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A Appendix

A.1 Theoretical Proofs

Notations of Convolutional Operations. In our paper, we express convolution operation as
Z, = aX,D,. More explicitly, the formulation writes as Z, = aX, x D,, where x is the
convolutional operation. By converting convolutional kernel D,, into a Toeplitz matrix, we can
replace the convolution operation X, x D,, with matrix multiplication X,D,,. We also modify a by

Inw @ a, where @) is Kronecker product, to enable the matrix multiplication aX,D,,.

Proposition A.1. Suppose D,, and D,, are two different sets of filter atoms for a convolutional layer
with the common atom coefficients o, we can upper bound the changes in the corresponding features

7., Z, with atom changes,
2w = Zo||7 < (llaf[#A)/]B] - [|(D ollp, with A = sup [[X|lr.n,,
€

Proof. Recall the decomposed convolution can be expressed as,
Z =3 (XD,
i=1

Vb we have,

|Z.,(b) |—ZazXD ZaZXD 1w, |

< el (Y 1(X, Dufd] = Du[d))w, )2,

i=1

By Cauchy-Schwarz inequality,

[(X, (Duli] = Dy[i])) vy | < [1X||7 w5, - (D[] = Do[ill| 7,
<A HDu[Z] - Dv[i]HF,Nb

we have that

> 1Zu (0 ) < IIaHFZZI D, [i])) n,|*

beB b =1
< e3> IXlIE, - 1Duli] = Dyfi)l[3,
b =1
< ([l A)? Y 1[(Du[i) = D [i])][3
by

and observe that

YDl = Dufi)l7n, = ZZII D, i), = 1Bl [|(Du — Do)|[%,
b,i

beB i=1

where |B| is the area of the domain of X. Then Eq. [12]becomes

Y 1Zu(®) = Z,(0)* < (llellrA)?|B] - [|[(Do = Do)l
beB
which proves that ||Z,, — Z,||r < (||a||FA)/|B] - ||[(D »)||F as claimed.

Proposition A.2. Assume filter atoms D, D,, are orthogonal matrices, then SGrqs = SAtom-
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Proof. Since D,,,D,, € RF X™ are orthogonal matrices, i.e., DZDU = DZDU = I, the Grassmann
similarity can be represented as,

1 1
Saras(Fus Fo) = — D Jeosi = — 3 i, (15)

where g; = 22’1‘7 UV = DZDU
Satom 18 defined as,
< vec(Dy,), vec(Dy) >

[lvec(Du)||F - [lvec(Dy)|[F

SAtom(]:uva) = COS(DuaDv) = (16)

Analyze each part separately, we have < vec(D ),vec(D,) >= Tr(DID,) = Y "oy,

[lvee(D,)||lFr = /Tr(DID,) VTr(I) = /m, and also |[vec(D,)||r = v/m. In total,

the filter subspace sim11ar1ty becomes

ZUZ

SAtom(fuzfv) - COS(Du7D ) (17)
which equals Sgqs. The claimed theorem is proved.
O
Lemma A.3. For two positive semidefinite matrices A, B,
where 0 p,in denotes the minimum eigenvalue of A.
Proof. 1t is equivalent to prove that,

Let C, D be matrices such that A — ¢,,,;,(A)I = CTC, B = DTD, then

Tr((A — 0pmin(A)I)B) = Tr(CTCDTD)
— Tr(CD"DCT) (20)
= Tr((DCT)T(DCT)) > 0.

O

Theorem A.4. Suppose the forward of decomposed convolution layer for the u-th model is Z.,, =
aXD,,. Z,,Z, nearly have zero-mean since X,, is preprocessed to be normalized. CCA coefficient

is defined as S(Z,Z,) = / % > i, 02, where o? denotes the i-th eigenvalue of Ay, = QT Qu,
Qu = Zu(ZlZu)_%. Then S(Z.,,Z.,) is upper bounded,

3

S(Z,Z) < % cos(D,,D,), @1
where T = Tr(XTaTaX),C = opin(XTaTaX).

. 2_ 1\ 2
Proof. Consider §* = £ 37, 07.

Z o? = —Tr(Ay AL ). (22)

where
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As defined above, we have

QuQl = Z,(Z1Z,) 3 (Z1Z,) *Z] = Z,(Z1Z,)"'Z]

1 L (24)
QUQI :ZU(ZIZv)ié(ZlZv)ié 5 Z, (ZTZ ) 1ZI
Then Equation 23| becomes,
Tr(AuoAL ) = Tr(Zu (2] Z,) " 212, (2] Z,) " ZT) )
=Tr(Z1Z,) '21Z,(Z1Z,) ' ZIZ,,).
By Cauchy-Schwartz Inequality,
Tr(AuoAT,) < Tr((Z2]2.) ") Tr((2]Z0) ) Tr(Z]Z0)°. (26)
Then we analyze these terms individually,
Tr(ZTZ,) = Tr(DIXTaTaXD,) = Tr(X"TaTaXD,D]) 27

< Tr(XTaTaX)Tr(DID,) < T - Tr(DID,)

As for Tr((ZTZ,)~ 1), let A1, Aa, ..., A be eigenvalues for ZTZ,, listed in descending order (A\; >
A2 > ... > A.), and assume the condition number of ZTZ,, and ZTZ,, satisfy A\p,az/Amin < 7, then,

_ 1 1 ye
Tr((Z1Z,) ") = —<c- — < — 28
<<M>>HA T a8)
where \; = ||ZTZ,]|2, || - ||2 denotes the operator norm induced by the vector Lo-norm. With the
norm inequalities of any positive semidefinite matrix A,
1Az = —=[lAll *I\All > Tx(4) (29)
2 Z \/7 F = * c )
where || - || 7, || - ||« denote the Frobenius norm and the nuclear norm, respectively.
Equation then becomes,
Te(Z1Z.) ) <o b < (30)
v - ||Z7—5Zu”2 B TI'(ZLZU)'
By Lemma[A.3]
Tr(Z1Z,) = Tr(DI]XTaTaXD,,)
=Tr(X"a"™a’XD,D])
> omin(XTaTaTX)Tr(D]D,,) €29
> C - |lvec(Dy)|l3,
where vec(+) denotes vectorization of a matrix.
Then Equation [30]is further derived as,
2
e
Tr((Z1Z,)™ ") < o2 (32)
C - [lvec(Dy)[3
Similarly, we have
-1 e
Tr((2]Z,)") < (33)

)< eI
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Finally, with Tr(DID,) =< vec(D,,), vec(D,) >, we have
VT2t (< vee(Dy,), vec(D,) >)?

Tr(AyAl,) <
e CQHUeC(Du)H% ’ HveC(DU)H% (34)
VT 2
< oz cos (D, Dy),
and thus,
1
S(Zu7 Zv) = 7T‘I’(Au,vA;rL,v)
., (35)
< 7T -cos(Dy,D,).
C
Then the claimed theorem is proved.
O

Lemma A.5. For two matrices A, B, their frobenius norm satisfies,

Aq
|AB|r = [[AllrlBllry/1 — -z mi (36)
[A[%BII%

where Ay = Zij(Zk 2 ERIODN Bl%j) -sin? ((As, B;j)).

Proof. According to the definition of frobenius norm [|A | = />, [4i;]* we have,

IAB|[r = [> (O AiBij) (37)
iJ k

Note that (3, riyi)® = (> 9512)(21 y7) - cos® ((x,y)) = (> x?)(zz y7) — (> fff)(Zz v7) -

sin? ((z,y)), where (x, y) is the angle of two vectors x and y. We have,

\/Z(Z AirByj)?
K

%

= \/Z A2, \/Z ngJ L ik A?%ZA'“QB%) : 8;22 ({(Ais, Bj)) a8)

(0, AR, BR)) - sin® ((As:, By))
IAlIZIBIIE

(Z A?k)(z B}%j) - (Z A?k)(z B}%j) - sin® ((Ai:, B;))
E 2 2 k

=[[A[[rIB[ry/1

Aq
=[AllrIBllry /1 = Tz Rz
|Al7IB|F | A[I%]B]|3

where A;. is the i-th row of A and B; is the j-th column of B, Ay = 37, (3=, A%) (X2, B;) -
sin® ((A;., B.j)). As A;. and B.; are more correlated, (A;., B.;) — 0, thus, A; < ||A[|%]B||%.
O

Lemma A.6.

A
IAY2| = A2 1+ SEAZ /A, (39)
1A%

17



ss9  Proof. According to Lemmal[A3] we have,

A7 = [|[AY?]} — Ay (40)
s50 Thus, A
IAY?|p = [|A| 7 (1 + TRAZ) 4 (41)
|A]Z

s51 where Ajp12 = Eij(Zk(Al/z)sz)(Zk(Al/Q)kj) sin (<(A1/2) (Al/Q) ). As (A'/?);. and
ss2 (A/2).; are more correlated, ((A'/2);., (A1/2);) — 0, thus, Aq 4172 < [|A[|%.
553 O

ss4 Lemma A.7. For three matrices A, B, and C, their frobenius norm satisfies,

Ay + As

(42)
IAIZIBIEIICIE

[AllF = A|F||BF”C”F\/1 -

s where Dy = A AL Yy, (5 B, CF) -sin? ((Bi, Cp) + [Cl13 (5 AZ) (5, BE) -
so sin? (A, B))| and Dy = [0, (5, AR)(SL(BOR,) - sin? ((Ai, (BO),) +
s 3,5 (CU(AB)2)(, CF) - sin® ((AB)i., C.p))l.

ss8  Proof. Based on Lemma[AZ3] we have,

IABC|
=|ABJ2[C: — SO (4B))(> C}) -sin® ((AB).., C,y))
ij 1 l
= AI2IBl3ICIE — IC)3 S0 42) ZBM sin? (A, B)) “3)
7l k

=Y O _(AB)H)(Y_CF) - sin® ({(AB)i:, Cy5))
i !

s59  Symmetrically, we also have,

|ABC|%
=|A|%IBC|3 - ZZA ZBC );) - sin? ((4;,, (BO),;))
=|A|%|Bl%|Cl% — |AHFZ ZBM chj -sin? ((By:, C.;)) (44)

_Z ZA Z (BO)i;) - sin® ((Aq, (BC).5))

s60 Thus,
|ABC]|%

:%[”A”%‘”B”%‘”CH%_HAHFZ ZBkl ZCzj -sin? (B, C)
—Z ZA Z BO);;) - Sln2(< i (BC):5))
+HAIIFIIBHFIICIIF—IICII%Z;(%:A ZBkl -sin” ({4, Bu))
- Z(;(AB)?D(; CP) - Si;Q ((AB)i:, C5))]

=[AIZIBIEICIE — Az — As,

(45)
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where Ay = 5 [[[AlI7 325, (32, BR) (32, CF) - sin® ((Br:, Cj) + [ ClI% X0 (5, AR (5, Biy) -
sin? (A, Ba)] and Ay = 3[30,(00, A%) (T (BO),) - sin® ((4i, (BC);) +
>4 (S AB)) (X, CF) - sin® ({(AB)is, Cy5))]. Therefore,

B Ay + Aj
IA[IZIBIZICIE

IABC||r = ||A|F||B||F||C||F\/1 (46)

As A;; and By, By, and C'; are more correlated, (A;., B.;), (B, C.;), (Ai:, (BC).;), ((AB);., C.;) —
0, thus, Ay < [|A[|Z[IB[Z[Cll% and Az < [|A[|%(BI%[IClI5-

O

Lemma A.8.

_ _ Bl Ag + Ag
A 1/2BC 1/2 _ A1/2 Cl/2 || 1—
| Ir = rr(Anr (GO R e\ L TA R BRIC 2

(47)
where rp(AY?) and kp(CY?) are the condition number of A'/? and C'/?, rkp(A'/?) =
VoAV gy and 5p(CH2) = | (o2 (CV2))(E sridirsy): o7 (AY?) are sin-

gular value of AY/? and U?(Cl/Q) are singular value of C'/2.

Proof. Based on LemmalA.7] we have,

Ay + As

- . @8
[A-2IEIBIZIC 2%

|A~2BC 2| = ||A-1/2||F|B||F|C‘”ZHM !

By the definition of condition number k¢ (X) = || X||¢|| X7t Fr = \/(Z a2(X) (> %),

B B Bl Ay + As
A 1/2BC 1/2 F=Kp A1/2 Kp Cl/2 || 1— )
| Ir = re (A me (OO ER e | L A LB C 2
(49)
O

Theorem A.9. Suppose the forward of decomposed convolution layer for the u-th model is Z,, =

aXD,, CCA coefficient be S(Z,,Z,) = 1/% S, 02, where o2 denotes the i-th eigenvalue of

Auw = QuTQy Qu = Zu(ZLZu)_%. Then S(Z.,,Z,) is approximately linear to filter subspace
similarity,

S(Zy, Zy) = 717}73 cos(D,,D,), (50)
C

Proof. Based on S(Zy,,Z,) = /237 0?2 and |[Ay .|l F = /> ;_; 02, where o; are the singular

value of Ay, 4,

1o 1 1 . .
s— I S m Yia o= Lzrz)tziz 1z b 51
LYot = ol = o) ) e 6D

According to Lemma. we have

717,
(212" Z1Z,(Z1Z,) "} || =112 1Z1Z0||»

- 1 1 ’ (52)
Ve |(Z1Z.)2 | FI(ZYZ0) 2 ||

N
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_ 1 1 _ Ao+A
where 11 = kp(2]20)?) - wr(Z120)}) and 2 =\ /1~ rrgyrmgbes oz

AsZ, = aXD, and Z, = aXD,, we have

M2 |1Z}Z,| F
Ve |(212.)% | |[(212,)% )
M2 IDIXTaTaXD,| r
Ve |(DIXTaTaXD,): | ||(DIXTaTaXD,): | s
According to Lemmal[A.6]
Y172 IDIXTaTaXD,| r

Ve |(DIXTaTaXD,)?||p||(DIXTaTaXD,)?| s
_M727s IDIXTaTaXD,| r

Ve ||(DIXTaTaXD,)|Z||(DIXTaTaXD,)||2

(53)

(54)

7

Ay —1 Ay _
DLXTaTaXDu)H%) 4(1+\|(D5XTaTaXDv)H%) ’

Al

where v3 = (1 + I

As Assumption@]holds, it becomes
V17273 ||D@TLXTaTaXDv||F
Ve |(DIXTataXD,)|;|(DIXTaTaXD,)|
e IDID,||r [ XTaTaX|
Ve |IDLZIXTaTaX| 2D, 2Dz XTaTaX | 2D, 2 (55)

_ 727 HDLDUHF
\ﬁ ||Du||FHDvHF

:%\7/2;3 cos(D,,D,).

Thus, we have

717273
S Zua Z,) = Dua D,).
( ) ==& oosl ) (56)
Specifically, we have vy, = \/ 1— 7%2 m, and since A are small, with Taylor expansion,
773 cos?(Du,;Dy
%,Y%A—Wg m The term m causes non-linearity in the relation between
CCA and filter subspace similarity. O

’)/2%17

A.2 Experiment Settings

Model training of Federated Learning. In each experiment we have 100 clients in total and
sample a ratio 7 = 0.1 of all the clients on every round. All models are randomly initialized and
trained for 7' = 100 communication rounds for the CIFAR datasets. At each round, the client
executes 15 epochs of SGD with momentum to train the local model, the learning rate is 0.01 and
momentum is 0.9. Accuracies are computed by taking the average local accuracies for all users at the
final communication round. As shown in the Table[3] we have different settings for CIFAR-10 and
CIFAR-100. For example, (100, 2) means 100 clients with 2 classes on each client. For each method,
the training takes about 12 hours on Nvidia RTX A5000.

Comparison with other FL approaches. We compare our approach by evolving shared atom
coefficients with various personalized federated learning methods and federated learning methods
with local finetuning. Among these methods, FedPer [2] and FedRep[6] have the similar ideas by
learning shared global representation and personalized local heads. Ditto [25] and FedProx [27]]
induce global regularization to improve the model performance. We also compare our method with
FedAvg [32]. FedRep [6] approaches the common knowledge with shared representation. The codes
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Table 3: Compare accuracy with different approaches

\ CIFAR-100 \ CIFAR-10
(# client, # classes per client) \ (100, 5) (100, 20) \ (100,2) (100,5) (1000, 2)
FedAvg 82.39 62.92 86.37 70.63 86.12
FedProx 80.77 59.7 85.90 69.94 84.83
FedPer 81.46 62.52 81.74 68.24 81.74
FedRep 72.98 37.71 80.55 67.3 82.98
Local 81.21 49.25 90.24 72.05 97.80
Ours | 81.03 52.13 | 8337 65.63 82.54

are adapted from ﬂ We evaluate the test accuracy on CIFAR-10 and CIFAR-100 with different FL.
setting. As shown in Table 3] our method achieves comparable performance among different methods.

Fine-tuning models for ensemble. We select 3 models with different similarity measures for
ensemble. For feature-based similarity methods, we randomly select 1000 examples from CIFAR-100
dataset. The fully-connected layer of each model is fine-tuned on the user’s local data with 100
epochs. The fine-tuning takes about 12 hours on Nvidia RTX A5000. After fine-tuning, the accuracy
is measured on local test data, with the predictions of current model and 3 selected models.

A.3 Extra Experiments

Representation dependency on filter atoms. We first validate the dependency of deep features on
filter atoms in Proposition 2.1 with a simple experiment. The model F here is a 2-layer CNN with
coefficient o and atom D generated from normal distribution A(0, 1). The input sample X is also
generated from normal distribution \V'(0, 1). Figure[8[a) shows the relation between ||Z,, — Z, || r
and |D,, — D, || by fixing coefficient « and input sample X and randomly varying filter atoms D.
All the points are below the line which is the bound provided by Proposition [2.1] reflecting that the
representation variations are dominated by filter atoms.

Correlation between probing-based and filter subspace-based methods. In addition, we em-
pirically verify that CCA and filter subspace similarity have a strong correlation with AlexNet. In
this experiment, 10 tasks are generated from CIFAR100 [21]] with 10 classes in each task. Only the
filter atoms of each task are trained while the atom coefficients are fixed. We calculate CCA and filter
subspace similarity among 45 pairs of models. The correlation between CCA and filter subspace
similarity is 0.8638 which is shown in Figure [9(b). Similarly, the correlation between CKA and filter
subspace similarity is also reported in Figure 9| (Table). These results clearly show that the proposed
filter subspace similarity has high linear relationship with popular probing-based similarities, which
agrees with Theorem [2.5]and Theorem [2.7]

"https://github.com/lgcollins/FedRep

1
1
1
1
I
1
[\ 097
1
1
1
1
1
1
1

(

[

Figure 6: The shared coefficients and user-specific atoms represent common knowledge and personal-
ized information. The filter subspace similarity is used to calculate the relations among users. Users
with heterogeneous data result in lower similarity, as illustrated in a similarity matrix.
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(a) 10th epoch (b) 50th epoch (c) 90th epoch
Figure 7: Similarity matrices that show relations among 120 users in FL with our filter subspace

similarity through the training process.

1.000
1Zy — Zollr = Qllall)VIBIIDy = Dyllp~ | | 985~ mmmmmmmmmmeo
s0{Upper Bound 0973
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o ¢ Q0.875

Linear Relationship
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0.825
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ID,, — Dyl
(a) (b)

Figure 8: (a) The change of features ||Z,, — Z, || r is bounded by the change of atoms |D,, — D, || r.
(b) The channel decorrelation leads to a higher correlation between CCA and filter subspace similarity.
And the correlation can reach 0.985 with 5 = 3 x 1073, which means a near linear relation between
CCA and filter subspace similarity.

Effect of channel decorrelation. We further design a regularization term 3 ), 2 j(ZEZu)fj to
approach (Z1Z,,);; > (Z1Z,);; in Assumption. As shown in Figure b), the correlation
between CCA and filter subspace similarity keeps increasing as /3 increases. The correlation reaches
0.985 when 3 = 3 x 1073, indicating a near-linear relationship, which is aligned with Theorem.

Similar representations across datasets. Similar to [19], we can use filter subspace similarity to
compare networks trained on different datasets. In Figure [[0[a), we show that pairs of models that
are both trained on CIFAR-10 and CIFAR-100 have high atom-based similarities. Models learned
on two datasets respectively still show high similarity. In contrast, similarities between trained and
untrained models are significantly lower.

Limitation of probing-based methods. As shown in Figure [I0[b), to illustrate sensitivity of
probing-based similarities to probing data, we perform a simple regression task with data, {(z; =
0,v:,2:) ", where z; = f(x;,v;) + € and y;,¢; ~ N(0.5,0.1). Two NN models F; and F»

o
3

; Correlation: 0.8793 o
Eoss
,gow
- | Correlation
§ CCA [40] 0.8638
Soos CKA 0.7358
é‘-’ Grassmann Distance 0.8793

Atom-based Similaritgl ‘ Atom-based Similarif}‘r

(@) (b)

Figure 9: (a) Correlation between Grassmann similarity and filter subspace similarity; (b) Correlation
between CCA and filter subspace similarity. (Table) Correlation between filter subspace similarity
and other approaches.
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Figure 10: (a) Using filter subspace similarity, models trained on different datasets (CIFAR-10 and
CIFAR-100) are similar among themselves, but they differ from untrained models. (b) Illustration
of limitations of probing-based similarities. Input data from “red” ({(z; = 0,y;)}) and “blue”
({(x} = yi,y; = 0)}) are orthogonal. Since two models are learned on “red” data, their similarity
should be 1, which can be faithfully indicated by our atom similarity. However, probing-based
similarities will become O with the “blue” probing data.
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(d) 4th conv (e) 5th conv

Figure 11: Similarity of AlexNet with atoms from different time point during the training.

with the same initialization and atom coefficients are trained for their different atoms to learn
F :(X,Y) — Z. Itis can be simply found that the filter subspace similarity of 7, and F5 is 1 and
the probing-based similarity is also 1 with the same {(x; = 0,y;)} as the probing data. However,
if we choose {(z} = y;,y; = 0)} as the probing data, then the probing-based similarities directly
become 0 as the data are now orthogonal to model parameters.

A.4 Training dynamics.

We investigate the training dynamics of AlexNet and VGG separately on CIFAR-100
and ImageNet [44]. The details of training dynamics of models with atoms from different time point
during the training are shown in Figure [T] and Figure [I2] Moreover, we examine the similarity
between the two participated models shared the same initialization trained only with atoms on two
different tasks. The results is shown in Figure[I3]and Figure[T4] The difference is less on the first few
layers, but more on the middle layers. It reflects the middle layer is more critical than other layers,
which is aligned with previous work [36].
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Figure 12: Similarity of VGG with atoms from different time point during the training.
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Figure 13: Similarity of AlexNet trained on different tasks during the training.
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Figure 14: Similarity of VGG trained on different tasks during the training.
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