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This file consists of all the technical details needed in the main text.

S.1 Proofs of main results

We first introduce some additional notation. For any integer pair 1 < s < ¢, denote the un-smoothed
and smoothed population CUSUM statistics as

s(t—s
Ds,t = Sup Ds,t(w) = ( ) sup |m1:s($) - m(s+1):t(x)| (Sl)
rERP t TERP
and
h h s(t —s) h h
D) = sup DI () =/ = sup [mil)(x) —m),), ()],
zERP zERP
where
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ma(®) = 757 2 mile)
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t
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m () = Pa——— ZE{Yz‘\Xi € Anj}-

Proof of Theorem 3] For any integer pair (s,t), with 1 < s < t, note that

[s(t —s) ~
‘Dst - et | maX|mls z) m(s+1):t(Xi)’ _Ds,t
s(t—s ~ L
<2 rg_ax|m1 (0~ i1y (X0)| — e ) (06 — ()|
s(t— s) h h
) = mi mE) (X) = m ) ()] = sup [m{) (@) = m(l) ), (@)
t i= r€ERP
S(t — S) h h
+ t sup |m( )(I) - rrn’Es—)‘,-l):t(m)| - Ds,t
rERP
= (I) + (II) + (III). (S.2)

Step 1. In order to show (I0) and (TT), we focus on the integer pairs (s,t), with1 < s <t < A < oo.
In this case, it follows from Lemma [S.1| that D, ; = 0, from Lemma that (I1) = 0, fi
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Lemma|S.3|that (I11) = 0, from Lemma S.5]that with probability 1 — ~,

() <2 s(tt_S>CLip\/gh+ \/510g t) +log(16/7).

\/ Cmm

Therefore, the results (I0) and (II)) hold due to the choice of by ; in (9).

Step 2. In order to show (12)), due to (S:2), it suffices to show that

Daasve = (I) = (IT) = (IIT) > ba ate
with probability at least 1 — ~y. In this case, it follows from Lemma [S.] that

DA’A+€ = KJ\/Z

from Lemma [S.2] that

P{(I[)=0}>1-— exp(—Acminh?),

Cminhd
for Csnr large enough, from Lemma [S.3] that

Ae
111 <24/ —CLipVdh
(I11) < 24/ Ate LipVd
and from Lemma[S.3] that

A 4o
(1) < 24/ = —CripVdh + ———/5log(A + ) + log(32/7)
A + € V Cmmh

with probability at least 1 — «y/2. Note that, due to Assumption A > e. Combining the above
statements, we thus have with probability at least 1 — ~ that

Dange— (I (I1T) — ba,ate

>
Hf\/AJre \/AJF OLipVdh — N \/510g A+ o) + log(32/7)
\/ CLlpf h— 1/ cLlpf h— \/510g (A +e) +log(32/7)

lel’l

/[ € [ Ae 8o
>/ — ; EE—
KVA c 6 6C’L p\/gh Cminhd 5log(64A/’y) >0

where the second inequality follows from € < A, and the last inequality holds with a large enough
CsNR-

Proof of Theorem{d] Throughout the proof, we will omit the use [-] or | -] notation, for the sake of
simplicity.

Step 1. We let f1(-) = ma and f5(-) = ma41, which are the before and after change point mean
functions respectively. To be specific, we let X = B(0,ry ), with

2 1/d
Txmax{<8010g2<1/v>> ,QH}.
K

We let
k—lz|, z€ B(0,k)
= = X.
o) = o)+ {1 TEROL o pi) =0 vee
We let the distribution of X be uniform on X with density px (z) = u = Vd_lr;(d, forany z € X.
‘We have that
[f2 = fillo = &



and both f;, j = 1,2, are Lipschitz with constant upper bounded by 1.

Step 2. For any n € N*, let P" be the restriction of a distribution P to F,,, i.e. the o-field generated
by the observations {(Xl, Y;)}? .. Forany v > 1 and n > v, we let

dP"
Zl,,nzlog(d :G”): Z Z:,

Pllooo i=v+1

where P, , o indicates the joint distribution under which there is no change point and

B AP (Xi, Yi) | _ fo(Xi) = f1(Xe) [, fi(Xe) + fo(X5)
Zi B log { dPn,a',u(Xiu le) } B 02 {}/l 2 } .

Step 2.1. For any v > 1, define the event

2

1
81,2{1/<T<V—|— 5 log(1/7), I,T<ilog(7>}.

Then we have

]P)fs,a,u(gu) = / exp (ZV,T) dPH,O',OC < 773/4]?&,«7,00(5;)
£

v

o2
<Y Py g0 {1/ <T<v+ log(l/v)} vy =AM, (S.3)
where the last inequality follows from the definition of D().

Step 2.2. Forany v > 1 and T € D( ), since {T > v} € F,_1, we have that

Py oo {1/<T< VJr log(l/fy) v > 3log( > ’T> 1/}

3 1
<esssupIF’,i,g’,,{ max Zyit > Zlog () ‘(Xu}/z)zul}
Y

1<t< 577 log(4)

< o log(1> a ExP {Z >3log(1>’(X Y)Y }
<= - max X vt 2 7 - i ¥i)i=
K2+ Y/ 1<t<—gE log( L) : ey 2 '

2+d

o? 1
=——log () max g(t) + max h(t)p =)+ (I1),
AN { or() ") iz B ) 7D

where K -
g(t) =ExP. { [Z,,J,H > Zlog (i)} N l VZHl {f2(Xi)2_(72fl(Xi)}2 . ilog (i)l }
i=v+
and
h(t) = ExP. { [sz > Zlog (i)] n l Vf {fQ(Xi)Q_Ugfl(Xi)}Z N ilog (i)] }
i=v+1

Step 2.2.1. We first deal with (IT). As for h(¢), we have that

{3 B L ()]

1=v+1

v los(3) e
<Px 3 {f2(X3) — f1(X3)} >llog<i>

1=v+1




If
L ooe (L) < Lioe (L
2rd 8 v) ~ 4 & v)’
i.e. k > 21/ then h(t) = 0. Otherwise,
h(t) < Visu! < Virdu,

where the last inequality is due to the fact that uVx? < 1.

Then we have that

o2 1 o2 1
II) = ——log () max h(t) = —— log (> Vdmdu
UD = ava Y/ 1<t<-g210g(2) 0= v v

o? 1 K2 1
=2 log (=) mi <1/8. S4
w208 (v) mm{802 log(1/7)’ Qde} =1/ .

Step 2.2.2. We then deal with (I). As for g(t), we have that

g(t) = ExP, { [ZWH > Zlog (i)} N lf {fz(Xi)Q_arjl(Xi)}z = ilog (1)1 }

i=v—+1 v
v+t 2
f1(X; 1 1
S EXPE { v+t Z {f2 20_2 ( )} Z 5 log‘ <’y)}
1=v+1

<Ex

(1/2)21og?(1/) H

€Xp 4§ — » S )
{ 221+5+1 {f2(Xz)02fl(Xz)}2

2
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B(0,r)®t 22 M
1/2 21 (1
:// b —Ht)o—g@ u' dey - - day
B(0,k)®t 250, w

(1/2)*1og®(1/7) e da
<l / /B(O e exp{ 2t"””2 } dzy---dxy

2lo ¢
— exp {_(1/2)%;(1/7)} (uVard)".

Therefore
o2 1
(I) = —— log () max g(t)
) k¥+d Y 1§t3;2 log(L)

2+d

2 2 2
o] .1
2.9 log (1) 5
d] 1
< (1/8) exp {—g(”)} — (/8" < 1/8,

8

where the second inequality is due to (S.4).

Step 2.2.2. Combining the previous two steps, we have that

Py ow {1/ <T<v + 1og(1/fy Zyr >~ log ( ) ‘T > 1/} < 1/4. (S.5)

4



Step 3. Combining (S:3) and (S:3), we have that

o2

Pr.ow {1/ <T<vt log(l/v)} <AV441/4.

Since the upper bound in the above display is independent of v, we have that

sup Py 50 {Z/<T<V+ log(l/y)} <AY441/4.
v>1

Therefore, for any change point time A, we have that

2
B a{(T = 802} 2 o lo8(1/1)Br {7 -0 > S lost/)}
2 o2
=—7g log(1/7) [}P’mmy {T>v}—Puoy {u <T<v + log(l/'y)}]
o2 o2
—ga log(1/7)(1 =7 = Y —1/4) > 2ra los(1/7),
where the last inequality holds when v + /4 < 1/4. O

Proof of Theorem([l] In the case that

t— 7213
st=9) o . h?a? > 6410g< ),
t ’chinhd
we start by writing
~ s(t—s) . (h)
|Ds,t - Ds,t| S sup |m1:s(x) m(s+1 ( )| — Sup |m1 s (l‘) - m(s+1);t($)|
t z€R zER?

t— )
u sup ‘mgls)(ac) —m (x)| — D

+ .
’ weRd (s+1):t

= (I') + (II1).

Here (I11) is the same term as appears in the proof of Theorem and we do not need to bound it
again here. The term (I") roughly corresponds to the non-private (I) and (II), but new techniques
must be applied. Instead of using Lemma [S.5] we use Lemma and we also need to bound a
truncation error, but otherwise the proof is very similar.

For regression functions m we must bound the truncation error

max

. {m(@) ~ E(Y]Y X = 2)}u(dz)|,

1
(Ah ])

and this changes the overall proof by just adding some bias. We use the facts that sup,, |m(z)| < My

and Y| X = z is o-subgaussian for all 2. For a o-subgaussian random variable Z and ¢t > o+/log(4)
we have that (using Exercise 2.3 of [3]])

E(1Z]")
tk

E(eMZ] E(er 2
< tinf E(e™™) < 9t inf (™) < 9t inf e MHNO/2 — 9o 5,7

E(|Z|1 < tinf
(1211)z2¢) < lirelN AS0 e AeR et NER

When M > My + o+/21og(2 + o /h) + loglog(2 + o /h) we therefore have

1 B " . )
rnax (An ) Ahvj{m(x) E([Y]M,|X = z)}u(dz)
1
a M(;’Lj)/AM E{([Y] = m(2)) L)y —m(z)|>m -1, | X = z}p(d)
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ov/2log(2 + o /h) + loglog(2 + o /h) < 2v/3h,
(24 a/h)\/log(2 + o/h)

which is the same order as the bias. We see that we have

P(1Dss = Daal = bos) <7/ (28). (56)

On the other hand, in the case that

s(t—8) 9 ogq o 7213
dlog (),
" 2. h*%a? < 64log Y

we will never flag a change, and there is nothing to prove.

In the setting of Assumption 2] we see from (S.6) and a union bound argument that we have

P(%%§lr£§§t(D = bst) >O) Zt2t3 _77 =7

Similarly, in the setting of Assumption 3] we have

) i
- >0) < <.
P(ma, pua (Do —bu) 20) 3t <9

We have that

Ae 7213
h2a? > 641 (4447)
A+e “min’t o8 Yeminh®

when C. and Csnpg are chosen large enough. Thus, by (S.6) and Lemma|S.1] with probability at least
1 —~, we have

DA Ate —bante > Daaye — 2bA,A+e

Ae 2M 72t3
2€ -2 OV +2 ! :
A +€ A +e€ (CL p\[ * \[) minhda o8 (’chinhd> =0

where the final inequality holds when /h is above a constant threshold and Csnr is large enough.
O

Proof of Theorem[2] Throughout the proof, we will omit the use [-] or || notation, for the sake of
simplicity.

Step 1. Let @ be any sequentially interactive privacy mechanism, with output in some space W,
whose density satisfies
Qi(w|x7 Y, Wi—1,. .. awl)
Qi(w|l'/, ylv Wi—1y-- 7U}1)
Let fi(-) = ma and f2(-) = may1, which are the before and after change point mean func-

tions respectively. Let Px(-) be the distribution of X, staying the same before and after the
change point. Let Y; = m;(X) + Unif[—o,0], for any i € N* . Let Py x, k = 1,2, denote

<e¥ Yw,wi,...,wi1 €W,z eRY yy €R.

the distribution of Y given X, before and after the change point. Let h; p(w|w;—1,...,w1) =
Ja(w|z,y,wi_1,...,w1) dPx(x)dPyx (y|z). Let X = B(0,rx), with
2o — 1)\ 4
w(<e)) . 8.7
«
We let
_ K?*H:L'H, xGB(OaH) _
(o) = fio)+ {§ L, i) =0V e X
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We let the distribution of X be uniform on X with density px (z) = u =V 'r3% forany z € X.

We have that
Ilf2 = fillo = &

and both f;, j = 1,2, are Lipschitz with constant upper bounded by 1.

Step 2. For any n € N*, let P™ be the restriction of a distribution P to F,,, i.e. the o-field generated
by the observations {W }r, CW.Forany v > 1 and n > v, we let

P!, hio (Wil Wiy, ..., Wi)
Zym =1 Zi = lo ERE :
’ Og(dpn ) Z Z { he s (Wi Wit .., Wl)}

Kk,0,00 i=v+1 i=v+1

where P, .~ indicates the joint distribution under which there is no change point.
It follows from Lemma 1 in [2, Supplementary material], that we have
|Z;| < min{2, e*}(e® — )dpv (P, P2), i€{v+1,...,n}

where P and P, are the joint distributions of (X, Y") before and after the change point. Moreover,
by calculations around Lemma 1 in [2, Supplementary material] we have

hi G—1sy 3
2ty 00 gy i, (e~ 1)2dry (P, Po)?

0< /hi72(w|wi,1,...,w1)log

h,;71(w|wi_1, e ,wl)
for all wq,...,w;_1. Since

1 K
doy(P1, Py) = 20/3(0 )(n — Jlalpx (@) do < 2= Vaw,

we have that for any i > v, |Z;] < min{2, e®}(e® — 1)g=Varlu < ar?™'/(20), and

E(Z;|W;_1,...,W1) < a?k24+2 /(40?) almost surely.

Step 2.1. For any v > 1, define the event
o2log(1/7) 3 1
gV: {V<TSV+KW, ZV,T < Zlog (/y)}

Then we have

IPH,G‘,V(gV) = / €xXp (ZV,T) dPn,a,oo < '7_3/41[])&,0',00(51/)
&

v

_ o2 log(1/~ _
< AP, e {u <T<v+ /<;2+2(dc{2)} < Ay = A (S.8)

where the last inequality follows from the definition of D().

Step 2.2. For any v > 1 and T' € D(v), since {T' > v} € F,_1, we have that

o?log(1/7) 3
PK7U7V{V<T§V+K;2+2da27ZV’T> 410g< ) ‘T>l/}

3 1
<esssup Py o0 max Zy st > —log () ‘(Wl)l’;l
1<t 2josG/) 4 v

o?log(1/7) { 3 1
Si max ]P)n,a,y Zy,u+t Z - log <) ’(W1)U= } .
REFEAY e otorn 1\ -

_a*log(1/v)

= atadge | WaX 9(t),

2 10g(1/7)
ISt<Z28005

where



As for g(t), we have that

v+t 2 2,.2d+2
1 o?log(1l/v) ok
g(t) < MV{Z{Z E(Zi|Wi_1,...,W1)} > = 10g<7>— TredgE 102
i=v+1
i 1 1
< Prow { > AZi—E(Zi|Wi,... . W)} > S log ()}
i=v+1 v
<expd - log?(1/7) _
= % 22442 /52 ’

where the second mequahty is due the Azuma—Hoeffding inequality [e.g.!3, Corollary 2.20]. Therefore

3 a?log(1/~
]PH,U,II {V <T < V+ IOg(l/’Y) v, T — >~ IOg ( > )T > } S M’Y S ’71/4'

Step 3. Combining the above we have that

Py o {I/<T<I/—|— S log(1/7), Zur > zlog( ) ’T>1/} < 2914,

Since the upper bound in the above display is independent of v, we have that

2
sup Py {0 < T <0+ T top(1/n) | <200

v>1

Therefore, for any change point time A, we have that

o?log(1/7) o?log(1/7)
Exoa{(T—A)4} > WPK ov {T —v> /€2+2da2}

a?log(1/7) o®log(1/7)
= redgs {IP’,@W, {T'>v}—Puow {V <T<v+ Tat2dg H

2 2
N l‘ﬁi”?(l o — iy > T 1081/Y)
K o 2K212d 2

S.2 Auxiliary lemmas

S.2.1 Population quantities

Lemma S.1. For D, ; defined in (S.1)), it holds that
{ 1<s<t<A,
9 gt

mf\ﬁ s=A<Lt.

Proof. When1 < s <t < A, by definition, we have that D, ; = 0.
When s = A < t,let ma = f; and ma11 = fo. Note that

D T A .y (S

where the last identity follows from Assumption 3] O
Lemma S.2. When1 < s <t <A, it holds that
{’maXD( )(x;) - D] = 0}

When s = A < t, it holds that

it

1
p— exp(—Acpinh?)

méx D) (X;) - Dgf?‘ >0} <

i=1



Proof. Case 1. When 1 < s < t < A, by definition, we have that
Dgflt) (x) =0, zecR™L

Then we have that

it

Case 2. The only way that we can have max!_, Dglt) (Xi) # Dg? is if there exists some Aj, ; with
no observations falling within it. We have that

1= Zu(Ah,j) > Coinh® Ny,
J

max D (X;) = DU =0} =1

i=1

Thus, when s = A < ¢, using a union bound, it holds that

]P’{maxD( )( Xi) — (h)‘>0}<P{Z]l{X€Ah }_Oforsomej}

i=1

m maX{l (Ah,j)}t

1
>~ 7hd eXP(—ACminhd)7
Cmin

as required.

O
Lemma S.3. For any integer pairs (s,t), 1 < s <t < A, it holds that |D(h) — Dg | = 0. When

s = A < t, it holds that
|D£7t) - Stl < 2\/ ( )CLlp\fh

Proof. For any integer pairs (s,t), 1 < s <t <A, it holds that

mghs) (x) = mgﬁl):t(x} and  mis(2) = mepr)e(z), Vo eRY

which implies that |D(h) D, =0.
When s = A < t, it holds that

h
DX}~ Dadl
A(t—A) h h
=\ = |sup [m{ (@) = mX}, ()] — sup |ma (@) — mas ()]
z€ERP rERP
At —A) h h
<\ Z 5 s [l (@) =m0 = () — maga (@)

<2 A(tt_A)maX{ sup |m(Ah)(3;‘) —ma(z)|, sup ‘mAj)Ll( ) — mA+1(33)|}

T ERP zERP
Alt—A
where the last inequality follows Assumption [

S.2.2 Sample terms

Lemma S4. Letn € N,p € (0,1) and x € (0,1]. Let (B, ..., By) be an independent sequence of
Ber(p) random variables, and let (e1, . . ., €,) be a sequence of real-valued random variables such
that, conditionally on (B, ..., By,), it holds



(i) €1,...,¢€, are independent; and

(ii) E(e*) < eX*/2 forall X € R.

IP’< B;| > IZBi) < 9~ P /4,
1=1

Proof. Writing N = >""" | B;, we may condition on (B, ..., B,,) to see that

1
Py

Then we have .

Zéi

i=1

n

Z EiBi

=1

Na?2

= 2{(1 —p+pe“’2>n —(1 —p)”}
o (10— D) —a-nr)

For z € (0,1] we have 1 — e=®’/2 > 22 /4, so that
1
N

Lemma S.5. UnderAssumption for any integer pair (s,t), 1 < s < t, we let

M)

n

Z EiBi

i=1

s(t—s)
t

Define the following three scenarios:

t ~ ~ t
W = max (s (X0) = e (X0)] = mae i) (X5) = m((L,), (X

i1 :s (s+1):t

(i) There exists an integer pair (s,t), 1 < s < t, such that

/s (
Wi, > 2 cLlpfh + V/5log(t) + log(16/7). (S.9)
\/7

lel’l

(ii) There exists an integer pair (s,t), 1 < s <t < A, such that (S.9) holds.
(iii) Under Assumption[3) there exists an integert, t > A, such that

Alt—A
%cmp\/&h +——

Way>2 \/5 log(t) + log(16/7).

V len

We have that

* under Assumption[2] (i) holds with probability at most ~; and
* under Assumption[3) (ii) and (iii) hold with probability at most .

Proof. For any integer pairs 1 < s < t and any 7,7/, > 0,7’ + 5" =, it holds that

s(t—s t - 0

]P’( % nas Imi1.s(Xi) — Msq1) (X)) —max|m( )(Xl) mgs+1)t(X )|’ > 77>
s(t—s _ n

< IP( ( : ) max‘|m1 s(Xi) = Mgy (Xi)| — |m1 )(X) mgsil):t(Xi)l‘ > n)

st—s) [ ¢ . b . .
< IP( (t{l?_alx |m1:s(Xz> mg 2( Z)' + r?:alx |m(s+1):t(Xi) — mEs-)Q—l)t(Xl”} > ’[7)
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< (Dt ()~ m2060] 2 ')

s(t—s) t h
+ P( ( t ) r?:a'lx ‘m(s-i-l):t(Xi) - mgsll):t(Xi” Z ’]7”)

= (I) + (11). (S.10)

Case 1. In this case, we consider t < A. We first focus on term (7).

When z € A), ; with a certain j € N, we have

m(h)(x) _ Z?:l E<)/;]1{Xi€Ah,j}) _ fAh,,j mA(x)/’[’(dZ‘)
e sp(An,;) 1(An.j)

Then, with the convention that 0/0 = 0, we have

Vl:s(Ah,j) . fAh,j mA(l'),U(d.’L‘)
Ul:S(Ah,j) H(Ah,j)

miax [, (X3) = mil) (X)] = max
1= J

S

= max ms(lAhj) ;{Yi —mi(Xi)}l(x,ea, ;}
ity 2 (0 = P s
T Ah,] Z{Y X xeans
—(1.1) + (1.2). (S.11)

As for the term (I.1), we apply Lernmaand take B; = 1{x,ca, ,}- Forany n, € (0,0] we have

N2
> 771) < zexp<—8“<A’”)"1). (5.12)

402

Z{Y m’b }]]'{X €A ]}

(Nl is Ahd

As for the term (1.2), when 2 € Ay, ;, due to Assumption|[I] we have
[, mi(a')ude)
#(An,j)

hence with probability one, it holds that

K Lo, ma(@)u(dr)

/Ll:S(Ah.,j) =
fAh,j mA(.’L')M(d{L')
w(Ap, ;)

§ C’Lipdiam(Ah,j) = CLip\/gha

mite)

S

1
P
o :U/l:s(Ah,j) Z

i=1

Lix,ea,,} < CLipVdh. (S.13)

Combining (S.T1)), (S-12) and (S-13), with a union bound argument, we have that, for any 1, € (0, o]
t— . t—
P{ al ; ?) mélx s (X3) — miT) (X)| > g (771 + CLip\/&h)}

N2
< 2texp (—S“(Ahﬂ)m) (S.14)

402

11



For any 72 € (0, o], almost identical arguments lead to

s(t—s) ¢+ - s(t—s
]P’{ ( )I?jflm(su):t(Xi) — i (X > E-s) (772 + CLip\/ﬁh)}

t

_ N2

< 2teXp<(tS)l/J(2Ah,g)772)' (S.15)
4o

Combining (S.10), (S-14) and (S-13), we have that

st—s) | t  ~ . h h
Ly i 7 (36 = 0 (0] = 260 = el ()|
s(t—s s(t—s
> ( . )(771 +m2)+2 ( ; )CLip\/gh}
sp(An )i (t = 5)u(An )13
< 2texp(—42) + 2texp< — T

SCminhn? (t — 8)cminh®n3

where the last inequality follows from Assumption T}

We let

_s(t=s) |t~ ~ (h) (R)
Qui = i [ (X5) = o 172 (X0)| = i [m {2 (X) = m(LL, ,(X0)

_gy /5 - S) i Vah,

402 d 402
=4/———¢; an =/— ¢
n seminhd " 2 (t — 8)cminhd t

with €, > 0 to be specified. Therefore

doey s(t — s) 2
P{Qs,t > m} < P{Qs,t > P (771 + 772)} < 4t eXp(—Et).

Case 1.1 When A = oo, we have that

4
Is,te N t>1,s€[1,t): Qor > O—Et}

IA
Me 2

Il
-

40’525 S 4U€t
P max max Qs; > ———= , < E 2 max Pq{ max Qs> ———
27 <t<2i+1 1<s<t . hd . 27 <t<2i+1 1<s<t . /Cminhd

J

&

g L

. 40'575
27 max 4t max P > —— 3 <4 27 max % exp(—&?
20 <t<2i+1  1<s<t QSt_ Z 27 <t<2it1 p( t)
J

<4 Z 23912 exp(—e3,) < 7,
j=1
where the last inequality holds by taking

= /5log(t) + log(16/7). (S.16)

Case 1.2 When A < oo, with &, defined in (S:16), it holds that

4
PA{HS,tGN*,1§5<t§A:Qs,t2Ugt}

V' Cmin hd
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4
<P, {38715 eEN"t>1,s€[l,t): Qss > Ugt} <~.

V Cminhd

Case 2. In this case, we consider s = A < t. Note that for any such integer pair (s, ¢), within both
intervals [1 : s] and [(s + 1) : ¢], there is one and only one underlying distribution. Therefore, based
on identical arguments as those in Case 1., we have that

40'€t

P >
{QA,t Z o

} < 4texp(—e?).
Then we have

4
IP’A{HtGI\T*,t>A: QA,tZUgt} <.

V Cmin hd

We then complete the proof. O

Lemma S.6 (Laplace concentration). Lef €1, ..., €, be independent standard Laplace-distributed
random variables (mean zero, variance 2). Then for all x > 0 we have

1 & 3na?
P(nZei > :z:) Sexp<4+3m>.

i=1

Note that this implies Lemma 1 of [1]].

Proof. Using a Chernoff bound and taking A = 2(v/1 4 22 — 1) we have
1 n 22 -n
P~ >a) < inf e (12
(n ;6 _a:) _)\e%,n)e ( n2>
2 2 _2v1 2
§exp<n(\/1+x21)n10g<1 ki 5 T ))

T

B p(‘{w - lg(w%m

It is a fact (checked numerically) that

x? 1 ( 2 ) - 32
— —1lo
1+ +v1+ 22 & 1++vV14+22) 443z
for all x > 0, and the result follows. O

Lemma S.7 (Private version of Lemma(S.3). Suppose that

— 213
s(t S)cfminhzdoz2 > 64log e .
t ’chinhd

Then, if either 1 < s <t < A or A = s < t, with probability at least 1 — v/ (2t3) we have

S(t — S) ~ -~ h h
| SUp [ (@) = Aesnya(@)] = sup [mil) (@) = (), (@)
rER? zER4
s(t—s) 2°M 72t3
<2 CLipVdh 1 .
o t b p\[ * Cminhda o8 (fycminhd

Proof. We start by writing

~ —~ h h
SUP [ 1. ()~ M1y (2)] — sup [mi (z) - mgs)ﬂ);t(mﬂ
reR4 rERC
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~ h ~ h
< sup [in.a(x) — m") (@)] + sup [Wepny(@) —m ()]
zeRd x€R4

As in the proof of Lemma [S.3] it suffices to consider the first term in the case that s < A. This is
given by

max
J

W), [, ma(@u(do)
Ai 1. o )> n)/n}y — .
T s(Ah ) {fi1:5 (An,j)=log(n)/n} M(Ah,j)

For any j with fi1.s(Ap ;) > log(n)/n we have
U1.s(An j) fA,hj ma(z)p(dz)

fivs(Anj) 1(An,;)
< Pra(dn) 1 Pros(An) — vass(Ang)l |, [71:s(An) Ja,, mal@ulde)
f1s(Ang)  ps(Anj) p1:s(An,j) p1:s(An.j) 1(Ap,j)
_ [ PreslAng) || o) Sy i | UM/ G| |a(Ang) _ Ja, ma@lnde)
s (Ang) 1122521 Tixiean,) Yoo Lixiean ;) p1:s(Anj) (A, j)

The final term can be bounded exactly as in the proof of Lemma([S.3] For the first two terms

P( V1ss (An) (48/00 D i Eiy N (4{/-’/04) i1 i > 77)
Hi1:s(Ap ) Zi:l ]l{XiEAh,j} Eizl ]l{XiEAh,j}
H1: ( ) Zi:l ]l{XiGAh it Zi:l ]I{XieAh,j}
4 AM
SP( Q(AhJ) >4M)+]P)< ( /Q)Z'L 167"] 27]/(8M)>+P(‘( /Q)Z'L 1<7'7] >77/2>
H1:s(An,j) Y1 Lixiean,) > i1 Lixiean ;)
Yl AN G 5 e
< IP’( Zl_i {Xi€An;} = %:z_l Gij > 4M> " 2]P’<‘ _ i1 Eiy > 770‘/(32M)>
Ei 1 l{XieAh,j} +a Ei:l €i,j Zi:l ]]'{XzEAh,j}
< P(

4 1< |3y Yilx,ea, 3+ 255001 Gij
azem 2Z]l{Xi€Ah‘j})+P( ilpen, ) L i
1=1

>2M
Ei:l ]l{XiEAh,j} )

+2PO D ici Eiy
Zz 1]]'{X €An;}

290,193 e

i=1

> a/(3200))

E €ij

< 4IP’<
i=1

1 S
S 41?(‘8262‘7]‘

i=1

> au(Ap,;) min{n/(64M), 1/16}) + 4P (Z Lixiean,y < su(Ah)j)/2>.

i=1

We have thus reduced our problem to two standard concentration inequalities. By Lemma [S.6] we
have

“

Using the fact that e=® < 1 — x + 22 /2 for all z > 0 we have the Chernoff bound

S

E : €ij

=1

> ap(Ap ;) min{n/(64M), 1/16}> < 2exp <sa2p(Ah7j)2 min{n?/(2"4M?), 26}>.

IP(Z Lix,enn,y < s,u(Ah’j)/2> < /{r;fo e’\”(A’“j)/Q{l — u(An ;) + M(Ah,j)e_’\/s}s

=1

<)l\nfoeAu(Am)/Q{l_)\M(Ahj)/s—l-/\ ,u(AhJ)/( )}s
>

< /{r;fo exp(—/\u(Ah,j)/2 + AQ#(Ah,j)/@S))

— on (S Any)

= exp( 3 )

14



Hence,

Vs (Ang) || (4/0) D00 €y
firs (Ang) |1 22521 Lixiea, ;)

< 16exp (—sozz,u(A;m»)2 min{e? /(2 M?), 2_6}> .

7

N[O
Zf:l ]]'{XieAh.j}

)

Combining the previous bound with bounds from the proof of Lemma [S35] when 7 €

(0,26M+/s(t — s)/t] we have
s(t—s)
“

~ ~ h h
SUp [y (%) — sy (2)] = sup [m?) (x) —m{) | ()]

t zERY z€RC

t—
>n+2 S( 7 S)CLip\/C?h>

IN

(T gl - o = i+ D)

s(t—s - s(t—s
'HP( ( 7 )sup!m@ﬂ):t(x) —mg’;)rl):t(x)’ >n/4+ ( - )CLip\/ah>>

<\/ﬁ { Drs(Anj) || (4/a) Y0 € +‘(4M/a) S 1 Gij }>77/4>

j ﬁl:s(Ah,j) Zf 1 ]]-{X €A ;} Zf 1 ]]-{X €An;} -

- Vist1):e(Anj) || (4 ; AM ;

P(\ﬁ ‘ { PrelAns) || (/) Liwn s | | WM/0) Tl G }Zn/4>

J /~L(s+1):t( hj) Zl s+1 ]I{XieAh,,j} Zi:SJrl ]I{XiGAh,,j}
Cmmhd 2 Cmmh n 2d t772 —6

= o {exp< t—s 642 )*e"p( PYE >+Sexp(‘8“ Chnh* min{ a2 })
+ 8exp( —(t — s)a?c?, h?? mm{L 2_6}

Comin s(t — s)218 027

4 Cminhn? a?c?, h2in? 36 a?c?, h?in?
< ——dexp| —————— | +8exp —L < ———exp ~ & Cmin W)
~ Cminh? 6402 2182 = i 218 )12

The result follows on taking

+P

+

n= 7\/Iog (72t3) 4+ log(1/cmin) + log(h=4) + log(1/7).

lel’l

S.3 Proofs of the results in Appendix A

Lemma S.8. For any v > 0, it holds that

(t;s>l/2i(zz —-fi) - {t(tss) }I/QI_Zt: (Z,— f)

=1

P{Es,teN,t> 1, s e[1,t):

> 23/2/¢2 + 402 log1/2(t/'y)} <n.

Proof. Tt holds that for any sequence {e; > 0},

V2 < 1/2 ¢
P{Hs,tGN,t>1,s€[1,t): |<tt3 > Z(Zlfl){t(t—s)} Z(Zz*fl) >
1

=1
o0

SE P max max
- 20 <t<2i+1 1<s<t

- <tt55)wi% i {t(t_)}/ _Z (Zi- 0] >

=1




5

27 <t<2i+1 1<s<t

27 max IP’{ max

(ﬂffﬂixam{“;ﬂﬁ”ijy&ﬁ>

=1 =s+1

ZEt}

j=1

2 max tP{[W|>e} <) 2YHP{|W| >},

)

o isi<ain =
where e, = &, forany t € {27,...,27%" — 1}, j = 1,2,... and W is a mean zero sub-Gaussian
random variable with
[Wlly, < Vo2 +4a2. (S.17)

We remark that (S:17) is due to Assumption [6] which implies that E(Z;) = f; and

120 = fillvs < \JIX0 = i3, + lall?, = Vo2 + 402,

where the last identity follows from Lemma 1 in [[1]].

Foranyt=1,2,...,1let

et = V202 4+ 8a2 [2log(t) + loglog(t) + log {log(t) + log(2)} — 2loglog(2) — log(’y)]l/2 .
Due to the sub-Gaussianity, we have that forany ¢ > 0, P{|W| > ¢} < 2exp(—271¢?/(0?+4a7?))
[e.g. (2.9) in3]].
> €t}

V2 s 1/2 ¢
IP’{EIs,tEN,t>1,s€[1,t): |<tt8 ) Z(Zlfl){t(t—s)} S (Zi- f)
max exp[(2j + 2)log(2) — 2log(t) — loglog(t) — log{log(t) + log(2)} + 2loglog(2) + log(¥)]

=1 l=s+1
20 <t<23+1

M

J

I
-

M KEA%

exp {(2j +2)log(2) — 251og(2) — 21log(j) — log{(j + 1) log(2)} + 2loglog(2) + log('y)}

1

=G+

IN

v <.

For simplicity, we let
e = 2%/2\/02 + 402 10g" 2 (t /),
which satisfies that for any ¢ > 2 and v € (0, 1),

23/2 logl/Z(t/’Y) > \@[2 log(t) + loglog(t) + log {log(t) + log(2)} — 2loglog(2) — 1og(’y)}1/2.
(S.18)

We therefore completes the proof. O

Proof of Theorem[3] Step 1. Define the event

B= {VS,te N,t>1,se[l,t): ‘ (t;f)l/Qi(Zz —fi) — {t(ts_s)}m Xt: (Zi— 1)

=1 l=s+1
(S.19)

<bt}.

It follows from Lemmathat P{B} > 1 — ~. Throughout the proof we assume that the event
holds.

Forany s,t € N, 1 < s < t, it holds that ’ﬁs,t — Dy,

< by, which implies that

Dst+b;>Dyy> Dyy — by (S.20)

Step 2. For any ¢ < A, we have that Dy, = 0, for all s € [1,¢). Thus, using (S:20), we conclude
that, £ > t and, therefore that t>A.
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Step 3. Now we consider any ¢ > A. If there exists s € [1,t) such that ﬁs,t > b, thend <t — A.
Thus, d < £ — A, where

t=min{t > A,3s € [A,t),ﬁsyt > b},

and any upper bound on ¢ will also be an upper bound on d, when the signal-to-noise constraint
specified by Assumption|[8]is satisfied. Thus, our task becomes that of computing a sharp upper bound
on t. To that effect, notice that, when A < s < ¢,

1/2 1/2
t—s t—s
D,,=A < > |1 — p2] = A ( ) K, (S.21)

ts ts
and, because of (S.20) again,

1/2

. t—

D, ZA( S) . by
ts

As a result, we obtain that t~§ t*, where

b g\ 12
t. =min< ¢t > A: max A< ) K—2b;p >05.
sE[A) ts

Step 4. Write for convenience m = t* — A, so that t—A < m. Recalling that

by = 23/2\/02 4+ 4a—21og?(t /),

we seek the smallest integer m such that

m+A—s Y2 5/2 _ 1/2
max Ak —c— -2 o2+ 4a2log/“{(m+ A)/y}| >0,

s€[A,m+A) (m+A)s

which is equivalent to finding the smallest integer m such that

% log {(m + A) /V}} > 0.

In turn, the above task corresponds to that of computing the smallest integer m such that

K2 s(m
A2— " >  min {32<+A) log {(m + A)/v}}

max {AQKQ —32(0* + 4a7?)
SE[A,m+A)

02 4+ 4a~2 SE[A,Mm+A) m+A—s
A A
= 32% log{(m + A)/,}/}7
or, equivalently, such that
Ak?
" 307 1 aaz) osllm AW}} > Alog {(m + A)/7}, (5.22)

under Assumption 8]

Let C'; be an absolute constant large enough and also upper bounded by Csnr. The claimed result
now follows once we show that that the value

m* = [Cqlog(A/7)(0? +4a?)k?]

satisfies (S.22). To see this, assume for simplicity that Cy log(A/v)(0? 4+ 4a~2)x~2 is an integer;
if not, the proof only requires trivial modifications. We first point out that m* < A because of
Assumption [§]and the fact that Cy < Csngr. Now, the left hand side of inequality is equal, for
this choice of m, to

A
Cq log(A/’y)§ - Cy

0? +4a~? { Cylog(A/y)(0? +4a™2) /K% + A
K

5 log(A/v)log S

Using again Assumption [§]and the fact that m* < A, the second term in the previous expression is
upper bounded by

} . (S23)

2C,
SNR

Alog(A/y),
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due to the fact that 2log(x) > log(2z), x > 2. Thus, the quantity in (S.23) is lower bounded by

Cyq 2Cy

Atog(a/) (G4 - oot

where the first inequality is justified by first choosing a large enough C; and then choosing Csngr
larger than Cy, and the second and third inequalities follow from log(A/y) > 0 and m* < A,
respectively. Thus, combining the last display with (S.22)) and (S.23) yields (16). Finally, (I4) and
(T5) follow immediately from Steps 1 and 2. O

) > 2Alog(A/7) > Alog(2A /) > Alog (m* + A) /).

Proof of Theorem|6] Throughout the proof we will assume for simplicity that co?a =2 log(1/v)x >
is an integer.

Step 1. For any n, let P™ be the restrictions of a distribution P to F,,, i.e. the o-field generated by
the observations {Z; }7_;.

Let P, be the distribution of the original X; before the change and let P, be the distribution after.
Write

my k(2215 -5 2i-1) :/qt(z|x,z1,...,zt,l)de(x)

for the conditional density of the Z; before (k = 1) and after (k = 2) the change point. To be specific,
we let
= Unif[0,20], P, = &+ Unif[0, 20],

which satisfy that

K

121 = Poflrv = o, (S.24)

o

assuming that k < 20.

For any v > 1 and n > v, we have that for any n > A, it holds that

d ,:LO_V n
e £ m).

where P, , ~ indicates the joint distribution under which there is no change point and

mi,Q(Zi|Zi717 ceey Z1)

Wi =1lo .
& mi1(ZilZiza, ..., Z7)

For any v > 1, define the event

Zlog(1
S,,:{V<T<I/+COgM ZW<log( )}

1=v—+1
Then we have

Prou(&) = / exp< > W) APy y0o < exp {(3/4)10g(1/7)} Py .00 (E,)

1=v—+1
2 —21 1
< exp {(3/4)108(1/7)} Prooc { <T<uvs ”‘g(/”} <y — gt (825)

where the first two inequalities follow from the definition of &, and the last inequality follows from
the definition of D(v).

Step 2. Note that for any ¢, 2, z;_1, ..., 21 and an arbitrary xy we have

mio(2|zic1, ..., 21) _ [ ain(zlz,zi1, ..., 21) dPy(2) < e®q(z|zo, zi—1,. .., 21) [ dPy(x) _ 2
mi71(Z|Zi_1,...,Zl) fqi}g(z|x,zi_1,...,zl)dPl(x) - e—o‘q(z|x0,zi_1,...,zl)fdPl(x) ’

and we can similarly see that m; »(z|zi—1, ..., 21)/mi1(2|zi—1,...,21) > e 2%. When « is small,
therefore, (say a < 0.51og(0.5)), we will have for any 21, ..., z;_1 that
/mi’g(z|zi,1, ..., 21)log mia(2lziz1, -0 21) dz

mi71(2’|21‘_1, ey Zl)

18



mi1(2|2¢71,...,21) mi1(2|2¢71,...721) 2
<—/mi72(z|zi1,...721){ : —1- ( ’ —1) }dZ

mi72(z|zi_1,...,z1) mi,2(2’|2i_1,...,21)
{mio(2lzic1, s 21) —mia(2lzict, ooy 21) }2 ) ) ) )
= d d dz < min(4, e“*)(e* — 1)*||P; — P
/ mi,2(2|zi—1,---721) = ( ) )( ) ” 1 2||TV7

where the final inequality is Lemma 1 in [2, Supplementary material]. Calculations around Lemma 1
in [2| Supplementary material] also reveal that

mi,2(2|zi_1, ey 21)
mi,1(2|zi717 cee 721)

]bg < min(2,e?)(e” — 1)|| Py — Pyf|rv-

It follows from the Azuma—Hoeffding inequality [e.g. 3, Corollary 2.20] that forany z > O and t € N
we have

v+t
1}»( > Wi > a4 tmin(4,e*)(e” — 1)?|| Py — Pa|liy
1=v—+1

ZW...,ZI)

v+t
< IP’( S AW —EWilZioa,..., Z)} > x
i=v+1

ZU,...,Zl)

< 222
exp| —
= P\ Tt min(4, e20) (e — 1)2][ Py — Py|2y
Due to (S:24) and our assumption that v < 1, for small enough ¢ > 0 we have that
co?a2log(1/y)
12
Forany v > 1 and T € D(v), since {T > v} € F,_1, it therefore follows that for such ¢ we have

. o 1
% min(4, e2) (e = 12|1Py = Palfy < 7 log(1/7).

co?a=2log(1/y

T
]P),{yg’l,{l/<T<l/+ 5 ), Z Wi>(3/4)log(1/w)‘T>V}

k i=v+1
v+t
<esssup Py ., max Z W, > (3/4)log(1/7) ’Zl, sy
/ 1<t eotaBlost/) T
v+t
<esssup Py o, max Z {W; —E(W;|Z;-1,...,Z1)} > (1/2)10g(1/’y)’Z1,...,ZV
1<t< *ﬁwz"fil“g(lm i=v+1
Lot ?log(1/7) | { (1/2)log’(1/7) }
<——————"—"expl ——5—
K2 w min(4, e22) (e — 1)2[| Py — Py|2y
co?a?log(1/y
<70 1B sy (- 10(1/7)) <2

where the third inequality follows by a union bound argument, the fourth inequality holds for small
enough ¢ > 0, and the last inequality holds for small enough . Since the upper bound is independent
of v, it holds that

2 -2 T
M—lfg(w7 > Wi > (3/4)log(1/7) \T > u} < A4,

sup Py 5,0 {V <T<v+
i=v+1

v>1 K

which leads to
2 -2 r
cora” log{1/7) - §~ Wiz(3/4>log(1/v)} <41 (826)

1=v+1

K2

supPr o (v <T <v+
v>1

Combining (S-23) and (S:26)), we have

sup P 5,0 {1/ <T<v+

co?a=2log(1/7)
v>1 2

} < 2a174, (S.27)
K
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Step 3. We now have, for any change point time A,

coa”?log(1/vy co’a2log(1/y
En,a,A {(T - A)Jr} > %PK’J’A {T —A> ,4;2(/)}

2,2 100(1 20 210g(1
_rta 18/ [p (T s A} =Py {A cT <A+ Mogﬂv)}]

K2 2
S coa=2log(1/7)
- 2K2 ’
where the first inequality is due to Markov’s inequality, the second is due to (S.27) and the definition
of the class of D(vy) of stopping times. O
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