Appendix
The appendix is organized as follows.
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* Appendix |D|Proofs related to the expected volume of activation regions.

* Appendix |[E| Proofs related to the expected number of activation regions.

* Appendix [F Upper bounding the constants.

* Appendix |G| Proofs related to the expected number of regions for networks with zero bias.
* Appendix |H|Proofs related to the decision boundary.

* Appendix [[ Algorithm for counting regions and pieces of the decision boundary.

* Appendix J] Initialization procedures.

* Appendix [K] Details on the experiments and additional experiments.
A Proofs related to activation patterns and activation regions

A.1 Number of activation patterns

Lemma 6 (Simple upper bound on the number of r-partial activation patterns). Let r € Ng. The
number of r-partial activation patterns and sub-patterns in a network with a total of N rank-K

; K\ (N - K\ (N .

maxout units are upper bounded by |P,| < (1) () KN~ and |S,| < (") () respectively.
Proof of Lemmalf] To get an r-partial activation pattern one needs at most r neurons. The number
of ways to choose them is (ZTY ) The number of ways to choose a pre-activation feature that attains

a maximum in the rest of neurons is XV ~". The r chosen neurons have in total K pre-activation
features. Out of them, we need to choose r features that attain maximum, and r additional features to
construct the pre-activation pattern, so 2r features in total. We ignore the restriction that there needs

to be at least one feature from each neuron, which gives us an upper-bound r (g ) Notice that this
way we also count r-partial patterns that require less than r neurons. Combining everything, we get
the desired result. For the sub-patters, we simply ignore the term K™~ ".

We will use the above upper bound in our calculations due to its simplicity. For completeness, we
note that the exact number of partial activation patterns can be given as follows.

Proposition 14 (Number of r-partial activation patterns). For a network with a total of N rank-K
maxout units the number of distinct r-partial activation patterns is

N K—-1 K N;
|PT|: Z <N07--~7NK—1) H <1+j> '

(No,...,Nk_1)€ENE: j=0
Zj(:?)l Nj:szJK:?)l jNj=r
If K = 2 then the summation index takes only one value (No, N1) = (N — r,r) and the expression
simplifies to (NA:T) QN =T,

Proof. We have N neurons. For a given activation pattern, for j = 0,..., K — 1, denote NN; the
number of neurons with (1 + j) pre-activation features attaining the maximum. Since every neuron

has indecision in the range 0, ..., K — 1, we have Zf:_ol N; = N. The r-partial activation patterns
are precisely those for which > ; JIN;j = r. The number of distinct ways in which we can partition

the set of NV neurons into K sets of cardinalities Ny, ..., Nx_1 is precisely ( No __.NNKA). For each
Jj, the number of ways in which a given neuron can have (1 + j) pre-activation features attaining the

maximum is (114;') . O
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A.2 Generic correspondence between activation regions and linear regions

For a fixed activation pattern J, a computation path -y is a path in the computation graph of the
network A that goes from input to the output through one of the units in each layer, where v =
(0,71, - --,YL), i € [ny] x [K] specifies a unit and a corresponding pre-activation feature in layer
l. For any input z in the activation region R(J, 8), the gradient with respect to = can be expressed
through the computation paths as

L+1
VN, 6) = wEwE w0, g = S T,
Ti pathsy [=1
starting at ¢

where in ngl) € R™>™-1 ig a piecewise constant matrix valued function of the input = with rows
corresponding to the pre-activation features that attain the maximum according to the pattern .J, and

wgl) € R are corresponding weights on the edge of v between the layer (I — 1) and [, again depending
on J. For a simple example of when one linear region is a union of several activation regions in a
maxout network, consider a network with one of the weights in the single linear output unit set to
zero. Such a situation can happen, for instance, at initialization, though with probability 0. Then,
switching between the maximums in the unit in the previous layer to which this weight connects will
not be visible when we compute the gradient, and several activation regions created by the transitions
between maximums in this unit will become a part of the same linear region.

Lemma 5 (Activation regions vs linear regions). Consider a maxout network N'. The set of parameter
values 6 for which the represented function has the same gradient on two distinct activation regions
is a null set. In particular, for almost every 0, linear regions and activation regions correspond to
each other.

Proof of the Lemma[3] Consider two different non-empty activation regions corresponding to activa-
tion patterns J; and .J, for which VN (x; 0) has the same value. This means that ng equations of the
form

L+1 L+1

0 — H )

Z H Wy' = Z Wy
paths v€l'y ; =1 paths v€l's ; =1

are satisfied, where I'; ;,I's ; are collections of paths starting at % corresponding to the activation
patterns J; and J5 respectively. For different values of ¢ the sets of paths differ only at the input layer.

Based on this equation, there exists ¢,; € {£1} and a non-empty collection of paths I'; (the
symmetric difference of I'y ; and I'; ;) so that

L+1

Z Cryi H wﬂf) =0.
I=1

paths v€T';

This is a polynomial equation in the weights of the network. Each monomial occurs either with
coefficient 1 or —1. In particular, this polynomial is not identically zero. The zero set of a polynomial
is of measure zero on R#W“¢ig"s ynless it is identically zero, see e.g. |Caron and Traynor| (2005). We
have a system of ng such equations (one for each 7). The intersection of the solution sets is again
a set of measure zero. The total number of pairs of activation regions is finite, upper bounded by
(KZN) A countable union of measure zero sets is of measure zero, thus the set of weights for which
two activation regions have the same gradient values has measure zero with respect to the Lebesgue
measure on R#Weights, O

A.3 Partial activation regions

Now we introduce several objects that are needed to discuss r-partial activation regions.

Definition 15. Fix a value 6 of the trainable parameters. For a neuron z in A/ and a set J, C [K],
the J,-activation region of a unit z is

H(J.;0) == {xo € R™ | argmax ( p(z(2)-1:6) = J.}.
kE[K]
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More generally, for a set of neurons Z = {z} and a corresponding list of sets Jz = (J.).cz, the
corresponding .Jz-activation region is

H(Jz:0) = () H(J=;0). (1)

zEZ

If we specify an activation pattern for every neuron, Jjyj, so that Z = [N], then we write
R(J[N]Qe) = HU[N]% 0).

Recall that an activation pattern .Jjy; with with the property that > _(|.J.| — 1) = 7 is called an
r-partial activation pattern. To distinguish such patterns, we denote them by J” € P,.. The union of
all corresponding activation regions is denoted

Xy 0= |J R(J:0).
JreP,
Lemma 4 (r-partial activation regions are relatively open convex polyhedra). Consider a maxout
network N. Let v € {0,...,no} and J € P,.. Then for any 0, R(J, ) is a relatively open convex
polyhedron in R™. For almost every 0, it is either empty or has co-dimension r.

Proof of Lemma)] Fix an r-partial activation pattern J” € P,.. Over the activation region R(J;0),
the k-th pre-activation feature of each neuron z is a linear function of the input to the network, namely

Wiy T+ bl = wi{gjﬂ(w(l(z)fl) (W g MY pUE DY bg{(}:))’

where w? , and b% , ., k € [K] denote the weights and biases of this linear function, which depend
on the weights and biases and activation values of the units up to unit z. For each z specify a fixed
element jo € J,. The activation region can be written as

() {zeR™ [wl, o +bl,, =wl; o+, Viel.\{jo);
z€[N]

wy x0T > w4+ bl Vie [K]\ J.}.

zZ,70 zZ,70 zZ,1)
This means that an r-partial activation region is determined by a set of strict linear inequalities and
r linear equations. The equations are represented by vectors v, j = (w? ;,b% ) — (w? ;,bZ ;) for
all j € J, \ {jo} for all z for which |J,| > 1. For generic parameters these equations are linearly
independent. Indeed, the vectors being linearly dependent means that there is a matrix V' 'V, where
V' has rows v, ;, with vanishing determinant. By similar arguments as in the proof of Lemma 5}
the set of parameters solving a polynomial system has measure zero. Hence, for generic choices of
parameters, the 7 linear equations are independent and the polyhedron will have a co-dimension r (or
otherwise be empty). O

The same result can be obtained for r-partial activation regions of ReLU networks since ReLU
activation regions can be similarly written as a system of linear equations and inequalities.

We can make a statement about the shape of r-partial activation regions of maxout networks. Recall
that a convex polyhedron is the closure of the solution set to finite system of linear inequalities. If it
is bounded, it is called a convex polytope. The dimension of a polyhedron is the dimension of the
smallest affine space containing it.

The next statement follows immediately from Lemma ]

Lemma 16 (X, consists of (ny — r)-dimensional pieces). With probability 1 with respect to the
distribution of the network parameters 0, for any x € Xy, there exists ¢ > 0 (depending on x
and 8) s.t. Xpr , intersected with the € ball B.(x) is equal to the intersection of this ball with an
(ng — r)-dimensional affine subspace of R™.

Corollary 17 (r-partial activation regions are relatively open convex polyhedra). Recall that an an
r-partial activation sub-pattern J € S, is a list J = (J.).cz of sets J, C [K], z € Z C [N] with
|J:| > 1and ). . ,(]J.| — 1) = r. For almost all choices of the parameter (i.e., except for a null set
with respect to the Lebesgue measure),

Vol —r (Xn () = Z voln,—r(H(J;0)).

jESr
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Proof of Corollary[I7] Given J € 8., we denote Z C [N] the corresponding list of neurons. Using
the notion of indecision loci from Deﬁnltlon. we can re-write X () as

o0 = |J R0 = | 10 = | [ H(I=:0)

JEP, JEP, JEP, z€[N]
= U [N HU=z00 () H(J=:0)
JEP, |2€Z 2€[N|\Z
= |[NHU=0n U N H(.:0)
Jjes, _zGZ J.€[K],z€[N|\Z z€[N\Z
= U [N H=0n () U H:={k}:0)
Jjes, |#€Z 2¢7Z kE[K)

Therefore,

Volny—r (Xnrr(0)) = Y volny o | ([ H(T:0)0 () | H(J. = {k};0)

Jes. 2€Z2 2¢Z ke[K]

Notice that (ﬂZ¢Z Userg H(J= = {k}; 9)) is a zero measure set in Xy ,-(6), because over that
set, by Lemma@]the co-dimension of the corresponding activation regions is larger than . Therefore,
for any given J = (J,).cz € S,

volp,—r [ (Y HU0)N () | H(J = {k};60) | =voln, (ﬂ H(Jz;9)>.

z€Z 2¢7Z ke[K] z2€Z

This completes the proof. O

B Proofs related to the generic numbers of regions

B.1 Number of regions and Newton polytopes

We start with the observation that the linear regions of a maxout unit correspond to the upper vertices
of a polytope constructed from its parameters.

Definition 18. Consider a function of the form f: R" — R; f(z) = max{w; -  + b;}, where
w; € R*and b; € R, j = 1,..., M. The lifted Newton polytope of f is defined as Py :=
conv{(wj,b;) eR" T j=1,..., M}

Definition 19. Let P be a polytope in R”*! and let F' be a face of P. An outer normal vector of F is
a vector v € R"*! with (v,p —q) > O0forallp € F,qe€ P\ F and (v,p—q) = 0forallp,q € F.
The face F' is an upper face of P if it has an outer normal vector v whose last coordinate is positive,
Un41 > 0. Itis a strict upper face if each of its outer normal vectors has a positive last coordinate.

The Newton polytope is a fundamental object in the study of polynomials. The naming in the context
of piecewise linear functions stems from the fact that piecewise linear functions can be regarded as
differences of so-called tropical polynomials. The connections between such polynomials and neural
networks with piecewise linear activation functions have been discussed in several recent works
(Zhang et al.| 2018; |Charisopoulos and Maragos, [2018}; |Alfarra et al., [2020). For details on tropical
geometry, see (Maclagan and Sturmfels, 2015} Joswig} 2022). Although in the context of (tropical)
polynomials the coefficients are integers, such a restriction is not needed in our discussion.

A convex analysis interpretation of the Newton polytope can be given as follows. Consider a piecewise
linear convex function f: R” — R; z +— max;{w; - « + b;}. Then the upper faces of its lifted
Newton polytope Py correspond to the graph {(z*, — f*(z*)): z* € R™ N dom(f*)} of the negated
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(w2, —b2)

(wi, —by) (w3, —b3)

/ R™ x {—1}

Figure 7: The linear regions of a function f(z) = max;{(w;,x) + b;} correspond to the lower
vertices of the polytope P; = conv;{(w;, —b;)} C R+ or, equivalently, the upper vertices of
the lifted Newton polytope Py = conv;{(w;,b;)} € R™ 1. The linear regions of f can also be
described as the intersection of the normal fan V. P} consisting of outer normal cones of faces of P},

with the affine space R™ x {—1}.

convex conjugate f*: R™ — R; x* + sup,cgn (z,2*) — f(x), which is a convex piecewise linear
function. This implies that the upper vertices of Py are the points (w;,b;) € R™"! for which
f(z) = wj - x + b; over a neighborhood of inputs. Hence the upper vertices of the Newton polytope
correspond to the linear regions of f. This relationship holds more generally for boundaries between
linear regions and other lower dimensional linear features of the graph of the function. We will use
the following result, which is well known in tropical geometry (see Joswig, 2022)).

Proposition 20 (Regions correspond to upper faces). The r-partial activation regions of a function
f(z) = max;{w; - x4+ b; } correspond to the r-dimensional upper faces of its lifted Newton polytope
Py. Moreover, the bounded activation regions correspond to the strict upper faces of Py.

The situation is illustrated in Figure[7]

B.2 Bounds on the maximum number of linear regions

For reference, we briefly recall results providing upper bounds on the maximum number of linear
regions of maxout networks. The maximum number of regions of maxout networks was studied by
Pascanu et al.| (2013)); Montufar et al.|(2014), showing that deep networks can represent functions
with many more linear regions than any of the functions that can be represented by a shallow network
with the same number of units or parameters. [Serra et al.|(2018)) obtained an upper bound for deep
maxout networks based on multiplying upper bounds for individual layers. These bounds were
recently improved by Montufar et al.|(2021), who obtained the following result, here stated in a
simplified form.

Theorem 21 (Maximum number of linear regions, Montufar et al.[2021).

o For a network with ng inputs and a single layer of ny rank- K maxout units, the maximum number

of linear regions is 3272, (") (K — 1)/

* For a network with ng inputs and L layers of ni, ...,ny rank-K maxout units, if n. < ng, -+

even, and e; = min{ny, ..., n;_1}, the maximum number of linear regions is lower bounded by
Hle(%(K — 1) + 1)™ and upper bounded by HlL:1 Z;’:O (Zl)(K — 1)
B.3 Numbers of regions attained over positive measure subsets of parameters

A layer of maxout units can attain several different numbers of linear regions with positive probability
over the parameters. This is illustrated in Figure [§] We obtain the following result, describing
numbers of linear regions that can be attained by maxout units, layers, and deep maxout networks
with positive probability over the parameters.

Theorem 7 (Numbers of linear regions).
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Figure 8: A layer of maxout units of rank K > 3 attains several different numbers of linear
regions with positive probability over the parameters. For a layer with two rank-3 maxout units,
some neighborhoods of parameters give 6 linear regions and others 9, with nonlinear loci given by
perturbations of the red-pink and red-darkred lines.

» Consider a rank- K maxout unit with ng inputs. For each 1 < k < K, there is a set of parameter
values for which the number of linear regions is k. For min{K,ng + 1} < k < K, the correspond-
ing set has positive measure, and else it is a null set. This corresponds to a network with an input
layer of size ng and single maxout layer with a single maxout unit.

» For each choice of 1 < k1,...,ky, < K, there are parameters for which the number of linear
regions is 372 ESE([”}]) [T,cs(ki — 1). For min{K,ng + 1} < ki,...,k,, < K, the corre-

sponding set has positive measure. Here S € ([7;1]) means that S is a subset of [n1] := {1,...,n1}
of cardinality |S| = j, and since the network has a single maxout layer, L = 1 and ny, = ny.

» Consider a network with ng inputs and L layers of n1, ..., ny, rank-K maxout units, K > 2, Z—é
even. Then, for each choice of 1 < k;; < K,i=1,...,n9,l=1,...,L, there are parameters for
which the number of linear regions is Hlel [T, (2t (ki — 1) + 1). There is a positive measure

subset of parameters for which the latter is the number of linear regions over (0,1)™0.

The strategy of the proof is as follows. We first show that there are parameters such that individual
rank- K maxout units behave as rank-k£ maxout units, for any 1 < k < K, and there are positive
measure subsets of the parameters for which they behave as rank-k maxout units, forany n+1 < k <
K. Further, there are positive measure subsets of the parameters of individual rank- K" maxout units
for which, over the positive orthant R% ,, they behave as rank-£ maxout units, forany 1 < k < K.
Then we use a similar strategy as Montufar et al.| (2021)) to construct parameters of a network with
units of pre-specified ranks which attain a particular number of linear regions.

Proposition 22. Consider a rank-K maxout unit with n inputs restricted to R . Forany1 <k < K,
there is a positive measure subset of parameters for which the behaves as a rank-k maxout unit.

Moreover, this set can be made to contain parameters representing any desired function that can be
computed by a rank-k maxout unit.

Proof. We need to show that for any choices of (w;, b;), i € [k], there are generic choices of (w;, b;),
j € [K]\ [K], so that for each J C [K] with J ¢ [k], the corresponding activation region R(.J, )
does not intersect R%,. Notice that, if j € J \ [k], then the corresponding activation region R(.J, 0)
is contained in the arrangement consisting of hyperplanes H;; = {x: (w; —w;) -z + (bj —b;) = 0},
i € J\{j}. Foreach j € [K]\ [k], we choose w; = je(—1,...,—1)+¢;, bj = —jc’ + € for some
¢ > 2max{||willoo: i € [k]}, ¢ > 2max{b;: i € [k]} and small ¢; € R", €; € R. Then, for each
j € [K]\[k]and ¢ € [K], j < j, the hyperplane H; has a normal vector (w; — w;) € R and an
intercept b; — b; < 0, and hence it does not intersect R ;. O

We are now ready to prove the theorem.

Proof of Theorem[]] Single unit. Consider a maxout unit max ;e xj{w; -z +b;}. To have this behave
as a rank-k maxout unit, 1 < k < K, we simply set (w;,b;) = (w1,b1 — 1), j € [K]\ [k]. This
is a non-generic choice of parameters. Consider now a rank-£ maxout unit with n + 1 < k and
generic parameters (w;, b;), ¢ € [k]. We want to show that there are generic choices of (w;, b;),
J € [K]\ [k] so that max (g {w; - * + b;} = max;ep{w; - x + b;} for all z € R". In view of
Proposition 20| this is equivalent to (w,, b;), j € [K]\ [k] not being upper vertices of the lifted
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Newton polytope P = conv{(wj;,b;): j € [K]}. Since any generic n + 1 points in R" are affinely
independent, we have that the convex hull conv{w; € R™: ¢ € [k]} has full dimension n. Hence, any
wj = 1 Y Wi + € and by = mingey{bi} — 1 + ¢ with sufficiently small ¢; € R", ¢ € R,
j € [K]\ [K] are strictly below conv{(w;,b;): i € [k]} and are not upper vertices of P.

Single layer. We use the previous item to obtain 7, maxout units of ranks ki, . .., ky,, either in the
non-generic or in the generic cases. Then we apply the construction of parameters and the region
counting argument from |[Montufar et al.| (2021, Proposition 3.4) to this layer, to obtain a function with
> ZSQ([”;]) [1;cs(k; — 1) linear regions. For each of the units i = 1,...,n;, one may choose a
generic vector v; € R™ and define the weights and biases of the pre-activation features as w;; = kivl
and b;; = fg(kii +¢€),5=1,...,k;, where g: R — R is any strictly convex function and ¢; is
chosen generically. Then the non-linear locus of each unit consists of k; — 1 parallel hyperplanes with
a generic shift ¢;, and the normal vectors v; of different units are in general position. The number of
regions defined by such an arrangement of hyperplanes in R™ can be computed using Zaslavsky’s
theorem, giving the indicated result. It remains to show that, for ng + 1 < k4, ..., k,,, there are
positive measure perturbations of these parameters that do change the number of regions. By the
lower semi-continuity discussed in Section [3] the number of regions does not decrease for sufficiently
small generic perturbations of the parameters. To show that it does not increase, we note that, by
Theorem 2] this number of regions is the maximum that can be attained by a layer of n; maxout
units of ranks k1, ..., k,.

Deep network. For the first statement, we use the first item to obtain maxout units of any desired
ranks 1 < k;; < K,l=1,...,L,i=1,...,n;, and then apply the construction of parameters from
Montufar et al.| (2021}, Proposition 3.11) to this network, to obtain the indicated number of regions.

For the second statement, we use Proposition 22] to have the units behave as maxout units of

any desired ranks over [0,1]™. For the [-th layer, we divide the n; units into ny blocks xz(-é.),

i=1,....,n0,5=1,..., Z—(’) Fori =1,...,ng, the i-th block consists of Z—é maxout units of rank
ki;. We can choose the weights and biases so that over [0, 1], the nonlinear locus of the i-th block
(xfll), . @El% ) consists of - (k;; — 1) parallel hyperplanes with normal e;, and the alternating sum

Z?‘:/lno (—1)%&? is a zig-zag function along the direction e; which maps (0, 1)" to (0, 1), and maps
any point in R™ \ [0, 1]™° to a point in R \ [0, 1]. In this way, the I-th layer, followed by a linear layer
R™ — R"™, maps (0,1)" onto (0,1)" ina [[;2, (- (k; — 1) + 1) to one manner. Sufficiently
small perturbations of the parameters do not affect this general behavior. The composition of L such
layers gives the desired number of regions over (0, 1)™°. O

B.4 Minimum number of activation regions

One can easily construct parameters so that the represented function is identically zero. However,
these are very special parameters. Moreover, it can be shown that the number of linear regions of a
maxout network is a lower semi-continuous function of the parameters, in the sense that sufficiently
small generic perturbations of the parameters do not decrease the number of linear regions (Montifar|
et al., 2021} Proposition 3.2). Hence, the question arises: What is the smallest number of linear
regions that will occur with positive probability over the parameter space (i.e. for all parameters
except for a null set). For example, in the case of shallow ReLU networks, it is known that the
number of regions for generic parameters is equal to the maximum. For maxout networks we saw in
Theorem [/|that several numbers of linear regions can happen with positive probability. We prove the
following lower bound on the number of regions for maxout networks with generic parameters.

Theorem 8 (Generic lower bound on the number of linear regions). Consider a rank-K maxout
network, K > 2, with ng inputs, ny units in the first layer, and any number of additional nonzero
width layers. Then, for almost every choice of the parameters, the number of linear regions is at least
Z;.Lio ("jl) and the number of bounded linear regions is at least (";:1)

First we observe that for generic parameters, the number of linear regions of the function represented
by a network is bounded below by the number of linear regions of the network restricted to the first
layer. This is not trivial, since the deeper layers could in principle map the values from the first layer
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to a constant value, resulting in a function with a single linear region. However, for maxout networks
this only happens for a null set of parameters.

Proposition 23. The number of activation regions of a maxout network is at least as large as the
number of regions of the first layer. Moreover, for generic parameters the number of linear regions is
equal to the number of activation regions.

Proof. The number of regions never reduces as we pass through the network. The region is either
kept as it is or split into parts by a neuron. The fact that for generic parameters activation regions
correspond to linear regions is Lemma 5] O

In order to lower bound the number of regions of a single layer, we use the correspondence between
linear regions and the upper vertices of the corresponding lifted Newton polytope, Proposition
We first observe that the Newton polytope of a shallow maxout units is the Minkowski sum of the
Newton polytopes of the individual units. Recall that the Minkowski sum of two sets A and B is the
set A+ B={a+b:a€ Abec B}.

Proposition 24. Consider a layer of maxout units, f: R™ — R™; f;(x) = max{w;, -z + b;jr: 7 =
1,...,k}. Let f(z) =Y., fi(x). Then the lifted Newton polytope of f is the Minkowski sum of the
lifted Newton polytopes of f1, ..., fm, Py =Y vy Py,

Proof. This follows from direct calculation. Details can be found in the works of Zhang et al.|(2018)
and Montufar et al.| (2021)). O

Next, a family of polytopes P; = conv{(w;,,b;,) € R"™Tl:pr = 1,... K} with generic
(Wir,bir),r=1,...,K,i=1,...,nq,is in general orientation. For such a family, the Minkowski
sum P = P, + - -- 4 P,, has at least as many vertices as a Minkowski sum of n; line segments in
general orientation:

Proposition 25 (Adiprasito||2017, Corollary 8.2). The number of vertices of a Minkowski sum of
m polytopes in general orientation is lower bounded by the number of vertices of a sum of m line
segments in general orientations.

From this, we derive a lower bound on the number of upper vertices of a Minkowski sum of polytopes
in general orientations.

Proposition 26. The number of upper vertices of a Minkowski sum of n, polytopes in R™ 1! in

general orientation is at least Zyio ("]1) and the number of strict upper vertices is at least (";L:l)

Proof. Consider the sum P = P, + --- 4+ P,, of polytopes P; = {(w;,,b;»): r = 1,...,k},
i =1,...,nq. The set of upper vertices consists of 1) strict upper vertices and 2) vertices which
are both upper and lower. The number of strict upper vertices of a Minkowski sum of n; positive

dimensional polytopes in general orientations in R™*1 is at least (";lgl) (Montufar et al., 2021,
Corollary 3.8).

Now note that the vertices which are upper and lower are precisely the vertices of the Minkowski
sum Q = Q1 + - - + @y, of the poltyopes Q; = conv{w;, e R™:r=1,...,k},i=1,...,n1.
By Proposition [25] the total number of vertices of a Minkowski sum is at least equal to the number of
vertices of a Minkowski sum of line segments. The latter is the same as the number of regions of a

central hyperplane arrangement in ng dimensions, which is (Z;:}) + Z?igl ("Jl)

Hence for any generic Minkowski sum of n; positive-dimensional polytopes in ng + 1 dimensions,
the number of upper vertices is at least

(G2 (-2 ()-200)

This concludes the proof. O

Now we have all tools we need to prove the theorem.
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Proof of Theorem[§] By Proposition 23] the number of regions is lower bounded by the number of
regions of the first layer. We now derive a lower bound for the number of regions of a single layer
with ng inputs and n; maxout units. In view of Propositions [20]and 24} we need to lower bound the
number of upper vertices of a generic Minkowksi sum. The bounded regions correspond to the strict
upper vertices. The result follows from Proposition [26] O

Remark 27. The statement of Theorem §|does not apply to ReLU networks unless they have a single
layer of ReLUs. Indeed, for a network with 2 layers of ReLUs there exists a positive measure subset
of parameters for which the represented functions have only 1 linear region. To see this, consider a
ReLU network with pre-activation features of the units in the second layer always being non-positive.
A subset of parameters required to achieve this is defined as a solution to a set of inequalities (for
instance, when the input weights and biases of the second layer are non-positive) and has a positive
measure. For such pre-activation features, the ReLUs in the second layer always output O and there is
a single linear region for the network.

C Expected number of activation regions of a single maxout unit

We discuss a single maxout unit with n inputs. In this case, the r-partial activation patterns correspond
to the r-dimensional upper faces of a polytope given as the convex hull of the points (wy, by) € R*+1,
k=1,..., K. The statistics of faces of random polytopes have been studied in the literature (Hug
et al.,[2004; |[Hug and Reitzner, 2005; Barany and Vu, |[2007). We will use the following result.

Theorem 28 (Hug et al.[2004, Theorem 1.1). If vy, ..., vx are sampled iid according to the standard
normal distribution in RY, then, the number of s-faces of the convex hull P = conv{vy,..., vk},
denoted fs(P), has expected value

Ef,(Px) ~ o(s,d)(log K) 7, @)
and the union s-faces of Py, denoted skely(Py), has expected volume
d—1
E vols(skels(Pk)) ~ ¢(s,d)(log K) =, 3)

where &(s,d) and c(s, d) are constants depending only on s and d.

Based on this, we obtain the following upper bound for the expected number of linear regions of a
maxout unit with iid Gaussian weights and biases.

Proposition 29 (Expected number of regions of a large-rank Gaussian maxout unit). Consider a
rank- K maxout unit with ng inputs. If the weights and biases are sampled iid from a standard normal
distribution, then for large K the expected number of non-empty r-partial activation regions satisfies

E[# r-partial activation regions] < &(r, ng)(log K) E

where &(r, ng) is a constants depending solely on r and n.

Proof of Proposition[29) We use the correspondence between r-partial activation regions and the
upper r-dimensional faces of the lifted Newton polytope (Proposition 20). The total number of
s-dimensional faces of a polytope is an upper bound on the number of upper s-dimensional faces.
Now we just apply Theorem [28] O

We can use the above result to upper bound the expectation value of the number of regions of a
maxout network with iid Gaussian weights and biases. In particular, for a shallow maxout network
we have the following.

Proposition 30 (Expected number of linear regions of a large-rank Gaussian maxout layer). Consider
network N with ng inputs and a single layer of ni rank-K maxout units. Suppose the weights and
biases are sampled iid from a standard normal distribution. Then, for sufficiently large K, the
expected number of linear regions is bounded as

E[# linear regions] < ZO <T;1> (¢(no)(log K)% — 1),
5=0

where ¢(ng) is a constant depending solely on ng. This upper bound behaves as O(n°(log K )%"g)

inny and K.
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Proof. By Montufar et al.[(2021} Theorem 3.6), the maximum number of regions of a layer with ng
inputs and 71 maxout units of ranks ki, ..., ky, is

max|# linear regions] = i Z H(kl —-1).

i=0 ge(m)i€s

Consider now our network with n; maxout units of rank K. For a given probability distribution
over the parameter space, denote Pr(ky, ..., k,, ) the probability of the event that the i-th unit has k;
linear regions, ¢ = 1,...,n;. If the parameters of the different units are independent, we have

E[# linear regions] < Z Pr(k1, ..., kn, Z Z H (k; —1)

1<ki,....kn; <K Jj= OSG([”jﬂ) €S

=> 3 Ien
7=0 g¢ ("Jl]) €S

If the weights and biases of each unit are iid normal, Proposition 29]allows us to upper bound the
latter expression by

< Z ( ) é(ng)(log K)2 — 1),
This concludes the proof. O

D Proofs related to the expected volume

The following is a maxout version of a result obtained by [Hanin and Rolnick|(2019a, Theorem 6) for
the case of networks with single-argument piecewise linear activation functions.

Lemma 31 (Upper bound on the expected volume of X ). Consider a rank-K maxout network N
with input dimension ng, output dimension 1, and random weights and biases satisfying:

1. The distribution of all weights has a density with respect to the Lebesgue measure.

2. Every collection of biases has a conditional density with respect to Lebesgue measure given the
values of all weights and other biases.

Then, for any bounded measurable set S C R™ and any r € {1,...,ng}, the expectation value of
the (ng — r)-dimensional volume of X, inside S is upper bounded as

E[volyy—r(Xnr NS)]

<> [ Elppr (W™ = w") - xT 4+ b7) [ I(WT = W) x4 D7)|]
JESTS

where, for any given r-partial activation sub-pattern J = (J,),cz € S, for any given J, we denote
its smallest element by jo, we let py,r denote the joint conditional density of the biases of pre-activation
features j € Jz\{jg} of the neurons z € Z, given all other network parameters, we let g: R™ — R";
r = (WP =W)X D™= (W, — W j) - Ty(z)—1 + bz jo)zez et \ (o} € R, denote Jg

1
the v x ng Jacobian of g, and ||Jg(x)|| = det ((Jg(z))(Jg(x))")?, and the inner expectation is
with respect to all parameters aside these biases.

Proof of Lemma@ The proof follows the arguments of [Hanin and Rolnick (2019a, Theorem 6).
The main difference is that maxout units are generically active and the activation regions of maxout
units may involve several pre-activation features and additional inequalities. To obtain the upper
bound, we will discard certain inequalities, and separate one distinguished pre-activation feature jg
for each neuron participating in a sub-pattern, which allows us to relate inputs in the corresponding
activation regions to bias values and apply the co-area formula.
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Recall that an r-partial activation sub-pattern J € S, is a list of patterns J, C [K| of cardinality at
least 2 for a collection of participating neurons z € Z, with ) 3 __ - (|J.| — 1) = r. Further, for any
given J, we denote jj its smallest element. When discussing a particular sub-pattern, we will write
m = | Z| for the number of participating neurons. Finally, recall that (.J,0) = (.. z H(J.,0).

By Corollary[17] with probability 1 with respect to 6,
Volng—r(Xnr(0)) = Y volng—r(H(J,0)).
JeS,
Fix J € &,. In the following we prove that
E[vol,,—r(H(J,0) N .S)] < /]E [ppr (W™ —w") - x7 +b™) [|[J(W™ = w")-x™ +b™)|] da.
3
We first note that
Vol —r(H(J,0) N S) = / dvol,,—r(x). 4)
H(J,0)NS
For each z € Z and J, we can pick an element jy € .J, and express H(J, 6) in terms of (|.J,| — 1)
equations and (K — |J,|) inequalities (not necessarily linear),
H(Jz, 9) = {x c R | Wz jo * TY(z)—1 =+ bz,jo =Wy TY(z)—1 + sz, Vj eJ, \ {jo}; 5)
Wajo * Ti(z)—1 F bzjo > Wi - Ty(z)—1 +bog, Vi€ [K]\ J.}

Here, x;(;)_1 are the activation values of the units in the layer preceding unit z, depending on the
input . Since ) (|J.|—1) = r, the set H(J, 6) is defined by  equations (in addition to inequalities).
We will denote with b € R" the vector of biases b, ; that are involved in these  equations, with
subscripts (z,j) withj € J, \ {jo} and z € Z.

We take the expectation of (@) with respect to the conditional distribution of b” given the values of
all the other network parameters. We have assumed that this has a density. Denoting the conditional
density of b” by pyr, this is given by
dvoly,—r(z)ppr(b")db". (6)

R™ H(J,0)NS
The equations in @) imply that b, ; = (w._ j, — w. ;) - Tyzy—1 + bz j, forany x € H(J,0). We write
all these equations concisely as b” = (w™ — w") - x™ + b™. Then () becomes

por (W™ —w") - x™ +b™) dvol,,—(x)db". (7)

R™ H(J,0)NS

We will upper bound the volume of H(.J,8) by the volume of the corresponding set without the
inequalities,

H/(J, 9) = ﬂ {x € R™ | Wy jo * Ti(z)—1 T bZ,jo =Wz Tyz)—1 t bz,j, Vjed, \ {jo}} .
z2€Z

Since H(J,8) C H'(J,0), we can upper bound (7)) by

/ por (W™ —w") - x™ +b™) dvol,,—(z)db". (8)
R” H/(J,0)NS

Now we will use the co-area formula to express (8) as an integral over S alone. Recall that the co-area
formula says that if ¢ € L'(R™) and g : R™ — R” with 7 < n is Lipschitz, then

/ . /gl(t) P(w)dvoln—r (x)dt = / (@)l [g(@)lld vol, (),
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where Jg is the 7 x n Jacobian of g and [|Jg(z)| = det((Jg(z))(Tg(x))T)z.

In our case r = r, n = ng, which satisfy r < ng. Further, b” € R" plays the role of t € R", and
R™ — R"; z — ppr (W™ —w") - x™ + b™) plays the role of 9. Since (W™ — w") - x™ +b™
is continuous and S is bounded, assuming py,- is continuous, this is in L!(S). Finally, we set
g: S—=> Rz (W™ —w")-x™ + b™), which is Lipschitz.

Hence (8) can be expressed as

/Pbr((wm —w')-xT +b™) I((w™ —w") - x"y + b7 da.
S

Taking expectation with respect to all other weights and biases, and interchanging the integral over S
with the expectation (according to Fubini’s theorem, since the integral is non-negative),

J Bl (™ = ) x4 b7 [3((w™ = w7) - x b7 ] da
S
Summing over all r-partial activation sub-patterns J € S, gives the desired result. O

Based on the preceding Lemma [31] now we derive a more explicit upper bound expressed in terms of
properties of the probability distribution of the network parameters.

Theorem 10 (Upper bound on the expected volume of the non-linear locus). Consider a bounded
measurable set S C R™ and the settings of Theorem E’] with constants Cyraq and Cjs evaluated over
S. Then, forany r € {1,...,n¢},

E[vol,,—r (X NS)] ~(TK\ (N
. < ; .
voln, (S) < (2CyaClias) 2r r

Proof of Theorem By Lemma 31} E [vol,,, (X N S)] is upper bounded by

Y [ Elppr((w™ —w) x4 b™) [I(wW" —w")-x" +b™)|] da.
JES, g

Since we have assumed that for any collection of ¢ biases the conditional density given all weights
and the other biases can be upper-bounded with C{,,., we have ppr (W™ —w") - x™ +b™) < Cf .
As for the term E[||J((w™ — w") - x™ 4+ b™)||], note that

[I((w™ —w") - x" +b™)]|

= det (J((W™ —w") - x™ + b™)TI (W™ —w") - x™ +b™))

= det (Gram (V (w2, jo — W2y ,j1) * Ti(s1)—1 + bzyjo)s-- -

1/2

1/2
V(W jo = Wapy g ) Ti(zm)—1 F bznjo))) s ©9)

where for any vy, ...,v, € R"”, (Gram(v1,...,v,));; = (v;,v;) is the associated Gram matrix.

It is known that the Gram determinant can also be expressed in terms of the exterior product of
vectors, meaning that (9) can be written as

Hv(<w21,j0 - wZ17j1) *LY(z1)-1 + bzl,jo) ARERNAN V((wzwnjo - mevam) * LY (2)—1 + me:jo)Hv

which is the the 7-dimensional volume of the parallelepiped in R™° spanned by r elements. Therefore,
for J € S, with participating neurons Z, we can upper bound this expression by (see |Gover and
Krikorian, 2010)

II II 1V(weg = wed) - @i+ ba)

2€2 jeJ\{jo}
<II II 2max{lIV(w.jo- i)l IV (wsy -2 -1)ll}
€2 jeJ\{jo}

,
<2 max {|IV(ws-zie-1)l}
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In the second line we use the triangle inequality. Considering the assumption that we have made on
the gradients, for the expectation we obtain the upper bound (2C¢aq)" .

By Lemma@ we can upper-bound the number of entries of the sum } s, With (’QI: ) (f ) Combin-
ing everything, we get the final upper bound

A(TEK\ (N
(QCgradCbias) ( 9 ) (?" ) VOan(S).

This concludes the proof. O

E Proofs related to the expected number of regions

Theorem 9 (Upper bound on the expected number of partial activation regions). Let N be a fully-
connected feed-forward maxout network, with ng inputs, a total of N rank K maxout units. Suppose
we have a probability distribution over the parameters so that:

1. The distribution of all weights has a density with respect to Lebesgue measure on R#¥eights,

2. Every collection of biases has a conditional density with respect to Lebesgue measure given the
values of all other weights and biases.

3. There exists Cgraqg > 0 so that for any t € N and any pre-activation feature (. y,

sup E[[[VC.x(2)]] < Cgraa-
TER™0

4. There exists Chiys > 0 so that for any pre-activation features (1, . . ., (; from any neurons, the
conditional density of their biases py, ... 1, given all the other weights and biases satisfies

t
Sup pbhu.,bt(bl?"'?bt) S Cbias'
by,....bi €R

Fixr € {0,...,n0} and let T = 2°CyaqChias. Then, there exists 69 < 1/(2CgradChias) such that for
all cubes C C R™ with side length § > &y, we have

rK N N—r
E[# r-partial activation regions of N in C] (50 ) G)ENTT, - N <o

=~ n, noK
I XD 3 g

Here the expectation is taken with respect to the distribution of weights and biases in N'. Of particular
interest is the case r = 0, which corresponds to the number of linear regions.

Proof of Theorem[9) The proof follows closely the arguments of [Hanin and Rolnick! (2019b} Proof
of Theorem 10), whereby we use appropriate supporting results for maxout networks and need to
accommodate the combinatorics depending on K. Fix a network A/ with rank- K maxout units, input
dimension ng and output dimension 1. Let 0 < r < ng. For N < ny, the statement follows direction
from the simple upper bound on the number of distinct r-partial activation patterns given in Lemma 6]

Consider now the case N > ng. Fix a closed cube C C R™ of sidelength 6 > 0. For any
te {0,...,710}1611

C} := t-skeleton of C'

denote the union of ¢-dimensional faces of C'. For example, Cj is the set of 2" vertices of C, C),,—1
is the set of 2nq facets of C, and C,,, is C. In general, C; consists of (’“;0)2”0_’f faces of dimension
t, each with ¢-volume &%. Hence,

VOlt(Ct) = (7;0> gno—tgt (10)

For any choice of 0 let
Vi(0) == Xpr(0) N Ch.
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By Lemmabelow, for any ¢ and almost every choice of 6, the set V;(#) is a finite set of points. For
eacht € {0,...,ng}, we also define

Cie = {z € R™ | dist(z, Ct) < e},

the e-thickening of C';. For almost every 6, Lemma@ ensures the existence of an £ > 0 such that for
all v € V4(0), the radius-¢ balls B, (v) are contained in C; . and are disjoint. Hence, writing wy,, ¢
for the (ng — t)-volume of the (ny — t)-dimensional ball with unit radius,

Vol —¢(Xare N Cre) > Z €™ MWy = #Ve - €™ wpg s
vEV,
Therefore, for all but a measure 0 set of § € R#P&ams (here exists £ > 0 so that

VOl —¢(Xare N Cyc)
5n0_twno—t

> #Vy.

Thus taking the limit ¢ — 0 and taking expectation with respect to the parameter 6, and applying
Fatou’s lemma to upper bound the result by the expression with exchanged limit and expectation,

E[#V,] <E [lim volny—t( X N Ct’ﬂ < limE {V()l””(’f” ) C“ﬂ .
e—0 e W —t e—0 EMO T 00—t
Then,
E [#Vf] S hm E VOlno—t(X/\/,t N Ct75) ) VOlno (Ct,e)
e—0 voly, (Cte) gno~tw, 4
— imE VOI?Lo—t(XN,t N Ct@) im VOan (Ct7€)
e—0 VOan (Ctys) e—0 Enoitwngft
tK N
S(chradcbias)t ( 215) ( ¢ ) VOlt(Ct)-

To obtain the last line, the first term is upper bounded using Theorem [I0] and the second term is
evaluated using

vOlp, (Che)

e—0 gm0ty 4

= vol, (CY).

Combining this with Lemma [33]and the formula (T0) for vol;(C;), we find
E [#{r-partial activation regions with R(J";0) N C # (}]

2"0 t tK\ (N (no

< [S t—r o t no—t st

>~ — (’I“) (2Cgradcb1as) (Qt) (t) ( + )2 6

621/(203radcbias) no K’ no t N no
< 2 ra ias o 2 no—r . 11
< (20CgradCbias) (2n0>(K) E (r)(t)(t) (11)

t=r

The last line uses the assumption that 6 > 1/(2CadChias) and Lemma , which states that (gf ) <
nk
(5) fort < n.

In the following we simplify (TT). Note that (%) < o (f) = 2t < 2m. Hence (TT) can be upper

bounded by
no noK no—r \ N 1o
(40Clrad Chias) <2n0 > (2K) Z ( t ) ( t >

t=r

-t (385 ()
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Using ng < N, observe that

(3) _NU(no—t)t _ vy (o=l _ N™ (ng—t)l _N" (ny—t)
(™) T(N=D)lng! = no! Nro—t gl nol  Nmo—t
N (g et N
Tlo! Nno—t TL()!

Also, using Vandermonde’s identity, observe that
no 2
3 <”0> _ (2”0) < 4o,
t Nno
t=0

Combing everything, is upper bounded by

no (0K no—r N0 no [(M0K N™o
(1660gradcb1as) 0 ( Qno ) (2K) 0 0! = (32chradcb1as) 0 2n0 m VOI(C)
Setting 7' = 2° Cigrag Chias, We get
TKN)mo (oK
w vol(C).
(2K>T7’L0 :
This concludes the proof. O
We state and prove lemmas used in the proof of Theorem 9}
Lemma 32. Foranyt <n, (t;t() < (gf)
Proof. To see this, note that () < (4%) is equivalent to the following:
(Kr)! (Kn)!

@) (Kr —2)! = @n)l(Kn — 2n)!

(2n)! (Kn — 2n)! < (Kn)!
(2r)! (Kr —2r)! (Kr)!

2n—2r (K—-2)n—(K—-2)r Kn—Kr
IT @+ H (Kr—2r+j) < [[ (Er+k).
1=1 j=1 k=1

Since [[77;%"(2r + i) < [[5*(Kr + k) and H (K2n=K=2r (g 9p 4+ ) <

oKy 11 (K7 + k) the 1nequa11ty holds. O
Lemma 33. For almost every 0, for each t € {0, ..., ng}, the set Vi(0) = Xpr(0) N Cy consists of
finitely many points and

no

#{r-partial activation regions R(J", ) with R(J",0) N C # 0} < Z ( )Kt_T#Vt(Q)7 (12)

where #V(0) is the number of points in Vy(0).

Proof. The proof is similar to the proof of (Hanin and Rolnick, 2019b, Lemma 12). The difference
lies in the types of equations that appear in the partial activation regions of maxout networks. The
dimension of V;(0) is 0 with probability 1, because the set C; has dimension ¢ and, by Lemma
with probability 1 the set Xr; coincides locally with a subspace of codimension ¢. The intersection
of two generic affine spaces of complementary dimension has dimension 0.

Now we prove (12). If J" is an r-partial activation pattern and R(J",8) N C # (), then the closure
cIR(J",0) N C is a non-empty polytope. The intersection is bounded because C is bounded, and, by
Lemma the closure of R(J", ) is a polyhedron. As a non-empty polytope, this set has at least one
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vertex. Generically, if a vertex is in an (ng — t)-face of cl R(J", #), then it is in a t-face of C'. Hence,
with probability 1,

RJIT,O)NC#D = 3Fte{r...,no} st cARJI,0) NV #0D.
Thus, with probability 1,

#{r-partial activation regions with R(J",0) N C' # 0} < Z Ty #Vx,

t=r

where T} is the maximum over all v € V; of the number of r-partial activation regions whose closure
contains v.

To complete the proof, it remains to check that, with probability 1,

T, < (t) Kt
T

By the definition of Xxr ¢, each v € V; is an element of exactly one ¢-partial activation region defined
by t equations. To upper bound the number of r-partial activation regions that contain v, we upper
bound the number of ways in which one can get an r-partial region from this ¢-partial region. We
have (i) options to pick r equations that will remain satisfied. In each case, there are at most ¢ — r
neurons for which we need to specify a pre-activation feature attaining the maximum, for a total of at
most K=" options. This concludes the proof. O

Lemma 34. Fixt € {0,...ng}. For almost every choice of 0, there exists € > 0 (depending on 0) so
that the balls B, (v) of radius € centered at v € V; are disjoint and

VOl (Xnre N Be(v)) = €™ twpy 4,

where w; is the volume of a unit ball in R®.

Proof. The proof is similar to the proof of Hanin and Rolnick| (2019b, Lemma 13), whereby we use
Lemma [33]and the results for maxout networks obtained in Section|A] By Lemma[33] with probability
1 over 0, each V, is a finite set of points. Hence, we may choose € > 0 sufficiently small so that the
balls B. (v) are disjoint. Moreover, by Lemma|[16] in a sufficiently small neighborhood of v € V, the
set Xr; coincides with a (ng — ¢)-dimensional subspace. The (ny — t)-dimensional volume of this
subspace in B (v) is the volume of (ng — t)-dimensional ball of radius &, which equals €~ tw,,, ¢,
completing the proof.

To conclude this section, we compare the results on the numbers of activation regions of maxout and
ReLU networks in Table

Table 2: Comparison of the activation region results for maxout and ReLU networks.

ReLU network Maxout network
Generic lower bound on the num- 1, Remark i (Ty ) Theorem
ber of linear regions for a deep
network

(™)2N~7, (Hanin and Rolnick, (TK) (MYRN-T Lemma@ see

2r T

Trivial upper-bound on the num-

ber of r-partial activation re- 2019b, Theorem 10) also PropositionlEl
gions

n TKN)™0 (n0K
Upper-bound on the expected (gi\;)o!o T = 25C’gradCbius, ((2;)#,
npmber of r-partial activation re- (Hanin and Rolnickl, 20190, T — 95 ClradChias. Theorem|§|
gions, N > nyg Theorem 10)
Upper bound on the expected  (2C4aaChias)” (7 ). (Hanin and (2Crad Coias) " (55) (),
(no — r)-dimensional volume of Rolnick} |2019a), Corollary 7) Theorem

the non-linear locus
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F Upper bounding the constants

We briefly discuss the constants Cl;,s and Ch, in the hypothesis of Theorem@} The constant Ch,s
can be evaluated at initialization using the definition, since we know the distribution of biases. Recall
that we defined Ch,s as an upper bound on

where py, ... p, is the conditional distribution of any collection of biases given all the other weights
and biases in A/ and ¢ € N. If the biases are sampled independently, independently of the weights, this
equals sup,cg P5(b). Then, for instance, for a normal distribution with standard deviation \/C//ny,

the constant Cp;,s can be chosen as
ny
max —.
1€{0,...,.L.—1} \ 27C

The constant Cyr,q Was defined as an upper bound on
1/t
(s BVGa@I)
reR™0

Therefore we need to upper-bound E [|| V(. x(z)||*]. This expression stands for the ¢-th moment of
the L2 norm of the gradient of a pre-activation feature (, ; in a network, with respect to the input to
the network.

One possible calculation is as follows. We consider J, = [V, Ni(z;0),..., VN, (2;0)]T the
Jacobian of the output vector with respect to the input, for a given parameter 6 and input z. Note
that the gradient V(, 1 (z) for a pre-activation feature of a unit in the {-th layer of a network is a
row in the Jacobian matrix of an [-layer network. Therefore, ||V (, 1 (x)|| can be upper-bounded by
the spectral norm || J, || of the Jacobian, and the moments of the Jacobian norm can be used as an
upper-bound on the ¢-th moments of the gradient norm, ¢ > 1.

Proposition 35 (Upper bound on the moments of the Jacobian matrix norm). Let N be a fully-
connected feed-forward network with maxout units of rank K and a linear last layer. Let the network
have L layers of widths nq, . ..,ng, and ng inputs. Assume that the weights and biases of the units
in the I-th layer are sampled iid from a Gaussian distribution with mean 0 and variance c/n;_1,
l=1,...,L and cis some constant c € R,c > 0. Then

L—1 c ng t/2
—t/2 K
E[Jl]) < o/ng BN, ) [T B <n Zmiu_l,z) |
=1 =)
where J, is the Jacobian as defined above, x € R™; t > 1,t € N; mgli)hi is the largest order

statistic in a sample of size K of X%zq variables. Recall that the largest order statistic is a random

variable defined as the maximum of a random sample, and that a sum of squares of n independent
Gaussian variables has a chi-squared distribution 2.

Proof. Our first goal will be to upper-bound [|J;|| = supj, = [|/zul|. The Jacobian J, of

N(z): R"™ — R"™ can be written as a product of matrices w! ,1 =1,...,L depending on
the activation region of the input . The matrix W(l) consists of rows WED = Wi(l,zi € R™-1, where
ki = argmax;¢ (g {Wi(llz/x(lfl) + bv(l,i} fori =1,...,n;,and 21 is the I-th layer’s input. For the

(L)

last layer, which is linear, we have W'~ = W), Thus for any given u € R™ we have

Tl = [WETED Ty,

Consider some u(?) with ||u(?)|| = 1 and assume HW(l)u(O)H # 0. Note that for fixed u(?), the

probability of w being such that ||W(1)u(0) | = 01is 0. Multiplying and dividing by ||W(1)u(0) |
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we get

—(L— (0)
HW(L)W(L 1) . W(l (0) | ”W(l) H
W uO]
77 (1)
—o) W u©
‘W“ WL )
W
_ HW(L (L 1) W(Q)u(l)H HW(l)u(O)”7
where u(!) = % Notice, ||u(")|| = 1. Repeating this procedure layer-by-layer, we get

W E = D2 S O D))

(l)u(l_l)H. We have

ny
an(“nz < ;n?;g]{n Q1)

Notice that this upper bound only depends on W) and is independent of all other weight matrices
and of the input vector.

. . ) d
According to our assumptions, Wi( ,2 =, /=%,
s ni—1

R™ -1, Therefore, ||Wl(lk) 24 X7, has the distribution of a chi-squared random variable scaled
)

by ¢/n;—1. Moreover, since the vectors I/Vi(1 RN Wi(ll)( consist of the same number of separate iid

entries, the variables ||Wl(l1) 0%..., ||VVZ(ZI)(H2 are iid. In turn, maxye [k {||Wl(lk) HQ} 4 ﬁmgﬁhi,
(K)

where m,, "’

Now consider one of the factors, ||V

Cauchy—Schwarz
”W(l)u(zfl)”2:i<w(l) u(l*1)>2 flutt= 1’H 1

=1

. . . . . 2 .
i 18 the largest order statistic in a sample of size K of x;, , variables.

. d . . e
Notice that ||[WW(F)y(E=1)|12 < ﬁx,zu. To see this, recall that if u is a fixed vector and w

is a Gaussian random vector with mean p and covariance matrix ¥, then the product u ' w is

(L)

Gaussian with mean v " 1 and variance u ! Yu. Hence, since W, is a Gaussian vector with mean

. . L _ . . . .
zero and covariance matrix ¥ = -1, Wi( )uT=1) is Gaussian with mean zero and variance

D2 = e
nr—1

nLl

Combining everything, we get

. 12 Lo 1/2 1/2
I H—|s1H1p Il < (52, ) (anSffL) ( Zmno>

\u _ L—2 =1
L—1 ny 1/2
P, (H /) il (zmiffz,i) |
=1 =1

Now using the monotonicity of the expectation, the moments of the right hand side upper-bound those
of the left hand side. Moreover, using the independence of the individual factors, the expectation
factorizes. For the ¢-th moment we get

_ /2
E[|J.|] < E | /%y (Hn”"’) 11 (me )
L—1 . t/2
et T (nz g;qﬂ)
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Corollary 36 (Upper bound on Cgraq). Under the same assumptions as in Proposition|35] assuming
that c is set according to He initialization, meaning c = 2, or maxout-He initialization (see Table E]
for specific values of c for various K), the following expression can be used as the value for Cgyuq:

o\ 172 - 1Lt o "
(Tlo> (nL(nL+t)2 ) ll:[1 E Ezm"’*” ,

(K)

where m,, "’

. T . 2 .
i I8 the largest order statistic in a sample of size K of x;,, , variables.

Proof. The constant Cy,g Was defined as an upper bound on
1/t
((sup B9Ga@I)
TERMO

Therefore, using the upper-bound on the moments of the Jacobian norm from Proposition [33] an
upper-bound on the following expression can be used as a value for Cyraq:

1/t

L—1 c ny t/2
— 1/t
01/2% 1/2 (]E[Xfu]) / H E <nl ngf)”>

=1 i=1

The moments of the chi distribution are
_ Dl +1)/2)
[(nr/2)

Using an upper-bound on a Gamma function ratio (see Jameson, 2013 Equation 12), this can be
upper-bounded with

E [Xo, ]

’/LL(TLL + t)%il.

The factor involving mgf_)l can be upper-bounded by considering the explicit expression for the

moments of the largest order statistic of chi-squared variables. The closed form for these moments is
available (see Nadarajah,|2008), but they have complicated form and we will keep the factor involving

(K
C o (K) i
<nlzmnll)i>

mnll as it is. Then the total upper bound is
i=1

1/t

o\ 172 L ek
<n0> (’I’LL(TLL —|—t)2 1) ll;[l E
O

Estimating the moments of the gradient of maxout networks is a challenging topic, as can be seen
from the above discussion, and is worthy of a separate investigation. It might be possible to obtain
tighter upper-bounds on it and on Cjraq, @ question that we leave for future work.

G Expected number of regions for networks without bias

Zero biases of ReLU networks were discussed in [Hanin and Rolnickl (2019b) and studied in detail in
Steinwart| (2019). There is no distribution on the biases in the zero bias case, meaning that conditions
on the biases from Theorem [J]are not satisfied. We closely follow the proofs in[Hanin and Rolnick
(2019b)) and show that the arguments similar to those regarding the zero bias case in the ReLU
networks also apply to the maxout networks. According to Lemma[37] activation regions of zero-bias
maxout networks are convex cones, see Figure 9] for the illustration. In Corollary 39| we come to a
conclusion that the number of activation regions in expectation in a network with zero biases grows

as O(no(K N)mo~1 (KoL),

2(7’1,0 —1)
Lemma 37. Let N be a maxout network with biases set to zero. Then,
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Zero bias Small bias Non-zero b1as

Figure 9: Linear regions of a 3 layer network with 100 units and the maxout rank KX = 2. The
network was initialized with the maxout-He distribution. Activation regions of a maxout network with
zero biases are convex cones. Small biases are initialized as the biases sampled from the maxout-He
distribution multiplied by 0.1. Majority of linear regions of a network with small biases are cones
and the ones that are not are small and concentrated around zero.

(a) N is nonnegative homogeneous : N'(cx) = cN (z) for each ¢ > 0.

(b) For every activation region R of N, and every point x in R, all points cx are also in R for
¢ > 0and R is a convex polyhedral cone.

Proof of Lemma[37] Each neuron of the network computes a function of the form z(x1, ..., x,) =
n
maxge[k] {Y ;1 Wik - =i} Note that for any ¢ > 0:

z(exy, ..., cx,) = max cg Wik - T p = C- Max E Wik X g =c-2(x1,...,Tp).
ke[K] ke[K]

Therefore, each neuron is equ1var1ant under multiplication by a nonnegatlve constant ¢, and thus the
overall network as well, proving@ If ¢ > 0, the activation patterns for x and cz are also identical,
since for any inequality in the activation region definition we have

n n n n
A

E Wi, 5 * CT; > E Wi 5+ CT; <= E Wi 5+ Ty > E w; g Ty Jy) € [K]

=1 =1 1=1 =1

This implies that = and cz lie in the same activation region, and that R is a convex polyhedral cone,
see e.g. [Chandru and Hooker| (2011). This proves [(b)] O

Proposition 38 (Networks without biases do not have more regions). Suppose that N is a maxout
network with biases and conditions from Theorem[9 are satisfied. Let Ny be the same network with
all biases set to 0. Then, the total number of activation regions (in all the input space) for Ny is no
more than that for N

Proof of Proposition[38] 'We define an injective mapping from activation regions of Ay to regions
of N. For each region R of Ny, pick a point g € R. By Lemma[37} cxg € R for each
¢ > 0. Let Ny, be the network obtained from A by dividing all biases by ¢, and observe that
N(cxr) = cNyje(wr), with the same activation pattern between the two networks.

By picking c sufficiently large, V7 /. becomes arbitrarily close to Ay. Therefore, for some sufficiently
large ¢, Ny(czr ) and N (czr) have the same pattern of activations. Regions of A/ in which czx lies
are distinct for all distinct R. Thus, the number of regions of N is at least as large as the number of
regions of Nj. O

We obtain following corollary of Theorem ] for the zero-bias case.

Corollary 39 (Expected number of activation regions of zero-bias networks). Suppose that Ny is
a fully-connected feed-forward maxout network with zero biases, ng inputs, a total of N rank K
maxout units. Also, suppose that all conditions from Theorem[9} except for the conditions on the
biases, are satisfied. Then there exists a constant T' depending on Cyqq so that

KN, N S no
E[#activation regions of Ny| < (T KNyro—1 (K(no=Dy
n 2(ng—1) N >n
0 (no—1)! ’ =70

The expectation is taken with respect to the distribution of weights in Ny.
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Proof of Corollary[39 Based on Proposition 3§ we can use the same upper bound as for the networks
with biases, thus for the case N < ny, the expectation is upper bounded with K*V.

Now consider the case N > ng. We will add biases to Ay in such a way that the bias conditions
of Theorem [9] are satisfied with some CY;,.. Denote the resulting network with . Then, by
Proposition 38} A has a region corresponding to each region of Afy. All the corresponding regions in
N are unbounded because according to Proposition[38]for any x from a region of N there exists
a constant ¢ > 0 so that cx belongs to a region in /. Since all regions in N are unbounded, all
corresponding regions in A/ are unbounded under such a mapping.

Therefore, to obtain the result, it is enough to upper-bound the number of unbounded activation
regions of \V. Similarly to the proof of Theorem[9} consider a hypercube with a side length 6 > do,
large enough to interest all the unbounded regions. Then the total number of unbounded activation
regions of V is upper bounded by the sum of the numbers of activation regions intersecting each of
the hypercube 2n facets, each of dimension (ng — 1). By Theorem@], the expected number of acti-
vation regions of A in R~ is upper bounded with (32% CyraaClu K N )0~ (5071 /(g — 1)1,

bias 2(no—1)
Denoting §2° CyragCtj,s With 77 and combining everything we get the desired result. O

H Proofs related to the decision boundary

H.1 Simple upper bound on the number of pieces of the decision boundary

A network used for multi-class classification into M € N, M > 2 classes can be seen as a network
with a rank M maxout unit on top. Therefore, to discuss the decision boundary, we consider r-partial
activation regions, 7 > 1, with at least one equation in the last unit. With Jj5, we denote the r-partial
activation patterns corresponding to such regions and with Xpg , := UJ]S'B R(J5g; 0) their

union. All decision boundary is then written as Xpp.

€PoB,r

Lemma 40 (Simple upper bound on the number of r-partial activation patterns of the deci-
sion boundary). Let r € Ny. The number of r-partial activation patterns in the decision
boundary of a network with a total of N rank-K maxout units is upper bounded by |Ppg | <

Z?:il{ M—1,r} (/fl) (I;((::;))) (,N)KN=7+i The number of r-partial activation sub-patterns is up-

per bounded by |Spg | < Z;n:hf{Mil’r} (ifﬁ (12(((::;))) (TJXZ)

Proof of Lemma Activation patterns for the decision boundary regions should have at least one
equality in the upper unit. At the same time, the maximum possible number of equations in the last
unit is min{M — 1,r}. To get all suitable activation patterns we need to sum over all these options.

Now consider a fixed number of equations ¢ € {1,...,min{M — 1,r}}. The number of ways to
choose them is (i]fl) and the number of options for the all other units in the network is given by
Lemma []for  — 7. Combining everything, we get the claimed statement. O

H.2 Lower bound on the maximum number of pieces of the decision boundary

The lower bound in the second item of Theorem [21]is based on a construction of parameters for
which the network maps an n-cube in the input space to an n-cube in the output space in many-to-one
fashion. This means that any feature implemented over the last layer will replicate multiple times
over the input layer. We infer the following lower bound on the maximum number of pieces of the
decision boundary of a maxout network.

Proposition 41 (Lower bound on the maximum number of pieces of the decision boundary). Consider
a network N with ng inputs and L layers of n1, . ..,ny, rank-K maxout units followed by an M-
class classifier. Suppose n < ng, 7t even, and e¢; = min{ng,...,n_1}. Denote by N(M,n)
the maximum number of boundary pieces implemented by an M -class classifier over an n-cube.

Then the maximum number of linear pieces of the decision boundary of N is lower bounded by

N(M,n) T, (% (K — 1)+ D)™ Ifn > M orn >4, N(M,n) = (¥).

The asymptotic order of this bound is Q(M? H1L:1 (niK)™).
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Proof. We use the construction of parameters from Montufar et al.| (2021, Proposition 3.11) refining
a previous construction for ReLLU networks (Montufar et al., 2014) to have the network represent a
many-to-one map. There are H1L=1 (" (K —1)41)" distinct linear regions whose image in the output
space of the last layer contains an n-cube. The linear pieces of the decision boundary of an M -class
classifier over an n-cube at the L-th layer will have a corresponding multiplicity over the input space.
An M-class classifier is implemented as RM — [M]; y = (y1,...,ynm) — argmax,.cy Y- This

has (]\24 ) boundaries, one between any two classes. If n > M, then the image of the preceding layers

intersects all of these boundaries. More generally, the number of boundary pieces of an M -class
classifier over n-dimensional space can be seen to correspond to the number of edges of a polytope

with M vertices in n-dimensional space. The trivial upper bound N(M,n) < (1\24 ) is attained if
1 < [§]. This follows form the celebrated Upper Bound Theorem for the maximum number of faces
of convex polytopes (McMullen, |1970). O

H.3 Upper bound on the expected volume of the decision boundary

Theorem 12 (Upper bound on the volume of the (ny — r)-skeleton of the decision boundary).
Consider a bounded measurable set S C R™. Consider the notation and assumptions of Theorem 9]

whereby the constants Coaq and Chiqs are over S. Then, for any v € {1,...,no} we have
min{M—1,r} .
E[vol,,—r(XpB,» N S)] M K(r—1) N
: < (2C412dChias)" .
Vol (S) < (2CiraaChi) ; i+1)\20r—4) ) \r —i

Proof of Theorem[I2] Using Lemma[31] but considering only r-partial activation patterns that belong
to the decision boundary, volume of the (ny — r)-skeleton of the decision boundary can be upper-
bounded with

S [ Bl (™ = sy x4 b7 3 (= ) x4 b")] da

T S
Upper-bounding the integral as in Theorem[I0] but using Lemma[40]to count the number of entries in
the sum, we get the final upper-bound

sowciar 3 (Y)Y i)

H.4 Upper bound on the expected number of pieces of the decision boundary

Lemma 42 (Upper bound on the expected number of r-partial activation regions of the decision
boundary). Let N be a fully-connected feed-forward maxout network, with ng inputs, a total of N
rank K maxout units, and M linear output units used for multi-classification. Fixr € {1,...,ng}.
Then, under the assumptions of Theorem@] there exists g < 1/ (QCgradC'bias) such that for all cubes
C C R™ with side length § > dy,

min{M—1,r} ( M\ (K(r—i)\( N N—r+1
o Dic (i+1) ( 2(r—1) ) (rfi)K , N <ng
# r-partial activation regions m]
[the decision boundary of A in C (2% Crad Chias N) ™0 (2K) "0 1
voI(C) < o S
min{M—1,n0} ( M\ (K (no—i)\ [1j=1(ro—j+1)
XD lin1 (i+1)<2(n0—i)> I, (N—1+3)° N zmno

Here the expectation is taken with respect to the distribution of weights and biases in N.

Proof of Lemmad2] Result for the case N < ny arises from Lemma[0] Consider N > ng. The
proof closely follows the proof of Theorem [I0} and we only highlight the differences. Based on
Lemmal[12]

min{M—1,t}

E[#V] < (2CgaaChias)’ > ( t]fl) (I;(it_ié)) (lj_‘f 1) voly (Cy).-

=1
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Therefore, the upper bound on the expected number of r-partial activation regions in the decision
boundary is

n min{M—1,t} 3
N[t N\ /K{t—i)\[{ M\ (no
Kt—T’ ) o as t 2’n0—t t
> (Jreameny 3 (1) o) () (V)2
min{M —1,n0}

< (46CigaaChias) ™ (2K)™ 7" Y (Zi\fl) ([2(((,1100_@3)> i (th'> (T;O)

i=1 t=r

Re-writing (,",) (") as (7;(’)2 ((’g))) we can upper-bound it with

4o Hé‘:l(t —j+1) N < 4M0 szl(no —j+1) Nmo
[ (N —t+4) ol = T (N —r+j) no!

The final upper bound is then

min{ M —1,n, . ) .
(25Cvgradc'biasI(]V)n0 {Z o} ( M ) <K(n0 — Z)) Hj=1(”0 ) + 1) VOI(C)
(2K)"no! i=1 i+ 1)\ 2(no — ) [ (N =7 +))
Dividing this expression by vol(C) we get the desired result. O

The next theorem follows immediately from Lemma[@2]if r is set to 1.

Theorem 11 (Upper bound on the expected number of linear pieces of the decision boundary). Let N
be a fully-connected feedforward maxout network, with ng inputs, a total of N rank-K maxout units,
and M linear output units used for multi-class classification. Under the assumptions of Theorem|[9)
there exists g < 1/(2CgradChias) such that for all cubes C C R™ with side length 6 > do,

## linear pieces in the M N <
E [decision boundary of A in C] ( 2 )K ’ N = No
vol(C =) (2" CaraaChias) ™0 (2K N)"0 1 (MY (K (ng—1)
©) - (no—1)! (2)(2(n0_1))a N >ng

Here the expectation is taken with respect to the distribution of weights and biases in N
H.5 Lower bound on the expected distance to the decision boundary

Now, using an approach similar to|Hanin and Rolnick|(2019a, Corollary 5), who provided a lower
bound on the expected distance to the boundary of linear regions, we discuss a lower bound on the
distance to the decision boundary. We will use the following result from that work.

Lemma 43 (Hanin and Rolnick|2019a, Lemma 12). Fix a positive integer n > 1, and let Q C R"™ be a
compact continuous piecewise linear submanifold with finitely many pieces. Define Qo = () and let Q;
be the union of the interiors of all k-dimensional pieces of Q\ (QoU- - -UQ;¢_1). Denote by T.(X) the
e-tubular neighborhood of any X C R". We have vol,(T-(Q)) < > wn—e"™ vl (Qy), where

wq := volume of ball of radius 1 in R

We will prove the following.

Corollary 13 (Distance to the decision boundary). Suppose N is as in Theorem[9) For any compact
set S C R™ [et x be a uniform point in S. There exists ¢ > 0 independent of S so that

c
El|distance(x, X] >
[ (z, Xpp)] > 2 CaaCop M i

where m := min{M — 1,ng}.

Proof of Corollary[I3] Let z € K be uniformly chosen. Then, for any € > 0, using Markov’s
inequality and Lemma @3] we have

E[distance(z, Xpp)] >eP(distance(x, Xpp) > ¢) = ¢(1 — P(distance(z, Xpp) < ¢))

=€ (1 —E [VOan (TE(XDB)]) Z e (1 — Zownoftsno_tE [VOant(XDB)]>

t=1
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The upper bound from Theorem [12]can be upper bounded further with

min{M—1,t} .
M\ (K(@t—=i)\( N
< Y
E[vOlng—t(Ab.t N 5)] <(2CgradChias) ;:1 (Z N 1) (Q(t ) ) (t B Z) Vol ()

<(2C4adCias) L (AR 2N) I M™ 1 * vol,,, (S),

where m* := min{M — 1,¢}. Then expectation of the distance can be lower bounded with

ng
) (1 - Z(chradCbiaSE)t(4€K2N)t1Mm*+lnl*> Z 3 (1 - ZCgradCbiast+1m5) ’

t=1

where m := min{M — 1,n¢}. Taking ¢ to be a small constant ¢ times 1/(2CgadChias M ™' m)
completes the proof. O

Remark 44 (Decision boundary of ReLU networks). All proofs consider the indecision locus of
the last unit on top of the network and reuse results on the volume of the boundary and the number
of activation regions. If one sets K to 2, these results differ only in 27" from those for the ReLU
networks. Therefore, the decision boundary analysis should also apply to the ReLU networks if one
sets K to 2 with a difference only in the constant.

I Counting algorithms

I.1 Approximate counting of the activation regions

First, we describe an approximate method for counting linear regions that is useful for quickly
estimating the number of linear regions or plotting them.

We generate a grid of inputs in an ng-dimensional cube, compute the gradients with respect to the
input, which is simply a product of weights on the path that corresponds to a given input, and then
sum the gradient values for each input dimension of one input. Then, we compute the number of
unique sums and use it as the number of linear regions.

The method is not exact because it works by computing network gradients on a grid, so it is possible
to miss a small region. Also, it does not distinguish between regions with the same gradient value,
which is one more reason it might miss some linear regions and why it counts linear regions, not
activation regions. However, from what we have seen, if the grid has many points, the difference
between the exact and approximate method is not that big.

I.2 Exact counting of the activation regions

The algorithm starts with a cube in which we want to count the activation regions defined with a set of
linear inequalities in R™°. We go through the network layer by layer, unit by unit, and for each unit, we
determine if its pre-activation features attain a maximum on the regions obtained so far by checking
the feasibility of the corresponding linear inequalities systems. For this, we use linear programming.
More specifically, an interior-point method implementation from scipy.optimize.linprog. The
use of linear programming is justified since, according to Lemmafd} the activation regions are convex.

The input to the simplex method becomes the combined system of inequalities for the region and
the pre-activation feature. We set the objective to zero, meaning that any x can satisfy it. One has
to use non-strict inequalities in linear programming methods, implying the boundary of activation
regions is also included. We also add a small € = 1e—6 to avoid zero solutions in a zero bias case.

The inequalities for a pre-activation feature of some neuron z have the form
{x e R™ | a; j,(z;0) + b, j, > a.i(x;0)+b.; +e, Vie [K]\[jol}

As aresult, we get a new list of activation regions and pass it to the next unit.

To correctly estimate inequalities corresponding to a pre-activation feature on a specific region, one
has to keep track of the function computed on this region, which has the form: wf,l) e (wf,o) -x 4+
bSO)) + 4 bF]l), where J is an activation pattern of the region.

The pseudocode for the algorithm is in Algorithm [I] and the pseudocode for a check for one pre-
activation feature is in Algorithm 2]
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Algorithm 1 Exactly Count the Number of Activation Regions in a Maxout Network

1: function COUNTACTIVATIONREGIONS

2 activation_regions = [starting_cube]

3 for layerin {1,...,L} do

4 for unit in layer do

5: new_activation_regions =[]

6 for region in activation_regions do
7 for feature in unit do

8

: > See Algorithm 2]

9: if NewRegionCheck(unit.features, feature, region) then
10: new_activation_regions.append(new_region)
11: activation_regions =new_activation_regions
12: for region in activation_regions do
13: region.function =region.next_layer_function
14: region.next_layer_function =[]
15: return length(activation_regions)

I.3 Exact counting of linear pieces in the decision boundary

We define an algorithm for exactly counting linear pieces in the decision boundary based on the
algorithm from Section[[.2] Consider a classification problem with M classes, and to describe the
decision boundary, add a maxout unit of rank M on top of the network. To count the number of linear
pieces in the decision boundary, for each pair of classes, go through all the activation regions of the
network. Construct a linear program for which the set of inequalities is given by a union of the region
inequalities and inequalities which determine if the given classes attain maximum. Also, add the
equality between these two classes. If the problem is feasible, there is a piece in the decision boundary.
At the end of this process, one gets the total number of linear pieces in the decision boundary.

I.4 Algorithm discussion

There are two useful modifications to the method. First, to count the number of regions in a ReLU
network instead of systems of (K — 1) linear inequalities, one can use inequalities of the form
w-z+b>0andw-x+b<0.

Second, to compute the number of activation regions in a slice, one can define a parametrization of the
input space. We consider as the slice of a cube C the 2-space through three points z1, 2, x3 € R™,
meaning the slice has the form V' = {x = vg + viy; + vay2 € R™: (y1,2) € R2 N C}, where
vo = (1422 +23)/3 € R™, and v1, v € R™ are an orthogonal basis of span{zs — 1,23 — 1},
and vy, v9 are orthonormal. We can evaluate the network function over such a slice by augmenting
the network by a linear layer ¢: R? — R™ with weights vy, v and biases vg. We used images from
3 different classes as the points that define the slice.

We usually performed the computation in a 2D slice, which is reasonably fast because the number of
regions is not large if the input dimension is not high, as suggested by Theorem[9} Additionally, note
that the check for a given unit is embarrassingly parallel, meaning the computation can be accelerated.
To demonstrate that the computation can be carried out in a reasonable time, we also analyse the
algorithm’s space-time complexity.

Space-time complexity of the algorithm

To start, we estimate complexities for some number of activation regions R. Firstly, consider the
space complexity. Since we store all activation regions, the space requirement grows as R multiplied
by an activation region size. We store a region as a constant size function computed on it and as
a system of linear inequalities. The maximum number of inequalities is attained when each of N
neurons adds a new system of inequalities to the region, while K — 1 inequalities determine that
one pre-activation feature attains a maximum. Therefore, the space complexity of the algorithm is
O(RKN).
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Algorithm 2 Auxiliary Function That Checks if a Pre-Activation Feature Creates a New Region

1: function NEWREGIONCHECK(unit_features, feature, region)

2: objective = zeros

3 inequalites =region.inequalities

4: unit_features.weights =unit_features.weights X region.weights

5: unit_features.biases =unit_features.weights X region.biases

6 +unit_features.biases
7 for another_feature inunit_features \ feature do

8 inequalities.append(another_feature.weights - feature.weights X z

9: < feature.bias - another_feature.bias)
10: if LinearProgramming.Solve(objective, inequalities) then
11: next_layer_function =region.next_layer_function
12: + [feature.weights, feature.bias]
13: return Region(inequalites, region.function, next_layer_function)
14: return None

Now consider the time complexity. Since we traverse the network unit by unit, and for each pre-
activation feature of a unit and each available activation region, we solve a linear programming
problem, the time complexity is O of RK N times the time complexity of a linear programming

method. We have used an interior point method that has a polynomial-time complexity of O( I:g’fn L),
see |Anstreicher| (1999), where n is the dimension of the variables, which is the dimension of the
network input ng, and L is the number of bits used to represent the method input. The input is the set

of inequalities, and as we have just discussed, its size is O(K N). Combining everything, and using
O(n3L) instead of O( lgf;n L) for simplicity, we get that the time complexity of the whole algorithm
is O(RK2N?n}).

To get complexities for the average case, assume N > ng. Then, based on Theorem[9] R grows
as O((K3N)™). Therefore, the space complexity is O(K N(K3N)™) and the time complexity
is O(K2N?n3(K3N)™). Both space and time complexities grow exponentially with the input
dimension but polynomially with the number of neurons and a maxout unit’s rank.

J Parameter initialization

J.1 He initialization

We briefly recall the parameter initialization procedure for ReLU networks which is commonly
referred to as “He initialization” (He et al.l 2015). This follows the motivation of the work by Xavier
and co-authors (Glorot and Bengio| [2010). To train deep networks, one would like to avoid vanishing
or exploding gradients. The approach formulates a sufficient condition for the norms of the activations
across layers to not blow up or vanish. For ReLU networks this leads to sampling the weights from a

distribution with standard deviation /2/n;.
J.2 He-like initialization for maxout (Maxout-He)

We follow the derivation from |Glorot and Bengio| (2010) and He et al.| (2015) but for the case of
maxout units. We note that a He-like initialization for maxouts was considered by Sun et al.| (2018))
but only for K' = 2. We focus on the forward pass and consider fully-connected layers. The idea is to
investigate the variance of the responses in each layer. We use the following notations. For a given
layer [ with d units and n; inputs, a (pre-activation) response is y; = W;x; + b;, where x; € R™
is an input vector to the layer, W; € R4*™ is a matrix, b; € R? is a vector of biases. We have
x; = ¢(yi—1), where ¢ is the activation function.

We assume the elements in W; are independent and identically distributed (iid). We assume that the
elements in x; are also iid. We assume that x; and W; are independent of each other. Denote y;,
wy, and x; the random variables of each element in y;, W;, and x; respectively. In the following we
assume that biases are zero. Then we have:

Var[y,] = nVar[w; - ;).
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If we assume further that w; has zero mean, then the variance of the product of independent variables
gives us:

Var[y] = ny Var[w|E[z7]. (13)

We need to estimate E[z7]. For ReLU, E[z?] = Var[y;_]. For maxout we get a different result. Let
K be the rank of a maxout unit. Then 2; = ¢(y;—1) = maxpeix{¥i—1,k}- The Y11, ..., Y1-1,x
are independent and have the same distribution. We denote f(¢) and F'(t) the pdf and cdf of this
distribution. The cdf for 7; = maxecx){yi—1,x} is, dropping the subscript [ — 1 of ;1 % for
simplicity of notation,

K
Pr uwxf) < ¢) = Pr o <) = [TPrt <0 = (F)™

In turn, the expectation of the square is

E [max{yk} ] /t25t [(F(t))K] dt:K/RtQ (1) f(t)dt.

ke[K]

Now we can apply this formula to discuss the cases of a uniform distribution on an interval and a
normal distribution. If we assume that w;_; has a symmetric distribution around zero, then y;_; has
zero mean and has a symmetric distribution around zero.

Uniform Distribution Assuming y;_; has a uniform distribution on the interval [—a, a], we get
Var[y,—1] = a?/3, and

K =2:E[z]] = 5= Var[y; 1],

K =3:E[z}] = ? = gval"[yl—l];
K =4:E[z}] = % = %Vﬂr[yl—l];
K =5:E[z}] = % EVar[yz 1)-

K K K)

More generally, E[z7] = 4a?(:55 — 25 + £o).

Normal Distribution Assuming y;_; has a normal distribution A/(0, o2), the closed form solution
is available for up to K = 4. We have:

K =2:E[a] = Var[y—1],

V3 +2m

K =3:E[z7] = Tvar[yl—l]a
\/§+ ™

K =4:E[z?] = - Var[y;—1],

K =5 E[2?] ~ 1.80002Var[y;_1].

Inserting the expressions for E[z7] into (T3),
Varly,] = ny Var[w]cVar[y, 1],

where ¢ depends on the distribution and on K. Putting the results together for all layers,

L

Var[yr] = Var[y:] H eng Varw].
1=2

A sufficient condition for this product not to increase or decrease exponentially in L is that, for each
layer, cny Var[w;] = 1. This is achieved by setting the standard deviation (std) of w; as /1/cn,. For
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Figure 10: Shown are normal (top) and uniform (bottom) input distributions, as well as the corre-
sponding response distributions for ReLU, maxout of rank K = 2, and maxout of rank K = 5. The
expectation of the square response for maxouts of rank K > 2 depends not only on the variance but
also on the particular shape of the input distribution.

K = 2 this is y/1/n; for both uniform and normal distribution. For a uniform distribution, we obtain
the condition Var[w;| = ——— 17—
(3~ mF (R
We notice that for ReLLU, the particular shape of the distribution of the (pre-activation) response
y1—1 does not impact the expected square of the activation x;. Indeed, as soon as w; is assumed to
1

be symmetric around zero, one obtains E[z7] = £ Var[y,_1]. In contrast, for maxout units of rank

K > 2, the particular shape of the distribution of y;,_; does affect the value of E[z7]. This is why
we obtain different conditions on the standard deviation of the weight distributions depending on
the assumed response distribution. The situation is illustrated in Figure [T0] Among the possible
distributions that one might assume for y;_1, a normal distribution appears most natural. Therefore,
we take the standard deviations obtained under this assumption as the ones defining the maxout-He
initialization procedure. The values of the std of w; for K up to 5 for normal distributions are shown
in Table[Tl

J.3 Sphere initialization

If we initialize the pre-activation features of a maxout unit independently, then we expect the number
of regions of the unit will be significantly smaller than K, as discussed in Appendix [C| In view
of Proposition [20] the number of regions of a maxout unit with weights w1, ..., wx € R" and
biases by, ...,bx € Ris equal to the number of upper vertices of the polytope conv{(w,,b.): r €
[K]}. Hence one way to have each rank-K maxout unit have K linear regions over its input at
initialization is to initialize the pre-activation feature parameters as points in the upper half-sphere
{(w,b) € R"*1: ||(w,b)|| = 1,b > 0}. This can be done as follows. For each pre-activation feature

i=1,....K

1. Sample (w;, b;) from a Gaussian on R™+1,

2. Normalize (’U)i, bl)/H(wl, bl)”

3. Replace b; with |b;].

If desired, subtract a constant c from each of the biases b, ..., bx. For instance one may choose c so

that the mean output of the maxout unit is approximately O for inputs from a Gaussian distribution.
We have used ¢ = 1/4/Kn; in our implementation, and Gaussian had zero mean and unit covariance.

J.4 Many regions initialization
We can initialize the parameters of a maxout layer so that the layer has the largest possible number

of linear regions over its input space. A description of parameter choices maximizing the number
of regions for a layer of maxout units has been given by [Montifar et al.| (2021}, Proposition 3.4).
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The number of regions of a layer of maxout units corresponds to the number of upper vertices of
a Minkowski sum of polytopes. A construction maximizing the number of vertices of Minkowski
sums was presented earlier by Weibel| (2012). The procedure is as follows. Let the layer have input
dimension n. Foreach unitj = 1,...,m:

1. Sample a vector v; € R™ from a distribution which has a density.

2. For each pre-activation feature ¢ = 1, ..., K set the weights and bias as w; ; = v; cos(mi/K ) and
bjﬂ' = SIH(’/TZ/K)

This construction ensures that each unit has K linear regions separated by K — 1 parallel hyperplanes,
and the hyperplanes of different units are in general position. Then the number of regions of the layer
is the one indicated in the first item of Theorem 211

If desired, one can add some noise to each of the above parameters (e.g. standard normal times a
small constant) in order to have a parameter distribution which has a density. If desired, one can
also normalize the initialization by subtracting an appropriate constant (e.g. to achieve a zero mean
activation) and dividing by an appropriate standard deviation (e.g. to achieve that the activations have
a unit mean norm). We were sampling v; from a Gaussian distribution with mean zero and std chosen
according to maxout-He.

J.5 Steinwart-like initialization for maxout

Steinwart| (2019) investigated initialization in ReLU networks. He suggested that having the nonlinear
locus of different units evenly spaced over the input space at initialization could lead to faster
convergence of training, which he also supported with experiments on the datasets from the UCI
repository. We can formulate a version of this general idea for the case of maxout networks as
follows.

1. Assume we have some generic initialization procedure for individual units, which gives us
weights wy, ..., wx € R™ and biases by, ...,bx € R. The initialization procedure could be for
instance “Sphere”. Upon initialization, our unit is computing a function z — max{ (w1, z) +
bi,...,{wgk,x) + bx } with non-linear locus that we denote L.

2. For each unit, sample a vector ¢ uniformly from the cube [—1, 1]". Alternatively, sample c as a
random convex combination of a random subset of the training data, so that ¢ = ZZ’; 1 iz, where
(p1,---,Pm) is a random probability vector and x1, . .., x,, are m randomly selected training
input examples.

3. Now set the weights as wy, . .., wg and the biases as by + (w1, ¢),...,bx + {(wg, c). Now our
unit is computing a function « +— max{(wg, ) + by + (wg, ¢) } = max{{wy, z+c) + by }. Hence
the nonlinear becomes L — c.

K Experiments

In this section, we provide details on the implementation and additional experimental results. All the
experiments were implemented in Python using PyTorch (Paszke et al.,|2019), numpy (Harris et al.,
2020), scipy (Jones et al.,[2001)) and mpidpy (Dalcin et al.| 2011}, with plots created using matplotlib
(Hunter, 2007). In the experiments concerning the network training, we used the MNIST dataset
(LeCun et al.;[2010). PyTorch, numpy, scipy and mpi4py are made available under the BSD license,
matplotlib under the PSF license and MNIST dataset under the Creative Commons Attribution-Share
Alike 3.0 license. We conducted all experiments on a CPU cluster that uses Intel Xeon IceLake-
SP processors (Platinum 8360Y) with 72 cores per node and 256 GB RAM. The most extensive
experiments were usually running for 2-3 days on 32 nodes. The computer implementation of the key
functions is available on GitHub at https://github.com/hanna-tseran/maxout_complexity,

For the MNIST experiments we use the Adam optimizer with mini-batches of size 128 with learning
rate 0.001 and the standard Adam hyperparameters from PyTorch (betas are 0.9 and 0.999). Counting
at initialization was performed in the window [—50, 502, in the training experiments in the window
[—400, 400]? defined on the slice, and images of the regions and the decision boundary were obtained
in the window [—50,50]? also defined on the slice. All results are averaged over 30 instances
where applicable. The network architectures are specified in the individual experiments. The
parameter initialization procedures are implemented following the descriptions in Appendix [J} For the
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Figure 11: A few functions represented by a maxout network for different parameter values in a 2D

slice of parameter space. For each function we plot regions of the input space with different gradient
values using different colors.

experiments counting the number of activation regions and pieces in the decision boundary we use
home made implementations of the algorithms described in Appendix[I] Further below we present
the details and additional results of the individual experiments.

Details on Figure[I] We consider a network with 2 input units, three layers of rank-3 maxout units of
width 3, and a single linear output unit. We fix three parameter vectors g, 61, 62 drawn from a normal
distribution over the parameter space and define a grid of parameter values (1, £2) = 0p+&1601+&202
with (&1, &2) taking 102400 uniformly spaced values in [—1, 1]2. For each of these parameter values,
we estimate the number of linear regions that the represented function has over the square [—1,1]? in
the input space. To this end, we evaluate the gradient of the function over 102400 uniformly spaced
input points and take the number of distinct values an estimate for the number of linear regions. Then
we plot the estimated number of linear regions as a function of (£1,&2). A subset of 25 out of the
evaluated functions is shown in Figure [T T}

Comparison to the upper bound Figures [I2]and [T3|complement Figure 2] Figure [I2]compares the
number of activation regions and linear pieces in the decision boundary to the formulas both with and
without the constants, while Figure @demonstrates the results for different values of K.

Effects of the depth and the number of units on the number of linear regions Results adding
more information to Figure 3]are in Figure[T4] It shows that ReLU networks and maxout networks
with K = 2 have a similar number of activation regions that does not depend on the network depth
but rather on the total number of units. This figure also shows that maxout networks with ranks
K > 2 tend to have fewer regions as the depth increases, but the number of units remains constant
and that the difference in the number of regions becomes more apparent for larger ranks.

Effects of different initializations on training Figure[T6]is a more detailed version of Figure|[6] It
shows how convergence speed changes for different network depths and different maxout ranks given
different initializations. The improvement from maxout-He, sphere, and many regions initializations
compared to ReL.U-He initialization becomes more noticeable with larger network depth and larger
maxout rank. We have also checked how the Steinwart initialization affects the convergence speed,
but found no significant difference in this particular experiment. We used the approach where c is
taken as a convex combination of all training data points (weights p uniformly at random from the
probability simplex). The results are shown in Figure

Effects of different initializations on the number of activation regions and pieces in the decision
boundary during training Figure [I8]adds more information to Figure [5] and demonstrates how
the number of activation regions and linear pieces in the decision boundary changes for different
initializations during training on the MNIST dataset. We observe that the number of activation
regions and pieces of the decision boundary increase for all tested initialization procedures as training
progresses. Nonetheless, the number remains much lower than the theoretical maximum. Figure[T7]
illustrates how linear regions and the decision boundary evolve during training.
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Figure 12: Comparison to the formulas with and without the constants for the number of activation
regions and linear pieces in the decision boundary from Theorem [9]and Theorem [TT]respectively.
Networks had 100 units and maxout rank K = 2. The settings are similar to those in Figure@
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Figure 13: Comparison to the formula from Theorem|§|f0r maxout ranks ' = 3 and K = 5. The
networks were initialized with maxout-He normal initialization. We observe the increase in the
number of activation regions as the maxout rank increases, and for networks with higher maxout rank
deeper networks tend to have less regions than less deep networks with the same rank.
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Figure 14: Difference between the effects of depth and number of neurons on the number of activation
regions. These plots are additional to Figure [3]and have similar settings. ReLU and maxout networks
with K = 2 have a similar number of linear regions. For maxout rank K > 2 deeper networks tend to
have less regions than less deep networks with the same rank. For K = 3 the gaps between different

depths are smaller than for K = 5.
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Figure 15: Effect of the Steinwart initialization approach on the convergence speed during training
on the MNIST dataset for a network with 200 units and 5 layers. Maxout rank was K = 5. In this
experiment, for various initialization procedures, the addition or omission of a random shift of the
non-linear regions of different units led to similar training curves.
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Figure 16: Effect of the initialization on the convergence speed during training on the MNIST dataset
of networks with 200 units depending on the network depth and the maxout rank. Maxout-He, sphere,
and many regions initializations behave similarly, and the improvement in the convergence speed
becomes more noticeable for larger network depth and maxout rank.
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Figure 17: Evolution of the linear regions and the decision boundary during training on MNIST in a
2D slice determined by three random input points from the dataset. The network had 3 layers, a total
of 100 maxout units of rank K = 2, and was initialized with the maxout-He initialization.
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Figure 18: Change in the number of linear regions and the decision boundary pieces during 100
training epochs given different initializations. Networks had 100 neurons and for maxout networks
K = 2. Both the number of linear regions and linear pieces of the decision boundary increases during
training for all initializations but remain much smaller than the theoretical maximum. The settings
were the same as in FigureEl
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