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Figure 1: Summary of results for learning real-valued concept classes and quantum states with
imprecise feedback. Except for the x-arrow, an arrow A — B implies that, if the sample complexity
of learning in model A or the combinatorial parameter A is Sa, then the complexity of learning
in model B or the combinatorial parameter B is Sg = poly(Sa). The dotted arrow signifies that a
technique used to prove that arrow for Boolean functions is a no-go for our quantum learning setting.

A Preliminaries

Notation. Throughout this paper we will use the following notation. We let A" be the input domain
of real-valued functions (eventually when instantiating to quantum learning, we will let X’ be the set
of all possible 2-outcome measurements denoted by M). We will let C be a concept class of real
valued functions, i.e,. C C {f : X — [0,1]} and let H be a collection of concept classes C. For a
distribution D : X — [0, 1], two functions h,c : X — [0, 1] and a distance parameter € [0, 1], we
define loss as

Lossp(h,c,r) := Pl;:) [|h(z) — c(z)] > r]. )]

The quantum learning setting. While we are interested in the quantum learning setting — learning
n-qubit quantum states in the class &/ over an orthogonal basis of n-qubit quantum measurements,
M — our results apply more generally to learning an arbitrary real-valued function class C = {f :
X — [0,1]} with imprecise adversarial feedback. Therefore the learning models we introduce, and
our theorems in the rest of this paper, will be for the more general real-valued setting.

For & = M, these two problems are equivalent: there is a one-to-one mapping between the set of all
quantum states and real-valued functions on M, i.e., for every o, one can clearly associate a function
fo : M — [0,1] defined as f,(M) = Tr(Mo) and for the converse direction, given an arbitrary
¢: M — [0,1], one can find a density matrix o for which ¢(M) = Tr(Mo) for all M € M (and
this uses the orthogonality of M crucially). Hence, if one can learn C for X = M then one can learn
the class of quantum states I/, and the converse is also true. When U is a subset of the set of all
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n-qubit states, the learner we construct is an improper learner, i.e., it could output ¢ not in I/, which
nevertheless is useful for prediction.

A.1 Learning models of interest

PAC learning. We first introduce the PAC learning model for the real-valued concept classes.

Definition A.1 (PAC learning). Let o, ¢ € [0, 1]. An algorithm A (¢, «)-PAC learns C with sample
complexity m if the following holds: for every ¢ € C, and distribution D : X — [0,1], given
m labelled examples {(x;,c(x;)) Y, where each x; ~ D and |c(x;) — ¢(x;)| < (/5, then with
probabil;ﬁ at least 3/4 (over random examples and randomness of A) outputs a hypothesis h

satisfyin
Pr [lely) ~ h(p)] = ¢ <a. @

We remark that in the definition above, we assume the success probability of the algorithm is 3/4 for
notational simplicity. With an overhead of O(log(1//)), we can boost 3/4 to 1 — (3 using standard
techniques as mentioned in [[1]].

Online learning Let us now introduce the online learning setting in the form of a game between
two players: the learner and the adversary. As always, we shall be concerned with learning real-valued
concept classes C := {f : X — [0,1]} and we let the target function be ¢ € C. In the rest of this
paper, we will use the term “online learning” to refer to improper online 1earninﬂ also known
in the literature as online prediction, where the learner’s objective is to make predictions for c(z)
given some point z € X, and it may do so using a hypothesis function f(x) not necessarily in C.
Importantly, we also depart from the real-valued online learning literature in allowing the adversary
to be imprecise; that is, for the adversary to respond to the learner with feedback that is e-away from
the true value (this is made more precise below). This generalization allows for the case when the
feedback is generated by a randomized algorithm with approximation guarantees, a statistical sample,
or a physical measurement.

The following setting, which we also call the strong feedback setting, was introduced by [2] to model
online learning of quantum states. The following procedure repeats for 7" rounds: at the ¢-th round,

1. Adversary provides input point in the domain: x; € X.

2. Learner has a local prediction function f; which may not necessarily be in C, and predicts
Ut = fir(xe) €10,1].
3. Adversary provides strong feedback ¢(z;) € [0, 1] satisfying |c(z;) — c(x¢)| < e.

4. Learner suffers loss |g; — c(z)] .

At the end of T rounds, the learner has computed a function fr, 1, which functions as its prediction
rule. If the learner is such that f7; is not guaranteed to be in C, we call the learner an ‘improper
learner’. Such a learner can, however, still make predictions fr1(x) on any given input z € X.
Alternatively, we could also require that the learner be ‘proper’, that is, it must output some fr41 € C.
Generally, the goal of the learner is either to make as few prediction mistakes as possible within
T rounds (where a ‘mistake’ is defined as | f(x:) — ¢(z+)| > €, to be discussed more below); or to
minimize regret for a given notion of loss, which is the total loss of its predictions compared to the
loss of the best possible prediction function that could be found with perfect foresight. Because the
former, ‘mistake-bound’ setting is the one relevant to quantum states, we focus on that and will define
it next.

Some variants of our strong feedback setting could also be considered, and we now explain how they
are related to our setting. Firstly, [3] and [4] consider an alternative setting for online prediction of
real-valued functions that differs from ours in step (3). There, the adversary’s feedback is c(x) itself
and is infinitely precise; to recover that setting from ours, we merely set € = 0. Since in our setting
we allow ¢ arbitrary, we accommodate the possibility of a precision-limited adversary, for instance if

' An alternative definition of the PAC model of learning is the following: a learner obtains (z;, b) where
b € {0, 1} satisfies Pr[b = 1] = ¢(x;). Both these models are equivalent up to poly-logarithmic factors.

“However, whenever we are concerned with online learning of quantum states, we take special care to ensure
that our algorithms are proper, so that the learner’s hypothesis function corresponds to an actual quantum state.
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the adversary’s feedback comes from some estimation process or physical measurement. A second
alternative setting is where the adversary only commits to providing weak feedback: ¢(x;) = 0 if
|+ — c(xt)| < € and ¢(2¢) = 1 otherwise. Additionally, the adversary specifies if c¢(z:) > §: + ¢,
or c(x¢) < U — € to the learner. We have termed this ‘weak feedback’ because it contains only two
bits of information, whereas for the strong feedback setting considered above, the feedback contains
O(log(1/¢)) bits of information

Mistake bound for online learning. We now introduce the notion of ‘mistake bound’ of an online
learner. Before defining the model, we first define an e-mistake at step (3) of the the T'-step procedure
we mentioned above.

Definition A.2 (¢-mistake). Let the target concept be c. At a given round, let the input point be x;
and the learner’s guess be 4. The learner has made a mistake if |§; — c(x¢)| > €.

We now define the mistake-bound model of online learning.

Definition A.3 (Mistake bound ). Let A be an online learning algorithm for class C. Given any
sequence S = (x1,¢(x1)),...,(xr,c(xr)), where T is any integer, ¢ € C and C is the feedback of
the online learner on point x;. Let M 4(S) be the number of mistakes A makes on the sequence S.

We define the mistake bound of learner A (for C) as maxg M 4(S) where S is a sequence of the
above form. We say that class C is online learnable if there exists an algorithm A for which
M4(C) < B < co. We further define the mistake bound of a concept class as M (C) := min g M 4(C)
where the minimization is over all valid online learners A for C.

The mistake bound of class C, M (C) is one way to measure the online learnability of C. For learning
Boolean function classes, [S]] showed that this bound gives an operational interpretation to the
Littlestone dimension of the function class: min4 M 4(C) = Ldim(C). For showing that there exists
A such that M 4(C) < Ldim(C), Littlestone constructed a generic algorithm — the Standard Optimal
Algorithm — to learn any class C that makes at most Ldim(C)-many mistakes on any sequence of
examples.

The mistake-bounded online learning model outlined in the previous few paragraphs recovers the
‘online learning of quantum states’ model, proposed by [2], once we specialize to learning quantum
states using the translation we provide at the start of this section. Whereas [2]’s focus was on regret
bounds for online learning, we instead focus on online learning with bounded mistakes. While this
can be viewed as a special case of bounding regret (with an indicator loss function), the mistake-bound
viewpoint opens up windows to other models of learning, as we will see in the rest of this paper.

A.2 Other tools of interest
A.2.1 Differentially-private learning

The task of designing randomized algorithms with privacy guarantees has attracted much attention
classically with the motivation of preserving user privacy [6]. Below we formally introduce differential
privacy, one way of formalizing privacy. Let A be a learning algorithm. Let S be a sample set
consisting of labelled examples {(x;, £;) }ic[n) Where z; € X', ; € [0, 1], that is fed to a learning
algorithm .A. We say two sample sets S, S’ are neighboring if there exists ¢ € [n] such that
(zi,4;) # (v}, ;) and for all j # i it holds that (z;, (;) = (2, ;). Additionally, we define (¢, 9)-
indistinguishability of probability distributions: for a, b, e,d € [0,1] let a ~, 5 b denote the statement
a < efb+dand b < e*a+0. We say that two probability distributions p, g are (&, §)-indistinguishable
if p(E) ~. s q(E) for every event E.

Definition A.4 (Differentially-private learning). A randomized algorithm
A (X x[0,1)" — [0,1]¥

is (&, §)-differentially-private if for every two neighboring examples S, S’ € (X x [0,1])", the output
distributions A(S) and A (S") are (e, 9)-indistinguishable.

3That is to say, a learner that works in the strong feedback setting can also work in the weak feedback setting,
by mounting a binary search of the range [0, 1] to obtain for itself an e-approximation of strong feedback at
every round. Conversely, a learner that works for the weak feedback setting also works in the strong feedback
setting, by throwing away some information in the strong feedback.
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Definition A.5 (Differentially-private PAC learning). LetC C {f : X — [0,1]} be a concept class.
Let (, a € [0, 1] be accuracy parameters and €, 6 be privacy parameters. We say C can be learned
with sample complexity m((, o, €, 8) in a private PAC manner if there exists an algorithm A that
satisfies the following:

o PAClearner — Algorithm A is a (¢, «)-PAC learner for C with sample size m (as formulated

in Definition[A.])).
e Privacy — Algorithm A is (e, d)-differentially private (as formulated in Definition .
We shall say such a learner is (¢, a, €, )-PPAC.

A.2.2 Communication complexity.

In this section, we introduce one-way classical and quantum communication complexity. Different
from the usual setting, here we consider communication protocols that compute real-valued and not
just Boolean functions. In the one-way classical communication model, there are two parties Alice and
Bob. LetC C {f : {0,1}"™ — [0, 1]} be a concept class. We consider the following task which we call
Evalc: Alice receives a function f € C and Bob receives an 2z € X. Alice and Bob share random bits
and Alice is allowed to send classical bits to Bob, who needs to output a {-approximation of f(x) with
probability 1 — e. We let R’ (c, x) be the minimum number of bits that Alice communicates to Bob,
so that he can output a {-approximation of f(x) with probability at least 1 — & (where the probability

is taken over the randomness of Alice and Bob). Let R;”.(C) = max{R:.(c,x) : c € C,x € X'}.

We will also be interested in the quantum one-way communication model. The setting here is exactly
the same as above, except that now Alice and Bob can apply quantum unitaries locally and Alice is
allowed to send qubits instead of classical bits to Bob. Like before, we let Qa’s(c, x) be the minimum
number of qubits that Alice communicates to Bob, so that he can output a {-approximation of ¢(x)
with probability at least 1 — ¢ (where the probability is taken over the randomness of Alice and Bob).
Let Q;7.(C) = max{Q.(c,z) : c € C,x € X}.

A.2.3 Stability of algorithms

An important conceptual contribution in this paper is the concept of stability of algorithms. The
notion of stability has been used in several previous works [6} 7|8, 9,[10]. In the context of real-valued
functions we are not aware of such a definition. We naturally extend previous definitions of stability
from Boolean-valued functions to real-valued functions as follows.

Definition A.6 (Stability). Ler C C {f : X — [0,1]} be a concept class and n,{ € [0,1]. Let
D : X — [0,1] be a distribution and ¢ € C be a target unknown concept. We say a learning algorithm
Ais (T, n, ¢)-stable with respect to D if: given T many labelled examples S = {(x;, c(x;))} when
x; ~ D, there exists a hypothesis [ such that

PrlA(S) € T(C, /)] = n,

where the probability is taken over the randomness of the algorithm A and the examples S, and
T (C, f) is the function ball of radius ¢ around f,i.e T((, f) = {g : |g(x) — f(x)| < r for every x €
X}

It is worth noting that in the standard notion of global stability (for example the one used in [7]), we
say an algorithm A4 is stable if a single function is output by .4 with high probability. In the real-
valued robust scenario, one cannot hope for similar guarantees because the adversary is allowed to be
(-off with his feedback at every round. In particular, the adversary’s feedback could correspond to a
different function from the target concept c. However, the intuition is that any adversarially-chosen
alternative function cannot be “too” far from c.

Inspired by the definition above we also define quantum stability as follows.

Definition A.7 (Quantum Stability). Let S be a class on n-qubit quantum states and 1, € [0, 1].
Let D : X — [0, 1] be a distribution over orthogonal 2-outcome measurements and p € S be an
unknown quantum state. We say a learning algorithm A is (T, n, ¢)-stable with respect to D if: given
T many labelled examples Q = {(E;, Tr(pE;))} when E; ~ D, there exists a quantum state o such
that

PrlA(Q) € B(e, 0)] = n, 3)
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where the probability is taken over the examples in Q) and B(e, o) is the ball of states e-close to o
with respect to X, i.e., B(e,0) = {0’ : |Tr(Eo) — Tr(Ed’)| < € forevery E € X'}.

A.2.4 Combinatorial parameters.

We define some combinatorial parameters used in PAC learning and online learning real-valued
function classes {f : X — [0, 1]}. These are the fat-shattering (for PAC learning) and sequential
fat-shattering dimension (for online learning). They can be viewed as the real-valued analogs of
the VC dimension and Littlestone dimension respectively for PAC learning and online learning
Boolean function classes {f : X — {0,1}}. Below we define the combinatorial parameters for
real-valued functions.

Fat-Shattering dimension The set {z1,...,2;} C X is y-fat-shattered by concept class C if there
exists real numbers {1, ..., ar} € [0,1] such that for all k-bit strings y = (y1 - - - yx) there exists a
concept f € C such that if y; = Othen f (z;) < a; —yand if y; = 1 then f (z1) > a; + 7.

The fat-shattering dimension of C, or fat (C) is the largest & for which: there exists {z1,..., 2} € X
that is y-fat-shattered by C. We remark that if the functions in C have range {0, 1} and v > 0, then
fat,(C) is just the standard VC dimension.

Sequential Fat-Shattering dimension We also define an analog of the fat-shattering dimension
for online learning. The presentation of this dimension closely follows [2l]. We say a depth-k tree T’
is an e-sequential fat-shattering tree for C if it satisfies the following:

1. For every internal vertex w € T, there is some domain point z,, € U and threshold
ay, € [0, 1] associated with w, and

2. For each leaf vertex v € T, there exists f € C that causes us to reach v if we traverse T from
the root such that at any internal node w we traverse the left subtree if f (z,,) < a,, — € and
the right subtree if f (x,,) > a,, + . If we view the leaf v as a k -bit string, the function f is
such that for all ancestors u of v, we have f (x,) < a, —eifv; =0,and f (z,) > a, + ¢
if v; = 1, when w is at depth ¢ — 1 from the root.

The e-sequential fat-shattering dimension of C, denoted sfat.(C), is the largest k such that we can
construct a complete depth-k binary tree 1’ that is an e-sequential fat-shattering tree for C. Again,
we remark that if the functions in C have range {0, 1} and v > 0, then sfat. (C) is just the standard
Littlestone dimension [3]].

Representation dimension. The representation dimension of concept class C roughly considers the
collection of all distributions over sets of hypothesis functions (not necessarily from the class C) that
“cover” C. We make this precise below. This dimension is known to capture the sample complexity
of various models of differential private learning Boolean functions [[11} [12]. Because we shall be
concerned with learning real-valued concept classes, we define these notions below with an additional
‘tolerance’ parameter (.

Definition A.8 (Deterministic representation dimension DRdim, real-valued analog of [12]). Let
C C{f:X —[0,1]} be a concept class. A class of functions H deterministically (, €)-represents C
if for every f € C and every distribution D : X — [0, 1], there exists h € H such that

Pr [[h(@) - f(@)] > (] <e. (4)
The deterministic representation dimension of C (abbreviated DRdim(C)) is
DRdim, .(C) = n%_itnlog |H| ®)

where the minimization is over H that deterministically ({, €)-represent C.

Definition A.9 (Probabilistic representation dimension PRdim, real-valued analog of [13[]). Let
CCA{f:X —10,1]} be a concept class. Let £ be a collection of concept classes of real-valued
functions, and P : 7 — [0,1]. We say (€, P) is ((,e,0)-representation of C if for every f € C
and distribution D : X — [0, 1], with probability at least 1 — § (over the choice of H ~ P), there
exists h € ‘H such that

Pr [|h(z) — f(z)| > (] <e. (6)

xr~D
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The probabilistic representation dimension of C (abbreviated PRdim(C)) is

PRdim¢ . s(C) = mi log |H], 7
im¢c5(C) (Loin | max og |H| (7)

where the outer minimization is over all sets (€, P) of valid ((, €, §)-representations.

B Robust standard optimal algorithm and mistake bounds

In this section, we present an algorithm that improperly online-learns a real-valued function class C,
making at most sfat(C) many mistakes (see Definition . This algorithm is an important tool for
results in the rest of the paper. All results in this section are presented for the general case of online-
learning arbitrary real-valued function classes, with imprecise adversarial feedback. Ultimately, we
will use this algorithm as a subroutine for the specific setting of quantum learning.

For learning a Boolean function class C, [5] showed that the mistake bound M (C) is equal to the
Littlestone dimension Ldim(C), thus giving an operational interpretation to this dimension. The
aim of this section is to examine if the same operational interpretation holds for the sequential
fat-shattering dimension, in the context of online-learning real-valued functions with strong feedback
(which is also the setting most relevant to quantum learning).

Our algorithm’s learning setting generalizes that of [3]] and [4], who also studied online learning of
real-valued and multi-class functions (i.e. functions mapping to a finite set), albeit, the former in
the case of precise adversarial feedback (¢ = 0). [4] defined several extensions of the Littlestone
dimension Ldim for 7 € (0, 2) and showed that for learning a multi-class function class C, Ldim, <
M (C) < Ldimg,. They also showed that for a real-valued function class C, sfat(C) is linked to the
Ldim, of a discretization of the function class, thus effectively transforming any real-valued learning
problem into a multi-class learning problem. However, their approach does not work for our setting,
for the following reason: if ¢ is the target real-valued function, and the true value of ¢(x) is e-close
to a boundary of some class within the discretized range, our e-imprecise adversary could choose a
value of the feedback ¢(x) that falls in the neighboring class. Hence the resulting multi-class learner
has to deal with the adversary reporting the wrong class, which is beyond the scope of what they
considered.

In Section[B.1] we first construct an algorithm Robust Standard Optimal Algorithm (RSOA) whose
mistake bound satisfies Mgrsoa (C) < sfat(C) for online-learning with strong feedback. In Section[B.2]
we prove some of the properties of this algorithm, which are essential for proving later results in
this paper. Moreover, for online learning with weak feedback, we show that M (C) > sfat(C).
However, since the type of feedback differs in these two models we consider, we cannot yet state
that M (C) = sfat(C) when C is a real-valued function class (this would be the real-valued analog of
the relation M (C) = Ldim(C) for Boolean function classes). It is an open question whether we can
close this gap, but for the rest of this paper, we are concerned solely with online learning with strong
feedback and hence the implication Mrsoa(C) < sfat(C) is sufficient.

B.1 Robust Standard Optimal Algorithm

In this section, we give an algorithm to to online-learn real-valued functions with strong feedback.
In order to handle subtleties caused by learning functions with output in [0, 1] instead of {0, 1}, we
define the notion of an (-cover. This was introduced by [3]] and in order to handle inaccuracies in the
output of an adversary, we extend their notion to define an interleaved (-cover.

Definition B.1 (¢-cover and interleaved (-cover). Let 0 < ¢ < 1 be such that 1/ is an integer.
A (-cover of the [0,1] interval is a set of non-overlapping half-open intervals (‘bins’) of width
given by {[0,(), [(,20),...,[1—-¢C, 1]} with the midpoints S = {(/2, 3¢/2,...,1— §/2} where
|Ze| = 1/C. Given a C-cover %, the corresponding interleaved (-cover .#; is the set of overlapping
half-open intervals (‘super-bins’) of width 2¢ (each consisting of two adjacent bins in J¢) given by
{[0,20),1¢,3¢), ..., [1—2¢, 1]} with the midpoints .9 = {(,2¢, ..., 1—(} where |9 | = | 7| —1.
We denote a super-bin with midpoint r as SB(r).

We will also need the definition of a {-ball.

Definition B.2 (-ball). An (-ball around an arbitrary point x € [0, 1] (denoted B((, x)) is the open
interval of radius ¢ around z, i.e., B((,x) := (v — (,x + ()
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As we mentioned earlier, the FAT-SOA algorithm of [3] used a-covers to understand real-valued
online learning, however, it does not suffice in the setting of quantum learning since the output of the
adversary could be imprecise. To account for this, we use interleaved a-covers defined above. Our
learning algorithm will take advantage of the following property enjoyed by the interleaved a-cover:
the (-ball of any point is guaranteed to be entirely contained inside some super-bin, i.e., for every
z€((,1-¢,a>2Candr = argminrejxﬂx — 7|}, we have B(¢,x) C SB(r). Finally, we

need one more notation: given a set of functions V C {f : X — [0,1]},7 € Fo¢ and = € X, define
a (possibly empty) subset V (r,x) C V as

V(r,z)={feV:f(z)€ B2}
i.e., V(r,x) are the set of functions f € V for which f(x) is within a 2¢-ball around r or f(z) €

[r — 2¢,r + 2¢]. We are now ready to present our mistake-bounded online learning algorithm for
learning real-valued functions. Our algorithm is Algorithm I

Algorithm 1 Robust Standard Optimal Algorithm, RSOA,
Input: Concept class C C {f : X — [0, 1]}, target (unknown) concept ¢ € C, and ¢ € [0, 1].

Initialize: V] + C

fort=1,...,7do
A learner receives x; and maintains set V;, a set of “surviving functions”.

I:
2
3: For every super-bin midpoint r € % the learner computes the set of functions V;(r, ;).
4 A learner finds the super-bin which achieves the maximum sfat(-) dimension

Ry(xy) == {argn}axsfatgg (Vi(r,xe)) € j;g}

T‘Gﬂzg

5: The learner computes the mean of the set R;(z;), i.e., let

. 1

=L .

| R ()] reRiien)

6: The learner outputs ¢; and receives feedback ¢(x;).
7: Learner makes the update V11 < {g € V; | g(z1) € B(¢,¢(x1))}
8: end for

Outputs: The intermediate predictions g for t € [T, and a final prediction function/hypothesis
which is given by f(z) := Ryy1(z).

We first provide some intuition about this algorithm. At round ¢, the set of functions that has ‘survived’
all previous rounds is V;: in particular, V; consists of functions which are consistent with the feedback
received in the previous ¢ — 1 iterations. Here, ‘consistent’ means that suppose 1, ..., T;_1 were
presented to a learner previously, then, for every g € V4, g(x;) € B((,¢(x;)) fori € [t — 1]. This is
clear from Line 7 of the algorithm; indeed, notice that V; either stays the same as V;_; or shrinks at
every round. At round ¢, once a learner receives x¢, it always replies with ¢, that is either (-close
to the true c(x) else, aims to reduce V;_; as much as possible. In particular, for every super-bin

re jNQC, the learner identifies the subset of surviving functions that map to that super-bin at x4, i.e.,
f €V, that satisfy f(z;) € B(2¢,r). This forms the set V;(r, z;). The learner then computes sfata,

of the set of functions V;(r, z;) and picks out the super-bins r € % that maximize this combinatorial
quantity, and output the mean of their midpoints as the prediction g,. Intuitively, the parameter sfat(-)
serves as a surrogate metric for the number of functions mapping to a certain interval. Using sfat(-)
to define this prediction rule thus maximizes the number of eliminated functions for every mistake
of the learner. Once it receives the feedback ¢(z;), the learner updates V; to V;41 and this process
repeats for 7" steps. We now list a few properties of this algorithm.

B.2 Properties and guarantees of RSOA
Lemma B.3. RSOA(denoted RSOA) has the following properties:
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1. (-conmsistency: at the t-th iteration every f € V, satisfies | f(x;) — ¢(x;)| < (fori € [t —1].
2. Correctness: the target function c is never eliminated, i.e., ¢ € V; for every t € [T).
3. Foreveryt € [T),x € X, any pair of points r,r’ € jgg for which
sfatye (Vi(r,x)) = sfatae (Vi(r', x)) = sfatae (Vi) 8)
also satisfies |r — 1'| < 4C. Additionally for all v € S, sfatae (Vi(r, x)) < sfatae (Vi)

4. RSOA is deterministic, i.e., for the same sequence of inputs (x1,¢(x1)), . (LET, (xT))
provided by the adversary to the learner (each of which is followed by a response Yls- - YT
of the learner), the RSOA algorithm produces the same function f.

Proof. The first item follows by construction. At the end of ith round, the following update is
performed: Viyq1 « {g € V; | g(x) € B(¢,¢(z;)))} C V;. This eliminates all functions g for
which g(z;) ¢ B((,¢(x;)) from the set V41, hence all functions for which | f(z;) — ¢(z;)| > ¢ are
eliminated.

The second item follows trivially: by assumption y; = ¢(x) is in the ¢-ball of ¢(x;). Thus the target
concept c is never eliminated in the update Vi1 < {g € V; | g(x) € B(¢,¢(z4))}-

We now show the third item. Suppose by contradiction, there is a pair r,r’ € jgg such that
sfatgg (V;(T, LL’)) = Sfatgc (V;g(?"l, LE)) = Sfatgc (Vvt)

and |r — r’| > 4¢. Let sfatyc (V;) = d. Without loss of generality, we assume r > /. Then let

= (r + r")/2. Clearly, for every f € Vi(r,z) we have f(z) > s+ ( and g € V;(r',x) we have
g(x) < s — (. This means that, given a sequential fat-shattering tree of depth d for V;(r, z), and the
tree also of depth d for V;(r/, ), we may join them together by adding a root node with the label z
and the threshold s, and this new tree of depth d + 1 is sequentially fat-shattered by V;(r, 2) UV; (1, z)
and hence by V; (which is a superset). This contradicts the assumption that sfato¢ (V;) = d, because
by definition of sfat(-) dimension, d is the depth of the deepest tree for the functions in V;. The
“additionally” part follows immediately because V;(r,z) C V;.

The final item of the lemma is clear because steps 3 to 7 in the RSOA algorithm are deterministic and
involve no randomness from a learner. O

Having established these properties, are now ready to prove our main theorem bounding the maximum
number of prediction mistakes that RSOA makes.

Theorem B.4 (RSOA mistake bound). Let C C {f : X — [0,1]} be a concept class and { > 0.
Given the setting of online learning with strong feedback, i.e., at every round t € [T, the feedback
(wy) is C-close to the true value |c(x¢) — ¢(x4)| < ¢, RSOA¢ (described in Algorithm|l)) is such that,
for every T, the algorithm makes a predictions y; satisfying

ZH 19: — c(a)| > 5¢] < sfatsc(C)
t=1

Proof. The intuition is that whenever the learner makes a mistake, functions are eliminated from the
‘surviving set’, such that sfat(-) of the remaining functions decreases by 1. Since the true function ¢
is never eliminated from V;, and the sfat(-) dimension of a set consisting of a single function is 0, no
more than sfat(-) mistakes can be made.

First observe that, whenever the algorithm makes a mistake, i.e., [§; — c¢(z;)| > 5¢, it also follows
that |§; — ¢(x¢)| > 4¢ because ¢(z;) is an (-approximation of c(x;). Below we show that on every
round where |§; — ¢(z;)| > 4¢, sfat(V;41) < sfat(V;) — 1. Together with property 2 of Lemma [B.3]
and the fact that V; = C this already implies that no more than sfat(C) mistakes are made by RSOA.

Suppose |fj; — ¢(a¢)| > 4¢. Fix t and z;;. Observe that by property 3 Eq. (8) (in Lemma|[B.3) there are
at most three super-bins whose midpoints r satisfy sfato (Vi (7, z)) = sfatac (V2), i.e., between 0 and
3 super-bins achieve the upper-bound on sfat(-) at each round, which we now call UB; := sfata (V4).
We now analyze each of four cases for the number of upper-bound-achieving super-bins.
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Case 1: sfatoc (Vi(r,2¢)) < UB, for every r € F5¢, i.e., no super-bins achieve UB;. Every update
of V; updates it to the functions within some ¢-ball, O := B((,¢(x¢)). Observe that O is entirely
contained within some super-bin, call it SB (note that even if ¢; is at the boundary of two super-bins, it
would still be inside the super-bin that is in-between the two, by definition of the interleaved (-cover).
Hence, sfat(Q) < sfat(SB) < UB; where the second inequality is by the assumption of the case.

Case 2: There exists exactly one 7 € % such that
sfatgg(Vt(r, xt)) = UBt,

i.e., exactly one super-bin (centered at r = 2k( for some k € Z_) achieves UBy, let’s call this
SB* = [2(k—1)¢, 2(k+1)¢). Since the super-bin’s midpoint is at some bin boundary, the prediction
is § = 2k(. Similar to the previous case, the update step retains only the functions in some
O := B((,¢(x¢)). However, since |§; — ¢(xy)| > 4¢, we either have ¢(z;) < 2(k — 2)¢ or
c(xy) > 2(k+2)C. O, therefore, is entirely contained within some super-bin SB # SB*. Since there
is only one maximizing super-bin SB*, we have sfat(() < sfat(SB) < sfat(SB*) = UB,.

Case 3: There exists ry, 75 € jgc such that
sfatoc (Vi(r1, ) = sfatoc (Vi(ra, ) = UBy,

i.e., two super-bins (centered at 1, 75 respectively) achieve UB;, call them SB7, SB3. Using Property
3 of Lemma|[B.3] these two super-bins must either be touching at a boundary (hence §; = 2k( where
SBY = [2k(, 2(k + 2)¢), SBS = [2(k — 2)¢, 2k()) or intersecting at one bin (hence §; = (2k + 1)¢
where SB] = [2k(, 2(k+2)(), SB5 = [2(k—1)(, 2(k+1)¢)). In the former case, ¢(z;) < 2(k—2)C
or ¢(z¢) > 2(k + 2)¢ and thus neither SBT nor SB} entirely contains (), though there is some super-
bin that does. In the latter case, ¢(x;) < (2k — 3)C or é(z;) > (2k + 5)¢ and thus neither SB}
nor SB; entirely contains (), though there is some super-bin that does. Identical reasoning to the
previous two cases shows that the update thus decreases sfat(-) on the remaining functions.

Case 4: There exists r1,72,73 € Jég such that
Sfatgc(‘/t(Tl, l‘t)) = Sfatgg(‘/t(Tg, .%‘t)) = Sfatgc(‘/t(Tg, J’Jt)) = UBt,

i.e., three super-bins (centered at r, 72, r3 respectively) achieve UB,. Call them SB7, SB3, SB:.
By Property 3 of Lemma [B.3] there is only one configuration these three super-bins could be in,
namely two super-bins have to be touching at a boundary, with the last super-bin straddling them:
SBI = [2k(, 2(k + 2)¢), SB; = [2(k — 1)¢,2(k + 1)¢), SB; = [2(k — 2)¢, 2k¢). Then g = 2k(
and ¢(x;) < 2(k — 2)C or a — t > 2(k + 2)C. None of SB}, SB3, SBj entirely contains O, though
there is some super-bin that does, and identical reasoning to the previous three cases shows that the
update thus decreases sfat(-) on the remaining functions. O

Theorem says that the RSOA algorithm for a concept class C in the strong feedback model,
makes at most sfat(C) mistakes. This is also the setting in the rest of the paper as well as most of
the real-valued online learning literature. A natural question is, can we make fewer mistakes than
the RSOA algorithm? Below we consider the weak feedback model of online learning and show no
learner can do better than making sfat(-) mistakes. An interesting open question is, can we even
improve the lower bound in the theorem below for the strong feedback model setting?

Theorem B.5. Let ( € [0,1] and C C {f : X — [0,1]}. Every online learner A (in the weak
feedback setting) for the class C, satisfies M 4(C) > sfat¢(C).

Proof. We construct an adversary that can always force at least sfat(C) mistakes in the weak model of
learning (where the adversary only gives two bits of feedback to the learner). To do so, the adversary
traverses the (-fat-shattered tree starting at the root node, at every round interacting with the learner
based on the information at the current node, always claiming the learner made a mistake, and then
moving to one of the two daughter nodes. In particular, the interaction at node v of the tree, which is
associated with (x,, a, ), is as follows: The adversary gives the learner the point x,,. If the learner
predicts §; < a,, claim the learner is wrong and go to the right daughter node, thus committing the
adversary to the subset of functions f € C such that f(x,) > a, + ¢. Go to the opposite node if the
learner predicts ¢, > a,. After sfat;(C) rounds, the adversary will have reached a leaf node. At this
point, by the definition of the sfat(-) tree, there is at least one function consistent with all previous
commitments of the adversary. This becomes the target function, which the adversary then commits
to in the first place. Since the depth of the tree is by definition sfat¢(C), the learner will have made
sfat(C) mistakes by the time the adversary reaches a leaf and has to commit to a function. O
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C Online learning implies stability

In this section we show that online learnability of a real-valued function class implies that there
exists a real-valued DP PAC learner for the same class. More precisely, we will assume that the
sfat(-) dimension of the function class is bounded (which implies its online learnability, as discussed
in Section [B); then we will explicitly describe an algorithm that uses this learner to learn in a
globally-stable manner.

This, however, is only half of the implication shown in [7]]. There, they go one step further and turn
their stable learner into an approximately DP PAC learner, concluding overall that online learning
implies approximate DP PAC learning. Supposing we could prove the same for our learning model,
then combining this with the implication shown in Section [D| (that pure DP PAC learning implies
online learning) would make for almost a complete chain of implications starting at pure DP PAC
learning, implying online learning, and finally implying approximate DP PAC learning. However,
in the second half of this section, we use an argument from fingerprinting codes to show that the
transformation in [[7]] from a stable learner to a DP PAC learner does not work with the stability
guarantees we obtain for our real-valued learning setting.

We will use the following notation throughout this section. Let C C {f : X — [0, 1]} be a concept
class and ¢ € C be a target concept. Let D : X — [0,1] be a distribution. In a slight abuse of
notation, we use the notation (z,¢(x)) ~ D to mean that 2 is drawn from the distribution D and ¢(z)
satisfies |c(z) — c(z)| < ¢. Also, we say B ~ D™ to mean that a learner receives m such examples
{(xs,¢(x;)) },. We say that the learner has made a mistake on input z if he has made a 5¢-mistake
(refer to Definition @]) Finally, because we are concerned with real-valued learning, it is often the
case that functions in the vicinity of the target function are considered “close enough” as hypotheses,
and so we will make use of the following notion of function ball:

Definition C.1 (Function ball of radius r around ¢). Given a set of functions H C {f : X — [0, 1]},
a function ball of radius r around c € H is the set of all functions f € H such that

|f(z) —c(z)| <r foreveryz e X, )
and we denote such a function ball by T (r, c). Moreover, for a set of functions € = {f1,..., fx}
we let T(r,E) = UF_ T (r, fi).

In Section |C.2] we prove that stability does not, in turn, imply approximate DP learning using the
transformation of [7]], without a domain size dependence in the sample complexity. In Section
we turn our attention to how our results apply to learning quantum states.

In Section we prove that given a mistake-bounded online learner, there exists a stable learner.
C.2]

C.1 Online learning implies stability

In this subsection we prove the following theorem:

Theorem C.2. Let o, € [0,1]. Let C C {f : X — [0, 1]} be a concept class with sfatac(C) = d.
Let D : X — [0, 1] be a distribution and let S = {(x;,¢(x;))} be a set of

T:O<Cd~i>

examples where x; ~ D and |¢(x;) — c(x;)| < ( where ¢ € C is a unknown concept. There exists a
(T, ¢=9D O(¢))-stable learning algorithm G, that outputs f satisfying Lossp(f,c,0(¢)) < a.

The algorithm G is the RSOA run on a carefully tailored input distribution over the examples, with
T being the overall sample complexity of our algorithm. Most of the work in the proof arises in
explaining how to tailor the set of examples drawn from the original distribution D into a new set
S on which RSOA is guaranteed to succeed. In this section, when we write RSOA,(S) where S is
a sample, i.e., S = {(z;, é(x;))}, we mean that we feed the examples in .S into RSOA sequentially,
as in the online learning setting. We will prove this theorem in three parts, corresponding to the
subsequent three sub-subsections:

“The symbol 7 stands for ‘tube’ since for a member of the function ball, closeness to ¢ must be satisfied at
not just a single point but all points in the domain. We usually omit mentioning the function class C, which is
usually taken to be R, the set of all functions output by RSOA. Because RSOA is an improper learner, R is not
the same as C.

10
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e Our Algorithm 2] is a tailoring algorithm that defines distributions ext(D, k) for k € [d] as a
function of the distributions D, to which we have black-box access. Just as in [7], the key
idea for the tailoring is to inject examples into the sample that would force mistakes. We
have adapted this idea for the robust, real-valued setting. Unfortunately, this algorithm could
potentially use an unbounded number of examples (in the worst case), which we handle next.

e Next, we seek to impose a cutoff on the number of examples drawn in the algorithm above.
In Lemma|[C.3] we compute the expected number of examples drawn by Algorithm[2] Then,
we use Markov’s inequality to compute what the cutoff should be. The final tailoring
algorithm is simply Algorithm 2] cut off when the number of examples drawn exceeds this
threshold.

e Finally, we state the globally-stable learning algorithm Algorithm [3] which essentially
invokes Algorithm 2] with the cutoff we defined above. In Theorem we prove the
correctness and sample complexity of Algorithm [3]

C.1.1 Sampling from the distributions ext(D, k)

In the following, the symbol S o 1" between two sets of examples means the concatenation of the two
sets .S, T'. Intuitively our learning algorithm is going to obtain 7" examples overall and break these
examples into blocks of size m (a parameter which will be fixed later in Theorem[C.6), each block
followed by a single mistake example, all of which which are fed to an online learner. Additionally,
below we can think of k& < sfat(C) as the number of mistakes we want to inject into the examples we
feed to an online learner.

Algorithm 2 An algorithm to sample from distributions ext(D, k).
Input: Distribution D : X — [0,1], m > 1, k € {0,...,d}.
Output: A sample from the distribution ext(D, k).

For k > 0, the distributions ext(D, k) : X*(m+1) % [0,1] — [0, 1] are defined inductively as follows:
1. ext(D,0) : output the empty sample () with probability 1.
2. Sampling from ext(D, k) involves recursively sampling from ext(D, k — 1) as follows:
(a) Draw S(© S ~ ext(D,k — 1) and two sets of m examples B(?), B() ~ D™,
(b) Letfy = RSOA. (5© o B®) | f; = RSOA; (S o BW).
(¢) If | fo(x) — f1(x)| < 11¢ for every x € X then go back to step (i).
(d) Else pick 2’ such that | fo(z") — f1(2z")| > 11¢ and sample o ~ .#; uniformlyE]
(e) Let My := (2, ) € X x[0,1]. If |a— fo(2')| < |a— f1(")|, output S o BM o M,
else output S(©) o B(O) o M,

Intuition of the algorithm. We first explain Algorithm [2| on an intuitive level. Recall the goal:
using our RSOA online learning algorithm for C, we would like to design a globally stable PAC
learner for C. To this end, let D be the unknown distribution (under which we need the PAC learner
to work).

Algorithm 2] ‘tailors’ a sample (fed to the online learner) as follows: in the kth iteration it repeatedly
draws pairs of batches of (k — 1)(m + 1) examples from ext(D, k — 1) and then decides whether to
keep or discard each batch based on the outcome of running RSOA on the batches. If some batch
is kept, it is appended with a single example which is guaranteed to force a mistake on RSOA, and
the resulting sample .S is output by the algorithm. This process of outputting S can be regarded as
drawing sample S from the distribution ext(D, k). The structure of S is illustrated in Figure Each
B, is a block of m examples each drawn i.i.d. from D. Each M; = (z;, ;), forces a mistake when S
is fed to RSOA. S has k blocks and k& mistake examples in total.

We now focus on explaining steps 2(¢) to 2(v) which ‘force a mistake’. In step 2(i) we draw two
examples, S 6 BO) and SO o BM), 1n 2(i1), we feed S5 5 BO) into RSOA, which returns

*Recall the definition of the ¢-cover, % = {(/2,3(/2,...,1 —(/2}

11
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Figure 2: Structure of curated sample S obtained resulting from Algorithm[2} Each B; is a block of
m examples (z, c(x)) where © ~ D and M; = (x,b) is an example which forces a mistake.

function fo, and do the same for S() o B, returning f;. There are now two possibilities, either
fo, f1 are “close” or fj and f; differ significantly at some = € X" and step 2(44¢) checks which is the
case as follows.

1. fo, f1 agree to within 11¢ on every point in X: then draw a new pair S(©) o B(®) and
S o BM) afresh, going back to step 2i).

2. |fo(z) — fi(x)| > 11¢ for some x € X. Note that this = need not be from an example
previously given to the learner. Intuitively, in this case, the predictions fy and f; are so far
apart at  that they cannot both be 5(-correct, and so at least one of them is a mistake. More
precisely, in the (-cover, let b, € .7, be the midpoint of the bin (of width () that contains
c(x). Since | fo(z) — fi(x)] > 11¢, at least one of the predictions fo(z), fi(z) is 5¢-far
from b, (though we don’t know which it is, since we don’t know c!)

Steps 2(i) to 2(i4i) are repeated until we are in the second case. Note that steps 2(i) to 2(#i) could be
repeated an unbounded number of times, each repetition drawing fresh examples. For the remainder
of this section, we assume that steps 2(#) to 2(#i7) terminate eventually so that we may argue about
the final output sample. In Section[C.1.2] we show it suffices to “impose” a cut-off of 7" examples so
that with high probability the algorithm (with an appropriate value of k) terminates before drawing
T-many examples.

In order to create M}, we uniformly draw some @ ~ % (the set of all possible bin midpoints),
which means o = b, with probability ﬁ If @« = b., we are guaranteed that f; is a mistake for
i := arg max; |a— f;(z)|. Therefore, we concatenate our mistake example with S() o B() eventually
outputting S := S@ o B o (z,a) as the output of Algorithm 2 By the end of these steps, we
will have a sample S” o B’ o M}, where S” ~ ext(D,k — 1), B’ ~ D™ and M, is a single ‘mistake’
example with the following two properties: (i) M, = (¢, «) is a valid example (i.e., | — ¢(z")| < Q).
(ii) If RSOA is fed S’ o B’ o M}, RSOA will make a mistake upon seeing the example My, i.e., at
the round corresponding to M}, RSOA predicts ¢ such that |§ — c¢(z’)| > 5¢.

Key Lemma. We now prove our key lemma on global stability. Let R be the set of all possible
functions that could be output by the RSOA algorithm when run for arbitrarily many rounds.

Lemma C.3 (Some function ball is output by RSOA with high probability). Let sfaty(C) = d.
There exists k < d and some f € R such that

d
sPr IRSOA((S o B) € T(5¢, /)] = (" (10)
B~D™

Proof. Towards contradiction, suppose for every k < d and f € R, we have

o d
SNEXE’(rD’d)’[RSOAC(S B) € T(5¢, f)] < ¢“. (11)
B~D™

In particular, Eq. (IT)) holds for f = ¢ where c is the target concept.

In Step 2(iv), Algorithm 2| picks o uniformly from the set of midpoints in .#. Call a mistake example
(z, ) ‘valid” if | — ¢(x)] < (. Notice there are actually two midpoints in .#; which are less than ¢

SNote that this step crucially differs from [[7] since for them the true value of fo(x) or f1(x) is always 0 or 1,
so they can flip a coin and force a mistake with probability at least 1/2.

12
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away from any ¢(z), and hence, the probability that a mistake example is valid is 2¢ > ¢. Hence the
probability that all d mistake examples are valid is at least ¢%. In the event that all mistake examples
are valid, S is a valid sample. Since S contains d mistake examples, and Theorem [B.4] guarantees
that RSOA, on a valid sample always outputs some hypothesis function in 7 (5¢, ¢) after making d
mistakes, this contradicts Eq. @ O

Lemma C.4 (Generalization). Let ext(D, () be such that £ > 1 and there exists f such that

p RSOA:(So B 5 > cd 1
Swext(rD,Z),[ C( °© ) € T( C7f)] - C ( )
B~D™
(The above property is the analog of the distribution ext(D, () being ‘well-defined’ in [[7]].)

Then, every f satisfying Eq. also satisfies Lossp (f, c,6¢) < dIn(1/¢)/m.

Proof. Let S ~ ext(D,{) and B ~ D™. Suppose RSOA((S o B) outputs a function f’ € T(5¢, f).
Now, for f' € R, let E4s be the event that RSOA(S o B) outputs f’. Then observe that

SNe}?{D ) [RSOA((SoB) € T(5¢,f)l= > SNeE{D ) [Ey]
B~D™ L reTa)  pupm
< Z S~e>}:t)(rD,e)7[B is C-consistent with f']

frfeT(5¢,f)  B~D™

< Pr [Bis 6(-consistent with f],
S~ext(D,f),
BaoDm

13)

where the first inequality follows from combining two observations:

1. Since B is a subset of the examples fed to RSOA¢, by Property 1 in Lemma if
RSOA((S o B) outputs f’ then f’ is {-consistent with all m examples in B;

2. By Property 4 of Lemma [B.3](for a fixed sample, no two different functions can be output
by RSOA), {Ey } yrer are disjoint on the sample space;

and the last inequality used that f’ is in a 5¢-ball of f, hence f is { + 5¢ = 6( consistent with
B. Recall that Eq. (T2) shows that the LHS of Eq. (T3) is lower-bounded by ¢¢. If we define
Lossp(f,c,6¢) := a, then by the definition of loss, since B is a sample of m i.i.d. examples drawn
from D, the RHS of the inequality above is (1 — «))™. Putting together the lower and upper bound
¢ < (1 —a)™ < e ™, proves the lemma statement. O

C.1.2 A Monte Carlo version of the tailoring algorithm

Algorithm 2] that we described in the previous section could potentially run steps (i) — (iit) forever.
Apriori it is not clear why this algorithm terminates. In this section, we compute the expected number
of examples drawn by Algorithm [2| and eventually use Markov’s inequality to define a “stopping
criterion” (a sample complexity cutoff) on Algorithm [2]so that the algorithm eventually stops drawing
a certain number of examples. The reason the number of examples drawn is a random variable is
that steps 2(i) to 2(iii) of Algorithm 2] must be repeated until there is one round where fo, f1 are
distance more than 11 apart, i.e., there exists z € X satisfying | fo(x) — f1(z)| > 11¢.

Lemma C.5 (Expected number of examples drawn in Steps 2(7) to 2(4i%)). Let ¢ € [0,1/2] and
let k* be the smallest value (guaranteed to exist by Lemma for which

> ¢4
SNextP(Evk*L[RSOAC(S oB)eT(11¢, )] > ¢ (14)
B~D™

holds. Let { < k* and M, denote the number of examples drawn from D in order to generate a
sample S ~ ext(D, {). Then
E [M,] < 4“1 . m,

where the expectation is taken over the random sampling process in Algorithm 2]
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Proof. Because we have chosen k* to be the smallest value for which Eq. (T4)) is true, this implies
that for every ¢/ < k* and f € R, we have

Pr  [RSOA/(S o B) e T(11¢, f)] < ¢4

S~ext(D,t'),
BND"’L

which is equivalent to

Pr  [RSOA:(SoB) ¢ T(11¢, f)] > 1 —¢%.
Sr~ext(D,t'),
B D™
507 Now consider sampling from ext(D, ¢) such that 0 < ¢ < k*. Call each round of 2(%) to 2(ii)
sos ‘successful if it results in fo, f1 such that |fo(x) — f1(x)| > 11¢ for some . Upon success, the
s09  algorithm proceeds to step 2(iv). Let us assume that the probability of success for the ¢th round is 6.
st0  Then one can express 6 as follows:

0= 2 oo, [RSOASooBo)=fol-  Pr = [RSOA(SioB1) = fi, i ¢ T(LLC, fo)
fo€R " py~p™ Bi~D™

> (1-¢? P RSOA Bo) = fo] =1—¢¢
>(1=¢h Y, Pr, | [RSOA(Soo Bo) = fol =1-¢",
fo€ER Bo~D™

511 where the first equality is because ‘success’ is defined as | fo (z)— f1 ()| > 11¢ at some z, equivalently
stz f1 & T(11¢, fo), and we used Eq. (C.1.2) in the inequality.

513 Furthermore, sampling from ext(D, ¢) involves sampling from ext(D, ¢ — 1),...,ext(D,0). There-
s14 fore, the number of examples drawn to sample from ext(D, ¢), My, is a function of M,_4, ..., M.

s15. Let M g(j ) be the number of examples drawn during the jth attempt at sampling from distribution
st6 ext(D, ¢) and write My = 377 Mz(])- While sampling from distribution ext(D, ¢), if we succeed
517 prior to the j-th attempt, M, Z(j ) = 0; otherwise, if the first j — 1 attempts end in failure, we have to

518 draw two examples from ext(D, ¢ — 1) and two examples from D™. Therefore, we may define the
519 Trecursive equation

E [M}”} = (1-60)Y~' (2E [My_1] + 2m), (15)

520 since each attempt involves drawing two examples from ext(D, ¢ — 1) and two examples from D™
521 and we used the fact that the probability of failure is (1 — §)7~1. Therefore, we have

oo
E(M] =Y E M| = (1- 6y QE[M;-] +2m)
J Jj=1
1
= 5+ (2B [My_1] +2m) (16)
1
< ¢ (2E [My—1] +2m) <4 - (E[M;—1] +m),
s22 where we have used the fact that { < 1/2 to obtain the last inequality. Using that E[My] = 0 and
523 using induction on Eq. (T6) gives us the lemma statement. O

s24 C.1.3 Final algorithm

s25  Putting together these pieces, we now prove our main theorem.

s26  Theorem C.6 (Globally stable learner from online learner). Let oo > 0. Let C C {f : X — [0, 1]}
527 be a concept class with sfatac (C) = d. Let ¢ € C be the target concept. Let

dIn(1

7= (2 4/ 4 1) L)
a

so8 Let D : X — [0,1] be a distribution. There exists a randomized algorithm G : (X x [0,1])T —
s29 [0, 1] that satisfies the following: given T many examples S = {(z;,¢(z;))} where x ~ D, there
530 exists a hypothesis [ such that

d

PAG(S) € T(11¢, f)] =

= m and LOSSD(f, C, 12() S « (17)
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Algorithm 3 Final globally-stable algorithm G to learn concept class C C {f : X — [0,1]}.

1. Draw k € {0,1,...,d} uniformly at random.

2. Letext(D, k) be the distribution described in Algorithmbut additionally imposing a cutoff
T on sample complexity (i.e. we output ‘fail’ if the number of examples drawn in sampling
from ext(D, k) ever exceeds T'), where the auxiliary sample size is set to m = d1n(1/¢)/«
and cutoff T = 2 - (4/¢)%+1 - m[]]

Let B ~ D™ and S ~ ext(D, k) and output h = RSOA.(S o B).

Proof. The algorithm G in the theorem statement is exactly the algorithm we defined in the previous
two sections along with a cutoff at 7" examples.

Note that because we have enforced the cutoff at T" examples in drawing S ~ ext(D, k), the sample

complexity of G is [S| + |B| < T +m = (2 (4/Q)*' +1) - dln(l/o as stated in the theorem
statement. Lemma|C.3| guarantees that there exists k < d and f* such ‘that Eq. (I2) holds. Let k* be
the smallest & such that Lemma[C.3|holds with the constant 5¢ replaced by 11¢, and

Pr  [RSOA.(So B e #Y > el s
SNext(gjq*),[ ¢(SeB)e T f1)] = ¢ (18)
BND7YL

Then Lemma (with a simple modification for the new constant) implies that Lossp (f, ¢, 12¢) <
dIn(1/¢)/m < a.

We now show that the probability that G outputs some function in 7 (11¢, f*) is 2(d71+1) - (%, Firstly,

with probability ﬁ, the randomly drawn £ in step 2 is £*. Conditioned on this, we now show that
with high probability, the loop in Steps 2(4) to 2(#44) will terminate after drawing 7' = 2-(4/¢)%+!-m
examples.

Pr [My- >2- (4/¢)* -m] < Pr[My. >2- ¢4 m] < ¢)/2, (19)

where the first inequality used k£* < d and the second inequality is by Markov’s inequality and
Lemma [C.5] Putting together Eq. (I8) and (T9) the probability that RSOA(S o B) outputs a function
in 7(11¢, f*) and also Algorithm [2|terminates before the cutoff T is

o Pr . [RSOA(S o B) € T(LC,f*) and My <2 (4/0) -] = ¢¥ = /2 = (2
~ext(D,k"),
BND’VTL
(20)
Multiplying this together with 1/(d + 1) yields our claim. O

C.2 Quantum stability does not imply quantum approximate DP (without a domain-size
dependence)

In the previous section we showed that if a concept class C can be learned in the quantum online
learning framework, then there exists a globally stable learner (with appropriate parameters) for C as
well. This implication was first pointed out by [[7] for Boolean-valued Cs. In fact, they went one step
further and created a approximately differentially-private learner from a stable learner. In this sense,
stability can be viewed as an intermediate property between online learnability and approximate
differential privacy in the Boolean setting. Jung et al. [4] used the same technique to show that
stability implies approximate differential privacy in the multiclass learning setting as well (i.e., when
the concept class to be learned maps to a discrete set {1,...,k}), but they do not show that an
analogous implication holds for real-valued learning, which they mention briefly. Note that their
real-valued learning setting is less general than ours, as they assume that they receive exact feedback
on each example (we discuss this at the end of this section).

A natural question is: does this result still hold in the quantum learning setting, i.e. does quantum
stability imply quantum differential privacy? In this section, we show that the [[7] method for showing

"For simplicity in notation, we assume cd/c is an integer. If not, one can set m = [cd/a].
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this implication for Boolean functions — which held up in the case of learning multiclass functions
— fails for learning real-valued functions with imprecise feedback. Unlike in the former two cases,
the transformation from stable learner to approximate DP learner necessarily incurs a domain-size
dependence in the sample complexity. This is undesirable because, when X is a real-interval or if it
is unbounded, this quantity could potentially be infinite.

C.2.1 Lower-bounding the sample complexity of the stability — privacy transformation

In the Boolean setting, [7] showed that one could use the stable histograms algorithm [[14] and the
Generic Private Learner of [11]], to convert a Boolean globally-stable learner, in a black-box fashion,
to a private learner. This learner’s sample complexity depends on Ldim(C) and the privacy and
accuracy parameters of the stable learner, but not the domain size of the function class. We now show
that this technique cannot possibly yield a domain size-independent sample complexity for quantum
learning.

Our stable learner G has the following guarantees (given in Theorem [C.6)): there exists some function
ball (around the target concept) such that the collective probability of G outputting its member
functions is high. Contrast this with the global stability guarantee for learning Boolean functions [7]],
which says that G outputs some fixed function with high probability. The stability guarantees differ
because, in our setting, the learner only obtains e-accurate feedback from the adversary. Hence the
learner cannot uniquely identify the target concept c, since all functions that are in the e-ball of ¢
would be consistent with the feedback of the adversary, and we thus allow the learner to output a
function in the e-ball around the target concept. However, this difference critically prevents us from
using the [[7] technique to transform a stable learner into a private learner in the quantum case. We
sketch this argument belovﬂ which relies on ideas from classical fingerprinting codes [[16] (which
were also used earlier by Aaronson and Rothblum [[17] in order to give lower bounds on gentle
shadow tomography).

[7]’s transformation from stable learner to private learner, applied to our setting, would be as follows:
generate a list of functions in C by running the stable learner G(.5) of Theorem 7 many times,
each of which outputs a single f; € C. By Theorem and a Chernoff bound, one can show
that with high probability, an 1 = (¢-fraction of the list should be in 7(¢, f*) for some f*. Next
one would like to privately output some function in 7 ({, f*). We now cast this in terms of the
following problem:

Problem C.7 (Query release for function balls). Given a list of n functions {f; : X — R};cpn), an
n-fraction of which are in T (¢, f*) for some f* : X — R, output some function g € T ((, f*).

We could also consider the following problem of clique identification on a discrete domain.

Problem C.8 (Clique identification on a discrete domain ). Given a symmetric, reflexive relation
R C Y x Y and a dataset D € Y™ under the promise that (x,y) € R for every x,y € D, find any
point z € Y such that (x,z) € R for every x € D. Clique identification on a discrete domain is
clique identification with Y = [4]? and R = {(x,y) € Y x YV : ||z — yl|oo < 1}.

Problem reduces to Problem To see this, note that when we choose the functions f in
Problem [C.7|to be of the form f : [d] — [4], 7 = 1 and ( = 1/2, and let D consist of the n vectors
[£i(1),... fi(d)], i € [n], we recover Problem|C.8] Hence, any DP algorithm for query release for
function balls is also a DP algorithm for clique identification on a discrete domain. However, we
claim the following:

Claim C.9. For § < 1/500, any (1,6 < 1/n)-DP algorithrrﬂ solving Problem C.8 with probability
at least 1499/1500 requires n > Q(v/d).

We will prove the claim later, but we first explain why it implies a necessary domain size dependence
in the transformation we hope to achieve. Noting that d = |X’| in the translation from Problemto
Problem we conclude from Claim [C.9]that any (1, §)-DP algorithm for Problem|[C.7|requires
n > Q(4/|X]). Hence, any algorithm to convert the stable real-valued learner G of Theorem
into an approximate-DP learner that also solves Problem|[C.7] also requires to run the stable learner

8The following argument was communicated to us by Mark Bun [13].
°It is not hard to modify this proof so as to allow an € privacy parameter.
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n-many times, each of which consumes 7" examples. Hence the total number of examples needed is
~ dIn(1
QO (w/)c| (2-(4/¢)™ +1) - nEy/C)) . Q1)

In particular, this lower bound is also optimal for query release up to poly-logarithmic factors, i.e.,

using O(+/|X[) examples one can solve Problem|C.7|using the Private Multiplicative Weights method
by Hardt and Rothblum [[18] (as also referenced in the work of Bun et al. [16]).

To prove Claim|[C.9] we first need to first define weakly-robust fingerprinting codes (first introduced
by Boneh and Shaw [19]], then developed in [16]).

Definition C.10. An (n, d)-fingerprinting code with security s and robustness r is a pair of random
variables (G, T) where G € {2,3}"*% and T : {2,3}¢ — 21" that satisfy the following. We say
that a column j € [d] is marked if there exists b € {2, 3} such that x;.; = b for all i € [n]. Similarly,
we say a string w € {2, 3} is feasible for G if for at least a 1 — r fraction of the marked columns
J € G, the entry w; agrees with the common value in that column. Moreover, we need the notion of
soundness and completeness as follows:

o Completeness For every A {2,3yxd {23}, we have
Pro, ac)lw is feasible for G and T(w) = 0] < s

e Soundness For every i € [n] and algorithm A : {2,3}"*% — {2 3}, we have
Pryca@_)[T(w) 3 <s

We will also need the following theorem by [20] who gave explicit construction of fingerprinting
codes.

Theorem C.11 ([20]). Then, for every s € (0,1), there exists an (n, d)-fingerprinting code with
security s and robustness r = 1/25 with d = O(n?log(1/s)).

With this we now prove our main claim.

Proof of Claim|C.9} The idea is to construct, from any (¢ = 1, = 1/4n)-DP clique identification
algorithm with success probability at least 1499/1500, an adversary A : {2,3}"*¢ — {2 3} for
any (n,d) fingerprinting code with robustness 1/25, such that the code cannot be 1/20n-secure
against the adversary. However, because Theorem [C.T1] guarantees the existence of a sound and
complete (1, d)-fingerprinting code with (s = 1/20n, 7 = 1/25)-parameters as long as n < Q(V/d),
the claimed clique identification algorithm M must have n > Q(\/&) We now go into more detail
about how to construct the adversary.

Let M be the alleged DP algorithm for clique identification, and let G € {2,3}"*¢ be the G
corresponding to the fingerprinting code. If we regard each of the rows of G as being a point in
Y = [4]4, then taking D to be the set of all rows of G, D fulfils the promise of Problem
Then the adversary A is constructed out of M as follows: on input D, run M (D) producing a
string w € [4]?. Return the string w’ € {2,3}¢ where w! = 2 if w; € {1,2} and w} = 3 if
w; € {3,4}. A proof by contradiction, which we omit, shows that the string w’ produced in this
manner is feasible for the fingerprinting code with probability at least 2/3. By completeness of the
code, Pr[T(A(D)) € [n]] > 2/3 —s > 1/2. In particular, there exists some * € [n] such that
Pr[T(A(D)) =1i*] > 1/2n. Now by differential privacy,

1 1 1
Pr[T (A(D_iv)) = i) > e (Pr[T(A(D)) = ] = §) > ¢! ( - ) > L
This contradicts the soundness of the code. O

C.2.2 A quadratically worse upper bound on the sample complexity of privacy

The previous subsection showed that going from a stable learner to a private learner of real-valued
function classes should incur a sample complexity at least the root of domain size. Now we mention
an explicit algorithm for pure-DP learning real-valued function classes over a finite domain — with no
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need for the stability intermediate step — that needs at most linear-in-| X'| examples. (This was also
pointed out in the Appendix of Jung et al. [4].)

The private algorithm that accomplishes this is the Generic Private Learner of [11,[7]. We give its
guarantees in the lemma below. Intuitively, this lemma states that given a collection of hypotheses,
one of which is guaranteed to have low loss o with respect to some unknown distribution and target
concept, by adding Laplace noise, one can privately output with high probability a hypothesis with
loss at most 2« with respect to the unknown target concept and distribution.

Lemma C.12 (Generic Private Learner [11,[7]). Let H C {h : X — [0, 1]} be a set of hypotheses.

For |
O ( ogH)
ae

there exists an (e,0)-differentially private generic learner GL : (X x [0,1))™ — H such that
the following holds. Let D : X x [0,1] — [0, 1] be a distribution, ¢ : X — [0,1] be a target
function, ¢ be a distance parameter and h* € H be such that with Lossp (h*,¢,() < a. Then on
input S ~ D™, algorithm GL outputs, with probability at least 2/3, a hypothesis h € H such that

Lossp (h, ¢, ¢) < 20

For every real-valued function class C, one could discretize the [0, 1]-range of its functions i : X —
[0, 1] into bins of size ¢. This obtains a discretized function class # with at most (1/¢)!*! functions.
Plugging this bound into the lemma above, we obtain a private learner with sample complexity

m=0 (|X|1og(1/g)) . (22)

g

C.3 The quantum implications

We now turn to the quantum implications of the results in the previous sections. While we have stated
all our results for the case of learning real-valued functions with imprecise adversarial feedback, we
now expressly translate them to the setting of learning quantum states. Recall that, as stated in Section
in quantum learning we are given U/, a class of n-qubit quantum states from which the state to be
learned is drawn; M, a set of 2-outcome measurements and D : M — [0, 1], a distribution on the
set of measurementsm Our results apply to quantum learning by associating, to every p € U, the
real-valued function ¢, : M — [0, 1] defined as ¢,(M) = Tr(Mp) € [0,1] for every M € X, and
taking the function class to be Cyy = {c, } peus-

Section [C.T]implies that given a C;; with bounded sfat dimension, a stable learner for Cy, also exists.
To translate this result into the quantum learning setting, we define quantum stability as follows:

Definition C.13 (Quantum stability). A quantum learning algorithm A : (M x [0,1])T — U is

(T, e, n)-stable with respect to distribution D : M — [0,1] if, given T many labelled examples
S = {(Ei,yi) Yicir) where [Tr(pE;) — yi| < (, there exists a state o such that

Pr[A(S) € Bum(e, 0)] 2, (23)

where the probability is taken over the examples in S and By (g,0) := {p : |[Tr(Ep) —Tr(Eo)| < e},
that is to say, the ball of states within distance ¢ of o on M.

In other words, quantum stability means that up to an e-distance on the measurements in M, there is
some o that is output by A with “high” (at least 1) probability. Then the quantum version of Theorem
is the following:

Theorem C.14 (Quantum-stable learner from online learner). Let U be a class of quantum states
with sfataoc (Cyy) = d, let M be a set of orthogonal 2-outcome measurements and let D : M — [0, 1]

be a distribution over measurements. There exists an algorithm G : (M x [0,1])T — U that satisfies
the following: for every p € U, given

T= (2 4/ +1)- %.

'%To be more clear, D can be viewed as a distribution over {(E;,T — E;)}; where {E;}; is an orthogonal
basis for the space of operators on n-qubits satisfying || E;|| < 1.
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many labelled examples S = {(E;, y;) }icir) where [Tr(pE;) — yi| < Cand E; ~ D, there exists a o

such that Prg..pr[G(S) € Bam(11¢,0)] > 2(d+1) andPrg.p [[Tr(pE)=Tr(cE)| < 12¢] > 1-a.

Namely, G is (7', 11, 5 d =y )-stable and furthermore, the state o at the center of its ‘output ball” has
loss «.

Section[C.2]now gives a no-go result for going from the above-mentioned quantum-stable learner to
an approximate-DP one. It shows that the technique of [7] to convert a stable learner to a private one
necessarily incurs a domain-size dependence in the sample complexity.

We say a few words about the implications of this on quantum learning. As explained earlier, it is
often of most interest to choose M to be some orthogonal set of measurements. If, say, we choose it
to be the orthogonal basis of n-qubit Paulis, then | M| = 4™ and so Equation (21) implies that one

needs sample complexity Q(4”/ 2) in order to go from stability to approximate differential privacy,
whereas Equation implies that even without stability, there exists a simple (pure) private learner

for C;y whose sample complexity is 0(4”), which is quadratically worse.

Comparison to prior work [4]. After completion of this work, we were made aware by an
anonymous referee of the paper by Jung, Kim and Tewari [4] that extends the work of Bun et al. [[7] to
two other classical settings — namely, multi-class learning (i.e., when the concept class to be learned C
maps to a discrete set {1, ..., k}) and real-valued learning (when C takes on values in [—1, 1]). The
latter is relevant, because learning an unknown quantum state p amounts to learning the real-valued
function Tr(-p). Despite this similarity, our quantum learning setting and resulting analysis differs
from theirs in several crucial ways, which we now outline.

Firstly, [4]’s notion of stability for learning real-valued functions resembles our definition, however
in order to prove that online learnability implies stability, they modify the definition of Littlestone
dimension and use this modified notion in their work (in fact, we couldn’t find a version of the paper
that spells out the proof that online learnability implies a stable real-valued learner, but this seems
implicit from their proof for the multi-class case). In this work, we use the standard notion of sfat(-)
— which we also bound in the case of quantum states — and still show this implication. Secondly,
for both PAC learning and online learning settings, [4] assume that the feedback received by the
learner is exact, i.e. for online learning, on input z, the adversary produces ¢(z) € [0, 1]; for PAC
learning, the examples are of the form (z, ¢c(x)). By contrast, in this work, we only assume that the
feedback in all learning models we consider (which includes both these settings) is a e-approximation
of ¢(x). This generalizes the previous settings and arises from the fact that, in quantum learning,
the feedback comes from some quantum estimation process or quantum measurement. Thus, all
implications proven in this work are robust to such adversarial imprecision. This imprecision crucially
bars the usage of [7]]’s technique, developed for Boolean functions, to conclude that quantum stability
implies approximate differential private PAC learning with sample complexity independent of domain
size. Finally, one important contribution in this paper is to provide the implications of these real-
valued results in the quantum setting, for example the connections to shadow tomography, quantum
information theory, quantum one-way communication complexity.

D Pure differential privacy implies online learnability

In this section we will prove the converse direction of the implication we showed in the previous
section, namely that DP PAC learnability of a concept class C implies online learnability of C. To be
more precise, we will show that the sample complexity of pure DP PAC learning C is linearly related
to the sfat(-) dimension of C. Combining this with Theorem implies learnability in the pure DP
PAC setting implies online learnability of C in the strong feedback setting. The implications we will
show are summarized in the diagram below:

This section is organized as follows. In Section we show that the sample complexity of pure
DP PAC is linearly related to the communication complexity of one-way public communication. As
shown in Figure[3] the link between these two notions goes through representation dimension. In
Section [D.2] - we show that one-way communication complexity is, in turn, characterized by sfat(-).
Additionally, we know from Theorem B.4]that this combinatorial dimension upper-bounds the mistake
bound of online learning C, and this completes the chain of implications shown in Figure
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Figure 3: Sample complexity of pure DP PAC upper-bounds sfat(-).

D.1 Pure DP PAC implies one-way communication

In this section we prove that the sample complexity of pure DP PAC learning upper bounds one-way
communication complexity of a concept class C.

D.1.1 Pure differential privacy and PRdim

We start by relating the sample complexity of differentially-private PAC (PPAC) learning (see
Definition[A.3]) a concept class C, to the probabilistic representation dimension of C. As in the previous
section, we use the shorthand S ~ D™ to mean that the sample S is of the form {(x;,¢(x;))}™
where each z; ~ D and for all 4, ¢(x;) satisfies |[¢(x;) — c(z;)] < (/5.

Lemma D.1 (Sample complexity of (¢, «, €, 0)-PPAC learning and PRdim). Let oo < 1/4. Suppose
there exists an algorithm A that ((, a, €,0)-PPAC learns a real-valued concept class C C {f : X —
[0, 1]} with sample size m, then there exists a set of concept classes 7 and a distribution over their
indices P, such that (72, P) (¢,1/4,1/4)-probabilistically represents C, with size(7) = O(mea).
This implies that the sample complexity of ({, a, ,0)-PPAC learning C is

1
Q| —PRdi . 24
(ae |m4,1/4,1/4(c)> (24)

Proof. Our proof extends the work of [[13] to the case of robust real-valued PAC learning. We assume
we are given a ((, v, €, 0)-PPAC learner A of C that outputs some function in hypothesis class F
with sample complexity m. The PAC guarantees hold whenever the feedback is a ¢/5 approximation
of ¢(x;), so for the rest of this proof, we will fix the examples (x;, ¢(x;)) to have feedback of the
form: ¢(x;) := |c(x:)]¢/5, Where | |¢/5 denotes rounding to the nearest point in .7 /5.

For every target concept ¢ € C and distribution D on the input space X, define the following subset
of F:
D¢ =1{h € F :Lossp(h,c,() < a}, (25)

where Lossp (h, ¢,¢) := Pryp [|h(z)—c(z)| > (], s0 G may be interpreted as a set of probably-
¢-consistent hypotheses in F. In [13], they show that for every distribution D, there exists another
distribution D on the input space, defined as

=~ + | 1—4a+4a-D(z), =0
D(x) = { 4o - D(z), x#0 } (26)
(where 0 is some arbitrary point in the domain) which has the property
3
Pro|A(S) €G] = ] 27
DA (S) D¢ 2y (27)

where A(S) means A is fed with the sample S. The property in Eq. follows from the fact that
Prp[2] > 4o Prplz] Vo € X' by Eq. (26) which implies G%, ¢S Ggé, and the assumption that A
is (¢, a)-PAC which can be re-written as Prp, 4[A(S) € G, C] > 3/4.

Let us now call a sample S ‘good’ if Z has at least (1 — 8«)m occurrences of 0. Eq. may be
rewritten as

Pr |A(S) e Gyt 28
S~D,A [ () D’J 28
_ 1/4 . 1/4 . S 3

SNPDr,A [A(S’) €Gp NSis good} + SNPDT,A {A(S) € Gy ASisnot good} 2 7 (29)
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Letting the random variable Xg denote the number of occurrences of 0 in S,
Eq. @26) shows that E[Xg] > (1 — 4a)m.  With this we upper bound the term

Pro.pa [A(S) € G}j/fé A S is not good} by

Pr [Sisnotgood] = Pr [Xg < (1—8a)m] (30)
S~D,A S~D,A

— P}‘ [XS < (1 _ 5)(1 _ 40&)771} < 6752(17404)’”7,/2 — 672a2m/(174a)’
S~D,A

(€29)
where the first inequality used § = ﬁia and the second inequality follows from a Chernoff bound
with E[X ¢] replaced with the upper bound (1 — 4«)m on its expectation.

Therefore, one can bound the first term on the right hand side of Eq. (Z8)) by

1
Pr [A(S) e GYUL A Sis good] > 3 2atm/(-d0) 5 L (32)
S~D.,A o 4 4
Eq. (32) implies that there exists some sample, Sgo0q such that
1
1/4
Py {A(Sgood) c GD{C] > <. (33)

Without loss of generality we may write down Sgo0q as
Sgood = ((0, [¢(0)]¢/5), - - (0, [c(0)]¢/5), (Thpr, [e(whin)l¢ss) - - (@ms [c(@m)]¢y5))  (34)

k examples

for some k > (1 — 8a)m. Consider an alternative sample, S,1¢, which takes the form
Sait = ((0, [(0)]¢/5), - - -+ (0, [e(0)]¢/5))-
m examples

Saie differs from Sgo0q in exactly m — k < 8am examples, and so by the e-DP property of A,
we have

1

1/4 1/4

ar[A(Salt) € GD/,C] > exp(—8aem) IZI[A(SgOOd) € GD/’C] > i exp(—8aem). (35)
For the remainder of this proof, we will use Eq. (39) to construct the pair (7, P). Define the

examples
S, =((0,2),...,(0,2)).
m examples
Now, for each z € .75, run A(S.) repeatedly 4 In(4)e®*™ times. Store all the outputs in set H,
which has size [H| = 5/¢ - 4In(4)e®**<™. It is clear that for z = [¢(0) |¢/5, S. = Sai, and Eq. (33)
therefore gives us guarantees on the output of A(S). We may conclude from Eq. (33) that for set
generated in the above fashion,

<

4 1n(4)68a5m
) . (36)

1
Pr[H N G}:)/jé =g < (1 - Zefgaam

1=

Rearranging gives m = g (PRdim¢ 1/4,1/4(C) — In(5/¢ - 41n4)).

8ae

We may therefore define #” := {G C F : |G| < 5/ - 4In(4)e®**™} (note that H € ) and further
define P to be the distribution that puts all probability mass on 7. Comparing Eq. (36) with the
definition of PRdim, Definition observe that (%, P) make up a (¢, 1/4,1/4) -probabilistic
representation for the class C. Hence PRDiM¢ 1 /4,1 /4 < In(5/C - 41n(4)) + 8aem. O

The following lemma is an immediate corollary of [21] who proved it for Boolean functions and the
exact same proof carries over for our definition of PRdim and randomized one-way communication
model in the real-valued setting.

Lemma D.2 (PRdim =< Randomized Communication Complexity for real-valued functions). Let C
be a concept class of real-valued functions. The following relations hold:

1. PRdim¢.5(C) < RZ2™(C)

2. Rgg'fgb_ _s(C) < PRdim¢ . 5(C)
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D.2 One-way communication is characterized by sfat(-)

We next prove that for every real-valued concept class C C {f : X — [0, 1]}, the sequential fat-
shattering dimension lower bounds the randomized communication complexity of C. Namely, we
prove the following lemma:

LemmaD.3. LetC C {f : X — [0,1]} be a concept class. Then R;.(C) > (1 — H (e)) - sfat¢(C).

With this lemma, we complete our chain of implications, and obtain the conclusion of this section,
that the sample complexity of pure DP PAC learning upper-bounds the sfat(-) dimension. We remark
that the statement above is the real-valued version of the relationship exhibited in [21], wherein
the Littlestone dimension (Boolean analog of sfat(-)) lower-bounds the randomized communication
complexity of Boolean function classes. The proof of Lemma proceeds in two steps. First, we
define the communication problem Auglndex ; and show that B’ (C) > R_" (Auglndex,) for d the
sfat dimension of C. (We refer the reader to Section for the definitions of the quantities 7, )
and R_7(-) which pertain respectively to real- and Boolean-function communication complexity.)
Next, we use the known relation R_” (Auglndex,;) > (1 — H(e))d where H : [0,1] — [0, 1] is the
binary entropy function H(x) := —zlogz — (1 — x) log(1 — x).

To do the first of the two steps, we will relate the one-way classical communication complexities of
two communication tasks. The first is the task Auglndex, for d € Z which is defined as follows:
Alice gets string = € {0, 1}, while Bob gets x;_1) for some ¢ € [d], which is the length-(i — 1) prefix
of z. The task is for Bob to output the bit =; and we say that Augindex;(«z, i) = z;. The second is
the task Evalc, defined in Section[A.2.2] for some real-valued function class C C {f : X — [0, 1]}.
We repeat the definition for convenience: Alice is given a function f € C and Bob a z € X and Bob’s
goal is to approximately compute f(z), i.e. Bob has to compute b € [0, 1] satisfying

Prb—f(z)l <¢]21-e (37)

where the probability is taken over the local randomness of Alice and Bob respectively. We denote
the one-way randomized communication complexity of Evalc as RZE (C) for short.

LemmaD4. IfC C {f : X — [0,1]} satisfies sfat¢(C) = d, then R;7.(C) > R_*(Augindex,,).

Proof. The idea of the proof is to show that a a one-way communication protocol for Evale can also
be used to compute Auglndex, for d = sfat¢(C). The protocol for Auglndex is as follows:

1. Alice and Bob agree on the (-fat-shattering tree for the concept class C ahead of time.

2. Upon being given an instance of the Auglndex; problem, Alice (who has the d-bit string
x) identifies some function in C as follows: she follows the (-fat-shattering tree down the
path of left-right turns defined by string x. This takes her to a leaf ¢ which is associated with
some unique function cajice € C. Bob (who has the (7 — 1)-bit string T[;—1)) identifies some
ZBob € X, aBob € [0, 1] as follows: he follows the (-fat-shattering tree down the path of
left-right turns defined by x[; ). This takes him to some node w at level ¢ — 1 and Bob sets
ZBobs GBob to be the domain point and threshold associated with that node.

3. Alice and Bob use their protocol 7 for Evalc on the inputs cajice, ZBob, and following this
protocol allows Bob to compute a b that satisfies

Pr [|b — catice(2Bob)| < (] > 1—c. (38)
4. If b > apon, Bob outputs 1; else output 0.

We now prove the correctness of this protocol. Eq. (38) states that with probability 1 — ¢, bis a ¢-
approximation of cajice (2Bob ). Condition on this. In parallel, observe that the Alice’s leaf ¢ associated
with the function ca);ce i a descendent of Bob’s node w associated with the values (zpob, ABob),
therefore one of the following two statements must be true by definition of (-fat-shattering tree and
by the procedure outlined in Step 2:

e /s in the right subtree of w i.e. calice(2Bob) > aBob + ¢, and z; = 1. By Eq. (38), this im-
plies b > agon. By Step 4, Bob outputs 1, which is also the value of z; = Augindex,(z, 7).
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e /isin the left subtree of w i.e. cajice(2Bob) < aBob—(, and z; = 0. By Eq. (38), this implies
b < apob- By Step 4, Bob outputs 0, which is also the value of z; = Auglndex(z, 7).

This means that the output of Bob in Step 4, b, satisfies
Pr[b = Augindex,(z,i)] > 1 — e, (39)

where again the probability is taken over the randomness of Alice and Bob. Hence, the protocol
above is a valid protocol for computing Augindex ;. O

Finally we can prove the lemma stated at the beginning of the section.

Proof of Lemma[D.3] Follows from Lemma [D.4|combined with the inequality R_* (Augindex,) >
(1 — H(e))d which was proven in [21]]. O

In fact, below we strengthen the above into a bound on the one-way quantum communication
complexity of computing real-valued concept classes.

Corollary D.5. LetC C {f : X — [0, 1]} be a concept class. Then Q;7.(C) > (1— H (g)) -sfat¢(C).

Proof of Corollary[D.3] In the proof of Lemma|D.4] simply replace the classical one-way random-
ized protocol to compute Evals with the quantum one-way randomized protocol. This gives that
Qa’s((]) > Q. (Auglndex,). Next, [22] provides a bound for the complexity of quantum serial
encoding that amounts to the statement ()" (Augindex,;) > (1 — H(1 — ¢€))d. Combining the two
yields the claim. O

We remark that a similar corollary for Boolean valued concept classes was proven earlier by [23]]
(where the RHS of Corollary is replaced by Littlestone dimension). Our proof technique is easily
generalized to the Boolean setting and significantly simplifies his proof [23].

E Applications of our results

We now present a few applications of the results we established in the previous sections. For the
rest of this section, let I/ be a class of quantum states on n qubits, and let U, refer to the the set of
all quantum states on n qubits. So far, we have shown that the complexity of learning the quantum
states from the class I/, in two models of learning (pure DP PAC and online learning in the mistake
bound model), depends on the sequential fat shattering dimension of the real-valued function class C,
associated with /: here Cyy := {f, : X — [0, 1]} ,cis, where X is the set of all possible two-outcome
measurements, and f, is given by f,(E) = Tr(Ep) forevery E € X.

In the online learning work of [2] they consider the setting where U/ is the set of all n-qubit states
U,,. Let us denote the corresponding function class as C,,. In this case, [2] showed that sfat.(C,,) <
O(n/e?), thus effectively upper-bounding the sfat(-) dimension of the class of all n-qubit quantum
states by n. This section asks what happens when we allow &/ C U,, — for instance, when I/ is a
special class of states that may be of particular interest or more experimentally feasible to prepare.
Are there any meaningful such classes for which we can improve this bound? We first answer this
affirmatively for a few classes of quantum states and finally improve the sample complexity of gentle
shadow tomography for these classes of states.

E.1 Holevo information and sequential fat shattering dimension

In this subsection we provide an upper bound on sfat(Cy) in terms of the Holevo information of
an ensemble defined on the class of states ¢/. Using this new upper bound leads to improved upper
bounds on sfat(-) for many classes of quantum states I/, and hence improved upper bounds on the
sample complexity of learning U/. Previously for i/ = U,,, [24, 2] observed that one could use
arguments from quantum random access code by [22] to obtain a combinatorial upper bound on
learning. In this section we show that a better upper bound can be achieved by maximizing the Holevo
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information, x ({ps, pi }p,cu) (over all possible distributions p"on i), where Holevo information is
defined as

X({pmpi}pieu) =S(p)— Y pS(p), p= Y piri, (40)

i:p, EU i:p, EU

where p'is a distribution and S is the von Neumann entropy S(p) := —Tr[plog p].

E.1.1 Quantum Random Access Codes

We first define random access codes and serial random access codes over the set I/, modifying the
definition in [22]] so that I/ — the set of states from which the code states may be chosen — is part of
the definition of these codes.

Definition E.1 (Random access codes and serial random access codes). Let U be a class of quan-
tum states over n qubits. A (k,n,p,U)-random access code (RAC) consists of a set of 2% code
states {ps}sefoaye C U such that, for every i € [k] and s € {0,1}*, there exists a 2-outcome
measurement O; such that

Pr(O;(ps) = si] > p. 41)

A (k,n, p,U)-serial random access code (SRAC) consists of 2* code states {ps} e 0,13+ C U such

that, for every i € [k], and for all s € {0,1}*, there exists a measurement with outcome 0 or 1,
possibly depending on the last & — ¢ bits x; 11, . . . , Tk, such that Eq. holds.

In words, a RAC over U is a way of encoding k classical bits into n-qubit states from I/, such that for
every i € [k] and z € {0, 1}*, the probability of ‘recovering’ the bit 2; by performing the 2-outcome
measurement O; on p, is at least p. A serial RAC (denoted SRAC) is defined similarly except that
one is allowed to use information from decoding the subsequent bits to decode x;. [22] showed the
following relation between the number of encodable classical bits and the number of qubits in the
code states

Every (k,n,p,Uy,)-RAC or (k,n,p,U,)-SRAC satisfies n > (1 — H(p))k. (42)
Here, H (-) is the binary entropy function, and note that the statement applies to code states drawn
from the entire class of n-qubit states.
[2] in a recent work showed the surprising connection that a p-sequential fat-shattering tree for I/ of
depth & can be used to construct a (k,n, p,U )-SRACE] As a corollary of this observation, we have
sfat, (Cyy) < max{k : there exists (k,n,p,U) — SRAC}. (43)
Combining Eq. (@2), yields sfat,, (Cys) < n/(1— H(p)). In this section, we consider the scenario
where U C U,, and show that this bound can be improved to the following.

Theorem E.2 (Bounding sfat(-) by the Holevo information). Let p € [0, 1] and U be some class of
quantum states over n qubits. Then

1
Sfatp(CZ,{) < 1_7H(p)max {X({(qi,ai)}aieu) : ;qz = ]_}

To do so, we tighten the argument of [22] which was originally derived for &/ = U,,. To prove our
result, we make use of the following lemma.

Lemma E.3 ([22]). Let 0y, 01 be density matrices and o = % (o0 + 01). If O is a measurement

with {0, 1}-outcome such that making the measurement on oy, yields the bit b with probability p, then

L1 (00) + 5 (01)] + (1 — H(p)).

S(o) =2 5

We now state and prove our main lemma.

""We remark that such a connection between RAC and learnability was established in an earlier work by [24]
to understand PAC learnability of quantum states.
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Lemma EA4. Ler U be some class of quantum states over n qubits. Every (k,n,p,U)-RAC or
(k,n, p,U)-SRAC satisfies

(1= )k < max {x({(@ 7)) : 3 = 1} (44)

where H () is the binary entropy function and x is the Holevo information X({(Qi, Ji)}gieu) =
S(>,pioi) — >, piS(0;) and S(-) is the von Neumann entropy function.

Proof. Using Deﬁnition a (k,n, p,U)-RAC consists of a set of code states {p. }yc013+ S U
and measurements {O; };¢[x) satisfying Pr[O;(p.) = ;] > p. Proceeding as in [22]], we first define
the following states which are derived from the code states: For every 0 < ¢ < k and y € {0, 1}, let

1
Ty = Sp—¢ Z Pzy-

2€{0,1}k—¢

In words, for a £-bit string y, let o, be a uniform superposition over all 27— code states with the
suffix y. Let ¢ = 2% Do (0,1} Pz be the uniform superposition over all code states. Then we have

1
o 2. Slp)+ k(11— H(p)). (45)
z€{0,1}F

S() >

To see this, first one can use Lemma to show S(¢) > 1 (S(o¢) 4+ S(o1)) + 1 — H(p) and
recursively applying this lemma to each of the S(-) quantities, we get the equation above (observe
that each application of the lemma is justified because for every y € {0, 1}¢, we may write Oy =
1 (S(o0y) + S(o1y)); and by assumption of a (k, n, p,U)-RAC, Op41 can distinguish og,, o1, with
success probability p and thus is a measurement that meets the conditions of Lemma[E.3]) Using
Eq. (43)) it now follows that

1 1
k(1= H(p) <SW) =5 > Slp) = ({ﬁ,pz}ze{o,l}k) <m Tgi{cx({m,ai}mg).
ze{o 1}k
(46)
where the last inequality follows because the uniform ensemble of code states {2%, px}

zefo, 13+ 18

precisely of the form {p;, o; }Ui cu with zero weight on non-code states in 4. In Eq. (@4), to get a
simpler-looking bound, we further relax this inequality by taking the optimization over arbitrary
probability distributions on the code states, not just the ones that are uniform on a subset. Eq. (@4)
also holds for SRAC by noting that the argument above doesn’t change by allowing O; to depend on
bits x;4+1,...,Tk. O

The proof of Theorem [E.2] follows immediately from combining Lemma [E.4] and Observation ([@3)).

An interesting consequence of our result is the following. As far as we are aware, there is no way of
computing sfat(-) directly, but there exist algorithms to compute our bound in Theorem For a set
U of states, performing the maximization max{x ({(¢;,:)}) : >, ¢; = 1} is a convex optimization
problem which can be solved using the Blahut-Arimoto algorithm[25]]. However, for certain special
classes of states, one can present simple bounds on the maximal Holevo information which we present
next.

E.1.2 Classes of states with bounded sfat(-) dimension

A natural question is, how does the new upper bound on sfat({/) in Theorem compare to the
previous upper bound sfat(i4,,) < n/e? given in [2]]. Observe that that the ¢ dependence comes about
from a Taylor expansion of 1 — H((1 — €)/2) and our new bounds do not change this dependence,
hence for the remainder of this section we set € = 1 for simplicity. We now mention a few classes of
states for which our new bound improves the n dependence of the previous bound.
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e Suppose our quantum states are “k-juntas”, i.e., each n-qubit quantum state lives in the same
unknown k-dimensional subspace of the 2"-dimensional Hilbert space. Then clearly, the
right-hand-side of Eq. (@4) is upper-bounded by log & < n. In particular for n-juntas the
sfat(-) dimension is O(logn), hence the sample complexity of learning scales as O(log n)
which is exponentially better than the prior upper bounds of n.

e [/ consists of a small set of states with small pairwise trace distance; in [26] and [27] they
showed that

X({pi; pi}) < vmlog|U| (47)

where vy, = 3 sup, ; [lps — pjl|; is the maximal trace norm distance between the states

in the class &. This bound could be significantly better than the trivial log || if v,, is
sufficiently small.

e LetUd = N (U, ) be the set of all n-qubit states obtained after passing the states in 4, through
the channel V. That is, we would like to learn some arbitrary n-qubit state that has been
passed through an unknown quantum channel A. This is the case in many experimentally-
relevant settings and is in fact one way to understand the effect of experimental noise (which
can be modelled by a quantum channel during state preparation). The Holevo information
of the quantum channel A is the following quantity

XN i=max S( 3o piN () = D2 peS (). (48)

p;pi

where the maximization is over (arbitrary-sized) ensembles {(p;, p;)}. Observe that using
Eq. (4) one can upper bound sfat(-) dimension of the set i/ = N(U,) in terms of x(N).
A centerpiece of quantum Shannon theory is the Holevo-Schumacher-Westmoreland (HSW)
theorem [28]], which states that (see for example [29] for a pedagogical proof) x(N) <
C(N) where C(N) is the classical capacity of the channel. Putting these two bounds
together gives

sfat(N (Uy,)) < C(N). (49)

Now, using the connection above one can upper bound sfat(-) of noisy quantum states using
results developed in quantum Shannon theory to bound the classical channel capacity. For
a depolarizing channel acting on d-dimensional states with parameter A for instance (a
common noise model), one can upper bound C'(N) in Eq. by a result of [30] as follows

log d — Smin (Ax) (50)

where Sy (A)) = — (/\ + %) log ()\ + %) —(d-1) (%) log (%) and the sub-
tractive quantity in the quantity above makes this bound strictly better than [2]. Similar
upper bounds on channel capacity are also known for Pauli channels [31]] and generalized
Pauli channels [32].

e Interestingly, we may now also bound sfat(-) of the class of quantum Gaussian states. Since

these states are infinite-dimensional, the previous bound of [2] is not useful. However, our
channel capacity upper-bound on sfat(-) yields a finite bound: It is known from [33]] that the
channel capacity of a pure-loss bosonic channel with transmissivity 7 € [0, 1])'“|when the
input Gaussian states have photon number at most /N, (and hence bounded energy, which is
physically realistic), is g(nN,,) where g(z) = (z + 1) logy(x + 1) — xlog, 2. In particular,
the case 77 = 1 corresponds to zero loss, hence g(V,,) bounds sfat(-) for the entire class of
Gaussian states with IV, photons.
Alternatively, one might be interested in states prepared through phase-insensitive bosonic
channels. These model other kinds of noise, such as thermalizing or amplifying processes.
A recent breakthrough [34] allows one to bound the capacities of these channels, and hence
the sfat(-) dimensions of these noisy Gaussian states.

E.2 Faster online shadow tomography

We now discuss how our results can also improve shadow fomography, a learning framework recently
introduced by Aaronson [35]]. This is a variant of quantum state tomography in which the goal is not

"2This channel is a simple model for communication over free space or through a fiber optic link, where 7
models how much noise is ‘mixed’ into the states.

26



980
981

982
983
984
985
986
987
988
989
990

992
993
994
995
996
997

998
999

1000
1001

1002
1003
1004
1005
1006
1007
1008
1009
1010
1011

1012

1013

1014
1015
1016
1017

1018

1019
1020
1021
1022
1023

1024
1025

to learn p completely, but to learn its ‘shadows’, i.e., the expectation values of p on a fixed (known)
set of measurements.

To be precise, let U be a subset of n-qubit states. Given T' copies of an unknown state p € U,
and a set of known two-outcome measurements E1, ..., E,,. The goal is to learn (with probability
at least 2/3) Tr(E;p) upto additive error ¢ for every i € [m]. A trivial learning algorithm uses
T = O((2" + m) - £~2) many copies of p to solve the task, and surprisingly Aaronson showed how
to solve this task using 7' = poly(n, logm,e~!) copies of p, exponentially better than the trivial
algorithm. An intriguing open question left open by Aaronson [35]] and others is, is the n dependence
necessary? There have been follow up results by [36] that improved Aaronson’s procedure when the
goal is obtain ‘classical shadows’ and more recently [37]] gave a procedure which has the best known
dependence on all parameters for standard shadow tomography.

Subsequently [[17]] considered gentle shadow tomography a (stronger) variant of shadow tomography
(we do not define gentleness here and refer the interested reader to [17]). Here, we show that suppose
we were performing gentle shadow tomography with the prior knowledge that the unknown state p
came from a class of states I/, then the n-dependence in the sample complexity can be replaced with
sfat(Cy). As we discussed in the previous section, clearly sfat(C) < O(n/e?), but for many class
of states sfat(Cy,) could be much lesser than n, giving us a significant improvement over Aaronson’s
result. We first state our main statement.

Theorem E.S (Faster gentle shadow tomography). The complexity of gentle shadow tomography on

a class of states U is
0 sfat. (Cy)? log® mlog(1/4)
e2min{a?, &2} '

(G

where «, § are gentleness parameters and the goal is to learn Pr[E;(p) accepts] to within an additive
error of € for every i € [m] Moreover, there exists an explicit algorithm that achieves this.

Indeed the parameter sfat(Cy,) in this bound means that for the classes of states mentioned in
Section [E.1.2] the sample complexity of shadow tomography is better than the complexity in [35]] (in
terms of n). We now prove Theorem[E.3] The connection comes from the implication in [17] that
under certain conditions, an online learner for quantum states can be used as a black box for what
they term ‘Quantum Private Multiplicative Weights’, an algorithm that performs shadow tomography
in both an online and a gentle manner. We now state the precise setting in which this black box online
learner must operate. As usual, we are concerned with the function class Cys := {f,},cus Where the
domain &’ is the set of all possible two-outcome measurements F on the states in ¢/ and the functions
in the class are defined as f,(E) = Tr(Ep) for every E. The unknown state p defines some target
function ¢ € Cy.

1. Adversary provides input point in the domain: z; € X.
2. Learner outputs a prediction g; € [0, 1].

3. If the learner makes a mistake, i.e., if |§: — c¢(z¢)| > &, then adversary provides strong
feedback ¢(z;) € [0,1] where ¢(z;) is an ¢/10-approximation of c(z;), i.e., [¢(z:) —
c(xy)| < €/10, and the learner is allowed to update its hypothesis. Else, the adversary does
not provide any feedback, and the learner must use the same hypothesis on the next round.

4. Learner suffers loss |§; — c(z¢)| -

Observe that this is a close variant of our setting in Section[A.T] the only difference being that the
adversary here only gives feedback on rounds where the learner makes a mistake (i.e., when the
learner’s prediction is grossly wrong). This means that the learner updates her hypothesis if and
only if it makes a mistake. Given an online learner A in the above setting that makes at most ¢
updates, [17] shows that there exists a randomized algorithm B for shadow tomography using

27 2
n:O(€ log mlog(l/zs)). (52)

g2 min{a?,e2}

many examples of the unknown state p where such that algorithm 5’s error is bounded by ¢ with
probability at least 1 — 3. Moreover, this algorithm is («, )-gentle. We are now equipped with all

mplicitly in the complexity above we have assumed that the algorithm succeeds with probability at least 2 /3.
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we need to prove Theorem [E.5] The proof boils down to the observation that for any concept class C,
we can always construct an online learner that is guaranteed to make at most sfat(C) mistakes, and
therefore ¢ = sfat(C) in Eq. (52). The online learner we construct is a variant of the proper version
of our RSOA Algorithm ]

Proof of Theorem|[E.3] The proof follows from the Quantum Private Multiplicative Weights algorithm
in [17] and its accompanying Theorem 39, simply by exhibiting an online learner A for I/ in the
setting described above, that makes at most ¢ = sfat.(Cg) mistakes. In the rest of this proof, we
exhibit just such an algorithm, which is a variant of the proper version of RSOA.

Algorithm 4 Alternative Robust Standard Optimal Algorithm

Input: Concept class C C {f : X — [0,1]}, target (unknown) concept ¢ € C, and ¢ € [0, 1].
Initialize: V7 + C

1: fort=1,...,7 do

2 A learner receives x; and maintains set V;, a set of “surviving functions”.

3: For every super-bin midpoint r € o, /5 the learner computes the set of functions V; (7, z;).
4 A learner finds the super-bin which achieves the maximum sfat(-) dimension

Ri(zy) = {arg max sfaty. /5 (Vi(r,x¢)) € %5/5}

Tefgg/s
5: The learner computes the mean of the set R;(z;), i.e., let
. 1
g = = Z T.
‘Rt(mt” r€R:(x+)
6: The learner outputs g, receives feedback ¢(x) if it has made a mistake, i.e., if |g; — c(a¢)| >
€.
7: If the learner received feedback, update Vi1 < {g € Vi | g(x:) € B/5(c())}; else
Vigr < Vi
8: end for

Outputs: The intermediate predictions §; for t € [T, and a final prediction function/hypothesis
which is given by f(z) := Rpy1(z).

The difference between Algorithm ] and RSOA is that in RSOA, the learner is allowed to update
the set V; on all rounds ¢ € [T, while in Algorithm the update happens only on the rounds for
which it made a mistake (‘mistake rounds’). Because the learner’s current hypothesis for the target
concept is computed based on the ‘set of surviving functions’ V¢, updating V; amounts to updating
the algorithm’s hypothesis. We thus aim to show that AlgorithmE]has no more than sfat(-) mistake
rounds. However, we observe that we may directly import the proof of Theorem to do so. This is
because that proof is independent of what happened on the non-mistake rounds, which are the only
rounds that differ between RSOA and Algorithm 4] Rather, it argues that on the rounds on which
RSOA made a mistake, sfat(V;) decreases by at least 1 due to the update on V;, and having initialized
V1 = C, no more than sfat(C) updates may happen in total. Exactly the same argument can be used
to bound the mistakes of Algorithm[4] though note that for the constants to work out, the £ of RSOA
must be multiplied by 5. O
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