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A RESULTS FOR THE POLICY GRADIENT TEMPLATE

A.1 RESULTS WITH TRUE OBJECTIVE FUNCTION p(+)

The following lemmas establish some results related to the SF-based gradient estimate.

Lemma7. E {ﬁﬂynp(o) | 0} = Vp,(0).

Proof. We follow the technique from Shamir [2017]. Since v;.,, are i.i.d r.v.s, and have symmetric distribution around the
origin, we obtain

B[900(0) 6] = B [T0(®)] = 51 (00 + ) — (8 — ) )
i=1

d

= 5 B (0 + )] + By [0+ n(—))(~0)]) = gE [p(0+ j)] = Y, (6),

where last equality follows from [Flaxman et al., 2005, Lemma 2.1]. U

Mde/

Lemma 8. Suppose V61,05 € R%, ||Vp(61) — Vp(62)|| < L,y |61 — 02]|. Then ||V p,(0) — Vp(8)|| < =

Proof. The result follows from [Gao et al.||2018], Proposition 7.5]. O
Lemma 9. Suppose V0 € R% p(0) is bounded and V01,0, € R

~ 2 272
E [vap(e) } <l

n

p(61) — p(62)] < L,|01— 62| Then

Proof. Since Vv € S71, |lv|| = 1, from (T2), we have
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where (a) follows from the fact that vy, are i.i.d mean zero r.v.s, and p(-) is bounded. Finally,

 [[90ao®)]] =2 [eun, [[Funeto) ]] < T2

n
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A.2 RESULTS WITH APPROXIMATE OBJECTIVE FUNCTION j,,(-)
The following lemmas establish bounds for the bias and variance of the gradient estimate in (T3).

Lemma 10. Suppose V0 € R?, p(0) and p,,(0) are bounded, and . [|p(9) - ﬁm(9)|2} < &L Then

d Z p® £ i) —p(0 £ i) ||°| _ &C
24 ! ~ 4umn
Proof. Notice that
d I (6 pvs) — p(6 + ) pe " ’
Pm Hv;) — p HU;
E|[|£ Al <2 _E|E, 0+ v, 0+ v,
(@) d2n R 2
< WE |:Ev {Hpm(e + pv) — p(6 + )| ”
®) q? . 2
< Tz (B |6 o) = p(0 % o))
d? 2 d*Cy
- Y g { 5o (0 % 1) — p(0 + } < :
I (Pm (0 £ pv) — p(0 £ o))~ | < Imn
where (a) follows from the fact that v;.,, are i.i.d mean zero r.v.s, and p,,(+) and p(-) are bounded, and (b) follows since
lv|| = 1. O
Lemma 11. E {H@mnﬁm(é) V(6 H } 4Ly + /~L2d2L2 52272;1

Proof. Notice that

S 4 d & P (0 + pvi) — pm (0 — pv;)
Vi, npm( = n lZ 2% Ui
Z p 9+;wz p(9 —/wi)vi N 72 Pm (0 + pi) —p(9+uvi)vi n EZ p(0 — pv;) —pm(ﬁ—uvi)vi
i 2u s 2p
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=V ,np + — Vi + — i (37)
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From and Lemma[T0} we obtain
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where (a) follows from Lemma (b) follows from Lemmaand since E[|| X — E[X | Y]||?] < E[||X]|?], and (c) follows
from Lemma [0l O
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Proof. Using (37) and Lemma [I0} we obtain

d>Cy 2d2L3 d*Cy
— + 2 )
u2mn n nemn

2 {[Suaimio)] ] <2 [Sumr] ]+
where the last inequality follows from Lemma 9] O

A.3 PROOF OF PROPOSITION

Using the fundamental theorem of calculus, we obtain
1
p(Or) = p(Okt1) = (Vp(Ok), Ok — Ot1) + / (Vp(Ors1 + 7(0k — Okt1)) — Vp(Or), Ok — Oksa) dT
0
1
< (Vp(Ox), 0k — Or+1) +/ IVp(Ors1 + 7(0k — Ok11)) — Vp(Or)| [0k — Okl dr
0
(a) , [
< (Vp(610), 00 — 1) + Ly [~ O [ (1= )dr
0
L, 2
= {Vp(0r), O = Or1) + =~ 10 — Ol
- L, i~ 2
= a(Vp(00). =V (60)) + -0 [V (61
~ s Ly sl . 2
= @ (Vp(00), Vo (O) ~ Vb (04) ) = @ [Vp(0) > + - Hvu,npmwk)\)
®) o «
< 2190001 + & [0(06) ~ V()| — o ||Vp<9k>|| + 2207 [0

= 5|90 ~ Tyt @]~ S 1906001 + 22 Hmpmwk)H . ()

In the above the step (a) follows since p(-) is smooth and the step (b) follows from 2(a, b) < ||al|? + ||b]|*. Rearranging and
taking expectations on both sides of (38)), we obtain

oE |[Vp(61)]]

< 2B p(0usr) = (O] + LB [ Fynm(80)| | + a8 |[901600) = Tyt

2d°L?  J2C 4d° L3 d’C
gzmp<ek+1>—p<ek>l+wa2( L b | P PLY (39)

u2mn u2mn

where the last inequality follows from lemmas[TT{T2]
Summing up 39) from & = 0,--- , N — 1, we obtain

N-1 27172 212
d=Ly d>C 4d°L d*C
o ST E[IV(00)]2] < 2E[p(0x) - p(60)] + NLya? ( S o ) +Na (np FIPLY + ) ~

n u2mn w2mn
Since 0, is chosen uniformly at random from the policy iterates {6, - - - , O _1}, we obtain
N—-1
E [IV060)1%] = 3 E[190(60) ]
k=0
2(p* — 2d% L2 2 4d2 L2 2
< (p* = p(bo)) —I—Lp/oz< Py d201 + Py 2d2L2, n d201
Na wrmn n wrmn



B DRM

B.1 ESTIMATING DRM USING ORDER STATISTICS

The following lemma estimates the DRM in an on-policy RL setting.
Lemma 13. 55 (6) = Zl Rly(9(1—=51) —g(1— %))

Proof. Our proof follows the technique from |[Kim|[2010]. We rewrite (18)) as

0, ifz<Rf)
m () = L, ifRf) <z< R?M),i e{l, - ,m—1}
1, 1fx>R(m),

where R((’i) is the 4*" smallest order statistic from the samples RY,--- RY .

We assume without loss of generality that R(Oj) <0< R‘(9 1) and obtain,

r

0 M.
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The following lemma estimates the DRM in an off-policy RL setting.
SH b < b ~ 1 e = ~ R
Lemma 14. 5/ (0) = Ry + ;:2 Riyg (1 — min {1, o k§1 w(k)}) — g:l Ry <1 — min {1, o ];::1 ¢(k)}>'

Proof. We rewrite (22) as

: b
0, . ifr < R(1)
™ (x) = { min{l, X _zl ¢g’j)}, if R’gi) <z< R?Z.H),i e{l,-,m—1} 41)
]:
1, if x> R,

where Rl(’i) is the i*" smallest order statistic from the samples R, --- R , and 7,/1( ) is the importance sampling ratio of R( )

We assume without loss of generality that R?j) <0< Rl(’j +1) and obtain,

0 M,
p0) = [ (o0~ Hyp(@) - Do+ [ g1~ H(@)do
— M, 0
Ry ;i Fo 0
— [ G- mp@) - nds+ Y [ o Hp) - Do+ [ g - Hp @) - Dds
M TRy R
Rijt) o1 Bl M,
+ g(1 = Hyy(2))dz + > g(1— HZ(x))dx + / g(1— H,(x))dx
" T Ry R
j R(;) | i 0 L
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Z:2RE’171) k=1 R?j) k=1
Ry ) j 1 R{i L
+ O/ g(lmin{l,m;w&)}> d:c+i:jz+l Rb/ g(lmin{l,mk-lw(ek)}> dx
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1 m—1 1 7
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+ B9 (%mm{Lme(k)}) + D ( (i+1) ~ i>)9<1—mm{1’m Uiy )
k

i=7+1 =1
J 1 i—
— b b : 0 b
= (R(i) - R(i_l)) g <1 — min {1, ~ Z%)}) + R
=2 k=1
m—1 1 %
+ (RI&H) - Rl&)) 9 <1 — min {L - Z%)})
i=j k=1
m 1 i—1 m—1 1 4
b b : 0 b . 0
=R+ ZR(i)g (1 — min {1, — Zw(k)}> — Z Riyg <1 — min {1, — Zzp(k)}) .
i=2 k=1 i=1 k=1



B.2 THE ESTIMATION ERROR OF THE DRM

In the following lemma, we bound the estimation error of the DRM in an on-policy RL setting.

Proof. (Lemma (1) Since YV € (—M,, M,), |]l{R9 < x}| < 1 as., using Hoeffding’s inequality, we obtain Vz &
(_Mra Mr),

P (G (0) ~ Fro(0)] > 0 < 2exp ("2 ) and
E (|67 (2) ~ Fao ()] :/OOOPQG%,(JC)—FRQ(M > Vo) deS/OOOQeXp (-2 de:%. 2)

Now,

2 My ’
Eloy(8) - 55 0’| =E | / (901 = Fro(@) = g(1 = G (@) do

(a) M,
S8 [ g1 = Fro(e)) o1~ G <x>>>|2dx]
(®) M, ,
<M [ B9~ Fre(e)) - 91 - G (@) do
(c) . M,

2 m 2
< 2M, M2 / E [|GR9 (z) — Fro(z)] } dz

—M,

(d) M, 16M2M?,
< oM, / e = 2 43)

- — M, m m

where (a) follows from the Cauchy-Schwarz inequality, (b) follows from the Fubini’s theorem, (c) follows from Lemma [13]
and (d) follows from (#2). O

In the following lemma, we bound the estimation error of the DRM in an off-policy RL setting.

Proof. (Lemma[2) We use parallel arguments to the proof of Lemmal[l]
From (), we obtain Vz € (—M,., M,),

1{R? < z}9| < M a.s. From Hoeffding inequality, we obtain V& € (—M,, M, ),

2

P ((Ez;ge(x) — Fro (x)) > e) < 2exp (— 2”;\;2) . (44)

From (22) and (23), we observe that P (|Hy, (2) — Fro(z)| > €) < P (‘f[gg (x) — Fre (a:)‘ > e). Hence, we obtain
Vz € (—=M,, M,),

2
P(|HEs (x) — Fro(z)| > €) < 2exp (%) : (45)

Using similar arguments as in (42)) along with @3)), we obtain Vz € [—M,., M,.],

4M?
E[|Hj (@) = Fro(@)] < ==, va. (46)
Using similar arguments as in (43) along with [@6), we obtain
o1 16M2M2M?
E|lpg(0) ' (0)]"] = ——+—.



B.3 LIPSCHITZ PROPERTIES OF THE DRM AND ITS GRADIENT
B.3.1 Results related to the distortion function

The following lemma establishes Lipschitzness of the g(-), and ¢’(-). We require this result to establish the smoothness of
the DRM.

Lemma 15. V¢t € (0,1),

g9(t) —g(t)] < My [t =/

»and |g'(t) — g'(t')] < Mg [t —t'].

Proof. Using mean value theorem, we obtain g(t) — g(t') = ¢'(£)(t — t'), where £ € (¢,t'). From |(A9), we obtain
|g'(1)| < My, V¥t € (0,1). Hence, |g(t) — g(t')| < My |t —t'| Vt, T’ € (0,1).

Similarly, we have ¢'(t) — ¢'(t') = ¢"(¢)(t — t'), where { € (t,t'). From [(A9)l we obtain |¢" ()| < Mg, Vi € (0,1).
Hence, |¢'(t) — ¢'(t')| < My |t —t'| Vt,t' € (0,1). O

B.3.2 Lipschitz properties of the CDF

The following two lemmas establish an upper bound for the gradient and the Hessian of the CDF. These lemmas are similar
to lemmas in|Vijayan and Prashanth| [2023]]. For the sake of completeness, we provide the detailed proof.

Lemma 16. Vx € (—M,., M,.),

T-1
VFpo(x) =E [1{R’ <2} Y Vlogms(A|Sy)| , and
t=0
T-1 T—1 T—1 T
V2 Fpo(2) =B |1{R’ <a} | D Vlogmo(AilSe) + | Y Viegme(ArSy)| | D Viegma(Ae|Sy)
t=0 t=0 t=0

Proof. Let ) denote the set of all sample episodes. For any episode w € 2, we denote by T'(w), its length, and S;(w) and

A¢(w), the state and action at time ¢ € {0, 1,2, - - - } respectively.
T(w)—1
Let Rw) = Y. +'7(St(w), A¢(w), St+1(w)) be the cumulative discounted reward of the episode w, and let
=0
T(w)—1
Po(w) =TI mo(A:(w)[Se(w))p(Sis1(w), Se(w), Ar(w)).
t=0
T(w)—1

From V]P]}:‘Eg;) = > Vlogmy(Ai(w)|S;(w)), we obtain
=0

VFro(z) = VE[I{R’ <2}] =V ) 1{R(w) < 2}Pp(w)

weN

@SV (1{R(W) < 2}Py(w))

weN

© 3" 1{RW) < 2} TPy (w)
weN

- 3 1{Rw) < 2}

weN

VP@ (w)
Pg (w)

T(w)—1

=S R <2} Y Viogm(di(w)]Si(w)Po(w)
weN t=0
_E|1{R’ <o} 3 Viogms(AlS,)
t=0

Pg (w)

In the above, the equality in (a) follows by an application of the dominated convergence theorem to interchange the
differentiation and the expectation operation. The aforementioned application is allowed since (i) {2 is finite and the



underlying measure is bounded, as we consider an MDP where the state and actions spaces are finite, and the policies are
proper, (ii) V log g (A¢|S¢) is bounded from|(A2)| The equality in (b) follows, since for a given episode w, the cumulative
reward R(w) does not depend on 6.

Similarly,
) T(w)—1 T(w)—1 T(w)—1 T
from ST = 50 V2 logmo(Au(@)Suw)) + | 3 Viegmo(A@)Si(w)| | L Viegmo(Ai(w)ISi(w))]
=0
we obtain
T-1 T-1 T-1 T
V?Fpo(x) =E [1{R’ <} | Y VZlogmg(As|S:) + | > Viegmo(AiSi)| | Y Vlogma(AslS:)
=0 t=0 t=0
O
Lemma 17. Vo € (—M,, M,), [|[VFgo(z)|| < MMy, and HVQFRe (:c)H < M M), + M2M?3.
Proof. From|(A2) and @), for any x € (—M,., M,), we have
T-1
{R’ <a} ) Vlogmg(A; | Si)|| < M. My as, (47)
=0
and
T-1 T—1 T—1 T
RO <a} | Y Vlogma(A|Sy) + | Y Viegma(AslSy) | | Y Viegme(Ai|Sy) < M My, + M2M?Z as.
t=0 t=0 t=0
(48)
From Lemmal(16] for any x € (—M,, M,), we have
T-1
IV Fgo(2)| <E [||1{R’ <} Y Vlegms(A:|S:) ] < MMy, (49)
t=0
and
T-1 T-1 T-1 T
[V2Fro(2)|| <E | ||I{R" <2} | Y V?logma(As[Se) + | Y Viegma(As|Se) | | D Viogma(As|Sy)
t=0 =0 =0
< M My, + M2M3, (50)
where these inequalities follow from (@7), (48)), and the assumption that the state and action spaces are finite. O

The following lemma establishes Lipschitzness of the CDF and its gradient.

Lemma 18. Vx € (—M,., M,.),

|Frey () — Frey (z)] < M My |01 — 03], and
IV Fpoy () — VFgay (2)|| < (McMy, + MZMZ) |61 — 62|

Proof. The result follows by Lemmalﬂl and Lemma 1.2.2 in|Nesterov| [2004]. O



B.3.3 Gradient of the DRM

The following lemma derives an expression for the gradient of the DRM. This lemma is similar to Theorem 1 in|Vijayan and
Prashanth| [2023]]. For the sake of completeness, we provide detailed proof.

Lemma 19. Vp,(0)=— [}, ¢'(1— Fgo(x))VFpe(z)dz.

Proof. Notice that
0

M,
Vo0 =V [ (o= Fro@) - Ddo+V [ g1~ Fro(a))ds
M,
@ v (9(1 — Fro(z)) — 1) dz + i Vg(1 — Fre(z))dz
M,
_ / g (1 — Fpo(2))V Fpo (2)da.
_M'r

In the above, (a) follows by an application of the dominated convergence theorem to interchange the differentiation and the
integration operation. The aforementioned application is allowed since (i) py(6) is finite for any 6 € R%; (ii) |¢/(-)] < My
from[(A9)| and V F're (+) is bounded from (@9). The bounds on ¢’ and V Fre imply

Mo g (1 = Fro(2)V Fgo(2)|| dx < 2M, My MMy, O

B.3.4 Lipschitz properties of the DRM and its gradient
The following two lemmas establish the Lipschitzness of the DRM and its gradient.

Proof. (Lemma|3)

M,
P9 (61) — pg(02)| < [ |9(1 = Froy () — g(1 — Fgo, (2))| dz

(@) M,
< My |Frey () — Fre, (x)] dx

M,
(®)
S 2Mng’MeMd ||91 - 92H )
where (a) follows from Lemmaand (b) follows from Lemma|18| The result follows since L, = 2M, My M. Mj.

From Lemma[I9} we obtain

Vg (01) — Vg (02)

M,
=< /_ lg'(1 = Froy (2))VFgoy () = ¢'(1 = Froz (2))V Fpo, ()| dz

I

M,
< /_ lg'(1 = Fro: ())VFgoy (x) — g'(1 = Fro: ())VFgos (2) + g'(1 = Fro: (2))VFgos ()

T

—9'(1 = Fox (2))V Fpo, ()| dx

M,
= /_M‘ |9'(1 = Fo ()| [VFgos (z) = VEgox (2)[| + |V Frox ()] |9'(1 = Fgou (2)) = ¢'(1 = Fges (2))] dz

(a) [Mr
= / Mg [V Fgoy (2) = VEFgos (2)|| + McMgMgr | Fo, (x) — Fro, (x)| d
—M,

(b) [Mr
< My (M My, + M2M3) |61 — 0o + MZMZ My [|61 — 02| dx
—M,

< 2M, M, (MpMy + M.M7(My + Mg)) |61 — 62],

where (a) follows from [(A9)] and Lemmas and (b) follows from Lemma [T8] The result follows since L, =
2M, M, (M Mg + M M7 (Mg + Myr)). 0



C MEAN-VARIANCE RISK MEASURE

C.1 THE ESTIMATION ERROR OF THE MVRM

In the following lemma, we bound the estimation error of the MVRM in an on-policy RL setting.

Proof. (Lemma[d) From and (3T)), we obtain

A 2 ~ 2
E [1506) - mO)] <28 ||75.0) - 50 | + 20 [vee) - V)
o SME L B2M;  8MP 4 320° My
oom m B m

) (620

where the last inequality follows from Theorem 2-3 [Mood et al., 1974, chapter V1] in conjunction with the fact |R9| <M,
and m > 2.

In the following lemma, we bound the estimation error of the MVRM in an off-policy RL setting.
Proof. (Lemma|5) From and (33), we obtain

E [|4(60) - ()] < 2E [\J;<9> - J(@F] 2R [\v<e> - V&(@)f]

< 8MT2MS2 n Z’)Z)\QM;*M;1 _ SMEMSQ —1—32)\2M;1M;1
- m m o m

) (52)

where the last inequality follows from Theorem 2-3 [Mood et al.,|1974, chapter V1] in conjunction with the fact ’wa9’ <
M, M, and m > 2.

C.2 LIPSCHITZ PROPERTIES OF THE MVRM AND ITS GRADIENT

Proof. (Lemma@) Let €2 denote the set of all sample episodes. For any episode w € (2, we denote by T'(w), its length, and
St(w) and A;(w), the state and action at time ¢ € {0, 1,2, - - - } respectively.

T(w)—1
Let R(w) = >, ~'r(Si(w), As(w), Si+1(w)) be the cumulative discounted reward of the episode w, and let
i=0

T(w)—1
Po(w) = o (A (w)[Se(w))p(St41(w), St(w), Ar(w)).
=0
op T(w)—1
From Pe?g‘)’) =X V log me(As(w)]S¢(w)), we obtain

VJ(0) = VE [R'] =V ) R(w)Ps(w)

weN

Y3V (Rw)Ps(w))

weN

Y S R(w) VP (w)

we
-y R(w)weg") Py(w) 53)

T(w)—1
=Y R(w) Y Vlogms(As(w)[Si(w))Py(w)
weN t=0
T-1
=E|R") " Viogms(Ai|Sy)| - (54)

t=0




In the above, (a) follows by an application of the dominated convergence theorem to interchange the differentiation and the
expectation operation. The aforementioned application is allowed since (i) €2 is finite and the underlying measure is bounded,
as we consider an MDP where the state and actions spaces are finite, and the policies are proper, (ii) V log mg(A4¢|S;) is
bounded from The step (b) follows, since for a given episode w, the cumulative reward R(w) does not depend on 6.

Similarly,
v2p T(w)—1 T(w)—1 T(w)—1 T
from Yprele) — Y Vilogmo(Aw)[Siw) + | 3 Viegmo(Ai(w)lSi(@)| | X2 Viegma(Ai@)Siw))] .
t=0
we obtain
T-1 T-1 T-1 T
V2I(0) =B | R | Y V?logma(Ar|Se) + | Y Viegma(A:lSi)| | D Viegme(A|Sy) . (55)
t=0 t=0 t=0
Similarly,
VE [(R')*] = V 3 R(w)*Po(w
weN
=V (Rw)’Ps(w)) (56)
weN
=Y R(w)*VPy(w
weN
P
=> R(w)QVP 9(“)Pe(w) 57)
weN 9(w)
T(w)—1
= ZR(W)2 Z Viog mg(As(w)]St(w))Py(w)
we t=0
2T—l
=E [ (R")" ) Viogmy(A:|Sy) |, (58)
t=0
and
) T-1 T-1 T-1 T
V2E [(RQ) } ~E 1S VP logme(AdS) + | Y Viegmo(AilSy) | | S Viogma(4:lS:) . (59)
t=0 t=0 t=0
From (33)-(33), we obtain
T-1 T-1
VIO <E||R*D " Viegma(A|Sy) ] < ME |[|> Viegmg(AelSy)| | < M, MMy, (60)
t=0 t=0
and
T-1 T-1 rr—1 T
[V2J(0)|| <E [||[R? | D Vlogma(AslSe) + | Y Vlogma(AslSy) V log ma(A¢|S:)
t=0 t=0 Lt=0
T-1 T-1 27
< M.E ZV210gW0(At‘St) + ZVIOgm(AJSt)
t=0 t=0
< M, (MM, + MZM3) . (61)

Hence from (61)) and Lemma 1.2.2 in[Nesterov| [2004], we obtain

IV I (61) = VI (O2)|] < M, (M My, + MEMZ) |61 — 62 (62)



Similarly, from (56)-(59), we obtain

|[VE [(7")’]| < m2E 3 Vlogmo(AllS) ] < M2M,M,, (63)
t=0
and
HV2 [Re }H < M’E HZ V2 log mo(A|Sy) §v1ogwe(At|st) 2 < M2 (M. My + M2M3).  (64)
t=0

Now,

Iv2vee) = v (e[ )] - @)
- HVQE ()] = 270)v27(0) - 2VJ(9)VJ(9)TH
< Hv%& [(RG)Q} H +21J(0)| | V2I0)|| + 2 |VI(0)])
< 3MZMMy + 5MZM2M;. (65)
Hence, from @ and Lemma 1.2.2 in Nesterov| [2004]], we obtain
IVV(01) — YV (0)]| < A (BMZM My, + 5M2ZM2M3) |01 — 65 (66)
Now,
IVoA)]] = [IV.1(6) = AWV (0)
< V@) + A | VE [(#)’] | + 27 170) 197 0)]
< M,M,M,+ 3)\Mr M.My. (67)
Hence, from (67) and Lemma 1.2.2 in[Nesterov| [2004]], we obtain
1pA(01) — pa(01)] < (M, M Mg+ 3AMZ M My) (|61 — 05 - (68)
From (62) and (86), we obtain

[Vor(01) — Vpr(0)[| < [VJI(01) — VI(O2)| + A [[VV(02) — VV(64)]]
< (MM, (M), + McM3) + AMZM, (3My, + 5MM3)) |61 — 02 . (69)
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