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1 Introduction25

Iterative heuristics like alternating least squares (ALS), alternate minimization, and gradient descent26

are the workhorse for many computational tasks in machine learning and high-dimensional data27

analysis. Their simplicity, scalability and empirical success have led to their widespread use, even28

for highly non-convex problems. Yet rigorous guarantees have been hard to establish due to the29

non-convex nature of these problems.30

Tensor decomposition is a prime example of a well-studied non-convex problem where there is a31

disconnect between the practical performance of iterative heuristics and known theoretical guarantees.32

We are given a third-order tensor T ∈ Rn×n×n, and the goal is to decompose the tensor as a sum of33

a few rank-1 tensors when possible, i.e.,34

T =

k∑
i=1

xi ⊗ yi ⊗ zi,

where the {xi ⊗ yi ⊗ zi : i ∈ [k]} are the rank-1 terms of the decomposition, and the vectors35

{xi, yi, zi : i ∈ [k]} ∈ Rn are called the factors of the decomposition. This is sometimes called the36

CP decomposition of the tensor, and is an important tool in factor analysis and parameter estimation37

of many latent variable models in machine learning [see e.g., KB09, Moi18, JGKA19]. Finding38

the smallest r for which a rank-r decomposition of T exists is NP-hard in the worst case [HL13].39

Algorithmic guarantees are known under additional genericity or smoothed analysis assumptions for40

more sophisticated but less scalable algorithms like simultaneous diagonalization and other spectral41

methods [Har72, LRA93], algebraic methods [DLCC07] and the sum-of-squares hierarchy [BKS15]42

(see [Vij20] for more detailed comparisons).43

The most popular algorithms in practice are iterative methods for the optimization problem given by44

the least squares objective45

min
{(xi,yi,zi):i∈[k]}

∥∥∥T − k∑
i=1

xi ⊗ yi ⊗ zi

∥∥∥2
F
. (1)

In particular, the Alternating Least Squares (ALS) algorithm is an iterative algorithm that alternately46

updates one set of variables, say x1, . . . , xk ∈ Rn, while keeping the rest of them (y1, . . . , yk47

and z1, . . . , zk) fixed. Note that each update step is a least squares problem (e.g., in the variables48

x1, . . . , xk) when the remaining variables are fixed (see Section 2 for a more detailed description of49

the algorithm). The optimization landscape of (1) is highly non-convex, and such iterative algorithms50

can potentially converge to bad local optima. This has even inspired new variants of ALS like51

the Orthogonalized ALS algorithm of [SV17], that come with rigorous guarantees under strong52

assumptions like orthogonality or incoherence of the factors. Yet, the ALS algorithm remains the53

most popular method for tensor decompositions in practice, despite our poor understanding of when54

ALS succeeds [KB09, BK25].55

Overparameterization has recently emerged as a powerful approach to mitigating non-convexity.56

Introducing more parameters than those of the ground-truth model often improves optimization57

dynamics in practice, even in complex settings like training deep neural networks. In our setting, the58

given tensor T has a rank r decomposition of the form T =
∑r
i=1 ai ⊗ bi ⊗ ci, and the goal is to59

find a decomposition of potentially larger rank k.60

It is challenging to reason about overparameterization with iterative methods for tensor decomposition.61

Existing approaches based on lazy training and standard mean-field analysis requires an overpa-62

rameterization of rank that depends polynomially or even exponentially on the ambient dimension.63

Surprisingly, the work of [WWL+20] makes progress by showing global convergence for a variant of64

gradient descent with moderate overparameterization of k = O(r7.5 log n) that is nearly independent65

of the ambient dimension n. The main question we address in this paper is:66

Question. Does ALS admit a polynomial time global convergence guarantee with moderate overpa-67

rameterization (a function of r and not n)?68

Our main result answers this question in the affirmative. Concretely, our main contributions are the69

following:70
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• We prove that the ALS algorithm on a tensor with a mildly conditioned rank-r decomposition71

when overparameterized with k = O(r2) and with random initialization of {(xi, yi, zi) :72

i ∈ [r]}, converges with high probability to a global minimum (i.e., objective value 0).73

• We also provide rigorous guarantees for ALS under overparameterization for the more74

general low-rank approximation problem75

OPTr = min
{(xi,yi,zi):i∈[r]}

∥∥∥∥∥∥T −
r∑
j=1

xi ⊗ yi ⊗ zi

∥∥∥∥∥∥
2

F

. (2)

We prove that ALS when overparameterized with k = O(r2) and initialized randomly, finds76

a solution whose objective value is competitive with the OPTr up to a multiplicative factor77

that is polynomial in only r (and independent of n).78

For both our results, a moderate overparameterization of k = O(r2) suffices. We suspect it may be79

challenging to improve the amount of overparameterization necessary. We remark that even for more80

computationally-intensive algorithms based on spectral methods, the best polynomial time guarantees81

require an overparameterization of k = O(r2) [BCV14, SWZ19]. We leave it as a direction for82

future work to investigate whether one can prove better upper or lower bounds on the amount of83

overparameterization necessary to recover a provable guarantee for ALS.84

Recent work has developed a few different techniques for analyzing iterative methods with overparam-85

eterization. Techniques based on the lazy training approach argue that when the model is sufficiently86

overparameterized, the optimization problem is locally convex and the method will converge to a87

good solution near the initialization [COB19]. Lazy training analyses incur overparameterization88

that is polynomial in the ambient dimension n, which can be very large compared to the rank r.89

The work of [WWL+20] makes progress by instead adopting the framework of mean field analysis.90

While previous work that introduced this technique analyzes problems in the case of very large, or91

even infinite overparameterization [MMN18], [WWL+20] was able to show global convergence for a92

variant of gradient descent with only moderate overparameterization of k = O(r7.5 log n), achieving93

an exponentially better dependence on n than lazy training analyses for small r.94

Our work develops an analysis that is significantly different than the previous approaches, based on95

new matrix anticoncentration statements. At a high level, we observe that if the iterates X,Y, Z96

are sufficiently random and in the span of the components of the true tensor, then due to overpa-97

rameterization they will form a basis for an appropriate space related to the components. If this98

occurs, then the next iteration of ALS will find a near-exact solution and converge. At initialization,99

X,Y, Z are independently fully random. However, they are random in the ambient space, and not100

restricted to the subspace of interest. The first iteration of ALS should in fact update X,Y, Z to be101

within the correct space. However, the updated X,Y, Z now exhibit significant dependencies on each102

other. Our analysis shows that despite this, the updated X,Y, Z are still random enough to form the103

appropriate basis. Thus, the crux of our argument is in showing that this iteration preserves enough104

randomness from the initialization. Quantitatively, this requires arguing about the least singular105

value of various structured random matrices that arise in the algorithm, along with careful matrix106

perturbation analyses.107

1.1 Related Work108

We now describe related work on tensor decompositions and overparameterization, and place our109

work in the context of these prior works.110

Tensor decomposition has a rich history going back to at least [Har70, Har72]. This decomposition111

into a sum of rank-one tensors is also referred to as CP decomposition or PARAFAC decomposition.112

See also [KB09] for other decomposition notions for tensors including Tucker decompositions. There113

are several iterative algorithms that are popular in practice like alternating least squares, alternate114

minimization, gradient descent and tensor power method [see KB09, AGH+14, JGKA19, for more115

details] . In particular, the ALS algorithm was first introduced by [Har70, CC70], and has been the116

workhorse algorithm for tensor decomposition in practice [BK25]. While ALS is popular for its117

efficiency, we do not have a good understanding of when it admits global convergence guarantees.118

The two results on tensor decompositions that is most relevant to our work are the work of Sharan119

and Valiant [SV17] who introduced and gave guarantees for an orthogonalized version of ALS,120
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and the work of Wang, Wu, Lee, Ma and Ge [WWL+20] on analyzing gradient descent in the121

overparameterized regime.122

Comparison to the Orthogonalized ALS algorithm. The work of Sharan and Valiant [SV17]123

introduced a variant of the ALS algorithm that orthogonalizes the factors in each step, in addition124

to the ALS update. As described in [SV17] this allows the ALS algorithm to avoid issues where125

multiple components of the decomposition capture the same factor of the tensor, when the rank-1126

terms have different magnitudes. Their work also proves guarantees under the assumption that127

the factors {ai : i ∈ [r]} of the decomposition are orthogonal or incoherent. The decomposition128

computed by the algorithm is not overparameterized i.e., k = r. However, the algorithm is more129

suited for settings where the target decomposition has near-orthogonal factors. Our analysis is for130

the ALS algorithm in the overparameterized regime. We do not make incoherence or orthogonality131

assumptions on the factors; we just need mild conditioning of the factor matrix (condition number132

that is polynomial in r). One can interpret our results as proving that in the overparameterized setting,133

ALS does not face some fo the earlier issues pointed out in [SV17].134

Overparameterized tensor decompositions using iterative algorithms. The work of [WWL+20]135

analyzed a variant of gradient descent in the overparameterized regime of tensor decompositions.136

Their techniques were able to go beyond lazy-training analyses, and the standard mean-field analysis137

bounds that require overparameterization of polynomial or even exponential in the ambient dimension138

n. They were surprisingly able to provide guarantees for overparameterized rank k that is almost139

independent of the ambient dimension. Concretely, their guarantees hold for third-order tensors140

when the overparameterization is k = O(r7.5 log n); for general order-ℓ tensors they need k =141

O(r2.5ℓ log n). In this work, we instead analyze ALS in the overparameterized regime. We can142

get guarantees for smaller overparameterized rank k = O(r2). Moreover, we also approximation143

guarantees for overparameterized ALS even when the tensor is not exactly of rank r. We get144

guarantees for the more general low-rank approximation problem that incurs a loss that is within a145

multiplicative factor (depending polynomially only on r, and independent of k) of the optimum value.146

To the best of our knowledge, we are unaware of any such guarantees for gradient descent and other147

iterative algorithms.148

Analysis of other iterative algorithms for tensor decompositions. There are several other works149

that try to provide guarantees for iterative methods including alternating minimization, the tensor150

power method, and other gradient descent based algorithms. The work of [AGH+14] analyzes the151

tensor power method, and provides guarantees that are specialized to the setting when the factors are152

orthogonal or near orthogonal [AGH+14, AGJ17]. The work of [JGKA19] also analyzes a variant153

of the alternating minimization algorithm, and convergence guarantees under nearby initialization.154

These works are not in the overparameterized regime (k = r). They find components one at a time155

but either require stronger assumptions, or provide local convergence guarantees. Finally, it is known156

that for certain matrix factorization problems and special settings of tensor decomposition (e.g.,157

orthogonal factors), the non-convex optimization landscape is benign i.e., it does not have any local158

optima that are not globally optimal [Ma21]. However, the general tensor decomposition is highly159

non-convex with bad local minima as shown in [WWL+20].160

Other tensor decomposition algorithms. Theoretical guarantees have been established for the161

simultaneuous diagonalization algorithm [Har72, LRA93, Moi18] and its variants, algebraic meth-162

ods [DLCC07, JLV23, Koi24, KMW24], sum-of-squares algorithms [BKS15, HSSS16, MSS16]. In163

the overparameterized setting, spectral methods and algorithms based on subspace embeddings can164

also find decompositions of rank k = r2 in polynomial time even for the more general low-rank165

approximation problem with an error that is constant factor competitive with the best rank-r de-166

composition [SWZ19, BCV14]. The focus of our paper is to prove rigorous guarantees for the ALS167

algorithm, which is the most popular algorithm in practice.168

2 Algorithm, Results, and Preliminaries169

The Alternating Least Squares (ALS) algorithm for tensor decomposition has many variants. The170

version that we analyze is given in Algorithm 1. Given a tensor T , the algorithm randomly initializes171
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Algorithm 1 Alternating Least Squares (ALS) for order-3 tensor decomposition

Require: Tensor T ∈ Rn×n×n, rank r of T , error tolerance ε
1: k ← Θ(r2) // rank of overparameterized model
2: X(0) ∈ Rn×k ← N (0, 1)n×k, Y (0) ∈ Rn×k ← N (0, 1)n×k, Z(0) ∈ Rn×k ← N (0, 1)n×k

3: // randomly initialize model
4: t← 0
5: while true do
6: // X,Y, Z updates can be evaluated in parallel
7: // X update

8: errX , X(t+1) ← minX∈Rn×k and argminX∈Rn×k of
∥∥∥T −∑k

i=1 Xi ⊗ Y
(t)
i ⊗ Z

(t)
i

∥∥∥2
F

9: if errX ≤ ε then
10: return X(t+1), Y (t), Z(t)

11: // Y update

12: errY , Y
(t+1) ← minY ∈Rn×k and argminY ∈Rn×k of

∥∥∥T −∑k
i=1 X

(t)
i ⊗ Yi ⊗ Z

(t)
i

∥∥∥2
F

13: if errY ≤ ε then
14: return X(t), Y (t+1), Z(t)

15: // Z update

16: errZ , Z
(t+1) ← minZ∈Rn×k and argminZ∈Rn×k of

∥∥∥T −∑k
i=1 X

(t)
i ⊗ Y

(t)
i ⊗ Zi

∥∥∥2
F

17: if errZ ≤ ε then
18: return X(t), Y (t), Z(t+1)

19: t← t+ 1

the three modes X,Y, Z ∈ Rn×k of a decomposition, corresponding to a model tensor172

T̂ =

k∑
i=1

xi ⊗ yi ⊗ zi.

On each iteration, the algorithm updates each mode individually in parallel to minimize the least173

squares objective:174

min ∥T − T̂∥2F .

Since T̂ is multilinear in X,Y, Z, this is a least squares problem with respect to each mode. The175

least squares problem could have multiple optima, in fact due to the overparameterization, we expect176

this to be the case. Typically, ALS is implemented using a linear system solver for each of these177

subproblems [BK25]; this is also what we will analyze. The updates (Algorithm 1, Lines 8, 12, 16)178

hence correspond to179

X(t+1) = flatten(T,mode X,modes Y ⊗ Z)(Y (t) ⊙ Z(t))⊤
†
,

Y (t+1) = flatten(T,mode Y,modes X ⊗ Z)(X(t) ⊙ Z(t))⊤
†
,

Z(t+1) = flatten(T,mode Z,modes X ⊗ Y )(X(t) ⊙ Y (t))⊤
†
.

Here we use the shorthand flatten(T,mode A,modes B ⊗ C) to mean that the order-3 tensor T180

is reshaped into a matrix, by taking each n × n slice in the B,C modes and vectorizing it into an181

n2-dimensional row of the flattened matrix. There will be n such rows corresponding to mode A.182

(This is explained in more detail in Section 2.1.) Also, M† refers to the Moore-Penrose pseudoinverse183

of the matrix M .184

We give the following guarantee for Algorithm 1. We state the following theorem for the special185

case of symmetric decompositions of the form
∑r
i=1 ai ⊗ ai ⊗ ai i.e., when the factor matrices186

A = B = C, for the sake of clearer exposition. We state the general version of the theorem187

(Theorem B.1) for general (non-symmetric) decompositions in Section B. In what follows, we will188

assume that ALS uses a sub-routine for solving the linear system in polynomial time; concretely,189

it computes the solution up to arbitrary precision ε > 0 in Frobenius norm in time polynomial in190

n, log(1/ε).191
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Theorem 2.1 (Guarantee for overparameterized ALS). For any constant c0 > 0, there exists constants192

c = c(c0) ≥ 1 and γ0 ∈ (0, 1), such that the following holds. Let A ∈ Rn×r be the factor matrix of193

the decomposition of a rank-r tensor T ,194

T =

r∑
i=1

ai ⊗ ai ⊗ ai,

and suppose the condition number κ(A) = σ1(A)
σr(A) ≤ rc0 . Then, given T , an error parameter ε, and a195

k ∈ N satisfying cr2 ≤ k ≤ nγ0 , with probability at least 1− o(1), Algorithm 1 runs in polynomial196

time and in O(1) steps finds a rank-k decomposition X,Y, Z ∈ Rn×k of T . That is, X,Y, Z satisfy197

∥T −
k∑
i=1

xi ⊗ yi ⊗ zi∥2F ≤ ε.

Please see Theorem B.1 in the supplementary material for the general statement. The above theorem198

shows that ALS succeeds from random initialization with overparameterized rank k = O(r2). For the199

theorem, we analyze standard Gaussian initializiation, the scale of the random initialization does not200

matter much. For the above theorem, we assume that the factor matrix A has condition number upper201

bounded by some large polynomial in r. This assumption on the condition number is quite mild: for202

example, it is satisfied w.h.p. for a natural smoothed analysis model.1 It is weaker than incoherence203

or orthogonality assumptions, as the vectors in our setting can be quite correlated. Moreover, we204

believe the assumption to be an artifact of our analysis, and may not be necessary.205

Finally, our analysis also implies approximation guarantees for overparameterized ALS with k =206

O(r2) under random initialization, in the more general low-rank approximation problem, where207

T =
∑r
i=1 ai ⊗ bi ⊗ ci + E, where ∥E∥F is the error.208

Theorem 2.2 (Low-rank tensor approximation using overparameterized ALS). For any constant209

c0 > 0, there exists constants c = c(c0) ≥ 1 and γ0 ∈ (0, 1), such that the following holds. Let210

A ∈ Rn×r be the decomposition of a rank-r tensor T ,211

T =

r∑
i=1

ai ⊗ ai ⊗ ai + E,

and suppose the condition number κ(A) = σ1(A)
σr(A) ≤ rc0 . Then, given T , r, and an error parameter ε,212

for cr2 ≤ k ≤ nγ0 , with probability at least 1− o(1), Algorithm 1 runs in polynomial time and in213

O(1) steps finds a rank-k decomposition X,Y, Z ∈ Rn×k of T That is, X,Y, Z satisfy214 ∥∥∥∥∥T −
k∑
i=1

xi ⊗ yi ⊗ zi

∥∥∥∥∥
2

F

≤ poly(r)∥E∥F + ε.

The above theorem gives an ALS guarantee under overparameterization for the optimization problem215

in (2) in the general setting when OPTr > 0, and generalizes Theorem 2.1 (special case when216

OPTr = 0). The multiplicative factor loss in the objective compared to OPTr is polynomial in r217

and independent of the ambient dimension n. To the best of our knowledge, such an approximation218

guarantee was not known previously for ALS or other iterative algorithms like gradient descent.219

2.1 Notation and Preliminaries220

We now introduce some notation and preliminaries that will be used in the rest of the paper. We refer221

to a tensor T by its decomposition into factor matrices. That is, we associate T with the matrices222

X,Y, Z ∈ Rn×r, where r is the rank of T and223

T =

r∑
i=1

xi ⊗ yi ⊗ zi,

1E.g., in the smoothed analysis model, you have an arbitrary matrix which is normalized to have columns of
at most unit length, with a random perturbation of length 1/poly(r).
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where xi, yi, zi refer to columns i of X,Y, Z respectively, and ⊗ when applied to vectors is the outer224

product. That is, each component xi ⊗ yi ⊗ zi is an n× n× n tensor. Since each component is an225

outer product of 3 vectors, this is an order-3 tensor. Each direction of the outer product is referred226

to as a mode, and we will sometimes refer to the modes of the tensor by the corresponding factor227

matrix, i.e., the X mode, Y mode, and Z mode. (These are the analogues of the rows and columns of228

a matrix/order-2 tensor.) The squared Frobenius norm of a tensor T is the sum of the squares of its229

entries.230

It will also be useful to interact with flattened forms of the tensors we analyze. We use ⊙ to refer to231

the Khatri-Rao product of two matrices Y,Z ∈ Rn×r, which has columns given by232

(Y ⊙ Z)i = vec(yi ⊗ zi),

where vec(·) reformats an n× n matrix as an n2-dimensional vector. This is useful to flatten tensors233

into matrices. In particular, we have234

∥
r∑
i=1

xi ⊗ yi ⊗ zi∥2F = ∥
r∑
i=1

xi ⊗ vec(yi ⊗ zi)∥2F =
∥∥X(Y ⊙ Z)⊤

∥∥2
F
.

This reshaping into a matrix is exactly what arises in the least squares problem in Algorithm 1 (Lines235

8, 12, 16). In Section 2 we describe the flattening operation for a tensor T with factor matrices236

X,Y, Z. The flattening is just a reformatting of the entries of T , so computing it does not require237

explicit access to the factor matrices X,Y, Z. However, it is indeed the case that238

flatten(T,mode X,modes Y ⊗ Z) = X(Y ⊙ Z)⊤,

which will be useful for our analysis.239

Another useful tensor product on matrices is the Kronecker product which we refer to as ⊗.2 The240

Kronecker product of two matrices X ∈ Rn×r, Y ∈ Rm×k is an nm× rk matrix that satisfies241

(X ⊗ Y )vec(a⊗ b) = vec(Xa⊗ Y b), ∀a ∈ Rr, b ∈ Rk.

(The entries can also be written explicitly as (X ⊗ Y )n(i1−1)+i2,k(j1−1)+j2 = Xi1,j1Yi2,j2 .) Since242

the columns of a Khatri-Rao product are flattenings of rank-1 matrices, this gives the following243

identity. For A ∈ Rn×r, B ∈ Rm×k, and X ∈ Rr×ℓ, Y ∈ Rk×q , we have244

(A⊗B)(X ⊙ Y ) = (AX ⊙BY ). (3)

We will use the Moore-Penrose pseudoinverse M† ∈ Rm×n of a matrix M ∈ Rn×m. This is defined245

as a matrix such that246

∀x ⊥ Null(M), Mx = y ⇒M†y = x, ∀y /∈ Im(M), M†y = 0.

where the nullspace of M , Null(M), is the subspace of vectors mapped to 0 by M : ⟨{x |Mx = 0}⟩,247

and the image of M , Im(M) is the subspace of vectors that can be realized by the linear transformation248

M : ⟨{y | ∃x,Mx = y}⟩. Here and elsewhere we use ⟨·⟩ to denote the linear span. There are also a249

few direct expressions for the pseudoinverse that will be useful to us. For M ∈ Rn×r, where r ≤ n,250

if M is rank r (M is full column rank), we have251

M† = (M⊤M)−1M⊤.

For M ∈ Rr×n, where r ≤ n, if M is rank r (M is full row rank), we have252

M† = M⊤(MM⊤)−1.

3 Analysis of the Algorithm253

Fix a tensor T =
∑r
i=1 ai ⊗ ai ⊗ ai for some rank-r decomposition A ∈ Rn×r. Consider iteration t254

of ALS on T . Without loss of generality, we focus on the update to mode Z (Algorithm 1, Line 8).255

ALS will converge on this step if X(t), Y (t), Z(t+1) fits T , i.e., the error between the model tensor256

2This overloads the notation that we use for the outer product on vectors. When applied to vectors we will
always mean the outer product. When applied to matrices with dimensions larger than 1 we will always mean
the Kronecker product.
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and the true tensor is below ε. For the purposes of the overview, we will ignore the ε error term, and257

refer to this as perfectly fitting the tensor.258

The least-squares problem for Z at time t+ 1 is to reconstruct the slices of T as linear combinations259

of the X
(t)
i ⊗ Y

(t)
i . That is, slice j of T is given by260

T:,:,j =

r∑
i=1

Ai,j(ai ⊗ ai).

The least-squares problem along mode Z is then261

min
Z

∥∥∥∥∥T −
k∑
i=1

x
(t)
i ⊗ y

(t)
i ⊗ zi

∥∥∥∥∥
2

F

=

n∑
j=1

min
Z:,j

∥∥∥∥∥T:,:,j −
r∑
i=1

Zi,j

(
x
(t)
i ⊗ y

(t)
i

)∥∥∥∥∥
2

F

,

which is n independent least-squares problems, one for each slice of T or row of Z. Thus, ALS262

will fit T and converge if, for every slice j, T:,:,j is realizable as a linear combination of the263

{x(t)
i ⊗ y

(t)
i : i ∈ [k]}. Since every slice j of T is a linear combination of {ai ⊗ ai : i ∈ [r]}, a264

sufficient condition for convergence is that265

⟨{ai ⊗ ai : i ∈ [r]}⟩ ⊆
〈{

x
(t)
i ⊗ y

(t)
i : i ∈ [k]

}〉
i.e., colspan(A⊙A) ⊆ colspan(X(t) ⊙ Y (t)), (4)

where in the first line ⟨·⟩ denotes the linear span. The two lines are reshapings of the same statement.266

Now suppose for a moment that the columns of Y (t) and Z(t) were each drawn independently and267

randomly from colspan(A) (for example, from a standard Gaussian over the r-dimensional space).268

Then we would have that since k ∈ Ω(r2), with high probability269

colspan(A⊗A) ⊆ colspan(X(t) ⊙ Y (t)), (5)

where A⊗A denotes the Kronecker product of A with itself. Since colspan(A⊙A) ⊆ colspan(A⊗270

A), because the Khatri-Rao product is a subset of the columns of the Kronecker product, (5) is271

sufficient to ensure convergence.272

Of course, the columns of X and Y are not initialized randomly in the span of A, instead they are273

random in the whole n-dimensional space. This means that at initialization, each column of X and Y274

can be thought of as the sum of a random vector in the span of A, and a component orthogonal to275

A. Components orthogonal to the span of A only make the Frobenius error of the decomposition276

higher, since they contribute terms that are orthogonal to T . That is, denote Z = Z + Z⊥, where the277

columns of Z are in the column span of A, and the columns of Z⊥ are orthogonal to the column span278

of A. Then279 ∥∥∥∥∥T −
k∑
i=1

xi ⊗ yi ⊗ zi

∥∥∥∥∥
2

F

=

∥∥∥∥∥T −
k∑
i=1

xi ⊗ yi ⊗ zi

∥∥∥∥∥
2

F

+

∥∥∥∥∥
k∑
i=1

xi ⊗ yi ⊗ z⊥i

∥∥∥∥∥
2

F

.

The first step of ALS (Algorithm 1, Line 8) will set Z so that the second term is 0, which since X and280

Y are randomly initialized means setting Z⊥ = 0. If the first step of ALS only set X⊥, Y ⊥, Z⊥ = 0281

and did not modify X,Y , Z, then on the second step (4) would hold, and ALS would converge.282

This is however not the case as ALS updates Z as the minimizer of the least squares objective. Thus283

Z
(0)

= Z(1) no longer has independent random columns. Instead it is a function of X(0), Y (0), Z(0),284

and A. Our main technical insight is that, despite X(1), Y (1), Z(1) having this complex dependence285

on each other and A, (4) holds with high probability. It is straightforward to show that after the286

first iteration, each of the factor matrices will be in the span of A. Thus, proving (4) reduces to287

showing that X(1) ⊙ Y (1) has rank r2. This is captured by Theorem 4.1, which is the main technical288

component of our proof, and the focus of the next section.289

4 Least Singular Value Bound through Anti-Concentration290

For the proofs, we will refer to X(1), Y (1), Z(1) as X̂, Ŷ , Ẑ. In this section we give an overview of291

the proof of our claim that X̂ ⊙ Ŷ spans A⊗A when X,Y and Z are initialized randomly with their292
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entries being i.i.d. standard Gaussiansand, in particular, show that this statement is true in a robust293

sense. Formal statements of this claim as well as detailed proofs can be found in Appendix C. We294

give an inverse polynomial in n lower bound on the least singular value of the matrix. Our main295

technical contribution is proving the following theorem .296

Theorem 4.1. Under the assumptions of Theorem 2.1 with probability at least 1− o(1) we have that:297

σr2(X̂ ⊙ Ŷ ) ≥ 1

n4poly(k)

Assuming that A is well conditioned we can in fact turn our attention to showing least singular value298

bounds for the following matrix :299 (
(A⊙A)⊤(Y ⊙ Z)†

⊤)⊙ ((A⊙A)⊤(X ⊙ Z)†
⊤) ∈ Rr

2×k

One main challenge is that the entries of the matrices (Y ⊙Z)† and (X ⊙ Z)
† are random but highly300

dependent. While there have been powerful techniques developed recently for proving least singular301

value bounds of matrices with polynomial entries [BESV24], the random matrix in our setting does302

not exhibit such structure and therefore difficult to reason about directly.303

We proceed by first arguing about the matrix pseudoinverse by showing in Lemma C.1 that with304

probability at least 1− o(1),305

(Y ⊙ Z)†
⊤
=

1

n2
(Y ⊙ Z)(I + E1)

where ∥E1∥ ≤ O(k log(k)
n ) (and similarly for (X ⊙ Z)†

⊤).306

The high level intuition is that if the columns of the matrix that we are taking the pseudoinverse307

of were Gaussian vectors then they would be mostly orthogonal, meaning that the pseudoinverse308

would be close to the transpose of the matrix. Our analysis shows that the same intuition translates to309

matrices whose columns are tensor products of Gaussian vectors.310

Using that, it suffices, up to poly(n) factors, to analyze the least singular value of the matrix:311

L =
(
(A⊙A)⊤(Y ⊙ Z)(I + E1)

)
⊙
(
(A⊙A)⊤(X ⊙ Z)(I + E2)

)
Furthermore, let:312

L̂ =
(
(A⊙A)⊤(Y ⊙ Z)

)
⊙
(
(A⊙A)⊤(X ⊙ Z)

)
Assume for now that we have a guarantee stating that σr2(L̂) ≥ 1

poly(k) .As we will discuss later, this313

is challenging, and much of our technical work is devoted to proving this. We can now use this to314

prove the existence of a matrix M such that:315

L̂M =
(
(A⊙A)⊤(Y ⊙ Z)

)
⊗
(
(A⊙A)⊤(X ⊙ Z)

)
Matrix M expresses the columns of the Kronecker product of matrices (A ⊙ A)⊤(Y ⊙ Z) and316

(A⊙A)⊤(X ⊙Z) as linear combinations of the columns of their Khatri-Rao product. Such a matrix317

is guaranteed to exist only because we have assumed that L̂ spans Rr2 . Using (3) we can express L318

as:319

L =
(
(A⊙A)⊤(Y ⊙ Z)(I + E1)

)
⊙
(
(A⊙A)⊤(X ⊙ Z)(I + E2)

)
=
(
(A⊙A)⊤(Y ⊙ Z)

)
⊗
(
(A⊙A)⊤(X ⊙ Z)

)
(I ⊙ I + E)

where E = I ⊙E2 +E1 ⊙ I +E1 ⊙E2; further by Lemma C.8, ∥E∥ ≤ O
(

log(k)k
n

)
. We can now320

leverage the existence of matrix M to get that:321

L = L̂(I +ME)

where we have crucially used that, by definition of M , M(I ⊙ I) = I . In Lemma C.3, we use that322

σr2(L̂) ≥ 1/poly(k) to prove that the spectral norm of M is also bounded by a polynomial in k.323

Hence324

∥ME∥ ≤ ∥M∥ · ∥E∥ ≤ poly(k)

n
= o(1),
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when n is a sufficiently large compared to k. We now have that:325

σr2 (L) = σr2
(
L̂(I +ME)

)
≥ σr2(L̂) · σmin(I +ME) ≥ (1 + o(1))

poly(k)

this establishing the main least singular value claim.326

In the above proof overview, we assumed a lower bound on the least singular value of L̂. The proof327

of this claim is quite technical and involves a careful net argument along with anti-concentration of328

low-degree polynomials of independent random variables [CW01]. We first express the columns329

of the matrix in a convenient way that factors the dependency of having Z on both sides of the330

Khatri-Rao product. We then argue by applying an ε-net argument and showing that for every fixed331

vector in Rr2 , the probability that the inner products between the fixed vector and all the columns of332

L̂ is negligible is exponentially small in k. The formal statement with a detailed proof of it can be333

found in Lemma C.2.334

5 Conclusion335

Our work proves rigorous polynomial-time global convergence guarantees of the popular ALS method336

for tensor decomposition with moderate overparameterization of O(r2). It has been challenging337

to establish rigorous guarantees for iterative heuristics that are the state-of-the-art in practice. Our338

analysis is based on new matrix anticoncentration techniques to argue about the iterates, that differs339

significantly from previous approaches. Our theoretical results on overparameterization are also340

supported by empirical evaluations in Appendix D. It would be compelling to use these techniques to341

analyze gradient descent, or prove global convergence guarantees for other non-convex optimization342

heuristics.343
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A More Preliminaries435

Our analysis involves various operations involving Khatri-Rao products, which are quite challenging436

to reason about. We also make extensive use of the Kronecker product defined in subsection 2.1,437

which are more natural products for matrices, and easier to reason about. We have the following438

simple facts about the Kronecker product:439

Fact A.1. Let A,B ∈ Rn×k, then for the Kronecker product of A and B, it holds that:440

1.

∥A⊗B∥ = ∥A∥ · ∥B∥ (6)

2.

∥A⊗B∥F = ∥A∥F · ∥B∥F (7)

3.

σmin (A⊗B) = σmin(A) · σmin(B) (8)

The proof follows easily by noting that if UaΣaVa and UbΣbVb are the singular value decompositions441

of A and B respectively then (Ua ⊗ Ub)(Σa ⊗ Σb)(Va ⊗ Vb) is a singular value decomposition of442

matrix A⊗B.443

We now introduce some additional notation that we use in our analysis. For a matrix A we use ΠA444

to denote the projection matrix onto the subspace spanned by the columns of A. We use λi(A) to445

denote the i-th eigenvalue of matrix A, we also use σi(A) to denote the i-th singular value of matrix446

A and κ(A) to denote the condition number of A. For the factor matrices A, B and C of the ground447

truth we use κ = max (κ(A), κ(B), κ(C)).448

For X,Y and Z being the random initializations of our algorithm we use:449

L̂ =
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊙
(
(A⊙ C)

⊤
(X ⊙ Z)

)
and also:450

L̂K =
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊗
(
(A⊙ C)

⊤
(X ⊙ Z)

)
notice that L̂ is the Khatri-Rao product of matrices (B ⊙ C)

⊤
(Y ⊙ Z) and (A⊙ C)

⊤
(X ⊙ Z)451

while L̂K is their Kronecker product. Furthermore, we use Dz to denote the:452

Dzi = diag {⟨cj , zi⟩}rj=1

The following expression is useful in our analysis:453

Lemma A.2. For the columns of matrices (B ⊙ C)
⊤
(Y ⊙Z) and (A⊙ C)

⊤
(X ⊙Z) we have that:454

(B ⊙ C)
⊤
(Y ⊙ Z)i = DziB

⊤yi and

(A⊙ C)
⊤
(X ⊙ Z)i = DziA

⊤xi

Proof. We first observe that the j-th entry of vector (B ⊙ C)
⊤
(Y ⊙ Z)i is given by ⟨bj , yi⟩⟨cj , zi⟩.455

The vector whose j-th entry is given by ⟨bj , yi⟩ is B⊤yi. Left multiplying this by Dzi gives the456

result.457

We now prove some useful claims.458

Claim A.3. Given matrices A ∈ Rn1×m, B ∈ Rn2×m, we have

min
{
∥A∥F · σm(B), σm(A) · ∥B∥F

}
≤ ∥A⊙B∥F ≤ min

{
∥A∥F ∥B∥, ∥A∥∥B∥F

}
,

where ∥A∥ = σ1(A) is the spectral norm and σr(A) is the least singular value of the matrix A.459
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Proof. We have that460

∥A⊙B∥2F = tr
(
(A⊙B)⊤(A⊙B)

)
=
∑
i∈[m]

⟨ai ⊗ bi, ai ⊗ bi⟩ = ∥ai∥22∥bi∥22 (9)

For the upper bound, from (9)461

∥A⊙B∥2F ≤ max
i∈[m]
∥bi∥22

∑
i∈[m]

∥ai∥22 = ∥A∥2F max
i∈[m]
∥bi∥22 ≤ ∥A∥2F ∥B∥2.

A similar proof shows that ∥A⊙B∥2F ≤ ∥B∥2F · ∥A∥2.462

For the lower bound, from (9) we have463

∥A⊙B∥2F ≥ min
i∈[m]
∥bi∥22

∑
i∈[m]

∥ai∥22 = ∥A∥2F min
i∈[m]
∥bi∥22 ≤ ∥A∥2F · σm(B)2.

464

The following claim shows that for a mildly conditioned decomposition, the Frobenius norm of the465

ground-truth tensor T can be sandwiched up to poly(r) factors by the corresponding norms of the466

factor matrices.467

Claim A.4. Let T =
∑r
i=1 ai ⊗ bi ⊗ ci. Then

σr(A)σr(B)∥C∥F ≤ ∥T∥F ≤ ∥A∥∥B∥∥C∥F ,

where ∥A∥ = σ1(A) is the spectral norm and σr(A) is the least singular value of the matrix A. A468

symmetric statement also holds with the Frobenius norm of A or B instead of C being used.469

Proof. First, we note that by considering an appropriate flattening of the tensor,470 ∥∥∥ r∑
i=1

ai ⊗ bi ⊗ ci

∥∥∥
F
= ∥A(B ⊙ C)⊤∥F . (10)

We prove the lower bound first. Note that A has full column rank. Hence471

∥A(B ⊙ C)⊤∥F ≥ σr(A)∥B ⊙ C∥F ≥ σr(A)σr(B)∥C∥F ,

by using lower bound in Claim A.3. Similarly for the upper bound, we use the upper bound in472

Claim A.3 to conclude473

∥T∥F = ∥A(B ⊙ C)⊤∥F ≤ σ1(A)∥B ⊙ C∥F ≥ ∥A∥∥B∥∥C∥F ,

as required.474

We will use the classic perturbation bound for top-k singular space of a matrix due to Davis and475

Kahan. The following is a consequence that we use in our robust analysis [see Theorem VII.3.2476

Bha97].477

Fact A.5. Let M, M̃ ∈ Rd×m, and let Π denote the projection matrix onto the column space of M ,478

and let Π̃ denote the left singular space of M̃ corresponding to the singular values larger than δ479

respectively. Then for a universal constant c > 0480

∥Π̃⊥Π∥ ≤ c∥M − M̃∥
σd(M)− δ

, (11)

where ∥M∥ refers to the operator norm of M .481
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B Formal statements of the theorems482

We give the formal versions of the main theorems below.483

Theorem B.1 (Guarantee for General decompositions). For any constant c0 > 0, there exists a484

constant c = c(c0) ≥ 1 such that the following holds. Let A,B,C ∈ Rn×r be the decomposition of485

a rank-r tensor T ,486

T =

r∑
i=1

ai ⊗ bi ⊗ ci,

and suppose the condition numbers κ(A), κ(B), κ(C) ≤ rc0 ≤ nγ0 where γ0 = γ0(c0) is a487

constant. Then, given T , r, and an error parameter ε, for k = Cop ·r2, Cop = Cop(c0) is a constnant,488

Algorithm 1 runs in polynomial time and in O(1) steps finds a rank-k decomposition X,Y, Z ∈ Rn×k489

of T , i.e., X̃, Ỹ , Z̃ satisfy490 ∥∥∥∥∥T −
k∑
i=1

x̃i ⊗ ỹi ⊗ z̃i

∥∥∥∥∥
2

F

≤ ε.

As discussed in the proof overview, Theorem B.1 uses the following theorem, generalized for491

asymmetric decompositions492

Theorem B.2 (Generalization of Theorem 4.1 for asymmetric decompositions). Under the assump-493

tions of Theorem B.1 with probability at least 1− o(1), we have that:494

σr2
(
X̂ ⊙ Ŷ

)
≥ 1

n4poly(k)

We give a proof of this Theorem in C.1495

The following theorem is a robust version of Theorem B.1 and gives a guarantee for low rank496

approximations497

Theorem B.3 (Guarantee for low-rank approximations). For any constant c0 > 0, there exists a498

constant c = c(c0) ≥ 1 such that the following holds. Let A,B,C ∈ Rn×r be matrices such that for499

tensor tensor T :500

T =

r∑
i=1

ai ⊗ bi ⊗ ci + Err,

and suppose the condition number κ(A), κ(B), κ(C) ≤ rc0 ≤ nγ0 , where γ0 = γ0(c0) is a501

constant. Then, given T , r, and an error parameter ε, for k = Copr
2 with Cop = Cop(c0) being a502

constant, Algorithm 1 runs in polynomial time (in n, k, log(1/ε) ) and in O(1) steps finds a rank-k503

decomposition X̃, Ỹ , Z̃ ∈ Rn×k of T , i.e., X̃, Ỹ , Z̃ satisfy504 ∥∥∥∥∥T −
k∑
i=1

x̃i ⊗ ỹi ⊗ z̃i

∥∥∥∥∥
2

F

≤ ∥Err∥2Fpoly(k, r) + ε.

We note that Theorem B.1 is a special case of Theorem B.3. We give a proof of B.3 in subsection505

C.2; this also implies the correctness of the more specialized Theorem B.1.506

C Analysis and Proofs507

C.1 Least singular value bound for X̂ ⊙ Ŷ508

In this subsection we give a proof of Theorem B.2 . In particular we show that under the assumptions509

of Theorem B.1, with probability 1− o(1):510

σr2
(
X̂ ⊙ Ŷ

)
≥ 1

n4poly(k)

We use the following lemmas in our analysis.511
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Lemma C.1 allows us to go from the (X ⊙ Z)†
⊤ to matrix X ⊙ Z times 1/n2 multiplied by identity512

plus an error matrix E whose spectral norm we bound. It is much easier to argue about matrix X̂ ⊙ Ŷ513

when we express (X ⊙ Z)†
⊤ and (Y ⊙ Z)†

⊤ like that.514

Lemma C.1 (Pseudoinverse transpose simplification). Let X,Z ∈ Rn×k be matrices with Gaussian515

random variables as entries, then there exists an absolute constant C such that, with probability at516

least 1− 1
k :517 (

(X ⊙ Z)†
)⊤

=
1

n2
· (X ⊙ Z)(I + E)

where ∥E∥ ≤ 6
√

C log(k)
n + 2k

n C log(k)518

Proof. We have that, with probability 1, the columns of matrix (X ⊙ Z) are linearly independent,519

meaning that we can express the pseudoinverse as :520

(X ⊙ Z)† =
(
(X ⊙ Z)⊤(X ⊙ Z)

)−1
(X ⊙ Z)T

Taking transpose:521 (
(X ⊙ Z)

†
)⊤

= (X ⊙ Z)
(
(X ⊙ Z)⊤(X ⊙ Z)

)−1

It therefore suffices to show that:522 (
1

n2
(X ⊙ Z)⊤(X ⊙ Z)

)−1

= I + E

where E has small spectral norm. Let for convenience:523

W =
1

n2
(X ⊙ Z)

⊤
(X ⊙ Z)

We show that all the eigenvalues of matrix W are close to 1 and use that to show that the inverse is524

close to identity in spectral norm. Specifically, let for convenience:525

α(n, k) = 3

√
C log(k)

n
+

k

n
C log(k)

By Lemma C.4 we have that with probability at least 1− 1
k , for every eigenvalue of W :526

|λi (W )− 1| ≤ α(n, k)

We condition on that event. The eigenvalues of matrix W−1 are the reciprocals of the eigenvalues W ,527

meaning that assuming that α(n, k) ≤ 1
2 , we get that:528 ∣∣λi (W−1

)
− 1
∣∣ = ∣∣∣∣ 1

λk−i (W )
− 1

∣∣∣∣
=

∣∣∣∣ 1

λk−i(W )

∣∣∣∣ · |λk−i (W )− 1|

≤ α(n, k)

1− α(n, k)

≤ 2α(n, k)

Now let E = W−1 − I and note that:529

{λi(E)}ki=1 =
{
λi
(
W−1

)
− 1
}k
i=1

Furthermore, E is a symmetric matrix meaning that:530

{σi(E)}ki=1 = {|λi(E)|}ki=1

=
{∣∣λi (W−1

)
− 1
∣∣}k
i=1

which in turn implies that:531

∥E∥ = σ1(E)

≤ 2α(n, k)

the lemma follows.532
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Lemma C.2 is the main technical lemma for the proof, it gives us a least singular value bound for533

matrix L̂ and a bound on the Frobenius norm of matrix L̂K . This allows us to bound matrix M by534

poly(k). Putting everything together we show that L = L̂(I +ME) where L̂ has non-negligible535

least singular value and ∥ME∥ = o(1) giving us a non-negligible bound on the least singular value536

of L which in turn gives us the bound on σr2(X̂ ⊙ Ŷ )537

Lemma C.2 (Bound on least singular value of L̂ and Frob. norm of L̂K). With probability at least538

1− 2
k − exp(−4r)−

(
1
k

)r2
, the following hold:539

1. For the least singular value of matrix L̂, we have that:540

σr2(L̂) ≥
σr(A)σr(B)σr(C)2

2C2
CW k5r2

(12)

where CCW is an absolute constant coming from the Carbery-Wright inequality, Theorem541

C.7542

2. For the matrix:543

L̂K =
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊗
(
(A⊙ C)

⊤
(X ⊙ Z)

)
we have that its Frobenius norm is bounded by:544

∥L̂K∥F ≤ 3c̃ · log(k)σ1(A)σ1(B)σ1(C)2r2 (13)

Proof. We first focus on item 1. We condition on the event of Lemma C.5 which happens with545

probability at least 1− 2
k and we have that for every i, j:546

σr(C)

k2r
≤ |⟨cj , zi⟩| ≤

√
6 log(k)σ1(C).

We will prove the claim using the variational characterization of singular values, in particular we will547

show that for very v ∈ Rr2 , we have that:548

∥L̂v∥ ≥ σr(A)σr(B)σr(C)2

2C2
CW k5r2

We consider a fine enough ε-net, N , of Sr
2−1, where ε = ε(k) is an inverse polynomial to be549

determined later, note that by Corollary 4.2.13 in [Ver18], we have that |N | ≤
(
3
ε

)r2
. Let u ∈ N ,550

we will bound the probability that:551

∥L̂⊤u∥ ≤ δ
σr(A)σr(B)σr(C)2

k4r2

where δ is a parameter to be specified later. We have that:552

P
(
∥L̂⊤u∥ ≤ δ

σ1(A)4

k4r2

)
≤ P

(
∀i :

∣∣∣⟨L̂i, u⟩∣∣∣ ≤ δ
σr(A)σr(B)σr(C)2

k4r2

)
=
∏
i

P
(∣∣∣⟨L̂i, u⟩∣∣∣ ≤ δ

σr(A)σr(B)σr(C)2

k4r2

)
(14)

where we have used that all the columns of matrix L̂ are independent. W now fix an i and bound the553

probability that
∣∣∣⟨L̂i, u⟩∣∣∣ ≤ δ σr(A)σr(B)σr(C)2

k4r2 . We use that, by Lemma A.2, we can express the i-th554

column of matrix L̂ as:555

L̂i = (DziB
⊤yi)⊗ (DziA

⊤xi)
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where Dzi = diag ({⟨aj , zi⟩}), we can write the inner product with u as:556

⟨L̂i, u⟩ = ⟨(DziB
⊤yi)⊗ (DziA

⊤xi), u⟩
=
〈(
(DziB

⊤)⊗ (DziA
⊤)
)
(yi ⊗ xi), u

〉
= ⟨yi ⊗ xi, (BDzi)⊗ (ADzi)u⟩

For the least singular value of matrix BDzi ⊗ADzi we have that:557

σr2 ((BDzi)⊗ (ADzi)) = σr (BDzi)σr (ADzi)

≥ σr(A)σr(B)σr(Dzi)
2

= σr(A)σr(B)(min
j
|⟨cj , zi⟩|)2

=
σr(A)σr(B)σr(C)2

k4r2

let for convenience v = (ADzi)⊗ (ADzi)u, for the norm of v we have that:558

∥v∥ = ∥(ADzi)⊗ (ADzi)u∥

≥ σr(A)σr(B)σr(C)2

k4r2
.

We are interested in bounding the probability that |⟨yi ⊗ xi, v⟩| ≤ δ σr(A)σr(B)σr(C)2

k4r2 . We will559

use the Carbery-Wright inequality ([CW01], [Lov10]) to bound the probability. We have that560

f(x, y) = 1
∥v∥ ⟨y ⊗ x, v⟩ is a degree 2 polynomial, satisfying:561

Var
xi,yi∼N(0,1)n

[f(xi, yi)] = 1

Applying Theorem C.7 we get that there exists a constant CCW :562

P (|f(xi, yi)| ≤ δ) ≤ CCW · δ1/2

which in turn gives us that:563

P
(
|⟨yi ⊗ xi, v⟩| ≤ δ

σr(A)σr(B)σr(C)2

k4r2

)
≤ CCW · δ1/2

We can now use equation 14 to get that:564

P
(
∥L⊤u∥ ≤ δ

σr(A)σr(B)σr(C)2

k4r2

)
≤
(
CCW · δ1/2

)k
We now take a union bound over all elements of the ε-net N , to get that with probability at least565

1 −
(
CCW · δ1/2

)k ( 3
ε

)r2
, the bound holds. By Lemma C.6 we have that with probability at least566

1− exp(−4r), for every i:567 ∥∥((B ⊙ C)⊤(Y ⊙ Z)
)
i

∥∥ ≤√3c̃ · r log(k)σ1(A)σ1(C) and∥∥((A⊙ C)⊤(X ⊙ Z)
)
i

∥∥ ≤√3c̃ · r log(k)σ1(A)σ1(C)

We use that to bound the spectral norm of L̂. We first bound the norm of every column, we have that:568

∥L̂i∥ =
∥∥((B ⊙ C)⊤(Y ⊙ Z)

)
i

∥∥ · ∥∥((A⊙ C)⊤(X ⊙ Z)
)
i

∥∥
≤ 3c̃ · r log(k)σ1(A)σ1(B)σ1(C)2

We now use that the spectral norm is bounded by the Frobenius norm which is in turn bounded by569 √
r times the largest norm of a column to get that:570

∥L̂∥ ≤ ∥L̂∥F ≤
√
r ·max

i
∥L̂i∥ ≤ 3c̃ · log(k)σ1(A)σ1(B)σ1(C)2r3/2
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Again applying the union-bound, we get that with probability at least 1 − exp(−4r) −571 (
CCW · δ1/2

)k ( 3
ε

)r2
both of these events happen. We now take an arbitrary vector v ∈ Sr

2−1, we572

have that there exists a vector u ∈ N such that ∥u− v∥ ≤ ε:573

∥L̂⊤v∥ = ∥L̂⊤u+ L̂⊤(v − u)∥
≥ ∥L̂⊤u∥ − ∥L̂⊤(v − u)∥

≥ δ
σr(A)σr(B)σr(C)2

k4r2
− ∥L̂∥ε

= δ
σr(A)σr(B)σr(C)2

k4r2
− 3c̃ log(k)σ1(A)σ1(B)σ1(C)2r3/2ε

We take δ = 1
C2

CW ·k and ε so that we can take ∥L̂v∥ to be at least half as large as what we get on the574

ε-net. In particular, we take:575

ε ≤ 1

6C2
CW · c̃ · k2c0+6.75

≤ 1

6C2
CW · c̃ · r4c0k5k7/4

≤ 1

6C2
CW · c̃ · κ4 · log(k)k5r7/2

=
σr(A)σr(B)σr(C)2

6C2
CW c̃σ1(A)σ1(B)σ1(C)2 log(k)k5r7/2

we get that:576

∥L̂⊤v∥ ≥ σr(A)σr(B)σr(C)2

C2
CW · k5r2

− 3c̃ log(k)σ1(A)4r3/2σr(A)σr(B)σr(C)2

6C2
CW · c̃ · σ1(A)4 log(k)k5r7/2

=

=
σr(A)σr(B)σr(C)2

C2
CW k5r2

− σr(A)σr(B)σr(C)2

2C2
CW k5r2

=

=
σr(A)σr(B)σr(C)2

2C2
CW k5r2

The failure probability is upper bounded by:577

2

k
+ exp(−4r) + (CCW δ1/2)k

(
3

ε

)r2
We analyze the third term. For convenience, let C ′ = 18CCW c̃, we have that:578

(CCW δ1/2)k
(
3

ε

)r2
=

(
1

k1/2

)k (
C ′k2c0+6.75

)r2
=

(
C ′k2c0+6.75

kCop/2

)r2
We can now take Cop = 2(C ′ + 2co + 6.75 + 1) to get that:579

(CCW δ1/2)k
(
3

ε

)r2
≤
(
1

k

)r2
.

The first item of the claim follows.580

For the second item, recall that we have conditioned on the event that for every i:581 ∥∥((B ⊙ C)⊤(Y ⊙ Z)
)
i

∥∥ ≤√3c̃ · r log(k)σ1(A)σ1(C) and∥∥((A⊙ C)⊤(X ⊙ Z)
)
i

∥∥ ≤√3c̃ · r log(k)σ1(A)σ1(C)
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We have that:582 ∥∥(B ⊙ C)⊤(Y ⊙ Z)
∥∥
F
≤
√
r ·max

i

∥∥((B ⊙ C)⊤(Y ⊙ Z)
)
i

∥∥
≤
√

3c̃ · log(k)σ1(A)σ1(C)r

and similarly:583 ∥∥(A⊙ C)⊤(X ⊙ Z)
∥∥
F
≤
√
r ·max

i

∥∥((A⊙ C)⊤(X ⊙ Z)
)
i

∥∥
≤
√

3c̃ · log(k)σ1(A)σ1(C)r

We can now easily bound the Kronecker product of the two matrices:584 ∥∥∥((B ⊙ C)⊤(Y ⊙ Z)†
⊤)⊗ ((A⊙ C)⊤(X ⊙ Z)†

⊤)∥∥∥
F
=
∥∥(B ⊙ C)⊤(Y ⊙ Z)

∥∥
F
·
∥∥(A⊙ C)⊤(X ⊙ Z)

∥∥
F

≤ 3c̃ · log(k)σ1(A)σ1(B)σ1(C)2r2

585

Assuming that the events of Lemma C.2 hold, this lemma bounds the Frobenius norm of matrix M :586

Lemma C.3 (Existence and properties of M ). Assuming that 12 and 13 of Lemma C.2 hold, then587

there exists a matrix M such that588

1.
L̂M = L̂K (15)

2.
M(I ⊙ I) = I (16)

3.
∥M∥F ≤ 6C2

CW c̃k5r4 log(k)κ4 +
√
k (17)

Proof. We first observe that L̂, by Equation 12, spans Rr2 which in particular implies that it spans the589

columns of matrix L̂K which lie in this space. This gives us the existence of a matrix M satisfying590

15. We now observe that the i-th column of matrix L̂ is equal to the ((i− 1)k + i)-th column of591

matrix L̂K . In other words we have that:592

L̂ · ei =
(
L̂K

)
(i−1)k+i

where ei is the i-th standard basis vector. This implies that we can take:593

M(i−1)k+i = ei

which in turn gives us that:594

M(I ⊙ I) = I

and 16 also holds. The rest of the columns of M we select them to be the minimum norm vectors595

such that M satisfies equation 15. In other words, for j ̸= (i− 1)k + i for every i, we let596

Mj = L̂†
(
L̂K

)
j

We now analyze the Frobenius norm of matrix M , defined as above. For j for which there exists an i597

such that j = (i− 1)k + i, we have that:598

∥Mj∥ = 1

For j such that no such i exists, we have that:599

∥Mj∥ =
∥∥∥∥L̂†

(
L̂K

)
j

∥∥∥∥
≤
∥∥∥L̂†

∥∥∥ · ∥∥∥∥(L̂K)
j

∥∥∥∥
≤ 1

σr2
(
L̂
) ∥∥∥∥(L̂K)

j

∥∥∥∥
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We can now bound the Frobenius norm of matrix M :600

∥M∥F =

√∑
j

∥Mj∥2

≤

√√√√√k +
∑
j

1

σr2
(
L̂
)2 ∥∥∥∥(L̂K)

j

∥∥∥∥2

≤
√
k +

1

σr2
(
L̂
)
√√√√∑

j

∥∥∥∥(L̂K)
j

∥∥∥∥2

=
√
k +

∥∥∥L̂K∥∥∥
σr2
(
L̂
)

where we have used that the square root is a subadditive function. Using the bounds from 12 and 13,601

we get the result:602

∥M∥F ≤
√
k + 6C2

CW c̃ log(k)k5r4κ(A)κ(B)κ(C)2

≤
√
k + 6C2

CW c̃ log(k)k5r4κ4

603

In Lemma C.4 we argue that the eigenvalues of matrix (X ⊙ Z)⊤(X ⊙ Z) are all close to 1 with604

high probability, we use this to show in Lemma C.1 that we can replace the matrix (X ⊙ Y )
†⊤ by605

1
n2 (X ⊙ Y )(I + E)606

Lemma C.4 (Eigenvalues close to 1). Let X,Z ∈ Rn×k be random matrices with i.i.d standard607

Gaussian random variables as entries, then with probability at least 1− 1
k , we have that, for every i:608 ∣∣∣∣λi( 1

n2
(X ⊙ Z)⊤(X ⊙ Z)

)
− 1

∣∣∣∣ ≤ 3

√
C log(k)

n
+

k

n
C log(k)

where C is an absolute constant609

Proof. We will analyze the diagonal and non diagonal entries of the matrix 1
n2 (X ⊙ Z)⊤(X ⊙ Z)610

and will show that the diagonal entries are concentrated very close to 1 while the off-diagonal entries611

are concentrated very close to 0. We will then use Gersgorin disk theorem (Theorem 6.1.1 in [HJ12])612

to get the result. For convenience, we let W = 1
n2 (X ⊙ Z)⊤(X ⊙ Z). For the off-diagonal entries613

we observe that:614

Wi,j =
1

n2
⟨xi, xj⟩⟨zi, zj⟩

For the inner product ⟨xi, xj⟩ we have:615

⟨xi, xj⟩ =
n∑
l=1

xi(l)xj(l)

By Lemma 2.2.7 in [Ver18] each summand is a subexponential random variable with subexponential616

norm:617

∥xi(l)xj(l)∥ψ1
≤ ∥xi(l)∥ψ2

· ∥xj(l)∥ψ2

≤ K2,

where K is the sub-Gaussian norm of the standard Gaussian. Using Bernstein’s inequality, Theorem618

2.8.1 in [Ver18], (the inner product is a sum of sub-exponential random variables) we get that:619

P
(∣∣∣∣ 1n ⟨xi, xj⟩

∣∣∣∣ ≥ t

n

)
≤ 2 exp

(
−cmin

(
t2

nK2
,
t

K

))
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for some absolute constant c. Setting t =
√
C1n log(k), for C1 being a large enough constant we620

have that with probability at least 1− 1
k3 :621 ∣∣∣∣ 1n ⟨xi, xj⟩

∣∣∣∣ ≤
√

C1

n
log(k) (18)

Similarly, we have that, with probability at least 1− 1
k3 :622 ∣∣∣∣ 1n ⟨zi, zj⟩

∣∣∣∣ ≤
√

C1

n
K2 log(k3) (19)

For the diagonal entries of the matrix M we have that:623

Wi,i = ∥xi∥2 · ∥zi∥2

We write ∥xi∥2 =
∑n
l=1 x

2
i (l) and use the fact that there exists an absolute constant C̃ such that624

xi(l)
2 − 1 is subexponential random variable with subexponential norm:625

∥x2
i (l)− 1∥ψ1 ≤ C̃K2

We apply Bernstein’s inequality again, to get that:626

P

(∣∣∣∣∣
n∑
l=1

1

n
x2
i (l)− 1

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
−cmin

(
t2

C̃K2n
,

t

K2

))
We set t =

√
C2n log(k) for large enough constant C2, to get that with probability at least 1− 1

k3 ,627

we have that:628 ∣∣∣∣ 1n∥xi∥2 − 1

∣∣∣∣ ≤
√

C2 log(k)

n
(20)

Similarly, with probability at least 1− 1
k3 , we have that:629 ∣∣∣∣ 1n∥zi∥2 − 1

∣∣∣∣ ≤
√

C2 log(k)

n
(21)

We get that, by the union bound, with probability at least 1− 1
k equations 18, 19, 20 and 21 hold for630

every i, j. Setting C = max(C1, C2), with probability at least 1− 1
k , for the off-diagonal entries of631

matrix (Z ⊙X)⊤(Z ⊙X) we get that:632

|Wi,j | ≤
C log(k)

n

And for all diagonal entries, assuming that
√

C log(k)
n ≤ 1, we get that:633

|Wi,i − 1| ≤ 3

√
C log(k)

n

We now apply Gershgorin disc theorem (Theorem 6.1.1 in [HJ12]) and the the fact that 1
n2 (Z ⊙634

X)⊤(Z ⊙X) is symmetric and therefore all its eigenvalues are real to get that, for every i:635

λi (W ) ∈
n⋃
j=1

s ∈ R : |s−Wjj | ≤
∑
l ̸=j

|Wj,l|


⊆

{
s ∈ R : |s− 1| ≤ 3

√
C log(k)

n
+

k

n
C log(k)

}
where from the first to the second line we use the triangle inequality.636

In Lemma C.5 we give bounds upper and lower bounds for the inner products ⟨cj , zi⟩, needed to637

bound the least singular value of matrix L̂ and the Frobenius norm of matrix L̂K .638
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Lemma C.5. With probability at least 1− 2
k over the randomness in Z, we have that for every i and639

for every j:640

σr(C)

k2r
≤ |⟨cj , zi⟩| ≤

√
6 log(k)σ1(C)

Proof. For fixed i, j, the inner product between cj and zi has distribution ⟨cj , zi⟩ ∼ N(0, ∥cj∥2).641

For the lower bound, we have that:642

P
(
|⟨cj , zi⟩| ≤

σr(C)

k2r

)
= P

(∣∣∣∣ 1

∥cj∥
⟨cj , zi⟩

∣∣∣∣ ≤ σr(C)

k2r · ∥aj∥

)
≤ 1√

2π
2
σr(C)

k2r∥cj∥

≤ σr(C)

k2r∥cj∥

where we have used that 1
∥cj∥ ⟨cj , zi⟩ ∼ N(0, 1) and that the density of the standard Gaussian is643

upper bounded by 1√
2π

. We now use the union bound to get that:644

P
(
∃i, j : |⟨cj , zi⟩| ≤

σr(C)

k2r

)
≤

k∑
i=1

r∑
j=1

σr(C)

k2r∥cj∥

≤ 1

k

where we have used that for every j, ∥cj∥ ≥ σr(C). For the upper bound we again fix i, j and use645

that 1
∥cj∥ ⟨cj , xi⟩ ∼ N(0, 1). Using Proposition 2.1.2 in [Ver18], we have that:646

P
(∣∣∣∣ 1

∥cj∥
⟨cj , zi⟩

∣∣∣∣ ≥ t

)
≤ 2

t

1√
2π

exp

(
−t2

2

)
Letting t =

√
2 log(k3) ≥ 1, we get that:647

P
(∣∣∣∣ 1

∥cj∥
⟨cj , zi⟩

∣∣∣∣ ≥√2 log(k3)

)
≤
√

2

π
· 1
k3
≤ 1

k3

By the union bound and the fact that for every j, ∥cj∥ ≤ σ1(C):648

P
(
∃i, j : |⟨cj , zi⟩| ≥

√
2 log(k3) · σ1(C)

)
≤

r∑
i=1

k∑
j=1

1

k3

=
kr

k3

≤ 1

k

Using again the union bound we have that with probability at least 1− 2
k for every i, j:649

σr(C)

k2r
≤ |⟨cj , zi⟩| ≤

√
6 log(k) · σ1(C)

650

Lemma C.6 (Bound on columns). Assume that for every i, j, we have that |⟨cj , zi⟩| ≤651 √
6 log(k)σ1(C), then with probability at least 1− exp(−4r) we have that for every i:652 ∥∥((B ⊙ C)⊤(Y ⊙ Z)

)
i

∥∥ ≤√c̃ · r log(k3)σ1(B)σ1(C) and∥∥((A⊙ C)⊤(X ⊙ Z)
)
i

∥∥ ≤√c̃ · r log(k3)σ1(A)σ1(C)

where c̃ is a large enough constant.653
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Proof. Fix an i and recall that by Lemma A.2:654 (
(A⊙ C)⊤(X ⊙ Z)

)
i
= DziA

⊤xi

We focus on the norm of DziA
⊤xi, we have that:655

DziA
⊤xi = Dzi(ΠAA)⊤xi

= DziA
⊤ΠAxi

where we have used that ΠAA = A and that any projection matrix is symmetric. We have that:656

∥DziA
⊤xi∥ = ∥DziA

⊤ (ΠAxi) ∥
≤ ∥DziA

⊤∥ · ∥ΠAxi∥
≤ ∥Dz1∥ · ∥A∥ · ∥ΠAxi∥
= max

j
|⟨cj , zi⟩| · σ1(A)∥ΠAxi∥

≤
√
2 log(k3)σ(C)σ1(A)∥ΠAxi∥

where from line 2 to line 3 we have used that the operator norm is submultiplicative. From line 3 to657

line 4 that the operator norm of a diagonal matrix is equal to the largest entry in absolute value and658

from line 4 to line 5 our assumption on |⟨cj , zi⟩|. Similarly, we get that:659

∥DziB
⊤yi∥ ≤

√
2 log(k3)σ1(B)σ1(C)∥ΠByi∥

We now use that ∥ΠAxi∥ has the same distribution as that of a norm of an r dimensional random660

vector with i.i.d. standard Gaussian entries, by Theorem 3.1.1 in [Ver18], we get that:661

P
(∣∣∥ΠAxi∥ − √r∣∣ ≥ t

)
≤ 2 exp(−ct2)

Applying this bound with t = (
√

c̃/2− 1)
√
r (we will specify c̃ later) as well as the union bound,662

we get that:663

P

(
∃i : ∥ΠAxi∥ ≥

√
c̃r

2
or ∥ΠByi∥ ≥

√
c̃r

2

)
≤ 4k exp(−

(√
c̃/2− 1

)2
r)

We take c̃ to be a large enough constant so that 4k exp(−(
√

c̃/2−1)2r) ≤ exp(−4r). The definition664

of k in Lemma C.2 depends on c̃, because Cop = 2(18CCW · c̃+ 2c0 + 7.75), we can nevertheless665

select c̃ large enough so that, for every r:666

2 · (18CCW c̃+ 2c0 + 8.75) r2 exp

(
−
(√

c̃/2− 1
)2

r

)
≤ exp(−4r).

We conclude that, with probability at least 1− exp (−4r), for every i:667

∥DziA
⊤xi∥ ≤

√
c̃r log(k3)σ1(A)σ1(C) and

∥DziB
⊤yi∥ ≤

√
c̃r log(k3)σ1(B)σ1(C).

The claim follows.668

Theorem C.7. Let f(x) = f(x1, x2, . . . , xn) be a degree d polynomial such that Var[f ] = 1 when x669

is a standard n-dimensional Gaussian vector, then for every t ∈ R and for every ε > 0, we have that:670

P
x∼N(0,1)n

(|f(x)− t| ≤ ε) ≤ O(d) · ε1/d

Claim C.8. Let A,B ∈ Rn×k, then:671

∥A⊙B∥ ≤ ∥A∥ · ∥B∥

Proof. We first observe that the columns of A⊙B are a subset of the columns of the matrix A⊗B,672

meaning that:673

∥A⊙B∥ ≤ ∥A⊗B∥
we now use that:674

∥A⊗B∥ = ∥A∥ · ∥B∥
675
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Proof of Theorem B.2 We analyze the least singular value of matrix X̂ ⊙ Ŷ . Using Equation 3 we676

can rewrite the matrix X̂ ⊙ Ŷ as:677

X̂ ⊙ Ŷ = (A⊗B)
((

(B ⊙ C)⊤(Y ⊙ Z)
†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
))

We now have that:678

σr2
(
X̂ ⊙ Ŷ

)
≥ σr2 (A⊗B)σr2

((
(B ⊙ C)⊤(Y ⊙ Z)

†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
))

= σr (A)σr(B)σr2
((

(B ⊙ C)⊤(Y ⊙ Z)
†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
))

We can, without loss of generality, using our assumption on the condition numbers of A, B and C,679

assume that for the least singular values of A,B and C, we have that σr(A) ≥ 1
poly(r) , σr(B) ≥680

1
poly(r) and σr (C) ≥ 1

poly(r) (otherwise we can rescale the tensor T so that this holds):681

σr2
(
X̂ ⊙ Ŷ

)
≥ 1

poly(k)
· σr2

((
(B ⊙ C)⊤(Y ⊙ Z)

†⊤
)
⊙
(
(A⊙A)⊤(X ⊙ Z)

†⊤
))

It therefore suffices to analyze the least singular value of matrix:682 (
(B ⊙ C)⊤(Y ⊙ Z)

†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
)

By Lemma C.1, we have that with probability at least 1− 2
k :683

(Y ⊙ Z)
†⊤

=
1

n2
(Y ⊙ Z) (I + E1) and

(X ⊙ Z)
†⊤

=
1

n2
(X ⊙ Z) (I + E2)

where ∥E1∥, ∥E2∥ ≤ 6
√

C log(k)
n + 2C k

n log(k) (C is an absolute constant). We now have that:684 (
(B ⊙ C)⊤(Y ⊙ Z)

†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
)
=

1

n4
L

where we have used L to denote:685

L =
(
(B ⊙ C)

⊤
(Y ⊙ Z) (I + E1))

)
⊙
(
(A⊙ C)

⊤
(X ⊙ Z) (I + E1))

)
we therefore, have that:686

σr2
((

(B ⊙ C)⊤(Y ⊙ Z)
†⊤
)
⊙
(
(A⊙ C)⊤(X ⊙ Z)

†⊤
))

=
1

n4
σr2(L)

Hence, it suffices, in order to prove the claim, to bound the least singular value of matrix L by 1
poly(k) .687

We first analyze the matrix:688

L̂ =
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊙
(
(A⊙ C)

⊤
(X ⊙ Z)

)
.

3By Lemma C.2 we have that with probability at least 1− 2
k − exp(−4r)−

(
1
k

)r2
:689

σr2
(
L̂
)
≥ σr(A)σr(B)σr(C)2

2C2
CW k5r2

(22)

and that for matrix:690

L̂K =
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊗
(
(A⊙ C)

⊤
(X ⊙ Z)

)
Its Frobenius norm is bounded:691 ∥∥∥L̂K∥∥∥

F
≤ 3c̃ log(k)σ1(A)σ1(B)σ1(C)2r2 (23)

3L̂ would be equal to L if E1 = E2 = 0
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By Lemma C.3, assuming that equations 22 and 23 hold, there exists a matrix M such that 15, 16692

and 17 hold. By the union bound, with probability at least 1− 4
k − exp (−4r)−

(
1
k

)r2
= 1− o(1)693

the events of Lemma C.1 and C.2 both hold. We now have that, using Equation 3:694

L =
(
(B ⊙ C)

⊤
(Y ⊙ Z) (I + E1))

)
⊙
(
(A⊙ C)

⊤
(X ⊙ Z) (I + E1))

)
=
(
(B ⊙ C)

⊤
(Y ⊙ Z)

)
⊗
(
(A⊙ C)

⊤
(X ⊙ Z)

)
((I + E1)⊙ (I + E2))

= L̂K (I ⊙ I + I ⊙ E1 + E2 ⊙ I)

= L̂K (I ⊙ I + E)

where we have used E to denote the matrix I⊙E2+E1⊙ I+E1⊙E2. By Claim C.8 and assuming695

that n is large enough compared to k, it follows that:696

∥E∥ ≤ ∥I ⊙ E2∥+ ∥E1 ⊙ I∥+ ∥E1 ⊙ E2∥
≤ ∥E1∥+ ∥E2∥+ ∥E1∥ · ∥E2∥

≤ 3

(
6

√
C log(k)

n
+

2k

n
C log(k)

)
We can now use matrix M :697

L = L̂K (I ⊙ I + E)

= L̂M (I ⊙ I + E)

= L̂ (I +ME)

where we have used that M is such that M(I ⊙ I) = I . We will use this expression to analyze the698

least singular value of matrix L. We use the variational characterization of singular values:699

σr2 (L) = σr2(L̂ (I +ME))

= σr2
(
(I + (ME)⊤)L̂⊤

)
= min

u∈Rk,
∥u∥=1

∥∥∥(I + (ME)⊤)L̂⊤u
∥∥∥

≥ min
u∈Rk,
∥u∥=1

σmin (I +ME) · ∥L̂⊤u∥

≥ σmin (I +ME) · σr2
(
L̂
)

We have the bound on the least singular value of L̂, we only have to analyze the least singular value700

of matrix I +ME. We argue by showing that ME has small spectral norm. We have that:701

∥ME∥ ≤ ∥M∥ · ∥E∥

Assuming nγ0 ≥ k for a small enough constant γ0, we get that:702

∥M∥ · ∥E∥ = o(1)

Using the variational characterization of the singular values, we have that:703

σmin (I +ME) = min
u∈Rk,
∥u∥=1

∥(I +ME)u∥

≥ min
u∈Rk,
∥u∥=1

∥Iu∥ − ∥MEu∥

≥ 1− ∥ME∥
= 1− o(1)

This concludes the proof.704
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C.2 Robust Analysis705

Recall that the tensor T has a decomposition of rank r given by factor matrices A,B,C ∈ Rn×r that706

approximates T i.e., T =
∑r
i=1 ai⊗bi⊗ci+Err with OPT = ∥T−

∑r
i=1 ai⊗bi⊗ci∥2F = ∥Err∥2F .707

The following lemma relates the objective value to singular values of different matrices related to the708

updates.709

Lemma C.9. [Objective value in the second iteration] Suppose X(1), Y (1) be the iterates of Algo-710

rithm 1 after the updates of the first iteration. Let Φ̃ = X(1) ⊙ Y (1) and Φ = X̂ ⊙ Ŷ where X̂, Ŷ711

are the updates after the first iteration when there is no error. Then we have that the loss objective712

value in the second iteration is at most713 ∥∥∥T − k∑
i=1

x
(1)
i ⊗ y

(1)
i ⊗ z

(2)
i

∥∥∥2
F
≤

O
(
∥Φ− Φ̃∥2 · ∥T∥2F

)
σr2(Φ)2

+ 2OPT. (24)

Proof. We prove this statement using the above lemmas, and using Davis-Kahan theorem for pertur-714

bations of top singular spaces.715

To bound the objective value in the second iteration as in (24), we use the characterization of least716

squares value being the squared perpendicular distance of the target vector from the span of the717

columns i.e., if Π⊥
Φ̃

is the projection matrix onto the subspace orthogonal to the column span of718

Φ̃ = X(1) ⊙ Y (1), then719 ∥∥∥T − k∑
i=1

x
(1)
i ⊗ y

(1)
i ⊗ z

(2)
i

∥∥∥2
F
=
∥∥∥Π⊥

Φ̃
flatten(T,modes X ⊗ Y,mode Z)

∥∥∥2
F

=
∥∥∥Π⊥

Φ̃

(
(A⊙B)C⊤ + E3

)∥∥∥2
F
,

where E3 ∈ Rn2×n is the flattening of the tensor Err. Let ΠΦ be the projection matrix on to the720

span of the columns of X̂ ⊙ Ŷ , and Π⊥
Φ be the projection matrix for the subspace orthogonal to it.721 ∥∥∥T − k∑

i=1

x
(1)
i ⊗ y

(1)
i ⊗ z

(2)
i

∥∥∥2
F
=
∥∥∥Π⊥

Φ̃

(
(A⊙B)C⊤ + E3

)∥∥∥2
F

=
∥∥∥Π⊥

Φ̃
(ΠΦ +Π⊥

Φ)
(
(A⊙B)C⊤ + E3

)∥∥∥2
F

≤ 2
∥∥∥Π⊥

Φ̃
ΠΦ

(
(A⊙B)C⊤

)∥∥∥2
F
+ 2
∥∥∥Π⊥

Φ̃
Π⊥

Φ

(
(A⊙B)C⊤

)
+Π⊥

Φ̃
E
∥∥∥2
F

≤ 2
∥∥∥Π⊥

Φ̃
ΠΦ

(
(A⊙B)C⊤

)∥∥∥2
F
+ 2∥E∥2F ,

where we have used that Π⊥
Φ (A⊙B)C⊤ = 0, since Φ = X̂ ⊙ Ŷ contains A⊗B w.h.p. from the

previous non-robust analysis. Furthermore, since the top r2 singular values of M are separated from
the least singular value of Φ̃ corresponding to Π⊥

Φ̃
(i.e., 0, since this corresponds to the nullspace of

Φ̃), we have by the Davis-Kahan theorem (see Fact A.5)

∥Π⊥
Φ̃
ΠΦ∥ ≤

O(∥Φ− Φ̃∥)
σr2(Φ)

.

722 ∥∥∥T − k∑
i=1

x
(1)
i ⊗ y

(1)
i ⊗ z

(2)
i

∥∥∥2
F
≤ 2∥Π⊥

Φ̃
ΠΦ∥

∥∥∥((A⊙B)C⊤
)∥∥∥2

F
+ 2∥E∥2F

≤ c∥Φ− Φ̃∥2 · ∥T∥2F
σr2(Φ)2

+ 2OPT,

for some constant c > 0.723

The following claims bound the different terms in (24) Lemma C.11.724
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Lemma C.10. [Projections onto the column space of Y ⊙Z] Let Q ∈ Rn2×r be an arbitrary matrix725

and Y,Z ∈ Rn×k be random matrices with i.i.d N(0, 1) entries. There exists a universal constant726

c > 0 such that with probability at least 1− o(1)727 ∥∥∥Q⊤
(
(Y ⊙ Z)†

)⊤∥∥∥
F
≤
(c√k log(kr)

n2

)
· ∥Q∥F . (25)

Proof. From Lemma C.1 we have that

((Y ⊙ Z)†)⊤ =
1

n2
(Y ⊙ Z)(I + E), where ∥E∥ = ok,n(1) ≤ 1

for our choice of parameters. Hence, it will suffice to upper bound ∥Q⊤(Y ⊙ Z)∥F .728

Each of the k columns of Y ⊙ Z is an i.i.d. random vector distributed identically to y ⊗ z where729

y, z ∼ N(0, In×n). Consider a fixed j ∈ [r], i ∈ [k]. For any t ≥ 1, from concentration of quadratic730

multivariate polynomials due to Hanson-Wright inequality [see e.g., Ver18], we have that the (j, i)th731

entry of Q⊤(Y ⊙ Z) can be written as732

P
Y,Z

[∣∣⟨Qj , (Y ⊙ Z)i⟩
∣∣ > t∥Qj∥F

]
= P
y,z∼N(0,In)

[∣∣y⊤Qjz
∣∣ > t∥Qj∥F

]
≤ 2 exp

(
− t2∥Qj∥2F

2∥Qj∥2F + t∥Qj∥

)
≤ 2 exp

(
− t

3

)
≤ 1

3(kr)2
,

for t = O(log(kr)). The lemma follows after a union bound to get an upper bound on the magnitude733

of each of the kr entries of the matrix.734

This in turns leads to the following claim.735

Lemma C.11. [Perturbation of the spectrum with noise] Let X(1), Y (1) be the iterates of Algorithm736

1 after the updates of the first iteration. Let Φ̃ = X(1) ⊙ Y (1) and X̂, Ŷ denote the updates after the737

first iteration when there is no error. Then with high probability 1− o(1), we have for Φ = X̂ ⊙ Ŷ738

that739 ∥∥∥Φ̃−Φ
∥∥∥ =

∥∥∥X(1)⊙Y (1)−X̂⊙ Ŷ
∥∥∥ ≤ √OPT ·O(k log2(kr))

n4

(
2∥A∥∥B∥∥C∥F +

√
OPT

)
. (26)

A similar claim holds for Y (1) ⊙ Z(1) and Z(1) ⊙X(1) as well.740

In the above expression
√

OPT≪ ∥A∥∥B∥∥C∥F .741

Proof. Recall that T =
∑r
i=1 ai ⊗ bi ⊗ ci + Err, where ∥Err∥F =

√
OPT. Moreover, for the742

flattening E1, E2 ∈ Rn×n2

along the first and second modes of Err, we have with probability743

1− o(1) from Lemma C.10 that that744

X(1) =
(
A(B ⊙ C)⊤ + E1

) (
(Y ⊙ Z)†

)⊤
= A(B ⊙ C)⊤ + E1

(
(Y ⊙ Z)†

)⊤
= X̂ + E1((Y ⊙ Z)†)⊤

= X̂ + EX ,

where ∥EX∥ ≤ ∥EX∥F ≤
√

OPT ·
√
k log(kr)

n2
.

And similarly, Y (1) = Ŷ + EY , where ∥EY ∥F ≤
√

OPT ·
√
k log(kr)

n2
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Furthermore,745

∥X̂∥F =
∥∥∥A(B ⊙ C)⊤((Y ⊙ Z)†)⊤

∥∥∥
F

≤ ∥A∥ · ∥(B ⊙ C)⊤
(
(Y ⊙ Z)†

)⊤ ∥F
≤
(c√k log(kr)

n2

)
· ∥B ⊙ C∥F ∥A∥ by Lemma C.10)

≤
(c√k log(kr)

n2

)
· ∥A∥∥B∥∥C∥F ,

by Claim A.3. We have a similar bound for ∥Ŷ ∥F . Hence, we have746

∥Φ̃− X̂ ⊙ Ŷ ∥ = ∥(X̂ + EX)⊙ (Ŷ + EY )− X̂ ⊙ Ŷ ∥ ≤ ∥EX ⊙ X̂∥+ ∥Ŷ ⊙ EY ∥+ ∥EX ⊙ EY ∥
≤ ∥EX∥F ∥Ŷ ∥+ ∥EY ∥F ∥X̂∥+ ∥EX∥F ∥EY ∥F (using Claim A.3)

≤ c2k log(kr)2 ·
√

OPT
n4

(
2∥A∥ · ∥B∥ · ∥C∥F +

√
OPT

)
.

747

We now finish the proof of Theorem B.3.748

Proof of Theorem B.3 Without loss of generality, we can assume that ∥T∥F = 1 (for scaling), and749

∥A∥F = ∥B∥F = ∥C∥F (since we can redistribute the mass among the factors of any decomposition750

arbitrarily). Let us denote by OPT = ∥Err∥2F , and κ = max{κ(A), κ(B), κ(C)}. By Claim A.4,751

we have that 1 ≤ ∥A∥3F ≤ rκ2 ≤ r1+2c0 . For our purposes, we can think of OPT ≥ ε, since the752

guarantee and proof works up any upper bound on ∥Err∥2F . The algorithm in every iteration solves a753

least squares problem up to precision ε in time polynomial in n, d, log(1/ε). We can ignore this ε in754

this robust analysis, since it is dominated by the error terms in the tensor, and the intermediate steps.755

Also note that OPT ≤ 1; in fact, it will be useful to think of OPT < 1/poly(k, r), since otherwise756

the trivial bound suffices.757

We can bound the objective value in the second iteration using Lemma C.9 and combine it with758

Lemma C.11 to get759 ∥∥∥T − k∑
i=1

x
(1)
i ⊗ y

(1)
i ⊗ z

(2)
i

∥∥∥2
F
≤ 2OPT +

O(1) · ∥Φ− Φ̃∥2 · ∥T∥2F
σr2(Φ)2

≤ O(OPT)
(
1 +

O(k2 log4(rk))

n8σr2(Φ)2

(
∥A∥2∥B∥2∥C∥2F + OPT

))
≤ O(OPT)

(
1 +

O
(
k2r2κ4 log4(rk)

)
n8σr2(Φ)2

)
≤ O(OPT) · poly(k, r),

by using the bound of σr2(Φ) ≥ (n4poly(k, r))−1 from Theorem B.2, and the bound on κ in the760

assumptions on Theorem B.3. This concludes the proof.761
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D Experimental Evaluation762

Our theoretical results guarantee convergence of Algorithm 1 when the overparameterization k =763

O(r2). In our experiments we investigate whether this overparameterization factor is also observed764

in practice, and what the leading constant in the dependence is. The second question is how much765

overparameterization is needed i.e., does ALS require k = Ω(r2) to succeed? Our experiments766

suggests that both these questions are true.767

Algorithm 1 is a non-standard version of the ALS algorithm because in each iteration, it performs the768

updates to each mode in parallel. That is, X(t+1), Y (t+1), Z(t+1) are all a function of X(t), Y (t), Z(t).769

This is in contrast to the standard version of ALS which updates the modes sequentially. That770

is, X(t+1) will depend on Y (t), Z(t) as in the parallel version, but then Y (t+1) will depend on771

X(t+1), Z(t), and Z(t+1) will depend on X(t+1), Y (t+1). Our theoretical results focus on the parallel772

update version (Algorithm 1) because it is easier to analyze. In our experiments, we evaluate773

both the parallel-update and the standard sequential versions of ALS, to see what the effect of774

overparameterization is.775

D.1 Experimental setup776

To evaluate the parallel-update version of ALS (Algorithm 1), we implemented a non-optimized777

version using the scipy least squares solver. For each n, r, k that we analyze, we run 20 trials. For778

each trial we generate 3 random n × r factor matrices (each entry is an independent Gaussian) to779

make up our ground truth tensor. We initialize the factors of our model to be fully random n × k780

matrices. For all n = 200 and n = 500 we set the maximum number of iterations to be 20, due to781

computational constraints.782

To evaluate standard ALS, we used the parafac method from the TensorLy library [KPAP19], which783

provides an optimized version of the standard (sequential) ALS method. As for parallel-update ALS,784

for each n, r, k that we analyze we run 20 trials, and for each trial we generate 3 random (Gaussian)785

n× r factor matrices to make up our ground truth tensor. We then call parafac on this tensor with786

random initialization.4 For n = 500 we set the maximum number of iterations to be 100, and for787

n = 1000 we set the maximum number of iterations to be 20, due to computational constraints.788

We provide python code to run both experimental setups as part of the supplementary material.789

D.2 Parallel-updated ALS discussion790

k = r2 suffices. Our theoretical results guarantee that parallel-update ALS (Algorithm 1) should791

converge in O(1) steps as long as k = Ω(r2). Our experiments validate that this holds for k = r2,792

with no leading constant. In Figure 1, we plot the errors of running Algorithm 1 for n = 200,793

r ∈ {8, 11, 14, 17, 20}, and various values of k that depend on the setting of r. We see that794

consistently across all settings of r, Algorithm 1 consistently fails to converge for any value of k < r2795

and consistently converges for k ≥ r2.796

Our theoretical results guarantee that, once n is sufficiently larger than k, the overparameterized rank797

necessary for parallel-update ALS (Algorithm 1) to succeed has no dependence on n. In Figure 2798

we plot the errors of running Algorithm 1 for r = 8, and n ∈ {200, 500}. We observe that there is799

indeed no apparent difference in the results.800

D.3 Standard ALS discussion801

k ≤ r2 suffices for standard ALS. While our theoretical results apply to the parallel-update version802

of ALS, we observe that overparameterization k = r2 seems to suffice to ensure convergence for the803

standard sequential version of ALS as well. We run this experiment for n = 500 and various values804

of r and k, and the results can be found in Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8,805

Figure 9. In all of these experiments, we see that ALS starts to converge for values of k that are less806

than r2. Our theoretical result for the parallel-update ALS guarantees that the overparameterization807

necessary to ensure convergence should have no dependence on n. To evaluate whether this is true for808

4We use fully random initialization as opposed to the default SVD initialization, which deviates significantly
from what we analyze in this work.
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standard ALS, we provide Figure 9 and Figure 10, which both evaluate r = 20 and the same values809

of k for two different values of n (n = 500 and n = 1000). We observe that the different choices810

of n do not appear to have any significant impact on the error of standard ALS as a function of the811

overparameterization.812

Comparison to parallel-update ALS. We see that in comparison to the parallel-update version813

of ALS, the standard version has a more graceful degradation of error as a function of k. While814

we do not have a theoretical result that proves that standard ALS performs only better than the815

parallel-update version we analyze, it does appear in our experiments that this is the case. Even816

though standard ALS converges for smaller values of k than the parallel-update ALS, we note that817

many of our experiments, including Figure 7, Figure 8, Figure 9, and Figure 10, seem to display that818

standard ALS experiences instability at values of k very close to r2, that it does not experience for819

other nearby values of k. We view this as an interesting phenomenon to investigate in future work.820

Necessary overparameterization. Our theoretical results guarantee that parallel-update ALS821

converges for k = Ω(r2). Our experimental results suggest that parallel-update ALS converges822

exactly when k ≥ r2 (with no leading constant). Our experiments also suggest that standard823

(sequential) ALS converges for values of k < r2. However, we observe that even though the input824

tensors in our experiment are chosen randomly from a nicely-behaved distribution , standard ALS still825

requires k significantly larger than r to converge. Our results are inconclusive as to what dependency826

k must have on r to ensure convergence. We view it as an exciting future direction of both theoretical827

and experimental work to understand the overparameterization necessary to ensure convergence of828

standard ALS.829

D.4 Data830

Figure 1: Results of running the parallel-update version of ALS (Algorithm 1) for n = 200, various
values of r, and various values of k that depend on r. We see that this method consistently fails to
converge for k < r2 and consistently converges for k ≥ r2. For this experiment we run ALS for a
maximum of 20 iterations per trial. For trials where the method converged, it always converged in 2
iterations, which is consistent with our theoretical result. The reported values are aggregated over 20
independent trials, with error bars corresponding to one standard deviation. The data for this plot can
be found in Figure 11.
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Figure 2: Results of running the parallel-update version of ALS (Algorithm 1) for r = 8, two
values of n, and various values of k that depend on r. We see that this method consistently fails to
converge for k < r2 and consistently converges for k ≥ r2. For this experiment we run ALS for a
maximum of 20 iterations per trial. For trials where the method converged, it always converged in 2
iterations, which is consistent with our theoretical result. The reported values are aggregated over 20
independent trials, with error bars corresponding to one standard deviation. The data for this plot can
be found in Figure 12.

Figure 3: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 8
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 8, but smaller
than r2 = 64. For this experiment we run ALS for a maximum of 100 iterations per trial. The
reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 13.
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Figure 4: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 10
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 10, but smaller
than r2 = 100. For this experiment we run ALS for a maximum of 100 iterations per trial. The
reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 14.

Figure 5: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 12
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 12, but smaller
than r2 = 144. For this experiment we run ALS for a maximum of 100 iterations per trial. The
reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 15.
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Figure 6: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 14
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 14, but smaller
than r2 = 196. For this experiment we run ALS for a maximum of 100 iterations per trial. The
reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 16.

Figure 7: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 16
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 16, but smaller
than r2 = 256. We also observe that standard ALS seems to experience some instability for values of
k very close to r2 = 256. For this experiment we run ALS for a maximum of 100 iterations per trial.
The reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 13.
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Figure 8: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 18
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 18, but smaller
than r2 = 324. We also observe that standard ALS seems to experience some instability for values of
k very close to r2 = 324. For this experiment we run ALS for a maximum of 100 iterations per trial.
The reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 18.
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Figure 9: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 500, r = 20
and various values of k. We observe that the error degrades gracefully as a function of k. The
minimum k necessary to ensure convergence seems to be significantly larger than r = 20, but smaller
than r2 = 400. We also observe that standard ALS seems to experience some instability for values of
k very close to r2 = 400. For this experiment we run ALS for a maximum of 100 iterations per trial.
The reported values are aggregated over 20 independent trials, with error bars corresponding to one
standard deviation. The data for this plot can be found in Figure 19.

Figure 10: Results of running standard ALS (parafac by TensorLy [KPAP19]) for n = 1000,
r = 20 and various values of k. We observe the results of this experiment are very similar to Figure 9,
suggesting that convergence of standard ALS is a function of k and not n. For this experiment we
run ALS for a maximum of 100 iterations per trial. The reported values are aggregated over 20
independent trials, with error bars corresponding to one standard deviation. The data for this plot can
be found in Figure 19.
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r k mean std. dev

8 r2 − 2 1.35 1.07
8 r2 − 1 1.3 0.855
8 r2 5.99e-13 9.46e-13
8 r2 + 1 3.21e-14 1.85e-14
8 r2 + 2 2.86e-14 1.89e-14
8 r2 + r 4.92e-14 1.66e-14
8 r2 + 2r 3.09e-14 4.6e-15
11 r2 − 2 1.18 0.813
11 r2 − 1 1.21 0.511
11 r2 3.38e-13 8.14e-13
11 r2 + 1 4.66e-14 4.06e-14
11 r2 + 2 2.81e-14 1.21e-14
11 r2 + r 1.25e-14 2.1e-15
11 r2 + 2r 9.46e-15 1.23e-15
14 r2 − 2 1.03 0.659
14 r2 − 1 1.73 1.69
14 r2 9.44e-13 3.14e-12
14 r2 + 1 6.93e-14 1.03e-13
14 r2 + 2 3.96e-14 1.49e-14
14 r2 + r 1.54e-14 1.53e-15
14 r2 + 2r 3.67e-14 4.32e-15
17 r2 − 2 1.22 0.628
17 r2 − 1 1.18 0.731
17 r2 2.55e-13 5.84e-13
17 r2 + 1 5.83e-14 3.82e-14
17 r2 + 2 4.44e-14 1.36e-14
17 r2 + r 1.56e-14 1.29e-15
17 r2 + 2r 9.45e-15 6.06e-16
20 r2 − 2 1.02 0.376
20 r2 − 1 1.43 1.07
20 r2 9.33e-13 1.04e-12
20 r2 + 1 8.34e-14 3.87e-14
20 r2 + 2 7.58e-14 2.77e-14
20 r2 + r 1.49e-14 8.28e-16
20 r2 + 2r 3.83e-14 3.45e-15

Figure 11: Data used to generate Figure 1. For these experiments n = 200, and the maximum number
of iterations of ALS is 20. The reported values are aggregated over 20 independent trials.
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n r k mean std. dev

200 8 r2 − 2 1.35 1.07
200 8 r2 − 1 1.3 0.855
200 8 r2 5.99e-13 9.46e-13
200 8 r2 + 1 3.21e-14 1.85e-14
200 8 r2 + 2 2.86e-14 1.89e-14
200 8 r2 + r 4.92e-14 1.66e-14
200 8 r2 + 2r 3.09e-14 4.6e-15
500 8 r2 − 2 1.5 1.31
500 8 r2 − 1 1.81 1.88
500 8 r2 2.67e-12 1.11e-11
500 8 r2 + 1 3.36e-14 1.91e-14
500 8 r2 + 2 2.72e-14 1.25e-14
500 8 r2 + r 1.11e-14 2.17e-15
500 8 r2 + 2r 6.7e-15 1.29e-15

Figure 12: Data used to generate Figure 2. For these experiments the maximum number of iterations
of ALS is 20. The reported values are aggregated over 20 independent trials.

r k mean std. dev.

8 8 0.279915 0.111048
8 16 0.106255 0.071116
8 32 0.0293 0.032489
8 48 0.00011 0.000177
8 56 0.0 0.0
8 60 0.0 0.0
8 63 0.0 0.0
8 64 0.0 0.0
8 65 0.0 0.0
8 72 0.0 0.0
8 80 5e-06 2.2e-05

Figure 13: Data used to generate Figure 3. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.

r k mean std. dev.

10 10 0.237 0.100775
10 20 0.105275 0.073401
10 40 0.03214 0.025882
10 50 0.01725 0.014379
10 60 0.009715 0.01181
10 80 5e-05 6.1e-05
10 90 0.0 0.0
10 95 0.0 0.0
10 99 3.5e-05 0.000157
10 100 4.6e-05 0.000113

Figure 14: Data used to generate Figure 4. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.
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r k mean std. dev.

12 12 0.241995 0.075478
12 24 0.10385 0.057524
12 48 0.052115 0.037644
12 72 0.020825 0.015514
12 96 0.006375 0.006497
12 120 1.5e-05 3.7e-05
12 132 0.0 0.0
12 138 0.0 0.0
12 143 0.0 0.0
12 144 0.0 0.0
12 145 0.0 0.0
12 156 2e-05 8.9e-05
12 168 0.0 0.0

Figure 15: Data used to generate Figure 5. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.

r k mean std. dev.

14 14 0.1976 0.08427
14 28 0.081565 0.065547
14 56 0.054265 0.03741
14 86 0.037515 0.023547
14 98 0.02151 0.015892
14 112 0.01377 0.011933
14 140 0.001525 0.002253
14 168 1e-05 3.1e-05
14 182 0.0 0.0
14 189 0.0 0.0
14 195 0.0 0.0
14 196 5e-06 2.2e-05
14 197 1e-05 3.1e-05
14 210 0.0 0.0
14 224 0.00027 0.001207

Figure 16: Data used to generate Figure 6. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.

r k mean std. dev.

16 16 0.20394 0.078098
16 32 0.07173 0.045191
16 64 0.065095 0.039075
16 96 0.04665 0.02052
16 128 0.023405 0.015258
16 160 0.008025 0.007481
16 192 0.000725 0.001254
16 224 5e-06 2.2e-05
16 240 0.0 0.0
16 248 0.0 0.0
16 255 0.00012 0.000537
16 256 3.5e-05 7.5e-05
16 257 0.00272 0.011766
16 272 5e-06 2.2e-05
16 288 0.000575 0.001772

Figure 17: Data used to generate Figure 7. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.
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r k mean std. dev.

18 18 0.201895 0.075775
18 36 0.04922 0.060002
18 72 0.058525 0.041778
18 108 0.045035 0.020357
18 144 0.02728 0.016545
18 162 0.02057 0.011974
18 180 0.01624 0.009968
18 216 0.004095 0.004536
18 252 0.000635 0.001181
18 288 5e-06 2.2e-05
18 306 0.0 0.0
18 315 0.0 0.0
18 323 0.000965 0.004269
18 324 3.5e-05 6.7e-05
18 325 0.00613 0.027297
18 342 5e-06 2.2e-05
18 360 3e-05 0.000134

Figure 18: Data used to generate Figure 8. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.

r k mean std. dev.

20 20 0.222785 0.087655
20 40 0.103795 0.062048
20 80 0.085645 0.040937
20 120 0.06505 0.023917
20 160 0.037505 0.014094
20 200 0.027705 0.013622
20 220 0.02015 0.009954
20 240 0.0129 0.007192
20 260 0.00727 0.004
20 280 0.005775 0.003874
20 300 0.001783 0.001685
20 340 0.000275 0.000197
20 360 4.5e-05 5.1e-05
20 380 0.0 0.0
20 390 0.0 0.0
20 399 6.5e-05 0.000208
20 400 0.005205 0.023042
20 401 0.000145 0.000417
20 420 0.0 0.0
20 440 0.00019 0.00085

Figure 19: Data used to generate Figure 9. For this experiment n = 500, and the maximum number
of iterations of ALS was 100. The reported values are aggregated over 20 independent trials.
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r k mean std. dev.

20 20 0.239725 0.102431
20 40 0.13363 0.059243
20 80 0.096775 0.033897
20 120 0.0835 0.029776
20 160 0.044465 0.01832
20 200 0.02991 0.01427
20 220 0.024735 0.011906
20 240 0.01598 0.00924
20 260 0.011645 0.008376
20 280 0.00604 0.004469
20 300 0.002445 0.002042
20 320 0.00157 0.001794
20 340 0.00025 0.000173
20 360 5e-05 5.1e-05
20 380 0.0 0.0
20 390 0.0 0.0
20 399 7.5e-05 0.000251
20 400 0.001155 0.004456
20 401 0.0001 0.000296
20 420 2e-05 8.9e-05
20 440 0.0 0.0

Figure 20: Data used to generate Figure 10. For this experiment n = 1000, and the maximum number
of iterations of ALS was 20. The reported values are aggregated over 20 independent trials.
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