the local stability and, hence, to the1429

local popularity of π. ◁1430

We are now ready to prove that φ is satisfiable.1431

By Claim 27, π(T ) contains at least one literal agent from each clause gadget. We claim that the1432

corresponding literals can be made true at the same time. For a contradiction, suppose that there are1433

two literal agents, y and z, corresponding to some variable vi and its negation vi, respectively, that1434

are both in π(T ). Then y and z are mutual enemies. Hence, the switch y → ∅ locally dominates π,1435

as both T and z vote for it and only y votes against it, a contradiction. Hence, this yields a truth1436

assignment satisfying φ.1437

Direction “⇐⇐⇐”: Assume now that there is a truth assignment satisfying φ.1438

Create a partition π as follows. For each clause gadget Gj , choose a literal agent corresponding to1439

a literal set to true and group it with T . Then for each clause gadget K, create coalitions of size1440

two from the agents of K not put into π(T ) such that each of these coalitions contains two agents1441

appearing consecutively on K.1442

We claim that π is locally popular. Let C ∈ π ∪ {∅}. Note that the only agent who may vote for a1443

switch T → C is T , while at least m agents vote against it. For a literal agent xi
j ∈ π(T ), the only1444

agents who vote for a switch xi
j → C can be T and possibly agent xi−1

j , while xi
j itself votes against1445

it, and moreover, if xi−1
j ∈ C votes for the switch, then xi−2

j ∈ C votes against it. Hence, xi
j → C1446

does not locally dominate π. For an agent y in a coalition {xi
j , x

i+1
j } ∈ π of size two, only one agent1447

may vote for the switch y → C, and this happens only if either y = xi+1
j and y has a friend in C, in1448

which case xi
j votes against the switch, or if y = xi

j and C = {xi−2
j , xi−1

j }, in which case both xi−2
j1449

and xi
j vote against the switch. Hence, no switch locally dominates π, so π is locally popular, which1450

completes the proof of correctness for our reduction.1451

D.2 Omitted proofs for our results on FEN-B games1452

We start with restating and proving Theorem 4, stating the polynomiality of LocStab on FEN-B1453

games, in Section D.2.1. We move on with some structural observations concerning B-gadgets in1454

Section D.2.2. We then proceed to provide all omitted proofs of our results on FEN-B games in1455

Sections D.2.3–D.2.6.1456

D.2.1 Polynomiality of LocStab1457

Theorem 4 (⋆). In a possibly asymmetric FEN-B game, the total balanced utility of all agents1458

strictly increases in each step of heuristic LocStab; consequently, heuristic LocStab always converges1459

in O(n∆) steps to a locally stable partition, irrespective of the initial partition.1460
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Proof. Let N denote the set of agents. Consider a step of the heuristic where a partition π is replaced1461

by πi→C for some agent i and coalition C ∈ π∪{∅} is such that C∪{i} ≻i π(i) and Λ(π, πi→C) > 0.1462

As Λ(π, πi→C) > 0 we have Λ−i(π, πi→C) ≥ 0. So, by statement (a) of Lemma 1,1463 ∑
j∈N\{i}

uB
j (πi→C)− uB

j (π) = Λ−i(π, πi→C) ≥ 0.

Finally, uB
i (C) − uB

i (π(i)) > 0 because the switch is performed by heuristic LocStab based on1464

the condition that it is a Nash deviation, i.e., i has an incentive to join C (recall that preferences1465

are balanced). Hence, f(πi→C) − f(π) =
∑

j∈N uB
j (πi→C) − uB

j (π) > 0, which proves the first1466

statement of the theorem. Since the total balanced utility is between −n∆ and n∆, the claimed1467

bound on the number of steps follows as well.1468

D.2.2 A structural lemma on B-gadgets1469

Let us say that a coalition C in a B-gadget over agent set K = {0, 1, . . . , 6} is consecutive if1470

C = {i, i+ 1, . . . , i+ ℓ} for some integer ℓ ∈ [6].1471

Lemma 28. Let π be a partition for a B-gadget, and let C ∈ π be a coalition with either |C| ≥ 4, or1472

|C| = 3 and C is not consecutive. Then i → ∅ locally dominates π for some agent i ∈ C.1473

Proof. Let π be a partition for the B-gadget over agent set K = {0, 1, . . . , 6} and let C ∈ π.1474

If C is the grand coalition, then i → ∅ locally dominates π, because i, i+ 2, i+ 3, and i+ 4 all vote1475

for it, while only i− 1 and i− 2 vote against it.1476

If 4 ≤ |C| ≤ 6, then let i ∈ C be an agent such that i − 1 /∈ C and, if C is not consecutive, then1477

{i, i+ 1, i+ 2} ̸⊆ C; observe that such an agent i exists. Consider the switch i → ∅. If i− 2 /∈ C,1478

then at least two agents in {i + 2, i + 3, i + 4} ∩ C vote for this switch, while i + 1 is indifferent1479

between π and πi→∅. Hence, even if i votes against it, we get Λ(π, πi→∅) ≥ 1. If i− 2 ∈ C and C1480

is consecutive, then C = K \ {i− 1}, in which case agents i, i+ 2, i+ 3, and i+ 4 all vote for the1481

switch i → ∅, and only i− 2 votes against it. If i− 2 ∈ C but C is not consecutive, then due to our1482

choice of i, we know that C does not contain both i+ 1 and i+ 2, and thus f i
C = 1, implying also1483

eiC ≥ 2 (because |C| ≥ 4 and i− 1 /∈ C). Hence, i has an incentive to join ∅. Moreover, at least one1484

agent in {i+ 2, i+ 3, i+ 4} ∩ C votes for i → ∅, while only i− 2 votes against it. Hence, we get1485

Λ(π, πi→∅) ≥ 1 again, which means that i → ∅ locally dominates π, as required.1486

It remains to consider the case when |C| = 3 and C is not consecutive. If {i, j, j + 1} ⊆ C for some1487

agent j, then j /∈ {i − 2, i − 1, i + 1}. If j ∈ {i + 2, i + 3}, then both j and j + 1 regard i as an1488

enemy, and thus they both vote for the switch i → ∅. If j = i + 4, then both i and i + 4 vote for1489

the switch i → ∅. Hence, we get Λ(π, πi→∅) ≥ 1 in both cases. Finally, if {j, j + 1} ̸⊆ C for any1490

agent j ∈ K, then C must be of the form {i, i+ 2, i+ 4} for some i ∈ K. Then both i+ 2 and i+ 41491

vote for i → ∅, yielding again a switch that locally dominates π.1492

D.2.3 Proof of Theorem 81493

Theorem 8 (⋆). The asymmetric FEN-B game consisting solely of a B-gadget admits no locally1494

popular partition.1495

Proof. Assume for the sake of contradiction that π is a locally popular partition for the B-gadget1496

over agent set K = {0, 1, . . . , 6}. By Lemma 28 we know that π contains no coalition of size more1497

than 3, and moreover, all coalitions of size 3 must be consecutive. If π contains a nonconsecutive1498

coalition C of size 2, then C must be of the form {i, i+ 2}, as otherwise, its two agents are mutual1499

enemies, and thus either of them switching to ∅ locally dominates π. We may further assume that1500

i− 1 /∈ π(i+ 1) (as otherwise, we can pick the coalition {i− 1, i+ 1} instead of C); hence, either1501

{i + 1} is a singleton in π or {i + 1, i + 3} ∈ π. Consider the switch i + 2 → π(i + 1): both1502

i+ 1 and i+ 2 vote for it, while only i votes against it (note that i+ 3 is indifferent between π and1503

πi+2→π(i+1)). Hence, this switch locally dominates π, a contradiction that shows that all coalitions1504

in π must be consecutive.1505

If C = {i, i + 1} ∈ π, then both i and i + 1 vote for the switch i + 2 → C, and only i + 2 (but1506

neither i+ 3 nor i+ 4) may vote against it, contradicting again the local popularity of π. Thus π can1507
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only contain singletons and (consecutive) coalitions of size 3. If i and i + 1 both form singletons1508

in π, then i has an incentive to join {i+ 1}, and i+ 1 does not vote against it, so i → {i+ 1} locally1509

dominates π. Hence, the only remaining possibility is that π contains a singleton and two coalitions1510

of size 3, say {i− 3, i− 2, i− 1} and {i, i+ 1, i+ 2} for some agent i. However, in this case the1511

switch i → π(i − 1) locally dominates π, because agents i − 1, i − 2, and i + 2 vote for it, while1512

only i and i− 3 vote against it. This contradiction completes the proof.1513

D.2.4 Proof of Theorem 91514

Before proving Theorem 9, we start with a simple lemma that gives the bases of our reductions for1515

Theorems 9 and 11.1516

Lemma 29. Consider a FEN-B game containing three special agents, s1, s2, and s3, a set D1 ∪1517

D2 ∪D3 of dummy agents, and a set A of vertex agents with |D1| = |D2| = |D3| = 3|A|. For each1518

i ∈ [3], let D+
i = Di ∪ {si} and let the friendship and enmity relations in I be such that1519

• every agent in D+
i regards all other agents in D+

i a friend and regards every remaining1520

special or dummy vertex a friend, and1521

• vertex agents are mutually neutral with every dummy agent.1522

Then every locally stable partition π contains three coalitions, C1, C2, and C3, such that D+
i ⊆ Ci1523

for each i ∈ [3].1524

Proof. First, assume that there exists a coalition C ∈ π such that C contains agents both from D+
i1525

and D+
j for some indices i ̸= j; we will call such coalitions mixed. Pick i such that |D+

i ∩ C| ≤1526

|D+
j ∩C|. If D+

i ∩C contains a dummy agent d, then the switch d → ∅ locally blocks π, because all1527

agents in D+
j as well as d vote for it, while only the agents in D+

i \{d} vote against it; a contradiction.1528

Hence, we know that C ∩D+
i = {si}. In this case we must have |C ∩D+

j | ≤ |A|, as otherwise,1529

si → ∅ locally blocks π, because only vertex agents in C may vote against it, while all agents in1530

D+
j as well as si vote for it. Thus each mixed coalition C contains dummy agents from at most one1531

set Dj among D1, D2, and D3 (and then must contain a special vertex other than sj), and moreover,1532

a mixed coalition can contain at most |A| agents from D+
j .1533

Fix some index j ∈ [3], and assume now that there are coalitions C and C ′ in π such that both1534

contain agents from Dj , |C ∩D+
j | ≤ |C ′ ∩D+

j |, and C ′ is non-mixed. Let us pick an arbitrary agent1535

d ∈ C ∩D+
j . Then the switch d → C ′ locally blocks π, as all agents in (C ′ ∩D+

j ) ∪ {d} vote for1536

it, while the only agents who vote against it are those in (C ′ ∩D+
j ) \ {d} because C ′ is non-mixed.1537

This contradiction shows that there is at most one non-mixed coalition that contains agents from Dj ,1538

and moreover, it contains fewer agents from D+
j than any mixed coalition containing an agent of Dj .1539

If π contains at least one mixed coalition C with C∩Dj ̸= ∅, then the unique (or possibly nonexistent)1540

non-mixed coalition that contains agents from Dj must contain fewer than |A| agents from D+
j .1541

However, since there can be at most two mixed coalitions containing agents of Dj (as each of1542

them must contain a special agent other than sj), we obtain that a total of at most 3|A| − 1 agents1543

of Dj can be contained in coalitions of π, contradicting |Dj | = 3|A|. This proves that there are no1544

mixed coalitions containing agents of Dj and hence all agents of Dj must be contained in a unique1545

non-mixed coalition Cj . Note also that sj ∈ Cj follows, as otherwise, sj → Cj locally blocks π.1546

This proves the claim.1547

Theorem 9 (⋆). LOCAL-POPULARITY-EXISTENCE is NP-complete for FEN-B games.1548

Proof. It is clear that this problem is in NP, as given a FEN-B game, we can nondeterministically1549

guess a partition π and then verify in polynomial time that no possible switch locally dominates π1550

(note again that the number of switches for π is at most quadratic in the number of agents).1551

To show NP-hardness, we reduce from the NP-hard 3-COLORING problem: given an undirected1552

graph G = (V,E), the task is to decide whether G admits a coloring χ : V → [3] that is proper, i.e.,1553
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there is no edge {u, v} ∈ E with χ(u) = χ(v). We will call a proper coloring tight if each vertex1554

has two neighbors whose colors differ from each other.1555

Given an instance G = (V,E) of 3-COLORING, we start by creating a graph H as follows: for each1556

vertex v ∈ V , we add new vertices v1, v2, and v3 to G forming a triangle, and we connect v1 and v21557

to v by an edge. Observe that a proper coloring of G can be extended into a tight coloring of H and,1558

in fact, every proper coloring of H is tight. Let H = (V ′, E′) denote the constructed graph and let1559

n = |V ′|.1560

Next, we create a FEN-B game I based on H as follows. We introduce a set D1∪D2∪D3 of dummy1561

agents with |D1| = |D2| = |D3| = 21n, three special agents, s1, s2, and s3, and for each vertex1562

v ∈ V ′, a set Av = {vi : i ∈ {0, 1, . . . , 6}} of seven vertex agents who form a B-gadget. We will use1563

the notation D+
i = Di ∪ {si} for each i ∈ [3], so the set of agents is N =

⋃
i∈[3] D

+
i ∪

⋃
v∈V ′ Av .1564

The remaining relationships between the agents are as follows:1565

• For each i ∈ [3], every agent in D+
i considers each other agent in D+

i a friend and every1566

remaining special or dummy agent an enemy.1567

• Two vertex agents, ui ∈ Au and vj ∈ Av , are mutual enemies if and only if {ui, vj} ∈ E′;1568

otherwise, they are mutually neutral.1569

• Each vertex agent is mutual friends with every special agent and mutually neutral with every1570

dummy agent.1571

This completes our construction of the instance I of LOCAL-POPULARITY-EXISTENCE from the1572

given 3-COLORING instance G. We are now going to show that the constructed FEN-B game I1573

admits a locally popular partition if and only if G admits a proper 3-coloring.1574

Direction “⇒⇒⇒”: Assume first that there exists a locally popular partition π for I .1575

Let us fix an arbitrary vertex v ∈ V ′ and consider the corresponding B-gadget on Av . Let Cv denote1576

the set of all coalitions C ∈ π with C ∩Av ̸= ∅. Let Iv be the FEN-B game comprising solely of Av ,1577

and let π|v = {C ∩Av : C ∈ Cv} denote the partition for Iv that can be thought of as the projection1578

of π onto Av . Let the level of a coalition C ∈ Cv be1579

lev(C) = |F (vi) ∩ (C \Av)| − |E(vi) ∩ (C \Av)|
for an arbitrary vi ∈ C ∩Av; note that this notion is well-defined, as all vertex agents in Av have the1580

same friends and enemies outside Av .1581

Observe now that I satisfies the conditions in Lemma 29: hence, as π is locally stable, we get that1582

there exist coalitions C1, C2, C3 ∈ π such that D+
i ⊆ Ci for each i ∈ [3]. Since vertex agents in Av1583

regard only special agents as friends outside Av, it follows that the level of any coalition in Cv is at1584

most 1.1585

Claim 30. Each coalition C ∈ Cv has level at least 0.1586

Proof of claim. For the sake of contradiction, assume that C ∈ Cv has level at most −1.1587

If C ∩Av satisfies the condition of Lemma 28 (i.e., either |C ∩Av| ≥ 4, or |C ∩Av| = 3 and C ∩Av1588

is not consecutive), then we know that there exists an agent vi in C ∩Av such that the switch vi → ∅1589

Notice that agents in Av \ {vi} do not consider their relationships outside Av when voting for or1590

against the switch vi → ∅, so they vote the same way in I as in Iv . Moreover, we have1591

votevi(π, πvi→∅) ≥ votevi(π
|v, π

|v
vi→∅)

because vi has more enemies in C \ Av than friends (since C has level at most −1). Finally, both1592

friendship and enemy relationships between two agents who do not belong to the same B-gadget are1593

symmetric, so we know that1594 ∑
a∈C\Av

votea(π, πvi→∅) = −lev(C) ≥ 1.

Summing up all these insights, we obtain that Λ(π, πvi→∅) ≥ 1 − lev(C) ≥ 2, contradicting the1595

local popularity of π.1596
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Assume now that |C ∩ Av| = 3 and C ∩ Av is consecutive, that is, C ∩ Av = {vi, vi+1, vi+2} for1597

some i ∈ [6] (henceforth, we treat indices within Av modulo 7). Then vi → ∅ locally dominates π:1598

agent vi votes against it, vi+2 votes for it, vi+1 does neither, while the total vote of all agents in C \Av1599

sums up to −lev(C) ≥ 1, yielding Λ(π, πvi→∅) ≥ 1.1600

If |C ∩ Av| = 2 and C ∩ Av is nonconsecutive, then the switch vi → ∅ for any vi ∈ C locally1601

dominates π, because at least one agent in C ∩ Av votes for it, while the total vote of all agents1602

in C \Av sums up to −lev(C) ≥ 1, yielding Λ(π, πvi→∅) ≥ 1.1603

If C ∩ Av = {vi, vi+1} for some agent vi ∈ C, then again vi → ∅ locally dominates π: by1604

uB
vi(π) = 0, both vi and vi+1 are indifferent between π and πvi→∅, and the total vote of all agents1605

in C \Av sums up to −lev(C) ≥ 1, yielding Λ(π, πvi→∅) ≥ 1.1606

Finally, if C ∩ Av = {vi}, then again vi → ∅ locally dominates π, because vi votes for it, and the1607

total vote of all agents in C \Av sums up to −lev(C) ≥ 1, yielding Λ(π, πvi→∅) = 2. ◁1608

We next show that it is not possible for all coalitions in Cv to have level exactly 0. Assume the1609

contrary. By Theorem 8, we know that π|v cannot be locally popular in Iv , so there exists an agent vi1610

and a coalition C ∈ π|v ∪ {∅} such that the switch vi → C locally dominates π|v in Iv . Let C ′ ∈ π1611

be the coalition satisfying C = C ′ ∩Av . We will show that the switch vi → C ′ locally dominates π1612

in I . First, agents in Av ∩ (π(vi) ∪ C ′) \ {vi} vote for or against the switch without regard for the1613

agents outside Av. Second, the contribution of all agents outside Av to the balanced utility of vi1614

remains the same in C ′ as in π(vi) due to lev(C ′) = lev(π(vi)) = 0. Third, the total vote of all1615

agents regarding the switch vi → C ′ sums up to exactly −lev(π(vi) + lev(C) = 0. Summing up all1616

this, we get Λ(π, πvi→C′) ≥ 1, as promised.1617

By Claim 30, this shows that for each v ∈ V ′, there exists some C ∈ Cv with lev(C) = 1; if there1618

are multiple such coalitions, then fix one arbitrarily. Notice that C must contain a unique special1619

agent si due to lev(C) = 1; we then define χ(v) = i. We claim that χ is a proper coloring of H:1620

Assuming that the endpoints of an edge {u, v} ∈ E′ (recall that E′ is the edge set of H) have the1621

same color i, we get that Ci = π(si) contains agents both from Au and Av; however, as they are1622

mutual enemies and the only friend of vertex agents outside their gadget must be a special agent, we1623

obtain that agents in Av ∩ Ci have at least as many enemies as friends in Ci \Av , a contradiction to1624

lev(C) = 1. It follows that H and, hence, its subgraph G admits a proper 3-coloring.1625

Direction “⇐⇐⇐”: Assume now that G admits a proper coloring, so H admits a proper and tight1626

coloring χ : V ′ → [3]. Create the partition π consisting of three coalitions1627

Ci = D+
i ∪ {Av : v ∈ V ′, χ(v) = i}

for i = 1, 2, 3. We claim that π is locally popular. For the sake of contradiction, assume that some1628

switch a → C locally dominates π.1629

First, if a is a dummy or special agent in Ci for some i ∈ [3], then all agents in D+
i vote against a → C,1630

and the only agents that may vote for it are vertex agents (in case a = si); hence, Λ(π, πa→C) ≤ 01631

by |D+
i | > 7n.1632

Second, if a is a vertex agent in Av , then three agents in Av vote for a → C, while two agents in Av1633

vote against it. We also know that uB
a(π) = 0, because it has three enemies in Av and two friends1634

in Av plus si. Moreover, no vertex agent in Av votes for the switch a → C: since χ is a proper1635

coloring, there are no enemies of a in Ci \Av; the special agent si votes against it, and dummies in Ci1636

are indifferent between π and πa→C . This already shows that a → ∅ does not locally dominate π,1637

because Λ(π, πa→∅) =
∑

a′∈Ci
votea′(π, πa→∅) = 0. To deal with the case when C = Cj ∈ π for1638

some j ̸= i, recall that since χ is tight, there is at least one vertex u ∈ V ′ among the neighbors of v1639

with χ(u) = j. This means that all seven agents in Au ⊆ Cj vote against a → Cj ; while the only1640

agent in Cj that votes for it is sj . Therefore, Λ(π, πa→Cj
) ≤ −6. This contradiction proves that π is1641

indeed locally popular.1642

D.2.5 Proof of Proposition 101643

Proposition 10 (⋆). There exists a symmetric FEN-B game that admits a partition that is popular but1644

does not maximize the agents’ total balanced utility.1645
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Proof. Consider the symmetric FEN-B game I on agent set N = A ∪B where A = {ai : i ∈ [7]}1646

and B = {bi : i ∈ [7]}. To create the (undirected) friendship graph GF of I , we add a clique on A,1647

a clique on B, plus the three edges in {{ai, bi} : i ∈ [3]}. The (undirected) enmity graph GE of I1648

contains only the four edges in {{a7, bj} : j = 4, 5, 6, 7}.1649

We claim that the grand coalition πN = {N} is popular for I . To see this, assume for the sake1650

of contradiction that there is a partition π with Λ(πN , π) > 0. Note first that no agent in N \1651

{a7, b4, b5, b6, b7} may prefer π to πN as they have all their friends with them and no enemies in the1652

coalition N . Thus at most five agents may prefer π to πN . Second, if some agent prefers π to πN ,1653

then π must put a7 and at least one agent in {b4, b5, b6, b7} in different coalitions.1654

If there is no coalition in π containing A, then all six agents in A \ {a7} prefer πN to π.1655

If some agent other than a7 prefers π to πN , then B must also be contained in some coalition of π.1656

Otherwise, no agent in {b4, b5, b6, b7} prefers π to πN , as they lose at least one friend and lose at1657

most one enemy when switching from πN to π. Hence, in this case only π = {A,B} is possible, but1658

then all six agents in {ai, bi : i ∈ [3]} prefer πN to π.1659

Finally, if only a7 prefers π to πN , then π must contain a coalition C with C ⊊ B. However, then all1660

agents bi, i ∈ [3], prefer πN to π.1661

This proves that πN is indeed popular.1662

The total balanced utility of πN is f(πN ) = 4·
(
7
2

)
+2·3−2·4, but this is lower than the total balanced1663

utility of the partition {A,B} by f({A,B}) = 4 ·
(
7
2

)
< f(πN ). This proves our statement.1664

D.2.6 Proof of Theorem 111665

Theorem 11 (⋆). Given a symmetric FEN-B game I and an integer t, the problem of deciding1666

whether I admits a partition π whose total balanced utility is at least t is NP-complete.1667

Proof. It is clear that the problem is in NP, as we can compute the total utility of any partition1668

efficiently. To prove NP-hardness, we again present a reduction from 3-COLORING based on the1669

construction in Lemma 29. Given an input graph G = (V,E) over n vertices, let us create a1670

symmetric FEN-B game I as follows. We introduce a set D1 ∪ D2 ∪ D3 of dummy agents with1671

|D1| = |D2| = |D3| = 3n, three special agents, s1, s2, and s3, and a vertex agent v′ for each vertex1672

v ∈ V . We will again use the notation D+
i = Di ∪ {si} for each i ∈ [3].1673

The friendship and enmity relationships between the agents are as follows:1674

• For each i ∈ [3], every agent in D+
i considers each other agents in D+

i a friend and every1675

remaining special or dummy agent an enemy.1676

• Two vertex agents, u′ and v′, are mutual enemies if and only if {u, v} ∈ E; otherwise, they1677

are mutually neutral.1678

• Each vertex agent is mutual friends with every special agent and mutually neutral with every1679

dummy agent.1680

Additionally, we set our target value as t = 6
(
n
2

)
+ 2n.1681

This completes our construction of the instance I from the given 3-COLORING instance G. We are1682

going to show that the constructed FEN-B game I admits a partition π with f(π) ≥ t if and only if1683

G admits a proper 3-coloring.1684

Direction “⇒⇒⇒”: Assume first that there exists a popular partition π for I with f(π) ≥ t; without loss1685

of generality, we may assume that π maximizes the total balanced utility over all partitions for I . In1686

particular, this implies that I is locally stable: otherwise, a switch that locally blocks π would result1687

in a strict increase in f(π), as shown in Theorem 4; a contradiction. Therefore, Lemma 29 can be1688

applied, and we obtain that π contains three coalitions C1, C2, C3 ∈ π such that D+
i ⊆ Ci for each1689

i ∈ [3].1690

Since each vertex agent can belong to at most one of the sets C1, C2, and C3, the total balanced1691

utility of all dummy and special agents is at most 6
(
n
2

)
+ n. Moreover, the balanced utility of any1692
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Figure 12: Illustration of the AE-gadget as defined in Definition 4. Here we denote friendship arcs as
thin, blue lines and enemy arcs as thick, red lines.

vertex agent v′ is at most 1, as the only agents regarded as friends by v′ are special agents, and v′ can1693

share a coalition with at most one of them. Hence, f(π) ≤ 6
(
n
2

)
+ 2n = t, and equality can only be1694

achieved if each vertex agent v is in coalition Ci for some i ∈ [3] and has no enemies in π(v′) = Ci.1695

However, this implies that each set {v ∈ V : v′ ∈ Ci} is an independent set in G (i.e., no two of its1696

vertices are connected by an edge of G), proving that G admits a proper 3-coloring.1697

Direction “⇐⇐⇐”: Assume now that G admits a proper 3-coloring χ : V → [3]. Define coalitions1698

Ci = D+
i ∪ {v′ : v ∈ V and χ(v) = i} for i ∈ [3]. Then the partition π = {C1, C2, C3} has total1699

balanced utility exactly f(π) = 6
(
n
2

)
+ 2n = t, proving the correctness of our reduction.1700

D.3 Omitted proofs for our results on FEN-AE games1701

After stating some structural observations in Section D.3.1, we provide all omitted proofs for FEN-AE1702

games in Sections D.3.2–D.3.3. See Figure 12 for an illustration of an AE-gadget, our building block1703

for all of our nonexistence and hardness results concerning FEN-AE games.1704

D.3.1 A structural lemma on AE-gadgets1705

Lemma 31. Consider a FEN-AE game I that contains an AE-gadget as described in Definition 41706

over agent set K = {c}∪{bi : i ∈ [12]}∪{ai, di, xi : i ∈ [3]}, and let π be a locally stable partition1707

for I . Assume that no agent outside K considers anyone within K a friend, and among agents of K,1708

only x1, x2, and x3 may have friends outside K. Furthermore, assume that coalitions π(c), π(b11),1709

and π(b12) only contain agents from K. Then1710

(a) {a1, a2, a3, d1, d2, d3} ⊆ π(c);1711

(b) if, for some i ∈ [3], agent xi considers no agent in π(xi) \K a friend, then xi ∈ π(c); and1712

(c) {bi : i ∈ [12]} ⊆ π(b1) ̸= π(c).1713

Proof. To show (a), we first show that di ∈ π(c) for each i ∈ [3]. By our assumptions, the only1714

agents who consider di a friend are ai and c, whereas di has only c as a friend and has no enemies1715

in π(c). Therefore, if di /∈ π(c), then di has an incentive to join π(c), and thus the switch di → π(c)1716

locally blocks π: both di and c vote for it and only ai may vote against it. This proves di ∈ π(c).1717

42



This implies that among the three agents whom ai, for some i ∈ [3], considers friends, two are1718

contained in π(c), and due to our assumptions, ai has no enemies in π(c). Hence, if ai /∈ π(c), then1719

ai has an incentive to join π(c). The switch ai → π(c) then locally blocks π: both ai and c vote for1720

it, while only xi (the only agent who considers ai a friend) may vote against it. This contradiction1721

proves {a1, a2, a3, d1, d2, d3} ⊆ π(c), as desired.1722

To show (b), assume for the sake of contradiction that xi /∈ π(c) and xi has no friends in π(xi) \K.1723

Then xi has no friends in π(xi), because the only agent whom xi considers a friend is ai ∈ π(c).1724

Since xi has no enemies in π(c) ⊆ K due to our assumptions, xi has an incentive to join π(c). Hence,1725

xi → π(c) locally blocks π, as both xi and ai vote for it, and only c votes against it; a contradiction1726

proving (b).1727

It remains to show (c). First observe that c /∈ π(b12) must hold, as otherwise, the switch b12 → ∅1728

would locally block π, as both c and b12 would vote for it (as they are mutual enemies) and only b111729

may vote against it. Similarly, c /∈ π(b11) also holds, as otherwise, the switch b11 → ∅ would locally1730

block π, since both c and b11 would vote for it and only b10 may vote against it (note that b12 /∈ π(c)1731

as we have just shown).1732

Next, we claim that π(b11) = π(b12). Suppose the contrary: π(b11) ̸= π(b12). Choose j and j′ such1733

that {j, j′} = {11, 12} and π(bj) contains at least as many agents from {bi : i ∈ [10]} as π(bj′).1734

Since b11 and b12 consider each other a friend and, apart from each other, they have the same set1735

of friends, and their only enemy c is not in either of π(b11) or π(b12), it follows that the switch1736

bj′ → π(bj) locally blocks π, as both b11 and b12 vote for it and only b10 may vote against it.1737

It follows that b10 ∈ π(b11), as otherwise, b10 has an incentive to join π(b11), and the switch1738

b10 → π(b11) locally blocks π: agents b10, b11, and b12 all vote for it and only b8 and b9 may vote1739

against it. Similarly, we obtain b9 ∈ π(b11). Finally, once we know that bi′ ∈ π(b11) for all i′ > i1740

for some i ∈ [8], then bi ∈ π(b11) follows, as otherwise, bi → π(b11) would locally block π: among1741

the three agents whom bi considers friends, π(b11) contains two and contains no enemies of bi by1742

π(b11) ⊆ K, so bi together with b11 and b12 vote for bi → π(b11), while only bi−1 and bi−2 may1743

vote against it. Hence, {bi : i ∈ [12]} ⊆ π(b11) = π(b1) ̸= π(c).1744

D.3.2 Proof of Theorem 121745

Theorem 12 (⋆). The asymmetric FEN-AE game consisting solely of an AE-gadget admits no locally1746

stable partition.1747

Proof. Consider a FEN-AE game I that solely consist of an AE-gadget as described in Definition 41748

over agent set K = {c}∪{bi : i ∈ [12]}∪{ai, di, xi : i ∈ [3]}. By Lemma 31, the only partition that1749

may be locally stable for I is π = {{ai, di, xi, c : i ∈ [3]}, {bi : i ∈ [12]}}. Observe that c has two1750

enemies and zero friends in π(b1), whereas c has three enemies in π(c), and hence, c prefers π(b1)1751

to π(c). Therefore, the switch c → π(b1) locally blocks π: nine agents (namely, c and bj for j ∈ [8])1752

vote for it, while only eight agents (namely, ai and di for i ∈ [3] as well as b11 and b12) vote against1753

it. Thus no partition for I is locally stable.1754

D.3.3 Proof of Theorem 131755

Theorem 13 (⋆). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-1756

complete for FEN-AE games.1757

Proof. It is clear that both problems are in NP, as given a FEN-AE game, we can nondeterministically1758

guess a partition π and then verify in polynomial time that no possible switch locally dominates1759

or locally blocks π (recall that the number of switches for π is at most quadratic in the number of1760

agents).1761

To show the NP-hardness of these problems, we present a reduction from 3-SAT that works for both1762

problems. Let φ = C1 ∧ · · · ∧ Cm be an instance of 3-SAT, i.e., a Boolean formula over variables1763

v1, . . . , vn with three literals per clause; without loss of generality, we assume that m ≥ 2.1764

We create a FEN-AE game I of LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-1765

EXISTENCE as follows. For each clause Cj , we create an AE-gadget Gj as described in Definition 41766

over agent set Kj = {cj} ∪ {bji : i ∈ [12]} ∪ {aji , d
j
i , x

j
i : [i ∈ [3]}. We will call cj a clause agent1767
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and agents xj
1, xj

2, and xj
3 literal agents, corresponding to the three literals in Cj . We further add an1768

agent T .1769

The friendship and enmity relations between agents from different AE-gadgets are as follows:1770

• xj
i considers T a friend for each i ∈ [3] and j ∈ [m], while all other agents consider T an1771

enemy.1772

• T considers xj
i a neutral for each i ∈ [3] and j ∈ [m] but considers every other agent an1773

enemy.1774

• Two agents, u and v, from different AE-gadgets are mutual enemies unless both of them are1775

literal agents corresponding to literals that are not negations of each other, in which case1776

they are mutually neutral.1777

We prove the correctness of the reduction via Claims 32 and 33.1778

Claim 32. If I admits a locally stable partition, then φ is satisfiable.1779

Proof of claim. Let π be a locally stable partition for I . For the sake of contradiction, suppose that1780

an agent v ∈ {cj , bj11, b
j
12} is contained in the same coalition of π as some agent u from a different1781

AE-gadget Gh. Let ℓ denote the largest integer such that both u and v have at least ℓ enemies1782

in π(u) = π(v). Since u and v are mutual enemies, we know ℓ ≥ 1, and thus both u and v have an1783

incentive to join ∅. However, none of the switches u → ∅ and v → ∅ can locally block π, so there1784

must exist a set Fu of at least ℓ+ 1 agents in π(u) = π(v) who consider u a friend and, similarly, a1785

set Fv of at least ℓ+ 1 agents who consider v a friend in π(v) = π(u). In particular, u is not a literal1786

agent xh
i ∈ Kh for some i ∈ [3], as xh

i is regarded as a friend only by ahi . Moreover, as all friendship1787

relations lie within some AE-gadget, we get that Fu ⊆ Kh and Fv ⊆ Kj . However, u must then1788

be mutual enemies with all ℓ+ 1 agents in Fv ⊆ π(v), and v mutual enemies with all ℓ+ 1 agents1789

in Fu ⊆ π(v), which contradicts the definition of ℓ.1790

Again for the sake of contradiction, suppose now that an agent v ∈ {cj , bj11, b
j
12} is contained in π(T ).1791

Since v and T are mutual enemies but v → ∅ does not locally block π, there must be at least two1792

agents in π(T ) who consider v a friend. These two agents cannot be literal agents by the choice1793

of v, so they are also mutual enemies with T . Hence, at least four agents vote for the switch T → ∅1794

including T . However, we have already shown that no agent from an AE-gadget other than Gj can1795

be contained in π(v) = π(T ); therefore, at most three agents in π(T ) consider T a friend, implying1796

that T → ∅ locally blocks π, a contradiction.1797

We conclude that coalitions π(cj), π(bj11), and π(bj12) only contain agents from Gj . This means that1798

all conditions of Lemma 31 are satisfied. Hence, if no agent xj
i ∈ {xj

1, x
j
2, x

j
3} considers at least1799

one agent in π(xj
i ) \Kj a friend, then by Lemma 31 we get π(cj) = {xj

i , a
j
i , d

j
i , c

j : i ∈ [3]} and1800

π(bj1) = {bji : i ∈ [12]}. However, then it follows from Theorem 12 that some switch, namely the1801

switch cj → π(bj1), locally blocks π, a contradiction.1802

This means that for each AE-gadget Gj , there exists a literal agent xj
i ∈ Kj that considers at least1803

one agent in π(xj
i ) \Kj a friend; by construction, this agent can only be T . Let XT denote the set1804

of literal agents in π(T ); then we have just proven that XT ∩Kj ̸= ∅ for each j ∈ [m]. Suppose1805

that two agents in XT are mutual enemies (which happens if they correspond to literals vi and vi1806

for some variable vi). Then both of them have an incentive to join ∅, and thus both of them vote for1807

the corresponding switches, whereas at most one agent may vote against them (because for each1808

literal agent xj
i , there is only one agent, namely aji , who considers xj

i a friend); thus, either of these1809

switches locally blocks π, a contradiction.1810

Therefore, we can create a truth assignment by setting vi to true if and only if there is a literal agent1811

corresponding to vi in XT . By the above arguments, this is a consistent truth assignment and yields a1812

true literal in each clause, thus satisfying φ. ◁1813

Claim 33. If φ is satisfiable, then I admits a locally popular partition.1814
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Proof of claim. Suppose that φ is satisfiable by a truth assignment µ. We create a partition π1815

as follows. We let π(T ) contain—besides T—all literal agents that correspond to true literals.1816

Additionally, for each AE-gadget Gj , we create a coalition {bji : i ∈ [12]} and a coalition1817

{aji , d
j
i , x

j
i , c

j : i ∈ [3]} \ π(T ).1818

We claim that π is locally popular. Since µ satisfies φ, each clause agent cj has at most two enemies1819

and six friends in π(cj), has two enemies and zero friends in π(bj1), and has at least m + 1 ≥ 31820

enemies in π(T ). Hence, the only possible coalition in π ∪ {∅} that cj has an incentive to join is ∅1821

via the switch cj → ∅. Regarding the remaining (i.e., all non-clause) agents, observe that none of1822

them has enemies in its coalition under π. Using this, we get the following:1823

• Neither T nor any agent dji votes for any possible switch.1824

• An agent bji may only vote for the switch cj → π(bj1). However, all agents in {cj , aji , d
j
i :1825

i ∈ [3]} ∪ {bj11, b
j
12} vote against such a switch, while only the agents in {bji : i ∈ [8]} vote1826

for it, so it does not locally dominate π.1827

• As we have argued, a clause agent cj votes only for the switch cj → ∅; however, such a1828

switch does not locally dominate π, as only cj votes for it, while all six agents in {aji , d
j
i :1829

i ∈ [3]} vote against it.1830

• An agent aji votes only for switches of the form xj
i → π(aji ), where xj

i ∈ π(T ). However,1831

such a switch does not locally dominate π, as only aji votes for it, while cj votes against it.1832

• Finally, an agent xj
i may only vote for a switch of the form T → π(xj

i ) or aji → π(xj
i ).1833

A switch T → π(xj
i ) for some xj

i /∈ π(T ) is voted for only by the at most two literal1834

agents in π(xj
i ), while it is voted against by T and all remaining seven agents in π(xj

i ). A1835

switch aji → π(xj
i ) for some xj

i ∈ π(T ) is voted for only by the at most three literal agents1836

in π(T ) ∩ Kj , while T , cj , and at least m − 1 ≥ 1 literal agents from π(T ) \ Kj vote1837

against it. Thus none of these switches locally dominates π.1838

We obtain that no switch for which at least one agent votes locally dominates π, that is, π is locally1839

popular. ◁1840

As a locally popular partition is locally stable by definition, NP-hardness of both LOCAL-STABILITY-1841

EXISTENCE and LOCAL-POPULARITY-EXISTENCE follows.1842
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