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S1 Organization of the supplementary

The supplementary is organized as follows. We define our notation in Section S2. In Section S3, we
prove Theorem 1 and draw links between our approach of SGM and existing works. We recall the
classical formulation of IPF, prove Proposition 2 and draw links with autoencoders in Section S4. In
Section S5 we present alternative variational formulas for Algorithm 1 and prove Proposition 3. We
gather the proofs of our theoretical study of Schrodinger bridges (Proposition 4 and Proposition 5) in
Section S6. A quantitative study of IPF with Gaussian targets and reference measure is presented
in Section S7. In particular, we show that the convergence rate of IPF is geometric in this case. In
Section S8 we study the links between continuous-time and discrete-time IPF and prove Proposition 6.
We also provide details on the likelihood computation of generative models obtained with Schrodinger
bridges. We detail training techniques to improve training times in Section S9 then present architecture
details and additional experiments in Section S10.

S2 Notation

For ease of reading in this section we recall and detail some of the notation introduced in Section 1. For
any measurable space (E, £), we denote by & (E) the space of probability measures over E. For any
¢ € N, we also denote 2, = Z((R%)"). For any m € Z(E) and Markov kernel K : E x F — [0, 1]
where (F,F) is a measurable space, we define 7K € Z?(F) such that for any A € F we have
mK(A) = [c K(z,A)dr(z). If E = C then for any P € #(E) and s, € [0,7], we denote by Py ;
the marginals of I’ at time s and ¢. In addition, we denote by PP ; the disintegration Markov kernel

given by the mapping w — (w(s),w(t)), see Section S4.1 for a definition. In particular, we have
P =P, (5. All defined mappings are considered to be measurable unless stated otherwise.

For any P € Z(C) we define P the reverse-time measure, i.e. for any A € B(C) we have PF(A) =
P(AT) where A = {t > w(T —t) : w € A}. We say that P € £(C) is associated with a
diffusion if it solves the corresponding martingale problem. More precisely, P € 42(C) is associated
with dX; = b(t, X;)dt + /2dB; for b : [0, T] x R? — R? measurable if for any v € C2(R% R),
(M{)¢e(0,) is a P-local martingale, where for any ¢ € [0, T]

MY =v(Xy) = [5 As(v)(X)ds (S
with for any v € C2(R%,R), t € [0,¢] and x € R?

Ai(v)(z) = (b(t, ), Vo(z)) + Av(z).
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We refer to Revuz and Yor (1999) for a rigorous treatment of local martingales. Note that (S1)
uniquely defines IP;|, for any s,¢ € [0,7] with ¢ > s. Hence P is uniquely defined up to P.

In some cases, we say that P € Z2(C) is associated with a diffusion if it solves the corresponding
martingale problem with initial condition. More precisely, P € Z?(C) is associated with dX; =

b(t, X)dt + V2dBy and X ~ pg € 2 (R%) if it solves the martingale problem and Py = 119. Note
that in this case IP is uniquely defined.

Finally, for any measurable space (E, £) and p, v € Z(E) we recall that the Jeffrey’s divergence is
given by J(u,v) = KL(u|v) + KL(v|u).

S3 Time-reversal and existing work

Before giving the proof of Theorem 1 we start by deriving estimates on the logarithmic derivatives
of the density of the Ornstein-Ulhenbeck process given growth conditions on the initial density in
Section S3.1. Note that our estimates are uniform w.r.t. the time variable. We give the proof of
Theorem 1 in Section S3.2. Finally, we draw links with existing works in Section S3.3.

S3.1 Estimates for logarithmic derivatives

We start by recalling the following multivariate Faa di Bruno’s formula and a useful technical lemma.
Then in Section S3.1.1 we derive bounds for the logarithmic derivatives which are non-vacuous for
small times. In Section S3.1.2 we derive bounds for the logarithmic derivatives which are non-vacuous
for large times. We combine them in Section S3.1.3.

For any a € N we denote |a| = Z?Zl a; and a! = H?Zl al. It f: RT = Ris m-
differentiable with m € N, then for any A\ € N? with |A| < m we denote for any = € R4,
Onfz)=a .. 6’\d f(z). Similarly to Constantine and Savits (1996), we define < the order on N¢
such that for any /\1 A2 e NO AL < AZif | AL < |/\2| or |AY| = |A\?| and there exists j € {1,...,d}
such that A} < A? and for anyi € {1,...,5} A

Proposition S1. Ler U C Ropen, N €N, f € CN(U,R), g € CN(R¥ U)and h = f o g. Then for
any A € N® with |\| < N and x € R? we have
A s m; m;
ON(x) = Yy S ok S E @)X T2y Be,g ()™ [ (my 1519,
with
ps(\ k) = {{li}ioy € (N)*, {miiy €N° 0 by <o < s, 300 my =k, 300 mali = A}

Proof. The proposition is a direct application of Constantine and Savits (1996). O

From this multivariate Faa di Bruno formula we derive the following lemma drawing links between
exponential and logarithmic derivatives.

Lemma S2. Let N € N, g; € CN(R4 R), go € CN(R?,(0,+00)), hy = explgi] and hy =
log(ga). Then for any X\ € N¢ with |\| < N let cq \ = Z‘,:il d¥ and the following hold:

(a) There exists Py oxp a real polynomial with cq » variables such that for any x € R4

Ozh1(z) = P exp((9eg1()) o1 <a)) Pa ().

(b) There exists Py 1o a real polynomial with cq » variables such that for any x € R¢
Onha(x) = Palog((Org2(2)/92(2)) 161 < )-

Proof. The proof of (a) is a direct application of Proposition S1 upon noting that for any k € N,
f*) = expif f = exp. Similarly, the proof of (b) is a direct application of Proposition S1 upon
noting that, in the case where f = log, forany k € Nand 2 > 0, f*)(z) = (—=1)**(k—1)!z~"* and
that forany s € {1,..., ||} and (¢1,..., 05, m1,...,my) € ps(\, k) wehave >7_,m; =k. O



We will also make use of the following technical lemma.
Lemma S3. Let p € N. Then for any a > 0, b > 0 and x € R? we have

= bl|z]*? + a7t < —(b/2)|2]* + a(2a/b)* 7, (S2)
= bl|z]|*? + allx|*P7 < —(b/2)2*” + a(2a/b)"~". (S3)
In addition for any a > 0, b > 0 and x € R we have
—blll*? + a7 < (2p — 1) (2p) PP TP
Proof. For the first part of the proof, we only prove (S2). The proof of (S3) is similar. Let a > 0,
b > 0. For any x € R? with ||z|| < (b/2a)~! we have al|z|*’~! < a(b/2a)~?**. For any z € R?
with ||z|| > (b/2a)~! we have a||z||*?~1 < (b/2)||z||?". Hence, we get that for any = € R? we have
allz]*P~ = bllz|*P < a(b/2a) " — (b/2) [l
which concludes the first part of the proof. For the second part of the proof, remark that the maximum

of h: t+— —bt?? + at?*~1 is attained for t* = (2p — 1)/(2p)(a,/b). We conclude upon noting that
h(t*) = (2p — 1)2P~1(2p) ~2Pa?Pbl—2P, O

S3.1.1 Small times estimates

Lemma S2 is key in the following proposition which establishes upper bounds on the logarithmic
derivatives of the density of the Ornstein-Ulhenbeck process. In what follows, we define (p;):c[o, 7]
the density w.r.t. the Lebesgue measure of X satisfying

dXy = —aX,dt + v2dB;,  Xo ~ Paaas
with a > 0. In the rest of this section, « is fixed.

Proposition S4. Let N € N. Assume that pga, € CN (R, (0, +00)) is bounded and that for any
¢e{l,...,N} there exist Ay > 0 and oy € N such that for any x € R?

IV 10g paaa()|| < Ae(L + [|2[|*). (84)

Then for any t > 0, p; € CN(R?, (0, +00)) and for any £ € {1,..., N}, there exist B, > 0 and
Be¢ € N such that for any t > 0

IV log pi(@)l < ¢ Be(1 + fuu llzol|™ poje(wolw:)dzo),

with ¢? = exp[—2at].

Proof. First note that for any ¢t > O and x; € R< we have
Pe(2t) = [pa Daata(0)g (2 — cr20)diro, (S5)
with for any 7 € R?
¢ = expl—at],  g(&) = (2m07) " exp[— |E|* /(207)], of = (1 - exp[—2at])/a.

Lett > 0. We have that p; € CY (R?, (0, +00)) upon combining the fact that pg,, is bounded, (S5)
and the dominated convergence theorem. Let £ € {1,..., N} and A € N such that |\| < ¢. Using
Lemma S2-(b) we have for any z; € R¢

Oxlog pi (1) = P 1og ((Ompe(w¢) /Pe(21)) jmi<|a))- (S6)
Using (S5) and the change of variable z = x; — c;x, we have for any z; € R?

pilxy) = Ct_1 f]Rd Paata (T — 2)/cr)g(2)dz.

Hence, combining this result, the dominated convergence theorem and Lemma S2-(a) we get that for
any 7, € R? and m € N with |m| < ¢

Ompr (1) = ¢; ™ Jga OmPaaa(wo)g(xs — crzo)dag

= Ct_lm‘ fRd Pm,exp((aj 10gpdata(¢0))|j|§|m|)pdata(xo)g(xt - Ctl'O)dIO-
We conclude the proof upon combining this result, (S4), (S6) and the fact that ¢; < 1. O



Forany ¢t > 0 and x; € R? we introduce the infinitesimal generator A; ,, : Co(R?, R) — Co(R?, R)
given for any ¢ € C?(R%, R) and 2y € R? by
Az, (¢) (o) = (Va, log poji(zolze), Vip(o)) + Ap(xo) (87)
= (V108 paaa(0), Vep(0)) + (c1/07 ) (w1 — cro, V(o)) + Agp(xo).-

Establishing Foster-Lyapunov drift condition for this infinitesimal generator will allow us to derive
moment bounds for x¢ — po(zo|2¢). We now introduce the Lyapunov functional which will allow

us to control these moments. Forany p € N, ¢ > 0 and z; € R%, let V,,; ,, : R — [1,+00) given
for any zo € R? by

Vpta (o) =1+ ||zo — xt/ct||2p, ¢ = exp[—at].

Proposition S5. Assume pg,. € CH(RY,R) and that there exist my > 0, dy, Co > 0 such that for
any xg € R< we have

(20, V108 Paaa(0)) < —mo||zo|*> + do |70, ||V 108 Paata(0)[| < Co(1 + ||zo]])- (S8)

Then for any t > 0, x; € R% and p € N there exist Bp €N, ap, > 0and b, > 0 (independent of t and
x;) such that for any xo € R we have

At e, (Ve ) (w0) < —apVp itz (T0) + bp(1 + ”xt/CtHﬁp)»
with 3, = 2p.

Proof. Lett >0, zo,z; € R? and p € N. First, we have for any zy € R?

Vit (20) = 20 = @i /eel|*s Vi, (x0) = 20(w0 — @i/cr)lwo — /e P71, (S9)
AVp 0, (w0) = 2p(2p = 1)lwg — @ /e 2771,
Second, using Lemma S3, the Cauchy-Schwarz inequality and (S8), we have for any zq € R¢
(V10g paata(0), 20 — ¢ /cr) < —mol|zol|* + do [|zol| + |V 10g paaa(wo) ||| /|
< —moflzo — x¢/ct|* + 2mo|zo | @]l /er + Co(1 + [lwol [l /ex
+do[lzo — @i /el + do ol /ee +mollae |/}
< —mo|zo — ¢/el* + {(2mo + Co)l|zell/c + do}wo — zi/et|
+ (3mo + Co)llzel*/ci + (Co + do) |zl /c:.-
Combining this result and (S9), we have for any 2o € R?
(V1og paaa(20), VVp,t,2,(20))
< —2pmo|lzo — xe/ce|* + 2p{(2mo + Co)lzell/ce + do}l|zo — we/erl[P
+2p((3mo + Co)llze |1/} + (Co + do) | z:ll /ct) o — we /el P72,

Combining this result with (S7) and the fact that for any z¢ € R%, (¢;/02)(x1—c120, VVp 1 2, (0)) <
0, we get that for any zy € R?

At (Vota)(@0) < —2pmollzo — @ /ce]|* + 2p{(2mo + Co) ||| /et + do}|lwo — w4 /ce||P
+2p((3mo + Co)llz4||?/cf + (Co + do)||zell /r)|zo — x4 /ce||P 2.

Using Lemma S3 there exist 5, € N, a;, > 0 and b, > 0 (independent of z; and ¢) such that for any
zo € R? we have

Ara (Vorz)(@0) < —apVi, (w0) + bp(L+ (|2l /c2) ™),

which concludes the proof. O

Using this Foster-Lyapunov drift we are now ready to bound the moments of g — po|¢(wo|¢).



Proposition S6. Assume that paa. € Cz(]Rd7 R) and that there exist mg > 0, dy, Cy > 0 such that
for any xq € R? we have

(20, V10g paata(0)) < —mo|[zo||* + dolzoll, [V 10g paaa(20)[| < Co(1 + ||zo]l)-
Then, for any p € N there exist C, > 0 and B, € N such that for any t > 0 and =, € R¢

Joa lzoll? pxolae)dzo < Cpey 27 (1 + [laze||), (S10)

with ¢} = exp|—2at] and (3, = p.

Proof. Lett > 0 and x; € R?. Using (Ikeda and Watanabe, 1989, Theorem 2.3, Theorem 3.1),
Proposition S5 and (Meyn and Tweedie, 1993, Theorem 2.1) for any = € R, there exists a unique
strong solution (X¥),,>¢ such that XJ ~ 6, and

dX% = Vlog pojt (X2 |2,)du + V2dB,,.

Using (Leha and Ritter, 1984, Theorem 5.19) we get that {(X2%),>0 : = € R9} is associated with a
Feller semi-group. In addition, we have that for any f € C2(R%), [0, Av.z, (f)(@0)poje (2o |z:)dzo =
0. Therefore, using (Revuz and Yor, 1999, Proposition 1.5) and (Ethier and Kurtz, 1986, Theorem
9.17) we get that the probability distribution with density ¢ — po|¢(xo|;) is an invariant distribution

for the semi-group associated with {(X%),>o : = € R?}. Therefore, using Proposition S5 and
(Meyn and Tweedie, 1993, Theorem 4.6) we get that for any p € N

Jaa (U 70 = ¢ el P )pope (ol ) dwo < by(1 + [|e/ee]| )/
which concludes the proof upon using that ¢; < 1 and Jensen’s inequality. [

S3.1.2 Large times estimates

In Proposition S6, the bound in (S10) goes to 400 as ¢ — +o00 since limy_, | o c[l = 4oo (if
a > 0). This does not yield any degeneracy in our setting since we consider a fixed time horizon
T > 0. However, we can improve the result by deriving another bound which is bounded at t — +o0
but explodes as ¢ — 0. In this section we assume that b : u — (exp[u] — 1)/u is extended to 0 by
continuity with 2(0) = 1.

The following proposition is the equivalent of Proposition S4 with a bound which explodes for ¢ — 0
instead of ¢ — +o00. Note that contrary to Proposition S4 we do not require any differentiability
condition the initial distribution pqaq,.

Proposition S7. Let N € N. Assume that pgu, € C°(R?, (0, +00)) is bounded. Then for any t > 0,
pe € CN(RY, (0, +00)) and for any £ € {1,..., N}, there exist By > 0 and By € N such that for
anyt >0

IV dog pi(2)]| < 07 P Bo(1 + fpa Il — cr0])” poje (wolare)dzo)
<o, " Bo(1+ [ga llze — zol” qope(wolze)dzo).
with 02 = (1 — exp[—2at])/a and for any ¥ € R?
o1 (zolTe) = paata(To/ct)g(we — 20)/ [ga Paaa(o/ct)g(xy — zo)do,
8(&) = (2m07) exp[— [|Z]* /(207))-

Proof. First note that for any ¢ > 0 and z; € R? we have
pe(t) = [pa Paata(w0)8(2 — crzo)dao, (S11)
with
oo =expl—at],  g(@) = (2no}) Y exp[-|Z|* /(207)], oF = (1 — exp[—2at])/a.

Lett > 0. We have p; € CV(R?, (0, +00)) upon combining the fact that py,, is bounded, (S11)
and the dominated convergence theorem. Let £ € {0,..., N} and A € N? such that |A| < £. Using
Lemma S2-(b) we have for any z; € R?¢

Oxlog pi (1) = P tog ((Ompe(7¢) /Pe(21)) jmi<|a))-



Forany m € N 4 with |m| < |Al, using the dominated convergence theorem, there exist Cy,, > 0 and
Bm € N such that for any ; € R? we have

1Ompe(@1)] < Conoy 27 (14 [l2r = o)™ paua(wo)&(w — erro)dazo,
which concludes the proof. O

Forany ¢ > 0 and z; € R we introduce the infinitesimal generator jlm . Co(RER) — Co(RY,R)
given for any ¢ € C2(R%, R) and 2y € R? by
Atz (£)(@0) = (V1og goje(xo|z1), Vip(wo)) + Ap(xo)
= ¢; (V108 paaa(z0 /1), Veo(xo)) + o7 2(xs — 20, V(o)) + Ap(x0).
Forany p € N, let V,, : R? — [1, +00) given for any o € R? by
Vp(zo) = 1+ [0 ]| *.
The following proposition is the counterpart to Proposition S5.

Proposition S8. Assume that pg,, € CH(R?, R) and that there exist mg > 0, dy > 0 such that for
any xo € R? we have

(0, V 10g Paata(70)) < —mo||x0||* + do ||| - (S12)

Then for any t > 0, x; € R% and p € N there exist Bp €N, a, > 0and b, > 0 (independent of t and
x¢) such that for any xq € R9 we have

At,mt(v;))(xo) < _ap0;2vp(x0) +bp(1+ th/JtQ”Bp)a
with 3, = 2p.

Proof. Lett >0, xo,x; € R% and p € N. First, we have for any zo € R?
Vo(wo) = 1zl V(o) = 2plleo* Vw0, AVi(ao) = 2p(2p—1) [laol 7.
Using this result, (S12) and Lemma S3, we get that for any zq € R?
2p(V 10g paaia(T0/ 1), 0 /er) [|20]* ™Y < 2pe; (—=mo [|zo|*? /er + do ol )
< e (2p = 1) (2p)" P (mo /o) PG

Combining this result and the fact that ¢, < 1, there exists dj, > 0 (independent from ¢ and z;) such
that for any 2y € R?

2p(V 1og paaa(zo/ct), zo/ct) |[zo|* PV < d. (S13)
In addition, we have for any zg € R4

(2p/07) (w0, @ — wo) llwo|*P ™Y + 2p(2p — 1) [l """
< —(2p/07) ol + (2p/0?) w0l ™" [l ]l + 2p(2p — 1) [|zol|**~" + 2p(2p — 1).
Combining this result and (S13) we have for any zy € R?

At .z, (V) (0)
< —(2p/07) lwoll”” + (2p/7) ol ™" llzell +2p(2p — 1) o ||~ +2p(2p — 1) + dp
We conclude upon using Lemma S3. O

The next proposition is the counterpart of Proposition S6.

Proposition 89. Assume that g, € C2(R?, R) and that there exist mg > 0, dy > 0 such that for
any o € R? we have

(w0, V108 paaa(0)) < —mo||zol* + dol|zol|.
Then, for any p € N there exist C, > 0 and 3, € N such that for anyt €> 0 and x; € R
-2
Jea llze = ol” qoje(wola)deo < Cpory (14 | ),
with o7 = (1 — exp[—2at]) /o and B, = p.

Proof. The proof is similar to the one of Proposition S6. O



S3.1.3 Uniform in time logarithmic derivatives estimates

In this section we combine the results of Section S3.1.2 and Section S3.1.1 to establish uniform in
time estimates for the logarithmic derivatives of the density of the Ornstein-Ulhenbeck diffusion.
Theorem S10. Let N € N with N > 2. Assume that pgy, € C (R%, R) and that there exist mg > 0,
do, Co > 0 such that for any xy € R we have

(20, V10g Paa(70)) < —mo||zo||® + dollzoll, ||V 10g paata(z0)|| < Co(1 + ||zol])-

In addition, assume that pay, is bounded and that for any £ € {1,..., N} there exist Ay > 0 and
ay € N such that for any xo € R?
IV 108 paa (o) | < Ae(1+ [|zo[™). (S14)

Then for any t > 0, p, € CN(R?, (0, +o0)) and for any £ € {1,..., N}, there exist D; > 0 and
Be € N such that for any t > 0

[V 1og pi ()| < De(1+ |‘xth>'

In particular if oy = 1 then 1 = 1.

Proof. Lett > 0and /¢ € {1,..., N}. Using Proposition S4 and Proposition S6 there exist D} > 0
and 3} € N such that for any z; € R? we have
_opl 1
IV log pe(wo)l| < Dpe; ™ (1+ [l ).

Similarly, using Proposition S7 and Proposition S9 there exist D? > 0 and 37 € N such that for any
x¢ € R? we have

V¥ log pe(o) | < D (020025 (1 + e | ).
Therefore, there exist Dg > 0 and By € N such that for any z; € R< we have
[V*1og pe(2)[| < Demin(a~" oy %, ¢ %)% (14 ]| ™).
Since for any ¢; > = exp[2at] and a0, 2 = (1 — exp[—2at])~'. Hence we have
min(ato; 2, ¢; )P < max{min(1/u,1/(1 —u)) : u € [0,1]} < 2,

which concludes the first part proof. We now show that if a; = 1 then 8; = 1. Recall that for any
t > 0and z; € R? we have

pe(ze) = f]Rd Pdata(T0)8(7¢ — c40)do,
with for any & € R?
¢ = expl—at],  g(#) = (2m07) " exp[— |#|* /(207)], of = (1 - exp[-2at])/a.
Therefore, using the dominated convergence theorem we get that for any z; € R?
Viogpi(z:) = 072 Jga (@t — cewo)pop (o) dao = 0.’ Jga(ze — ciwo)qoje (o2 )dwo. (S15)

Similarly, using the dominate convergence theorem and change of variable z = z; — c;xg, we have
for any z; € R?

Viogpe(ze) = ¢; " [pa V108 Paaa (@0 )P0t (To |2 ).
We conclude the proof upon combining this result, (S15), (S14) with «; = 1, Proposition S9 and
Proposition S6. In particular, we use that 5, = 1. O

S3.2 Proof of Theorem 1

We start by recalling the following basic lemma.

Lemma S11. Let (E, £) and (F, F) be two measurable spaces and K : E x F — [0, 1] be a Markov
kernel. Then for any o, p1 € &(E) we have

oK — pKlrv < [luo — pallrv-
In addition, for any ¢ : E — F measurable we get that

lpsro — prpllTy < llHo — pallTv,
with equality if o is injective.



Proof. We divide the proof into two parts.

(a) Note that for any f : F — R such that ||fH < 1wehave [|[Kf||,, < 1. Using this result we get

| oK — p1 K| rv = sup{ [ f( uoK = Je f@d(mK) () « [fllo <1}
= sup{ [¢ Kf )dpo(z fE Kf dMo( ) 1l 13 < lpo — palov-

(b) We have

o0 — @z llrv = sup{ [¢ f( dﬂo — Je f( dﬂl( ) flle <13
< sup{ [¢ f( d/io fE dm Cfllee <13 < o — pallov-

1 1

If © is injective then there exists ¢~ : F — F (measurable) such that ¢~ o ¢ = Id. Therefore, for
any f: E — R with || f]loo <1 wehavef =(fop™ ogpand |f o9 oo < 1. Hence we have

o = pallrv = Sup{fE dﬂo fE w)dpi(z) = [|flle <1}
< sup{ [ f(e(x))dpo(x fE ))dp (z ) C Al 1} < llospo — ez pallTy,
which concludes the proof.
O

We will also make use of the following inequality.

Lemma S12. Let ¢ > 0, z,y € R% t > 2/e and p : [0,1] — R such that for any s € [0,1],
o(s) = exp[— ||z — sy||* /(4)]. Then ¢ € C1([0,1] ,R) and we have for any s € [0,1]

|/ (5)] < 21+ & ") (L + [l2]]) exp[— [[]|* /(8t)] exple [[y|*] /1.
Proof. Let s € [0, 1], we have

¢'(s) = (z,9) = s llylI”) exp[— Il — syl /(40)]/(28).

Using the Cauchy-Schwarz inequality and that for any a,b € R%, — ||a + b||> < —||a||* /2 + ||b]|®
we get

&' () < (Il llyll + lyl®) expl— [|=]|* /(8t) + [yl /(48)]/(2t). (S16)
In addition, we have

lyll explllyl?/ (4] < llyllexplellyl/2) < (1 + yll*) exple [l /2] < 2(1 + &) exple H%/Sllf%

Finally we also have [|y||® exp[[|y[|2/(4t)] < (1 + &) exple ||y||*]. Combining this result, (S16)
and (S17) concludes the proof. O

Finally we show the following lemma which is a straightforward consequence of Girsanov’s theorem
(Liptser and Shiryaev, 2001, Theorem 7.7). A similar version of this lemma can be found in the proof
of (Durmus and Moulines, 2017, Proposition 2) and in (Laumont et al., 2021, Lemma 26) (version
where the dependence of the drift in w € C([0,T],R?) is replaced by a (simpler) dependence in
xr € R%). We refer to (Liptser and Shiryaev, 2001, Section 4) for the definitions of semi-group,
non-anticipative processes and diffusion type processes.

Lemma S13. Let T > 0, by, by : [0,4+00) x C([0,T],R%) — R? measurable such that for
any i € {1,2} and x € R?, dX; O = = b;(t, (Xgl))se 0,7))dt + V2dB, admits a unique strong
solution with X(()) = x and (b;(t a(XgZ)))tG[O,T] is non-anticipative, with Markov semi-group
(Pgi))tzo. In addition, assume that for any x € R® and i € {1,2}, IP’(fOT{Hbi(t, (Xgi))se[o,T])Hz +
[165(t, (Bs)sepo,r))|I?}dt < +00) = 1. Then for any x € R we have

18, P — 8, P12y < (1/2) [ Elllbr(t, (X)) sepo.)) — bat, (X)) seio.m) 12t



Proof. LetT > 0 and x € R?. For any i € {1,2}, denote i(;) the distribution of (Xgi))te[o’T] on

the Wiener space (C, B(C)) with Xél) = x. Similarly denote y7 the distribution of (B )c[o,7] With
By = z, where we recall that (B;).c[o, 1) is a d-dimensional Brownian motion. Using Pinsker’s
inequality (Bakry et al., 2014, Equation 5.2.2) and the transfer theorem (Kullback, 1997, Theorem
4.1) we get that

2
18P — 8, PP |3y < 2KL(nqryl1aca))-
Since forany i € {1,2}, P(f) {[1bs(t, (X5 )scio. )1 + 1B (£, (Bs)scio.r) |2}dE < 400) = 1 and

the processes (Xgi))te[oﬂ are of diffusion type for i € {1,2} we can apply Girsanov’s theorem
(Liptser and Shiryaev, 2001, Theorem 7.7) and pp-almost surely for any w € C([0,7],R) we get

(dpiny /dps) (we)eepo,ry)

= exp((1/2) fo (b1(t, (ws)sepo, 1), dwe) — (1/4) fo [[b1(t, (ws) sefo,r7) 17 dt]
(d#B/dN(z))((wt)te[o T])

T
= exp[—(1/2) [ (ba(t, (ws)seio.r))s dwe) + (1/4) [T [|ba(t, (wy)se o)1 2dE]-
Hence, we obtain that
KL (i 1)) = Ellog((dudy, /duyy ) (X)) iepo )]
= (1/4) [ Ellbr (8, (X)) seory) — balt, (X5 serorry)[|2]dt

which concludes the proof. O

We study distributions satisfying some curvature assumption and show that they are sub-Gaussian.
More precisely, we show the following proposition.

Lemma S14. Let ¢ € CY(R?, (0, +00)) and m > 0 and ¢ > 0 such that for any v € R? we have
(Viogq(z),z) < —m||z|* + ¢||z||. Then for any e € [0,m/2) we have

S exple ||z]%)g(x)dz < +oc.

Proof. Forany x € R? we have
1
log g(z) = log q(0) + fo (Vg q(tx), z)dt
1
<logq(0) —m [y ¢ |[]|* dt + cl|z|| < logg(0) + c[la]| - m|||*.
which concludes the proof. O

Finally, we will use the following basic lemma.
Lemma S15. Let p € 2(R%), oy € R, #; > 0 and (X¢)e>0 such that X has distribution p and

dX, = oy X, dt + B/2dB,,

where (By)¢>0 is a Brownian motion. Then for any oz € R and By > 0 we have that (Y)>0 given
foranyt > 0by Y, = axXg,,; satisfies

dY; = Baar Ydt + a2<ﬁ251)1/2d]§t,

where (By);>0 is a Brownian motion, and Y has distribution (7, )4, where for any © € RY,
Tan (T) = Q.

Proof. Lett > 0. Using the change of variable u — [Sou the following equalities hold in distribution
Y, = asay [ Xods + asB)/* B,
= Boaay [y Xg,eds + aa(B162)V/?By = faon [ Yeds + aa(B182)/?By,

which concludes the proof. O



We now turn to the proof of Theorem 1

Proof. Leta > 0. Forany k € {1,..., N}, denote Ry the Markov kernel such that for any = € R4,
A€ BRY) andk € {0,...,N — 1} we have

Ri1(w, A) = (4royp1) ™12 [y exp[— [|E = Tt (@) / (4701)]d2,

where for any z € R?, Ty 1(2) = 2 + Vi1 {ax + 259 (tg, )}, where t, = Z?;ol ~e. Define for
any ko, k1 € {1,..., N} with k1 > ko Qo .k, = H’Z;ko Ry. Finally, for ease of notation, we also
define forany k € {1,..., N}, Qr = Q1 x. Note that for any k € {1,..., N}, Y}, has distribution

TooQr» Where 7o, € P (R?) with density w.r.t. the Lebesgue measure py,. Let P € Z(C) be the
probability measure associated with the diffusion

dX, = —aX,dt + V2dB,, Xg ~ o,

where 7y € Z(R?) admits a density w.r.t. the Lebesgue measure given by pyar,. First note that using
that Py = 7y we have for any A € B(R?)

70Pr10(P)710(A) = Pr(P)710(A) = ()0 (P)710(A) = ()1 (A) = o (A).
Hence mg = WOIP’T‘O(IP’R)NO. Using this result and Lemma S11, we have

70 — T Qu [TV = ||7T0]PT|0(PR)T\0 — Too QN |ITV
< [[mPrio(PH) 710 — Too )0l mv + 1T0e (PF) 710 — ToeQu [l TV
< [[m0Pri0 — Too TV + 1700 (PF) 710 — Moo Quv | Tv -

Note that £(X() = L(Yn) = oo Qn and therefore
1£(X0) = mollrv < [[moPri0 — ool oy + [Tae (P™) 70 — Toc Qv |7y -
We now bound each one of these terms.

(a) First, assume that o > 0. Let T,, = oT and P € 2(C([0,T,],R%)) be associated with
(Z+)ie[o,1, the classical Ornstein-Ulhenbeck process with Zg ~ (74)4 7m0, where for any x € R¢

we have 7,(z) = «o!'/%z, satisfying the following SDE: dZ; = —Z,dt + v/2dB,. We denote
7§ = (Ta)#70, it = (Ta)#Too. Note that since pprior is the Gaussian density with zero mean and
covariance matrix (1/a) Id, u is the Gaussian distribution with zero mean and identity covariance
matrix.

First, using (Bakry et al., 2014, Proposition 4.1.1, Proposition 4.3.1, Theorem 4.2.5), we get that for
any t € [0,T,], f € L'(u) and z € R?¢

Jra(Brjog(2))*dp(x) < exp[~21] fa ¢*()du(z),  with g(z) = Jra ( - (S18)

Recall that (X;);> satisfies dX; = —aX;+dB;. Using Lemma S15 we have that for any ¢ € [0 T],
Z; and a'/?X -1, have the same distribution. Hence for any ¢ € [0, 7] we have P, = (7! )#]P’at.
Therefore, using that (74)#Too = . that PP is Markov and Lemma S11, we get that

[m0Pt0 — ToollTv = 1Pt — ToollTv = [[(Ta) %Pt — (Ta) # ool TV
= |Pat — pllrv = IPatoPace—to)0 — #llTv-
Finally, note that we have for any ¢ > t, € [0, 7] and x € R?
(d(@atopa(t—to)\0)/dﬂ)($) = IEDoz(zs—to)\of(gc)y with f(z) = (dpato/dﬂ)(fﬂ)' (519)
Let g = f — 1. Using (S19), (S18) and that (7,)x 7o = ., We get that for any ¢ > to with ¢ € [0, 7]
[70Psj0 — Moo [TV < [[PatePai—to)j0 — HllTV (520)
< Jra Page—toy0f (2) = 1|dp(z)
< (Jpa Pagi—to)09(x))2dp(z)) /2
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< expl—a(t = to))(Jpa 9% (2)dp(x)) "/
< exp[—a(t — to)](fpa 9% (0! ?2)dmos (2)) /2.
In addition, we have for any ¢ € C.(R? R)
Jra 9(@) (@ P2)dmoc () = [pa p(a™ ') f (2 )du( )
= fRd 50( /2 )dpato fRd (P d]Pto (x)

Hence, for any = € RY, g(a'/?z) = (dP;, /d7s )(x) — 1. Combining this result and (S20) we get
that for any ¢ > to with ¢ € [0, T

1/2

[P0 — ToollTv < V2exp[—a(t — to)] (1 4 [pa (AP, /d7ee) (2)2dmroo () (S521)

Let to € [0,T]. We now derive an upper bound for [, (dPy,/d7es)(x)?dma (x). We recall that Py,
and 7o, admit density w.r.t. the Lebesgue measure denoted p;, and p.. such that for any x € R¢

Pro(2) = [ra G (2, 8)dmo(Z),  poo() = (27/a) =2 exp|—a ||z||* /2],
where for any x, & € R?
G, (2, 2) = (2m0} )~ exp[— ||z — my, (2)]1 /(207)],
ato = (1 — exp[—2ato])/a, my, () = exp[—atp)z.

Combining this result and Jensen’s inequality we get

Jra P ()03 (@)dz < a=2(2m) =120, 20 [, expl— ||z — my, (2)]| /oF, + a || /ﬂdﬂgggﬁ)-
For any z,# € R? we have

e = mey (@) fo}, = all2ll® /2 = ||z = mu ()(253, /02)|* /(262 - |2]I* éle to) /0%,

with 67 = (07, /2)(1 — ao? /2) ! and ¢(a, to) = aof, (1 — of a)/(2 — 07 ). Using this result,
we get that

Jpa expl=llz — me, (D)2 /02, + al|z]|?/2]dzdmo(F) < (2763,)? [ra expld(a, to) ||| 2]dmo(E),
Lete =m/4 and tg > 0 such that ¢(«, tp) < . Using Lemma S14, we get that
Jaa expl= [lz — my, (@)1 /o2, + o ||z||* /2]dzdmo(3) < (2162)Y? [o. exple ||2%)dmo(F).

Combining this result, the fact that 07, < o', (S22) and that forany ¢ > 0, (1 —e™*)"! <141/t
we obtain

Jpa P2, (@)pH (@) da< (@768 03" ) 2 [ou exple||F])dmo ()
< (1 — exp[—2ato)) =2 [, exple [|Z]*]dmo(7)
< (1+1/(2at0))Y? [q exple || Z]|*)dmo(2).
Combining this result and (S21), we get that for any ¢ > ¢,
[m0Pt0 — Too [TV < CF exp[—at],
with
C8 = 2(1 4 1/(2at0))?(1 + fRd exple|Z|?]dmo(£))1/?) explato).
For t < tg, using that ||[moPyg — 7o || Tv < 1 we have
[T0P0 — ToollTV < C{’ exp[—at], with Ci’ = explaty].
Let C; = C§ + C? and we have that for any ¢ € [0, 7]
[T0P¢jo — oo [TV < C1 exp[—at]. (S23)
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(b) Second assume that o = 0.
17moPr1o = ToollTv < g Jpa (4nT) 42| exp[— [l — & /(4T)] — exp[— ||* /(4T)]|dwdmo(Z).

For any z,% € R, let ¢ € C1([0,1],R) with for any s € [0, 1], ¢(s) = exp[— ||z — sZ||* /(4T)].
First, assume that 7 > 2/¢. Using Lemma S12, we get that for any s € [0, 1]

/()] < (1+e ") (A + [|=]) exp[— [|=[|* /(8T)] exple [|y||*] /T

Using this result we get that
I7oPrio = Toollrv < fga Jpa (4nT) =42  exp|— [l — &[|* /(4T)] — exp[— ||«|* /(4T)]|dxdmo (&)

< Jpa Jpa(AnT) =2 (14 671 (1 + ||2]) expl— [l[|* /(8T)] exple || #]|*]/ T dadmo(2)

<2Y2(1 471 fu(BRT) ~2(1 + |l2])) expl— [[]|* /(8T)]dw fou exple ||#]*]/Tdmo(&)

< 2¥2(1 4 e (1 + 2V2dY2TY?) [, exple ||Z]) /T dmo (2).
In addition, if T < 2/e then

Im0Pri0 — ToollTv < (£/2 4+ (¢/2)"/2)HT ™+ T7/2).
Hence, we get that there exists Cy > 0 such that
[ 70Pri0 — Too||Tv < Co(T™H +T71/2), (S24)
with
Co = (g/2+ (¢/2)V) 71 +292(1 + ) (1 + 2v2d"/?) [ exple || 2]*)dmo (2).

(¢) Recall that P is associated with the diffusion (Y;)¢>o such that for any ¢ € [0,7] and = € R?
AY, = b1 (t, Y )dt + V2By, bi(t,x) = oz + 2V log pr_ ().

Similarly, for any k € {1,..., N} we have Q; = Q;, where Q is associated with the diffusion
(Y¢)te(o,7] such that for any (wy)¢epo,r) € C([0,T],R?) we have

dYt = b2(t7 (Ys)se[O,T])dt + \/iBt,
b2(t7 (wt)tE[O,T]) = Ziv:?)l ]l[tkytk+1)(t) {2awtk + sg(tg, wtk)}

where forany k € {0,..., N}, &, = Zlg;ol ~e+1. Recall that for any ¢ € {1, 2, 3} there exist A; > 0
and o; € N such that for any zg € R?

1V log po()]| < As(1 + [l ),

with vy = 1. Using this result and Theorem S10 we get that for any ¢ € {1, 2, 3} there exist B; > 0
and 3; € N with 3; = 1 such that for any 2; € R% and t € [0, T]]

[V logpe ()| < Bi(1 + [l ). (825)
In addition, for any ¢ € [0, 7] and x € R? we have
Ope(x) = —div(bpe)(z) + Ape(z),

with b(z) = —az. Therefore, since logp € C>((0,T] x R? R) we obtain that for any ¢ € (0,7
and z; € R?

O¢log pi(xt) = —div(blog py)(z¢) + Alog pe(xs) + ||V10gpt($t)||2 .
Finally, we get that for any ¢ € (0,7 and z; € R?
9,V log py(,) = —Vdiv(blog p)(x¢) + VAlog p(a) + V||V log pe||* (a).-

Therefore combining this result and (S25) there exist A > 0and B € N such that for any z; € R?
and ¢ € (0,7T), |0,V log pi(z¢)|| < A(1 + ||z¢]|®). Hence, for any ¢,, ¢, € [0, T] and 2 € R?

IV log pr, () — Viogpy, ()| < Alts —t2] (1 +[|=]®). (S26)
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In addition, using (S25), we have for any ¢ € [0, 7] and x1, x5 € R?
IV logpi(x1) — Viegpi(x2)| < fol [V2log pi((1 — 8)z1 + sxo)||ds||xr — z2|  (S27)
< Ba(1+ [y (1 = s)ar + sasl|™ ds)|las — ]
< Bo(1+ [l + [|22]| ) 21 — 2a]l.

Since sp € C([0,T] x R4, R%) and V1ogp € C([0,7] x R?,R?) we have using Lemma S13, (S26),
(S27) and the Cauchy-Schwarz inequality

170 (P) 710 = Toc Qv < (1/2) fy EllIba(t, Yo) = ba(t, (Yo)repr)|?1dt (S28)

<o) t’““E[HVlong_t(Yt)fs(;(Ytk_)Hz]dt
+ 00 S Q2B Yy = Yo, [?ae

< 6% f““ E[|[Vlog pr (Y1) — Vlogpr—i(Yy, )| dt
+ 6255 o [U RV log pr—i(Ye,) — Vlog pr—, (Ye, )| ?]dt
+63 0 ft“l E[||V log pr—s, (Ye,) — so(te, Yy, )|2]dt
+ 00 fo T ?E(Y — Yo |2t

< 18[32(1+2NT(452))1/2 ZN L E(Y - Y, )12t
+12A2(1+NT(2B))Z tk“( t — ty)2dt + 6T M2
ST e QE[HYt—Ytkn Jdt

< {18f32(1+2NT(452))1/2+a2}z o SO EY = Y, |12t
+4A2(1+ Np(2B) g (ths1 — tg)? + 6TM2

< {18V2B3(1+ 2N (452)) /2 + o} Yoot [ ElI[Y: — Yo, |[1]/2dt
+4A4%(1 4 Np(2B))TH? + 6TM2,

where for any ¢ € N, Np(¢) = Supte[o,T]E[HYtHZ}- For any t € [0,7], let A; : C?*(R%) —
C2(R?, R) the generator given for any t > 0, ¢ € C?(R? R) and 2 € R? by

A(9)(2) = {az + 2V logpr_i(2), V(@) + Ap(a).
Forany £ € N, let Vy(z) = ||z||*. Hence, forany £ € N, z € R% and ¢ € [0, T] we have using (S25)
Ac(Vo) () = 20a ||z||* + 2¢By |||~ + 2By ||z + 202 — 1) |J||*“7 Y.
Hence, for any £ € N there exist B, such that z € R% and ¢ € [0, T]
[A(Ve) ()] < Be(1 + Vi(x)). (S29)

Forany £ € N, (My¢)iejo,r) = (Ve(Yt) = Ve(Yo) fo Ai(Ve)(Ys)ds)epo,7) is a local martingale.
For any ¢ € N, there exists (7o, )xen a sequence of stopping times such that limy_, 4 o 70, = T and
(Mg a7y, )teo, 1) is @ martingale. Using (S29), we have for any ¢ € [0,7], / € Nand k € N

E[W(Yt/\TZ,k)] < E[W(YO)] + B@fg(l + E[W(YS/\TZ,k)])dS'

Hence, using Gronwall’s lemma we get that for any ¢ € N, sup, ey E[Ve(Yiar, )] < +oo. Therefore
for any ¢ € N, ((Mg,¢ar,)teo,7])ren is uniformly integrable and we have that for any ¢ € N,
(Mo,¢)¢ejo,7) is a martingale. Therefore we get that for any ¢ € [0, 7], £ € N

E[Ve(Y1)] < E[Vi(Yo)] + Befy (1 +E[Vi(Y,)]ds).
Using Gronwall’s lemma we get that for any ¢ € N there exist Cy > 0 such that

Nr(f) = sup E[|Y]|*] < Crexp[B.T]. (S30)
te[0,7]
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We have that for any s, ¢ € [0, 7]
Y, =Y, + [[{aY, +2Viogpr_(Y,)}du+v2 [} dB,.

Using (S26) and Cauchy-Schwarz inequality we have for any s, ¢ € [0, T

E[[Ye — Yo[|*] < 64(t — 5)* [[{a B[ Yu||*] + 16E[[|V log pr—i(Ya) [ *]}du + 48V/2(t — 5)?
< 64(t — )° [{a E[|[Y[|"] + 128B(1 + E[| Y, |[*]) }du + 48V2(t - 5)°
< 64(a* + 128311)(1 + Np(4))(t — s)* + 48V2(t — 5)%. (S31)
Combining (S30) and (S31) in (S28) we get that there exist C's > 0 such that
H%o(PR)T\o — Moo Qn |1y < C5exp[CsT) (Y + M%), (S32)

We conclude the proof upon combining (S23) and (S32) if « > 0 and (S24) and (S32) if a = 0. [

S3.3 General SGM and links with existing works

In this section we describe a general algorithm for SGM in Section S3.3.1 and show that the
formulation (6) encompasses the ones of (Song et al., 2021; Ho et al., 2020) in Section S3.3.2.

S3.3.1 General SGM algorithm

We first present a general algorithm to compute approximate reverse dynamics, i.e. to compute the
reverse-time Markov chain associated with the forward process

dX; = fi(Xy)dt + V2dBs, X ~ Paaa- (S33)
We use the Euler-Maruyama discretization of (S33), i.e. let X ~ pga and forany k& € {0,..., N—1}

X1 = Xi + Y1 fr(Xi) + V2V 1 211

In general, we do not have that p(z|x) is a Gaussian density contrary to Song and Ermon (2019);
Ho et al. (2020). However, in this case, we obtain that for any x € R4,

~4/2 [ pi(E) exp|— || Tt 1 (2) — z)|* /(dyp41)]d2,

with T41(2) = 4+ Yp41.fx(Z). Therefore, we get that for any 2 € R?

Prt1(2) = (470%41)

(27+1P14+1(2))V 10g Pro1 () = o (Tarr (2) — 2)pi(2) expl— | Tiza (&) — 2| / (47041)]dZ.

Hence, we get that for any 2 € R¢

Viog pri1 (#) = E[Tis1 (Xi) = Xpp1 | Xig1 = 2]/ (2941) = = o41)*E[Zi 11 | Xpp1 = 2],

(S34)
From this formula we derive a regression problem similar to the one of Section 2.1. We obtain
Algorithm 1. We highlight a few differences between our approach and the ones of Song and Ermon
(2019); Ho et al. (2020):

(a) Asemphasized in (S34), the regression problem in Algorithm 1 is different from the one usually
considered in SGM which restrict themselves to the setting fx(x) = ax with @« = 0 (Song and
Ermon, 2019) or o > 0 (Ho et al., 2020).

(b) In the present algorithm we do not use any corrector step (Song et al., 2021) at sampling time.
Note that the use of a corrector step is only justified in the context of classical SGM algorithms and
not the DSB method introduced in Section 3.3. This is because, we do not have access to the marginal
of the time-reverse density during the IPF iterations contrary to classical SGMs.

(c) Finally, we do not present the Exponential Moving Average (EMA) procedure Song and Ermon
(2020) which is key to prevent the network from oscillating. Contrary to the corrector step, this
technique can easily be incorporated in Algorithm 1.

Further comments and additional techniques are presented in Section SO.
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Algorithm 1 Generalized score-matching
1: Inputs:  (bx)reqo,...n—1} » N € N (nb. of iterations), M € N (batch size), Nepochs (nb. of

epochs), (V)refo,...,N—1} (stepsizes), {sg : 0 € ©} (neural network), opt (optimizer), pprior
(prior distribution), A(k) (weights)

2: for nepoch = 0, ..., Nepoch — 1 do

33 forje{l,...,M}do

4: X(% ~~ Pdata

5: fork € {0,...,N —1}do _
6: X = XL+ e (X)) + V2012044
7: end for

8: end for

_ M N-1 M j j
9: L(O)=M ! Zj:l Zk:o AE)/(29k+1) Zj:l IvV27k+180(k + 1, lec+1) + lec+1H2
10: enspoch+1 = Opt(€7 enspoch)
11: end for
12: Xy ~ Pprior
13: fork e {N —1,...,0} do
140 Xpo = Xpp1 + Yo {—fe(Xir1) + 250, (F + 1, Xig1)} + V29412141
15: end for
16: Output: X,

S3.3.2 Links with existing work

In this section, we show that we can recover the training and sampling algorithm of Song and
Ermon (2019) and Ho et al. (2020) by reversing homogeneous diffusions. Note that Song et al.
(2021) identified links with non-homogeneous SDEs. We explicitly characterize the fundamental
difference between the approaches of Song and Ermon (2019); Ho et al. (2020) by identifying the
two corresponding forward homogeneous processes (Brownian motion or Ornstein-Ulhenbeck).

Brownian motion First, we show that we can recover the sampling procedure and the loss function
of Song and Ermon (2019) by reversing a Brownian motion. Assume that we have

dX; = v2dB;, X ~ Daata- (S35)

In what follows we define {Y3 }1—,' such that {V}} "' approximates {Xr_;, }+_, for a specific
sequence of times {tk},ivz_ol € [0, T}N. We recall that the time-reversal of (S35) is associated with
the following SDE

dY, = 2Vlogpr_(Y,) + V2dB,. (S36)

The Euler-Maruyama discretization of (S36) yields for any k& € {0,..., N — 1}
Yir1 = Yi + 271 Viogpr—o, (Vi) + V2741 2kt 1

where {711 }kN:_Ol is a sequence of stepsizes and forany k € {0,..., N}, ¢ = Z?;é ~j+1- A close
form for {Vlog pr_, }kN:_Ol is not available and in practice we consider

Yir1 = Y + 2vkp150- (T — t, Yio) + /2Vk41 2141, (S37)

where for any k € {0,..., N —1}, sg« (T — tg, -) is an approximation of V log pr_, . The sampling
procedure (S37) is similar to the one of Song and Ermon (2019) upon setting (with the notations
of Song and Ermon (2019)) T' <— 1 in (Song and Ermon, 2019, Algorithm 1) (no corrector step),
/2 < v and sg(-, o 41) < 289« (T — tg,-). It remains to show that 2sy+ is the solution to the
same regression problem as sg in (Song and Ermon, 2019, Equation 6). First, note that for any ¢ > 0
and z; € R% we have

pi(ws) = (47t) =2 [o pawa(wo) expl— ||z — zo]|* /(41)]dzo.
Therefore, we get that for any ¢ > 0 and 2, € R?
Vlog pi(we)= [pa(zo — x1)/(2t)poje(wolz:)dzo = BE[Xo — X¢| Xy = 24]/(21).
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Hence, we have that 6* satisfies the following regression problem

6* = argming 3375 AR)E[|(Xo = X4, ) /(T = tr) — 250(T — ty, X—p, )]
Note that this loss function is similar to the one of (Song and Ermon, 2019, Equation 6) upon letting
o} 41 ¢ 2(T —tx) and L <~ N. Hence, the two recursions approximately define the same scheme if
forany k € {0,...,N —1}, 07 — 0}, ; ~ (1/2) E 0 ;11 since to = 0 implies T' = (1/2)0%. In
Song and Ermon (2019) we have for any &k € {0, .. — 1}, 02 = kN %03 (recall that N = L)

with k > 1. In addition, we have for any k € {0, ... ,N —1}h ag = sak/aN for some € > 0. We
get that

/RN 05
6/2)(/<6N l—f’»N . 1)/(1—f<’1)
=¢/(2(1 = xR (0 — oiy0)-

Hence, the two schemes are identical if 5 =2(1 — k7 1)o%. In practice in Song and Ermon (2019)

the authors choose N = 10, oy = 1072, 0y = 1 (hence k = 10*/9) and ¢ = 2 x 10~°. We have
2(1 — k71)o% =~ 1.3 x 10~* which has one order of difference with ¢.

Ornstein-Ulhenbeck Second, we show that we can recover the sampling procedure and the loss
function of Ho et al. (2020) by reversing an Ornstein-Ulhenbeck process. Contrary to the previous
analysis we do not show a strict equivalence between the two recursions but instead that our algorithm
can be seen as a first order approximation of the one of Ho et al. (2020).

In this section, we consider the following diffusion
dX; = —aX,dt + vV2dB;, Xo ~ Pdata- (S38)

In what follows we define {Y3 }7 ' such that {V;} ' approximates {Xr_;, }+_, for a specific

sequence of times {3 }n ' € [0, T|™ . We recall that the time-reversal of (S38) is associated with
the following SDE

dY, = {a Y, + 2V iog pr_,(Y,)}dt + v/2dB,. (S39)
In what follows, we fix & = 1. The Euler-Maruyama discretization of (S39) yields for any k£ €

{0,....N-1}
Vi1 = (1 + Y541 Y% + 27641V 1og pr—s, (Vi) + v/2%k41 Ziot1-

where {711} is a sequence of stepsizes and for any k € {0,..., N — 1}, t; = E?;S Yit1- A
close form for {V log pr_+, }g:_ol is not available and in practice we consider
Yir1 = (1 + ’7k+1)Yk + 29k+150+ (T — tg, Yk)dt + V2V 412141 - (840)
In (Ho et al., 2020, Equation 11) the backward recursion is given for any k& € {0,...,N — 1}
Y1 = Otfvl,/lf(yk — Bn-k/(1 —an—1)"?€0(Yi, T — tr)) + ON—k Zt1- (541)

In (S41) we set o7 = S as suggested in Ho et al. (2020) where for any k € {0,...,N — 1}

2 _ k41
Ohir1 = Bt Qg1 =1 — Brg1,  app1 =[], a.

We consider a first-order expansion of (S41) with respect to {Sx+1 }fﬁvz_ol. We obtain the following
recursion for any k € {0,..., N — 1}

Yigr = (1+ Bn_1/2)Ye — Bn—i/(1 — an—i) " %€0(Yie, T — t1.) + /BN -k Zks1-

This last recursion is equivalent to (S40) upon setting Sy_x < 2vk+1 and —€g(-, T — tx)/(1 —
&N_k)1/2 + —s¢= (T — ti,-). It remains to show that sg« is the solution to the same regression
problem as €y/(1 — ay_.) in (Ho et al., 2020, Equation 12). First, note that for any ¢ > 0 and
x: € R we have

—d/2

pe(e) = (2107) ™2 o paa (o) expl— [l — cool|* /(267)]dzo,
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with
¢ = exp[—2t], o2 =1 — exp[—2t].
Therefore we get that for any ¢ € [0, 7] and x; € R?
Vlog pi(ws) = fRd (ctxo — T¢)Pdata(T0) exp[— || — Ct$0||2 /(25,52)]d$0
= E [CtXO — Xt|Xt = l’t] /5’t2 = *E [Z|)§1L = l’t] /5},

where we recall that X; has the same distribution as ¢; X + 6;Z, with Z a d-dimensional Gaussian
random variable with zero mean and identity covariance matrix. Hence, we have that 6* satisfies the
following regression problem

0 = argming 33 o' A(K)E[|Z/o7—s, + so(T — tr, Xo—,)||]-
Note that we have
S B = B =2 i = 2T — ).
Using this result we have for any k € {0,..., N — 1}
1—ay g =1—exp[— XN log(1 - B;)] ~ 1 —exp[- XN, * 8] ~ 074, -

Let #* the minimizer of (Ho et al., 2020, Equation 12) we have
0* ~ argming Y0y (2an k(1 — an—)) E[|Z — €5(Xr—,, T — )|

~ argming Y (20 k) TE|Z/(1 - an— )2 = eg(Xr iy, T — t) /(1 — an—i)/?|?]

~ argming Y 0o (2an 1) 'E[|Z/5r_1, + so(T — t, X _4,)||?].

Hence the two regression problems are approximately the same (for small values of {841 }fg’;ol) if
we set A\(k) = (2an_) "t

S4 Schrodinger bridges with potentials and DSB recursion

In this section, we start by proving an additive formula for the Kullback-Leibler divergence in
Section S4.1 following Léonard (2014a). We recall the classical IPF formulation using potentials in
Section S4.2. Then, Proposition 2 is proved in Section S4.3. Finally, we highlight a link between our
formulation and autoencoders in Section S4.4.

S4.1 Additive formula for the Kullback-Leibler divergence

In this section, we prove a formula for the Kullback-Leibler divergence following the proof of
Léonard (2014a) which extends the result to unbounded measures defined on the space of right-
continuous left-limited functions from [0,7"]. We recall that a Polish space is a complete metric
separable space.

We start with the following disintegration theorem for probability measures.

Theorem S16. Ler (X, X) and (Y,)) be two Polish spaces. Letm € P (X)and ¢ : X = Y
measurable. Then there exists a Markov kernel K, : Y x X — [0, 1] such that the following hold:

(a) Foranyy €Y, K7 (y,o " ({y})) = L
(b) Forany f : X — [0,400) measurable we have [, f(x)dn(x) = [, K7 (y, f)dm,(y),
where m, = Q4.

Proof. See (Dellacherie and Meyer, 1988, III-70) for instance. O

Kg is called the disintegration of 7 w.r.t.  and is unique, see (Dellacherie and Meyer, 1988, I1I-70).
In particular, for any X-valued random variable X with distribution 7 we have E[f(X)|p(X)] =
K% (¢(X), f). Next we prove the following proposition, see (Léonard, 2014a, Proposition A.13) for
an extension to unbounded measures. In what follows, for any ¢ : XtoR measurable we denote

Ty = QuT.
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Proposition S17. Let (X, X) and (Y,)) be two Polish spaces. Let m,pu € Z(X) and p : X =Y
measurable. Assume that m << p. Then the following holds:

(a) Ty < phy
(b) There exists A € Y with w,(A) = 1 such that for any y € A, K7 (y, ) < K&(y, ).

In addition, we have foranyy € Y,y € Aand x € X
(dmy/dpe)(y) = K (y, (dr/dp)),  (AKG(y',)/dKL(Y, ) (@) = (dr/dp)(@)/(dmy /dug ) ().
Finally, there exists C € X with w(C) = 1 such that for any © € C we have

(dm/dp)(x) = (dmy/dpe) (0 (2)) (AKE (p(2), -) /AR (0 (2), ) ().

Proof. Let f: X — [0 +o0 ) measurable. Using Theorem S16 we have

[f] = [y () = [y f(p())(dr/dp) (= = Jx FWK-(y, (dm/dp))dpg (y),

which concludes the first part of the proof. For the second part of the proof, let B = {y € Y :
(dm,/due)(y) = 0}. We have

0= fy 1g(y)(dmy /dpy) (y)dpe (y) = mu(B).

Therefore, there exists A; € Y such that m,(A;) = 1 and for any y € Ay, (dm,/dp,)(y) > 0. Let
g: Y =0, +oo) Using Theorem S16 we have

Jxale(@))f (@) = Jx9(e()) f(z)(dr/du)(x = N 9WKE(y, f > (dr/dp))dpe(y)-
Similarly, using Theorem S16 we have
Jx9le(@))f(x = N 9K (y, fldme(y) = Jy 9@)KE (y, f)(dmy /dug) (y)dme(y).

Hence, we get that there exists Ay € ) with ,uw(Ag) = 1 (hence m,(A2) = 1) such that for any

y € Ay we have

KE(y, /)(dmy /dug)(y) = K (y, fx (dm/dp)).
We conclude upon letting A = A; N Az and using the fact that for any y € A, (dm,/dp,)(y) > 0.
Finally, since 7, (A) = 1 if and only if (! (A)) = 1, we have for any = € ¢~ (A)

(dm/dp)(z) = (dmy/dp, ) (p(2)) (AKE (p(2), ) /AKE (0(), ) (2),

which concludes the proof. O

We are now ready to state the additive formula.

Proposition S18. Let (X, X) and (Y, Y) be two Polish spaces and w,pu € P (X) with m < p. Then
forany ¢ : X — Y we have

KL(7|p) = KL(my| 1) + o KLKZ (y, )KL (y, -)dme (y).

Proof. First assume that [, |log((d7r/dpu)(z))| dm(z) = +oc. Then, using Proposition S17 we have
Jx Nog((dmy/duy ) (p(2))] dm(z) = +o0 or [y [log((AKT(¢(x), )/dKE(¢(2), ) (2))| dn(z) =
+o00, ie. either KL(m,|u,) = oo or [ KL(KT(¢(x), )KL (e(x), ))dn(z) = +oo us-
ing Theorem S16, which concludes the first part of the proof. Second, assume that
Jx Nog((dm/dp)(x))|dn(x) < 4oco. Using Pinsker’s inequality (Bakry et al., 2014, Equation
5.2.2) we get that KL(m,|p,) < +00, ie. fx |log dﬂ¢/dﬂ@)( (2)))] dm(z) < +o00. Hence, we

get that [, |log((dK’;(<p(a:), ) /dKE (p(2), ) z))| dm(z) < +o0. Therefore we have
KL(m|p) = KL(mp| ) + fY KL(KG (y, ) [KE (y, -))dme (y)
which concludes the proof O

We emphasize that in the case where X = R? x R?, ¢ = proj,, the projection on the first variable
and 7, ;¢ admit densities w.r.t. the Lebesgue measure denoted p and ¢ such that for any z,y € R?,
p(z,y) = po(x)p1jo(y|r) and q(x,y) = qo(x)q1|0(y|x) then one can avoid using disintegration
theory and Proposition S18 can be proved directly.
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S4.2 Iterative Proportional Fitting via potentials

In this section, before recalling the usual definition of the IPF via potentials we provide a condition
under which the IPF sequence is well-defined which is used throughout Section 3.2.

Proposition S19. Assume that there exists @ € PN such that Tg = Pdaa, TN = Dprior and
KL(7|7%) < +o0. Then the IPF sequence is well-defined.

Proof. We prove the existence of the IPF sequence by recursion. First, note that 7! is well-defined
since 7 € P41 with Tx = pprior and KL(7|7?) < +00. Second, assume that the sequence is
well-defined up to n with n € N. Using (Csiszar, 1975, Theorem 2.2) we have

KL(#|r°) = KL(#|x") + 3}~y KL(zi*1[x9).

Hence KL(7|7™) < +00. Using that 77gp = paaa if 1 is odd and that 7 x = pyrier if 7 is even, we get
that 71! is well-defined, which concludes the proof. O

We now introduce the IPF using potentials. This construction is not new and can be found in Bernton
et al. (2019); Chen et al. (2016, 2021); Pavon et al. (2021); Peyré and Cuturi (2019) for instance (in
continuous state spaces). In discrete settings the recursion can be found in the following earlier works
Kruithof (1937); Deming and Stephan (1940); Fortet (1940); Sinkhorn and Knopp (1967); Kullback
(1968); Ruschendorf et al. (1995). The IPF is defined by the following recursion 7° = p given in (1)
and forn >0

qaentl — argmin{KL(ﬂ|7T2n) LTE @N+17 TN :pprior}7

722 — arg min {KL(7T|7T2n+1) C T E PNt1, To = pdata} .

In the classical IPF presentation we obtain under mild assumptions that 72”1 admits a density ¢"

w.r.t the Lebesgue measure and that 72" admits a density p™ w.r.t the Lebesgue measure, given by
the following expressions

N-1
4" (x0:n) = Pia(@0) [Ti—o Piiape(@rsrlan), (S42)
N—-1
P (@o.n) = Pawa(®0) [Th—o Pt (@rrlen),

where (P, (20))nen and (P ;. (Zk41]7k) )nen are densities which are iteratively computed, with
0 —
Diy1ik = Pr+1|k-

In the context of generative modelling the derivation (S42) is not useful because it does not provide a
generative model, i.e. a probabilistic transition from pprior tO Pyata but instead defines a transition from
Ddata 1O Pprior- Therefore, in this section only, we reverse the roles of pyrior and pgaa and consider a
reference density p such that for any zo.;y € X we have

5(x0:n) = Pprior(%0) [Theo Prraf(Trt1|zn)- (S43)

Then, we consider the following recursion 7 = p given in (S43) and for n € N

72" = argmin {KL(x|7*") : 7 € PNy1, TN = Daaa} » (544)

722 — arg min {KL(W|W2"+1) T E PNy, To = pprior} .

Again, we emphasize that the roles of pyrior and pyaa are exchanged in this formulation. Using the
classical IPF presentation we obtain the following expressions under mild assumptions

7" (x0:N) = Dlrior(w0) TThsg 2" (@2, (S45)

P (@oun) = Pprior (o) TTig, B (wh1 ).

In this case, we get that 72"+ (approximately) defines a generative model for large values of n € N
since it provides a transition from to pprior to (approximately) pgae. In the following proposition we
give the precise statement corresponding to (S45). We assume that p° = p.
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Proposition S20. Assume that KL(pprior ® Paata|Do,n) < +00. Then (7")nen given by (S44) is
well-defined andfar any n € N we have that 7" and ©°"2 admit a density w.r.t. the Lebesgue
measures denoted " and p" . In addition, we have for any n € N and zo.ny € X

N-1
7" (wo:n) :pgrior(IO)Hk 0 P (g |7),

P (@0:n) = Pprior(0) [Tico 2"+ (whralas),
where for any n € N we have for any xo.ny € X and k € {0,...,N — 1}

" apg|ze) = P (@ |or) VR (1) /UF (),

pgrior(x()) = w(T)l (IO)pprior(CCO)v ﬁ
with
Yy (eN) = Paaa(2n) /DN (@N), VR (Tk) = [pa Vieq (@rg1) D (Thgr |0x ) AT pp.
Proof. Let @ = (Pprior ® Pdata)P|o,n- Using Proposition S18 we get that KL(7|p) = KL(pprior ®
Pdata|Po,n) < ~+oo. Using Proposition S19 the IPF sequence is well-defined. In addition, using

(Csiszdr, 1975, Theorem 3.1) for any n € N there exists ¢} : R4 — [0, +00) such that for any
Zo.n € A with 7(A) = 1 we have

7" (zo:n) = D" (zo:N)UN (T N).
Since 7 is equivalent to the Lebesgue measure we get that for any z¢.y € R?
7" (zo.n) = D" (xo:n) VRN (Tn).-
Letn € N. We have forany 25 € RY, pgan(zn) = " (zn) = P (2n5)% (2 n). Hence, we get that
forany N € N, Y% (2n) = paan(2n) /Dy (). Forany zo.xy € X and k € {0,..., N — 1} let
R (@) = Jpa Vipr (e )P (g |2) A

We obtain that for any zg.y € X
7" (20:n) = Pprior(Z0) Yo (x0) Hk 0 NP (1 [T Vren (1) [0 (1)

Hence, we get that for any zo.xy € X, §"(x¢) = Pprior (x0) Hk o p”“(xkﬂuk). Using Propo-

sition S18 we get that for any zo.y € X, p" "1 (20) = Pprior(T0) Hk;o Pt (2py1|zk), which
concludes the proof. O

The previous expression is not symmetric and the IPF iterations appear as a policy refinement of the
original forward dynamic p. In the next proposition we present another potential formulation of the
IPF iterations which is symmetric.

Proposition S21. Assume that KL(pprior ® Paaa|qo,n) < +00. Then (7")nen given by (S44) is
well-defined andfor any n € N we have that 7" and 7”2 admit a density w.r.t. the Lebesgue
measures denoted " and p" . In addition, we have for any n € N and xo.n € X
-n n N-1 - n
7" (zo:n) = 95 (o) [I1Zo D(@ptr]mr) VR (2n),
=n n N-1 - n
P (won) = @6 (o) TThso P(wnia|r) ¥R (),
where for any n € N we have for any xo.n € X and k € {0,...,N — 1}
VN (2N) = Paaa(zn) /O8N (Tn), VR (@k) = [pa Uiy (@kg1)D(Zhgr|2p ) A2,

@6 (20) = Pprior(%0) /05 (w0), @it (@hy1) = Jpa Pp T (wr)D(hgaon)dag,
and gog = Dprior and 1/1;,1 =1.

Proof. Let @ = (Pprior ® Pdata)qjo,n- Using Proposition S18 we get that KL(7|q) = KL(pprior ®
Pdata|Po,n) < +o0. Using Proposition S19 the IPF sequence is well-defined. In addition, using
(Csiszér, 1975, Theorem 3.1) for any n € N there exists /% : R? — [0, +00) such that for any
zo.ny € A with 7(A) = 1 we have

n+1(

7" (zo.n) = P (zo.N )P (), P (wo.n) = ¢ (w0:N ) Pp (20)-
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Since 7 is equivalent to the Lebesgue measure we get that for any z¢.y € R?

7" (zo:n) = D" (zo.n) VR (T ), P (zow) = 7" (wo:n)Ph (20)-
Forany n € N, let ¢}, = %fl % and @8*1 = @@y - By recursion, we get that for any n € N and

To:N € X

7" (wo.n) = 0§ (w0) [Tico Plarialzr) e (@),

P (o) = @b (o) TThlg D(whsa|mk) ¥R ().
Letn € N. For any zy € R? we have

In(TN) = Paaa(rN) = PN (N)UN (T0)- (546)
In addition, for any & € {0,...,N — 1} and x2o.x € X we define <p2ﬂ(xk+1) =
fRd @Z+1(9:k);5(xk+1|xk)dxk. We have for any 7y € RY, p% (zx) = ga’li,(xN)@/JX,_l(xn). Combin-
ing this result with (S46) we get that for any zy € R?
YN (EN) = Paa(@N) /OR (TN )-

Similarly, we get that for any 2o € R%, @i (20) = pprior(0)/%4 (20), which concludes the
proof. O

S4.3 Proof of Proposition 2

Let T = (Pprior @ Pdata)Pj0, v - Using Proposition S18 we get that KL (7|p) = KL (pprior ® Paata|[Po, ) <
+00. Using Proposition S19 the IPF sequence is well-defined. Note that 7% admits a density w.r.t. the
Lebesgue measure given by p > 0. Let n € N and assume that p™ > 0 is given for any zo.n € X by

P"(20.x) = Pasa(@0) TIhCg 4" (was |). (847)
Using Proposition S18 we get that for any m € 41 such that 7 = pprior We have
KL(7|7?") = KL(Pprior|75") + Jga KL(mN|7r‘2ﬁ)pprior(a:N)de.
Hence, we have that 727+1
A€ B(X)and zy € R?
min(Alen) = [y p"(@o:n) /P (8 )dwo:n By (AN).-

admits a density w.r.t. the Lebesgue measure denoted ¢" and given for any

— ppriorﬂfﬁ- Since p™ > 0 we get that for any wf](} satisfies for any

Therefore, w27+1
zo:n € X by
qn(ﬂfo:N) = pn(ﬂio;N)pprior(aUN)/pn(ﬂfN)

N— N—
= pprior(@n) [Tnsg P (k1 |2) P (25) /D™ (@141) = Pprior (@) [Tncg P (@r|zh41),

where we have used (S47). Note that g™ > 0. Similarly, we get that for any zg.y € X
P (20:n) = Paaa(T0) HkN:_ol " (Trg1|zn)-
Note that again that p"*! > 0. We conclude by recursion.

S4.4 Link with autoencoders

Consider the maximum likelihood problem

q* = argmax{E,,,[log ¢o(Xo)] : ¢ € Z4(X), an = Pprior},
where &2,(X) is the subset of the probability distribution over X which admit a density w.r.t. the
Lebesgue measure. Using Jensen’s inequality we have for any ¢ € &24(X)

Epia [log qo(Xo)] = fw 10g(f(Rd,)N_1 q(zo.n)p(z1:N|20)/P(21.N |T0)d2 1.8 )P0 (T0)d2o
> [y log(a(zo:n)/p(z1.8120))P(z0:8)dz0:n > —KL(plg) — H(po).

This Evidence Lower Bound (ELBO) is similar to the one identified in Ho et al. (2020). Maximizing
this ELBO is equivalent to solving the following problem

qO = argmln{KL(Q|p) g€ @d(‘){)a gN = pprior}»
which is the first step of IPF. Hence subsequent steps can be obtained by maximizing ELBOs
associated with the following maximum likelihood problems for any n € N

q* = argmax{E,, [log q(Xo)] : ¢ € Z4(X), qN = Pprior}
pr = argmax{]Epprim[lngN(XN)} 1 pe cgzd()()7 Po = pdata}-
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S5 Alternative variational formulations

In this section, we draw links between IPF and score-matching techniques. We start by proving
Proposition 3 in Section S5.1. We then present alternative variational formulations in Section S5.2.

S5.1 Proof of Proposition 3

We only prove (12) since the proof (13) is similar. Let n € Nand k € {0,..., N — 1}. For any
Tpy1 € R< we have

—d/2

Py (Trg1) = (A1)~ Y2 [ p"(@r) exp[— || FP (2k) — Trga||?/ (Ayrgr)]dg,

with FJ'(zx) = xx + Ye+1f7 (zx). Since p} > 0 is bounded using the dominated convergence
theorem we have for any z;,; € R?

Viog pit iy (Tr41) = [pa(F) = Trr1)/ (2 1) Pkjht1 (k|21 ) dg,.
Therefore we get that for any x5, € R?

by (The1) = [ga(F) — Fi (k1)) / Vet 1Pk 41 (T | Tr 11 ) Ay

This is equivalent to
B (wr+1) = E[Xpp1 + FP(Xe) = FP (Xt 1) | X1 = Tpega ],
with (Xy, Xg+1) ~ Pr.k+1(Tk, Tht+1). Hence, we get that
B, = argminger2pa pay Epp  [[IB(Xks1) — (Xpr + FH(Xk) — FP (Xper1) 17,

which concludes the proof.

S5.2 Variational formulas

In Proposition 3 and Section 3.3 we present a variational formula for By}, ; and F"+1 foranyn € N
and k € {0,..., N — 1}, where we recall that for any x € R? we have

Biyy(2) =2+ b (@), BT =o 4 i (@),
where we have
fer1(2) = —fil (2) + 2V log pi 4 (@), P (@) = —biya(2) + 2VIog gi(z).  (S48)
In the rest of this section we assume that for any n € N, k € {0,..., N — 1} and = € R? we have
g (@l Trr1) = Goveen) ™2 expl=llan — Bty () 17/ (4],
Pt @rrilon) = (4rvn) 2 expl=|zpar — FF (@) 17/ (k)
We recall that in this case Proposition 3 ensures that for any n € Nand k € {0,..., N — 1}
B, = argmingey2gapay By [IB(X k1) — (X + FH(Xk) — FP (Xpr1)) |17,
Fi I (Xk) = (X + Biiyy (K1) = Bia (Xe)[17)-

In the rest of this section we derive other variational formulas and discuss their practical limita-
tions/advantages.

= arg Milpc2(pd pa) ]qu,k-f-l [

S5.2.1 Score-matching formula and sum of networks

First, using (S48) we have forany n € N,k € {0,...,N — 1} and z € R?
by (z) = ax+230_ Viegpl(x) — 23] Vieg g (), (S49)
fi(@) = —az + 2317  Viogqj(z) —231~5 Viogp} . (). (S50)

In the following proposition we derive a variational formula for V log p}, ; and V log ¢ () for any
neNandk € {0,...,N —1}.
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Proposition S22. Foranyn € Nand k € {0,..., N — 1} we have
Vlogpi,y = argmin,cpzma gay Epy , , [lu(Xir1) — (FF (Xk) = Xies1)/ (2941) 1], (S5
Vlogqy = argmin,cp>rapay Egp  [[0(Xk) = (B (Xit1) — Xi)/(2ve) 7] (S52)
Proof. The proof is similar to the one of Proposition 3 but is provided for completeness. We only

prove (S53) since the proof (S54) is similar. Letn € Nand k € {0,..., N —1}. For any 23,1 € R¢
we have

PR (@rr1) = (A1) Y2 [pa 0" (zk) exp[— || Ff (x1) — 2rp1]?/ (47k41)]dak,

with FJ'(zx) = xx + Ye+1f7 (zx). Since p} > 0 is bounded using the dominated convergence
theorem we have for any z; € R?

\Y IOngH Thi1) fRd - $k+1)/(27k+1)pk|k+1($k|$k+1)d$k-

This is equivalent to
Vieogpp (k1) = E[(FP(Xk) — Xk41)/(27%+1) [ Xbt1 = T,
with (Xp, Xt+1) ~ Pk k+1(2k, zr11). Hence, we get that
Viogpp,, = argmin,epzga pay Bpp  [[[e(Xet1) — (FF(Xx) = Xi+1)/ (20+1) 117,

which concludes the proof. O

Note that (S53) and (S54) can be simplified upon remarking that for any n € Nand k& € {0,..., N —

1}
X/?+1 =FP(XE) + v V124, Xy = F,;‘(X};H) + v2’7k+121?+17

with {XPH )~ p" {XPHY  ~ ¢ and {(Z},,,Z2,,) : n€N, ke {0,...,N —1}} a family
of independent Gaussian random variables with zero mean an identity covariance matrix. Using this
result we get that forany n € Nand k € {0,...,N — 1}

Vlogpy, = argming,crere gay Epp [[[u(Xe41) = 234 /v 2%k4111%], (S53)
a o IV(XR) = 2241 /21 |1P)- (S54)

In practice, neural networks uqn(k,z) ~ Vlogpp(x), and vgn(k,z) ~ Vloggp(x) are used.
Hence, we sample approximately from ¢™ and p™ for any n € N using the following recursion:

X]? = 7~'k+1Xg+1 + 2’7k+1{2?:0 Uqi (k + 1a Xlrcl—i-l) - Z;L;Ol vgi (k’XI?-i-l)} + mzl’?—&—l’
Xiter = o1 XP+ 2901 {0 g was (B + L XT) = 3000 vgs (b, X)) + V2012140 (S55)

where 7,11 = 1 4+ oYiq1, Tet1 = 1 — a1 and X3 ~ Paata, X ~ Dprior-

Vv lOg q,’g = arg minveLz(Rde) E

S5.2.2 Drift-matching formula

In Proposition 3 we have given a variational formula for By, ; and E*! for any n € N and
k € {0,...,N — 1}. In Proposition S22 we have given a variational formula for V log pj., ; and
Vlogqy foranyn € Nand k € {0,..., N — 1}. In the following proposition we give a variational
formula for the drifts b}, ; and f;"*".

Proposition S23. Foranyn € Nand k € {0,..., N — 1} we have
bitpy = arg minyey o (ga gay B [10(Xk41) — (B (Xk) — FH(Xit1)) /i1 ]%] (556)
fith = argmingepa g poy Bqp, [ (Xk) = (Biy (Xisr) = By (X)) /e l?] - (S57)

Proof. The proof is similar to the one of Proposition 3 but is provided for completeness. We only
prove (S56) since the proof (S57) is similar. Letn € Nand k € {0,..., N —1}. Forany z;11 € R¢
we have

PR (@rr1) = (A1) Y2 [pa 0" (zk) exp|— || FP (x) — 2rga]|?/ (47k41)]dak,
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with FJ'(z1) = @k + Yet1 fi (k). Since pf > 0 is bounded using the dominated convergence
theorem we have for any x4, € R?

Viogpiyy (Trr1) = Jpa(FH (k) — Thy1) /(296 01) P41 (k[ 211 Ay
Therefore we get that for any x,; € R?
Vi1 (@ht1) = Jpa (B (@k) — F(Th41)) /i1 Pk i1 (Tk [Tk A
This is equivalent to
Vi1 (1) = E[(F (Xk) — B (Xnt1)) /i1 [ X1 = T,
with (Xy, Xg41) ~ p(x, xk41). Hence, we get that
bitpy = arg minyey o (ga pay Epp - [10(Xp41) — (FF (Xk) — FH (X)) /w112,
which concludes the proof. O

In practice, neural networks bgn (k, x) = b}(x), and fon (k,x) =~ f’(z) are used. Hence, we sample
approximately from ¢"™ and p™ for any n € N using the following recursion:

X’:} = X]?"‘l + PYkJrlbﬁ”(k + 1’Xl?+1) + \/m22+17
X = X0 4 g1 for (B, XP) + V2012841,

with X ~ pgaa, X ~ Pprior-

S5.2.3 Discussion

We identify three variational formulas associated with Proposition 3, Proposition S22 and Proposi-
tion S23. In practice we discard the approach of Section S5.2.1 because it requires storing 2n neural
networks to sample from p", see (S55). Hence the algorithm requires more memory as 7 increases
and the sampling procedure requires O(nN) passes through a neural network. The approaches
described in Proposition 3 and Proposition S23 yield sampling procedures which only require O(N)
passes through a neural network and have fixed memory cost for any n € N. In practice we observed
that the approach of Proposition 3 yields better results. We conjecture that this favorable behavior is
mainly due to the architecture of the neural networks used to approximate By, ; and F*! which have

residual connections and therefore are better suited at representing functions of the z — x + ®(x)
where ® is a perturbation.

S6 Theoretical study of Schrodinger bridges and the IPF

In this section, we explore some of the theoretical properties of Schrodinger bridges and the IPF
procedure. Proposition 4 and Proposition 5 are proved in Section S6.1 and Section S6.2 respectively.

S6.1 Proof of Proposition 4

In this section, we prove Proposition 4. First we gather novel monotonicity results for the IPF
in Proposition S25, see Section S6.1.1. Then we prove our quantitative convergence bounds in
Theorem S30, see Section S6.1.2.

S6.1.1 Monotonicity results
We consider the static IPF recursion: 7° = y € &, and
72"t = argmin {KL(n|7*") : 7€ Py, m =11},
712 = argmin {KL(n|7*"*!) : 7€ Py, mo =10},
where 19,1 € Z(R?). We also consider the following assumption.

Bl. u is absolutely continuous w.r.t. o @ p1 and KL(vg ® v1|p) < 400. In addition, v; and p; are
equivalent for i € {0,1}.
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First we draw links between A1 and B1.
Proposition S24. A1 implies Bl with ;1 = po N

Proof. Since py > 0 we get that py and pyrior are equivalent. Hence ji; and vy are equivalent and
to = vp. Let us show that p is absolutely continuous w.r.t. po ® p1, i.e. that pg n is absolutely
continuous W.r.t. Pgaa ® pa. Since py > 0 we get that pg v is absolutely continuous W.r.t. Pgaa @ PN
with density pyo /pn . Finally we have

f(Rd)Q IOg(pdata(xO)pprior(xN)/(pdala(xO)me(xN|x0)))pdata(xO)pprior(l'N)d‘TdeN
= Jmay2 108(Pprior (7 ) /P |0 (N 0) ) Paata(%0) Pprior (23 ) dzodz v
S |H(pprior)| + fRd |10gpN|0(xN‘xO)‘pdata(xO)pprior(xN)dede < +oo

which concludes the proof. O

In this section we prove the following proposition.

Proposition S25. Assume Bl. Then, the IPF sequence is well-defined and for anyn € Nwithn > 1

we have
KL(7" ") < KL(7" " '|7"),  KL(z"|z"T') < KL(#x" |z ). (S58)

In addition, the following results hold:

(a) (|7 — 7| rv)nen and (J(7" L, 7™)),en are non-increasing.

(
(b) (KL(7?"1|72")),en and (KL(72" 2|72+ 1)), e are non-increasing.
(K

(c)

(d) (|73 — vy || vy )nen and (||73" — vo|lTv ) nen are non-increasing.

L(73" 1)) nen and (KL(72"|v0) ) nen are non-increasing.

First, we show that under B1, the IPF sequence is well-defined and is associated with a sequence of
potentials.

Proposition S26. Assume Bl. Then, the IPF sequence is well-defined and there exist (a,)nen and
(b )nen such that for any n € N, ap, by, : R — (0, +00) and for any z,y € RY
(dr*" ! /d(po @ 1)) (2, y) = an(x)h(z, y)ba(y) (859)
(dr*" 2 /d(po @ p11)) (@, y) = ans1 (@) A2, 9)bn (y),

and

vo(x) = any1(x) fa A (y)dpi(y), Y) Jga Pz, y)an(z)dpo(x),  (S60)
where v; = dv; /du; fori € {07 1}.

Proof. First, we show that the IPF sequence is well-defined. Note that 7! is well-defined since
KL(vg ® 11|p) < 400. Assume that {r¢}7_, is well-defined. Using (Csiszdr, 1975, Theorem 2.2)
we have

KL(vp ® 11|p) = KL(vp @ i |7") + S0y KL(H17t).

In particular, KL(vg ® v1|7") < 400 and 7"+ is well-defined. We conclude by recursion.

Using (Csiszar, 1975, Theorem 3.1) and B1, there exists (Bn)neN such that forany n € N, b,, : R% —
[0, 400) and for any z,y € A, (dr?*t1/dx?")(z,y) = b,(y) with A,, € B(R%), 7(A,,) = 0 for
any 7 such that 7; = v and KL(7|7?") < +o0. In particular we have (1y®v1)(A,,) = 0. Since v; is
equivalent to p; for any ¢ € {0,1} we have (uo ® p1)(Ay,) = 0. Similarly, there exists (@, )nen such
that forany n € N, @,, : R? — [0, +00) and for any x,y € B,,, (d72"+2/dn?" 1) (2, y) = @ny1(2)
with B,, € B(R?) and (0 ® 11)(B,,) = 0. As a result, there exist (a,)nen and (b, )nen With
an : RY — [0, +00) and b, : R? — [0, +00) such that for any n € Nand z,y € R?

(dm®™ 1 /d(po ® 1)) (2, y) = an(@)h(z, y)ba(y)
(A7 2 /d (o @ 1)) (2, y) = any1(2)h(z,y)bn(y),
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where h = du/d(po ® 1) and ag = 1. In addition, setting b_; = 1, we have for any =,y € R?,

(dr%/d(po ® p1))(x,y) = ao(x)h(z,y)b_1(y).

Using that v; is absolutely continuous w.r.t. p; fori € {0,1} with density v; : R? — (0, +00) we
get that for any 2,y € R? and n € N

vo(x) = apyr(x fRd (y)dui(y), v f]Rd z,y)an(z)dpuo(z).
Since vg, v1 >Oforanyn€N, an,bn > 0. O

Note that the system of equations (S60) corresponds to iteratively solving the Schrédinger system,
see Léonard (2014b) for a survey. In addition, (S60) has connections with Fortet’s mapping (Léonard,
2019; Fortet, 1940).

In the rest of the section we detail the proof of Proposition 4. We start by deriving identities between
the marginals of the IPF and its joint distribution both w.r.t. the Kullback-Leibler divergence and
the total variation norm in Lemma S27. Second, we establish that (||[7"*! — 7"|| Ty )nen is non-
increasing in Lemma S28. Then, we prove (S58) in Lemma S29. We conclude with the proof of
Proposition S25.

Lemma S27. Assume B1. Then, for any n € N we have

lr2ntt — 2oy = 73 = villeyv, 72— 22y = (gt = vy (S6D)
In addition, we have
KL(7?"| 7?1 = KL(7"|v1), KL(r*" w2 t2) = KL(73" ). (S62)

Proof. We divide the proof into two parts. First, we prove (S61). Second, we show that (S62) holds.

(a) We only show that for any n € N we have |72t — 72"||1y = |7 — v1]|7v. The proof that

for any n € N, ||72"+2 — 7274 || 1y = [|72" ! — yg||py is similar. Let n € N. Using (S59) and
(S60) we have
|72+ — 72 ey = fgaye (b ( ) = bn1(y)| an(@)h(z, y)dpo(x)dp (y) (S63)
= Jpa 11 = bp—1(2)/bu ()| dra (y).
In addition, we have that for any A € B (Rd)
T A) = Faan )b () )0 ()1 9) = s /) () ().

We get that for any y € R?, (dn?" /dv1)(y) = (bn—1/bn)(y). Hence, using (S63) we get that
73" = villry = [pa 11 = an(@)/ans1 (@) dro(a) = 7"+ — 727 py.
(b) We only show that for any n € N we have KL (72" |27 1) = KL(7$"|v). The proof that for

any n € N, KL(72" ! |727+2) = KL(72" " |vp) is similar. Let n € N. Using that for any 2,y € R?,
(dn?™ /duy) (y) = bn—1(y)/bn(y) and that (d7?" 1 /d7?™)(z,y) = bu(y)/bu_1(y) we have

KL(*" [w"1) = = [palog(ba(y)/ba-1(y))dni" (y) = KL(7F"|11).

This concludes the proof.

Lemma S28. Assume B1. Then (|71 — 7| v )nen is non-increasing.

Proof. We only prove that for any n € N with n > 1, ||72" 1 — 727||py <[22 — 727~ Y|y The
proof that for any n € N, [|72"2 — 727+ |ty < |72 — 7271y is similar. Let n € N with
n > 1. Similarly to the proof of Lemma S27 we have that

I =72 oy = fpa 11 = bn1 () /b ()] dva (y) = Jpa b2 (9) = 0221 ()] b (w)din (9)-
(S64)
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In addition, we have that for any y € R¢

10,24 (1) = b ()] < 017t (1) Sa P2 y) lan—1 () — an ()| dpso ().

Combining this result and (S64) we get that

72" — 72 oy < fra |07 21 (1) = 07 (0)] b1 (w)dea ()
< Jigay: lan(@) = an—1(2)| Mz, y)bn-1(y)dpo(z)dp (y)
< Jpall = ana(z )/an o) dvg(z) < |72 — 72" H|py,

which concludes the proof. O

Lemma S29. Assume Bl. Then for any n € N withn > 1 we have

KL(7x" " 7x™) < KL(7" " t|7™), KL(7"|x" ™) < KL(7"|7"1).

Proof. Using Lemma S27 and the data processing theorem (Ambrosio et al., 2008, Lemma 9.4.5) we
get that forany n € N

KL(7?" |02t = KL(73"1y) < KL(7*" |72,
Similarly, we get that for any n € N, KL(72"+1|727+2) < KL(7?"*1|7?"). Hence, we get that for
any n € N, KL(7"|7"+1) < KL(7"|7"~1).

2n+1

In addition, using that for any n € N with n > 1 and =,y € R?, we have that 7; = v; and

(d7r2"+1/d772")(x y) = bn(y)/bn_1(y) we get for any n € N withn > 1

KL(r?+72m) = — [0, 1og(bn—1(y) /by (y))dvi (y). (S65)

Using Jensen’s inequality we have for any n € N

—log(bn—1(y)/bn(y)) < —log (fRd sY)an(z dNO T /fRd T,y)an—1 (v )d,uo(x))
§ 10g (fRd an )/an—l(x))h(xay)an 1 o y /fRd X y Ap— 1( )dILLO(x))
< = Jpalog(an(z )/an—l(ir))bn—l(y)h(%y)an—l(w)/vl( )dpio ().

Combining this result, (S65), Fubini’s theorem and that for any n € N withn > 1 and z € R4,
(Ar3™ /dwy) (%) = an—1(x)/an(z) we get that for any n € N with n > 1

KL(m?"r?") < f(Rd)z log(an—1(2)/an(z))an—1(x)h(x, y)br—1(y)dpui (y)duo(z)
< Jipay 1og(an—1 (@) /an(2))(an-1(2) /an(2))dvo(z) < KL(75" 1)

Using Lemma S27 (or the data processing theorem) we get that for any n € N with n > 1,
KL(7?" Y 727) < KL(72"~Y72"). Similarly, we get that for any n € N, KL(72"+2|x?n+1) <
KL (72" |7x?"*1), which concludes the proof. O

‘We now turn to the proof of Proposition S25

Proof. First, (S58) is a direct consequence of Lemma S29. Using Lemma S28 we get that
(J]7™"+t — 7| v )nen is non-increasing. Since for any 19,71 € Z(RY) we have J(ng,n1) =
(1/2){KL(no|n1) + KL(no|n1)} and using (S58), we get that (J(7,4+1, ) )nen is non-increasing
which proves Proposition S25-(a). Proposition S25-(b) is a straightforward consequence of (S58).
Proposition S25-(c) is a consequence of Lemma S27 and Proposition S25-(a). Finally, Proposi-
tion S25-(c) is a consequence of Lemma S27 and (S58).

Note that we also have that for any n € N, (KL(72"|72" 1)), cy and (KL(7?" 1| 72n+2)),, o are
non-increasing.
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S6.1.2 Quantitative convergence bounds

In this section we prove the following theorem.

Theorem S30. Assume Bl. Then, the IPF sequence (1™),en is well-defined. Then, the following
hold:

(@) Ty, oo n'/2 {[|7g — vollvy + |77 — v1lrv} = 0.
(b) lim, 400 n {KL(7{|vo) + KL(n}|v1)} = 0.
We begin with Lemma S31 which is an adaption of (Ruschendorf et al., 1995, Proposition 2.1). Then

we state and prove Lemma S32 which is a classical lemma from real analysis. Combining these two
lemmas and the monotonicity results from Proposition S25 conclude the proof.

Lemma S31. Assume Bl. Then, (7")ycn is well-defined and we have Y, . KL(7"|7") < +oc.

Proof. The sequence is well-defined using Proposition S26. In addition, using (Csiszar, 1975,
Theorem 2.2) we have for any n € N

KL(r*[n%) = KL(x*|x") + Y08 KL(r"+1]mk),
which concludes the proof. O
Lemma S32. Let (¢y)nen € [0, +00)"
limy, 400 cnn = 0.

a non-increasing sequence such that > cn < 400. Then

neN

Proof. Lete > 0 and ng € N such that for any n > ng, Z::; cx < e. Letn € Nwithn > 2n,.
Note that n — ng > n/2 > ng. Therefore we have € > (n — ng)c, > (n/2)c,. Hence, for any
n € N with n > 2ng, ¢,n < 2¢, which concludes the proof. O

We now conclude with the proof of Theorem S30.

Proof. Since (KL(7?"H1|72")),en and (KL(72" 2|72 +1)), oy are non-increasing by Proposi-
tion S25, using Lemma S32, we get that

lim n{KL(7y|vo) + KL(7T 1)} = 0.

n—-+oo

We conclude upon using Pinsker’s inequality (Bakry et al., 2014, Equation 5.2.2). O

S6.2 Proof of Proposition 5

Similarly to Section S6.1, we consider the static IPF recursion: w0 = u € Py and
72"t = argmin {KL(n|7*") : 7€ Py, m =11},
72 = argmin {KL(n|7*"*!) : 7€ Py, mo =10},
where vy, v; € Z(R%). We recall that in this context if the Schrodinger bridge 7* exists it is given

by
7% = argmin{KL(w|u) : m € P, mg =1y, 1 = V1}.

In this section, we prove the following proposition which directly implies Proposition 5.

Proposition S33. Assume Bl and denote h = dy/(dpo®@pu1). Assume that h € C(R4xR?, (0, +0o0])
and that there exist o, ®1 € C(R?, (0, +00)) such that for any z,y € R?

h(z,y) < ®o(x)®P1(y), and
Jraga([log h(zo, 21)] + [log @o(20)] + [log @1 (x1)|)dpo(wo)dps (21) < +o0. (S66)

Then there exists a solution T* to the Schridinger bridge. Assume that the IPF sequence satisfies
lim, 4 oo |7 — 7| vy = O with ™ € Py. If u is absolutely continuous w.r.t. w*° then 7° = 7*.

We begin with an adaptation of (Riischendorf and Thomsen, 1993, Proposition 2).
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Proposition S34. Let p € P4 and assume that y is absolutely continuous w.rt. g @ py. Let
(an)nen and (bp)nen such that for anyn € N, a,, : R? — (0,+00) and b, : R? — (0, +00).
Assume that there exists ® : (R%)? — [0, +00) and A € B(R?) @ B(R?) with j(A) = 1 such that
Sorany (z,y) € A

ET an (7)bn (y) = ®(z,y).

Then, there exist a : RY — [0, +00), b: R? — [0, +00) and B € B(R?) @ B(R?) with u(B) = 1
such that for any x,y € B

O(r,y) = a(@)bly),  or B(z.y) =0.

Proof. LetA = {(z,y) € (R)? : ®(z,y) =0}and A, = ANAand A, = A°NA. If A, = ), we
conclude the proof. Otherwise, let (g, o) € Ay. Let Co, C; € B(R?) @ B(R?) be given by
Co={zeR?®: lir+n al (z) = a°(x) exists and a° (z) > 0}, (S67)

n—

C={yecR?: Hrf b2 (y) = b°(y) exists and v°(y) > 0},

where forany n € Nand z,y € RY, a0 (z) = an(x)/an(xo) and b0 (y) = bu(y )an(mo) which is
well-defined since for any n € N, a,,(xg) > 0. Note that zzy € C 0a 9 and that yo € CJ. If A, € CJ x CY,
we conclude the proof. Otherwise, let (z1,y1) € A, N (CY x C9) and define

Ct={zeR?: lim al(z) = a'(x) exists and ' (z) > 0},

Ci={yeRy: lim b.(y) = b'(y) exists and b' (y) > 0},

n—-+oo

where for any n € N and 2,y € R% al(z) = a,(2)/an(z1) and bl (y) = bu(y)an(x1),
which is well-defined since for any n € N, a,(x;) > 0. Note that C; N C} = () and
CY N C} = 0. Indeed, if there exists z € CJ N C}, then a®(z) = lim,,_s 4 o0 an(x)/an(xo) > 0 and
at(z) = lim, s 1 o an(x)/an(z1) > 0 exists. Therefore lim,, o0 an(71)/an (o) > 0 exists and
1imy, 400 b (y1)an (z0) > 0 exists. Hence (z1,y1) € CJ x C{ which is absurd. Similarly, if there

exists y € CY N C{ then (x1,y1) € C§ x CJ which is absurd. Hence, we consider T : A, — 2(R)?
such that for any (z,) € Ay, T(z,y) = C{™*) x C{"), where C"¥ x C!{*'%) is constructed as in
(S67) replacing (zq, yo) by (2, ).

Consider a well order on (A, <), which is possible by the well-ordering principle (Enderton, 1977,
p. 196). For any (z,y) € R% let ALY = {(2',/) € (R)? : (2/,y/) < (x,y)}. Using the
transfinite recursion theorem (Enderton, 1977, p. 175) there exists f : A, — {0,1} such that
for any (z,y) € A, if there exists (/,y') € (R?)? such that (z/,y) < (z,9), f(z',y') = 1
and (z,y) € T(z',y') then f(z,y) = 0 and f(z,y) = 1 otherwise. Let I = f~1({1}). Let
(z,y), (2',y) € I with (z,y) # (2',y') then for (z,y) < («’,y’) for instance. Since f(z,y) =

f(@’,y") = 1 we have that (Céx’y) X ng’y)) N (C(()x/’y/) X C(lx/’y/)) = 0. Let (z,y) € Ap. If
fla,y) =1 then (, y) S C (2:9) 5 (") If f(x,y) = 0 then there exists (2, y’) < (z,y) such that
(z,y) € C(()w/ x C{"¥)_ Therefore, we get that {C@¥) = (C{"¥ x C"¥)nA, : (2,y) € I}
is a partition of Ay.

Since ;(Ay) < 1,and {C(*¥) = (C(()I’y) X Cﬁ”’)) NAy : (z,y) € I} is apartition of A,, we get that
J = {C@Y : (zy) € I, 1o(CE )y (C1Y)) > 0} is countable. Denote A, = U(z,)es C@Y).
Let us show that p(AS N A,) = M(U(mﬁy)GmJCC(’”’y)) =0. Let x € R? and define D, = {y € R? :
(z,y) € Ay NAS}. If D, is not empty, then there exists (z,y’) € I such that x € C((f/’y/). Then, for
anyy € D,y € Cg'xl’y/). Hence, (2/,y") € I N J° by definition of D, and p1(D,) = 0. We get that

(A NAS) = Jpa( fD (z,y)dpa(y))dpo(z) =0,

where h is the density of u w.r.t. uop ® 1. Note that this is the only instance in the proof, where we
use that  is absolutely continuous w.r.t. pig ® 1. For any (z,y) € A. define for any n € N

(@) = (o yyes Leoron @as (@), ba(y) = Eior e Lo @B ().
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There exist a,b : R — (0,+00) such that for any (z,y) € A, lim, ;o0 an(z) = a(z) and
limy,—s 400 b, (y) = b(y). In addition, for any (z,y) € A, an(x)by(y) = Gn(x)by(y). Hence, for
any (z,y) € A, ®(z,y) = a(x)b(y). Since A, N A, = and pu(A.) = u(Ap), we have

)

1AL + (A = p(Aa) + p(Ay) = p(A) = 1.
We conclude the proof upon remarking that for any (x,y) € A,, ®(z,y) = 0 and for any (z,y) € A,

O(x) = a(x)b(y). O

In what follows we prove Proposition S33.

Proof. Since lim,,_, 4o |7 — 7°||v = 0, there exist A with (A) = 1and @ : (R%)2 — [0, +00)
such that, up to extraction, for any x,y € A

lim a,(z)b,(y) = ®(z,y),

n—-+oo

and (d7>°/dy) = ®. Using Proposition S34, there exist a,b : R? — [0, +00) and B with
7°(B) = 1 such that for any x,y € B, (d7*°/du)(z,y) = a(x)b(y). Since u is absolutely
continuous w.r.t. 7>, we get that for any =,y € R%, (d7*° /d(uo @ p1))(x,y) = a(x)b(y)h(z,y).
In addition, the Schrédinger bridge 7* € &2 ((Rd)Q) exists, see (Riischendorf and Thomsen, 1993,
Theorem 3), and there exist a’, b’ : R? — [0, +00) and B’ with x(B’) = 1 such that for any =,y € B’

(dm*/d(po ® p1))(x, y) = a ()b (y)h(2,y).
Let .74« be the space of non-negative product measures over B(R%) @ B(R?). Let ¥y, : Ay x —
M+ be given for any A = X\g ® A1 € A4 x by ¥;,()\) = U where for any A, B € B(R?)
U3 (A % B) = ([, pa h(@, y)dNo(2)dN1 (2))( [ g h(@, y)d Ao ()dA1 (y))

where for any x,y € R?, h(z,y) = h(z,y)®, ' (z)®; (y). Note that h € C(R? x R%, [0, +00))
and is bounded. Hence, using (Beurling, 1960, Theorem 2) and (S66) we get that ¥y, is a bijection.
Let A = (a®opig, bP1 1) and N = (a’'Popg, b’ P1p1). Then, since 7F = 7f° = v; fori € {0,1} we
get that ¥, (\) = ¥, (\). Hence A = ) and 7°° = 7* which concludes the proof. O

In Proposition S36 we derive an alternative proposition to Proposition S33. We start with the following
lemma.

Lemma S35. Let n* € P with i} = v; fori € {0,1}. Assume that KL(7*|u) < +o0 and that
LY(vp) @ LY (1) is closed in L' (7*). In addition, assume that there exist a,b : R — [0, +00) and
A with 7 (A) = 1 such that for any (x,y) € A,

(dr*/dp)(z,y) = a(z)b(y).
Then w* is the Schrodinger bridge.

Proof. Since KL(7*|p) < 400 we have that
Jigay: Nog(a(@)b(y))| dm* (x,y) < +o0.
Using (Kober, 1939, Theorem 1) and that 7} = v; for i € {0, 1}, we get that
Jpa log a(@)| dvo(z) + [ga llog b(y)| dr(y) < +o0. (S68)

Let 1 € PP such that m; = v; fori € {1,2} and KL(w|u) < +oo. Using (S68), we have that
f(Rd)Q [log((dn*/du)(x,y))|dn(x,y) < +oo. Hence, (dn*/du) > 0, w-almost surely. Using this

result we have for any A € B(R?)
(&) = s L) (dr* ) (2) (dr* ) ()~ ()
= Jpa La(@)(dr* /dp) (z) (dn* /dp) () 7 (drr /dp) () dps(a)
— o L) () () (k) ()l ().
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Hence we get that drr /d7* = (dr/dp)(dn* /du)~L. In addition, we have that
KL(m*|p) = Jgalog(a(x))dvo(x) + [ralog(b(y))dvi(y) = [igay. log((dm*/dp) (2, y))dn(z, y).
We get that

KL(r]%) = fi log((dm/da) (d* /i) (z, y) ) (, ) = KL(lpe) — KL (|10,

Hence, KL(7|u) > KL(7*|u) with equality if and only if 7* = . Therefore, 7* is the Schrédinger
bridge. O

The following proposition is an alternative to Proposition S33.

Proposition S36. Assume Bl. Then there exists a solution 7 to the Schrodinger bridge. Assume that
the IPF sequence ("), en satisfies lim,,_, ;o |77 — 7|1y = 0with 7> € Po. If L (vp) ®L (1)
is closed in L' (™) then m>° = 1*.

Proof. Since lim,,_, o ||7" — 7°||7v = 0 there exist A with u(A) = 1and ® : (R%)? — [0, +-00)
such that, up to extraction, for any x,y € A

Jim an(2)ba(y) = (x,y),
and (d7*°/dp) = ®. Using Proposition S34, there exist a,b : RY — [0,+00) and B with
7°°(B) = 1 such that for any z,y € B, (dn°°/du)(x,y) = a(x)b(y). We conclude upon using
Lemma S35. O

S7 Geometric convergence rates and convergence to ground-truth

In this section, we derive geometric convergence rates in Section S7.1 in a Gaussian setting. In
particular, we provide an explicit upper-bound on the convergence rate that depends only on the
covariance of the reference measure and the target. In Section S7.2, we show that DSB (with
Brownian reference measure) converges towards the Schrodinger bridge in a Gaussian setting where
the ground-truth is available. In Section 4 we show that our implementation actually recovers the
Schrodinger bridge in this setting.

S7.1 Geometric convergence rates

In the following proposition we show that we recover a geometric convergence rate in a Gaussian
setting and derive intuition from this case study. We set N = 1 and assume that for any g, zny € R?
we have

p(x0, zN) o exp|— [[o||* + 20 (o, xx) — [|lzn|],
with a € [0, 1). In this case assume that there exists § > 0 such that the target marginals are given
for any o,z € R by

2 2
pdata(xo) X exp[fﬂ ||1:0|| ]7 pprior(l'N) X eXp[*ﬂ HxNH ]

Proposition S37. Let o € (0,1) and 8 > 0. Then the Schrodinger bridge 7 exists and there exists
C > 0 (explicit in the proof) such that for any n € N, KL(7*|7") < Ck?", with k < 1 given by
k= p/(1+p) and p = 2a/ % In addition, ™ admits a density w.r.t. the Lebesgue measure denoted
p* and given for any z,y € R? by

p*(x,y) = exp[—y* || + 2a(z,y) — v WlI*]/ Jpa exp[=7*2]* + 2a(z,y) — *|lyl|*]dzdy,
with v* = (8%/2)(1 + (1 + 4a?/82)1/2).

Remark that if 32 = 1 — o? then v* and p* = p, i.e. the IPF leaves u invariant. Note that the
performance of the IPF improves if  is close to 0, i.e. if p = 2/ 32 is close to 0. This is the case if
« ~ 0 (the marginals are almost independent) or if 8 =~ 400 (the target distribution is close to ),
see Figure S1. This behavior is in accordance with the limit case where the marginals are independent
or one of the target distribution is a Dirac mass in which case the IPF converges in two iterations.
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Figure S1: Evolution of x? depending on o and /3.

Also, note that the convergence rate does not depend on the dimension but only on the constants of
the problem. In what follows we first derive the IPF sequence for this Gaussian problem and establish
that o controls the amount of information shared by the marginals. Then we prove Proposition S37.
In the rest of this section, we let ;1 € &5 with density p w.r.t. the Lebesgue measure such that for any
xg, 1 € RY

2 2 2 2
p(wo, 1) = exp[— [|wo|” + 20(wo, 1) — |21]I"]/ [ga exp[— [lzolI” + 2a(z0, 1) — [|l21]|"]dzodas.
We have that  is the Gaussian distribution with zero mean and covariance matrix 3 such that

m=en-a) ().

We have that det(2) = 22¢(1 — o)~ using Schur complement (Petersen et al., 2008, Section 9.1.2).
Hence we get that for any x¢, z; € R?

plao 1) = (1L = a?) 2 expl— ao||”* + 2a(zo, 21) — |21

In what follows, we denote C' = 7%(1 — a?)~%/2. Similarly, we get that 1o = 1 and that they admit
the density pg w.r.t. the Lebesgue measure given for any = € R? by

po(x) =2 (1 = a®) 2 exp|— [lz]* (1 — a?)].

In what follows, we denote Cy = %/2(1 — a?)~%/2. In this case note that  admits a density w.r.t.
o @ py given for any zg, z; € R? by

h(zo, 1) = (dp/d(po @ ) (o, 21) = (1 — a®) 42 exp[—a® [lao||* = 20 (o, 21) — o [|1 ]| ).
Remark that pyrior = Paaa = ¢ With for any z € R, g(z) = 7t~ %4/23%/2 exp[—3 || z||*]. We have for
any x1, zg € R?

prpo(@1lao) = p(zo, 21)/po(wo) = 72 (1 = a®)¥2 exp[—a® [|zo | + 2a(zo, w1) — [l1]|].

Hence, we have that A1 holds and the IPF sequence is well-defined and converges using Proposition 5.
In what follows we start to show that o controls the amount of information shared by the two
marginals pg and pi1, i.e. the mutual information. More precisely we have the following result.

Proposition S38. For any o € (0,1) we have KL (1|10 @ p1) = —(d/2) log(1 — o?).

Proof. For any z,y € R? we have

(dp/(dpo ® du))(,y) = exp[—a?|lz||* + 2oz, y) — o®[ly[*)(1 — a®) =¥,
We have that
Jaaxpa(=a?llz]* = @2 [ly|* + 2a{z, y))dp(z, y) = 0.
Hence, KL(p|po @ p1) = —(d/2)log(1 — o?), which concludes the proof. O

32



In what follows, we denote by (7™),en the IPFP sequence, defined for any n € N we have for any
x,y € RY

(dn?"/dp)(@,y) = an(@)bu(h(z,y),  (@x?TH/dp)(@,y) = ans1(2)bn(y)h(z,y),
where for any z, y € R?
an+1( ) dVO/d,UO (fRd )d:ul( )) 1’

b1 () = (dvr/dpn)(y) (fpa +1($)duo(l‘))
We now turn to the proof of the Proposition S37.

1

Proof. Leta € (0,1) and 3 > 1. We have for any z,y € R?

(dvo/dpo)(z) = exp|(1 — % — a?)|z[?] /Cs, (d1/dp)(y) = exp[(1 = B2 —a®)|[y[*]/Cs,
with Cy = C /Cy with C; = %2342 For any z € R? and v > 0 we have

-1
(dvo/dpio) (@) ( fia expl— 1yl "Il ) s (v) )

= (CoCo) " expl(1 ~ 2 — a2) o] (Ja expl— 0]1* ~ 1y — az|*)dy) "
= (CoCa) ' Cexpl(1 - 82 = a?) |la]*]

% (Jra expl=(y + 1) ly = a/(y + Da|* = a2(1 = 1/(3 + 1)) el *}dy)
= (CoCa) ' Cexpl(1 = B2 — o + a2/ + 1)) ]

-1
% (s exp[—(y + 1) lly = @/ (y + D)y

= (CoCaC,) ' Cexp((1 = 5% — a® /(v + 1)) |||,
with C, = 7%2(1 + ~)~%2. Note that ag = by = 1. Let n € N and assume that for any y € R
b (y) = exp[—7an ||y]|°]/Can With 72, > 0 and Cs,, > 0 then we have for any z € R¢
n12(2) = (CoCaCr, ) C i expl—(1- 57— (yan +1) [2l] = expl—rnss 2]/ Consr,
with _

Yoni1 = B2 =140 /(20 + 1), (CoC2Cy,,)/(CCay) = Capp1. (S69)

Similarly, if we assume that for any z € R? a,, 11 () = exp[—y2n11 ||a:H2]/C’2,,L+1 with Y41 > 0
and Cs;,41 > 0 then we have for any y € R4

anrl(y) = (COC2éW2n+1)_1(CC2n+1) exp[—(l - ﬁQ - a2/(’72n+1 + 1)) ||yH2]
= exp[—2n+2 ||y\|2}/02n+27
with
Yong2 = B2 = 14 02/ (Yant1 + 1), (CoC2Cl,,i1)/(CCon41) = Canyoa.

Combining this result, (S69) and using the recursion principle we get that for any n € N

ant1(2) = exp[—van1 [|2]%]/Cons1, b i1(y) = expl—yansa [y]1*]/Conyo-

The recursion can be extended to ag and by by setting v_1 = 79 = 0 and C_; = Cy = 1. Therefore,
for any n € N we have

Vi1 = B2 =1+ %/ (v +1). (S70)
We now study the convergence of the sequence (7, )nen. By recursion, we have that for any k, ¢ € N,
if v > 7y, then for any m € N with m even we have v, 1t > Vim+e¢ and for any m € N with m odd
we have V46 < Vm+e. We have 79 = 0 and

=8+’ -1, p=p"-1+a"/(+a7). (S71)
We divide the rest of the proof into three parts.
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(a) First assume that 32 > 1 — a?. Using (S71) we have that «; > o and 72 > o. Therefore, we
obtain that (2, )nen is non-decreasing, that (vs2,,+1)nen is non-increasing and that for any n € N,
0 < Y2n < Yont1 < 1. Therefore, (v, )nen converges and we denote v* its limit. We have
v* = B2 —1+a?/(y* +1). Hence, v* is aroot of X2 + (2 — %)X + 1 — a® — 2. We get that
¥ =15 ory* =17 with

W=B22-1—(1/2)(8 +4a®) /%, A =22 -1+ (1/2)(8" +4a*)'/?,

7&, 77 are non-decreasing function of 3. We get that for any 3 > 0 such that 3% > 1 — a2, v§ < 0.
In addition, we have v; = 0 for 52 = 1 — o2, hence for any 3 > 0 such that 82 > 1 — o2, v} > 0.
Since v* > 0 we have

= =14 B2/2+ (1/2)(B* + 4a?)V/2, (S72)

For any n € N, denote &, = ~v,, —v* and 7 = v* + 1. Lete > 0. Since lim,,_, o &, = 0, there
exists ng € N such that |£,| /7 < . Using (S70), we obtain that for any n € N

[Enr1l = 21/ (7 + 1) =77 = (o®/7)[1 = (&/7 + )7 < (a/7)?[€al /(1 = 2).
Hence, we get that for any £ € (0, 1), there exists C. > 0 such that for any n € N
[€al < Cer™, 5= (af(7(1 - €))%
Note that 7 > « using (S72) and k € (0,1) ife <1 — a/7.
For any n € N and z,y € R? we have
O (2,y) = an 41 (@)bn11(y) = exp[—y2ni1 12> = Y2n+2 11%)/(C2nt1Can2)
= exp[—=rznt1 [l* = Y2ns2 9117)/(CCssin)s
with C' = CyCy/C. Therefore we obtain that for any z,y € R, ®*(z,y) = lim,_, o0 Ppn(z,7)
exists and we have ) .
% (z,y) = exp[—y" [|z[|” = v [y[I]/(CCy+).
Using this result we get that for any z,y € R¢
2 2
(dr*" /dn*) (2, y) = exp[~Eznt1 [|2]I° = E2ns2 [[Y71Cy /Crppin
2 2 —d/2
= exp[—ansr [l2ll” — oz [19)*] {1+ 72n0) /(L + 7)) ™
—d
= exp[—&ant1 [|l|* = Eonsa [9]°] {1+ Eanpr /(1 + 7)) 2.
Therefore we have for any z,y € R?
log ((dm®" /dm*)(w,9)) < |&antal [l + S2nt2l 1911 + (@/2) [log (1 + g1/ (1 + 7))
2 2
< [&ansal 12”4+ [Sanval [yl™ + (4/2) 1€2n 1] -
Therefore we obtain that for any n € N
KL(w*[7") < (d/2)(87% [2nt1| + B7% [€2nral + [€2nta)-

A similar inequality holds for KL(7*|7™). Therefore we get that for any ¢ € (0,1 — «/7) there
exists C; > 0 such that for any n € N we have

KL(7*|7") < C.k2",
with
ke = af (T(1—2)'/?) = (20) /(8 + (B* +4a®)'/?)(1 —£)'/?)
<p/((L+ 1+ pH)2) (1 —2)').

Lete < 1— (14 p)/(1+ (14 p?)'/?). Then we get that . < x which concludes the first part of
the proof.

(b) If 32 = 1 — o2 then the IPF is stationary since the IPF leaves p invariant.

34



(c) Finally we assume that 32 < 1 — . Using (S71) we have that v; < 7o and 2 < 7 since 32 <
1 — o?. Therefore, we obtain that (y2,, ),en is non-increasing, that (Y2,,11)nen is non-decreasing
and that for any n € N, 0 > 72, > Y2n+1 > 71. Therefore, (v, )nen converges and we denote +* its
limit. We have v* = 32 — 1 +a?/(y* + 1). Hence, y* is aroot of X2+ (2 — f2)X +1 —a? — 52
We recall that the two roots of this polynomial are given by
W=82/2-1-(1/2)(B* + 402, Af =B%/2 -1+ (1/2)(8* + 40%)'/2
We have
=75 =p0%+a?—1-p32/2+1—(1/2)(B* + 4a?)/?
= (1/2)(8? + 202 — (B* + 4aH)1/2) > 0.
Since 3 > v; we get that for any n € N with n > 3, vy, > 73 > 7. Therefore v* > 7 and then

* = ~%. The rest of the proof is similar to the case where 32 > 1 — a?.

O

S7.2 Convergence to ground-truth

In this section, we provide an analytic form for the Schrédinger bridge in a Gaussian context. Let
v be the d dimensional Gaussian distribution with mean —a (with ¢ € R?) and covariance matrix
I € R4*4, Similarly, let 1 be the one-dimensional Gaussian distribution with mean a and covariance
matrix I. We consider the reference distribution 7% such that 73 = 1 and for any z, y € R?

(dmf)o/dN) (2, ) = (2m) =2 exp[~[lo — y[|?/2],

where )\ denotes the Lebesgue measure on R. Note that ﬂ(flo can be obtained by running a d-
dimensional Brownian motion up to time 1. We consider the following Schrodinger bridge problem

7 = argmin{KL(x|7%) : 7 € 2(R*), 19 = vy, m1 = 11} (S73)
Before giving the analytic solution of the SB problem we consider the following algebraic lemma.
Lemma S39. Let A € R™¥? and

() (a4

such that M is symmetric and positive semi-definite. Then det(M) < det(M*®).

-
Proof. Let M"P = M and M down _ (i AI > Since M"P is symmetric and real-valued, M"P is

diagonalizable. Let -,y € R? and # > 0 such that M"P X = X with X = (z,y). Let Y = (y, ).
We have M"Y = Y. Hence M9°"™ is symmetric, positive semi-definite and det(M"P) =
det(M9°V™). Hence using that M + log(det(A)) is concave on the space of symmetric positive
semi-definite matrices we get that det(M"P) < det((M"P + M%) /2) = det(M*®), which
concludes the proof. O

Proposition S40. The solution to (S73) exists and 7* is a Gaussian distribution with mean m € R??
and covariance matrix ¥ € R24%2% where

1 1
m = (—a,a), E_<51 ﬂ1>,
where 3 = (—1 ++/5)/2 and 1 is the d-dimensional identity matrix.
Proof. The fact that 7* exists and is Gaussian is similar to Proposition S37. 7* has mean m since

7r = v,; for i € {0,1}. Similarly, we have that Xy = ¥1; = Isince 7} = v; fori € {0,1}. We
have that 70 admits a density p" with respect to the Lebesgue measure such that for any =,y € R we

have
P°(x,y) o< exp[—(1/2){2 [lz|* + [[yll* + 2(a, z) — 2(z,y) + [lal*}].
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Hence 7V is a Gaussian distribution with mean m° and covariance matrix 2° where

I I
0_ 0_
m? = (—a, —a), ¥ = (I 21) :

The Kullback—Leibler divergence between a Gaussian distribution 7, with mean 7 and covariance
matrix 3, and 7°, with mean m° and covariance X° is given by

KL(7|7%) = (1/2){log(det(X2°)/ det(X)) — d + Tr((EO)_l ) 4 (m —m°) T (EO)_l (m —mY)}.

Assume that 7 = (—a,a) and X = ( SIT ?) with § € R?*? such that ¥ is positive semi-definite .

Then we have _
KL(7|7%) = (1/2){—1log(det(X)) — 2 Tr(S) + C},

where C > 0 is a constant which does not depend on . In what follows, let Y =

I (S+5T)/2
(S+5T)/2 I
Using Lemma S39 we have

KL(7'|7%) = (1/2){—log(det(X')) — 2 Tx(S) + C}
< (1/2){—log(det(X)) — 2 Tr(S) + C} = KL(x|x°).

) and denote 7 the distribution with mean 7 and covariance matrix Y'.

Hence, we can assume that S = ST and therefore (since S is real-valued), S is diagonalizable. Let
{\i}L, the eigenvalues of S. Using Schur complements (Petersen et al., 2008, Section 9.1.2) we
have

det(2) = det(I — S2) = det(I — §) det(I + S) = [T, (1 — A2).

Therefore we have that for any A € (0, 1)
KL(n|n) = (1/2) SiL, f(B) +C, f(A) = —log(L =A%) — 2.

Hence we get that ¥ ; = SI with § = argmin; f, where I = (—1,0) U (0,1). We have that

f'(B) = 0ifand only if 3 = (—1 + v/5)/2 or B = —(1 + +/5) /2. We conclude the proof using that
Bel O

S8 Continuous-time Schrodinger bridges

In this section, we prove Proposition 6 in Section S8.1 and draw a link between the potential approach
to Schrodinger bridges and DSB in continuous time in Section S8.2.

S8.1 Proof of Proposition 6
We recall the continuous Schrddinger problem is given by

I1* = arg min {KL(IP) : T € 2(C), Mo = Pasa, U = Pprior}, T = Song Vhr1. (S74)

In this section, we prove Proposition 6. We start with the following property which can be found
in (Léonard, 2014b, Proposition 2.3, Proposition 2.10) and establishes basic properties of dynamic
continuous Schrédinger bridges.

Proposition S41. The solution to (S74) exists if and only if the solution to the static Schrodinger
bridge exists. In addition, if the solution exists and P is Markov then the Schrodinger bridge is
Markov.

We now turn to the proof of Proposition 6. First we highlight that (II"),,cy is well-defined since
its static counterpart (7, ),en is well-defined using Proposition S26. We only prove that for any
n € N, (II>"+1) % is the path measure associated with the process (Y;"*');c(o 7] such that Y5+
has distribution ppyrior and satisfies

Ay = (XFThdE + v/2dB;.
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The proof for 12"+ is similar. Let n € N and assume that IT" is the path measure associated with
the process (X?”)te[o,T] such that X2" has distribution pg,, and satisfies

dX?" = fr(X2")dt + v2dB,.

We have that
1?7+ = arg min {KL(I|I1?") : II € Z(C), 1 = pprior } -

Let ¢ = proj such that for any w € C, proj,(w) = wy. Using Proposition S18 we get that for any
IT € Z(C) we have

KL(II*") = KL [I7) + fou KL(K (2, )K" (z, ))dIl7 (),

where K and K2" are the disintegrations of IT and IT?" with respect to ¢. Therefore, we get that
2+l = ppriorKQ". Since KL(IT??|Q) < +o0 and II?" is Markov, Using (Cattiaux et al., 2021,

Theorem 4.9) we get that (I12")F = TI7K2" satisfies the martingale problem associated with the
diffusion

Ay = {—fr_,(Y?") +2Vlogph_,(Y?")} dt + V2dB,. (S75)
Since I = pyio: K2 we get that T2+ also satisfies the martingale problem associated with
(S75) and is Markov which concludes the proof by recursion.

S8.2 IPF in continuous time and potentials

First, we recall that the IPF (II"),,cn with I10 = P associated with (6) and for any n € N
12" ! = argmin {KL(II|II*") : 1T € 2(C), II1 = Pprior } »
I1?"*2 = argmin {KL(H|H2"+1) : e 2(C), Iy = pdala} )

In this section, we draw a link between our time-reversal approach and the potential approach in
continuous time. More precisely, we explicit an identity between the two in Proposition S42.

Proposition S42. Assume A1 and that there exist M € 2(C), U € C*(R4,R), C > 0 such that for
anyn € N, z € RY KL(II"|M) < 400, (x, VU(x)) > —C(1 + ||z||?) and M is associated with

dX, = —VU(X,)dt + v2dB;,
with Xq distributed according to the invariant distribution of (14). For any n € N, let
{0, 01 YLy such that for any t € [0,T], o7 : R4 - R, op° : RY — R, for any zg, zr € R?
90;"” (:L'T) = pprior(mT)/p%(xT)v 908’71(1'0) = pdala(xO)/pg+1(xO)v
and for any t € (0,T) and z; € R?
o " (@) = f@}’n(fET)P%t(me)dea o (@ = [og"t (o )dg); (zolze)do.
We have for anyn € N, t € [0,7T] and z; € R?

qi' () = pi(xe) 0" (24), P (@) = ) (me) o0 (20). (S76)

In particular, for any n € N we have

(a) (II2"+tV)E is associated with dY’Q""'1 bl t(Y2”+1)dt +v/2dB; with YQ""'1 ~ Ppriors
(b) TI?"+2 s associated with X" 2 = fPTH(X2"F2)dt + /2dB; with X2 ~ pyaa;
with for any x € R and t € (0,T)

fi(x) = flz) + 235, Vg " (x), bi(x) = —f(z) + Vg p) (z) +2>,_; Vlog %Zé%

Proof. We only prove that (S76) holds. Then (S77) is a direct consequence of (S76) and Proposition 6.
Let n € N. Similarly to the proof of Proposition S20, there exists 7" : R? — R such that for any

{wi}l, € C we have
(AP /dIP) ({weHoo) = 97" (wr). (S78)
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Note that as in Proposition 6, that for any s,t € [0, 7], Hgﬁ“ admits a positive density w.r.t the
Lebesgue measure denoted g , and Hi’i admits a positive density w.r.t the Lebesgue measure denoted
p% ;. Combining this result and (S78), we get that for any ¢ € [0, 7] and 2, 27 € R? we have

qu(xta rr) = p?,T(xtv xT)@?n(mT)-
We have that for any ¢ € [0, T
qe(ze) = P} (@) [ 7" (@r)pp (or|ed)dor = pi(ze) " (z).
The proof for that forany n € N, ¢ € [0, 7] and z; € R?, pi™(2;) = ¢ (1) 05" (¢), is similar. [

The link between the two formulations is explicit in (S76). Then, (S77) is a straightforward conse-
quence of (S76) and should be compared with Section S8.1. Another proof of Proposition S42 make
use of a generalization of (S76) to joint densities and use the fact that for any n € N, II"*! is a Doob
h-transform of II" (see (Rogers and Williams, 2000, Paragraph 39.1) for a definition). Note that this
relationship between the potential and the density of the half-bridge is not new. In particular, a similar
version of this equation can be found in Bernton et al. (2019). In Finlay et al. (2020), the authors
establish a similar relationship in the case of the full Schrodinger bridge.

S8.3 Likelihood computation for Schrodinger bridges

We provide here details on the likelihood computation of generative models obtained with Schrodinger
bridges. Under the conditions of (Léonard, 2011, Theorem 4.12), we define (X7 );¢[o,7) the diffusion
associated with IT*, see (S74) as well as its time reversal, (Y ):e[o, 7. There exist f*,0* : [0,T] x
R% — R such that (X})¢ejo,7) and (Y7 )¢ejo,7) are weak solutions to the following SDEs
dX; = fA(X})dt +V2dB,,  dY; = b5, (Y;)dt + V2dB,.
We assume that for any ¢+ € [0,7] there exists p; : R? — R, such that for any z € R,
(dIly /dA\)(z) = p;(x). In addition, we assume that p* € C*°([0,7] x R4 R,). In this case,
we have that IT* is also associated with the process (X7} );c[o,] associated with the ODE
X7 = {f{ (X}) = 2V logp} (X)) }dt,
and 5(} has distribution ppor; see e.g. (Song et al., 2021, Section A). Since (Yt*)te[O,T] is the
time-reversal of (X});c(0,7] we have that for any ¢ € [0, 7] and z € R?
bi () = = [{ (z) + 2V log pj (x).

Therefore, we get that (X} )telo, 1) is associated with the ODE

dX; = —br(X})dt. (S79)

Using this result we can compute the log-likelihood of the model using the instantaneous change of
variable formula (Chen et al., 2018), see also (Song et al., 2021, Appendix D.2)

108 Paaa(X) = 108 Pprion(X5) — [ div(bp)(X;)dt . (S80)

Asin Song et al. (2021), we can use the Skilling-Hutchinson trace estimator to compute the divergence

operator Skilling (1989); Hutchinson (1989). In practice, we discretize the dynamics of (XZ)te[o,T]
and use the network Bgn obtained with the last iterate of Algorithm 1 and solve the ODE backward

in time, recalling that X} has distribution pprier. Similarly, we can define

dY, = {b5_,(Y7) — 2V log pi_,(Y7)}dt,

and Y§ has distribution ppyior. Similarly to (S79), we get that (Y ).c[o, 1) is associated with the ODE
A, = — fi, (Y1)t
Similarly to (S81), we have

108 Pawa(Y5) = 1og pprior(Y3) + fii div(f5_,)(Y7)dt . (S81)

In practice, we discretize the dynamics of (Y} ):c[o,7] and use the network Fi,» obtained with the

last iterate of Algorithm 1 and solve the ODE forward in time, recalling that Y(’; has distribution ppyior.
Note that in this case, we solve the ODE forward in time contrary to Durkan and Song (2021).
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S9 Training Techniques

In this section we present some practical guidelines for the implementation of DSB, based on
Algorithm 1. We emphasize that, contrarily to previous approaches Song et al. (2021); Song and
Ermon (2020); Ho et al. (2020); Dhariwal and Nichol (2021), we do not weight the loss functions as
we do not notice any improvement. Let I C {0, N — 1} x {1, M}. We define the generalized losses

(% ; and ¢/, | given by
@Z,z(ﬂ) =M >k jer 1Ba(k + lyXIg+1) - (XZ+1 + F;?(X?;H) - F;?(Xzi))”Qa (S82)

€£+1,1(0‘) =M~ Y per Fa(k, X7) — (X + BRy (X40) — BRa (X0))1P (S83)
We first describe three techniques to compute these losses, then further methods to improve perfor-
mance.

Technique 1. Simulated Trajectory

The losses (S82) and (S83) may be computed by simulating diffusion trajectories as described in
Algorithm 1. For each sample j € {1,..., M} the skeleton of points in the sampled trajectory,
{X]}k, will be correlated hence only a single uniformly sampled time-step per sample is used to
compute the loss per gradient step. In addition, after the initial DSB iteration, simulating the diffusion
trajectory involves computationally heavy neural network operations per diffusion step.

Technique 2. Closed Form Sampling

Since f2(z) = —aw, with fixed «, it is not necessary to compute full trajectories for the first IPF
iteration and one may sample points along the trajectory in closed-form by sampling from a Gaussian
distribution with appropriate mean and covariance. This technique also improves the computational
speed of the first DSB iteration.

Technique 3. Cached Trajectory

After the initial DSB iterations it is not possible perform closed form sampling as per Technique 2.
Simulating the full diffusion trajectory is both wasteful and expensive as described in Technique 1.
In order to obtain a speed-up we consider a cached-version of Algorithm 1 given by Algorithm 2
which entails storing and then resampling diffusion trajectories. Resampled trajectories are then used
to compute losses (S82) and (S83). The cache may be refreshed at a certain frequency by once again
simulating the diffusion. One may tune the cache-size and refresh frequency to available memory.
This modification allows for significant speed-up as the trajectories are not simulated at each training
iteration.

Technique 4. Tune Gaussian Prior mean/ variance

The convergence of the IPF is affected by the mean and covariance matrix of the target Gaussian. In
Section S10.1 we investigate possible choices for these values. In practice we recommend to choose
the variance of the Gaussian prior pyrior to be slightly larger than the one of the target dataset and to
choose the mean of ppior to be equal to the one of the target dataset. This remark is in accordance
with (Song and Ermon, 2020, Technique 1).

Technique 5. Network Refinement / Fine Tuning

Training large networks from scratch, per DSB iteration, is very expensive. However, from (S49)-
(850),

Vi1 (@) = 031 (2) + 2V log py (2) — 2V log g~ (=),

fi(@) = fi 7 (2) + 2V log ¢ ' (w) — 2V log p 7 ().
One may therefore initialize networks at DBS iteration n from 7 — 1 in order to reduce training

time. In future work, we plan to investigate more sophisticated warm-start approaches through
meta-learning.

Technique 6. Exponential Moving Average

Similar to (Song and Ermon, 2020, Technique 5), we found taking the exponential moving average of
network parameters across training iterations, with rate 0.999, improved performance.
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Algorithm 2 Cached Diffusion Schrodinger Bridge
1: forn € {0,...,L} do
2:  while not converged do '
3: Sample and store { X ,JC};CVJJZO where X ~ pgan and

Xjq = XZ, + Vg1 fan (K, Xi) + v2vk+1Zi+1

4: while not refreshed do
5: Sample [ (uniformin {0, N — 1} x {1, M})
6: Compute 62’1(6") using (S82)
7: B™ = Gradient Step(éfl7l(ﬂ”))
8: end while
9:  end while
10:  while not converged do '
11: Sample {X é},]jjlzo, where X} ~ pprior» and
)(]]C = Xl]c+1 + ’ykb57z(ki,X]]€) + \/27k+lzi
12: while not refreshed do
13: Sample I (uniform in {0, N — 1} x {1, M})
14: Compute 67{“?1(04"“) using (S83)
15: a1 = Gradient Step(l?iJrl (1))
16: end while
17:  end while
18: end for

19: Output: (a®*!, k)

S10 Additional Experimental Results and Details

We provide additional examples for the two-dimensional setting in Section S10.1. We then turn to
higher dimensional generative modeling in Section S10.2. Finally, we detail our dataset interpolation
experiments in Section S10.3. Code is available here: .

S10.1 Two-dimensional experiments

In the case of two-dimensional distributions we use a simple architecture for the networks f, and bg,
see Figure S2. We use the variational formulation Section S5.2.2 because our network architecture
does not have a residual structure. To optimize our networks we use ADAM Kingma and Ba (2014)
with momentum 0.9 and learning rate 104,

MLPBIlock (1a) Concatenate MLPBIock (2) Output
@—4 PositionalEncoding H MLPBlock (1b) \

Figure S2: Architecture of the networks used in the two-dimensional setting. Each MLP Block is a
Multilayer perceptron network. The “PositionalEncoding” block applies the sine transform described
in Vaswani et al. (2017). MLPBIlock (1a) has shape (2, 16, 32), MLPBlock (1b) has shape (1, 16, 32)
and MLPBlock has shape (64, 128, 128, 2). The total number of parameters is 26498.

In all two-dimensional experiments we fix 7z = 10~2 and use a batch size of 512. The mean and
variance of pprior are matched to those of pga. The cache contains 10* samples and is refreshed every

103 iterations. We train each DSB step for 10? iterations. All two-dimensional experiments are run
on Intel(R) Core(TM) i7-10850H CPU @ 2.70GHz CPUs.

In Figure S3 we present additional two-dimensional experiments.

We found that the variance of pprior has an impact on the convergence speed of DSB, see Figure S4 for
an illustration. This remark is in accordance with (Song and Ermon, 2020, Technique 1). In practice
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Figure S3: The first row corresponds to iteration 1 of DSB, the second to iteration 3 of DSB, the third
to iteration 5 of DSB and the last to iteration 20 of DSB.

we recommend to set the variance to be larger than the variance of the target dataset, see Technique 4
in Section S9.

- . I
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2387 il .J. ° &
) Ig . ' % Fy i 1o
. . . . - ) et
(a) Prior (b) DSB iteration 5 (c) Pior (d) DSB iteration 5

Figure S4: Effect of the variance of pyrior On the convergence of DSB. If pyrior has a small variance
o2 (here 0 = 5 in (a) and (b)) then DSB converges more slowly. If 02 ~ 02, , where 03, is the
variance of pg,, then we observe more diversity in the samples obtained using DSB even for few
iterations.

. ;‘: !
£y

Figure S5: Failure of DSB for low N. DSB iteration 3 with N = 2 and 30, 000 training steps per
DSB iteration. The results deteriorate significantly after 5 iterations of the algorithm.

Finally, since DSB does not require the number of Langevin iterations /N to be large, one may
question why not use N = 1 in order to derive a feed-forward generative model. In practice this
choice of N is not desirable for two reasons. (a) Firstly, since py is not a good approximation of
Dprior> theoretical results such as (Léger, 2020, Corollary 1) indicates that more IPF iterations are
needed. (b) Second, in our experiments we observe that in order to obtain similar results to N = 10
with N = 1 we need to substantially increase the size of the networks, even for a large number of
IPF iterations, see Figure S5.
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S10.2 Generative Modeling

Implementation details We use a reduced version of the U-net architecture from Nichol and
Dhariwal (2021) for F,, and Bg, where we set the number of channels to 64 rather than 128 for
computational resource purposes. We tried the architecture of Song and Ermon (2020), however we
observed worse results in our framework. Although we observed improvement using the corrector
scheme of Song et al. (2021), this improvement was similar to augmenting the number of steps in
the Langevin scheme. We therefore chose to avoid using such techniques altogether because of the
increase in computing time when sampling, often by doubling the number of passes through the
network.

We chose the sequence {7 }4_, to be invariant by time reversal, i.e. for any k € {0,...,N},
Yk = YnN—k- In practice, we assume that N is even and let v, = 7o + (2k/N)(¥ — o) for
k€{0,...,N/2} withyg = 107° and ¥ = 10~ 1. The rest of the sequence is obtained by symmetry.

In the case of the MNIST dataset (dimension d = 28 x 28 = 784) we set the batch size to 128, the
number of samples in the cache to 5 x 10* with 10 time-points sampled from each trajectory for each
sample of pga. We end up with an effective cache of size 5 x 10°. The cache is refreshed each 103
iterations and the networks are trained for 5 x 102 iterations. Again we use the ADAM optimizer
with momentum 0.9 and learning rate 10~ Dprior 18 @ Gaussian density with zero mean and identity
covariance matrix. We have presented results for varying number of diffusion steps, N.

In the case of the CelebA dataset (dimension d = 32 x 32 x 3 = 3072) we set the batch size to
256, number of steps N = 50, the number of samples in the cache to 250 with 1 time-point sampled
from each trajectory for each sample of pg,,. The cache is refreshed each 102 iterations and the
networks are trained for 5 x 103 iterations. Again we use the ADAM optimizer with momentum 0.9
and learning rate 10~4. Pprior 18 @ Gaussian density with zero mean and identity covariance matrix.

Our results on MNIST and CelebA are computed using up to 4 NVIDIA Tesla V100 from the Google
Cloud Platform.

Additional examples In this section we present additional examples for our high-dimensional
generative modeling experiments. In Figure S6 we perform interpolation in the latent space. More
precisely we let X%, and X & be two samples from pprior. We then compute X3 = (1—A) X +AX %
for different values of A € [0, 1]. For each value of A € [0, 1] we associate X7 which corresponds to
the output sample obtained using the generative model given by DSB with final condition X3,. Note
that in order to obtain a deterministic embedding we fix the Gaussian random variables used in the
sampling. One could also have used the deterministic embedding used by Song et al. (2021), i.e. a
neural ordinary differential equation that admits the same marginals as the diffusion thus enabling
exact likelihood computation, see Section S8.3 for details.

I 1

Figure S6: Interpolation in the latent space for MNIST.

In Figure S7 we present high quality samples for MNIST. In order to obtain these high quality
samples we consider our baseline MNIST configuration but instead of choosing N = 10 time steps
we consider N = 30. In addition, we train the networks for 15 x 102 iterations instead of 5 x 10°.
The number of samples in the cache is M = 500

In Figure S8 we present a temperature scaling exploration of the embedding obtained for CelebA.
Similarly to the interpolation experiment we fix the Gaussian random variables in order to obtain a
deterministic mapping from the latent space to the image space.

In Figure S9 we explore the latent space of our embedding of CelebA. To do so, we obtain samples
using a Ornstein-Ulhenbeck process targeting pprior. We refer to our project page project webpage for
an animated version of this latent space exploration.
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Figure S7: MNIST samples: original dataset (left) and generated MNIST samples (right) after 12
DSB iterations
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Figure S9: Exploration of the latent space. Samples are generated using a Ornstein-Ulhenbeck
process targeting pprior to obtain the initial condition then using the generative model given by DSB.
From left to right to right: samples at time ¢ = 0, 1.3, 3.6, 8.6.
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S10.3 Dataset interpolation

For the dataset interpolation task we keep the same parameters and architecture as before except that
the number of Langevin steps is increased to 50 steps in the two-dimensional examples and to 30
steps in the EMNIST/MNIST interpolation task. We also change the reference dynamics which is
chosen to be the one obtained with the DSB where ppior 18 a Gaussian. This choice allows us to speed
up the training of DSB in this setting. Animated plots are available at project webpage.

EMNIST/MNIST In order to perform translation between the dataset of handwritten letters (EM-
NIST) and handwritten digits (MNIST) we reduce EMNIST to 5 letters so that it contains as many
classes as MNIST (we distinguish upper-case and lower-case letters), see Cohen et al. (2017) for the
original dataset.
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Figure S10: Iteration 10 of the IPF with T" = 1.5 (30 diffusions steps). From left to right: ¢ =
0,0.4,1.25,1.5.

Two dimensional examples We present interpolation for a number of classical two-dimensional
datasets.
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Figure S11: Dataset interpolation (DSB iteration 9). From left to right: ¢ = 0,0.15,0.30, 0.5.
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