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Notation. We use boldface small letters like u, , w to denote points in R? and sub-scripted letters
like x1, x5 to denote their entries. Boldface capital letters like X, Y would be used to denote points
on a Riemann manifold. For any positive integer n, the symbol [n] refers to the set of all positive
integers no larger than n. For any set S, the symbol 2° represents the power set of S, which contains
all subsets of S as its elements. The set of all non-negative real numbers would be denoted as R>.
For any function f with domain A, the infinity norm of f is denoted as || f|oc = sup,c 4 | f()|.

A Background: The persistence diagram

In this section, we give a brief introduction to the persistence diagram. We refer readers to [CD19]
for a detailed description. Consider a random point cloud X = (X1, X»,..., Xy) € M” where

M is a Riemann manifold; and a filtering function ¢ : 2Nl x MY — R, which satisfies
o(J,X) < p(J,X), VJcJ e2M X e MmN
A simplicial complex given X and ¢ at level « is defined as
Ko(X,0) ={J 2™ | o(J,X) <a}.

Two common examples are the Cech complex, where ¢(J, X') equals the radius of the circumscribed
ball of X [J]; and the Vietoris-Rips complex, where [J, X] is chosen as the maximum distance
between points in X [J].

Throughout the paper, we assume that the filtering function ¢ takes its value in [0, L]. For all values
a € [0, L], the sequence of simplicial complexes { K (X, ) }ae[o,z] forms a filtration denoted as
F(X,p), where K,(X,¢) C Ko (X, @) whenever a < .

Persistent homology is a method for computing topological features of a simplicial complex, and can
be represented by the persistence diagram. In the filtration F (X, ¢), for any persistent homology
that begins to appear at level b and disappears at level d, we say that the homology is born at b and
dies at d. With Q defined as in (I), the persistence diagram of the point cloud X is a multiset on €2
that summarizes the birth and death times of all persistent homologies in the filtration F (X, ¢):
Dgm(X, ) = {(b;, d;) : the i-th persistent homology in F (X, ¢)
that is born at b; and dies at d; }.

B Supportive theoretical results

B.1 Validation of Assumption[3.3]

In this part, we provide some common data-generating mechanisms where Assumption [3.3|can be
validated.

Theorem B.1 Let q,d be two positive integers and q > d. Let k be a density on [0,1]% such that
0 < inf k < sup k < oo. Suppose that Xy be either a binomial process with parameters N and k
or a Poisson process of intensity N« in the cube [0, 1]%. Denote p(u) as the intensity function for the
k-dimensional expected persistent measure induced by the Vietoris-Rips filtration. Then when N is
sufficiently large, for u € Q, there exists a polynomial function poly(-), such that

p(u) < poly(N, d) sup r,

and p(u) can be correspondingly bounded.

Theorem B.2 Let q,d be two positive integers and q > d. Let k be a density on [0, 1]V
such that 0 < infrx < supk < oo. Suppose that X1, Xo,..., Xy € [0,1]¢ and that
X = (X1, Xs,...,XnN) ~ k. Denote p(u) as the persistence density induced by the Vietoris-Rips
Siltration of X. Then there exists a polynomial function (-), such that

p(u) < poly(N, d)sup &.
B.2 Clarification of Assumptions

In this part, we provide the details in the smoothness assumption of the persistence intensity and
density functions, and the regularization assumptions of the kernel function.
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Holder smoothness. Recall from Assumption [3.2]that we assume the persistence intensity function
p(-) and the persistence density function p(-) are Holder smooth. A function f : @ — Ry is
s-th order Holder smooth with parameter L if it is at least (s — 1)-differentiable and that for any
z,x’ €,

f@ Z > () — 1) (2h — 22)"?| < Lylla’ — a3, (D)

t1
i A dxl dx

Assumptions regarding the kernel function. Throughout the paper, we assume the kernel func-
tion K (-) satisfies some properties that are commonly used in non-parametric statistics [GN21].
Specifically, we make the following assumption.

Assumption B.3 The kernel function K : R? — R satisfies the following conditions:
(a) K(x)=0forall x with ||z|2 > 1;
(b) IIKlloo = sup,, |K ()] < oo;
(c) Jpo K(x)da =1;
(d) |3 = Jpo K*(a)da < o0,

(e) There exists a positive integer s, such that for all non-negative integers s1, So satisfying
1 <s1459<s,

/ x7 2 K (x)de = 0.
xER?

(f) K is Ly-Lipchitz with respect to the {5 norm on R

B.3 Minimax lower bound for estimating the persistence intensity function

Below we provide a minimax lower bound on the L., estimation error of the persistence intensity
function by levering well-known minimax arguments for estimating a smooth probability density
function based on an i.i.d. sample; see [GN21] for details, as well for the definition of Besov norms.

Theorem B.4 Let F denote the set of functions on §) with Besov norm bounded by B > 0:

F={f:Q=R,|flls, . <B}.

Then,
infsupE Ly, sup [lw = 99Q3[pa(w) — pw)| = O(n”2T),
A Hn~ P heq
where the infimum is taken over estimator p,, mapping {1, . . ., lbn, to an intensity function in %, the

supremum is over the set of all probability distribution on ZIqJ’  and p is the intensity function of
Ep[pu].

B.4 Estimating the persistence surface

For estimating the persistence surface in (), we directly generate the persistence surface from the
empirical averaged persistence measure i,, given by

1 n
A€B in(A)= -3 (A

Since [i, is unbiased for E[u] and p is a linear transformation, py, ([, ) is also unbiased for p (E[u]).
The following theorem bounds its variation.
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Theorem B.5 With the choice of the weight function
flw) = [lw - 093,

when Assumptions a ) and|3.4|hold true, there exists a constant C depending on L, M, L, || K || o
and ||p|| s, such that for any 6 € (0, 1), it can be guaranteed with probability at least 1 — § that

1 1 1 1
in) — pn(E < — log —— 4/ —— 1 [log —= b
o5 (fin) = pn( [M])”oc > Cmax{nh2 0g sh2’ \ nh2 0g (5h2}

B.5 Estimating the persistent betti number by the empirical averaged persistence measure

As an alternative to the kernel-based estimator for the persistent betti number in (10)), we can directly
use the empirical persistent betti number as the estimator:

Since [i,, is an unbiased estimator for E[y], B is an unbiased estimator for B,. As for the variation
of the estimator, we provide the following theorem.

Theorem B.6 Under Assumptions a) and Sforany § € (0, 1), there exists a universal
constant C' such that with probability at least 1 — § , it can be guaranteed that

_ Mi—4 1
sup |ﬂw—ﬁm|§0< fz (2log(M£—qn+1)+log5>

xeQy
| M2e—2a 2M L2 ||p|| [ 1
o —q -
+ mln{ — @D V2log(Mé=n + 1) + log < | |,

where (¢ — 1)+ = max{q — 1,0}.

C Preliminary facts

In this section we present and prove various auxiliary results that are needed in the proofs of the main
theorems.

C.1 Preliminary facts for the proof of Theorem B.1

Bounding the weighted intensity function as in Theorem[B.I|requires a detailed exploration of the
persistent diagram for the Vietoris-Rips filtration. Throughout this section, we will consider the
filtering function corresponding to the Vietoris-Rips filtration
JI(X)= min ||X; - X|2.
PUIX) = min [IX;— X,

Firstly, we state a form of the area formula given by [Morl16]], which would be useful for a change
of variable in deriving the intensity function for the expected persistence measure.

Theorem C.1 Denote M as the M-dimensional Lebesgue measure and #™ as the M-

dimensional Hausdorff measure. Consider a Lipchitz function f : RM — RN for M < N. If
h:RM — Ris an LM -integrable function, then

h(X)Tx f(X)dLM (X) = / S X)dAMY,

M N
R BY xer—1qvy

where Jx (X)) is the Jacobian determinant of the function f:

Txf(X) = || det <<§£)T (g{))
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Theorem [C.I]directly implies the following corollary, the proof of which would be omitted.

Corollary C.2 Let v : RM — RY be a Lipchitz bijection with M < N, and  : RN — Rbea
function which satisfies that h = k o ) is ™ -integrable. Then

/ now(X)JXz/)(X)d,,SfM(X):/ w(Y)dM(Y).
RM RN

The following proposition considers two kinds of partitions of the unit cube [0, 1]%, with each part
satisfying some desired properties.

Proposition C.3 There exists a set S with cardinality card(S) = 4d?, such that for any Jy, Jo C [N]

that satisfies Jy # Ja, |J1| = |J2| = 2, bearing a zero-measured set, [0, 1]2™ can be partitioned as
O 1 dxn __ U WJI,JQ,
ses

sch tZat within each part W3 ;. , there exists a diffeomorphism V5 ; W3 ; — R2 x [0, 1]71=2,
sucn that:

1. Forevery X € W3 ;W5 ; (X)1 =¢[/1i](X) and U5 ; (X)2 = p[J2](X);

2. The Jacobian determinant Jx V5 ; (X) > %.

Proof: Let S = [d]? x {—1,+1}?, then it is easy to see that |S| = 4d?. For any Ji, Jo C [n] with
J1 75 Jo and |J1| = ‘ng = 2, let denote J; = {il,j1}, Jo = {ig,jz} with jo = max{j SO ¢
J1}. Forany s = (ky, ko, 51, 82) € 9, let

Wi 5, =X {k} = argmaxk|Xik1 - X]’v€1|,51(XJ’4“1 — X,kl) > 0,
{ka2} = argmaxk|Xik2 — Xj’-“2|,32(_X'J]-“2 — X{Z) > 0.}
Notice here that {k1} = argmax, | X} — Xj’-“1 | means k; is the only index for | X} — Xj’-“1 | to reach its
maximum.
We begin by proving that {3, ; }ses forms a partition of [0, 1]9%™ bearing a zero-measured set.

Firstly, for s, 5" € S with s # ', it is easy to see that W3, ; and lel J, are disjoint. Secondly, if

X e o, )%= (W3 4,
seS
then by definition, there exists k, k' € [d], such that k # k' and that either

Xt - X = - xE)
o k k K K’
|Xj2 -Xil= |Xj2 - X0 |-
Notice that for any k, k' € [d] with k # k', the set
{x1xk - xk) = 1xp - xk)
_ vk Eo_ | xk K’ vk ko_ K’ K’
- {X.le —XE = |XE - xF }U{X.le — XE = —|x¥ - x} }
where the sets
dxn . yk k_ |y K’
{X € 0,19 x5 — XF — | X} — Xk } and
dxn . yk ko_ K K’
{x el xb - xb = —xf - x¥}
are a subsets of (nd — 1) dimensional linear manifolds in [0, 1]2*™, and are therefore zero-measured
in "%, Similarly, we can prove that the set [0, 1]**" — J,.g W35, ;, is the union of a finite number
of subsets of (nd — 1) dimensional linear manifolds in [0, 1]9*™. Consequently,

S
Uws,..

seS
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is a partition of [0, 1]7*™ bearing a zero-measured set.

Furthermore, define W? as
Ji,J2

.0 (X) = [ el (X), [ 2] (X), {X]} igisn | vX e W3 4,
(5,k)#(g1,k1)
(4,k)#(j2,k2)

Then we can firstly notice that

xXb=s i3 -y (XE)*+ X[ and

k#ks
X =g Jud— N (XE) + Xk,
k#ko
for uy = [J1](X) and uy = ¢[J2](X). This validates W5 ; as a diffeomorphism. The proof now
boils down to bounding the Jacobian of ¥ ; . Towards this end notice that the partial derivative of
 is bounded by
d
Op|h](X 0
Ji J1 k=1

Xk xhk
J1 11
d
VI (XE - xh )2
1

> ]
~Vd
where in the last line we applied the fact that
1A
ki _ 1 — k|~ - k _
5 - x| = 1% - X2 G X
k=1
Similarly,
d
J2 J2 k=1

Furthermore, since jo ¢ Jp, it is easy to see that
D[ 1](X)
3
an;

Therefore, the Jacobian determinant of \I/f}l Ja is bounded by

=0.

. dws, JQ(X)
JX\I/Jth(X) = |det (le) ’
Lna—2 Opa—2)x1 Omd—2)x1
0 4 Op[1](X)  9p[1](X)
— |det 1x(nd—2) ox I ox"2
0 dell(X) gl ](X)
1x(nd—2) ax k1 ox k2
J1 J2
_ |9l N(X)  Oplhl(X)| 1
| axk oxt | T d
J1 J2
This completes the proof. n

The following is important for representing of the persistence intensity function p and the persistence
density function p.
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Proposition C.4 Bearing a zero-measured set, |

0, 1)%%™ can be partitioned as

o1dX”—UVT,

such that

1. Forevery X, X' € V,, J1,Ja C [n| with |J1| = |J2| = 2, it is guaranteed that [ J1|(X) #

o[ J2](X); furthermore, if o[J1](X) <

2. For every X, X € V,, Ji,J2,J3,Js C
it is guaranteed that [J1](X) — o[J-
P[J1)(X) = o[ L](X) > ¢[J5](X) —
@[ J3](X") = p[Ju](X) > 0.

[ Jo](X), then o[ 11}(X") < @[ J](X);

[n] with |J1| = |Jo| = |J3] = |Lu] = 2

2l(X) # @lJs|(X) — @[ Ja](X); furthermore, if
P[Ja](X) > 0, then o[ J1)(X') — [ J2](X") >

3. Foreveryr € [R| and X € V,, there are N,. points in Dgm(X , ¢); furthermore, all these
points can be ordered by their orthogonal distance to the diagonal, and the order is fixed for

all X € V,.

Furthermore, the expected persistence measure

E|p] and its normalized counterpart E[fi] can be

characterized such that for any Borel set B C (),

r=11i= 1 S

E[ﬂ](B)zzjérzje

, in which

O[J1, S)(X) = (¢

and J}., J" are the simplicial complexes corresp

homology for all X € V..

K(X)dX and

1L J2(B)NV,

ir?

K(X)dX
d-1[JL ,J2](B)NV,

[1)(X), o[ 2] (X)),

onding to the birth and death of the i-th persistence

Proof: For simplicity, we only give a sketch of the proof for this proposition. A weaker version
of this proposition is proved in [CD19], where the second property of the partition is not required.

Therefore, the partition we aim to construct here

is a refinement of the partition given in [CD19]. In

order to see that the second condition can be reached, we firstly prove that the set
A={X €0,1]"":3J1,J5,J3,Js C [n], s.t.
|1l = [J2] = [Js] = [Ja] = 2,
Sy # Ja, I3 # Ja, (1, J2) # (I3, Ja),

el J1](X) —

Pl )(X) = @[ J)(X) — o[ Ja)(X) }

is zero-measured. For this step, the technique in proving Lemma 4.1 in [CD19]] can be applied to
prove that A does not contain any open set, and all its points are singular.

‘We can further define

Fr={(J1, ) : 1,2 C[n

Since A is zero-measured, we can only consider

|| = |J2| = 2, J1 # Ja}.

the set [0, 1]2X™ — A, on which

{A@lJ1, Sl(X) = o[ W](X) = [ ](X)} s, 1)erz

must take different values for different (J, Jo) € F, 2 Denote these values as 1, < 19 < ... <

rr, and let E;(X) denote the element (J1, J2)
Eq(X), E2(X), ..., EL(X) then form a partitio
[CD19], we can prove that the map X + A?(X
essentially completes the proof.

C ]—'75 such that Ag[Jy, J2](X) = 7. The sets
n of F;. z With similar techniques as Lemma 4.2 in
) is locally constant almost surely everywhere. This
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The following lemma is a direct application of Proposition 4.6 in [DP19], and guarantees that the
number of points in the persistence diagram Dgm(X, o) that are far enough from the diagonal is
upper bounded in terms of the expectation.

Lemma C.5 Let k be a probability density function on [0, 1]¢ that satisfies 0 < inf k < sup k < oc.
Denote X,, as a binomial process with parameters n and r or a Poisson process with parameter nk
on [0,1]% In the kth dimensional persistence diagram of the Vietoris-Rips filtration of X,,, let Ny be
the number of points with persistence of at least £. Then there are some universal constant C' that the
expectation of Ny is upper bounded as

E[N¢] < Cnexp (—Cnt?),
where C'is a constant depends only on k.

Proof: Let p be the persistence measure corresponding to the k-th dimensional persistence diagram
of the Vietoris-Rips filtration of X,,. From Proposition 4.6 in [DP19],

P (u(R x [£,00)) > t) < ¢1 exp (—02 <n€d + (2)1/““))) .

And hence the expectation of (R X [£, 00)) is bounded as

E [u(R x [£,00))] < /OOO ¢y exp <—02 <n€d + (2)1“’6“))) dt
= ¢1 exp (—ca(nt?)) /OOO exp <02(7’;)l/<k+1>) dt

= ¢1 exp (—cz(nfd)) / (k + 1)nu® exp (—cou) du
0
= Cnexp (—Cnﬁd) ,

for some constant C' that depends on k. Now, R x [£, 00) contains all the homological features whose
persistence is at least ¢, so
Ny < (R x [£,00).

And hence
E[N,] < Cnexp (—Cnt?).

C.2 Uniform tail bounds

In this section, we provide some uniform tail bound theorems that are important for bounding the
variation of estimators. We will omit the proofs of these theorems in the paper.

The Talagrand’s inequality. The following form of the Talagrand’s inequality was shown in
[SCOS].

Theorem C.6 Let (2, %, P) be a probability space and (T, d) be a separable metric space. Con-
sider a function class G = {g : t € T} € Lo(Z), such that the function t — g:(z) is continuous in
t for all z € Z. Furthermore, suppose that there exists a constant B > 0,02 > 0 such that for all
g € G Elg] =0,E[¢%] <02 ||9|lec < B. Let Z1,Za, ..., Zp, ~ i.i.d. P, and define

n

%Zg(zi) :

=1

G = sup
g€g

Then for any ¢ € (0, 1), with probability of at least 1 — 9,

%2 1 B. 1
G < 4E[G] + {/ ——log = + — log <. )
n O n 1)
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Theorem [C.6implies that the expectation of G is an important factor in bounding G. The following
theorem gives and upper bound of E[G] by the covering number of G.

Theorem C.7 Under the same conditions as in Theorem if for any n € (0, B), there exists
A > 0, v > 0 such that for any probability measure () on Z, the covering number

wwwwnmg(ff,

then there exists a constant C' such that

2
E[G] < C <”B log (AB> +4/ 2 log <AB)> .
n (o n g

Tail bound by polynomial discrimination. As an alternative to the Talagrand’s inequality, the
following theorem bounds G with high probability when the function class G has polynomial
discrimination. The proof applies the Bernstein’s inequality and a straightforward union bound
argument.

Theorem C.8 Under the same conditions as in Theorem|C.6| define

If the cardinality of the set G(Z7) is bounded by
Card(G(Z7)) < (An+ 1) @

for some v > 0, then there exists a universal constant C' such that with probability at least 1 — 6,

G<C (\/02 < vlog(An+1) + \/1og1> + 5 <1/log(An+1) +log1>> %)
n ) n 0

The following lemma shows that for persistent measures with bounded total persistence, the total
mass of the set away from the diagonal 0f2 is upper bounded.

Lemma C.9 Let Q) denote the set of points in  that are at least £ away from the diagonal:
O ={weN: ||w—09|2 >}
Then for a persistent measure [, if Persq(p) < M, then p(€y) < ME™9.

The following theorem shown in [DL21]] provides a standard lower bound for the minimax rate of
estimating a probability density function using independent samples. This is useful for deducting the
minimax rate for estimating the (weighted) intensity functions.

Theorem C.10 Let .7 denote the set of probability density functions on [0, 1] with Bounded Besov
norm:

F {7 0P SR [ fladde = 1|l < B)

s

Then for any estimator (measurable function)
o ([01)" = 7,
there exists f € F, such that if X1, X5, ..., X;, ~ iid. f, then
E||fa(X1, X2, o Xn) = fllo 2 O (n”552).

D Proof of theorems and supportive propositions

D.1 Proof of Theorem [3.1]

In order to prove Theorem [3.1] we firstly show the following supportive lemma.
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Lemma D.1 Let Q2 and ON) be defined as in (1)) and @). Then for any q > 0,

o= 0930 = (i (f@)

Proof of Lemma Take the coordinate transformation
{y1 = ot = o - 00

_ T2t
V2= "

Then it can be easily verified that the determinant of the Jacobian matrix between « and y coordinates
is 1, and that the ¢; ball €2 can be represented using y coordinates by
L
Q={(y1,92) : 0 <y < ﬁ,w <o < V2L -y}

% V2L —y1
/ |z — 0Q|2dx :/ / dys | yidy:
Q 0 Y1

L

7
= / (V2L — 2y1)y{dy:
0

Therefore,

2 L\
~ @+ Dlg+2) <ﬂ> '
With this lemma, we can now prove Theorem [3.1]

Proof of Theorem[3.1} The main idea of bounding the OT distance is to construct an admissible
transport between g and v, and then control the cost of this transport. We will separate the proof into
three steps accordingly.

Step 1: Construct an admissible transport from ;. to v. Define # as a measure on  x  such
that for any Borel sets A, B C €2,

#(Ax B) = /AmBmQ min{p, (), p, () }dz+

(6

bt —po@ et [ ) pe) o

/AﬁProjaé(B)ﬂQ
Here, for any set A C ©,
Projyo(A) = {w € Q : Projyg(w) € A}.

Intuitively, 7 represents such a transport: at each point x € Q,if p,,() > p, (x), then we transport the
mass of p,, from x to x, and the remaining mass from  to its projection onto 0; if p, () > p,(x),
then the opposite is done.

Firstly, we prove that this is an admissible transport between £ and v. Notice that for any Borel set
ACQANQNQ = A, ANProj,3(2) NQ = Aand Proj,a(A) = 0. Therefore, by taking B = Q
in (G), we get

#4x) = [ min{o@). (@)} + [ [pu@) — @) de+0
= [ {min{p,(@).p.(@)} + (o) ~pu(@)] ) do
= [ pulw)e = ().

Similarly, we can prove that #(Q x B) = v(B) for any Borel set B C . Therefore, 7 is an
admissible transport between p and v.

10
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258
259
260

261

262
263

264

265
266

267

268
269

Step 2: Present d7r. In order to calculate the transport cost of 7, we firstly need to present d7. For
this, we would make use of pushforward measures. Define 1 : Q@ — Q x Q by o(z) = (x, «), and
let 7: Q x Q — Q be satisfying j o » = id. Furthermore, let 2,.(Aq) be the pushforward measure on
Q) x Q generated by 1. Then for any Borel sets A, B C , one has 17 !(A x B) = AN B, and the
first term in (6) can be presented as

/ min {p, (), py ()} de

ANBNQ

- / min {(p,, 0 ) (1(x)), (b © 9)(1(x))} dAra()
1= 1(AxB)

- / min {(p,s 0 )(@.9), (B © 9)(@ )} di (M) (@, ).
AxXB

For the second term in (6), we can similarly, define :(*) : © — Q x Q by 1(! (x) = (=, Projsq(x)),
let 70 1 Q x Q — O be satisfying 7)) 0 21 = id, and consider the pushforward measure 1{" (\q).
Then (:())~1(A x B) = AN Proj,(B), and

[ e @) de
ANProjya (B)NQ

- /((1>)1(A><B) [(p“ o)W (@) — (b 03(1))(2(1)($>)rd)\9(33)

= /A 5 [(p# O](l))(wvy) — (pv 03(1))(€B7y)]+ dl&l)()\g)(:uy).

For the third term in (G), we can similarly define 2(2) : Q@ — Q x Q by 1) (x) = (Projyq (), x), let
7@ Q x Q — Q be satisfying @ 01 = id, and consider a pushforward measure +{* (Aq,). Then
(1®)71(A x B) = Projyu(A) N B, and

. u(@) — po(@)]* do
Proj; & (A)NBNQ

- (00562 @) = (5 0502 @)] dra(a)
(1) =1(AxB)

+
— [ [eos) @) - o sy dl e @),
AxB
Combining these results, we can obtain the following presentation of d7:
dit = min {(py, © 5)(,y), (pv © 3)(,y)} dia(Aa)
+
+ [0 i) @ y) — (s 0 JV)(,m)] dil” (he)

+ [0 @ ) — (0 0 9?)(@,9)] " 0D 0.

Step 3: Calculate the transportation cost of 7 . Based on our presentation of d7, the ¢-th order
transportation cost of 7 is, by definition:

Ci(#) = /, o=yl
- /, 2 — 4 min {(p, 0 2)(@ ¥, (b 0 2) (&%)} dea (M)
QxQ
+ /, =yl [ 00 ww) ~ 0 0 ) (a.w)] " 1P (ra)

+
[ el [0 0w~ oS ew)] @00 @)

11
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275

276

277

278
279

280

281
282

We now explore the three terms in (7). First of all, since 1. (Aq) is a pushforward measure generated
by the function () = (x, ), it is easy to see that

1. A){(x,y) e A xQ:x#£y})=0.
Therefore, the first term in (7)) is simply

/ﬁxﬁ [ — |3 min {(p, © ) (@, y), (pu © 2)(®,y)} dra(Aa)

= [ e ylmin (e, 0 0@ ), (5 00) @) dis )
(z,y)eQXQ,z=y

= [tz sllgmin{pu(a).p(@)1dz =
xE

As for the second term, notice that 19) (Aq) is a pushforward measure generated by the function
1D (x) = (x, Projyq (). Therefore by definition,

1 (a) ({(z,y) € 2 x Q1 y # Projyg(x)}) = 0.

Hence, the second term in is equal to

[ = wl (w00 @3) = (00 3)] d 000)
QxQ

-[ e~ il
(x,y) QX Q,y=Projyq (x)

< [0 0 4 @ Proign (@) — (s 0 9@, Projon ()] it (ha)
= / Nl = Proloa (@)} [ (oo 0 d)(@) = (0 0 1) (@) de
= | 1z = 09 u(@) — pu(@)]" dz.
Similarly, we can obtain that the third term of (/) is equal to
L o=l [ 00)@.9) = (0 @)] 4P 00)
= [ (@) = pu(@) 1= - 290z,
Combining these results, we obtain
C3() = [ Ipu(e) = @) o = 00de + [ () —p(a)] e - 29203da

- / pu(@) — po (@) — 994
Q

2 L\
< —1ulloo —00dde = —~—— | —= — Pvlloc-
<l =l [ llo = 00030 = i (5] -

Notice that the last equality uses Lemma|D.1

Finally, since 7 is an admissible transport from p to v, the optimal transport distance between y and
v, OT4(u, v), should be at most Cy (7). The bound (7)) follows naturally.

Example of converging OT distance while intensity functions diverge. Consider the following
sequences of intensity functions

4n V2L
Pun = ﬁ]l & —unll1 < BYESY

4n V2L
Pun = 731 {nw —duls < 2+}

12
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284
285
286

287

289
290
291

292

293

294

295
296
297
298

299

300

301
302
303

304
305

in which

1T e
P _<\/§L V2L \/§L>

. :<\/§L V2L ﬂL)

4 ontl’ 4

Essentially, u.,, and v, are uniform distributions on two adjacent /1 balls. It is easy to verify that the
total mass of both pu,, and v, is 1, and the optimal transport distance between p,, and v, is upper
bounded by

L
OTq(Mna Vn) < 27 — 05
on the other hand, the /., distance between the intensity functions clearly diverges as n — oc:
n

1P, — Punlloo = [Py (wn) = pu, (un)] = 2 — 0.

A remark on the bottleneck distance. We argue that there can be no meaningful upper bound for the
bottleneck distance OT o, by the ¢, distance between the intensity or density functions. Consider
the following example: define 7}, as an upper-left triangle in £2:

L—-h

2

and T} as a triangle tangent to the diagonal:

L L
T[L::{wEQHw—(2,2>H SZ}

We define p, as the uniform distribution on 7}, so that

2
Ppn (@) = ﬁﬂ{‘*’ €Thk;
on the other hand v is very similar to  but has a small part of its mass on 717 :
2
Doy (W) = (hQ — h) 1{w € Ty} + hl{w € T}, }.

As h — 0, it is easy to verify that ||p,, — pu,|lcc =k — 0, while OT (s, v5) — L/+/2. This is
because although the densities for 1 and v becomes very close, there is always a small part of the
mass of y in T}, that has to be transported to T} ; since the bottleneck distance only considers the
maximum transport cost, it would converge to the limiting distance between T}, and T}, which is

L//2. Ttis easy to generalize this example to the case where p,,, and p,, are smooth.

D.2 Proof of Theorem 3.3

Both theorems are classic results on the bias of kernel estimators and are proved by the smoothness
of the target functions as supposed by Assumption[3.2] We here provides the proof of Theorem 3.3]
(a), and part (b) can be proved in a completely similar fashion.

We firstly clarify the specific smoothness condition proposed by Assumption[3.2] It guarantees Hence,
we can represent the bias of E[py, (w)] as an integral. Since fi,, is an unbiased estimator for E[u],

Bl ()] - ) =B | [ 5 (252 ) am] st

= [ e (552 @Bl - sl




306
307

308

309
310

311

312

313

314

315

316
317

318

319

320

321
322

323
324

325

327

328
329

where in the last line we applied the property that the kernel function K (-) integrals to 1. We can
then apply the smoothness of p(-) as in (I)) and obtain that

[E[pn(w)] = p(w)]

1
< h2
z t=1 t1+ta=t

1 T —w R
[ K(h )| alle — wizae

By taking a change of variable v = w;"" , the first term can be represented as

1
Z , ) / K(v)htoi'of do.
= b tyta= tdwl dw2 lvll2<1

2 : 1 } : t t:
1 2 1—&11) 1(.1‘2—0.)2)’2(112
) t! dwi d t

The zero-moment condition of the kernel function in Assumption [B.3|guarantees that this term equals

to 0. Hence,
R 1 T —w s
)] - sl < [ 5|1 (552 | Lol - wlsae
v=(z—w)/h s s
e e [ ).

lv]l2<1

D.3 Proof of Theorem 3.6](a)
A useful claim. The following claim can be applied for easing calculation in Theorem 3.6]

Claim D.2 Forq € Rand x € [0, 1],
1—29<(qv1)(1-u),
where ¢V 1 = max{q, 1}.

Proof of Claim[D.2} If ¢ > lorg < 0, let f(z) = 1 — 29. Then f'(z) = —qgz?"! and
" (x) = —q(qg — 1)x%72,s0 f"(x) < 0 forz € [0,1] and f is concave on [0, 1]. Then by Jensen’s
inequality,

-2 = fz) < f) + f()(x - 1) = q(1 - 2).
If ¢ € [0, 1], then 2% > x implies
1—29<1—2a.
Hence combining these gives
1—29<(gv1)(1-2z).
|

This proof applies the Talagrand’s inequality. For this purpose, we firstly define an auxiliary family
of functions, and then verify the conditions in Theorems [C.6]and [C.7].

Defining an auxiliary function class. Let pq, po, ...., i, be i.i.d. random measures in Zl‘i Mo
Ly, = ||w — 992 — h and g,, be defined as

Geo (1) = 14, (/ﬂ %K (xhw)du—/ﬂhlgff <mhw> dlE[u]), ®)

and K satisfy Assumption Take Z = Z{ ,/, (T,d) = (Quan, | - ||2), and for all u € 27 ,/,
define G = {g., : w € Qg }. By definition, g, (1) has zero mean and the variation of the kernel
estimator P, (-) can be represented by

sup 44 pn(w) — E[pp(w)]| = sup
w€eNay, RIS YN

Zgw

i=1

Hence, in order to apply the Talagrand’s inequality, we need to bound ||g., (14)]|co> E[gw (1£)?] and the
covering number of G. We provide these upper bound accordingly in the following paragraphs.

14



330 Bounding||g,, (11)||c and E[g,,(12)?]. Notice that since K vanishes outside the unit circle of R?,
a1 forany x ¢ Qy_, we have Hm;“’ | ]2 > 1 and therefore K (£7¢) = 0. Hence, for all w € Qay,

|9 ()| = €4,

o (552 o for (55 e
e (55 o | o (5 il
:éz,max{ /% %K (x;w>du /% %K (x;“’)du«:[u]

< 11, V1 s {(u(92,), B2, )

1K loo M _ || K ]|oc M
ST T e ®

)

)

ss2  where in the last inequality we used Lemma|C.9] On the other hand, the variance of g, is bounded by

333

334
335
336
337

2

Elge (12)] ZEZ"E‘/;K (TJ) dp — /%K ($;w> dE[y]
e (55
< (4 {H(sz)'/m %KQ (’”;“’) du}

2 i g [T —w
_EWQM(Q@)/Q h4K< . )d]E[u] (10)

< (MR

Lo
M 1 r—w
g —K? ( > p(x)dx
0o Jjmwl<n I h

v=(x—w)/h

iK2 (v)p(w + vh)dv

2
lolla<1 P

1 ||p Ml K12
< g0 a2 1Pl / K2(v)dv = MIPlecl K (1)
oll2<1

00

h2 /g h2

Bounding the covering number of G. For any probability measure () on ZZ’ u and any n €

(0, ”Kli‘;"M) we aim to bound the covering number of G with respect to Ly (@) distance. This
requires relating the Lo (Q) distance in G and the /5 distance in R2. Specifically, for any w, w’ € Qo
and p € Zz’ > We can assume without loss of generality that £, < /.. In this case, we firstly
observe that

. T —w M T —w
KW/K( - )du Ew,/K( . )du’
T —w r —w T —w
< q _ p—
’/&’[K( )k (% ﬂd"‘*‘/“w Wk (%5 )d“‘
Ly, , q
<o [ B wadus [ - )1 s
Q

" Qe
L
<00, w — @ [lapu(Q,) + 1K (oo (€L, — 64)1(S,,)

MLy

0, \?
< h lw— w2 + M| K| {1 — (€> } . (12)

15
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339

340

341

342

343

344

345
346

347
348

349

350
351

Since fy, > ly — ||w — w'||2, the last term of (T2) can be bounded by using Claim and
by >l — |Jw — W'||2 as

£\ Lo,

11— — < 1)(1——

(E;) <lav )( &)
qV1

< Tl — 2
w
V1

< L = o (13)

Notice that in the last line, we applied the fact that since w’ € Qap,, £y = |jw — IQ|2 — h > h.

From now on, we use ¢’ to denote ¢ V 1 for simplicity. Equations (12) and (13) imply that

— —w M(L "N1K || oo
4;;/1( Tow du—ﬂq,/K 2= gl < MEe A CWKo) )
h © h h
Therefore, the difference between g, (1) and g, (t) can be bounded by
1 T —w 1 T —w
4 K| ZY—)dp—/%, | =K d
“/h?(h)““/fﬂ(h)“‘
w

1 T —w 1 r —w
q
2M (L + K o)
h3
In this way, we have related the distance between g, and g, to the distance between w and w’. Now,
3

19w (1) = gur (12)] <

+

S —w/Hg.

for any 7 € (0, ”Kllli‘;’M), we can set € = . It is easy to verify that

nh
2M(Lk+q'[| K|l)

. w KoM Kl
/ 2 - ! :
2M(Lk +¢'||Klls) R 2(Lk +¢'|1K]0)
Hence, we can construct a e-covering of €25, in the /5 distance, denoted as S. It is easy to show that
the covering number

212
A Qo [ o) < S

By definition, for any w € Qoy,, there exists w’ € S, such that |jw — w’||s < € < h < £, Therefore,
for any measure Q on Z{ ,,,

190 (1) = gor (W)l 22@) = SUP |90 (1) — guor ()]

REZT ar

2M (Lk + ¢'[| K|l0)

_ M (Lic +¢|K]))

- o — w2 < - -
In conclusion,
NG LafQon) <A (a1 o )
2M(Lk +q'|| K|l)

(14)

ALM (L + ¢'||K||o0) \
< .
nh?

Completing the proof. With ||g, ()| s> E[gw(1)?] and the covering number of G bounded as in
©D. (I0) and (T4), we can apply Theorems|[C.6|and [C.7] with
AB = M i td K o)

— KoM,
B = "=

M||plloo
o? = MEk= | |3

v=2.
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354
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357

358

359
360

361

362
363

364

365
366

367

368
369

This gives us the conclusion that with probability at least 1 — 4,

2 K || o M AL(L NE oo M
< ARl (AL K ) [0
nh 2K\ Tl
)bl K] |, (AE(Lx + oK) [ 2
noh 2Kl \ Tl

D.4 Proof of Theorem [3.6(b)

sup |- > gul)

weQap n i=1

Part (b) of Theorem [3.6|can be proved in a similar, though slightly easier, fashion to part (a). We
therefore provide a sketch of the proof and omit the details.

Defining an auxiliary function class. For every fi and w € (), define

o) = [ 55K (“”;‘") i~ [ ek (”’;“’)dﬁm],

and let G = {g., : w € Q}. Itis easy to verify that E[g] = 0 for all w € (2, and that

15n(w) — p(w ||—Sup

Bounding ||g||.. and E[¢g?]. Since ji and E[ji] are normalized measures with a total mass of 1,
|lg]|so can be bounded by

Kl
HgHoo = T;

in the mean time, Assumption [3.3|(b) guarantees that E[g,,(f)?] can be bounded by

. Pllool| K13

Bounding the covering number of G. We again apply the Lipchitz property of the kernel function
K (-) to conclude that for any w, w’ € ,

_ ~ 2Lk
19w (1) — gur ()] < ?HW — Ww'[l2.

Hence, using a similar reasoning to the proof of part (a), we can bound the covering number of G by

2
X6 22Q) < (1)

Completing the proof. Theorem [3.6](b) is a direct corollary of Theorems [C.6|and [C.7] with the
following choice of parameters:

AB = s

B = —”f;!w;

o? = 1= | K3
v =2

D.5 Proof of Theorems [3.71and [B.4

In this section, we provide the proof of Theorem [B.4] which gives a minimax lower bound for
estimating the weighted persistence intensity function. Theorem which gives the minimax lower

17
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378
379

380
381
382
383
384

385

386
387

388

389
390

391

bound for estimating the persistence density function, can be proved in a similar while simpler
fashion, so we omit its proof for brevity.

The main idea of this proof is to build a connection of weighted intensity function {(-) and a
probability density function. First of all, we can observe the conclusion of Theorem [C.10]holds true
also when the support for the density function is € instead of [0, 1]2. Now, notice that for any x € €,
we can define the following measure:

pow = Mgz — 09|57 (15)

It is easy to verify that Pers,(uz) = M, s0 uy € Zz, v - Therefore, for any estimator p,, :

(2} )" — F, we can construct the following estimator f,:

fn(wlvw% awn) = ﬁn(umnuwza "'a:u’wn)'

Theorem states that there exists a probability density function f : Q — R with || f||7, ., < B
such that when X1, Xs, ..., X, ~ iid. f,

E||fo(X1, Xo, ooy Xn) = flloo > O (R 772)

We can apply the probability density function f to construct a probability measure on Zg’ - First,
defineamap ¢ : Q — ZZ,M by ®(x) = ug in (I3). Impose a measure structure on ZZ,M by
pushforwarding the measure structure on €2, i.e. ) C Zgy s 18 measurable if and only if o1 (V) is
measurable in 2. Define a probability measure P on Z}i s as a pushforward measure, i.e., for any
measurable set ) C Zz’ M

Then from the change of variables,

[ oware = [ g(@@)f@)de.
Yy

2-1(Y)

Now, the intensity for P can be represented as follows: let p(-) be the intensity function for E[u]
when p ~ P, then for all u € €,

p(u) = |lu— 09[5p(u) = M f(u). (16)

To see this fact, consider any Borel set A C Q. By definition, the expected measure [E[y] satisfies

Mmm:mmmz/ (AP (1)

q
ZL.m

:A%y (@) (A)f ()dz

1)
=/Mmm@w
Q

_ / Ml — 09||; "1{z € A}f(z)dx
Q

:/ M|z — 09|57 f(z)dx.
A

Since A can be any Borel set, we get p(u) = M|lu — 99|57 by definition, and Equation (T6)
follows naturally. Since the ¢, difference between f,and f is lower bounded, we can obtain

Ep sup [l — 093[5n(w) = p(@)] = MEy|[fo = fllac > O (n”557).
we
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D.6 Proof of Theorems and Corollaries regarding linear representations of the persistence
measure

The theoretical results regarding linear representations of the persistence measure in Section are

rather direct applications of the theoretical results on estimating the persistence intensity and density
functions. We therefore combine their proofs in this section.

Proof of Theorem [3.8l Theorem [3.3] directly implies that under Assumption [3.2] for any ¥ €
Fon, R, the bias of U is bounded by

’E[\il] - \II‘ -

| 1@ @) —p(w))dw\

< . f(@)|E[pn(w)] — p(w)|dw

< sup [E[p(w)] — p(w)] f(w)dw
weN we

s LR K (v)][[v]3dv,
o<1

where in the last line we applied Theorem and the definition of .%2j, r. The upper bound for the
bias of ¥ follows similarly.

Proof of Theorem The upper bound for the variation of W is a direct corollary of Theorem
(a) and the fact that

sup & —E[f]] = sup / £(@) [Pn(@) — Elpy](w)]dw
YeFonr VeFon r |JweQ
< / 059 f(w)dw - sup €2, [ (w) — E[fp] ()]
weN weN
<R sup €L |pn(w) — E[prl(w)];

The upper bound for the variation of W follows from Theorem (b) and a similar relation:

sup |¥—E[]| <R sup [pn(w) — E[pn(w)]|-
VeTFr weN

Proof of Corollaries[3.10(and 3.11} For every & € Qyy,, define
Jz(w) =1{w € By},

and let

Fonn = {w — [ fu(w)dE

Qap

b S Qgh} .
Corollary [3.10] follows from Theorem [3.8]and the fact that
LQ
/ fo(w)dw < —
weN2p 4
for every « € Qop,. Similarly, Corollary follows from Theorem [3.9|and the fact that
/ 059 fp(w)dw < CE371,
wENap

for a constant C'.
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Proof of Corollary For every « € (2, we define
fe(w) =1{w € B,},

7, :{\T!:/wawdE[ﬁ]weQ}.

Corollary follows directly from Theorem[3.9]and the fact that for every x € ©,

and let

oo < 2

weR

D.7 Proof of Theorem B.3]

This proof again involves the Talagrand’s inequality, and therefore takes a similar shape to the proof
of Theorem [3.6] We begin by defining an auxiliary function class.

Defining the auxiliary function class G. Recall that we choose the weight function as f(w) =
|lw — 0K2|4. Therefore, for any persistence measure € Z7 , ., its corresponding persistence surface

is characterized by
1 U —w
prl)(w) = [ w0935k dp(w):
Q h h

hence, by defining

1 U—w
uli) = [ o= 09455 d (5~ Efu]) ()
0 h h
and letting G = {g., (1) : w € N}, we observe that E[g] = 0 for all g € G and

Zg (1)

lon(kn) = Elon ()]l o = = sup

Bounding ||g| - and E[¢?]. Assumptionsanddirectly implies that for any g € G and any
u € (),

K|
)] < = max{ [ o - 00, | o - 001450 |

- [Tl max {Pers, (1), Pers, (E[u])} < MHKHOO

h2
Regarding the variance of g, Assumption [3.3]implies that
K (“) ‘ dE[y]
h
M| K| 1 U —w
= [ K () [l — o0gp(e)
M| K]

= [ K@ dv: sup - 0923p(w)
lolla<1 weN

<« MUK 1K lool|P]l o0
— h2 9

where in the third line we applied the change of variable v = (u — w)/h, and let

Wﬂu=/ 1K (v)] dv.
[[v]2<1
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Covering number of G. Similar to the proof of Theorem[3.6] we bound the covering number of G
by the Lipchitz property of the kernel function K. For any two points u, u’ € €2, Assumption

guarantees that
u—w u —w Lil|lu—v/|2
K -K < .

Therefore, it is easy to verify that

MLgl|lu—u'
9ul00) — g () < e

A similar reasoning to the proof of Theorem [3.6] yields that the covering number of G is upper
bounded by

h3 LML\
N(Q,L2(Q),77)§N<Q, ||~||2’AZLK> 32( nh3K) :

Completing the proof. Theorem is a direct application of Theorems [C.6| and with the
following choice of parameters:

AB — QL;\Lng;
_ MK .
B = ;

h2
o2 = MIEIEleollPlloc .
h2 )

v =2.

D.8 Proof of Theorems and

Observe that the persistence diagram of the Vietoris-Rips filtration of X = (X, X5, ..., Xy) is
decided purely by {¢[J](X)} jc[n],s|=2. in which

elJ(X) = || X — X2,

for J = {¢,5}. In what follows, we firstly focus on the proof of Theorem and apply the
techniques to that of Theorem [B.2]in a similar manner.

Proof of Theorem[B.1} Propositions and [C.3|imply that for any Borel set B C (,

E[u](B) = ZZZ/ K(X)dX

7‘mW;1 2 Ne[J},J2 11 (B)
irJir

/ RT3 ) ()T, ] (Y )AY du,
v (VenWs, , N@[JLJ2]-1(B)) i

gl g2
ar’'Yair 7 T

ir?
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a3 where in the second line we change the variable from X € [0,1]*" to (Y, u) with Y € [0, 1]"¢—2
439 and u € €. Now, a change of order of summation gives

S SED D 3 WSS

s€S Jp,JoC[N] r=11i=1

[J1]=]J2|=2
J1#J2
<[ RO, )" (Y)W e ] (1 y)dY du
51y (VeNWS 5 ODLT1,J2]=1(B))

R N,
SZ Z ZZI(Jilr:J17Ji2r:J2)

s€S Ji,JoC[N] r=11i=1
[J1|=]J2]=2
J1#£J2

X / dsup kdY du

S0y (VeNW3 5 0@, 03] 71 (B))

SZ Z N(B) / dsup kdY du, (17)

s€S Jy,JoC[N] \I131~J2(W51 J2 Ne[J1,J2]=1(B))
[J1]=[J2|=2

J1#£J2
440 where N (B) is the number of persistent homology points in B, and in the second line we use the

a1 facts that {V,.}fL, are disjoint, s < sup and J[¥%, , ]! < d. Hence, bounding E[4](B) boils

442 down to characterizing the domain of integration on the right hand side of (T7). For this, notice that
443 by definition,

(Y,u) € O3, 5, (W3, 5, NO[J1, Jo]H(B))
< 3X € W3, . such that ®[J1, Jo](X) € B, U5 ;. (X)= (Y, u)
—3X € W3, 5, such that ®[J1, J,](X) € B, ®[Jy, Jo](X) = u, and Y € [0, 1]V¢2

—wu€B,andY € [0,1]V42
444 Hence, E[u](B) is upper bounded by

Epl(B)<N(B)Y > /BY - dsup kdY du
u€eB,)Y € , Nd—2

s€S Jp,JoC[N]
[J1]|=]J2|=2
J1#J2

=dsuprN(B)Y > /[0 i dY/Bdu

s€S J1,JaC[N]
[J1]|=]Jz2|=2
J1#£J2

=dsuprN(B)Y > /du

s€S Ji,JoC[N]
|J1]|=]J2|=2
J1#J2

445 This effectively means that the intensity function p(w) is upper bounded by

(u) <E[N({u})] dSHpHZ Z 1
s€S Ji,JoC[N]
[J1]=]J2]=2
J1#£J2
E[N({u})} Cal‘d(S)‘{(Jl,Jg) : ‘J1| = ‘ng = 2,J1 75 JQ,Jl C [N],Jg C [N]}|dsup/£.
a6 Now, N({u}) < Ny, so Lemmaimplies E[N({u})] < CN. And card(S) < 4d? and
a7 |{(J1,J2) t | o] = |Jo| = 2,J1 # Jo, Jy C [N], Jo C [N]} < 2

N4
p(u) < (CN) - (4d°) - (4) ~dsupk
= C'N°d® sup k.
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Theorem [B.Ilfollows with the choice of
poly(N,d) = N°d>.

Proof of Theorem [B.2] Propositions [C.4] and [C.3] imply that for any Borel set B C (, the
normalized persistence measure of B is expressed by

R N,
1 T
B =Y 2% | R(X)AX
,; N, ;; VoW, 091747217 (5)
R
< max / Kk(X)dX.
; 1<i<N- ; ViWs, L N@[IL,I2]1(B)

ir’Yir

Hence, same techniques can be applied to show that the persistence density function is upper bounded
by

p(u) < dsup kE {

Uy ¥ o

SES J1,J2C[N]
|J1]|=]J2]|=2
J1#J2

<dspr max S S 1
1<i<N(w) £=2 J1,J2C[N]

[J1]=|J2|=2
J1#£J2

< card(S)|{(J17J2) : |J1| = |J2| =2,J; 75 Jo, J1 C [N],JQ C [N]}\dsupm
4
< (4d%) - (ﬁi) -dsupk.
Theorem [B.2] follows from choosing
poly(N,d) = N*d.

D.9 Proof of Theorem[B.6

In this proof, we firstly define an auxiliary family of functions, and then verify the conditions in
Theorem

Defining the auxiliary function class. Forevery x € Qg and 1 € Z7 ,/, define

92 (1) = 1(Bz) — Elp](Bz), (18)
andlet G = {go : « € Q}. Itis easy to verify that E[g,(1)] = 0 for all z € Qy, and that

sup — Zg )

geg n

Bz — E[fq]

sup
xeQy

Boundlng ||g2||co and E[g,(1)?]. Forany x € Q, , the set By, is contained in §2,. Hence for any
€ 27 5 1(Bg) and E[u](Bg) can be bounded as

H(By) < u(S) < £ Pers, () < ME,

Elpl(Be) < E[u](€2) < €7 Persy(E[u]) < M1 (19)
Hence ||gz|| ., can be bounded as
192loc < sup  max{u(Bz), E[u](Bz)} < M. (20)
MEZZ,JM

As for the variance of g, (1), we firstly observe that

Elg2(1)?] < ||92||E[n](Bz) 2D
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Now, apart from using the bound E[u](Bz) < M{£~9 from (19), we can also have tighter bound with
respect to £ when ¢ > 1. To do this, we again take the coordinate transformation

{y1 = 258 = o = 90|,

Y2 = 7“32;;1.
It can be easily verified that the determinant of the Jacobian matrix between x and y coordinates is 1,
and that the €2, can be represented using y coordinates by

L
Q= y2) <y < —=, 1 <yp < V2L — .
¢ {(yl y2) yl_ﬁyl_y2_ yl}

Then, we have a tighter bound with respect to ¢ of E[u](B,) when ¢ > 1 as

Elu](Ba) < E[u)(2) = / p(u)du

- / e — 0015 plu)du
Qp

% V2L -y B
< IIﬁlloo/l / dys | y; “dys
Y1

L
V2 _
< gl A VaLy; 'y,

VAL ol
< =1
Hence when we let (¢ — 1) = max{q — 1,0},

2L0 4 ||p
E[p](Bz) < min { M1, w . (22)

(¢—1)+

And hence by applying 22)) to (1), the variance of g, (u) can be upper bounded as
Elga (10)*] < |92l oo E[1)(Bz)
2M L 24 ||p
S min ]\42£_2q7 f ||p||oo (23)
(¢—1)+

Polynomial discrimination of G. By definition, the empirical persistent measure j; can be repre-

sented as
M = Z 67‘¢j )
J

in which 7;; = (b;5, d;;) represents the j-th point in the corresponding persistent diagram, with b;;
and d,; being its birth and death weight respectively . Without loss of generality, we can sort the
points in descending order of their distance to the diagonal 0. Let N; = p;(€2,), then we have
N; < M{~1. Hence, for every x with ||z — 09||2 = ¢, 11;(Bz) can be represented as

N;
pi(Bz) = > L(bij < 21)1(ds; > x2). (24)
j=1

With this expression, we are ready to bound the cardinality of G(u). Notice that for any fixed x, the
value of the tuple (g (1), ..., gz (14n)) is completely decided by the Cartesian product of indicator
functions

{:ﬂ.(b” < xl)}ie[n]yje[m] X {]l(d” > mQ)}iG[n],jE[N,:] =Sy X Sy.

It is easy to see that with the variation of © = (z1, 23), the number of different values taken by Sp
and S, can be bounded by

14+Y Ni<1l+n- M
i=1
Hence, the cardinality of G(uf') is bounded by

Card(G(p)) < (Me9n +1)°. (25)
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Sample orbit forr = 2.5 Sample orbit for r = 4.0

0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0

Sample persistent diagram forr = 2.5 Sample persistent diagram for r = 4.0
"% 0.16 I
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Birth Birth

Figure 1: Top row: sample orbits from the ORBIT5K data set with » = 2.5 (left) and r» = 4.0 (right).
Bottom row: sample persistent diagrams.

Completing the proof. The theorem is a direct result for applying Theorem [C.8]with the following
parameters:

A=M("9;

B = M,

o2 — min {M2g—2q V2M L 2|5l o } )
’ (¢—1D+ '

v=2.

E Experimental details

Figure[T|shows two ORBIT5K simulations with different values of 7 (2.5 and 4) and the corresponding
persistent diagrams. Figure[2]displays the kernel intensity functions for the ORBIT5K simulations set
with » = 2.5 and r = 4 for varying sample sizes, while Figure 3] shows persistence density functions.
Figures [ and [5] show the Betti curves and estimated Betti curves using the kernel density function for
the ORBIT5K simulations for r = 2.5 and r = 4.

Finally, Figure[6]displays the estimated persistence density functions computed over random draws
of varying size of the digits “4" and “8" from the MNIST dataset.
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ORBIT5K kernel estimated persistence intensity
(log-scale, r =2.5, sample size = 1)

ORBIT5K kernel estimated persistence intensity
(log-scale, r =4.0, sample size = 1)
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Figure 2: Kernel estimators for the persistence intensity function from the ORBIT5K data set with
r = 2.5 (left) and r = 4.0 (right) and sample sizes 1, 10, 100 and 1000 (top to bottom).
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ORBITSK kernel estimated persistence density
(log-scale, r =2.5, sample size = 1000)
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Figure 3: Kernel estimators for the persistence density function from the ORBIT5K data set with
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r = 2.5 (left) and » = 4.0 (right) and sample size n = 1000.

Betti curves in the ORBITSK data set
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Figure 4: Empirical betti curves (left) and normalized betti curves (right) from the ORBIT5K data
set with r = 2.5 and 7 = 4.0. Solid lines show sample average and the shades depict the lower and
upper 2.5 percentiles.
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Figure 5: Kernel-based betti curves (left) and normalized betti curves (right) from the ORBIT5K data
set with » = 2.5 and r = 4.0. Solid lines show sample average and the shades depict the lower and
upper 2.5 percentiles.
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Figure 6: Kernel estimators for the persistence density function from the MNIST data set for the
digits 4 (left column) and 8 (right column) based on random draws of sample sizes 100, 1000 and
5000 (top to bottom).
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