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Geometric View of Pareto Set Learning
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A Experiment Details

A.1 Metrics

As outlined in the main body of the paper, we utilize three metrics to evaluate the effectiveness of
the learned solutions. In particular, we assess the performance of a Pareto neural model x () by
examining the output of the model for N angles that are uniformly distributed. The output solution

1. The Hypervolume indicator [30], which measures both the diversity and convergence of A,;
2. The Range indicator, which measure the angular span of A;
3. The Sparsity indicator [4], which measures the distances between adjacent points.

A.1.1 The Hypervolume Indicator

The hypervolume indicator [30] used to measure A is standard, which has been defined in the main
paper,

Hi(A)= (faj9p2A:p gandg ro); 11)
and r is a reference vector, r  y"™d" For bi-objective problems, the reference point r is set to [3.5,
3.5], whereas for three-objective problems, the reference point is set to [3.5, 3.5, 3.5].

A.1.2 The Range Indicator

The range indicator of a Pareto front is defined in polar coordinates and determines the angular span
of the front. Let ( ; () be the polar coordinate of objective vectors y® with a reference point r.
The relationship between of the Cartesian and polar coordinate is,

Yyi=Tn1 sin psin Z:isin g 1
Y2 =12 sin 1SN 2:::C0S m 1

12
= (12)
Ym = I'm CoS 1:
Then, the Range indicator is defined as,
n o]
Range(A)= min max j & M . (13)

i2[m] u22[N];v2[N];
ué=v

The Range indicator can be defined as the minimum angle span across all angles.
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A.1.3 The Sparsity Indicator

The sparsity indicator first introduced in [4] measures how dense a set of solutions is. Small inter-
solution distances result in a small sparsity indicator indicating a dense Pareto front can be found by
the Pareto neural model. We make a modification for m = 2 since we find that the maximization
operator is much more stable.

> i 2
0] (i+1) _
max > > m=2
i2[N 1]j=l (yJ Yi ) ( )

Sparsity(A) = (14)

1 b @ . 2
%—N i v ) (m>2):
j=1i=1

where yj(i) is the i-th solution, and the j-th objective values in the sorted list by the non-dominating

sorting algorithm [9]. The unit of the Sparsity indicator is 10 2 for bi-objective problems and 10 7
for three objective problems.

A.2 Neural Model Architecture and Feasibility Guarantees

We use a 4-layer fully connected neural network similar to [37] for the Pareto neural model x ().
We optimize the network using Stochastic Gradient Descent (SGD) optimizer with a batch size of
64. The first three layers are,

x ():

Linear(m; 64) ¥ ReLU
Linear(64;64) ¥ RelLU (15)
Linear(64;64) ¥ ReLU ¥ Xqq4:

For constrained problems, to satisfy the constraint that the solution x () must fall within the lower
bound (1) and upper bound (u), a sigmoid activation function is used to map the previous layer’s
output to these boundaries,

Xmig ¥ Linear(64;n) ¥ Sigmoid

¥ (u D+ ¥ Outputx (): (16)

For unconstrained problems, the output solution is obtained through a linear combination of Xpig,
Xmig ¥ Linear(64;n) ¥ Output x ( ): a7

A.3 Benchmark Multiobjective Problems

Standard Multiobjective Optimization (MOO) problems. ZDT1-2 [42] and VLMOP1-2 [38]
are widely recognized as standard multi-objective optimization (MOO) problems and are commonly
employed B gradient-based MOO methods. ZDT1 exhibits a convex Pareto front described by
(y2=1 y1; 0 y; 1). Onthe other hand, ZDT2 presents a non-convex Pareto front defined
by(yp=1 y% 0 y; 1),andthe LS-based PSL approach can only capture a single Pareto
solution.

Real world designing problem. Three real-world design problems with multi-objective optimiza-
tion are the Four Bar Truss Design (RE21), Hatch Cover Design (RE24), and Rocket Injector Design
(RE37). In order to simplify the optimization process, the objectives have been scaled to a range of
zero to one.

Multiobjective Linear Quadratic Regulator. The Multiobjective Linear Quadratic Regulator
(MO-LQR) problem is first introduced in [44]. MO-LQR is regarded as a specialized form of
multi-objective reinforcement learning, where the problem is defined by a set of dynamics presented
through the following equations:

St+1 = Ast + Bag

at N (KLQRSt; ): (18)
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Table 3: Problem information for multiobjective synthetic benchmarks, design, and LQR problems.
Problem m n

ZDT1

ZDT2

VLMOP1

VLMOP2

LQR2

Four Bar Truss Design
Hatch Cover Design
Rocket Injector Design
LQOR3

WWNNNPDNNNDN
wWhNDNOLOTLOTOT

In accordance with the settings discussed in the aforementioned work by Parisi et al. [44], the
identity matrices A, B, and are utilized. The initial state for the bi-objective problem is set to sg =
[10; 10], whereas for the three-objective problem, it is set to so = [10; 10; 10]. The reward function
is defined as ri(s¢; at), where i represents the respective objective. The function is formulated as
follows:

> >
rispa) = (1 )Ggi+  ah) @&+ sk (19)
iej i

Here, is the hyperparameter value that has been set to 0.1. The ultimate objective of the MO-LQR
problem is to optimize the total reward while simultaneously taking into account the discount factor
of = 0:9. The objectives are scaled with 0.01 for better illustration purposes.

Moreover, the control matrix K qr is assumed to be a diagonal matrix, and the diagonal elements
of this matrix are treated as decision variables. Table 3 highlights the number of decision variables
and objectives.

A.4 Results on All Problems

The results for all the examined problems are depicted in Figures 10-18, and combined with the
results tabulated in Table 5 of the main paper, several conclusions can be made.

Behavior of LS-based PSL. A well-known fact of the linear scalarization method is, it can only
learn the convex part of a Pareto front. This fact is validated by Figure 11(e), where LS-based PSL
can only learn several solutions.

However, it is crucial to note that the connection between a solution and its corresponding preference
vector, (), is non-uniform, though it is rarely discussed in previous literature. Therefore, a uniform
sampling of preferences will not result in a uniform sampling of solutions. This observation is
supported by the results depicted in Figures 10(e), 13(e), and 15(e), where the learned solutions by
LS-based PSL are not uniformly distributed. And as a result, the sparsity indicators are rather high,
which indicates the learned front is sparse.

Time Consumption of EPO-based PSL. In comparison to our approach, the Exact Pareto Op-
timization [6] algorithm, which serves as the foundation for EPO-based PSL [14], exhibits low
efficiency due to two factors.

1. To execute the Exact Pareto Optimization (EPO) algorithm, it is necessary to compute
the gradients of all objectives, rfj(x)’s. This prerequisite entails performing m back-
propagations, resulting in higher computational costs. In contrast, our approach banks on
just one back-propagation operation, rendering it a more efficient option in comparison to
EPO.

2. For each iteration, the Exact Pareto Optimization (EPO) algorithm entails solving a com-
plicated optimization problem based on the specific value of f;’s, utilizing the respective
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Table 4: Licences.

Resource Link License
EPO https://github.com/dbmptr/EPOSearch.git  MIT license
pymoo https://pymoo.org/ Apache License 2.0

reproblems  https://ryojitanabe.github.io/reproblems/  None

gradients of rf;j(x)’s. In contrast, our method does not rely on solving optimization prob-
lems for each iteration.

Emphasis on Boundary Solutions. Based on our empirical findings, it is crucial to put emphasis
on boundary solutions when aiming to recover a complete Pareto set. As shown in Figure 12 and 14,
if all coordinate are dealt with equally important, the neural model can only recover a partial part
of the Pareto set. PSL-HV1 and PSL-HV2 have different behaviors on the three-objective Rocket
Injector Design problem, as shown in Figure 18. PSL-HV2 algorithm has a tendency to accurately
identify the complete boundary of the Pareto front, but it often overlooks intermediate solutions. In
contrast, although PSL-HV1 method may not always recover the complete boundary, it generates a
denser Pareto front.

A.5 Licences

In this paper, we utilized various licenses, which are outlined in Table 4. All methods were imple-
mented using Python and the PyTorch framework, with the SMS-EMOA algorithm being aggregated
in pymoo.

Table 5: Standard derivation (std) value of PSL results on all problems.

\ | ZpT1 | ZpT2 | VLMOPL \
| Method | HV" Range  Sparsity#  Time(s)# | HV  Range  Sparsity — Time(s) | HV ~ Range  Sparsity  Time(s) |
PSL-EPO 0.05 0.04 0.08 2.03 0.13 0.06 0.25 0.91 0.01 0.01 0.02 0.56
PSL-LS 0.0 0.0 0.2 0.43 0.0 0.0 0.0 0.36 0.0 0.0 0.05 0.76
PSL-Tche 0.01 0.0 0.01 0.56 0.01 0.0 0.22 0.79 0.01 0.01 0.02 0.54
PSL-HV1 0.01 0.0 0.05 0.22 0.03 0.01 0.04 0.2 0.0 0.0 0.03 0.48
PSL-HV2 0.01 0.0 0.04 0.29 0.01 0.0 0.21 0.95 0.01 0.0 0.04 1.15
| | VLMOP2 | Four Bar Truss Design | Hatch Cover Design |
PSL-EPO 0.08 0.04 0.19 0.48 0.02 0.01 0.01 1.53 0.0 0.02 0.06 4.96
PSL-LS 0.03 0.01 8.69 0.06 0.0 0.0 0.08 0.12 0.0 0.0 0.31 1.21
PSL-Tche 0.01 0.0 0.04 0.49 0.02 0.01 0.02 1.71 0.0 0.01 0.02 2.99
PSL-HV1 0.0 0.0 0.19 1.32 0.01 0.0 0.03 0.38 0.02 0.02 141 1.18
PSL-HV2 0.01 0.0 0.13 0.15 0.0 0.0 0.01 1.79 0.0 0.0 0.11 1.42

| | LQR2 | Rocket Injector Design | LQR3
PSL-EPO 0.01 0.01 0.03 15.46 1.34 0.08 0.1 112 0.01 0.02 0.71 24.21
PSL-LS 0.0 0.0 0.08 3.7 0.0 0.0 0.02 0.11 0.0 0.01 0.05 5.79
PSL-Tche 0.01 0.01 0.1 4.63 0.01 0.0 0.02 1.17 0.01 0.01 0.27 8.9
PSL-HV1 0.0 0.0 0.22 1.83 0.09 0.01 0.18 0.14 0.0 0.02 0.68 1.34
PSL-HV2 0.0 0.0 0.13 9.86 0.03 0.01 1.53 131 0.0 0.01 0.72 11.95

B Characters of Hypervolume Maximization

B.1 The Notation Table

To enhance the clarity of the paper, we have included a summary of the main notations in Table 6.
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102 B.2 Hypervolume Calculation in the Polar Coordinate

103 Proof. In this subsection, we provide the proof for Equation (5). H,(F ) can be simplified by the
104 following equations,

Z
H.(F )= I dy;:::dym
"z
2... 2
S {2 %)
z ™Y
2 2 X( )m - d
m

o oy 2 "M? ?LEZ— (20)

dv

ol
3
N

= I ST x()™Md
Sz %)
m 1

Tm m 1 m
:2’“1(5) E  unir¢ )l x()™]

=cmE  unit¢ ) x()™:
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Figure 16: MO-LQR2.
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Figure 17: MO-LQRS.
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Figure 18: RE37.
Here, denotes the region dominated by F with a reference pointr, = fq j 9 2 F

p

Tm = (m=7;+l) Cm is a constant defined in the main paper, ¢, =

Line 2 holds since it represents the integral of

(%)
CCR

f2(x)

g and @ rg. | isthe indicator function of . Tn, is the volume of a m-D unit sphere,
m=2

m=2

2m (m=2+1)"

expressed in polar coordinates, wherein the element

dv corresponds to the volume associated with a segment obtained by varying d .

Line 3 calculates the infinitesimal volume of dv by noticing the fact that the ratio of dv to T, is

x()™

2

= . Line 4 is a simplification of Line 3. And Line 5 and 6 express the integral in its expectation

form.



113

114
115
116
117

118
119
120
121

122

123

124

125
126

127

128

129

131

132
133
134

135

136

137

Table 6: The notation table.

Variable Definition

X The decision variable.

n The number of the decision variables.
N The number of samples.

m The number of objectives.

The angular polar coordinate.
() An m-dimensional preference vector.
The model parameter.
ynadirpyideal - The nadir/ideal point of a given MOO problem.

F The Pareto front, which is set of all Pareto non-dominated solutions.
Hr(A) The hypervolume of set A w.r.t a reference .
smni The (m-1)-D positive unit sphere.

B.3 Proof of x( ) asa Max-Min Problem

We provide the proof of the following equation (Equation (6) in the main paper) in this subsection.

(X)
<O =g 0 =g mint ) e

Proof. Let x be one of the optimal solutions of Problem maxx>x (X; ). To begin, we define
the attainment surface Suuain, as detailed in [31], utilizing a reference point r. The sets of Pareto
solutions and weakly Pareto solutions are denoted as F and F respectively. Then, Syain 1S
defined as,

weak

Satein =F L[fpjp 1 p2 Fueakd: (21)

We denote P () as the intersection point of the ray from the pole r along angle and the attainment
surface Samain-  x () is the distance from the reference point r to the intersection point P ( ). There
are two cases, X is a Pareto solution or a weakly Pareto solution. Else, by contradiction, f(x ) can
be improved in all objectives, x cannot be a solution of Problem (6).

When x is Pareto optimal. In such case, we should prove that f(x ) = P( ). Ifx & P (),
then there exist at least one element j such that, 1 ‘?g ) i P(§ ). 8i=1;::1; ;m. Thisis a
contradiction with x is the optimal solution of Problem (6). So,x =P ().

When x is weakly Pareto optimal. In such case, f(x ) does not necessary equals to P ( ).
In such case, since x is the solution of Problem (6), we have that there exist at least one index

j, where j = argmin% such that 1 fl((;‘) =0 i'(a()); i = 1;:::m. In such a case,
dist(P ( );r) = T2,

B.4 Proof of Proposition 2

This subsection provides the proof for Proposition 2, which builds the relationship between a polar
angle and the corresponding solution of Problem (6).

Proof. There are two cases for X . x is Pareto optimal or x is weakly Pareto optimal. When x is
neither Pareto optimal nor weakly Pareto optimal, there exists a solution x° which is better than x
for all objectives. In such case, x is not a solution for Problem (6), which is a contradiction.

When x is Pareto optimal. Sincewe have x( ) =
rj fi(x)
iC)

L((;‘) which indicates that for any other

solution x°, there exist at least one index j such that, x (), then x? is not the optimal
solution of Problem (6). As a result x is the only solution of Problem (6), X = fx g.
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When x is weakly Pareto optimal. There
can exist one solution x° such that, x} & x; for
some i and therefore, X! 2 X . As a result, we
can conclude that, x 2 X .

B.5 Case of a Disjointed Pareto Front

In order to gain a more thorough comprehen-
sion of our approach to optimizing loss func-
tions for Pareto set learning (PSL), we inves-
tigate a scenario where the Pareto front is dis-
jointed. In such a scenario, it is noted that the
preference vector still has an intersection point
with the attainment surface (defined in Equa-
tion (21)), as illustrated by the blue curve in
Figure 19. Equation (6) now measures the vol-
ume within the attainment surface and the ref-
erence point r, which is just the hypervolume of a disjointed Pareto front H.(F ).

Figure 19: Case of a disjointed Pareto front.

For a disjointed Pareto front, the quantity x ( ) denotes the distance between r and the attainment
surface associated with angle . Specifically, in Figure 19, the black dot represents the solution
for this scenario. The integral of the distance function x () still returns the hypervolume of a
disjointed Pareto front, which satisfies our purpose in this paper.

However, disjointed Pareto fronts in Pareto set learning overemphasize boundary solutions which
may result in unpredictable outcomes. For disjointed Pareto fronts, it is recommended to adaptively
adjust the preference distribution (which is set to be uniform in our experiments).

B.6 Pareto Front Hypervolume Calculation (Type2)

In this subsection, we define region A as the set
of points dominating the Pareto front,
A=fqgj9p2F :p qandg p

|dealg:
(22)
To ensure consistency with the notation used in
the main paper, we use the notation () to rep-
resent the Lebesgue measure of a set. From a
geometric perspective, as illustrated in Figure
20, it can be observed that:

i ideal
A)+H()= (i ¥y ()
i=1
The volume of A can be calculated in a polar
coordinate as foIans,

(A) =cm ) ()™ ; (24) Figure 20: The hypervolume calculation (Type2).
(0;§)m

where ¢y is a constant and ~x () represents the distance from the ideal point to the Pareto front
at angle . This distance function —x ( ) is obtained by solving the optimization problem assuming
that any radius from intersects with the Pareto front.

Problem 1.

,X( ) — )r;gi)r(]*x( ,X) e min max M 2 (0’ E)I”n 1: (25)

x2X i2[m] i() '
The relationship between preference  and the polar angle is as follows:
8 — . A
3 1()=sin gsin :::sin ;| 1
2()=sin 1sin 2:::c0S m 1
g:::
m( ) =cos i:

(26)
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Combining Equation (24) and (25) implies that H,( ) can be estimated as an expectation problem,

¥ ) 1 m
Hi()= (i y*™) —CmE unir ) (X () )7L @7)
i=1

B.7 Proof of Proposition 3

Proof. It can be observed that Equation (6) in the main paper implies the following equation,

fi(x) i

X; )=max ———— 28
) i2[m] i) @)
When all objectives f;’s are convex, function ~ (X; ) is also convex yet non-smooth, and hence
(x; ) is concave. When f;’s are differentiable,  (Xx; ) possesses a natural subgradient denoted

as d that is formulated as d = @fé;)((x) —% Where j = arg maXiZ[m]f%g. The subgradient d

can be iteratively updated to converge on the global optima of x ( ) ina O(1= ?) rate, as described
in [48, 49].

When all objectives f;’s are quasi-convex,  (X; ), which is a point-wise max of quasi-convex
functions, is quasi-convex. And, hence (Xx; ) is quasi-concave.

B.8 Proofof () isQuasi-Concave w.r.t. X

Proof. Proposition 3 rigorously demonstrates that the function  (x; ) is convex for any given
value of . Furthermore, consider the function h(x) : R ¥ R which may be defined as follows,

um™ ifu 0

h(u) = u  otherwise ’ (29)

It is clear h(x) is a non-decreasing function, and g(x) = xX)=h ( (x )).Since( (x;))
is convex, then, forany ,thesetS ( (X; )), as defined as follows, is convex.

S & N=f &) o (30)

Let =h( ). Thenforany ,thesetS (h ( (x; ))),whichequalstoS ( (X; )),isconvex.
Thisindicatesthath (  (x; )) isquasi-convex,andasaresult () isquasi-convex w.r.t. X. [J

B.9 Proof of Theorem 1

Definitions and preliminaries. The proof will heavily utilize the existing results on Rademacher
complexity of MLPs. We will first provide some useful definitions and facts. We start with the
definition of Rademacher complexity as follows:

Definition 2 (Rademacher complexity, Definition 13.1 in [50]). Given a set of vectors V.~ R", we
define the (unnormalized) Rademacher complexity as

URad(V) := E suph ; ui;
u2v

where each coordinate ; is an i.i.d. Rademacher random variable, meaning Pr[ ; = +1] = %
Pr[ i = 1]. Furthermore, we can accordingly discuss the behavior of a function class G on S
fzigl\, by using the following set:

Gjs = F(g(z1);::;F(2n)) 19 2Gg RN,
and its Rademacher complexity is

>
URad Gjs =E sup h ;ui=Esup ig (zi):
u2Gjs 926
Utilizing Rademacher complexity, we can conveniently bound the generalization error via the fol-
lowing theorem:
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Theorem 2 (Uniform Generalization Error, Theorem 13.1 and Corollary 13.1 in [50]). Let G be
given with g(z) 2 [a;b] a.s. 8g 2 G. We collect i.i.d. samples S = fz;glL, from the law of random
variable Z. With probability 1

r

1 X 2 In(2=)
ZggEg(Z) N g (zi) NURad Gis +3(b a) N

Specifically, the Rademacher complexity in using MLP is provided by the following theorem:

Theorem 3 (Rademacher complexity of MLP, Theorem 1 in [51]). Let 1-Lipschitz positive homo-
geneous activation ; be given, and

GMLP =f A L(WL L 1( 1(W1 ) )) . kWikF ng

Then

URad G&"  BgkX k,:(1+p2LIn(2)):

We can then utilize the following composition character of Rademacher complexity, to help induce
the final Rademacher complexity of hypervolume.

Lemma 2 (Rademacher complexity of compositional function class, adapted from Lemma 13.3 in
[50]). Letg : ¥ R"™ be a vector of n multivariate functions g®;g®;:::;g(, G denote the
function class of g, and further G4 be the function class of gd7; 8j. We have a “partially Lipschitz
continuous™ function “(g( ); ) so that j*(g1( ); )  “(92(); )i L<kgi( ) g2( )k for all
g1;92 2 G and a certain L- > 0; the associated function class of * is denoted as G". We then have

. p. X -
URad G 2L URad GY
i=1

Proof. This proof extends Lemma 13.3 in [50] for vector-valued g and “partially Lipschitz continu-
ous” “. We first similarly have

. >
URad Gjs =Esup  i*(9( )i 1)
g2G i l
1 b'e ]
=S E sp ((F(2i ) (2 D+ (@) D+ () )
2N £;h26 . '

1 N
- E sup  L:kf( 1) h(p)k+ iCECD; D+ i)
2N £:h2G i

1 P-. X Gy e ; :
SEsup @L. 2 PFD( ) hO( L))+
f;h2G j=1
1

X
iCFCD D+ () 1)) s

i=2

where 9) ’s are new i.i.d. Rademacher variables; the last inequality comes from Proposition 6 in [52]
(see Equations (5)-(10) in [52] for more details). We can then get rid of the absolute value by

10



222 considering swapping f and h,
(@] 1

XK i X
sup @727 PED() hOC)i+ T (D )+ DA

;h2G j=1 i=>
8 (@) 1

= p. X . . X
=max _sup @ 2L.  PED() hD(C))+ i CECD; D)+ D) DA

- £;h2G j=1 =2
(@) x 19
X i =
sup @72l T DOy FD( )+ R D+ hC) DA
f;h2G j=1 =2 1 -

(@)

p. X . . X
=sup @ 2L PED() WD)+ SCECD )+ () DA
;h2G j=1 i=2
223 We can thus upper bounded URad Gj‘S by
o 1
1 P X ayca) ) > ‘ A
ZE sup @ 2L. 1 (FP(C1) hP(q)+ i CCRCa) D+ (i) i)
T;h2G j=1 i=2
o 1
p. X .. X
=Esup@ 2L PO+ @) A
926 j=1 i=2

224 Repeating this procedure for the other coordinates, we can further have
(0]

1 1
) P X p. X >
URad Gig 2L-Esup @ Dgd(pA  "2L- E sup gy
926 j=1j=1 j=1 9®W26®
225 which leads to our claim in the lemma. O

226 Proof of Theorem 1. We are now geared up for the complete proof.

227 Proof. We first introduce the sketch of the proof. We mainly utilize Theorem 2 to attain the
228 claimed results in Theorem 1. Specifically, we set the random sample set S = f g\, the

229 function class G as f A ¢, (X (); )™Mg (the assumption r;  fj(x) 2 [b;B] indicates that
20 (% ) = minpgmftg b 0and by the definition in Equation (7), () is thus al-
231 ways (X(); )™; x () is an L-layer MLP to be specified later). Applying Theorem 2, we can

232 Obtain that with probability at least 1 5,

supE g() N g(i) NURad Gjs +3cm(B" m)
g2G

r

In(4=).
2N

i
233 where the definition of URad and Gjs can be found in Definition 2. Simply replacing G with
3¢ G :=7F g:g 2 Gg, we can have the inequality of the other direction with probability at least
35 1 50

-
spEg) £ g0 2URad G +3cn@Pmm NG=)

92 pG J N . 9ty 1S m 2N

r

1 X 2 P—., In(4=)

)gggE 9() § | 9() gURad Gjs +3em(B- m)™ —

-
1 X 2 P—., In(4=)
D Zggﬁ | 9(i) E9() URad G +3cm(B" m) N
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240
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242
243
244

245
246

247
248

249

250

251

where we apply the property URad  Gjs = URad Gjs . We thu§Dwith probability at least 1

(as a result of union bound), can upper bound supy,¢ JE 9( ) % i9(Ci)jby

C 1 X 1 X J
max supE g( ) N g(i);supﬁ g(i) Eg()
g2G i g2G i
rl (4=)
2 pP—. n(4=
NURad Gjs +3cm(B" m)™ N

For the next step, we will upper bound URad Gjs by analyzing the structure of ¢, (X ( ); )™
and utilizing the existing bound (see Theorem 3) for Rademacher complexity of MLP x .

The main idea of controlling URad Gjs is to obtain the “partially Lipschitz continuity” that
Jx();) X o(); )i L kx () X o )k for a certain L > 0; with the “partially
Lipschitz continuity” we can apply Lemma 2 and obtain the desired bound. For simplicity, we de-
note X ( );x o( ) respectively as x; x’, and use s as shorthand for j( )’s. We now expand the
differencej (x (); ) (X o(); )jas:

o Ti(x e T
min ¥ i (X) min Tk k(X')
J2[m] j k2[m] k
o Ti(x e F(Xd e FX oo Ti(x
J2[m] j k2[m] k k2[m] k J2[m] j

If we respectively denote the minima index of the two finite-term minimizationas j andk , we can
thenupperboundj (x (); ) (X o(); )jby

K ik e KR /) o fi X

max
k k j J
0 . (D iF. Y
—max T ) i (X);fj ) fi &) max 1) Ti(x)]
k j j2fj kg j
. 0
max =X X,
j2fj kg j

We note there isrg special property for j when j is the minima index: as k k = 1, there must be a
certain j 1= m,andsinceb r; Tj(x) B;8j,we have

b I fj (XO) B ) b .
., w20 Pme

With this special property, we obtain
pP_

m
b

FxC) ) (xo() )i Leix  x:
We further have
jem (X () )™ em (X o( ) )M .
. . X i
=Cmj (< () ) (xo(); )i ) )™ K xo(); )t

p k=1
m P

en—TB Lrix  xjm(sPmym 1=cm%(Bpﬁ)mijx xj;

which establishes the “partially Lipschitz continuity”. We can then apply Lemma 2 and have

URad Gjs picm%(Bpm)mLfnURad GlP

pécm%(spm)ml_fn BLKX ke(1+ T 2LInQ):
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253
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255

256

257

258
259

260

261
262

263

264
265

267

269
270
271
272

Combining the pieces above, we finally have

. 1 X .
supjE 9()  9( i)
g2G i

rl (4=)
2 P— n(4=
— URad Gis +3cn(B m)™
N ! p,m 2N - '
en@Pmm 2™ Bl ke 4 oL@y +3 MU
Nb 2N
which is the generalization error bound we claim. O

B.10 Upper Bound of x( )

In this subsection, we prove that the distance function x () is bounded by the following inequality,
x() Bm¥Z (31)

whenr;i fi(xX) B;8x2X;8i 2[m]andjj ()jj=1.

Proof. We show that the following inequalities hold,

i Ti(x)

max minf———=

x() ex i Oii=1 asm () O
max min f g (32)

i Oai=t izl ()

B _ 1=2.
The transition from line one to line two is due to the fact that the inequality r;  fj(X) B
holds for all x 2 X and for all i 2 [m]. The transition from line two to line three is

maxjj ( )jj=1 miniz[m]f%g is an optimization problem under the constraint jj ( )jj = 1.
The upper bound for this optimization iswhen ; =:::= ,, =m 72,
LetZ( ) =cm x( )™, asacorollary,Z( ) cmB™m™=2,

B.11 Gradients of HV-PSL

In this subsection, we present the analytical expression for ¥ H( ) to ensure completeness. The
gradient for PSIé—HVI can be computed using the chain rule, which yields:

Zmen® ol 6 ()" SR oy o
—) o
rH( )= . v (33)
EcmE Unif( )[@ (E_D):( (( ))’ ) 0x ( )]; Otherwise.
2 -2 31-%
1 n n d
The gradient of PSL-HV2 can be calculated by,
O e G L e I D
A

B.12 Relationship between Hypervolume and Decomposition based Multiobjective
Optimization

In this subsection, we will explore the fundamental relationship between hypervolume-based
and decomposition-based multiobjective optimization. Prior to our study, it was commonly ac-
knowledged that there were three primary multiobjective optimization methods: Pareto-based [9],
hypervolume-based [30], and decomposition-based methods [8].
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The present paper yields a result by establishing a correlation between hypervolume and
decomposition-based approach in scenarios where the number of preference () is considerably
high. Previous methods mainly consider two decomposition functions, namely linear scalarization
and Tchebycheff. Actually, we only need to make two modifications for the classical decomposition-
based method in [8],

1. Sampling the polar angles ) from ST 1.

2. For each sampled angle (), maximizing the scalarization function x( @) =

i Ti
maXizgm F- r (i()’;)g.

Subsequently, upon optimizing each scalarization function, it becomes feasible to constrain the de-
viation between the empirical mean of ¢, x (7)™ and the hypervolume of the Pareto front to a
small value with a high level of certainty. This is elaborated by Equation (9) in the main manuscript.
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