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ABSTRACT

Temporal Difference (TD) algorithms are widely used in Deep Reinforcement
Learning (RL). Their performance is heavily influenced by the size of the neu-
ral network. While in supervised learning, the regime of over-parameterization
and its benefits are well understood, the situation in RL is much less clear. In
this paper, we present a theoretical analysis of the influence of network size and
lo-regularization on performance. We identify the ratio between the number of
parameters and the number of visited states as a crucial factor and define over-
parameterization as the regime when it is larger than one. Furthermore, we ob-
serve a double descent phenomenon, i.e., a sudden drop in performance around
the parameter/state ratio of one. Leveraging random features and the lazy train-
ing regime, we study the regularized Least-Squared Temporal Difference (LSTD)
algorithm in an asymptotic regime, as both the number of parameters and states
go to infinity, maintaining a constant ratio. We derive deterministic limits of both
the empirical and the true Mean-Squared Bellman Error (MSBE) that feature cor-
rection terms responsible for the double descent. Correction terms vanish when
the [5-regularization is increased or the number of unvisited states goes to zero.
Numerical experiments with synthetic and small real-world environments closely
match the theoretical predictions.

1 INTRODUCTION

In recent years, neural networks have seen increased use in Reinforcement Learning (RL) (Mnih
et al., 2015; Schulman et al., 2017; Haarnoja et al., 2018). While they can outperform traditional
RL algorithms on challenging tasks, their theoretical understanding remains limited. Even for super-
vised learning, which can be considered a special case of RL with discount factor equal to zero, deep
neural networks are still far from being fully understood despite significant research efforts (Arora
et al., 2019; Mei et al., 2018; Rotskoff & Vanden-Eijnden, 2018; Lee et al., 2019; Bietti & Mairal,
2019; Cao et al.,, 2019). The difficulty is further exacerbated in RL by a myriad of new challenges
that limit the scope of these works, such as the absence of true targets or the non-i.i.d nature of
the collected samples (Kumar et al., 2020; Luo et al., 2020; Lyle et al., 2021; Dong et al., 2020).
Temporal-Difference (TD) methods are widely used RL algorithms that frequently use neural net-
works, are simple, and efficient in practice. We use the regularized Least-squares Temporal Dif-
ference (LSTD) algorithm (Bradtke & Barto, 1996), which is easier to analyze since it doesn’t use
gradient descent, and because it converges to the same solution as other TD algorithms (Bradtke &
Barto, 1996; Boyan, 1999; Berthier et al., 2022).

Theoretical studies of TD algorithms often explore asymptotic regimes where the number of sam-
ples n — oo while the number of model parameters /N remains constant (Tsitsiklis & Van Roy,
1996; Sutton, 1988). When TD learning algorithms are applied to neural networks, it is commonly
assumed that the number of parameters N — oo with either a fixed or infinite number of samples
without providing details on the relative magnitudes of these parameters (Cai et al., 2019; Agazzi &
Lu, 2022; Berthier et al., 2022; Xiao et al., 2021). Inspired by advancements in supervised learn-
ing (Louart et al., 2018; Liao et al., 2020), we apply Random Matrix tools and propose a novel
double asymptotic regime where the number of parameters N and the number of distinct visited
states m go to infinity, maintaining a constant ratio, called model complexity. We use a linear model
and nonlinear random features (RF) (Rahimi & Recht, 2007) to approximate an overparameterized
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Figure 1: As the model complexity N/m (for N parameters, m distinct visited states) increases,
the MSBE first shows a U-shaped curve, peaking around the interpolation threshold (N =
m). Double descent refers to the phenomenon for N/m > 1 where the MSBE drops once
again. Continuous lines (red) indicate the theoretical values from Theorem 5.3, the crosses (blue)
are numerical results averaged over 30 instances with their standard deviations after the learning
with regularized LSTD on Taxi-v3 for v = 0.95, A = 10~?,n = 5000, m = 310.

single-hidden-layer network in the lazy training regime (Chizat et al., 2019). The results of our
theoretical and empirical analyses are outlined below.

Contributions. We make the following contributions, taking a step towards a better theoretical
understanding of the influence of model complexity N/m and ls-regularization on the performance
of Temporal Difference algorithms:

1. We propose a novel double asymptotic regime, where the number of parameters N and
distinct visited states m go to infinity while maintaining a constant ratio. This leads
to a precise assessment of the performance in both over-parameterized (N/m > 1) and
under-parameterized regimes (N/m < 1). This is a nontrivial extension of existing work
in supervised learning since several properties essential to proofs, such as the positive def-
initeness of key matrices, are voided by a discount factor in RL.

2. In the phase transition around N/m = 1, we observe a peak in the Mean-Squared Bellman
Error (MSBE), as illustrated in figure 1, i.e., a double descent phenomenon similar to what
has been reported in supervised learning (Mei & Montanari, 2022; Liao et al., 2020).

3. We identify the resolvent of a non-symmetric positive-definite matrix that emerges as a
crucial factor in the performance analysis of TD learning algorithms in terms of the MSBE
and we provide its deterministic limit form in the double asymptotic regime.

4. We derive analytical equations for both the asymptotic empirical MSBE on the collected
transitions and the asymptotic true MSBE. The deterministic forms expose correction terms
that we experimentally associate with the double descent phenomenon. We show that the
correction terms vanish as the lo-regularization is increased or N/m goes to infinity. We
also show that the influence of the [5-regularization parameter decreases as N/m increases.

5. Our theory closely matches empirical results on a range of both toy and small real-world
Markov Reward Processes where m and NN are fixed, but for which the asymptotic regime
still gives accurate predictions. Notably, we observe a peak in the true MSBE around
N/m = 1 that is not observed in the empirical MSBE. Correction terms, and therefore
the difference between true and empirical MSBE, empirically vanish when the number of
unvisited states goes to zero.

2 RELATED WORK

We review three related approaches to study neural networks in supervised learning or RL. Further
technical results from the literature are cited where relevant throughout the paper.

Neural Tangent Kernel (NTK) regime. In the NTK regime, one considers that infinitely wide
neural networks, with appropriate scaling and initial conditions, behave like the linearization of the
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neural network around its initialization (Jacot et al., 2018). However, as highlighted by Chizat
et al. (2019), this behavior is not specific to neural networks and is not so much due to over-
parameterization than to an implicit choice of scaling. In such a scenario, neural networks can
be modeled as a random feature model (Rahimi & Recht, 2007); we adopt this technique in order
to abstract from the learning dynamics. The NTK regime was also considered in RL, in both finite
and infinite state space, to prove the convergence of infinite-width neural TD learning algorithms
towards the global optimum of the MSBE (Cai et al., 2019; Agazzi & Lu, 2022; Liu et al., 2019).

Mean-Field regime. Under appropriate initial conditions and scaling, the mean-field analysis
models the neural network and its induced feature representation with an empirical distribution,
which, at the infinite-width limit, corresponds to a population distribution. The evolution of such a
population distribution is characterized by a partial differential equation (PDE) known as the conti-
nuity equation and captures Stochastic Gradient Descent (SGD) dynamics as a Wasserstein gradient
flow of the objective function (Chizat & Bach, 2018; Rotskoff & Vanden-Eijnden, 2018; Mei et al.,
2018). Although more challenging than the NTK regime, the mean-field regime is more realis-
tic since the weights are not restricted to staying in their initial regions (Chizat et al., 2019). The
mean-field regime was studied in RL to prove the convergence of infinite-width neural TD learning
algorithms towards the global optimum of the MSBE (Zhang et al., 2021; Agazzi & Lu, 2022).

Double Asymptotic regime. In the above regimes, the number of data points 7 is negligible com-
pared to the number of parameters N since N grows to infinity. However, this is rarely the case
in practice, which is why the double descent phenomenon can not be explained with the previous
regimes (Zhang et al., 2020; Belkin et al., 2018). The double descent phenomenon is characterized
by a peak near the interpolation threshold (N = n). For this reason, many studies in supervised
learning consider a double asymptotic regime (Mei & Montanari, 2022; Louart et al., 2018; Liao
et al., 2020; Belkin et al., 2020), where both n, N go to infinity while maintaining their ratio con-
stant. In the above work, techniques from Random Matrix theory are used to derive a precise de-
scription of the phase transition between under-(N < n) and over-(IN > n) parameterization and
the double descent phenomenon. Our work extends this approach from supervised learning to RL.
Since several key properties from supervised learning are voided by the discount factor, the analysis
is substantially more involved in the case of RL. Thomas (2022) investigated off-policy linear TD
methods in the limit of large number of states and parameters on a transition matrix of rank 1, and
observed a peaking behavior in the MSBE. We consider a more general setting on the on-policy
setting and a different ratio in the double asymptotic regime without making assumptions about the
rank of the transition matrix.

3 PRELIMINARIES
Notations. We define [n] = {1,2,...,n}. Forareal matrix A, [A];; denotes its (4, j)!" entry. For
A with real eigenvalues, we denote with v, (A) the smallest and vy (A) the largest eigenvalue.

The symmetric part of A is H(A) = A+TAT. The operator norm of a A is written || A||. The norm

induced by A on a vector v is ||v]|a = vT Av and ||v|| depicts the Euclidean norm of v. N(0,1)
denotes the standard Gaussian distribution.

Markov Reward Processes. We consider a Markov Reward Process (MRP) (S, P, r, ), where
S C R? is the state space; P : S x S — [0,1] is the transition kernel (stochastic kernel) and
P(s, ') denotes the probability of transitioning to state s’ from state s; r : S x S — R is the
reward function; and 7y € [0, 1) is the discount factor. For notational convenience, the state space S
is described by the state matrix .S € RaxIS |, where each column of S, written S;, represents a state
in S. The transition probability matrix associated with the stochastic kernel P is P € RISIXIS|, The
goal is to learn the value function V' : § — R, which maps each state s to the expected discounted
sum of rewards when starting from s and following the dynamics of the MRP defined by P as
V(s) == Ep[>pe 7" 'r(sk,sk41) | s1 = s].Itis well-known that the value function is the
unique fixed-point of Bellman’s equation

V=r+~PV, (1)

where V' € RIS! is a vector whose i-th element is the value function of the i-th state S;; and 7 € RIS!
is the vector containing the expected rewards, for which 7; = Ep[r|S;] foralli € [ |S] ].
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Linear Function Approximation. In practice, equation 1 cannot be solved since P is unknown
and |S| is too large. One common solution is to use Linear Function Approximation (LFA). Using a
parameter vector 6 € RY and a feature matrix X g € RV* IS, whose columns are the feature vectors
for every state, V' is approximated by V' ~ XL6. In Deep RL, the neural network learns both the
feature vectors and the parameter vector. For a given feature matrix, the learning process based on
equation 1 amounts to finding a parameter vector 6 that minimizes the Mean-Squared Bellman error
(MSBE)

MSBE(6) = || + 7P2=56 — £56|3_, )

where 7 € RIS! is the stationary distribution induced by the MRP and D,. € RIS!*I5! is its diagonal
matrix. Since 7 4+ vPX%6 may not lie in the span of the bases X, there may not be a parameter
vector @ that brings the MSBE to zero.

Linear Temporal-Difference Methods. Linear Temporal-Difference (TD) methods are LFA
methods that try to minimize the MSBE in equation 2 by replacing the second occurrence of 6
in equation 2 with an auxiliary vector w, minimizing on w and then finding a @ close to w (Dann
et al., 2014):

u* = argmin ||F +vPE%0 — Zlul} (projection step), (3)
ueRN

6* = argmin [|ZZu* — X563 (fixed-point step). 4)
OcRN

The projection step (equation 3) implies that TD methods actually minimize the Mean-Squared Pro-
jected Bellman error (MSPBE) rather than the MSBE (Dann et al., 2014). In our asymptotic regime,
as the number of features N — oo, the class of representable value functions becomes richer, and
the MSBPE converges to the MSBE (Cai et al., 2019; Agazzi & Lu, 2022).

4 SYSTEM MODEL

We now describe the key elements on which we base our asymptotic analysis of the MSBE in TD
learning: Random features, the regularized LSTD algorithm, and the double asymptotic regime.

4.1 REGULARIZED LSTD wiTH RANDOM FEATURES

Random Features. We consider value function approximation using the Random Feature (RF)
mapping RF : S — RY defined for all s € S as

RF(s) = o(Ws), (&)

where 0 : R — R is K,-Lipschitz continuous and applied component-wise; W = @(W) € RNVxd

is a random weight matrix fixed throughout training for which W € RY*9 has independent and
identically distributed A/(0,1) entries, and ¢ : R — R is K,-Lipschitz continuous and applied
component-wise. From the perspective of neural networks, the N random features can be seen as N
outputs from a single-hidden-layer neural network. In our asymptotic regime, this simplification
becomes even more accurate as the number of features IV of the single layer grows towards infinity
and we enter into the lazy training regime, where weights barely deviate from their random initial
values (Chizat et al., 2019). In the literature on Deep Learning and double descent, large-width
neural networks are often modeled using asymptotic random features (Louart et al., 2018; Liao
et al., 2020; Mei & Montanari, 2022), including in RL (Cai et al., 2019; Agazzi & Lu, 2022; Liu
et al., 2019). In the following, we denote the random feature matrix of any state matrix A € Raxp
as X 4 where RF is applied column-wise, i.e., ¥4 = c(W A).

Sample Matrices and Empirical MSBE. We assume that the transition probability matrix P is
unknown during the training phase. Instead, we have a dataset of n transitions consisting of states,
rewards, and next-states drawn from the MRP, i.e., Dyin 1= {(si7 T4, s;)}le where s, ~ P(s;,").
We consider the on-policy setting, where Dy, is derived from a sample path of the MRP or its
stationary distribution 7r. We collect the states and rewards in the sample matrices

X, =[s1,...,8,] ER*"  p=T[r,....r )T €R", X/ =[s},...,8] € R (6)
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Let S C S be the set of distinct states in Dy, Which we call visited states, and let m = |3| Let
S € R¥™ be the state matrix of S, i.e., each column S; of S describes a state in S. We denote by

Yo € RV 5y € RN*" and £x, € RV*" the random feature matrices of S, X,,, and X,
respectlvely For the proof of our results, it will be mathematlcally advantageous to express Xx,,

and Y x as the product of X ¢ with auxiliary matrices U, € R™*" and V,, € R™*" as follows:
X, = \/ﬁngn and EX% = \/EESVn . (7)

Each column ¢ of \/ﬁUn is a one-hot vector, where the j-th element equals 1 if the i-th state s; of

X, is gj, and similarly for \/ﬁffn and X/ . Since P is unknown, we aim to find € that minimizes
the empirical version of the MSBE (equation 2) obtained with transitions collected in Dyyin:

MSBE(9) = L||r + 1=%, 6 — =% 6], ®)
which uses the Euclidean norm since the distribution is reflected by the samples. Assumming glob-

ally stable MRP, a fixed number of features, and all states being visited, M/SB\E(B) converges to
MSBE(O) with probability 1, as the number of collected transitions n — co. This follows from
the law of large numbers (Stachurski, 2009). In our analysis, we will also consider the case where
n — oo without visiting all states, i.e., m < |S|, such that there can be a significant difference

between m(@) and MSBE(0).

Regularized Least-Square Temporal-Difference Methods. Regularized Least-Square
Temporal-Difference (LSTD) Methods (Bradtke & Barto, 1996) are linear TD methods that
solve an empirical regularized version of equation 3 and 4 with transitions collected in Diin:

u* = argmin ||r +72T,9 S% ull® + Anllulf?, 9)
ucERN
0 = argmin |T% u* - X% 0|2, (10)
OcRN )

where )\, ,, > 01is the effective [-regularization parameter, introduced to mitigate overfitting (Hoff-
man et al., 2011; Chen et al., 2013). It is well known that for A,, , = 0 and with the number of
samples n — oo, the fixed point of the approximation equation 9 and 10 equals the fixed point of
equation 3 and 4 with probability one. Solving the fixed-point of the linear system approximation
given by equation 9 and 10 gives

6 — {EX" Ex, —1Zx:]" + dmnln| Ex,r. (11)

Under appropriate learning rates, linear TD methods based on gradient-descent converge towards
the same fixed-point € (Robbins & Monro, 1951; Dann et al., 2014; Sutton & Barto, 2018). Besides
reducing overfitting, an appropriate A, ,, ensures that ¥ x [Yx, —yX X;L]T + A nd N is invertible.

4.2 DOUBLE ASYMPTOTIC REGIME AND RESOLVENT IN LSTD

We study the regularized LSTD in the following double asymptotic regime:
Assumption 1 (Double Asymptotic Regime). As N, m,d — oo, we have:

1. 0<limmin{ﬁ A ﬂ} <limmax{ﬂ 4 ﬂ} < 0.

m’ m’ |S] m’ m’ |S]|

2. There exists Ks, K, > 0 such that limsupg|[|S|| < Ks and (-, ) is bounded by K.

In order to use Random Matrix tools, we rewrite equation 11 as (see proof in Lemma L.9)

A -1
0= 7n2x, [ﬁ [EX"*VEX/] Sx, + tmn } T. (12)

Am,n
mn
the remainder of this paper. We observe that 8 = %E x,, Qm (\)r depends on the resolvent

Instead of the effective [5-regularization parameter A, ,,, we will use its scaled version A = in

—1 N N N -1
Q) = [ [Bx, —18x;) Tx, +AL| = |£ (U0~ 1 V) SLEsU, + AL
(13)
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when £+ Ijn — WVn TyST ~Un + M1, is invertible, which in general may not be the case. We can
m S<S g y
guarantee invertibility if the empirical transition model matrix A, € Rmxm

A, =Un(U, = V,)" (14)
has a positive-definite symmetric part (see Appendix H for a formal proof). For the remainder of the
paper, we therefore make the following assumption on A,,:

Assumption 2 (Bounded Eigenspectrum). There exist 0 < Emin < Emax such that for every m, all
the eigenvalues of H(A,,) are in [Emin, Emax)-

Note that the above assumption is satisfied for regularized pathwise LSTD (Lazaric et al., 2012),
and also for sufficiently large n (see Appendix H).

5 ASYMPTOTIC ANALYSIS OF REGULARIZED LSTD

In this section, we present our main theoretical results, which characterize the true and empirical
MSBE under Assumptions | and 2.

5.1 AN EQUIVALENT DETERMINISTIC RESOLVENT

The resolvent Q,,(\) (in equation 13) plays a significant role in the performance of regularized

LSTD since 6 = ﬁ%ﬂESUan(A)r. To assess the asymptotic M/Sﬁl(é) and true MSBE(6),

we first find a deterministic equivalent for the resolvent Q.,,(\). A natural deterministic equivalent
would be Ew [@.,,(\)], but it involves integration without having a closed form expression (due
to the matrix inverse) and is inconvenient for practical computation. Leveraging Random Matrix
tools, the following Theorem 5.1 proposes an asymptotic form that is 4. close to Ewy [@,,, (A)] under
Assumptions 1 and 2, and 7¢. numerically more accessible (for the proof, see Appendix E).

Theorem 5.1 (Asymptotic Deterministic Resolvent). Under Assumptions 1 (double asymptotic
regime) and 2 (bounded spectrum), let X > 0 and let the deterministic resolvent Q.,,(\) € R™"*™ be

Qn()) = [%ﬁ(ﬁn V) BT, + Mn} - (15)
where the deterministic Gram feature matrix ® ¢ € R™*™ is
s = Ewnory 7w $) o(w’$)], (16)
and the correction factor § is the unique, positive, solution to
§=L1Tr ((Un — W) B U, [Nl(Un — Vo) e U, + AIn] 1) : 17)
ml+46

Then lim,,,— o0 ||IEW [Qrn(N)] — Q@ (M) H = 0. The correction factor § diminishes as N or A grows
(see Lemma J.3 and J.4).

Remark 1. Since § — 0 when N/m — oo, the correction factor ﬁ arises from our asymp-
totic regime, which keeps the ratio N /m asymptotically constant (see Lemma J.1 for existence and
uniqueness). Similar correction factors arise in related Random Matrix literature, which, however,
mostly deals with positive semi-definite matrices (Couillet & Debbah, 2011; Liu et al., 2019; Liao
et al., 2020). Our problem exceeds this frame, so we prove the result, including existence and
uniqueness, with a somewhat more involved analysis based on the eigenspectrum of the products of
matrices with positive-definite symmetric part and skew-symmetric matrices (see Appendix J).

Remark 2. For the case of supervised learning, a comparable proposition is presented by Louart
etal. (2018, Theorem 1). It constitutes a special case of Theorem 5.1 with v = 0, which corresponds
to the case where we learn the reward function.

Remark 3. Note that the eigenvalues of Q.,,()\) are not necessarily real, which renders many tools
from the related Random Matrix literature not applicable, e.g., Stieltjes transforms would provide
information on the eigenspectrum density of matrices based on the trace of their resolvents.
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5.2 ASYMPTOTIC EMPIRICAL MEAN-SQUARED BELLMAN ERROR

TD methods learn by minimizing the empirical MSBE (equation 8) and, under appropriate learning
rates, converge towards the empirical MSBE of LSTD, as mentioned in Section 4. It is straightfor-
ward to show that this leads to an optimal MSBE( ) = A2 = [|Qum (M) |? (see Appendix F). Using
concentration arguments for Gaussian distributions and L1psch1tz applications, as well as Theo-
rem 5.1, we derive the following deterministic form (see proof in Appendix F).

Theorem 5.2 (Asymptotic Empirical MSBE). Under the conditions of Theorem 5.1, the

deterministic asymptotic empirical MSBE is MSBE(6) = ,\72”627”()\)74”2 + A, with second or-
der correction factor

Ao 2 _ET@uOT@nNY) o e "
Wl (%qmmwl@m@)”@ (Mrllg,, where (18)
O, =N LU'®U,, and U= (U, -1V,)"®(U, -V,). (19)

As N, m,d — oo with asymptotic constant ratio N/m, MSBE(é) - MSBE(@) 2250.
Remark 4. As N/m — oo, we find MSBE(6) — 0.

Remark 5. In supervised learning, a comparable proposition is presented by Louart et al. (2018,
Theorem 3). It is a special case of Theorem 5.2 with v = 0, where we learn the reward function r.

5.3 ASYMPTOTIC MEAN-SQUARED BELLMAN ERROR

While the empirical MSBE only takes states from the data set into account, the true MSBE (equa-
tion 2) involves all states in S. To extend the convergence results from the previous section to this
case, we require some further notations. Using a decomposition similar to equation 7, we express
Y x, and X x/ as a product of the random feature matrix of the entire state space ¥s € RN *ISI

with U,, € RIS*™ and V,, € RIS*" instead of X, U,.,V,. We obtain a decomposition of the
transition model matrix A,, = U, (U, — vV,,)T. A, was used by Boyan (1999) to interpret
LSTD as model-based RL. Tsitsiklis & Van Roy (1996) and Nedi¢ & Bertsekas (2003) showed that
E[A,] = Dy [I;s| — vP] as n — co. The bound on the difference ||A,, — D [I;s| — 7P]| asa
function of n was studied by Tagorti & Scherrer (2015). We make the following assumption on this
norm:

Assumption 3. Asn,m — oo, we have ||A,, — Dx[I|s; —vP]|| = O (ﬁ) .

Using an approach similar to that of Theorem 5.2, plus a detailed analysis of operator norms, we
obtain the following deterministic form of the asymptotic MSBE (proof in Appendix G):

Theorem 5.3 (Asymptotic MSBE). Under Assumptions 1, 2, and 3, the deterministic asymptotic
P)
MSBE is MSBE( Hr Y L POULQn (N — =5 L 5T, Qun )THD FA,

f m 140
with second-order correction factor

& Tr(Ap[@s¥:01 205 (Un—7 V) Ws+¥s))

1
n L= T (22Qm ()T ¥1Qm (M)

A= HQm()\)rH?I,l, where (20)

Vs = %1%{;‘1’37 Ap = [I;s) —vP|"Dx[Iis| —P], and ©s=VsU,Q.(N). (1)

As N, m, d — oo with asymptotic constant ratio N /m, MSBE(8) — MSBE(8) < 0.

Remark 6. Like the empirical MSBE() in Theorem 5.2, the true MSBE(0) is also influenced by
the correction terms § and A. Note that in asymptotic regimes where N/m — oo or A — oo, the

correction terms vanish. When N/m — oo, MSBE(é) is independent of \ as shown in details in
Appendix C.

Remark 7. When all states have been visited, the common subexpressions in the second-order
correction factors A and A dominate so that A, A become similar (for a proof, see Lemma G.8).
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Figure 2: The correction factor ¢ is a decreasing function of the number of parameters V.
For a small />-regularization parameter )\, we observe a sharp decrease near the interpolation
threshold (V. = m for m distinct visited states). As ) increases, the function becomes smoother
and smaller (note the different scales of the y-axis). § is computed with equation 17 on Taxi-v3
with v = 0.95, m = 310, n = 5000.
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Figure 3: The double descent phenomenon occurs in the true MSBE (red) of regularized LSTD,
peaking around the interpolation threshold (N = m for N parameters, m distinct visited

states) when the empirical MSBE (blue) vanishes. It diminishes as the /,-regularization pa-
rameter ) increases. Continuous lines indicate the theoretical values from Theorem 5.2 and The-
orem 5.3, the crosses are numerical results averaged over 30 instances after the learning with regu-
larized LSTD in Taxi-v3 with v = 0.95, m = 310, n = 5000.

6 NUMERICAL EXPERIMENTS

In this section, we provide an empirical evaluation, including a discussion of the behavior of the
correction factor ¢ from Theorem 5.1, and its impact on the empirical and true MSBE from Theo-
rem 5.2 and Theorem 5.3. Additional experiments can be found in Appendix A.

Experimental Setup. We use the recursive regularized LSTD implementation of Dann et al.
(2014) on three MRPs: a synthetic ergodic MRP (500 states); a gridworld MRP (400 states) ob-
tained from a random policy in a 20 x 20 gridworld (Ahmed, 2018); and a Taxi-v3 MRP (356 states)
obtained from a learned policy in OpenAl gym Taxi-v3 (Towers et al., 2023) (Figure 1a). In all
cases, states are described by d-Gaussian vectors where d = 50. For the random features, W is
drawn from a Gaussian distribution and o(-) = max(0, -) is the ReLU function. For all experi-
ments, Dyain := {(84,74, 85) 1, is derived from a sample path of n transitions with the same seed
(42). For each instance ¢, we sample random features using the seed . The following graphs show
averages over 30 instances.

Correction Factor ¢ vs. Model Complexity. The correction factor § (equation 17) plays a key role

in the asymptotic MSBE and MSBE. Figure 2 shows § as a function of the model complexity N/m
and for different values of the regularization parameter A. It confirms that, as stated in Theorem 5.1,
d is a decreasing function of N/m. For a small A\, we observe a sharp decrease at the interpolation
threshold (N = m). E.g., for A = 107, § falls from an order of 107 in under-parameterized models
(N < m) to an order of 10! in over-parameterized models (N > m). For larger values of A, §
decreases more smoothly and has smaller values. Further experiments on the behavior of § and
experiments for other environments are provided in Appendix A.
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MSBE

Figure 4: With more distinct states m visited,
the double descent in the MSBE diminishes,
disappearing for m = |S|. MSBE from The-
orem 5.3 (lines) and avg. numerical results over
30 instances (crosses) in a synthetic ergodic MRP
for m = 0.86|S| (purple), m = 0.998|S| (ma-
roon), and m = |S| (green) with v = 0.95,s =

Figure 5: The discount factor v has little effect
on the double descent in the MSBE. Results in
the Gridworld MRP for v = 0 (purple), v = 0.5
(maroon), v = 0.95 (green), and v = 0.99 (or-
ange) with m = 386,n = 5000. MSBE from
Theorem 5.3 (lines) and avg. numerical results
over 30 instances (crosses).

S|, n = 3000.

Double Descent Behavior. As a consequence of the sharp transition of the correction factor §
for small /5-regularization parameters, as discussed above, Theorem 5.2 and Theorem 5.3 predict

a change in behavior of the empirical MSBE and true MSBE between the under- and overparam-

eterized regimes. Figure 3 shows both MSBE and MSBE as a function of the model complexity
N/m with different lo-regularization penalties A in Taxi-v3. Despite the fact that the equations for

MSBE and MSBE were derived for the asymptotic case N — oo, we observe an almost perfect
match with the numerically evaluated original definitions in equation 8 and equation 2. For small A,
the true MSBE exhibits a peak around the interpolation threshold N = m, leading to a double de-

scent phenomenon. In contrast, the empirical MSBE is close to its minimum at N = m and almost

constant for N > m, so no double descent is observed. While for the Taxi-v3, the empirical MSBE
is smaller than the true MSBE, this is not necessarily the case in other environments, where the em-

pirical MSBE can be larger overall than the true MSBE (see further experiments in Appendix A).
For larger A, the double descent in the true MSBE disappears and the difference between the true

MSBE and the empirical MSBE is less pronounced, although it may not vanish. Appendix B shows
a similar double descent phenomenon for the Mean-Squared Value Error. All the above observations
are in accordance with established results in supervised learning (Liao et al., 2020).

Impact of the Number of Unvisited States and the Discount Factor v. Once all states have

been visited, MSBE and MSBE have similar behavior, with no peak at the interpolation threshold
(N = m), see also Remark 7. The experiments in Figure 4 depict this behavior. They also illustrate
that the double descent phenomenon diminishes as the number of distinct unvisited states goes to
zero. The experiments in Figure 5 illustrate that the discount factor  has little impact on the double
descent phenomenon.

7 CONCLUSION

In this work, we have analyzed the performance of regularized LSTD with random features in a
novel double asymptotic regime, where the number of parameters /N and distinct visited states m go
to infinity with a constant ratio. We have established deterministic limit forms for both the empirical
MSBE and true MSBE that feature correction terms. We have observed that these correction terms
are responsible for a double descent phenomenon in the true MSBE, similar to supervised learning,
resulting in a sudden drop in performance for N = m. The correction terms vanish, and so does
the double descent phenomenon when the l5-regularization is increased or the number of unvisited
states goes to zero. Directions for future work include a study of the off-policy setting, extending
our results beyond one hidden layer to deep neural networks, and going beyond policy evaluation in
order to investigate other RL algorithms, such as Q-Learning.
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A ADDITIONAL EXPERIMENTS

This appendix shows additional empirical results which cannot be put in the main body due to space
limitations.

A.1 4 IN THE DOUBLE ASYMPTOTIC REGIME

Like Figure 2 in Section 6, Figure 6 depicts the correction factor § (equation 17) as a function of the
complexity model N/m in synthetic ergodic and Gridworld MRPs. § shows a similar behavior than
for the one observed in Taxi-v3 in Figure 2.
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Figure 6: The correction factor § is a decreasing function of the number of parameters V.
For small />-regularization parameter )\, we observe a sharp decrease near the interpolation
threshold (N = m, for m distinct visited states). As )\ increases, the function becomes smoother
and smaller (note the different scales of the y-axis). ¢ is computed with equation 17 in synthetic
ergodic and Girdworld MRPs with v = 0.95,m = 499, n = 3000 and v = 0.95,m = 386,n =
5000, respectively.

Figure 7 depicts § as a function of the ly-regularization parameter for different ratio N/m. It
confirms § decreases monotonically as the [o-regularization parameter \ increases, as stated by
Lemma J.4. Furthermore, we observe the impact of regularization parameter A becomes less sig-
nificant as the model complexity N/m increases. Indeed, as N/m increases, we observe a larger
initially flat region and smaller values of §.
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Figure 7: The correction factor ¢ is a decreasing function of the /;-regularization parameter
A. As the model complexity ¢ = N/m increases, the impact of regularization parameter \
becomes less significant (note the different scales of the y-axis). J is computed with equation 17
in synthetic ergodic, Girdworld and Taxi-v3 MRPs with v = 0.95,m = 499,n = 3000, v =

0.95,m = 386,n = 5000 and v = 0.95, m = 310, n = 5000, respectively.
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A.2 DOUBLE DESCENT BEHAVIOR

Figure 8 shows both MSBE and MSBE as a function of the model complexity N/m with different

lo-regularization penalties A, in synthetic ergodic and Gridworld MRPs. Both MSBE and MSBE
depict a similar double descent behavior for small A than in Figure 3 in Section 6. We observe the

empirical MSBE is not necessarily lower for over-parameterized (N > m) models.
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Figure 8: The double descent phenomenon occurs in the true MSBE (red) of regularized LSTD,
peaking around the interpolation threshold (N = m for N parameters, m distinct visited

states) when the empirical MSBE (blue) vanishes. It diminishes as the /5-regularization pa-
rameter ) increases. Continuous lines indicate the theoretical values from Theorem 5.2 and The-
orem 5.3, the crosses are numerical results averaged over 30 instances after the learning with reg-
ularized LSTD in synthetic ergodic and Gridworld MRPs with v = 0.95,d = 50, n = 3000 and
n = 5000, respectively.

15



Published as a conference paper at ICLR 2024

A.3 IMPACT OF THE NUMBER OF UNVISITED STATES AND OF THE DISCOUNT FACTOR 7y

Like Figure 4, Figure 9 depicts the behavior of the true MSBE for different numbers of distinct
visited states m and shows that as the number of distinct unvisited states goes to zero, the double
descent phenomenon diminishes.
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(a) Synthetic Ergodic MRP for m = 0.86|S| (purple), m = 0.998|S| (maroon), m = |S| (green).
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(b) Gridworld MRP for m = 0.59|S] (purple), m = 0.92|S]| (maroon), m = 0.97|S| (green).

F ] F T 7 ] F T 7
F _ 10-9 F iy _ 106 b [y _ 103
103? A=10 J 103§ :/\—10 J 103? :/\—10 J
m r N r ! N r : N
@ o102 | 1 102 A 1 102} i 4
7] E E E g E E ! E
Sl : 4 0 ! 4 0 : :
10° b ! : ! 10° | ! : ! 10° b ! : ! 4
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 1.5
N/m N/m N/m

(c) Taxi-v3 MRP for m = 0.57|S| (purple), m = 0.79|S| (maroon), m = 0.87|S]| (green).

Figure 9: With more distinct states m visited, the double descent in the MSBE diminishes,
disappearing for m = |S|. Continuous lines indicate the theoretical values of MSBE from Theo-
rem 5.3 for different numbers of distinct visited states m; the crosses are numerical results averaged
over 30 instances after the learning with regularized LSTD in synthetic ergodic, Gridworld and Taxi-
v3 MRPs with v = 0.95,d = 50.

Figure 10 describes the impact of the discount factor « on the double descent phenomenon, and
shows it remains true for all .
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Figure 10: The discount factor v has little effect on the double descent in the MSBE. Continuous
lines indicate the theoretical values of MSBE from Theorem 5.3 for v = 0 (purple), v = 0.5
(maroon), v = 0.95 (green), and v = 0.99 (orange); the crosses are numerical results averaged over
30 instances after the learning with regularized LSTD in synthetic ergodic, Gridworld and Taxi-v3
MRPs for d = 50, n = 3000, d = 50, n = 5000 and d = 50, n = 5000, respectively.
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A.4 IMPACT OF THE l5-REGULARIZATION PARAMETER ON THE MSBE

Figure 11 and Figure 12 depict the empirical MSBE and the true MSBE as a function of the lo-
regularization parameter. In supervised learning, the training error is an increasing function of the l5-
regularization parameter A (Liao et al., 2020), whereas the discount factor induces a more intricated
behavior in RL as described by Figure 11.
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Figure 11: MSBE is not an increasing function of the /5-regularization parameter \. Continuous

lines indicate the theoretical values of MSBE from Theorem 5.2 for n = 1000 (purple), n = 3000
(maroon), and n = 5000 (green); the crosses are numerical results averaged over 30 instances
after the learning with regularized LSTD in synthetic ergodic, Gridworld and Taxi-v3 MRPs for
d = 50,n = 3000, d = 50,n = 5000 and d = 50, n = 5000, respectively. Note that the y-axis has
a logarithmic scale for r = N/m = 1.

In Figure 12 at the interpolation threshold (N = m), we observe that as A increases, MSBE de-
creases and so does the peak observed in the previous experiments. For other ratios, the true MSBE
depicts complex behaviors that may differ between under- and over-parameterized models and de-
pends on the environment. Yet, both empirical and true MSBE show similar and opposite trends for
the same \ = /\n?hn , regardless of the number of samples n and distinct visited states m. In practice,
the effective [>-regularization parameter A, , is tuned. This suggests that it depends on both the
number of transitions collected n and the number of distinct visited states m, and not just on the
number of samples n as it is commonly suggested (Hoffman et al., 2011; Chen et al., 2013).
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Figure 12: At the interpolation threshold (r = N/m = 1), as ) increases, MSBE decreases
and so does the double descent phenomenon. Continuous lines indicate the theoretical values of
MSBE from Theorem 5.3 for n = 1000 (purple), n = 3000 (maroon), and n = 5000 (green); the
crosses are numerical results averaged over 30 instances after the learning with regularized LSTD
in synthetic ergodic, Gridworld and Taxi-v3 MRPs for d = 50,n = 3000, d = 50,n = 5000 and
d = 50, n = 5000, respectively. Note that the y-axis has a logarithmic scale for r = N/m = 1.
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A.5 IMPACT OF THE SECOND-ORDER CORRECTION FACTOR A IN THE TRUE MSBE

Figure 13 depicts A in Theorem 5.3 as a function of the model complexity N/m for small I5-
regularization parameter (A = 10~%). It shows the double descent phenomenon in the true MSBE
is mainly due to the second-order correction term A.
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Figure 13: The double descent phenomenon in the true MSBE is mainly due to the second-
order correction term A. A is computed with equation 20 in synthetic ergodic, Girdworld, and
Taxi-v3 MRPs with A = 1072,y = 0.95, m = 499, n = 3000, A = 107,y = 0.95,m = 386,n =
5000 and A = 1072, = 0.95, m = 310, n = 5000, respectively.

B MEAN-SQUARED VALUE ERROR

In this section, we study the Mean-Squared Value Error (MSVE) and observes a similar double
descent behavior than the one observed for the true MSBE. The MSVE is defined as

MSVE(9) = |V — =L6|%, . (22)
Using a similar approach than for Theorem 5.3, we obtain the following deterministic form of the
asymptotic MSVE:
Corollary B.0.1 (Asymptotic MSVE). Under Assumptions 1, 2, and 3, the deterministic asymptotic

. _ 2
MSVE is MSVE(0) = HV - %%%“"SQSUan(A)THD + A, with second-order correction

factor
¥ Tr(Dr [0s W01 205 Uy~ V)T ¥s+s))

A 2
13 Te(22Qm (V)T 21 Qo () 1QmMrle, )
As N, m, d — oo with asymptotic constant ratio N /m, MSVE(8) — MSVE(8) =+ 0.

A =

S|

Proof. Using Dy = [I,,, —yP)" DD '[I,, —YP| T D.[I,, —vP] ' D;'D,[I,, — vP] and
a with similar proof than for Theorem 5.3, we find Corollary B.0.1. O

Remark 8. Like MSBE(8) in Theorem 5.3, the MSVE() is also influenced by the correction
terms 6 and A'. Note that in asymptotic regimes where N/m — oo or A — 0o, the correction terms

vanish. When N/m — oo, MSVE(é) is independent of A as shown in details in Appendix C.

Figure 14 shows both the empirical MSVE and the true MSVE as a function of the model complex-
ity N/m with different [»-regularization penalties A in the synthetic ergodic, Girdworld and Taxi
MRPs. Like the true MSBE, we observe an almost perfect match with the numerically evaluated
original definition in equation 22.

For small A, like for the true MSBE, the true MSVE exhibits a peak around the interpolation thresh-

old N = m, leading to a double descent phenomenon. In contrast, the empirical MSVE is close to
its minimum at N = m and almost constant for N > m, so no double descent is observed. Un-

like than for the true MSBE, we observe that the empirical MSVE is always smaller than the true
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MSVE. For larger A, the double descent in the true MSVE disappears and the difference between
the true MSVE and the empirical MSVE is less pronounced, although it may not vanish.
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Figure 14: The double descent phenomenon occurs in the true MSVE (red) of regularized
LSTD, peaking around the interpolation threshold (N = m for N parameters, m distinct

visited states) when the empirical M/Sﬁ (blue) vanishes. It diminishes as the />-regularization
parameter ) increases. Continuous lines indicate the theoretical values from Corollary B.0.1, the
crosses are numerical results averaged over 30 instances after the learning with regularized LSTD
in synthetic ergodic, Gridworld and Taxi MRPs with v = 0.95,d = 50, n = 3000, n = 5000 and
n = 5000, respectively.

C REFORMULATION OF THE MAIN RESULTS

Let C be a compact set such that S C C. We extend the stationary distribution 7 on C by
setting m(s) = 0 for s € S\C. We denote by L?(C,7) the set of squared integrable func-
tions f : C — R with respect to the distribution 7 on C, and the norm on L?(C, ) defined
as ||f||2LQ(C77T) = (f.f) = [ f(z)*n(dz). The Frobenius norm of a matrix A is denoted as

|Allr = /(A A)p = /Tr(AT A).
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In this section, we aim to reformulate the results from Section 5 in a feature space derived from
the eigendecomposition of ®s. The section is organized into three subsections: in Section C.1
we introduce the new asymptotic feature space, we reformulate the results of Section 5 in the new
feature space in Section C.2 and we provide the proofs for these results in Section C.3.

C.1 ASYMPTOTIC FEATURE SPACE

Asymptotic Feature Space. Both Theorem 5.2 and Theorem 5.3 use either the deterministic
Gram feature matrix ® s (defined in equation 16) or the deterministic Gram feature matrix ®s that
are given by the continuous kernel function @ : C x C — R defined as

®(s,8) =Ewponor,) [o(w’s) o(w”s)].

Since @ is continuous and C is compact, the Mercer’s theorem states (Scholkopf & Smola, 2002)
that

M M
D(s,s') = Z vipi(s)pi(s') = Zwi(s)wi(s/)§ (24)

where {v;}M, and {(;} M, are the eigenvalues and eigenfunctions of the Hilbert-Schmidt integral
operators Ty : L2(C,7) — L*(C,7), f — Ta(f)(s") = Jpa ®(s,8") f(s)m(s)ds and {w;(-) =
VVipi(-)}M, are the rescaled eigenfunction. {w;(-)}}, forms an orthogonal basis in L?(C, ).
Usually, M is infinite. In the following of this section, we will find convenient to define a vector
representation of functions in the asymptotic feature space defined by the feature map {w;}},.
For any state matrix A € R%*P we denote by Q4 € RM*P the feature matrices of A so that
[24]ij = wi(A;) for A; the j column of A. With those new notations, we can decompose ® ¢
and $g as
P =QLQs and Ps=N5Qs.

Regularized LSTD in the Asymptotic Feature Space. Let v; € R the weight vector returned
by the regularized LSTD with the rescaled [o-regularization parameter )\w for the asymptotic
features {w; }£, on transitions collected in Dyin:

_ -1 N
vg = ﬁ[A—l-)\wIM QLU,r,

where ~ o .
A=0Q.U,U, - ’yVn)Tﬂg. (25)

Second-Order Correction Factor in the Asymptotic Feature Space. Let fa(-) be the second-
order correction function defined as

L wai2 _ —1|2
fA(B) _ )\727712(13[«2}5)2 NH'UQH S ‘B [A + )\m(}v+5) II\/[]
- [A+/\7""(11V+5) IM} A ja
F

From the definition of fa (B), it directly follows that fa (B) — 0 as N/m — oo or as A — oo.

C.2 REFORMULATION OF THE MAIN RESULTS

C.2.1 EMPIRICAL MEAN-SQUARED BELLMAN ERROR

Theorem C.1 (Asymptotic Empirical MSBE). Under the conditions of Theorem 5.1, the
deterministic asymptotic empirical MSBE is

MSBE(9) = L ||r + 10% vg — Qxvg|” + fa (U — 1V,)TQT).

As N, m,d — oo with asymptotic constant ratio N/m,

—

MSBE(0) — MSBE(8) %% 0.

22



Published as a conference paper at ICLR 2024

Remark 9. The left-hand term L ||r +vQ% vg — Q§v§||2 in MSBE(0) depicts the empiri-
cal MSBE for the regularized LSTD in the asymptotic features {wi}f‘il with the rescaled ls-

m(1+9)
N

regularization parameter \ on transitions collected in Dy 4y.

Remark 10. As N/m increases, the influence of the la-regularization parameter \ decreases.

Remark 11. As N/m — oo, MSBE(8) — 0.

C.2.2 MEAN-SQUARED BELLMAN ERROR

Theorem C.2 (Asymptotic MSBE). Under Assumptions 1, 2, and 3, the deterministic asymptotic
MSBE is

1
— A 2 =
MSBE(8) = || + 7PQ5vg — Q5vg|| 5+ fa (D2 (Iis| — 7P)Q5).
As N,m,d — oo with asymptotic constant ratio N/m,
MSBE(8) — MSBE(8) -2 0.

Remark 12. The left-hand term Hr +vPQLvg — nggHQD in MSBE() depicts the true MSBE
for the regularized LSTD in the asymptotic features {w;}M

iz with the rescaled ly-regularization
parameter /\w on transitions collected in Dy 4.

Remark 13. As N/m increases, the influence of the la-regularization parameter \ decreases.
Remark 14. As N/m — oo, MSBE(8) converges to the MSBE of vg without the ly regularization
parameter.

C.2.3 MEAN-SQUARED VALUE ERROR

Corollary C.2.1 (Asymptotic MSVE). Under Assumptions 1, 2, and 3, the deterministic asymptotic
MSVE is

1
MSVE(8) = ||V — QLvgl|;, + fa(D29F).
As N,m,d — oo with asymptotic constant ratio N/m,
MSVE(8) — MSVE() 5 0.

Remark 15. The left-hand term HV - nggH; in MSVE(0) depicts the MSVE for the reg-

ularized LSTD in the asymptotic features {w;}M | with the rescaled lo-regularization parameter

)\%“) on transitions collected in Dy

Remark 16. As N/m increases, the influence of the la-regularization parameter \ decreases.

Remark 17. As N/m — oo, MSVE(0) converges to the MSVE of vg without the ly regularization
parameter.

C.3 PROOFS OF RESULTS FOUND IN SECTION C.2

Theorem C.3 (Asymptotic Empirical MSBE). Under the conditions of Theorem 5.1, the
deterministic asymptotic empirical MSBE is

_— . 2 ~ ~
MSBE(8) = 1 ||r + 7% vg — Qkvg| + fa((Un —1V,) Q%)
As N,m,d — oo with asymptotic constant ratio N/m,
MSBE(6) — MSBE(0) = 0.
Proof. We have

2@V ?

N ~ N R 2
1 Hr + 42 VT, Q, (M — gLUnngngUan(A)rH

= % Hr + Q% v — Q§Ug||2.

23



Published as a conference paper at ICLR 2024

For A, we have
Tr (QwL(/\)‘IlQQm()\)T)
= Yty T (@nN) (T = Vi) @ 5(U = V) @n(N)")
- N - —1r 1T . .
= w Tr <(Un - ’YVn)Tﬂg [A + )\WIM} [A + )\WIM] Q:(U, - VVn))

2

— mi4d) ’(ﬁn — V)Tl [A + AWIM} .
Tr (¥2Q (M) ¥1Qm (V)

T (AT (A amteo g, ] A4 andey, ] 1,4)

)

H{A+/\ (1+9) M}_1A2
F

and
1Qr(Nrl|%, = ™t yg)12
O

Theorem C.4 (Asymptotic MSBE). Under Assumptions 1, 2, and 3, the deterministic asymptotic
MSBE is

MSBE(8) = ||r + vPQEvg — Qg’ngQDw + fa (D,%, (Is) — 7P)Q%).
As N,m,d — oo with asymptotic constant ratio N/m,
MSBE(#) — MSBE(8) <2 0.
Proof. We can rewrite
Tr (ApOs¥,0%)
= 2o T ([A+ 02520 T AT Qs(Lis) — 1P)" Dallis — 7PIRS A[A + 22001, ™)

= Xk s - PIREA[A A2 L)

N LT (Ap®s) = ok (T — A PIREL

and
Tr (Ap®s(U, — ryVn)T\IIS) = %11? Tr (ApQ?A[A + )\L(?—(S) IM]_IQS)
_ m -1
=N LTy (QS[IW — yP|" DyIjs) — 7PIQEA[A + NG 1y ] )
_ m 1
= k5 (s~ YPIOE, [Ts) — 7 PIRE A[A + A" 1] >FD '

Therefore,

Ap [0sT,0%5 —205(U, —V,) ¥s + ¥s])

S, -1
:%%H[Im YPIQE — [Iis) — YPIQEA[A + AT, ] HFD
_ ~1]?
_)‘ZH[HS\—VP]QQAJMWIM] HFD '
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D EVALUATION OF ®5 OR ®¢

The evaluation of @5 = E,, [o(w?S)To(wTS)] or Bs = Ey [o(w” S) o (w”S)] naturally
boils down to the evaluation of its individual entries and thus to the calculus, for arbitrary vectors
a,b e R? of

B, = E[o(w"a)o(w"b)] = (27) % / o(p(®)Ta)o () b)e 1@ aw.  (26)

The evaluation of equation 26 can be obtained through various integration tricks for a wide family
of mappings ¢(-) and activation functions o (-). We provide in Table 1 (found in Louart et al. (2018))
the values of ® 5 for w ~ N(0, I) (i.e., for p(t) = t) and for a set of activation functions o (-) not
necessarily satisfying the Lipschitz continuity. In experiments in Section 6, we focus only on the
ReLU function, i.e., o(t) = max(t, 0).

Table 1: Values of @44 for w ~ N (0, 1), Z(a,b) = % (Louart et al., 2018).

O'(t) ‘}ab

t a®b
max(t,0) 2= |al|[b] (Z(a, b) arccos(—Z(a, b)) + /1 — Z(a, b)2)
it Zlallibl (£(a.b) aresin(£(a, b)) + /T = Z(a, b7
2 . 2a”b

erf(?) w ATCSHL <\/<1+2|a|2><1+2|b|2>>

Lit>o 1 — ;- arccos(£(a, b))

sign(t) 2 arcsin(Z(a, b))

cos(t) exp(—3([la]? + [[8]]*)) cosh(a )

sin(t) exp(—L([la]2 + b]|?)) sinh(a”b).
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E PROOF OF THEOREM 5.1

Under Assumptions | and 2, this section is dedicated to prove the asymptotic equivalence between
E[Q..()\)] and

-1

_ N
Qn(\) = mits

defined in Theorem 5.1, when N, m — oo. In order to prove Theorem 5.1, we shall proceed by in-

troducing an intermediary resolvent Qm()\) (defined in equation 27), and show subsequently under
Assumptions 1 and 2 that

IE[Qn (V)] = Qu(M] =0 and [[Qun(A) = Qu(M) — 0,

U, — Vo) ®:U, + \I,

as N,m — oo.

In order to simplify the notations, we denote by @Q,,, the resolvent Q,,,(\). The first half of the proof
is dedicated to Lemma E.1, which proposes a first characterization of E[@Q,,,] by Q,,, as N,m — oo
under Assumptions 1 and 2. This preliminary step is classical in studying resolvents in Random
Matrix literature (Louart et al., 2018; Liao et al., 2020) as the direct comparison of E[Q,,] to Q,,
with the implicit 4 (equation 17) may be cumbersome.

Lemma E.1. Under Assumptions 1 and 2, let X > 0 and let Q,(\) € R™ ™ be the resolvent
defined as
Q) = EL(U — V)T U, + I o 27)

for the deterministic Gram feature matrix

®s = Eyuno.r) [o(w’ ) o(w”S)],

and

o= %Tr((Un — V)T ®U.EQ-(N)), (28)

where
—1
Q ()= %(Un AV o (W_8) (W §)U, + AL, | 29)

for which W_ € RWN=1Xd depicts the submatrix of the weight matrix W (defined in equation 5)
without the first row. Then,

Tim [Ew (@ (V)] — Q)] = 0.

Remark 18. Firstly, we can note that « is uniformly bounded.  Since %Tr(@s) =
E[%HU(’UJTS)HQ} and from Lemma K.2, we have

L@y = [ pr( Lo )2 t)dt= [ 2tPr (Lo )| > t) dt = O().
0 m 0 m

m
(30)
We deduce that

a= % T (U, —yVo)" @ ULEQ-]) < |ULEQ-)(U, — vVn>TH% Tr(®5) = O(1), (1)

where we used |Tr(AB)| < ||A| Tcr(B) for non-negative definite matrix B together with
Lemma 1.1 which asserts the operator norm of the resolvent Q_ is uniformly bounded. Further-
more, both ||U,|| and || V,,|| are upper bounded by 1.

Proof. We decompose the matrix ZgE g as

N
Xi¥s =) o], (32)
i=1
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where o; = a(STwi) € R™ for which w; € R? denotes the i-th row of W (defined in equation 5).
Using the resolvent identity (Lemma L.2), we write

E[Qm} - Qm
~&[Qu[@:! - M. - L - mwzgzsm} Q.|

_N T SNT T | A
= EIQul(T — Vi) @ U — ZE QU = 1V2) 01070, | @
N A~ A A
N 1 1 (U 'Y‘/n)TUzO'TUn ~
= Qm( 'YV)T¢UQm_* E|lQ-; Qm,
ml+a HQn! m; 1+ 2o70,Q (U, —V;) o
where the last equality is obtained with the Sherman identity (Lemma L.4) for
-1
1, - - N 1. . .
Q.i=|=(U, - V)"ZiZU, — — (U, —1V,) 000/ U, + m} (33)
m m
independent of o; and thus w;. Exploiting this independence, we decompose
E[Qm] ~ Qm (34)
N
N PN 1 1 A N A ~
:*7]}3 m n @” nm — 7 E —1 n nTi'Tn m
m Ty bl =1V @00 — S QO W)amU}Q
L 11 i Q. ( ’YVn) ;0 TU (m TUnQ ( VV) @) Q
m 14— 1+ O'TUQ (U, vV)
(35
Sl S Q- QIO - 20,0
= m 1 + o P m —1 n /-Y n S n m
=7,
11 & 1
it T O i
+m1+a; {Qm( ~Va) mcrlUan<m 0,Q (U, — V)T O‘)}
=7,
(36)

The last equality is obtained by exploiting the Sherman identity (Lemma L.4) in reverse on the
rightmost term, and from the independence of @ _; and o'iaiT for the second right-hand term. We
want to prove that both Z; and Zs have a vanishing spectral norm under Assumptions 1 and 2. With
both the resolvent identity (Lemma L.2) and the Sherman identity (Lemma L.4), we rewrite Z; as

11 & . . o
Z, = T tals EQm — Q-il(Un —V,)" ®:U,.Qnm
TS fi E QU ~ V) 0:07 0,Q ] (T~ 7V:) 250, Q0
m
L*i [ Vi) mDaUQm}( ~1Va) 50U, Qum
m =1
= n; H_%E [Qm(U —V,)"2iD%U, Qm] (U, — V)T ®U,Q,

where D € RV*¥ is a diagonal matrix for which, for all i € [N], we have

D, (1+UTU Q_i(U, —V,) o ) (37)
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With a similar proof than for Lemma 1.1, we can show there exists a K o such that, for all m, we
have ||Q,,|| < Kg, and then

m

H V) BT, QmHH Q)| < Rmaakg,). 6
Furthermore, from Lemma E.4, we have
! g y V) ST DS U o2
w [Qm(Un _'VVTL) S SUan:| = E . (39)

Therefore, by combining both equation 38 and equation 39, we conclude that Z; has a vanishing

spectral norm, i.e.,
1
_o () 4o
m

We want to show now that Z5 has also a vanishing operator norm. For ¢ € [N], by setting

121 =

N
%H% ZE[Qm - sz](f]n - 'YVH)T@‘SA'U"Q"L
=1

= m4Qm ( ’Y‘/n) g; <1717, TUnQ ( 'YV;L) g; — O‘)

and
C,=m~ T TUTa'i,

we decompose Zo with its symmetric and its skew-symmetric part as

1 1Y T A 1 T
Zy = — |:Qm( 'YV) 0,0, U.Qn (m UQ ( ’YV) a):|

1—|—am
N
1 1
= — Y E[B;C}]
1+am t
_ 11 EBiCiT—i—CiBiT li BCT C,Bf
1+o¢mi:1 2 1+am — '

For the symmetric part, we use the relations (B;—C;)(B;—C;)T = 0and (B;+C;)(B;+C;)T
to deduce that
-B,B] - c;cf = B,c! + ¢;Bf < B;B] + C;Cf,

where < is the Loewner order for semi-positive-definite matrices. For the skew-symmetric part,
we observe that |[E [B,C] — C;BT|| = ||li E [B;C} — C;BT]|| for i*> = —1. With a similar
reasoning than above, using the relations (B;+iC;)(B;+iC;)* = 0and —(B;—iC;)(B;—iC;)* =
0, we deduce the relation

From those relations, for both the symmetric and skew-symmetric parts, we have

1 1Y

N ~N\T "~
1 —|—CYE i:1E |:Q (Un _'YVn) o'io'iTUan (m TU Q ( /VV) i a>:| H

(1 )

From Lemma 1.4, we know there exists a real K b > ( such that, for all m, we have

| Z2|| =

IN

1
2o
m

e
m

(41)

HQm(Un - 'YVn)TE:lgj S Kégm-
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At this point,
N

Y E {BiBiT } ’
=1 m

N 1 ~ ~\T T (4 ~\NT T 1 . ) - 9
;E ﬁQm (Un - vvn) 0i0; (Un - vVn) Q.. (mcri U,Q_;(U, — V) o; — a)

_ 1 3 N\ T 2 2 ~N\T
= HWE [QO (0. -2V,) BED3sg (0, -V0) Qm] H
< VmKg E[| D3]l

where Dy € RV*¥ is a diagonal matrix for which, for all i € [N], we have
1 N N N
[DQ}Z = <U'LTU’!LQ—'L(UTL - 'YVn)TUi - 01) .
m
From both Lemma K.5 and the union bound, we have
Pr(||Dy| > t) =Pr ( max [Ds]; > t) < CNe~emmin(i,t)
1<i<N
for some ¢, C' > 0 independent of m and N. We have thus

E (|| D;|?*) =E ( max [Dg]i) = /OOO Pr ( max [Dj]; > t) dt

1<i<N 1<i<N

:/ 2t Pr ( max [Ds]; > t) dt
0 1<i<N

=S}
S/ 2tCN€—cmmin(t,t2)dt
0
1 R oo
= / 2tCNe ™ dt + / 2tCNe " dt
0 1

g/ 2tCNe’Cmt2dt+/ 2UCNe ™t dt
0 0

120 [ 120 [
— ——/ tNe_thH———/ tNe~tdt
m ¢ Jo 2 Jo

o2)
Saftna]|-o( )

In addition, with a similar proof than for Lemma 1.4, we can show there exists a real K é > 0 such

N 1 a0 =~
—\/——Z"U,.Qm
mV1l+a Q

where ZZ7 is the Cholesky decomposition of ® ¢. Therefore,

N]E 1CCT

We deduce that

that, for all m, we have

!
gKQv

m

N 1 o o
Y E [Q%UI oio] Uan]
— m~/mTm

i=1
1 N 7~ Ao~
| Grmanoresan|
1
-0 ()
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From equation 41 and above, we deduce that Z5 vanishes under the operator nom, i.e.,

1
Z|=0| —=). 42
Using both equation 40 and equation 42 into equation 36, we conclude that
~ 1
EQ.]—-Q.|=0|—]). 43
I51Qu] - @nl =0 (=) @
O

To get Theorem 5.1, we start from Lemma E.1 and we show that

1Qm(A) — @\l =0,
as N, m — oo.

Theorem E.2 (Asymptotic Deterministic Resolvent). Under Assumptions 1 and 2, let X > 0 and
let Q. (X)) € R™™™ be the resolvent defined as

QN = |21

where § is the correction factor defined as the unique positive solution to

-1
(U = 1V) T, + un} ,

N

_ 1 I Sy e | I S SRy Juge -
0= mTI'((Un ’Yvn) ‘I)SUn|:m1+6(Un 'VVn) QSUn+)\In,:| )

Then,
lim HIEW (Qn (V)] - Qm()\)H —0.

m—r o0

Proof. From Lemma J.1 in Appendix J, we know that § exists and is the unique positive solution of
equation 17 under Assumptions 1 and 2. From Lemma E.1 we have a first asymptotic equivalent of

Ew Q] given by

—1
Qo= |2 (0= 0W) @0, 0L
where 1
a=— Te((U, — V) ®:U,EQ-)),
since -
AEDOOHEW[QWL] - Qm” =0.

In order to finish the proof of the Theorem, we want to show that

im [[Qm — Qull =0. (44)
From the resolvent identity (Lemma L.2), we have
~ = N lae — §] ~ - ~\T A=
Q= U= 1Va) ®50.Qm| - 45
”Qm Q LH m (1+5)(1+0¢) ‘Qm( ? YVn S LQmH ( )

Let ZZ7 be the Cholesky decomposition of ® &- With a similar proof than for Lemma [.4, we can
show there exists a real K é > ( such that, for all m, we have

JimYa. (o) 2

Similarly, we can show there exists a real K é > 0 such that, for all m, we have
/1 IN _pon -

—\/=Z"U,0Q,,

|| 1+6Vm Qm

30

!
SKQ-'.

!
< Kg.
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Therefore,

Qm( ’YV> ‘I’gﬁan‘ < (1+5)(1+a)%K5K5.

As a consequence, in order to prove equation 44, it remains to prove that

lim |o—d] =0.
m—r o0
We decompose |« — ¢| as
1 N N ~ _
o — 4] = ’m Tr((Un = 1Va) " @5U, [E[Q-] - Qm])’ (46)

< l Tr((Un - IYVn)T(I)éUn [E[Qf] - Qm])‘ + ’Til Tr(<Un - 'an)T(ﬁsAUn [Qm - Qm}) .

=71 =273
47

To show Z; vanishes, we write o as
1 . R .
== Tr(U, — V)" ®:U,E[Q_])

= L (U, V) R GOEQn]) + - Te((U —1V) B0, [EIQ ] ~ EIQu]).
There exists a real K > 0 such that

LT (O - V) BT [EIQ ] - EIQu])) < K [[[EIQ ] ~ EIQu]

since both ||U, || and ||V;,|| are upper bounded by 1, |Tr(AB)| < ||A|| Tr(B) for non-negative

definite matrix B, and from equation 30 that uniformly bounds % Tr(® S) From Lemma E.4, we
have

b

IE[Qm —Q-]Il =

1mN
7NZ:

H (U — yvn)ngpz:SUan} H

(m>v

where D € RV*¥ is a diagonal matrix for which, for all i € [N], we have

1 .
D, = <1 + oT0,Q (O, vvn,)Tm) .
As a consequence, by combining the results above and from Lemma E.1, we conclude for Z; that

|Z1] =

1, o 1
— —Tr((U, = Vo) " ®sU.Qn)| =0 | — |
@ T Ve R0 Q) =0 (77
Using the vanishing result of Z; into equation 47 and applying the resolvent identity (Lemma L.2)
on Zs, we get
N |aw — 4 N f T o s e o = 1
- <= | — T (U, — Vo) @:U,Qn (U, —7V,)" 2:U, Q) |+0 | —— |,
which implies that

N 1 1 1
lov — 0 (1 — Emaﬂ(w — V)@ U, Q. (U, —V,)T®:U, Qm)) =0 (m) )

It remains to show

Tr((Un _’Y‘Afn) q’ U Qm( "Y‘/;L) QSUan) <1

1
li - - -
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-1

Let the matrices B,, = (U,, — 'yVn)Ti)SUn, B, =ZTA,.Z.Q, = -t 1JF(SB’ +A,,| ,and

Q' = [——B’ + A ] ; where A, = ﬁn(ﬁn — vvn)T is the empirical transition model

m;:rix de;innleJ(riO;n equation 14. Using the Cauchy—Schwarz inequality, we write
o A7) (BB
_ ;ZMM (B, Q. B,Q,,)
T M@ B T T(BLQ QU B,
z; Zy

‘We observe that

5= L T(BuQu) = ~ Te(BLQ.,) = ~ Tr(B.QLQTQ;MT)
m m m
_1N 146 'A AT RTY L ' A AT
= (1 m 5)2 Tr(BanQm B, ) + = Tr(BanQm).

Since H(B,,) is at least semi-positive-definite under Assumption 2, we have
Te(B,Q..Q:) = Tr(Q B,Q,,) = Tx(Q), H(B,)Q),) > 0
As a consequence we have

1N 1

0 S AT(BIQLQE) _ o
mm (14 9)2

146 T 144

Tt (B,Q,,Q., B,') <

To prove % < 1, it remains to show that § < oco. With a similar proof than for Lemma 1.1, we can
show there exists a real K > 0 such that, for all m, we have Q] < Kg, and thus

1 ~ 1 N N \ - 2 _ 2
5= — Tr(B,Qm) = — Tr(U,—V,) @ sU,Q.n) < — Tr(®4)|Qm ()] < — Tr(®4)Kg < o0

where we used for the first inequality the relation |Tr(AB)| < || A|| Tr(B) for non-negative definite
matrix B. Furthermore, from equation 30, # Tr(® 5) is bounded under Assumptions | and 2, and

both ||U,, || and ||V, | are upper bounded by 1. We thus conclude for Z| that

LN 1 ' T p'T
hmsglpmm 50 Tr(B,Q., Q. B.) < 1. (48)

With similar arguments, we can show for Z} that

I 1N 1
imsup —————
W mm (14 «a)?

T(B,Q,,QrB;) <1,

which concludes the proof that

|aﬂ0<¢%). (49)
Using the result above with equation 45, we get
1@ = @ul =l 61 [N @ (00— W) 250,
(14+6)(1+a)
1
-o(7m)
which concludes the proof. O
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Lemma E.3. Under Assumptions I and 2, let D € RN*N be the diagonal matrix defined in equa-
tion 37 for which, for all i € [N], we have

1 N ~ ~
D;=1+ E‘”T U,Q_(U, — V) a;. (50)

Then
E[[ID]] = O(1).

Proof. Leta = L Tr((U,, — 4V,,)"®sU,E[Q_()\)]) defined in equation 28. From equation 31,
« is uniformly bounded, i.e., there exists a real K, > 0 such that o« < K. From both Lemma K.5
and the union bound, we have

Pr(|[D|>1+a+t)=Pr (11335\7 D;>1+a+ t) < ONe~emmin(t,t®)

for some ¢, C' > 0 independent of m and N. Therefore,

E[|D|]=E { max Dl} :/ Pr ( max D; > t) dt
0

1<i<N 1<i<N
2(1+Ka) oo
:/ Pr(m_aXDi>t)dt+/ Pr(m_aXDi>t>dt
0 IsisN 2(1+Ka) 1<i<N
<214+ K,)+ /OO CNe*””min((t*(1+KQ>>2,t7(1+Ku>)dt
B 2(1+Ka)
=2(1+ Ka) +/ CNe ™ dt
1+Kaq

N
=2(1+ K,) + ON —ematxs)
cm
=0(1).
O

Lemma E.4. Under Assumptions 1 and 2, let D € RN*N be the diagonal matrix defined in equa-
tion 37 for which, for all i € [N], we have

1 . . .
D, =1+—0!U0,Q_;(U, —V,) a;.
m

Then
1 N . N
HE [QO(Un - 'VVn)TEgDESUan:l H =0 (1) .
Proof. From Lemma 1.4, there exists K¢ > 0 such that, for all m, we have H\/%Qm(f]n _
VVn)TESH <2Kg and HﬁESA[A]an < K, - Therefore,
E| L0, (0, -4V, TSI DS .U <2K2 E||D
—Qun(Un —7Va) B3DEUnQm | | < 2Kq, E[|DI)].
From Lemma E.3, we have
E[ID]] = O(1).
As a consequence, we deduce that
1 N . N
HE [QO(Un - ’YVn)ngngUan:l H =0 (1) . (51)
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F PROOF OF THEOREM 5.2

This section is dedicated to find an asymptotic deterministic limit of the empirical MSBE( ) (equa-
tion 8) under Assumptions 1 and 2. First, we observe that the empirical MSBE depends on the
quadratic form 7 Q,,,(\)T Q,,,(\)r since

A 1 R R
MSBE(8) = E||r +732%, 0 - %% 0 (52)
1 1 T 2
= —||Tr — 7(Exn — 'YE]X;,) EXan()\)T (53)
n mn
1] 1 T 1 T 2
= —l|l=—Ex, —1=x;) Tx, + M, — —(Zx, —1Zx;) Zx, |Qm\)r
n mn mn
54
A2 9
= [ Qu(Nrll”. (55)

We determine in Theorem 5.2 a deterministic limit of M/sﬁ:(é) by combining Theorem 5.1, which
provides an asymptotically more tractable approximation of Ey, [Qm ( )\)] under the form of a fixed-
point equation, with concentration arguments. Theorem 5.2 is corollary of Lemma F.2 and of the
concentration result of Lemma K.2 in Section K. Both Lemma F.4 and Lemma E.5 are key Lemma
used in the proof of Theorem 5.2 and Theorem 5.3.

To simplify the notations, we denote the matrix Q,, as the resolvent Q,,,(\) (defined in equation 13).
We define the matrix ¥ ¢ € R™*™ as

N1
S oml+6 S
Furthermore, the notation A = B + O (\F) means that |A — B|| = (\/—%)

Theorem F.1 (Asymptotic Empirical MSBE). Under the conditions of Theorem 5.1, the
deterministic asymptotic empirical MSBE is

MSBE(®) = 37 Qn(\r|* + A,
with second-order correction factor
¥ Tr(Qum (V) T2Q,,(V)T)
¥ (@ (V) T2Q, (VT 1)

2
A_n

HQm( %,

1—

where A . ) ) ) )
U, =U®:U,, and ¥y= (U, —~V,) ¥s(U, —7V,).
As N,m,d — oo with asymptotic constant ratio N/m,

—

MSBE(6) — MSBE(0) % 0.
Proof. From equation 55, we have
A2
MSBE(8) = =~ IIQm Tl = TTQ,Tanr.
From Lemma K.6, we have
/\ +TOT A? T
Pr n Q er - 77’ [Q Qm]r
for some C, ¢ > 0 independent of m, n and N. Furthermore, from Lemma F.2, we have

+Tr (¥:QLQ.,) _ 1
N m T _ L
= LT (9,00 9,0,) Qm‘PIQ’"H =0 (m) '

—en2mit?
>t)<Ce enome

]E[QZ:LQW] - Q%Q'm -

As a consequence, we have
e — 3

MSBE(0) — MSBE(0) %% 0,
asm — oQ. [
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Lemma F.2. Under Assumptions 1 and 2, let Q,,, € R"*" be the resolvent defined in equation 13,
let Q,, € R™"*™ be the deterministic resolvent defined in equation 15, and let M € R™*™ be any
matrix with a bounded operator norm. Then,

e AT (9.QLMQu) g |
pioimau] - @i - NT( (fmmlcz)m) aiman|=o( )

for W1, Wy € R"*" defined in equation 19.
Proof. From Lemma F.6, we have
E[QLMQu] = QLMQu +E |QLMQu(U, Vi) ¥,:U,Q.]

B [QTMQu (T, V) U,Q | + 1 T (1205 M Q) E[Q7%,Q ]

o ()

M' =MQ.,(U, — V)" ¥ U, = M[I, — \Q,,]
With a similar proof than for Lemma 1.1, we can show that there exists a real K o) such that, for all

m, we have || @, || < Kg. We deduce thus that M is a matrix with a bounded operator norm since
[M'[| < (1+ AKg)||M]||. From Lemma F.3, we have

Let

A N N = N A 1
|E[QEMQ, (T, — 1V) ¥ 30,Qu] —E [QTMQu (U, —1V:) ¥ 0,Q- || = 0 <m> .
Therefore,

_ _ 1 _ _ 1
E[Q%MQm} =QIMQ,, + N Tr (\I’QQﬁMQm) E [qu’lQ—} +Oy (\/%) .
Furthermore, from Lemma F.4, we have
1
|E[QL¥:Qn] —E[QT¥,Q_]||=0 (\/ﬁ) ;
and from Lemma F.5 we have
T _ AT A 1 AT A i
We conclude thus
o LT (0,QT MQ) oy - ( 1 )
E[QT MQ,,| = QT MQ,, N o i Tw,.Q,m +0) | — ).
[QnMQ,] = QI MQ,, + T (2,07 9,0, 2 V19 O (U
O

Lemma F.3. Under Assumptions 1 and 2, let M € R"*" be any matrix with a bounded operator
norm, let Q,, € R™"*"™ be the resolvent defined in equation 13, and let Q_ € R™*™ be the resolvent
defined in equation 29. Then,

HE [QTMQ,] -E[QTMQ_] H ~0 (1) .

m

Proof. We observe that
|e[@nMQ.) ~ (@7 MQ || < £ @ MQ.] - E[QTMQ,] |
+ H]E Q" MQ,.] -E[Q"MQ_] H
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The objective is to show that both terms vanish. By exchangeability arguments, we have

|B[@hMQ.] QT MQ,]|

_ l l TrT ~ ~T(F7 _ A% T
= |§E |25, Q@uUi ool (U, = 1V)QLMQ,

1 [ N

Li=1

‘ (Lemma L.2)

N

1 _[1 . . R
— NIE EQ%UEE%DZ}S(Un—VVn) szQm]

N
1 1 A N . 1 N R .
=||<E (Y. —=QLU o] (Un—vvmﬁMQm(ua? UnQ_xUn—vVn)Tai)]H
m m

9

where D € RV is a diagonal matrix for which, for all i € [IN], we have
1 N ~ N
D, =1+ EaiTUnQ_i(Un V) o

From Lemma E.3, we know
E[|D]] = O(1).
Furthermore, from Lemma 1.4, we know there exists a real K ’Q > 0 such that, for all m, we have

<
and
H\/lQO(Un —V)TEL| < 2K,
We deduce thus

£ (@5MQ,] - (@M, = | L V| L QnulsiDR 0, - 1)@ M, |

1
B O <> .
m
With a similar reasoning, we can show that

E(@" M@, - = (@ mQ. ]| =0 ().

m

and we conclude thus

2 (QEMQ,) - ElQ7MQ-]| =0 ().

m
O

Lemma F.4. Under Assumptions 1 and 2, let Q,,, € R™*"™ be the resolvent defined in equation 13,
let Q_ € R™ ™ be the resolvent defined in equation 29, and let 1 € R™*"™ be the matrix defined
in equation 19. Then,

HE QT ¥,Q,] -E[QT¥,Q_] H -0 (\/17”) .

Proof. We observe that
|E[@n¥:1Q.] - E[QTw1q-]| <||E [@F %.1Q.] - E[QT9.Q..]|
+|[ElQTwQ.] -E[Q7w:Q ]
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The objective is to show that both terms vanish. By exchangeability arguments, we have

HE [ Z;L‘IllQm] —-E [QZ‘PlQm] ||

N
1 r T
= NZE [Qm_Q—i] \IllQm}
i=1
1L 1 A .
— N;E _ngUgaiaZT(Un—yvn)QTi\IllQm]‘ (Lemma L.2)
N -
= iZE iQTIA]TG"O'T(U' —V,)QLw,Q 1+i0'TU Q_i(U, —vV,) o,
Ni=1 -mmnzzn n)&Wm*1«¥m mznfzn n) Ui
1 1 N . .
= || +E [mQ?nUi{ 2§D23<Un—vvn)Q2~Ilem} :
=z

where D € RV*N s a diagonal matrix for which, for all i € [N], we have
1 ~ ~ ~
D=1+ —0!U,Q_;(U, —V,)"o;.
m

Let the matrices

1 1 A 3 Y,
B=——Q,U,S;D3s(U, —V,)Qy,
NmZ S
and 1
C' = —T,Q,.
ma

We decompose Z with its symmetric and its skew-symmetric parts as
T T T _ T
7 = JE[BCT] - E[BC_;CB} _HE{BCQCB]
With the same reasoning on the symmetric part and the skew-symmetric part than for equation 41,
we get for the operator norm
I1z]| < ||E [BB"]|| + || [CCT]]|.
We want to show that both ||]E [BBT] || and ||]E [CCT] || vanish. We have
mi_ 1
N2m2/m

From Lemma E.3, we know

E[BB"] =E QLUI'SIDR (U, — V,)QLQw(U, —1V,) SEDSU,.Qum | -

E[[|[D]] = O(1).
Furthermore, from Lemma 1.4, we know there exists a real K b > ( such that, for all m, we have

1 ~
|0 <
and )
H\%Qm(Un — Vo) EL|| < 2Kg.

‘We have therefore

e (B57)| =0 ().

1
E[CCT] = E[ng\pmm}

For E [CCT], we have
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Let o n+1 and oy 42 be independent vectors with the same law as o;, we have
1 N? 1
my/m m? (14 6)2

mU UN+1UN+1U U UN+QUN+2U Qm .

1
E|l—QL ¥, ¥,Q,,| =E
m\/ﬁ m 1Q :| |:

Let

B = ml %%MQMUEO’N_,_lO’]j\}_Hﬁn
and

c’ = 14 Zlid ATU’N+20'N+2U Q.

We decompose E [C C’T} with its symmetric and its skew-symmetric parts as

B/C/T + C/B/T LE B/C/T _ C/B/T
2 2 ’

E[CcC"]| =E[B'C'"| =E
and we get for the operator norm
[E[ccT]] < || [B'B7]|| +[E[C'CT]|.
To prove |E [CCT]|| vanish, we prove both ||E [B’B'"]|| and ||E [C’C'"]|| vanish. Let K =

(1+6)2 N+1%,WewnteE [B B’ }

[ 1 N?2 1 . o
T T 1T T
E[B/B/ ] —E _m\/ﬁiﬂ”ﬂ (1+5)2QmUn GN+10'N+1U N+10'N+1U Qm:|
=K 1 N1 QTN Uloniol U U oy 10l U.Q_n_1
| m~/m m2 (1442 n + " +

1 N+1
=E \FZQTUTGZ olU,Q_; ( /U, U)o )]

o1 W 1
=E o 2. Z Q.U s ol UnQ-i— Tr (U, Uy @)
1 N+1

+E \fZQT U%6,07U,Q_; ( oTU, UTal—%Tr(U UnT<I>S;)>

_ T AT & T T T P2y T

=K [Km T (U, U, (I)S)m\/ﬁQmU" LD ESUan}
=7

1 T 1 T 17T 5T 12 2

=Zs

where D’ € RV*N g a diagonal matrices for which, for all ¢ € [N], we have
1 SN 1 N
D)= —o!U,Ulo; — — Tr(U,U,; ®;).
m m

From Lemma E.3, from Lemma 1.4, and from equation 30, we have

121=0 ().
E[|D'] = O (%) .

1z =0 ().

38
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‘We conclude that

and "
ec'em) -0 (=)
Therefore,
Ie(ccm = o (=)
and
H]E [ngfﬁstm] ~E [QT&E@SUan} H ~0 (\/177) :

With a similar reasoning, we can show

£ (@%@, - E[Q7 %@ )| =0 (= ).

‘We conclude thus

IE[Q4L.Q.] ~E[QT®,Q ]| =0 (jm) |

O

Lemma F.5. Under Assumptions 1 and 2, let Q,,, € R"*" be the resolvent defined in equation 13,
let Q,, € R™ ™ be the deterministic resolvent defined in equation 15, let W1, Wy € R"*™ be the
matrices defined in equation 19. Then,

1

1— 4 Tr (¥.QL¥:Q,,)

E[QL¥,Q,] - OTw,Q,| =0 (\}E) .

Proof. From Lemma F.6, we know that
E[QZ;L‘IIlQm] = 751‘111(21% +E [Qz;zmlém(ﬁn - 'YVn)T‘IIS‘ﬁan}

~E[QT01Qu (T, V) R0,Q | + 1 Tr (120, %,Q,) E[Q7¥,Q ]

+ O (%) .

Exploiting Q,, (U, — V)T ® gUn = I,, — \Q,, in the above equation, and from Lemma F.4, we
obtain the simplification

E[QL¥.Q.n] = QL ¥:1Q,, + %Tr (L,Q19.Q.,)E [Q ¥.1Q.,] + Oy <\/lm> :

or equivalently
E[QL¥,Q,] (1 - %Tr (w,Q7¥,Q,,) E [Qﬁ‘PlQmD = QL ¥1Q, + 0y (1> :

NG
Let B, = ZTA,,Z and Q/,, = {N LB, + /\Im}

1 R N N N
mite , for which A,, = U, (U,, — ,}/Vn)T is the

empirical transition model matrix (equation 14) and ZZ” = ® is the Cholesky decompositon of
® ;. We have from the cyclic properties of the trace

l Tr (\P2Q£‘IJ1QW1)

N

SN (@, - V)T, - 1 V)QLTTS U,Q,)
mm (1+4)2 n n s\n n/em e ST nem
1N 1

- Tr (B’ O’ /TB/T.
o (e (BLQLQIBY)
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From equation 48, we have

1N 1 =, =
lim s v T (B O /TB/T 1.
1mbip mmi(l n 5)2 r( anQm n ) <
Therefore,
_ _ 1 _ - 1
E[QT ¥,Q,,| = QL ¥,0,, _ _ TwQum+0 [ — ).
[Qm 1Q ] Q.,¥1Q, + 1 %T‘I‘(WQQ%\IIIQW) Qn¥1Qn + II-1] (\/m)

O

Lemma F.6. Under Assumptions 1 and 2, let Q,, € R"*" be the resolvent defined in equation 13,
let Q_ € R™™™ be the resolvent defined in equation 29, let Q.,, € R"*™ be the deterministic

resolvent defined in equation 15, let Un, V,, € R™*" pe the shift matrices defined in equation 7,
and let M be either any matrix with a bounded operator norm or M = W,. Then,

]E[ Z;LMQWL] - 777;LMQm - E [QﬁMQm(ﬁ—n - 'Y‘ZL)T\II‘S‘Uan}

FE[QEMQu(O, —1V) U 0,Q | - 1 Tt (1:Q5,MQ,) E[Q1¥,Q ] H

o)

Sfor ¥, Wy € R™ " defined in equation 19.

Proof. With the resolvent identity (Lemma L.2), we decompose E [QZ1 M Qm] as

=E[Q,, MQy]

B[ QEMQu |1 (T, - VTSR, - (T, - V) s | Q)

= E[Q1MQu] +E Q. MQu(Us ~ V) %0, Q.

=Z

N
- B [QRMQu (U, — Vi) i U,Qu)
i=1

=7
(57)

where 2135 = SN 07 is the same decompositon of 3% X than the one used in equation 32.
From Theorem 5.1, we have
- 1
[E[Qm] = Qm|| = © (m) :
Therefore, from above and from Lemma F.9 which upper bounds || M @, ||, we deduce for Z; that

121l - [| @ MQu| = [[E[Q,MQu]|| — [[QrMQuwm]|

o)

We want to find now a deterministic approximation for Z5 in equation 57. From the Sherman
identity (Lemma L.4) and with the resolvent ) _; defined in equation 33 as

-1
1 - N A 1 - “ A
Q i=|—(U, - Vo) "SL8U, — — (U, —V;) 00l U, + ML, |

m m
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we obtain the following relation

Q o Q %Q—i(f]’n - ’Y‘A/’!L)To-io-;;rl—/j—‘er—i
" - 1+ %G?Uanz(lj—n - PYVn)TUi .
By remarking that for all < € [IN], we have

QﬁMQm(Un - V‘ZL)TUiUz'Tﬁan

_ N N N 1
= Qg,MQTVL(U’IL - 'Y‘/;L)To'io'iTUnQ—i,

L o"mO., (T N o T
= __ MQ,. (U, —~V, ol U, Q_;
5 QRMQu (U, — V) 50l U,Q

1 A 3 v 2 §— L TUn —1 Un - Vn T %
+ 7Q£MQW(UH - ’YVn)TUiO'iTUnQ—i nfo-l ~ Q-il = i = ) o )
1+9 1+ mo'iTUnQ—i(Un - ’Y‘/;L)To'i

we decompose Z as

N
1 . . .
Zy —E lz Q%MQm(Un - "Yvn)To-iUiTUan] (58)
m =1
=K [QTMQm(ﬁn - 'Yvn)T‘I’SIA]nQ—} (59
=Z>
N 1 _T(T] ¥ T A d o \T
1 1 -~ ~ —0; Un_ Vn _iM mUn_ Vn A
Lo et AT )
m 1 + o i=1 1 + Eai UTLQ*’L(U’I’L - ’an) ag;
=Z22
(60)
N L _TT 9 T
1 1 = A ~ o 0 — =0, UTLQ—’L(U’IL - 7Vn) g;
+———=> E|Q',MQ,(U, - V,) 00/ U,Q_; —2—— - -
m1+5; ( MWn) 1+ 50l U,Q (U, —V,) o,
=Zs3
(61)
L LS elorofenl U,
ml—l—éiz1 TrTm T e
(%U?(ﬁn - ’Yvn)QZzMQ_m(ﬁn - 'an)To'i) (6 - %U?UnQ—z(Un - 'Yvn)Ta'i):|
R R R 2
(1 + %U;‘TUnQ—i(Un - 'YVrL)TUZ>
=Z>24
(62)
= Zo — Loy + Loz — Zyy. (63)
From Lemma F.7, we have

Z3; — %Tr(\PzQﬁMQm)E QI¥.Q-] H =0 (ja) :

With a similar proof than for Zs,, we can show for Zs, that

1
Zoul| =0 — | .
1221 =0 (=)
From Lemma F.8, we have
1
Zyl|l =0 —|.
12 =0 (=)
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As a consequence, we conclude that
E[QLMQ.,] =QF MQ,, +E {QTMQm( — V)"0, Qm]

—-E [QZMQ’"L(UH - 'YVn)T\IISUnQ—} + % Tr (\IIQQ?RMQW) E [QZ\PIQ—]
1
+ O”.” (ﬁ) .

Lemma F.7. Under Assumptions 1 and 2, let Zzo € R™*"™ be the matrix defined in equation 60 as

ZE T U760 TUQ 7.mo'zT(U ’VV) TMQm( U, - ’YV)TU'i .
1+6 e 1+ Lo7U0,Q (U, —7V,)Ta;

1
=0 —
| (7).
where Q,,, € R™*™ is the deterministic resolvent defined in equation 15, Q_ € R™ " is the resol-
vent defined in equation 29, and W1, Wy € R™"*"™ defined in equation 19.

O

Then,
1 _ _
Lo — N TI"(\I/QQ%;MQM)E [QZ\I}lQ—]

Proof. Let D € RY*N be a diagonal matrix for which, for all i € [N], we have
1
D-—l—i——aTUQ (U, — V)T oy,
and Dy € RY*N be another diagonal matrix for which, for all i € [N], we have
15T Ij V T M _m An V r 1 1 A A
[DZ]i: mOi ( 'VT )Q Q ( Y ) o —NTI" (\IJQQZ;LMQ”L)
1+ ma' U, Q_ ( ’yV Vo
%UT(U 'VV ) MQm( 'YV o
1+ Lo70,Q_i(U, —1V,)To
% Tr ((Un - ’VVn)Tq)S‘(Un - VVn)Q%MQm>
1+6
O'T(ﬁ 7‘7 )L, MQm( U, — 7‘7 Yo
1+ 167U0,Q_i(U, —V,)Ta
% Tr ((Un — ’yVn)QZ;LMQm(Un - WVH)TQSA)
B 140 '

E ZinﬁgO’iG;‘rUnQ,i

1
m

‘We have

Zo, — B [QT9,Q | Te(¥:Q1, MQ,.)

1 _ _
~ I (%QﬁM%)H

1T T
T {17 o TT | m%i (U, —V,)QT MQm( AN
Hm1+5 [ZQ Uloi0 ,UW,Q_,,( TR o S o T

1 _ _
- N Tr (‘IIQQEMQ771)>:| H

T T T 12 J
’ml—HSE QLU ZD* Do 5UnQn ||

=Z>21
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Let the matrices

B:m*%\/m Tursip?,
and

T 11 3

C :m4\/mD223Uan
Using the matrices above, we have

1 1 BCT+CBT

Zom =~ 1 E rUrsID*D,% U, Q.| = —E[BCT| = E
21 = T 2 Q] = T 5EBCT = 15

since Zoo1 is symmetric. We use the relations (B —C)(B —C)* = 0and (B+C)(B+C)"
to deduce the following relation

—-BBT—-ccT<BCcT+cCcBT <BBT+cCC".

From this relation, we obtain

IZeml < 55 (ELIBE7I) + EllCe™]D),

where
BBT = 7QT UTETD42 U.Q.,

m
and

1 . .
cc’ = ﬁggvgzgpgngan.

To get the Lemma, we prove that both E[| ] and E[||CC7||] vanish. From Lemma 1.4, we
know there exists a real K, ég > 0 such that, for all m, we have

.0, QmH<K
Hw g

and
— V) TuL|| < 2K
|7man@ s
Furthermore, from Lemma E.3, we know
E [| D] = o).

‘We conclude that

El|B57)) =0 (=)

For E[||C

|, we remark that

50! (Un = 1V2)QT, MQy (U, - W )'o
1+%Uz‘TUnQ i(Un ’VV)
2T (@50, -V, )QTMQm( vVn)T) . t>
1+ Lo?U,Q_i(U, 7V) =2
+Pr<nhTr(<I> s(Un = 1V2) Q5 MQu (U v%)T)
1+ Lo7U0,Q_i(U, —1V,)To

o T (®5(Un = 1Vi) QL MQu( nfvvm) Jt
1+90 —2)
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Since ||[MQ@,,|| is bounded from Lemma F.9, with a similar proof than for Lemma K.5, we can
prove that

( ‘ 7V ) ZiMerL(UWL - ’YVH)TU

— E Tr((ﬁn — ’}/Vn)E[QZl]MQm(Un - ’YVn)Tq’S)

—cm max(t,t?
>t) < Ce cm max(t, ),

for some C, ¢ independent of N, m. Besides, from the proof of Theorem 5.1, we also have

(O~ AVR)EIQT IM G (T, — 2 7,) )

- % Tr((Un - VVn)QﬁMQm(Un - 'VVn)T(I)S)

1
= O R —— s
)
as both |U,,|| and ||V, || are upper bounded by 1, |Tr(AB)| < ||A|| Tr(B) for non-negative definite
matrix B, and from equation 30 that bounds - Tr(<I> ). From Lemma K.5, we have

1 / 2
Pr(m TU Q ( "YV ) —a > t> < O'e—me max(t,t )7

for some C’, ¢’ independent of N, m. From equation 49 in the proof of Theorem 5.1, we have

a-o(5)

Combining all results above, we deduce that

E(|D2|?) =E ( glagv[DQ] ) = /OOO Pr <1glza<x [D3]; > t) dt =0 (;) ,
and therefore
Ellec™] =0 (—=).

Lemma F.8. Under Assumptions 1 and 2, let Zy3 € R™*"™ be the matrix defined in equation 61 as

§— 2olU,Q (U, —1V,) o
1+ Lo?U0,Q_i(U, —1V,)To; |

O

1+5ZE[ MQu (U, = V) 0iol UnQ-;

Then,

Proof. Let the matrices

vm
and L R -
T = mtLoTur,q 2w Tn@ilUn Z0Va) @
Vvm 1+ a'TU Q_i(U, —yV,)To
We decompose Z,3 with its symmetric and skew- symmetrlc parts as
1 XN
Zys = —— Y E[B,CT
#7149 ; [B:CY]
1 <~ _[BCI +C;B’ 1 [~ B,CT - C;B’
- s Yu (RO Lg]y DOl OBl
1404 2 149 2

i=1
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With the same reasoning on the symmetric part and on the skew-symmetric part than for equation 41,

we get for the operator norm
N
[ZB E[ZCZC?H.
i=1

We want to show that both HE {Zfil BiBiT] H and HE {Zfil C’,»C,L-T} H vanish.  We write
E {Zf\;l CiCﬂ as

N
ElZCiCZ-T]: Z QT UloiolU,Q_;

| Zas| <

2
=E Z QT UTO'Z TU Qm (5_ %UTU Q ( _’)/Vn)To'i> ]

~B |- QLUISIDIRg0,Qu)

where D3 € RV*¥ is a diagonal matrix for which, for all i € [N], we have
Dyl =6~ ol 0,Q (T, ~ Vi) o
With a similar proof than for Lemma E.3, and from Lemma E.1 and Theorem 5.1, we find that

E (|| Ds|?) = O (;) .

From Lemma 1.4, we know there exists a real K b > 0 such that, for all m, we have

.U, QmH<K
Hw g

and
,VV )TET

-o()

< 2Kp.

|7mamo

N
E lz c.cl
i=1

We deduce thus

We write E [Zf\il BiBZ-T] as

N N 1 _ N ~ . -~ A
E l; B;BT ] —E § v =QLMQ, (U, — V) o107 (Uy = 1V,) QM TQ—’L‘]
- 1 N T >, T N > _ 3 ~NT T
= Jmm Q" MQ., (U, —V,) ®4(0, ~V,)QLMTQ |,

With a similar proof than for Lemma 1.1, we can show there exists a real K o> 0 such that, for all

m, we have ~
|Qmll < Kg-

Let Am = Un(Un - Wn)T be the empirical transition model matrix defined in equation 14. Under
Assumption 2, A,, is invertible. From Lemma 1.3, we have

D B e
:HN (14 0)[Ln = AQu] (Un — 1 Va) T A H
Q%g(l—klﬁb)'
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From above and from Lemma F.9 that upper bounds || M Q,,, ||, we conclude that

N
Bl L
E;BZBZ- _(’)(m .

Lemma F.9. Under Assumptions I and 2, let Q,, € R™"*" be the deterministic resolvent defined in
equation 15, and let M be either any matrix with a bounded operator norm or M = UnT\IISUn.
Then there exists a real K > 0 such that, for all m, we have

IMQ| < K.

O

Proof. With a similar proof than for Lemma 1.1, we can show there exists a real K Q> 0 such that,
for all m, we have ~
Q| < Kg.

In the case where M is a matrix with a bounded operator norm, i.e., || M| < Kps we have
IMQu| < KK

Otherwise, when M = U,:f A\ Sffn, we consider Am = Un(Un — WVn)T the empirical transition
model matrix defined in equation 14. Under Assumption 2, Am is invertible. From Lemma 1.3, we
have

N

Mi'm = 77UT¢. Un m
M@ = || Q
= E—UTA U0, —V,)"®:U,Q
m1+5 n SUnWm
= o AL O [1, - 2Qu] |
1
< €min(1+AKQ).

G PROOF OF THEOREM 5.3

To simplify the notations, we denote the matrix Q,, as the resolvent Q,,, () (defined in equation 13),
and we set p = |S|. We define the matrices ¥ € R™*™ and ¥ 5 € RP*? as

N 1 N 1
=~ P.and Bg=———
S oml46 S me Ts ml+46
We also add the notation A = B + O, ( ) which means that |A — B|| = (\/%)

Under Assumptions 1, 2 and 3, this section is dedicated to find an asymptotic deterministic version
of the true MSBE(8) defined in equation 2 with a similar approach than the one used in Appendix F

for M/SﬁE(OA) In proofs of both Theorem 5.1 and Theorem 5.2, we constantly use the fact that
Q]| is unlformly bounded by a constant Kg > 0. We can also easﬂy bound the operator norm of

L EgE -U,,Q,,, since the empirical transition model matrix A, =U, (U V)T (equation 14)
is invertible under Assumption 2. Indeed,
1 . 1 oy o N . s
ngngan‘ = ‘ EAmlUn(Un — nyn)TEEESUanH = || A U, (I, — AQy]|
1
S (1+\Kgq)
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However, we do not have such simple control for %EEESUan since U,,(U,, — an)T is not
invertible until all states are visited. Furthermore, from Corollary K.1.1, only a O(y/m) upper bound

Hﬁst. Nonetheless, with the additional Assumption 3, we
can bound %D,T(Ip —vP)EL32sU, Q,, as stated by Lemma G.1. Fortunately for us, the proof
of Theorem 5.3 indicates that controlling the operator norm of %D,,(Ip —yP)XI¥®U,Q,, is
sufficient.

can be derived for H\/%E SH or

Lemma G.1. Under Assumptions 1, 2 and 3, there exists K > 0 such that, for all m, we have

1
m

Proof. The main idea of the proof is to use a similar reasoning than for H poe ETE $Qm H To

thls end, we use the triangular inequality, the decomposition D (I, — vP) = U, (U — V)T
D, (I, —vP)—U,(U, —yV,)T, and Assumption 3 as follows:

1

+ ‘m DAL, ~ ¥P) - U, (U, ~1V,)"|SEEsU,Q.

< |Un [In - AQm]ll

1
ﬁDW [Ilsl —')/P} 28

+ ‘ — Vo) '3 -

meona]

=7

From Lemma 1.1, we know there exists Ko > 0 such that, for all m, we have |Q,,|| < Kgq.
Therefore, for the left-hand part Z;, we have

21| = ||Un [T, — AQu] || < 1+ AKq.

From Assumption 3, for the right-hand part 75, we have

1 1
H\/%UTL(UTL - ’YVTL)TEE - ﬁDﬂ' [I|S\ - ’YP] Eg
1
< ||Un(Un = 1Va)" = Dx[Is) = 7P] HHWES
=0(1),

since || Xs|| = O(m) from Corollary K.1.1. Furthermore, from Lemma 1.4, we know there exists a
real K b > 0 such that, for all m, we have

ZSU Qm s Uan

|| = |

We have || Z;|| = O(1) which concludes the proof. O

Assumption 3 may hold for sufficiently large n since E [U,, (U, — vV;,)'] = Dx [I, — vP] as
n — oo (Tsitsiklis & Van Roy, 1996; Nedi¢ & Bertsekas, 2003). Indeed, Tagorti & Scherrer (2015)
has established that we can control |U,, (U,, — vV,,)" — Dy [I}s) — vP]| with a sufficiently large
n.

With the additional Assumption 3, we can now present the following result on the asymptotic Mean-
Squared Bellman error.
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Theorem G.2 (Asymptotic MSBE). Under Assumptions 1, 2, and 3, the determinsitic asymptotic

MSBE is
. _ _ 2
MSBE(9) = Hr +7 = POSULQu (V) — ﬁ\I'SUan()\)rHDW +A,

with second-order correction factor

1 7 Te(Ap[0s¥:01 205 (Un—1Va) W5 +Ws])

n 13 Te(22Qm (V)T #1Qm (M)

A= 1Qum (N7 I%,

where
Ap = [Iis) = 7P]" Da[ILis| — 7P],
05 = ¥sU,Qmn(N).
As N, m,d — co with asymptotic constant ratio N /m, MSBE(8) — MSBE(9) == 0.

Proof. We decompose MSBE(6) as

MSBE(8) = |7 + 7PE56 - S56|[p, = |7 + [vP — L] =50| b,
2

= ||r —

—YP|ZE{BsU, Qe

i

D
=17l

2
2 DL, PSS Qur

=7,
2

+ ’ _’YP] EEESUanr

el

D

=75
We want to find an asymptotic equivalent for both Zs and Z3. From Lemma G.3, we have

E[Z:] %ﬂ DI, AP sU,Qur + O (;a) .

For Z3, we have

2
1

o [I, — vP|Zi2sU,.Q

From Lemma G.4, we have

1 -~ _
E[Z;] = ErT TUTwsApPsU,Q,,r

Z=|

Dy

N 1 % Tr (Ap [@5\1@@% —205(U,, — V) TWws + lIls])
n - % Tr (‘IIQQz;L\Ilem)
1
O(—].
+0(7)
With a similar proof than for Lemma K.6 we can deduce that
MSBE(8) — MSBE(8) 5 0,

1Qmrlle,

as m — oQ.

Lemma G.3. Under Assumptions 1, 2 and 3, let Z5 € R defined in equation 67 as
1
Zy = ——=E[r" Dy [I, — vP|ZE8sU, Q).

my/n
Then ) )
Zy — %fTD,, [I, — vP]¥sU,Qnr| =0 (W) ,

(64)
(65)

(66)
(67)

(68)

1
= WrT TUTSISsApELiEsU, Q.

for Q,, the deterministic resolvent defined in equation 15, and ¥ s € RP*P defined in equation 21.
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Proof. As in equation 32, we decompose the matrix XL X as

N
T E T
i=1

where o; = 0(STw;) € R™ for which w; € R? denotes the i-th row of W defined in equation 5.
Let Q_; € R™"*™ be the following resolvent

1 1 -
Q_i = [(Un —WV)T'EE8sU, - — (U, —V,) a0l U, + AIn] ;
m m

independent of o; and thus w;. From the Sherman identity (Lemma L.4), we have

1 _
Zy = ——=E [ Dr[I, ~ 7P| S5 85U, Qur]
1 N
_ Z_TD _ e
s =" e = Flee anr]

1 E i 7' Dy (I, — vP|oiolU,Q_;r
my/n 1+ 5ol U,Q—i(Uy —1Va) o

Let D € RV*¥ be a diagonal matrix for which, for all i € [N], we have

i=1

1
D;=06- EUZ‘TUnQ—i(Un - 'Y‘/n)To'i~
We replace 1 + 07 U, Q_;(U, —vV,,)" o by 1 + 4 as following

1 1
mynl+4

Zy = E

N
> ' Dg I, - 7P|oio] UnQ_ir]
=1

Z21

i 77 Dy [I, — yPlool UnQ_iDir]

1+ %UiTUnQ—i(Un - FY‘/;L)TUZ'

1 1

E
+m\/ﬁl+5

i=1

Za2

We have Zs; vanishing since E[||D||] = O (\/%) and from Lemma G.1. From Theorem 5.1, we
have thus

N
bt T B T | 1
_m\/ﬁl—l—éE ;r Dr (I, = yP]oio Up,Q_ir +O<\/ﬁ>
_ 1N 1 7 _ 1
= \/ﬁml—i—ér D, [I, 7P}'I>5U,,LE[Q_]T+O<\/R)

L. . 1
= ﬁrTDﬂ- [Ip — ’}/P] ‘I’SUanT + 0 (ﬁ) .

O

Lemma G.4. Under Assumptions 1, 2 and 3, let Ap € RP*P be the matrix defined in equation 21,
and let Z3 € R be defined in equation 68 as

1
7y = ]E{ 2rT ﬁUEE:‘ngAPEgzsUanT} .
nm
Then

1 _ _
Zs = o' QU s ApPsUnQur

L LT (Ap [©5%,0% — 205U, —1V,,) s + \115])
n 1— LT (,QT¥,Q,,)

1Qmrl%,

o)
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where Q. is the deterministic resolvent defined in equation 15, W1, Wy € R™ " are defined in
equation 19, Wg € RP*P and Og € RP*™ are defined in equation 21.

Proof. As in equation 32, we decompose the matrix XL X s as
N
EZ:ES = Z O'iO'iT,
i=1
where o; = 0(STw;) € R™ for which w; € R? denotes the i-th row of W defined in equation 5.
Let Q_; € R™"*™ be the following resolvent
-1
1 1
m m

independent of o; and thus w;. From the Sherman identity (Lemma L.4), we decompose Z3 as

1
Z3s=F |:27‘TQZ;U5 2§ESAPE§ESUanr] (69)
nm
N 1
= Z E[ ZTTQZ;U,ZTUiaiTAPO'jO'fUanr] (70)
nm
ij=1
al 1 T ingaiU;'T UjUJTUnQ—j
= Z E 27 17 7 Ap 1T T T
= nm 1+ -0, U,Q (U, —Vy,)To; 14 -0 U,Q_;(U, —vV,)"o;
(71)
al 1 TUloiol 00 U.Q;
- ZZE 2" T 777 ¢ 7—Ap 7 T
=g vm 1+ -0/ U,Q (U, —7Vy,)To; 1+ .0 U,Q_;(U, —vV,,)To;
=Z31
N T 77T T T
1 U o;0; Apo;o; U,Q_;
+ZE 27°T —1 ’no-o-z PO'O'l Q 27’
— |nm (1 + %O'Z»TUnQ_i(Un - WVn)Ta'i)
=Z32
(72)
From Lemma G.5, we have
1 _ _
Z3 = ErT TUT O sApTsU,Q,,r
N l % Tr (Ap [@5‘1@@5 -205(U,, — yVn)T\IIS]) ||Q THQ
n 1— +Tr (0,Q7%,Q.,) e
1
o —].
i (m)
For the second term Z35, we have from Lemma G.6,
1 L Tr(ApPs) _ 1
Z3g = — N — ——|1Qumrl3, +O(— .
2T LT (9.QL 0., e vm
We conclude that
Z3 = Z33 + Z32
1 _ _
= ETT zLUS‘IJSAP‘IlSUanT
L1 +Tr (Ap[@s¥,0% — 205U, —1V,) ' ¥s + Ts)) 102
n 1-— % Tr (qIQQanllQm) mTi
1
o(—1.
i (m)
O
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Lemma G.5. Under Assumptions 1, 2 and 3, let Z31 € R defined in equation 72 as

1
Z nm2 ZZE

i=1 j#i

r'QT, Ul ool Apo;o] U,Q_jr
(1 + %UZTUHQ—z(Un - ’}/Vn)To'z) (1 + %UJTUnQ—j(Un - fYVn)TU])

1 _
Z3 — —rT QLU U sApTsU,Q,,r
n

l % Tr (Ap [@S‘I’Q@g — 2@5(Un — ’)/Vn)T‘I"g])
n 1-— % Tr (@2Q_%‘P1Qm>

o(ik)

where Q,, is the deterministic resolvent defined in equation 15, W1, Wy € R™ " are defined in
equation 19, ¥g € RP*P and Og € RP*™ are defined in equation 21.

HQmT”?I’l

Proof. Using the Sherman identity (Lemma L.4), we decompose Z3; as

TOT [JT . 5T T
r Q.U 0i0; Apojo; U,Q_;r

N )
1

Z31 = E

T nm? ; ; | (1+ 50! UnQ (U, = Vo) T03) (1 + w0l UnQ—; (U, — m)%—)]

i Ty7T T T
T QmUn 0,0; APO'jUj UnQ,j

N
1
= — E r T
nm? Z Z |1+ %O'JTUnQ,j(Un - Vo) lo;

i=1 ji
N [ T T T T
1 U000, Apojo;U,Q_;
I B
nm® 1+ 0; U.Q_;(U, —vV,,)To;
=Z311
N T T T T T T T
B B I s L
M= (1+ 50l UnQ—;(Un —1V2) o))

=Z312

We want to find an asymptotic equivalent for both Zs311 and Zs12. For Z315, we have

| N
Z312:WZZE

i=1 j#i

T QLU o0l (U, —V,)QT, UL aia?Apaj;fUnQ,j r]
(1+40lU,Q_;(U, —V,)Ta;))
LU o0/ U,.Q-; ( Lol(U, - V,)QL,Ur EngE?APaj) 1
T,

m2Yj

2
(1 + %U;TU”Q,J(UH — ’)/Vn)TO'j)

N
1
— Z E [rT
nm 4
Jj=1
where Egj = o(W18) € RW=UX" for which W7 € RW=1)xd depicts the same matrix than

the weight matrix W defined in equation 5 without the j® row. Let D315 € RY*Y be a diagonal
matrix for which, for all j € [N], we have

1 . . 1 . .
Do)y = —50] (U~ V)@ UL S5 25 Apo;—— T ((Un - WVn)QTjUnTES]TESJAptIJS) .

277

From Lemma G.1, we know there exists a real K1 > 0 such that, for all m, we have | D [I, —
YPIXL¥sU, Q.| < K. Therefore, we deduce that

1 , ,
o, - Ve U= e A - o)
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From Lemma K.2, we deduce that E[[| D32 |] = O (ﬁ) Therefore, we get

| X

Zyip = —

s12 = ZE r

Jj=1

| XN

— E

o 25|

+QLUN 007 UnQ 1z Te(Un — Vi) QL UT S5 S57 Aps) r
1+ LoTU,Q_;(U, — V) To;)’
QLU 0;0]U.Q,[Ds12]; T]
(1+mcr]TUQ JUn = V)T 0;)
Ulo;07U.Q ;% Te((Un — 1V,)QT, UL S S5/ Ap@s)
1+ LoTU.Q_;(U, —vV;)Ta;) '

1
nm

rQLUL0;0]UQ 7 Tr((Un —1Va)QL U 25" Ap®s) |
2
(1 + EU]TUnQ—j(Un — ’yVn)TUj)

N
2B
[ QT UTETDBHESU er]
N
o LB
1

+(9nE )

where the last equality is obtained since E[||D3y2||] = O (\/—%), and since we know there exists a

(73)

real K. b > 0 such that, for all m, we have
H YsU, QmH < KQ

and

- V) ' EE|| < 2K,

ek
from Lemma [.4. We replace 1 + EannQ_j(U,L —4V,)Ta; by 1 + 8 in Z315 as following

QU 0;0TU,Q_; Tr(U, —1V,)QL,UISTS 7/ Ap®s)r

1 R
Za12 = nm3 (14 9)2 ZE

QT Ule;DoTU,Q_; Tr(U, — vV5) T.UngszngP%)r

(1+ 207TU,Q_;(U, —Vi)Ta;)’

N 1 T AT 7T Ty T —T—
= L] Tr — I XYXAp®
o TS [ QTUT®5U,Q_r Tr((U, —1V,)QTUT S5 S5 Ap®s5)
=Z3121
1 1

* B e erczﬁUnT B5D'SsUnQur Tr((Un —1V,) QLU 25" S5 Ap®s)

=Z3122

o(it)

where D’ € RV*¥ is a diagonal matrix for which, for all j € [IN], we have

D;=(1+6)2—(1+0TUQ iU, — Vi) le )2.
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With a similar proof than for equation 30, we can show .- Tr(®s) = - Tr(®s) is uniformly

bounded under Assumption 3. Combining |Tr(AB)| < ||A|| Tr(B) for non-negative definite ma-
trix B and Lemma G.1, we have -1 Tr((U,, — 7V, )IQIUIS"S5Ap®s) = O(1). From all

these upper bounds, and since it can be shown that E[||D'[|] = O ( L) we deduce the second
term, Z3199, vanishes and thus

1 1
m21+6

o)

Let Q_;; € R™*™ be the resolvent defined as

Z312 = r QI Q_rTr((U, —yV,)Q U "S5 Ap®s)

1 . . -1
Qij = [m(Un V)5S UL + AIn] : (74)

where Egij = (W~ 8) € RN=2X" for which W% € R(N=2)xd depicts the same matrix
than the weight matrix W defined in equation 5 without the i and j row. Using the Sherman iden-
tity (Lemma L.4), the term -1 Tr((U,, — 7V;,)Q~ UEEETEgAPQS) in Zs12 can be rewritten
as

1
— Tr((U, —7V,)QLUI S "S5 Ap®s)

1

=T > (U, - W,)QL, Ul io] Ap®s
i#j

(U, —WV) ZUUTO'ZO' Ap®Ps

1
S T\ LT LTG0, ViTe

_ T T A i)
m2 1+5 (7;&] ) _UU i o
V) Z”UTala Ap®s (5 - LoTU,Q- U( —1Va)" i)
m21+6 Z# 1+ ol UnQij(Un —1Va)To
= 7217—&-6%( —V,)QT _Ul'®sAp®s)
TUrS" DS Ap®
m21+5 ( —1V,)QT,U! P s)

where D € RV*¥ is a diagonal matrix for which, for all i € [N], we have

1
D;=6-—0!U,Q_;;({U, —vV,)"o
m

From the uniform boundness of ib Tr(‘I>5) = %%Tr({)g), from Lemma G.1, we have

L Tr((U, - 'yVn)QTUnTESTESqu{g) = O(1). Since the operator norm of E[||D||] is of

order O (ﬁ), we deduce the second term vanishes, and thus

T&"((Un —WV)QIUIES TS5 Ap®s)

N 1 S
= s (U, —yV,)QT_UT®sAp®s) + O (

%)
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Applying Lemma F.4 and Lemma F.5, we deduce for Z3;5 that

1+ Te((U, — V) QLU U sApWs)

“n 11—+ T (2,Q7%.Q,,)
1
n

~ Tr(¥s(U, — ’_yVn)@ZSjAp)
— % Tr (2:Q7, ¥1Q,)

_ 1
T +0<

Now, we want to find an asymptotic equivalent for Z3;;. We replace 1 + %ajTUnQ

VVn)TO'j by 1+ 0 in Z31; as following

N

Z311 = Z

QZJUTO'Z‘O'TAPO'J‘O'TU Q j
1+ ~olU,Q (U, —"V,)To

LXN: TQ_]UTESJTESJAPUJO' U,Q_,
m =1

1+ LoTU.Q—;(Us — V)T,

_ 1
1Qurll%, + 0O (

5

)

B nm2 1+0 Z]E TQT UTESJTESJAPUJU U.Q- ﬂ']
=Z3z111
N QT UTE_jT —jA ) TU D,
Z »T PO ;O Q—]
nm2 = 1+ LoTU.Q (U, —1V,)To ’

=Z3112

where D € RV*V iga diagonal matrix for which, for all j € [N], we have

1
=0——0,U,Q_;(U, —1V,) o
m
‘We observe that

» T >y oo
T 77T =S S _ T 77T <S8=S T prT 2177
QLU =5 =5 = QLU === - QLU —

=5Ss QLU oi0] (U, —7V,)Q7

— TUT
QnUn m 1+ O’TUWT _i(U, —Vo)To;
Ty
—_oTyTr=s=s
QLU=
+QL U oj0] (U, —7V,)Q, <1 o/ U, Q- ;(U,
T
T TUjU‘
—Q,jUnij

Ty TUTo,0T (U, —vV,)QL
:Q?nUE S 5+ Q J j( Y )Q

—V) o >

T EEES _

m 1-LoTUTQ (U, —V,) o,
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From above, we expand Z3112 as

Z3112
! gl QLU Zs Tss'Apo;jo?U,Q_;D;
- nm? 5 1—|—m0'JTUQ iUp —AVy)To
1 1
- Wia r'QTUT zgzsAngpzsU”er]
=Z31121
+ZE QLU o0 (U, — 4V, )QT UTszsApajajTUanDjT
= nm2(1—|—5)( w0l UrQ, (U, AN

=Z31122

N
1 1 1
Sk - g E TTQTjUgajaprajanan (1 + —a‘TU 2Q_; (U, —yV,) o > r] )
i=1

=Z31123

m

We have Z31121 = O (#) since E[||D|] = O (\/%) and from Lemma G.1. Subsequently, we
rewrite Z31129 as

1 1
Z31122 = 7m1[‘3 [ r zLUTEED:snzzESUanT} )
with D3;129 € RV* a diagonal matrix for which, for all j € [N], we have
1 DJU;T(U’I’L - VVn)er;LUEE?;ESAPUJ
[Ds1122]; = — 7777 T
1 - o, Ul Qm (U, — V)T o

It can be shown that E [|| D31192]]] = O <\/E) and we can deduce Z31120 = O (ﬁ) Similarly,

we have Z31123 = O (\/%) Z3112 vanishes, and thus

N

1 1
—7—; l TQL.UI'S 'S Apo;oclU,Q_;r +0(\/Fn>.

It remains to handle Z3;1; for which we have from the Sherman identity (Lemma L.4),

N
1 1 T —1
Za111 = Wm ZE [TTQTjUgESJTESJAPUjUJTUnQjT‘|

1
- 77121—|—(52:§:IE

Jj= 11757

:m7121—i—(5ZZ

J=11i#j

r'QT,U o0l Ap®sU,Q ]rl

_UU o0, TAp®sU, Q_i;
1+ LoTU,Q-i;(U, — V)T

=Z31111
QLU ool Ap®sU,Q _i;(U, — 'VVn)To'io'?Uanijr
(1 + %U?UnQ—m(Un - ’YVTL)TO'Z')Q

nm31+5zz

J=1i#j

=Z31112
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Again, we replace 1 + Lo 7U,Q_;;(U, —vV,,)To; by 1 4 4 in Z3111; as following

_”

1+ O'TUQ ij(Up = V)T

QLU ool Ap®sU,Q_i; ]

1 N
Zz1i1 = 775 Z:: ;
N

1 1
= o T 2= 2 B[ QLU oio Ap®sU.Q- ”r]
J=11i#j
+— ZZE r QL;Ur ool Ap®sU.Q—i; D;
an 1—|—5 (1+6)2 st 14 mUlTUnQ—zJ( — V) lo;
1N? 1 TAT 77T
= Eﬁmﬂz [r Q._U, ®sAp®sU,Q__7
+t— an 1 +5 (1482 ZZE QL UEO’iUiTAP‘I’SUnQ—jDiT]
Jj= 11#3
T U'o,cl Ap®sU, V) lo,olU,Q_;
+— 2ZZE TQ P; RSB L QjDir
nm 1—|—5 ey 1--20!U,Q_;(U, —"V,)To

1
=—-E erQZ_U,?\IJSAPqJSUnQ__r]
n

1 R
+ nm? (1 +9)? ;E

TTQTjU,lTESjTDESJAPQSUnQjrl
N

11 B §
* nm (1+6)2 > E erQTjUnTEsJTD?aquSJUnQ_jr] ,
=1

where D31111 € RV*N isa diagonal matrix for which, for all i € [N], we have

1 ol Ap®sU,Q_;(U, —7V,)T0; (6 — LoTU,Q_i;(U, —vV,,) ;)
1- Eai UnQ—j(Un - 'VVH)TUZ' ’

[D31111]; =

and Q__ is a resolvent with the same law than Q_;;. With similar arguments that before, we can
show that E[||D||] and E || D31111]|] are of order O (ﬁ) , and therefore

o)

By extending Lemma F.2 to the matrix A’ = U WsApW¥sU,, and from Lemma F.4 we obtain

1
Z31111 = EE erQT_Ug@SAPWSUnQT

1 _ _
Z31111 = ngQﬁUnT VsApUsU,Q,,r

l % Tr (APGS‘IlQGE)
nl-— % Tr (‘I’gQ%‘I’lQm

e
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Following the same reasoning for Zs1112, and from Lemma K.2, we have

Zzi12 = 31+5ZZ

Jj= 1275J

_”

Uloiol Ap®sU,Q_;;(U, —V,) Uz'O'iTUnQ—ijr
(1+167U,Q_i;(U, — V) ;)

. _
= md (1 5)3 Z Y E\r"QL, U giol Ap®sU,Q (U, — ’yVn)Taia;fUnQijr]
j=1i#j
e <
vm
1 N [ 1
+TOT UTo.oT T -
= am2? (1 5)3 Z; Q-,;U, 00, U,Q_ijr (mai Ap®sU,Q_;;(U, —V,) 0'1')‘|
1
+o (7
1 R 0T i
= ar 3ZZE _”U oio; U,Q_ L Tr(Ap<I>3U Q_ij(U, —V,)T®s)
J=1i#j
1
()

ilEl "QT_v,Q__rTr(Ap¥sU,Q__(U, — 7V, )T‘I’s)]

1
o ——
()
where the last equality is obtained with a similar reasoning than for equation 73. From Lemma F.4
and Lemma F.5, we have

14T (AP(aS(U V) Ts), 1
Z =N = w2 o(—1|.
31112 = 11— L Tr (\Ingm 1Qm) 1Q 7’||'1:1 + Jm

We conclude for Z57; that

1 _ _
Z311 = ngQﬁUE VUsApPsU,Q,,r
! L Tr (Ap[@sT,0% — O5(U, —V,,) ¥s])

T Q|
n = 5T (9:QL9.Q.) 1@mrle,
1

o —

()

and for Z3; that
1 ~ _
Z31 = —rTQLUT O sApTsU,Q,,r

n
1+ Tr Ap @S‘I’Q@T - 2@5(Un - ’)/Vn)T‘I’S _

_~_7N ( [ S ])”QmTH%Ill

n 1— 5 Tr (22QL%.Q,,)
1
-0 (7).

Lemma G.6. Under Assumptions 1, 2 and 3, let Z35 € R defined in equation 72 as

QT<UT0'Z' TAPO'ZO'TU in

N
1
a9 = E rT r|.
> [nm (1+ 207UQ (U, —1V,)T0)’
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Then
1 % TT(AP\Ils)

1
s o[
nl— < Tr(¥.Q7¥,Q,,) vm
where Q. is the deterministic resolent defined in equation 15, W1, Wy € R™ " are defined in
equation 19, and ¥ s € RP*P is defined in equation 21.

Z39 —

1Qmrl%,

Proof. We decompose Zss as
N T{ To.ol A gl )

Ty = 12 ZE T Q_,U,o,0; Apo,o; U,Q_; r]

nms y 1+mUTUnQ (U, ’Y‘/n) z)

ZE T Q—yU o;0 TU Q i L TI‘(QSAP)
—_— r
nm 1+ L67U,Q (U, —V,)T ;)
QLU 00l UnQ 7 (o] Apoi — Tr(@sAp)) ]
r

(1+LoTU,Q (U, —V,)Ta;)
_ lTr((I)SAP> TZEll QT-UTO';O'- U,Q_; ‘| -
(1+LtolU,Q (U, —vV,)T0;)

=Z321

1 1
+ ﬁrT ZE [m %UnTo'Z-aiTUanE (O';-TAPO'Z' - Tr(@SAp))

Z322

We want to show Z3o5 vanishes and find an asymptotic equivalent for Z3o1. Let D3g9 € RNVXN pe
a diagonal matrix for which, for all ¢ € [N], we have

1 1
[D322L = —ol Apo; — — Tr(®sAp).
m m

We rewrite Z395 as

N
Z322 = ZE{;Q%UEO}O’ZTUan;(UZTAPOQ — TI(@‘S'AP))

1
=E [QEUEEEDBQQESUnQ771‘|
m
From Lemma 1.4, we know there exists a real K b > ( such that, for all m, we have

H ESUILQVVI = Ké?

and

— V) TS| < 2Kp.

H JmenU

Using Lemma K.2 we show that E[|| Dszzl|] = O (ﬁ) , and we deduce that

| Zs22]| = O (\/177) ~

We want to find an asymptotic equivalent for Zsp;. Let D3y € RV*N be a diagonal matrix for
which, for all ¢ € [N], we have

[Dggl]i:(l—i—é)Q—(l—kaTUQ (U, —vVi) o )2.
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We replace 1 + Lo7U,Q_;(U, —vV,,)To; by 1 + § as following

1 QT-UTOH'O'-TU Q_z
Z3o = E|—
321 Z m( TUQ ( ‘|
N
1+(5 Z [ QT Urei0l'U,Q_ ]
2
1_|_6 QZ [ TUTO'Z TU Q < 1+*UTU Q—z( ’YV) ) >‘|
N 1 1

= M)zE[QTUg’@SUnQ |+

mE[QT 1Q-1+0y (

(1+§) l: QT}'LU ESD?)QIESUnQ'm]

1
)
The last equality is obtained since we can show that E|[[|Dsa ] = O (%) We have from
Lemma F.4

£ (@h @) - E[Q7wiQ ]| =0 ).

and from Lemma F.5

Z3o = mE[QT 1Qm] =

‘We conclude that

1 1
1401 -+ Tr (¥2QL9,1Q,,

)Qﬁ‘I’lQm +0) (\/1%) :

l %TI‘(A{\I’S) _
nl-— % Tr (‘I’gQ%‘I’lQm

Z3g =

1@, +0 (=)

Lemma G.7. When all states have been visited, the empirical transition model matrix A, =
U, (U, —vV,) = U,(U,, — vV, defined in equation 14 is invertible.

Proof. Letc:S — Nand ¢ : § — Nbe defined such that, for all ¢ € [p], ¢(S;) and ¢/(.S;) represent
the number of times S; occurs in X, and X , respectively. If all states have been visited (m = p),
for all i in [p], we have thus ¢(S;) > 0. The structure of /nU,, € R™*" indicates each column 7 of
U, is a one-hot vector, where its j-th element is 1 if the i-th state s; of X, is §;. Conversely, each
row ¢ of v/nU,, has a j-th element is one if the j-th state s; of X, is S;. A similar correspondence
holds for /nV,, and X/ . From interpretations of U,, and V,,, we deduce nU, U € R™*™ and
nV, V,I' € R™*™ are diagonal matrices where the i-th element of its diagonal are c(S ) and ¢/ (S;),
respectlvely In the same way, nU,, V,I' € R™*™ is matrix for which [nU,, V,1];; is ¢(S; — S; )
which represents the number of times the state S; follows S in Dy.in. We are going to prove A
invertible by using the Gershgorin circle theorem to show A, is strictly diagonally dominant, i.e.,
[Anm]ii] > > inyllA A,,];;|. From the interpretations of U,,U; and U,,V,T, we have

e(S;) —ve(S; = S;)

n

[Anii = [UUL i = AUV, i = >0, Vi € [n],

and
—’}/C(Si — Sj)

n
To prove A,, is invertible it remains to show > [An)ij = > U (U, — YVn)1i; > 0 for all
i € [m]. Leti € [m], we have
c(S; c(S; — S; c(S;
Z[Un(Un_'yVn)T]zj:%_’yzgz(l_’y) ( ) >0,
J

n n

[An)ij = =AUV, )iy = <0, Vi#j.

J
which concludes the proof. O
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Lemma G.8. Ler A be the second-order correction factor of MSBE(é) defined in equation 20. If
all states have been visited then

)\2 % Tr (UEA;LlTAPA;Ll Uan\IlQQZ;L>

A _ _
n 11— LT (9,Q,(N)T¥,Q,. (V)

1Qun(N)7(%,,

where A,, = ﬁn(ﬁn — ’yVn) = U, (U, — vV, is the empirical transition model matrix defined
in equation 14.

Proof. When all states have been visited, we have U,, = U,,,, Vv, = Vn and 35 = Y. Further-
more, from Lemma G.7, A,,, = ﬁn(ﬁn — 'yVn) = U, (U, —~V,) is invertible. We write

Os = ¥sU.Qun(\) = A, Un(Us = 1Vi) " ¥sU,Qu(N)
=AU, (I, - \Q»]
Using the equality above and the cyclic properties of the trace we conclude that
Tr(AP [©5W,0% — 205U, —1V,) s + \IIS])
= Tr(Ap[A; UL [L, = AQu]®s (1, — 2Q] "UT AT
— 24, U, [I, — AQu] (U, —7V,)TWs + \113])
— 2 TY(APA;llUan\IIZQ%UEA;fT) Y Tr(APA;fUan(Un - ’YVn)T‘I’S>
- )\Tr(Ap\IIS(Un V) QUEA;lT) AT (APA;nlUan(Un - an)T\IIS)
= ATy (APA;,lUan\sz?nUE A;}T)

= A2 ﬁ(UE A,;lTApA;SUan‘I'zQZ@)-

H EXISTENCE OF THE RESOLVENT Q,,,()\)

In this section, we show that Assumption 2 guarantees the existence of the resolvent Q,,()\)
(Lemma H.1), but also that Assumption 2 may be true in practice under certain conditions
(Lemma H.2).

Lemma H.1. Under Assumption 2, for any A > 0, the resolvent Q,,()\) defined in equation 13
exists.

Proof. From Assumption 2, we know that vy, (H(Am)) > &min > 0, and thus H(ZSAmEg)
is at least semi-positive-definite. From the Min-Max theorem, we deduce that the eigenval-
ues of X SAng have nonnegative real-parts. Consequently, the eigenvalues of %(Un -
'yVn)TEgESUn have nonnegative real parts since both % (ﬁn - vvn)TEgEg U,, and ESAmEQSf
share the same nonzero eigenvalues from the Weinstein—Aronszajn identity (Lemma L.6). O

Lemma H.2. Let ¢ : S — Nand ¢ : S — N be defined such that, for all i € [m], ¢(S;) and
c'(S;) represent the number of times S; occurs in X, and X, respectively. If for all i € [m],

c(S;) > v (S;) then the symmetric part of the empirical transition model matrix A,, (defined in
equation 14) is positive-definite.

Proof. The structure of \/?LUn € R™*™ indicates each column ¢ of Un is a one-hot vector, where its

j-thelement is 1 if the ¢-th state s; of X, is S’j. Conversely, each row ¢ of \/ﬁfJn has a j-th element
equal to one if the j-th state s; of X, is S;. A similar correspondence holds for v/nV,, and X,.
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From interpretations of U,, and V,,, we deduce that nU, UL € R™*™ and nV,, VI € R™*™ are
diagonal matrices where the i-th element of its diagonal is equal to c(S’ ) and ¢ (S ), respectively. In
the same way, nU,, V,T € R™*"™ is matrix for which [nU,, V,T];; is ¢(S; — S;), i.e., the number

A,, +A

of times the state Si follows Sj in Diyrain. We want to prove H (A ) = o is positive-definite

by using the Gershgorin circle theorem and by showing H (A,n) is stnctly d1ag0nally dominant,
ie., [[H(Am)]iil > Z#j“H(Am)]zﬂ From interpretations of U, U and U, Vn , we have for all
i€ [n]
- Aon A CSZ‘ —’}/CSi—>Si
(Al = (0,07 — A0,V = 8045 2 5)
and for all ¢ # j
i MOV i =0V i _ —1e(Si = 8;) —7el(S; = Si)
(H(An)]y = e = S
n
To prove that H (Am) is positive-definite it remains to show that

Z[H(Am)]w = Z[H(Am)]w + [H(Am)]u

J J#i
[ﬁn(ﬁn - VVn)T
N Z 2
j
for all ¢ € [m]. Let i € [m], we have

SO (T — Vi) iy = C(ni) Y @ YO

J

n

ij J

and

Z[Un(ﬁn - ’YVn)T]]Z -
J
since ¢(S;) > ¢/ (S;) for all i € [m)]. We deduce for all i € [m] that

~ g X7 \T A N T
Z[H(Am)]ijZlW] +ZlU(U2W)] o

J J ij J ji

n

o8 Y o(8, - ) _ c(8) —1c(5)

and thus H (Am) is strictly diagonally dominant and positive-definite. O

Remark 19. Conditions of Lemma H.2 may hold in practice. If Diyin is derived from a sample
path of the MRP, where s | = s; for all i € [n — 1], and U‘Sl depicts the distinct visited state
correspondmg fo the last next state visited s., in Dy, then we have c(S y=¢ (S’l) foralli # 1 and

¢(8)) = ¢(8)) — 1. For sufficiently large n, we may have ¢(S;) > 177 which satisfies conditions
of Lemma H.2. Similarly, conditions of Lemma H.2 are satisfied for the pathwise LSTD algorithm,
where Dy is perturbed slightly by setting the feature of the next state of the last transition to
zero (Lazaric et al., 2012) to get ¢(S;) > ¢/(S)).

I TECHNICAL DETAILS ON THE RESOLVENT Q,, ()

The objective of this section is to prove that the operator norm of Q,,()) is uniformly upper
bounded under Assumption 2. Indeed, controlling the operator norm of Q,,,(\) is crucial for prov-
ing the theorems in Section 5. When v = 0, which corresponds to the supervised learning case on
the reward function, the result is straightforward with Lemma L.7 since %27;{”2 x,, 1s positive-
definite (Louart et al., 2018; Liao et al., 2020). In the RL setting, the conclusion is less straightfor-
ward as the resolvent is no longer that of a symmetric positive-definite matrix. This issue is further
exacerbated by the lack of results in the literature concerning the upper bounds for operator norm
of resolvents of non-positive-definite matrices. Lemma I.1 aims to propose a solution for the RL
setting under Assumptions | and 2. Proof of the widely used Lemma 1.4 is also presented at the end
of this section.
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Lemma L.1. Under Assumptions 1 and 2, let X > 0 and let Q.,,(\) € R™*™ be the resolvent defined

in equation 13 as
-1

1 . N .
Q) = %(Un — Vo) EL8U, + M,
Then there exists a real K > 0 such that, for all m, we have

1QmV < K.

Proof. Under Assumption 2, the empirical transition model matrix Am = ﬁn(ﬁn — Wn)T (equa-
tion 14) is invertible since the symmetric part of A, is positive-definite. Let

1 min
O<6</\min{ ,5 },

gmax 4

for & min, Emax > 0 defined in Assumption 2. We rewrite equation 13 as

Lo 7 \T ST 3 -
Qn(A) = [m(Un — V)L U, + AIn]
-1

= [(U, —vV,)T Hzgzs + eIm} U, + M\, — e(U, —4V,)TU,

=B,

To apply the Woodbury identity (Lemma L.3) on Q,,, (), we check that both
B, =\, — e(ljn - ’YVn)TUvm

and
1, 1-1 o -
My = | —SE8s+clu|  +U.B, U —1Va)

1 :
= EE?ESJreIm
_1 - 9 =1

+ [AA;} - eIm} B

are non-singular, since %zgz &+ eI, is non-singular. Given that H (Am) is positive-definite,

A,, has eigenvalues with positive real parts. Consequently, by the Weinstein—Aronszajn identity

(Lemma L.6), (ﬁn — nyn)TUn has non-zero eigenvalues with positive real parts. As € < o S
A

A : _  ATT. — AT
(AL < Rt Ay Ve deduce that the matrix B,, = AI,, — ¢(U,, — vV,,)* U, has
eigenvalues with positive real parts and is non-singular. In order to prove that the matrix M, is non-
-1
singular, we propose to show x” M,,,x > 0 for all non-zero = € R™. Since [% EgE sgtely is

at least positive-semi-definite, the statement & M, > 0 for all non-zero z € R™ may be restated
as

. 1
for all non-zero « € R™, z7 {)\A;f — eIm} x>0
iff for all non-zero x € R™, xT [)\A:nl — eIm} x>0

iff for all non-zero x € R™, :BTH(AT_nl):B Tz >0

€
A
: €
iff  vmin (H(AD) > <.
i i (A7) > <
By construction of U,, and V;,, we have both ||U,,|| < 1 and ||V,,|| < 1. We deduce thus

[ = 1T (@ = 4V) | < 2.
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Since H(A;!) = [A;Y)TH(A,,)A;;}, we deduce from Ostrowski’s Theorem (Lemma L.5) that

) 21 Vmin (H(Am)) gmin
Vinin (H (A1) > W >

Since € < %, we have 27 M,,x > 0 for all non-zero € R™, and thus M,, is non-singular.
As a consequence, we apply the Woodbury identity (Lemma L.3) on the resolvent @, () to get

. . 1 . -1
Qn(N) = [(Un - 'VVn)T {ngzé + 6Im:| U, + Bn:|
=B;'-B;Y (U, —+V,)"M;'U,B;".

n

Multiplying the equation above by B,, = A\I,, — e(Un — WVn)TlAJn on both sides, and after manip-
ulating terms to isolate @Q,, on the left-hand side gives

QulN) = 37 an ~ (O~ 7V MD,
2 (O = V) UnQun(N) + QuN(@ = 1V2) U
-0V, )T
1

=3z [Bn — (Un - ’yVn)TM,;,lﬁn

. . 1 . -1
+Ae(U, — V)T [mAngz g+ /\Im} U,

-1

A N 1 A
+ (U, — V)T [ngngm + Alm} U,

-1
N 1 4 ~ N N ~
— U, —yVi)T {mAngzs» + )\Im} U, (U, - vVn)TUn] .

Applying the operator nom on the equality above, we find

1 _
QN < 2 A+ 2¢+ 2| M
—1 —1
+ 2)e 14 )LD SNNEPY § + 2)Xe lyrs A + AT
—1
+ 462 14 ST+ AT
m m~g<s m )
(75)
since

1Boll = | AL — (T — 7V O] < A+ 26

From Lemma 1.2, we have

IN
> =

1 -t 4
A T

AnSiBs ] < 5

and

4

1 . -1
{ngngm, + AIm} o

IN
> =
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To finish the proof, we find an upper bound for || M, !||. By denoting by ZT Z the Cholesky
—1

decomposition of the positive-semi-definite matrix [% Eng ¢ teln| , we reuse the Woodbury

identity (Lemma L.3) to rewrite M, ! as

M=

m

1 -1
1 A _
[zgz &+ eIm} + [NA, — el 11
m

- {ZTZ + M - eIm}‘l}fl

NS — el — [N — e, ZNAZY — eI, 127 + 1, - ZNAZY —el,,].
= ™ ~

From Lemma L.7,
—1

<1

7

[ [NA;! = eI, ] 27 +Im}

since H (Z [)\A;ll — eI,,| ZT') is positive-semi-definite, and from Lemma 1.3 we have
A 1
A < —
Besides,
, 1y SN
12| = umaxqazgzg +eIm] ) <=

We deduce for the operator norm of M,,,* that

A 1/ A 2
[ S( —i—e)—i—( +e> )
H gmin € Emin
Setting € = 3% < Amin { gljax ) ET’T“} for € > % min { &jax’ 5“}1‘“ } and putting upper bounds of
- . -1
M, [% 2?9:23 + )\Im:| [%XgﬁgAm + )\Im} into equation 75 give
A 2 1 2 1 8 4
Qm (A )||< P +>\<£mm+ >+A <£mm+’> +>\2'€/+/\2.6/2]

1 1 2 1 2 1 8 4
=5 tatle-ta)te 5mm+—, +T€,+W.

O

Remark 20. From the proof of Lemma I.1, eigenspectrum constraints on the empirical transition
model matrix A,, in Assumption 2 ensure the resolvent Q,, () is uniformly bounded.

Lemma L.2. Under Assumptions 1 and 2, let X > 0 and let Q),(\), Q1 (X) € R™ ™ be the
following resolvents

1. -1
Q,.\) = [mAmzzgzg + )\Im]
and

—1
Q' () = ngﬁsz‘im + /\Im} ,

where A,, = ﬁn(ffn — 'yVn)T € R™*™ s the empirical transition model matrix (equation 14).
Then, for all m, we have

QNI <

)b

and [|Q7, (M| <

y\)—'
J‘ﬁr

4
52

>/\P—‘
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Proof. Since the symmetric part of the empirical transition model matrix A, is positive-definite
under Assumption 2, the matrix A,, is non-singular. We write thus

1. 1
QI = | | - A3k, + um]

-1
1 X .
- EE?ES + /\A,;l] Al

m

_ -1
1 - ) - -
< | [ 2536+ AL — N (A T+ N (A || 1A
1 1 A
= - A;,Ll .
X v (H(AZD) A
The last inequality is obtained with Lemma L.7 since H (LETE cHAAS - Amin (H (A} )

is positive-semi-definite. By construction of both U,, and V,,, we have ||U,| < 1 and HV || <1
We deduce that ) o .
1 Am]| = [On(Un = 2V2) | < 2.

Since H(A;!) = [A;}]TH(A,,)A;;}, we deduce from Ostrowski’s theorem (Lemma L.5) that

Vmin (H(A;ll)) > Ymin (H( )) fmm

- ||A (S
Furthermore, from Lemma 1.3, we have || A} < —. We conclude that
4
!
19 < 5 g
With a similar reasoning, we can find the same upper bound for ||Q’, (\)]|. O

Lemma 1.3. Let Am = Un(Un — VVH)T be the empirical transition model matrix defined in
equation 14. Under Assumption 2, for all m, we have

1
IA < ——
fmln

Proof. We rewrite Am as
R R R R —1
A:nl = |: [Am — Vmin (H(Am))-[m] + Vmin (H(Am))Imi| .

Since the matrix H ( [Am — I/min( (A )) ]) is positive-semi-definite, we apply Lemma L.7 on

A-1o get
1

= < .
Vmin (H(Am)) o fmin

IAZ] <

O

Lemma L.4. Under Assumption 1 and 2, let X > 0 and let Q.,,(\) € R™*™ be the resolvent defined
in equation 13 as

-1
1, - N R
Qm(N) = {m(Un — V) TELS U, + AIn] :
Then there exists a real K > 0 such that, for all m, we have

7 ="
ngm(x)(Un —Va) "=k

and
< 2K.
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Proof. From Lemma 1.1, we know there exists a real K > 0 such that, for all m, we have
|Qm(N)| < K. Since the symmetric part of the empirical transition model matrix A,, =
Un(Un — vvn)T (equation 14) is positive-definite under Assumption 2, the matrix Am is non-
singular. Furthermore, from Lemma 1.3 we have ||A-!|| < ——, and both ||U,|| and ||V, | are

Emin’
upper bounded by 1. We deduce that

1
2

N 1 N N
ES‘UnQnL(A)H = EQ7rL(A)TUEE£ESUnQ7n(A)

1
va
1
1 A A A A N . 3
— %QmQﬂUgAJUMUﬁ—ﬂ@ﬂEEQﬁthM)

1
2

= |QuNTUL AU, I — AQim (V)]

K(1+K)

gmin

Similarly, we have

Hjmczmw(ﬁn VTS

1
2

= ”;Qm(A)(ﬁn - 'Yvn)Txgzsljn(ﬁn - 'Yvn)TAy_nl(Un - ’YVn)Qm()\)T

1
2

= (|20 = 2@ (V] W = V)T AL @ = Vi) QN

o [KO+E)

gmin

J ABOUT THE EXISTENCE, POSITIVENESS, AND UNIQUENESS OF 9

This section is dedicated to prove that the fixed-point solution ¢ of equation 17 is unique and positive
under Assumptions | and 2. This result is proven in the following Lemma.

Lemma J.1. Under Assumptions 1 and 2, for all m, let § be the solution to the fixed-point equa-
tion 17 defined as

N

_ 1 ~ SANTE T 2 S NTa T -
0= mTr <(Un 'Yvn) q)SUn m1 +5(Un ’VVn) QSUn +)\In:| >

Then ¢ exists, is positive, and is unique.

Proof. For ease of notations, we define the matrix B,, = (Un — *yf/n)Ti’ § Un. The proof is based
on the use of Lemma L.8 on the mapping f : § — % Tr(Ban(cS)). To apply Lemma L.8, we
need to show 7. f is positive on [0, 00), é7. f is monotonically increasing, ii. f is scalable, and iv.
f admits z¢ € [0, 00) such that g > f(x). Following this plan, we are going to show first i., i.e.,
f(6) > 0forall § > 0. By denoting v (B, Q,,(0)) the j-th eigenvalues of the matrix B,,Q,,(d),
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we have
- N 1 !
N 1 -t L
=v;(By)v; m mBn + A, (from the Schur decomposition of B,,)
_ vj(Bn)
%fﬁ”j (Bn) + A
1 N 1

5 v (B + A

(76)

Let A,, = U, (U, —~V,)T be the transition model matrix defined in equation 14, and ZZ”
be the Cholesky decompositon of ®s. From the Weinstein—Aronszajn identity (Lemma L.6), the
matrices B, = (l}'n — 'yVn)T{) Sﬁ” and ZTAmZ share the same non-zero eigenvalues. Under
Assumption 2, the matrix H (ZTAmZ ) is at least semi-positive-definite, which implies that non-

zero real parts of eigenvalues of Z7 A,, Z are positive. We deduce that Re(v;(B,,)) > 0, for all
j € [m]. As a consequence,

1 — 1 N 1
- s (Zsi (B + (0
' HA‘ (77)

iy ! o (gl (B + ARe(r(B)

To prove ii., i.., f is monotonically increasing on [0, 00), we show the derivative f’ of f is positive
on [0,00). Let § > 0,

j=1 1+0
1 & e 2
m (146
:E N 1 o) zyj(Bn)Q
j=1 (EmV‘] (BTL) + )\)
n N _ 1 2
1 m {1+0)2 N 1
-1 T (s (B () )
=1 |5V (Ba) + A
n N 1
1 m (1495)2 (N2 1 4 N 1 2 2 2
- - V(B 4 20— v (B)|2v;(By) + A\2v; (B, )
T (o TR B 2l B )+ 5)
n N 1
1 m {1+8)? (N2 1 4 N 1 9 >
= — — vi(By)|* + 22— ——|v;(B,)|* Re(v; (B,
T (g 3] TR 2l (B Rl 20
(1)
n N 1
m (146)2
+Z/\2 L 4Re(VJ(BT2L))
o= ‘gﬁ% (B,) + )\‘
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Since real parts of eigenvalues of B,, are positive, (1) is clearly positive. Since Tr(B2) > 0
(Lemma J.2) and thus (2) is positive, we can conclude ii.. We can use a similar proof for the
scalability in 4ii., i.e., af(0) > f(ad), Voo > 1. Letaw > 1 and 6 > 0,

af(8) ~ F(a) = - Te(Bu@u(0) - - Te(BuQu(ad)) 9
= (B, [aQu(6) ~ Qu(ad)]) (79)
1 _ N 1 1 A ~
- mTr<aB"Qm(5) [m (1 Yoo a(l +5)> B+ (A N a> I"} Qm(a5)>
(80)
1N 1 1 = =
~%mm (1 Tad a(l+ 6)) Tr(BnQm(0) BnQm(9))
>0 @ (81)
+ a% <)\ _ 2) T (B, Qo (6)Qua(a6))
N——— (2)

>0
To prove i7i., we can show that both (1) and (2) in equation 81 are positive. We prove in ii. that
Tr(BnQm(6')BnQun(8)) > 0 for any &' > §. Since ad > 4, we also deduce (1) is positive. For
(2), we can write

Tt (BnQum (6)Qum(ad))
= Z vj (Ban(é)Qm(a(s))

- N% (B, N/ X A
= ch ((77’12(14—6)(1—"-045) + )\2> Re(l/](Bn)) + E <1+5 + 1—|—O¢5> I/j(Bn)|2>

5 -
’(ﬁl}kts ( )+A)(m1+a6 ( n)+)‘)‘

In order to apply Lemma L.8, we still need to demonstrate iv., i.e., f admits z¢ € [0, oo) such that

xo > f(xo). To prove iv., it is sufficient to notice that if f is bounded, i.e., V0, f(0) < C. Let

6 > 0, we have

F(6) = -~ Te(Bu@u(6) = — Te((T —7Vi) B0, Qn(5))

%ﬂ(@ 0, @0 (0)(T, — 7 V2)")
Te(®6)|UnQum () (U —7V)"|
2

=~ Tr(®4)]Qm(9)]

= O(1>7
where we used for the first inequality |Tr (AB)| < ||B|| Tr(A) for non-negative definite matrix A.
The last inequality is obtained since — Tr('I> ) is unlformly bounded under Assumptions | and 2

(see equation 30). Furthermore, both ||U || and ||V;,|| are upper bounded by 1 and, with a similar
proof than for Lemma I.1, we can show there exists a real K Q> 0 such that, for all m and for all
§ € [0,00), we have ||@.,, ()| < Kg. Since all hypotheses required on f to apply Lemma L.8 are
satisfied, we can apply this Lemma which concludes the proof. [

I /\

IN
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Lemma J.2. We have

Tr((U, — Vo) @50, (U, —1V,)"@U,) > 0.

Proof. Let A = U, (U,, —~V,,)T. We denote by S(A) = A_2AT the skew-symmetric part of A.
We have

TI‘((Un — "}/Vn)Tégﬁn(UAvn - ’YVTL)TQS'U’")

=Tr(® AP A)
=Tr(®s AP, H(A))+Tr(<I> sADg S( )
=Tr(®sH(A)PsH(A)) + Tr(®S(A) B H(A)) + Tr(PgH(A)PsS(A)) + Tr(2S(A) P S(A))
=Tr(®gH(A)PsH(A)) + Tr(®S(A)PsS(A)) > 0.
O

Lemma J.3. Under Assumptions 1 and 2, let § be the correction factor defined in equation 17. § is
a decreasing function with respect to N.

Proof. For ease of notations, we define the matrix B,, = (Un — fyf/'n)T{) g ﬁn and we denote by
Q. the resolvent Q,,,()\). The derivative of § as function of N is denoted as §' (V) and defined as

. T0(BrnQum BnQum)

1 (115)
/ N = —— = —
6 ( ) m 1— N i Tr(BanBan)
m (1+96)2
For all N, we have §'(N) < 0 since = Tr(B(”ﬁg”)B”QM) > 0 and N m TI(BEI%’)‘B"Q”L) < 1 using a
similar reasoning than for equation 48. O

Lemma J.4. Under Assumptions 1 and 2, let § be the correction factor defined in equation 17. § is
a decreasing function with respect to \.

Proof. For ease of notations, we define the matrix B,, = (Un — 'yf/},,)T@ & U’n and we denote by
Q. the resolvent Q,,,()\). The derivative of § as function of ) is denoted as §’(\) and defined as

5/(>‘) = _% Tr(QmBWLQm)

For all A, we have §'(\) < 0 using a similar reasoning than for 4i7. in Lemma J.1. O

K CONCENTRATION RESULTS

The following section is dedicated to a set of concentration results used for the proofs of Theo-
rems. Preliminary results yield a concentration of measure properties for the random feature matrix
Ys € RN ™ which stem from the concentration inequality of Lemma L.1 for Lipschitz appli-
cations of a Gaussian vector. Essentially, the guideline of the proofs involves the following steps;
given W;; = p(W;;), for which W;; ~ N(0, 1) and ¢ a Lipschitz function, the normal concentra-
tion of W is transferred to W. This process induces a normal concentration of the random vector
o(wT §), for w = ¢(w) and w ~ N(0, 1), and of the matrix 3. This implies that Lipschitz
functionals of a(wTS ) or 3¢ also concentrate. As highlighted earlier, these concentration results
have multiple consequences on convergence of random variables, and are traditionally employed
in Random Matrix theory and in Theorem 5.1. We start by revisiting Lemma K.1 and Lemma K.2,
which are derived from Lemma L.1 and that were previously introduced in Louart et al. (2018). Sub-
sequently, we provide intermediary Lemma K.3 and Lemma K.4 to reach the principal results of this
section articulated by Lemma K.5 and Lemma K.6, which are employed in proof of Theorems. In
the remainder of this section, we denote by ||-|| » the Frobenius norm of a matrix.
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Lemma K.1. Let 0 : R — R be a K-Lipschitz continuous function, let X € RYX™ be a matrix,
and let w = p(w) be a vector for which ¢ : R — R is a K,-Lipschitz continuous function and

w ~ N(O,Id). Let
d
to = [0(0)] + Ko Ko X[/ —.

Then, for all t > 4ty, we have
1

_ cemt?
Pr < ‘ —o(w' X)|| >t) < Ce KERZIXIZ
vm - ) -

for some C, c > 0 are independent of all other parameters.

Proof. The proof of this Lemma can be found in the first half of proof of Louart et al. (2018,
Lemma 2), and is based on Lemma L.1. O

Corollary K.1.1. (Louart et al., 2018, Remark 2) Let X € R™™ andlet ©x = o(W X) € RVx™m
be its random features matrix defined as in equation 5. For all t > 4t,, we have

Pr(
where to = [o(0)| + | X [y/2.

From the previous Lemma, we deduce the following key concentration result.

Lemma K.2. (Louart et al., 2018, Lemma 2) Let o : R — R be a K -Lipschitz continuous function,
let X € R¥*™ pe a matrix, and let w = (W) be a vector for which ¢ : R — R is a K -Lipschitz
continuous function and w ~ N(0,1;). Let A € R™*™ be a matrix independent of w such that
|A|l < KA. Then, we have

o

R —
2 2 2 622 'K
< Ce 2KZKZX]] 26:ZK2 " Ka ,

forty = |o(0)| + /L Ko K | X
Lemma K.3. Let f : RV*? — R, W  f(W) be a K y-Lipschitz function with respect to the

Frobenius norm for which W = (W) is the matrix defined in equation 5. Then, we have

1
—¥x
m

cm?2t2
> t) < CNe 2NIXIZ,

%U(WTX)TAO'(UITX) - % Tr (AE [U(U’TX)U(WTX)T])‘ > t)

, and ¢, C' € R independent of all other parameters.

ct?

Pr( |f(W) - E[f(W)]| > 1) <Ce *I"%,

for some C,c > 0.

Proof. The vectorization of W, vec(W) = [VVH, e ,Wnd} € RV ig a Gaussian vector. A
K ¢-Lipschitz function f of W with respect to the Frobenius norm is also a K ¢-Lipschitz function
of vec(W') with respect to the Euclidean norm. Applying Lemma L.1 gives

ct?

Pr(|f(W) ~E[f(W)]| >1) = Pr ( |f(e(W)) ~E[f(o(W)]| >1) <Ce %7,
for some C, ¢ > 0. -

Lemma K.4. Under Assumptions | and 2, let X > 0, let W € RN*? and let the resolvent
1. R R —1
Qm(W) = |:m(Un - 'YV;L)TES‘(W)TES(W)UTL + )\In]

defined as in equation 13. Let o € R™ independent of W such that \/—% el < VK, for K, > 0.
Then

Pr ( ‘10TUan(W)(Un AV o — LT O EQ (WU — M)TU‘ N t) -
m m

for some C, c > 0 independent of m and N.

70



Published as a conference paper at ICLR 2024

Proof. Let the function f : W — Lo7U,Q,n(W)(U, — vV;,)To. We want to show f is
Lipschitz in order to apply Lemma K.3. From Lemma I.1, we know there exists a real X > 0 such
that, for all m and for any W, we have

1Q@m(W)| < K.
Furthemore, both ||U,, || and ||V}, || are upper bounded by 1. Let H € RV >4, we have
If(W + H) - f(W)|

= %UTU}L |:Qm(W + H) - Qm(W):| (l}n — ’y‘A/;L)To"
= %UTUan(W—i_H)(ﬁn _’YVn)T {ES(W—FH)TES(W—FH)

= %Ulean(W + H)(Un - 'Yvn)T [Eg(W + H)T [Es(W + H) — Es(W)]

+ [Bs(W + H) = S5(W)] " Z5(W) | 0,Qu(W) (U, = 7Vi) o

1 A . R
—0 U, Qn(W + H)(U, —1V,) S5(W + H)T[S5(W + H)

IN

~ 2 :W)]0,Q, (W)U, —1V,) o

|30 QW BT, Vi) [Ss(W o+ H)
~ S (W) 2 (W) T, Qu (W)U, mva‘

<o o @uw o 10y v || L s ) mov|

+4KUKH\/E (W +H)-X W)Uan(W)H.

W —
=
From Lemma 1.4, we know there exists a real X’ > 0 such that, for all m, we have
1 R
— Y. WU,Q,,(W)| < K’
o)
and

(W + H)(U, —V,)TSsW + H)T|| < 2K’

|7me-

From those results, we conclude the Lipschitz continuity of f since

If(W + H) - f(W)| <8K,KK'

% (55w + H) — 54w H
< 8K,KK'

[ES(W Y H) - ES(W)}

1
vm
8K, KK'K,

K,KK'K,

m

_ 8K KK'K,
<

F

ISIHIH -
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The last inequality is obtained because |Tr(AB)| < || B]| Tr(A) for some semi-positive-definite
matrix A. We prove that f is Lipschitz with parameter % IS]|, and applying Lemma L.1

gives

e ( |0 0,Qu (W), W)~ a0 BIQuWINT, Vi) e > )

_ cm,t2
CR2K2KI2K2 K2 2
< Ce PKIK’K KZKZ| S| ,

for some C, ¢ > 0 independent of other parameters. O

Lemma K.5. Under Assumptions | and 2, let Q_ € R"*™ be the resolvent defined in equation 29,
let w; ~ N(0,1,) be a Gaussian vector independent of Q_, and let o : R — R be a real I-
Lipschitz function. Then
1 Al A o N N
Pr( ’ma(w?S)UnQ_i(Un — V) To(STw,)
1 ~ N N N ~
— — T (U.EQ-i)(Un = 7Va) "Elo($ w)o(w] 9)]) ’ > t)

< Ce ™ max(t2,t),

for some C, c > 0 independent of N, m.

Proof. We can observe that

(82)

From Lemma 1.1, there exists a real K > 0 such that, for all m, we have
Q-ill < K.

Besides, both ||U,, || and ||V}, || are upper bounded by 1. We thus bound the probability of the right-
hand part with Lemma K.2 as

Pr( ’;La(wTSA’)TﬁnE[Ql](ﬁn — V) o (w”S)

- %Tr (Un]E[Q,i](Un — V) TE[o(STw;)o (w? S)]) ’ > t> (83)

cm

2
H t t
3 K2 A2mln<'82 2’2K>
< Ce 2K3RZISI 2842 K

)

forty = [o(0)| + 1/ L K, K, || S|, and ¢, C' € R independent of all other parameters. Let define the

real K/ > 0 and let Ag- be the probability space defined as
Aw: = {w € ™, [lo(w"$)| < K'V/m}.
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From Lemma K.1, we bound the second term Pr(A5%:,) as

/' mK'?

Pr(As) = Pr({]lo(w”§)| > K'vim}) < C'e 8RET,

for some ¢/, C’ > 0 independent of other parameters. Conditioning the random variable of interest
with respect to A and its complementary A$., gives with Lemma K.4

Pr <‘;g(wT§)TUnQ—(Un — V) To(w” ) - %a(wTSUTUHE[Q_](Un - m>To<wTS)‘ > t)
< Pr(’%a(wTS)TﬁnQ_(ﬁn — V) o(w”S)

- %a(wTS’)TUnE[Q,}(Un - 'yVn)Ta(wTS')‘ >t N AK/) 4 Pr(A%)

/! mK’2?

—c"'mt? TOKRZK213)2
Sc/le c'mt +C/€ 2K0K¢HS|\ ,

(84)
where ¢’; C"" > 0. Combing both equation 83 and equation 84 with equation 82 gives
1 Ao N A N
Pr(‘mo('wiTS)UnQ_i(Un V)T (ST w;)
1 ~ o N N N

— T (UnE[Q_i](Un — 'yVn)TE[a(STwi)a(wiTS)]N > t) (85)

— o min( té ,L> ' mt? - mK?

< Ce 2KZ K28 21012 K2 3K + O =t + e QKE,KE,HXIP.
O

Lemma K.6. Under Assumptions | and 2, let X > 0, let W € RN*? and let the resolvent

QW) = [ L (0, ~ %) S (W) S5(W)0, L]

defined as in equation 13. Let u € R™ such that ||u|| < K,, for K,, > 0. Then

2 2 .
Pr ( %uTQm(W)TQm(W)u — );LuTE[Qm(W)TQm(W)]u’ > t) < Cem et
for some C, c > 0 independent of m,n and N.

Proof. Let the function f : W = 2 u7Q,,(W)TQ,,(W)u. We want to show f is Lipschitz in

order to apply Lemma K.3. From Lemma 1.1, we know there exists a real K > 0 such that, for all
m and W, we have

1Qm(W)| < K.
Furthermore, both ||U,, || and ||V, || are upper bounded by 1. Let H € R¥N*?, we have

W+ H) — fW)] = | [Qu(W + H)"Quu(W + H) - Qm(W)TQm(W)]U‘

< ot QW 4 H)Y [QuW ) - QW]

1)

+ ’);juT [Qm(W +H) Qm(W)} TQm(W)“’

(2
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For (1), we have

2
T QuW + HT [@u(W + H) — Qu(W)]u”

= %%UTQWL(W + H)TQm(W + H)(U - 'VVn)T [ES(W + H)TES(W + H)

- Es(W)Tzs(W)} UnQm(W)u”

= %Q%UTQWL(W + H)'Qu(W + H)(U, —yV,,)" [ES(W + H)'[E4(W + H) — Sg(W)]

+ [Bg(W + H) - Z(W)] " S5(W) |0, Q@ (W)u”

2

< |2 T Qu (W HYTQu(W + H) (T, 2 V)TSs(W + H)T [Sg(W + H)

~2s(W)|U,.Qum(W)u”

A2 1 R .
;EUTQ"L(W +H)'Q.\(W + H)(U, —7V,,)" [S¢(W + H)

_|_

- ES(W)] TE$<W)ﬁan(W)uT

2
< /\—KQKQ

TQm(W + H)(U - WVn)TZ (W + H

1
\/’Tn

From Lemma 1.4, we know there exists a real K’ > 0 such that, for all m, we have

(W +H) -5 (W)}H

2 2
_i_i[(?[(?
n

{ sW+H) -

W0, Qu (W H

W)U, Q.. (W)

T
and

Qun(W + H)(U, —1V,)"S¢(W + H)T|| < 2K’

|

From those results, we conclude for (1) that

2 _
%uTQm(W +H)T[Qu(W + H) — Qu(W)|u”

ANKAKEIK'|| 1
§ - 2w

=W+ H) - 26w

INKPKIK'|| 1 7
< ——2 ||—=|Xs(W+H)-X:(W
| B ) -z |
INK 2K,
< —————[HS|r
ny/m
INK?K:K'K,
= w9 /Ty (HSSTHT
i r ( )
INKAK2K'K,
< ———F—— ISl IH]
ny/m

The last inequality is obtained because |Tr(AB)| < || B|| Tr(A) for some semi-positive-definite

matrix A. With a similar reasoning, we can prove for (2) that

z? AINK2K2K'K,
—————ISIIH]lF.

ny/m

T [Qu(W 4 H) = Qu(W)] @ (W)u| <
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SN K?’K2K'K,

We thus prove that f is Lipschitz with parameter < ||S||, and applying Lemma L.1

gives
Nor T N or T
Pr U QW) Qp,(W)u — U ElQm(W)* Qp(W)u| >t
cn2mit?
< Ce_ 26XTKIKL K2K2ZKZSI1?
for some C, ¢ > 0 independent of other parameters. O

L INTERMEDIARY LEMMAS

Lemma L.1 (Normal Concentration). ((Ledoux, 2001, Corollary 2.6, Propositions 1.3, 1.8) or (Tao,
2012, Theorem 2.1.12)) For d € N, consider i the canonical Gaussian probability on R? defined

through its density du(w) = (277)’%6’%‘“””2 and f : RY — R a Ly-Lipschitz function. Then

u ({‘f - /fdu‘ > t}) <ce T, (86)

where C, ¢ > 0 are independent of d and L.

Lemma L.2 (Resolvent Identity). For invertible matrices A, B € R™*",
A'-B'=A"B-AB!

Lemma L.3 (Sherman—-Morrison—Woodbury Matrix Identity). (Horn & Johnson, 2012, Theo-

rem 0.7.4) Let A € R™ "™ be a non-singular matrix with a known inverse A=1; let M = A+UCYV,

in which U € R¥>", V' € Rk and C*** is non-singular. If M and C~' + V A~U are non-
singular then

(A+UCV)'=A'—A'U(C'+VA'U) ' VA, 87)
In paricular (A+UV)'U = AW (I,+VA'U)"' ad V(A+UV) ' =
(I, +VA-'U)'vAL

Lemma L.4 (Sherman—-Morrison Formula). Let A € R"™*" be a non-singular matrix with a known
inverse A=Y, let M = A+ wv”, in which w,v € R™. If M is non-singular and 1 +vT A='u # 0
then

—1 A lyvT A1
A T =A== " = 88
( tuv ) 1+vTA (88)
In particular, (A + uvT)_l u = H_f{% and v" (A + uv?) o 1+1;:TT+1114' This Lemma is

an extension of Lemma L.3.

Lemma L.5 (Ostrowski’s Theorem). (Horn & Johnson, 2012, Theorem 4.5.9) Let A, S € R"*"
with A Hermitian and S nonsingular. Let the eigenvalues of A, SAS™T, and SS™ be arranged in
nondecreasing order. Let o1 > ... > o, > 0 be the singular values of S. For each k € [n] there is
a positive real number 0y, € (02, 07| such that

vi(SAST) = 0,11, (A)
Lemma L.6 (Weinstein—Aronszajn Identity). For A € R™*", B € R"*™ and A € R\ {0},
det(AB — \I,,,) = (—A\)" " "det(BA — \I,,).
It follows that the non-zero eigenvalues of AB and B A are the same.

Lemma L.7. Let A € R™*™ and \ > 0.
1

[(A+AL) Y < 5

if and only if AAT + \(A + AT) is positive definite. In particular; for matrix A € R™ "™ whose

T
the Hermitian part H(A) = A'*'QA is semi-positive-definite we have

_ 1
(A +AL) 7 < 5
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Proof.

1A+ ML) 2 = vimas ((A+AL) T (A+ L))

((
ummg [(A+AL) (A7 +AL)] ) )

= Vs ((AAT + (A + AT) +°1,) )
= Umin ((AAT + MA + AT) + X°L,))

where Vi (B) and vy, (B) denotes the maximum eigenvalue and minimum eigenvalues of a
matrix B. Since A is positive-definite the matrix AAT + \(A + AT is semi-positive-definite and
has positive nonzeros eigenvalues. Therefore, v ((AAT + A(A + AT) + X2I,,)) > A\? and

I(A+AL) ) < §
O
Lemma L.8. (Yates, 1995, Theorem 2) If a mapping f : [0, 00) — [0, 00)
* is monotonically increasing, i.e v > ' = f(x) > f(2'),
e is scalable, ie Yo > 1, af(x) > f(ax),
* admits o € [0, 00) such that xy > f(xo),

then f has a unique fixed-point.
Lemma L.9. Let A € R™*"™ and B € R"*™. If AB + \I,, is invertible, then

[AB+AI,| 'A=A[BA+ L]

Proof. We have
A[BA + )\In] = [AB + )\Im]A

Since both AB and B A share the same non-zero eigenvalues from Lemma L.6, we deduce BA +
AL, is also invertible. By multiplying the equation above with both the inverse of [BA + AI,;] and

[AB + AL, we get

[AB+ I, 'A=A[BA+)IL,]""
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