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A Appendix to Section [3]

We first show that a Nash equilibrium exists when agent payoff functions are separable, i.e., for
every agent ¢ there are functions g; : S; = R>¢ and h; : X#i S; = Rxygst.forall s € S,
ai(s) = gi(si) + hi(s_i).

Theorem A.1. In any federated learning problem where agent payoff functions are separable, a
Nash equilibrium exists.

Proof. When the payoff function of an agent ¢ is separable, the best response to any contribution
vector s_; is independent of s_;:

fi(s—;) = arg mz?gx ai(z,s_;) — ¢;(x) = arg m%xgi(m) + hi(s—;) — ¢i(x)
TES; rES;

= argmaxg; () — ci(z). (since h;(s—;) is independent of x)

rES;
Let F; := argmax,cg, gi(x) — ¢;(z). Clearly F; # () since S; # (). Then any s € X, Fi satisfies
s € f(s) by definition. By Proposition[I]any such sample vector is a Nash equilibrium. O

Next, we present a negative result showing that there are federated learning settings where a Nash
equilibrium is not guaranteed to exist.

Theorem A.2. There exists a federated learning problem in which a Nash equilibrium does not
exist. Moreover, the instance has three agents with continuous, non-decreasing, non-concave payoff
functions and linear cost functions.

Proof. Lete € (0,75). Lete : [0,1] — [0, 1] be a function given by:

0,if0<z<i—¢,

1 1 1y el 1
5"‘%(1'—5), lf§_€§x§§+€,
Lif+e<az<l

e(z) = )

Essentially the function e is a continuous, piece-wise linear function connecting (0, 0), (% —£,0), (% +
g,1) and (1,1).

Now consider the following federated learning instance with n = 3 agents, where S; = Sy = S5 =
[0, 1]. The payoff functions are given by:
ai(s) = e(s1) +e(s3) —e(s1) - e(s3)
as(s) = e(s2) +e(s1) —e(s2) - e(s1)
az(s) = e(s3) + e(s2) — e(s3) - e(s2),
1

and the cost functions are ¢;(s;) = 3s; for all i € [3]. Notice that the payoff functions are increasing
in s; for every j € [3] and are continuous since e is continuous.

©))

We now show that this instance does not admit a Nash equilibrium. Let us first evaluate the best
response set f1(s2, s3). Note that ui(s) = e(sy) - (1 — e(s3)) + e(s3) — +s1. Since uy(s) is
independent of s, f1(s2, s3) only depends on s.

1

e Case 1. s3 < 2 —e. Then uy(s) = e(s1) — +s1, which is maximized at s; = § + € and results in
7 €

autility of g — £

e Case 2. 53 > % +e.Thenui(s) =1— %sl, which is maximized at s; = 0 and results in a utility
of 1.

e Case 3. % —e<s53< % + €. We consider the intervals in which the best response s; to such an s3
can lie:

- 51 < 3 —e. In this range, u1 (s) = e(s3) — 51, which is maximized at s; = 0 and results in
a utility of e(s3).

12



464 - 51 > 5 +¢. In this range, uy (s) = 1 — %5y, which is maximized at s; = § + ¢ and results in
465 a utility of £—=

4
466 - 5 —e<s1 § 5 +e&In this range, using the definition of e(s1) (eq.[8) we obtain:
w(s) = (1265(83) - i) 1+ (1= e(ss) - (; - 41) +e(s3).

467 Thus u1 (s) is a linear function in s; with slope 157(‘53) 1 . If the slope is positive then the
468 best response in the current interval is 51 = 5 + g, and gives a utility of g — - If the slope
469 is negative, then s; = 5 — ¢ is the best response in the current interval and gives a utility of
470 e(s3) — 2(3 — ). However s; = 0 gives a utility of e(s3) implying that s; = 1 — ¢ cannot
471 be a best response. Finally if the slope is zero, then it must mean that e(s3) = 1 — 5, and the
472 utility is 5(3 — 5) +1— % % <. However responding with s; = 0 gives a utility of
473 e(s3) = 1 5 which exceeds s I srnce € < 1g- Thus, the best response does not lie in
474 (3 —e. 5 +¢e)ands; =0is the overall best response.

475 The above discussion shows that the best response fi(s2, s3) C {0 + €}. By symmetry, the same
476 holds for f and f3. Suppose there exists a Nash equilibrium st = (sl, s3, $5). By Proposmonl
477 8™ € f(s*). Since the above discussion implies sj € {O + €}, we consider two cases:

478 * Suppose s3 = 0. Then

1
s5=0 = s] = 3 +¢e (Case 1 for agent 1)

= s5=0 (Case 2 for agent 2)
= s5 = % +¢, (Case 1 for agent 3)
479 which is a contradiction.
480 * Suppose s3 = % + €. Then
* 1 *
83 = 5 +e = s1=0 (Case 2 for agent 1)

1
85 = 3 + ¢ (Case 1 for agent 2)

—
= s5 =0, (Case 2 for agent 3)

481 which is also a contradiction.

as2  This shows that there is no s* such that s* € f(s*), implying that the above instance does not admit
483 a Nash equilibrium. O

484 We now prove the fast convergence of best response dynamics.

sss Theorem 3.2. Let G(s) be the Jacobian of u : S — R", i.e, G(s);; = %. Assuming agent

4ss  utility functions u; satisfy
487 1. Strong concavity: (G + X - I,,x,) is negative semi-definite,

488 2. Bounded derivatives: |G;;| < L,

489 for constants A\, L > 0, the best response dynamics with step size ' = TLQ—)‘LQ converges to an
a0 approximate Nash equilibrium s* where | g(s™, pT)||, < € in T iterations, where

9 2L2 0 0
o2 1Og,(llg(sw)lg)_

A2 €

13
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Proof. Observe that ! is chosen s.t. [|g(s?, u')||, is minimized among all 4 s.t. the updated sample
vector s'™1 remains in S. Thus:

lg(s™ % D)y < llg(s™, 1)l (10)
Using Taylor’s expansion, we have:

g(s™ ') = g(s' ') + H(s i) - (57 = 81),

where H;;(s', ut) = % and s’ = s’ + a(s!t! — st) for some o € [0, 1].

Sj

By definition, g(st, u'); = 6"1( )‘H% Thus H;; (s, pt) = Bg;iiéz:) = G;j(s'), hence H(s', pu') =
G(s'). The BR dynamics update rule (@) implies s'™! — s* = §t - g(s?, u?). We therefore have
g(st™ ut) = (Insn + 61 - G(8)) - g(st, u'). Taking the L? norm, we get:

lg(s™%, mh)ll; = lg(s", )5 + 02 - | G(s)g(s', ) 3 + 289", u)T G (s )g(s", 1), (1)

By the strong concavity assumption, for a constant A > 0, G + A - I, «,, is negative semi-definite,
ie, vI(G+ X Ixn)v < 0forany v € R™. With v = g(s?, ut), we have:

g(st, )T G(s)g(st, ut) < —A-[lg(st, uh)]. (12)

Next we use the fact that the L? norm || A||, of an n x n matrix A is bounded by its Frobenius norm

Al ” H
X
V v g

By the bounded derivatives assumption, we have |G(s’);;| < L, which implies that |G(s')| =

\/22i >=; L? = nL. This gives:

IG(s")g(s", 1")lly < nLllg(s", u)l,- (13)
Using (12) and (13) in (TI)), we get:
2
lg(s"t, mh)lly = (1+ 67 - n2L2 — 20°\) - g(s", 1")][5,

Since § = HQ—ALQ, the above equation together with (]'115[) gives:

t+1 , t+1y(2 A? to )2
ol w5 < (1 5 ) ottt

Using (1 — )" < e~ " repeatedly we obtain that:

— A2 .
lg(s®, m)lly < e” 722" - lg(s?, uO)ll.

. 272 0,0 . .
Thus if we want the error ||g(s’, pt)|, < &, T = 24 log (Hg(s = )Hz) iterations suffice, as
claimed. O

B Appendix to Section 4]

Lemma 1. The equation C3% — (An(n — 2) + C)B + A(n — 1)? = 0 of (@) has a real root 3*
where 0 < f* <1—1/n.
Proof. Using the quadratic formula, we see that 5* given by:

An(n —2)+ C — \/(An(n —2) + C)2 —4AC(n — 1)2
2C

5=

(14)

We first argue 3* is real, by showing (An(n — 2) + C)? — 4AC(n — 1)? > 0. This is equivalent

to showing q(y) := (y + n(n — 2))? — 4(n — 1)?y > 0, where y = C//A. Expanding ¢, we have

q(y) = y* — 2(n? — 2n + 2)y + n*(n — 2)2. The roots of g are:

2(n? — 2n +2) £ \/4(n2 — 2n + 2)2 — 4n2(n — 2)2
2

Y1, Y2 = =n*—-2n+2)£2(n-1),

14
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i.e., y1 = (n —2)? and y» = n?. Since ¢(y) has a positive leading coefficient, we have that q(y) > 0
forally > yo = n?. Thus it remains to show that y=C/A> n2. To see this, we use the AM-HM
inequality:
C c e
7:c1+ Jrc,Zl n 1237 (15)
n n ot A
implying C'/A > n? as desired. This shows that the root 3* of equation (@) is real, hence well-defined.
We now show 0 < 8* < 1 — 1/n. From (T4), we see:

., An(n—2)+C—/(An(n —2) + C)2 —4AC(n — 1)2
= 20
o An(n—2)+C —/(An(n —2) + C)?2 0
- 2C B
Further, from (T4) we also have:

_ An(n —2) 4+ C — /(An(n —2) + C)2 —4AC(n — 1)2

Cn

p 20
An(n—2)+C Cn(n-2)/n?>+C 1
< — —1_=
- 20 2C n’

where we used A/C' < 1/n? (T3) in the last inequality. This concludes the proof of Lemma O

Theorem 4.1. For each 3 € [0, 1], the mechanism Mg admits a Nash equilibrium. For 3 = (3*
(Definition @) the NE of Mg~ also maximizes the p-mean welfare for any p < 1. Additionally, any
NE s* with s* > 0 maximizes the p-mean welfare.

Proof. When 0 < § < 1, the program (3)) is a convex program for general convex cost functions.
Since w;(+) is concave, a proof similar to the proof of Theorem shows the existence of a Nash
equilibrium.

We now show the welfare-maximizing property. For simplicity, we only consider feasible strategies
where each agent participates in the mechanism, i.e., s; > 0. Let p; and )\; as the dual variables to the
first and second constraints respectively for each ¢, and let S = ||s||,. Writing the KKT conditions
and eliminating all p;, we get that a NE (b*, s*) together with dual variables A* satisfies:

Vi : M =(1=p5)¢- M + A; (from stationarity conditions) (16)
oS ob;

Yi: A >0 (dual feasibility) a7

Yi: A -b;=0 (complimentary slackness) (18)

Now we turn to the p-mean welfare maximizing solution which is an optimal solution to the following
program.

max  Wy(b,s) := (Z wi(bi, |1sll)P)M?

. s
st Wiz b+ (1= Bals) + —— ch(sj) = B, (19)
Jj#£i
Vi: b >0
The following lemma establishes that (I9) is a convex program. For ease of readability we defer its

proof to
Lemma 2. For 8 € [0,1] and p < 1, the program is convex.

We can now write the KKT conditions of program (T9). By letting ; and +y; denote the dual variables

corresponding to the first and second constraints respectively for each ¢ and S = ||s||;, the KKT
conditions (considering only solutions with s; > 0) are:

10 Lo
Vi : (zj: ug?)l/pfl Xk:uz 1% =c; [l —B)+ % guk] (stationarity) (20)

15
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Vi (Z u])l/l’ tul~ ! gth =l — Vi (stationarity) 21

Vi: v >0 (dual feasibility) (22)
Vi: v -b;=0 (complimentary slackness)
(23)

Since KKT conditions are sufficient for optimality, to prove Theorem|4.1|it suffices to show that for
an NE (b*, s*), there exist dual variables p* and v* which satisfy for § = B*.

Let o := (32, uj(by, s*)P)/P=1 370 (b5, 8%)P! %gi’s*), i.e., the common value of the equality

(20) at the NE (b*, s*). The equation (20) then becomes a - ¢; * = (1 — 8) + 25 D i M-
Summing these over all 7 and letting 7' = j 15, we obtain:

Zc Z,uz(l_ )—i—%ZM]:

ki

Putting this back in (20}, we obtain the following expression for y}, which can be computed from the
NE (b*,s*) with T = - (3, ¢, 1):

11
Tei' BT

ot T on—1
e 24)

Recall that the NE (b*, s*) satisfies (T6)-(T8) for some dual variables \*. We define ;" as follows:

\*
V= e (25)
(A: + g )

The next lemma proves Theorem .1}

Lemma 3. A NE (b*, s*) with p* and ~* defined by (24) and [23) satisfy the KKT conditions
(20)-@3) of program (T9).

Proof. First observe that at the NE, (1 — §)¢; - <3"1(bs) + )\*) % > 0 by assumption.

Since § € (0,1) and ¢; > 0, we have M + Af > 0. Together with A¥ > 0 (T7), this shows
~¥ > 0 thus satisfying dual feasibility @)

Next we show complimentary slackness (23) holds. For any i, A} - b; = 0 due to (I8). Then by the
definition of ", we have «; - b; = 0 for all ¢.

Finally, we show that equations (20) and (21 are satisfied for a specific choice of 8 = 5*. Together,
(20) and (21)) imply that an optimal solution to program (T9) satisfies:

. 8uk/8S o ) _ ﬂ
Vi : %(Mk*’%)'m—cz [i(1 ﬂ)Jrn_lkZ#uk] (26)

Oui (b ,8)/Obs
(W ). Moreover at the

The choice of 7} from equationimplies that pf — 5 = pj -
NE, equation (T6) implies that:
o Oui(bi,8)/0S Qi (b, 8)/0bs Al

0= et~ (i) 00 (U s )
=i - (L= B)es

Using the above in (26)), it only remains to be argued that p*, b* and s* satisfy:

Vi : Zuk ek =c¢ - [pu;(1=7) Zuk = q,

k;é’L
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for 8 = 3*. By plugging in the value of ! from (24) and using a =T - (3", ¢, ')~ L, we get:

Te, - BT
(1_6)2{ k (2:11_1) n_l}'ck:T'(ZC}ZI)_l
k

k n—1

Let us define A := (3, ¢;')~' and C' := ", ¢;. Manipulating the above expression, the above

71
equation then becomes:

CB? — (An(n —2) +C)B + A(n — 1)* =0,
which is true for 8 = 3* since it is exactly the definition of 3* (Definition [2).
Thus for 3 = 8*, the NE (b*, s*) with dual variables g and ~y as defined in (24)) and (23) respectively
satisfy the KKT conditions of program (T9). O

O

B.1 Proof of Lemmalf2l

Lemma 2. For 3 € [0,1] and p < 1, the program (19) is convex.

Proof. For 8 € [0,1] the constraints of program [19]are convex since c;(-) are convex functions.
It remains to be shown that the objective W, (b, 8) := (3, u;(b;, |s]|;)?)*/P to be maximized is
concave.

We use the following standard fact about the concavity of composition of functions (see e.g. Boyd,
and Vandenberghe| [2004]], Page 86).

Proposition 2. Let h : R® — Rand g; : R¥ — R and let f : R* — R be given by f(z) =
h(g(z)) = h(g1(x),...,gn(x)). Then f is concave if h is concave, h is non-decreasing in each
argument and g; are concave.

Note that W, (b, s) = h(g(b, s)), where h(z1,...,z,) = (3, 2F)'/? and g;(b, 8) = u;(b, s).

‘We now observe that:

* h is non-decreasing in each argument. This is because:

oh
8$Z‘

= pr Pl > 0.

* h is concave. Using the above, we can compute the Hessian H given by:

C_h (1= p)h ()t G i # )
97 dxjdr; - \(1—p)h Tl (2l —hP) (i = )

Thus for any v € R™, we have:

’UTHU = Z ZviHijvj
i

— (- (z SILTRD i)

o (Tt (Zw )t ) ¢ ettt
= (e (S ) = Tt Yol - o)

= (= (St - @vfxf?)(;x?))

<0
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Algorithm 1 FedBR-BG

1: Input: Number of iterations in game H, number of iterations of gradient descent 7', learning
rate «, step size 9, data increasing interval As

2: Output: Model weights 07, individual contributions s

3: forh=1,2,--- ,H do

4:  Server sends 0" to agents;

5 fort=0,1,--- ,T—1do

6 for i € [n] in parallel do

7: i computes Ve £;(0") on its local dataset D;;

8: i sends Vg: L;(0?) to server;

9: end for

10: Server aggregates the gradients following

1
V(,t/:(@t) — = |D| . VQmC‘(et);
>icm | Dil Z.ez[;l] ' '
11: Server updates §**! following
O 0f — - Vi L(6Y);

12:  end for

13:  for i € [n] in parallel do

w; a ;SitAs)—a i Si

14: gT PO Ai Qss0) _ (1-P)q

15: if (s; = 0 and g;‘? < 0)or (s; = 7; and g;‘? > 0) then
16: sl ghe

17: else

18: sitl = sl 4 5. Ouy

19: end if
20:  end for
21: end for

since p < 1, h > 0, and by the Cauchy-Schwarz inequality (3_; a; - b;)? < (32, a?) - (3=, b?) with
a; = vixf /21 and b; = xf /2L Thus H is negative semi-definite and hence h is concave.
* Foreach i, g;(b, s) = u;(b, s) is concave.

Using Proposition 2]and the fact that W, (b, s) = h(g(b, s)) we conclude that W, (b, s) is concave.
O

C Distributed Algorithms

In this section, we present the distributed algorithms of our two mechanisms, FedBR and FedBR-BG.

D Additional Results

We present the results of our method on CIFAR-10 in Table[2]

Table 2: p-mean welfare of our budget-balanced mechanism FedBR-BG and baselines on CIFAR-10. We report
the results for different p. The cost for adding one data sample c; is 0.005 for every agent.

b
0.2 0.4 0.6 0.8 1.0
FedAvg 42386.21 13592 23.528 8.381 4.582

FedBR 58297.23 17832 26.187 9.675 5.681
FedBR-BG 60385.32 183.23 27.958 9.981 5.891

Method
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Algorithm 2 FedBR

Input: Number of iterations in game H, number of iterations of gradient descent 7', learning rate
«, step size 0, data increasing interval As
Output: Model weights 07T, individual contributions s
forh=1,2,--- ,H do
Server sends 6° to agents;
fort=0,1,---,T—1do
for i € [n] in parallel do
i computes Ve £;(0") on its local dataset D;;
i sends Vg: L;(6?) to server;

end for
Server aggregates the gradients following
1
Vo L(0') ¢ s > [Dil - Ve Li(0Y):
Zie[n] |DZ‘ Z

1€[n]

Server updates §**! following
0 0" — o Ve £(6):

end for
for i € [n] in parallel do
ou; oS, si+As)—a(S; 51)

B —G
S As
if (s; = 0 and g;‘? < 0)or (s; = 7; and ?;S‘? > 0) then
sh sty
else} 5
+1 _ Lk u; .
s; =8 H0- 5%
end if
end for
end for

19



	Appendix to Section 3
	Appendix to Section 4
	Proof of Lemma 2

	Distributed Algorithms
	Additional Results

