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Abstract

We study the reinforcement learning problem for discounted Markov Decision
Processes (MDPs) under the tabular setting. We propose a model-based algorithm
named UCBVI-v, which is based on the optimism in the face of uncertainty
principle and the Bernstein-type bonus. We show that UCBVI-y achieves an

O(VSAT /(1 — ~)"5) regret, where S is the number of states, A is the number
of actions, y is the discount factor and 7T is the number of steps. In addition, we
construct a class of hard MDPs and show that for any algorithm, the expected regret

is at least Q) (VSAT /(1 — ~)*%). Our upper bound matches the minimax lower
bound up to logarithmic factors, which suggests that UCBVI-v is nearly minimax
optimal for discounted MDPs.

1 Introduction

The goal of reinforcement learning (RL) is designing algorithms to learn the optimal policy through
interactions with the unknown dynamic environment. Markov decision process (MDPs) plays a central
role in reinforcement learning due to their ability to describe the time-independent state transition
property. More specifically, the discounted MDP is one of the standard MDPs in reinforcement
learning to describe sequential tasks without interruption or restart. For discounted MDPs, with a
generative model [12], several algorithms with near-optimal sample complexity have been proposed.
More specifically, Azar et al. [3] proposed an Empirical QVI algorithm which achieves the optimal
sample complexity to find the optimal value function. Sidford et al. [22] proposed a sublinear
randomized value iteration algorithm that achieves a near-optimal sample complexity to find the
optimal policy, and Sidford et al. [23] further improved it to reach the optimal sample complexity.
Since generative model is a powerful oracle that allows the algorithm to query the reward function
and the next state for any state-action pair (s, a), it is natural to ask whether there exist online RL
algorithms (without generative model) that achieve optimality.

To measure an online RL algorithm, a widely used notion is regret, which is defined as the summation
of sub-optimality gaps over time steps. The regret is firstly introduced for episodic and infinite-
horizon average-reward MDPs and later extended to discounted MDPs by [15, 30, 35, 35]. Liu and
Su [15] proposed a double Q-learning algorithm with the UCB exploration (Double Q-learning),
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which enjoys O(v/ SAT/(1 — ~)?:) regret, where S is the number of states, A is the number of
actions, -y is the discount factor and 7' is the number of steps. While Double Q-learning enjoys a
standard /T -regret, it still does not match the lower bound proved in [15] in terms of the dependence
on S, A and 1/(1 — 7). Recently, Zhou et al. [34] proposed a UCLK™ algorithm for discounted
MDPs under the linear mixture MDP assumption and achieved O (d\/T /(1 — 7)1'5) regret, where d
is the dimension of the feature mapping. However, directly applying their algorithm to our setting

would yield an O(S?AvV/T/(1 — ~)"5) regret', which is even worse that of double Q-learning [15]
in terms of the dependence on S, A.

In this paper, we aim to close this gap by designing a practical algorithm with a nearly optimal regret.
In particular, we propose a model-based algorithm named UCBVI-y for discounted MDPs without
using the generative model. At the core of our algorithm is to use a “refined” Bernstein-type bonus
and the law of total variance [3, 4], which together can provide tighter upper confidence bound
(UCB). Our contributions are summarized as follows:

* We propose a model-based algorithm UCBVI-vy to learn the optimal value function under
the discounted MDP setting. We show that the regret of UCBVI-v in first 1" steps is upper

bounded by 6(\/ SAT/(1 —~)'?). Our regret bound strictly improves the best existing regret
O(VSAT/(1 —~)*5)% in [15] by a factor of (1 —~)~ L.

* We also prove a lower bound of the regret by constructing a class of hard-to-learn discounted
MDPs, which can be regarded as a chain of the hard MDPs considered in [15]. We show that for
any algorithm, its regret in the first T steps can not be lower than Q(v/SAT /(1 — ~v)-5) on the
constructed MDP. This lower bound also strictly improves the lower bound Q(v SAT /(1 —v) +
VAT /(1 — 4)*®) proved by [15].

* The nearly matching upper and the lower bounds together suggest that the proposed UCBVI-y
algorithm is minimax-optimal up to logarithmic factors.

We compare the regret of UCBVI-vy with previous online algorithms for learning discounted MDPs
in Table 1.

Notation For any positive integer n, we denote by [n] the set {1, ...,n}. For any two numbers a and
b, we denote by a V b as the shorthand for max(a, b). For two sequences {a,, } and {b,, }, we write
a, = O(by,) if there exists an absolute constant C' such that a,, < Cb,,, and we write a,, = Q(b,,) if

there exists an absolute constant C' such that a,, > Cb,,. We use O(-) and Q(-) to further hide the
logarithmic factors.

2 Related Work

Model-free Algorithms for Discounted MDPs. A large amount of reinforcement learning algo-
rithms like Q-learning can be regarded as model-free algorithms. These algorithms directly learn
the action-value function by updating the values of each state-action pair. Kearns and Singh [13]
firstly proposed a phased Q-Learning which learns an e-optimal policy with O(SA/((1 — ~)7€2))
sample complexity for e < 1/(1 — ). Later on, Strehl et al. [25] proposed a delay-Q-learning
algorithm, which achieves O(SA/((1 — ~)8¢*)) sample complexity of exploration. Wang [29]
proposed a randomized primal-dual method algorithm, which improves the sample complexity to
O(SA/((1 —~)*€?)) for e < 1/(1 — ) under the ergodicity assumption. Later, Sidford et al. [23]
proposed a sublinear randomized value iteration algorithm and achieved O(SA/((1 — ~)%€2)) sample
complexity for e < 1. Sidford et al. [22] further improved the empirical QVI algorithm and proposed
a variance-reduced QVI algorithm, which improves the sample complexity to O(SA/((1 — v)3€2))
for e < 1. Wainwright [28] proposed a variance-reduced Q-learning algorithm, which is an extension
of the Q-learning algorithm and achieves O(SA/((1 — )3€2)) sample complexity. In addition, Dong

'Linear mixture MDP assumes that there exists a feature mapping ¢(s’|s, a) € R and a vector 8 € R?
such that P(s'|s, a) = (¢(s'|s, a), 8). It can be verified that any MDP is automatically a linear mixture MDP
with a S“-dimensional feature mapping [2, 35].

’The regret definition in [15] differs from our definition by a factor of (1 — ~)~'. Here we translate their
regret from their definition to our definition for a fair comparison. A detailed comparison can be found in
Appendix.



Table 1: Comparison of RL algorithms for discounted MDPs in terms of sample complexity and
regret. Note that the regret bounds for all the compared algorithms except Double Q-learning [15]
are derived from their sample complexity results. See Appendix A.l for more details.

Algorithm Sample complexity Regret
Delay-Q-learning Of 54 O (8 rarerys
[25] ((177)Be4> ( (A—)o75 )
Q-learning with UCB Of 54 O (8 arir2s
(9] ((1*7)762) ( (1—y)3/3 )
UCB-multistage o SA ) O sv2arres )
Model-free [33] ((1*7)5-562 ( (1—~)13/6
UCB-multistage-adv 6( SA )3 G1/3 41/32/3 )
[33] -7 a7
Double Q-learning SAT
[15] A o)
R-max 6( S2A ) (51/2A1/4T3/4>
(5] (1-m%e (1—~)7/%
MoRmax 5 SA O Sl/3 A1/372/3
[27] ((1—7)‘%2) ( a—)7/3 )
Model-based
UCRL 6 524 o G2/3 A1/32/3
[14] ((1—7)362> ( (1—)*/3 )
UCBVI-’}/ ~( SAT
(Our work) N/A O((l_,y)l.s)
Q( SA ) Q( VSAT )
Lower bound N/A (1—7)3e (I—m)*®
[14] (Our work)

2. It holds when e < 1/poly(S, A,1/(1 —~)).

et al. [9] proposed an infinite Q-learning with UCB and improved the sample complexity of explo-
ration to O(SA/((1 — «)"€?)). Zhang et al. [33] proposed a UCB-multistage algorithm which attains
the O(SA/((1 — 7)%5¢2)) sample complexity of exploration, and proposed a UCB-multistage-adv

algorithm which attains a better sample complexity O(SA/((1 — ~)3¢2)) in the high accuracy regime.
Recently, Liu and Su [15] focused on regret minimization for the infinite-horizon discounted MDP
and showed the connection between regret and sample complexity of exploration. Liu and Su [15]

proposed a Double Q-Learning algorithm, which achieves O(v/SAT /(1 — ~)%5) regret within T
steps. Furthermore, Liu and Su [15] constructed a series of hard MDPs and showed that the expected

regret for any algorithm is lower bounder by Q(\/ SAT/(1 —~) + VAT /(1 —~)*%). There still

exists a 1/(1 — -y)-gap between the upper and lower regret bounds. In contrast to the aforementioned
model-free algorithms, our proposed algorithm is model-based.

Model-based Algorithms for Discounted MDP. Our UCBVI-~ falls into the category of model-
based reinforcement learning algorithms. Model-based algorithms maintain a model of the envi-
ronment and update it based on the observed data. They will form the policy based on the learnt
model. More specifically, to learn the e-optimal value function, Azar et al. [3] proposed an empirical

QVI algorithm which achieves O(SA/((1 — )3€2)) sample complexity. Azar et al. [3] proposed
an empirical QVI algorithm which improves the sample complexity to O(SA/((1 —~)3¢2)) for
e < 1/4/(1 —~)S. Szita and Szepesvdri [27] proposed an MoRmax algorithm, which achieves
O(SA/((1 —~)5¢2)) sample complexity. Later, Lattimore and Hutter [14] proposed a UCRL algo-

rithm, which achieves O(S2A/((1 — )3€2)) sample complexity in general and O(SA/((1 — ~)3€2))
sample complexity with a strong assumption on the state transition. Recently, Agarwal et al. [1]
proposed a refined analysis for the emplrlcal QVI algorithm which achieves O(SA/((1 — v)3€2))
sample complexity when € < 1/4/1 —

Upper and Lower Bounds for Episodic MDPs. There is a line of work which aims at proving
sample complexity or regret for episodic MDPs (MDPs which consist of restarting episodes) [7, 18,



4,19, 11, 8, 24, 21, 31, 32, 17, 20]. Compared with the episodic MDP, discounted MDPs involve
only one infinite-horizon sample trajectory, suggesting that any two states or actions on the trajectory
are dependent. Such a dependence makes the learning of discounted MDPs more challenging.

3 Preliminaries

We consider infinite-horizon discounted Markov Decision Processes (MDP) which are defined by
a tuple (S, A, ~,r,P). Here S is the state space with |S| = S, A is the action space with |A| = A,
~ € (0, 1) is the discount factor, 7 : S x A — [0, 1] is the reward function, P(s’|s, a) is the transition
probability function, which denotes the probability that state s transfers to state s’ with action a. For
simplicity, we assume the reward function is deterministic and known. A non-stationary policies
7 is a collection of function {m;}$,, where each function 7; : {S x A}'™! x & — A maps
history {s1,a1,...,St—1,a:+—1,8: = S} to an action. For any non-stationary policy 7, we denote
mi(s) = m(s; 81, a1, ..., S4—1, ar—1) for simplicity. We define the action-value function and value
function at step ¢ as follows:

Q7 (s,a) = E{Z’Yir(stﬂw Qi)

=0

8150098t = 8,0 = a],

o0
Vi (s) = E[Z V1 (Stis Qi)
1=0

81,498t = S:|7

where a;1; = T1i(5144), and 544541 ~ P( - |S44, Te4i(5¢44) ). In addition, we denote the optimal
action-value function and the optimal value function as Q*(s,a) = sup, Q7 (s,a) and V*(s) =
sup,. V{"(s) respectively. Note that the optimal action-value function and the optimal value function
are independent of the step ¢. For simplicity, for any function V' : S — R, we denote [PV](s,a) =
ES/NP(.B,(L)V(S/ ). According to the definition of the value function, we have the following non-
stationary Bellman equation and Bellman optimality equation for non-stationary policy 7 and optimal
policy 7*:

Q7 (s,a) = r(s,a) + [PV 1](s,a), Q*(s,a) = r(s,a) + 7[PV"](s,a). G.D

4 Main Results

4.1 Algorithm

In this subsection, we propose the Upper Confidence Bound Value Iteration-y (UCBVI-v) algorithm,
which is illustrated in Algorithm 1. The algorithm framework of UCBVI-v follows the UCBVI
algorithm proposed in Azar et al. [4], which can be regarded as the counterpart of UCBVI-y in the
episodic MDP setting.

UCBVI-v is a model-based algorithm that maintains an empirical measure P, at each step ¢. At
the beginning of the ¢-th iteration, UCBVI-v takes action a; based on the greedy policy induced by
Q+(s¢,a) and transits to the next state ;1. After receiving the next state s¢4.1, UCBVI-y computes
the empirical transition probability function P;(s’|s,a) in (4.1). Based on empirical transition
probability function P;(s’|s, a), UCBVI-y updates Q¢+1(s, a) by performing one-step value iteration
on @ (s, a) with an additional upper confidence bound (UCB) term UCB,(s, a) defined in (4.3). Here
the UCB bonus term is used to measure the uncertainty of the expectation of the value function V;(s).
Unlike previous work, which adapts a Hoeffding-type bonus [15], our UCBVI-v uses a Bernstein-
type bonus which brings a tighter upper bound by accessing the variance of V;(s), denoted by
Vary p(.|,s,a) Ve (s'). However, since the probability transition P(-|s, a) is unknown, it is impossible
to calculate the exact variance of V;. Instead, UCBVI-v estimates the variance by considering the
variance of V; over the empirical probability transition function P;(-|s, @) defined in (4.1). Therefore,
the final UCB bonus term in (4.3) can be regarded as a standard Bernstein-type bonus on the empirical
measure P;(-|s, a) with an additional error term.

Compared with UCBVI algorithm in Azar et al. [4], the action-value function @ (s, a) in UCBVI-y
is updated in a forward way from step 1 to step 7" with the initial value Q1(s,a) = 1/(1 — ) for all
s € §,a € A, while UCBVI updates its action-value function in a backward way from Q; g to Q¢ 1
with initial value Q¢ (s, a) = 0. Compared with UCRL in Lattimore and Hutter [14], UCBVI-y
does not need to call an additional extended value iteration sub-procedure [10, 26], which is not easy
to implement even with infinite computation [14].



Algorithm 1 Upper Confidence Value-iteration UCBVI-~

1: Receive state s; and set initial value function Q1 (s,a) < 1/(1 — ), No(s,a) = No(s,a,s’) =
No(s) < Oforalls € S,ac A, €8

2: for stept =1,...do

3:  Let m(-) < argmax,c 4 Q:(+, a), take action a; < m(s;) and receive next state s;41 ~
P(-|s¢, ar)

4:  Set N¢(s) < Ni—1(s), Ni(s,a) < Ni—1(s,a) and Ni(s,a,s’) < Ni_1(s,a,s’) for all
se€eS,ac A s eS8

5: Update Nt(St) — Nt(St) + 1,Nt(st,at) — Nt(St,(lt) + 1 and Nt(st,at,st+1) —
Ni(st,at,5041) +1

6: Foralls € S,a € A, set

Ni(s,a,s’
Py(s'|s,a) = ]\f:((sa)\/)f 4.1

7:  Update new value function Q;1(s,a) and Vi1 (s) by

Qi+1(s,a) = min {Qy(s,a),r(s,a) + v[P:Vi](s,a) + CyUCB(s, a) },
Vita(s) = max Qi+1(s,a). (4.2)

where

_ [8UVarg . p,(|s,a)(Ve(s))  8U/(1—7)
UCB:(s,a) = \/ Ne(s,a) V1 Ni(s,a) V1

N \/8 >y Pi(s]s, @) min {100B,(s"),1/(1 — )} 43)

Ni(s,a) V1 ’

and By(s') = 5/[(1 — 7)5(Nt(s’) Vv 1)}
8: end for

Computational complexity In each step ¢, Algorithm | needs to first compute the empirical
transition IP; and update the value function V;,; by one-step value iteration, which will cost O(S2A)
time complexity for each update. However, the number of updates can be reduced by using the “batch”
update scheme adapted in [10, 7] and in this case Algorithm 1 only needs to update the value function
V21 when the number of visits N;(s, a) doubles. With this update scheme, the number of updates is
upper bounded by O(S Alog T)) and the total cost for updating the value function is O(S®A%log T').
In addition, the Algorithm 1 still needs to choose the action with respect to the value function V; and
it costs O(AT') time complexity. Thus, the total computation complexity of the “batch” version of
Algorithm 1 is O(AT + S3A?logT).

4.2 Regret Analysis

In this subsection, we provide the regret bound of UCBVI-~. We first give the formal definition of
the regret for the discounted MDP setting.

Definition 4.1. For a given non-stationary policy m, we define the regret Regret(7") as follow:

T
Regret(T) = > [V*(s;) = V7" (s1)].

t=1

The same regret has been used in prior work [30, 35, 34] on discounted MDPs. It is related to the
“sample complexity of exploration” [12, 14, 9]. For more details about the connection between the
regret and the sample complexity, please refer to Appendix A.

Remark 4.2. Without the use of generative model [12], an agent may enter bad states at the first
few steps in discounted MDPs and there is no “restarting” mechanism as in episodic MDPs that can
prevent the agent from being stuck in those bad states. Due to this limitation, both the regret and the
sample complexity of exploration guarantees are not sufficient to ensure a good policy being learned.
We think this is the fundamental limitation in the online learning of discounted MDPs.



With Definition 4.1, we introduce our main theorem, which gives an upper bound on the regret for
UCBVI-y

Theorem 4.3. Let U = log(40SAT31log? T/(6(1 — 7)?)). If we set 5 = S2A2U® in UCBVI-y,
then with probability at least 1 — §, the regret of UCBVI-y in Algorithm 1 is bounded by
75252 A15U5  60UVSAT — 4VTU

R R () L B (o
Remark 4.4. Notice that when T' = Q(S3A42/(1 —~)%) and SA = Q(1/(1 — 7)), the regret is
bounded by O(V/SAT/(1 —~)"5). In addition, since Regret(T") < T'/(1 — ~) holds for any 7,
we have E[Regret(T)] = O(vV/SAT/(1 —4)"® + T5/1 — ). When choosing § = 1/T', we have
E[Regret(T)] = O(VSAT/(1 —~)'5).

We also provide a regret lower bound, which suggests that our UCBVI-v is nearly minimax optimal.

Theorem 4.5. Suppose v > 2/3, A > 30and T' > 100SAL/(1 — ~)*, then for any algorithm, there
exists an MDP such that

Regret(T') <

SAT 4/ STL 85
E[Regret(T)] > s s 5
10000(1 — ) (1=2) (1=2)
where L = log (3005472 /(1 — 7)) log(10ST).

Remark 4.6. When 7' is large enough and A = ﬁ(l), Theorem 4.5 suggests that the lower bound of

regret is Q(v/SAT /(1 — )'). It can be seen that the regret of UCBVI- in Theorem 4.3 matches
this lower bound up to logarithmic factors. Therefore, UCBVI-7 is nearly minimax optimal.

5 Proof of the Main Results

In this section, we provide the proofs of Theorems 4.3 and 4.5. The missing proofs are deferred to
the appendix.

5.1 Proof of Theorem 4.3

In this subsection, we prove Theorem 4.3. For simplicity, let &' = (1 —v)25/(80T log® T'), then
U = log(SAT?/5"). We first present the following key lemma, which shows that the optimal
value functions V* and Q* can be upper bounded by the estimated functions V; and @Q; with high
probability:

Lemma 5.1. With probability at least 1 — 6476 log® T//(1 — ~)?, forall t € [T],s € S,a € A, we
have Qt(s7a) 2 Q*(87 CL), V}(S) 2 V*(S)

Equipped with Lemma 5.1, we can decompose the regret of UCBVI-~ as follows:

T T
Regret(T) < > [Vi(se) = Vi (s0)] = > [Qi(s1,a0) — QF (51, a4)],

Regret’ (T')

where the inequality holds due to Lemma 5.1. Therefore, it suffices to bound Regret’ (T"). We have
Regret' (T') < Z ( sty ap) + Y[Pe—1Vi—1](st, ar) + CYUCB;_1(s¢, at)
— 151, 01) = APV (s0,ar)

—Z( [Pe1Viet(st a) + CYUCB1 -1 (s, ar) = YPVZ) (s, ) )

where the inequality holds due to the update rule (4.2) and the Bellman equation Q7 (s¢, a;) =
r(st,ar) + [PV 1](s¢, ar). We further have

T
>~ (VIPr-1Viet)(st, 01) + CYUCB1 1 (51, 01) = APV (51, 1))
t=1



T T
= v Vialsin) = Vi (sip) + Yy [(Peoa = P)(Viea = V)] (51, @)
t=1 t=1

I Iy
T T
+ > APy —P)V*](st,a1) + Y CYUCB, 1 (s¢, ar)
t=1 =1
Is Iy
T
+ Z’Y[P(Vt—l - Vtﬁ-l)} (s¢,a¢) — 7[Vt—1(8t+1) — ‘/tﬁ_l(StJ,_l)] : (5.1)
=1
Is

In the above decomposition, term I; controls the estimation error between the value functions V;_1
and V}, |, terms I3 and I3 measure the estimation error between the transition probability function [P
and the estimated transition probability function P;_1, term I, comes from the exploration bonus in
Algorithm 1, and term 5 accounts for the randomness in the stochastic transition process, which can

be controlled by the third term O(v/TU /(1 — v)?) in Theorem 4.3.
In the remaining of the proof, it suffices to bound terms I; to I5 separately.
First, I; can be regarded as the difference between the estimated V;_; and the value function V", ; of

policy 7, and it can be bounded by the following lemma.
Lemma 5.2. For the term 1, We have I; < yRegret'(T') + (25 +2)y/1 — v

Next, I, can be regarded as the “correction" term between the estimated V;_; and the optimal value
function V*. It can be bounded by the following lemma.

Lemma 5.3. With probability at least 1 — 6476 log” T'/(1 — )% — 36, we have
552 AClog(ST/6) log(3T)
(1—79)? '
In addition, I3 can be regarded as the error between the empirical probability distribution P;_
and the true transition probability P. Note that V' * is a fixed value function that does not have any

randomness. Therefore, I3 can be bounded through the standard concentration inequalities, and its
upper bound is presented in the following lemma.

Lemma 5.4. With probability at least 1 — 25 — 6/(1 — ~), we have

25 AU? 5T 29U 2R t'(T 2TU
Iy < T +U\/25A\/1_7+ 4 2Regret(T) .

I, < (1 —~)Regret'(T)/2 + /2T Clog(1/d) +

1- 3(1—7)3 1—xy (1—79)?
Furthermore, I, can be regarded as the summation of the UCB terms, which is also the dominating
term of the total regret. It can be bounded by the following lemma.
Lemma 5.5. With probability at least 1 — 45 — §/(1 — ), we have

2 A1.5773.5 /
[ STSATUSS \/ 29U Regrel (1) 125U VAT
S (1-9)25 ) 1—vy (1—79)?

Finally, I5 is the summation of a martingale difference sequence. By Azuma-Hoeffding inequality,

with probability at least 1 — §, we have
< «/2Tlog(1/6). 5.2)
L=y
Substituting the upper bounds of terms /; to I5 from Lemma 5.2 to Lemma 5.5, as well as (5.2), into
(5.1), and taking a union bound to let all the events introduced in Lemma 5.2 to Lemma 5.5 and (5.2)
hold, we have with probability at least 1 — 20TU25/(1 — +)2, the following inequality holds:

2 A1.5773.5 ,
(1 — )Regre(7) < "4 | BUVSAT | 2V2TU oy, | SARegret(T)
(1-7)* V1—v 1—7 11—~
(5.3)



Using the fact that z < a + by/z = 2 < 1.1a + 4b2, (5.3) can be further bounded as follows
Regret(T) < Regret'(T)
L T52S2ALUS 60U/ SAT N WTU
T (1 =)0 =yt (1=9)

This completes our proof.

5.2 Proof of Theorem 4.5

vy
v —e€
Q o TN
1_
51,0 T 51,1 i ) T )
s

55-1,0

Cmv s5- \/ D

Figure 1: A class of hard-to-learn MDPs considered in Theorem 4.5. The MDP can be regarded as a
combination of S two-state MDPs, each of which is an MDP illustrated on the top-left corner. In
addition, the ¢-th two-state MDP has the a}-th action as its optimal action. The blue arrows represent

the optimal actions in different states. € = \/A(1 —v)/K /24.

In this subsection, we provide the proof of Theorem 4.5. The proof of the lower bound is based on
constructing a class of hard MDPs. Specifically, the state space S consists of 2.5 states {50, 54,1 }ie[s]
and the action space A contains A actions. The reward function r satisfies that r(s; 0, a) = 0 and
r(si1,a) = 1 forany a € A, € [S]. The probability transition function IP is defined as follows.

1 A(l —
P(si1lsi0,a) =1 =7+ La=ar BV %7P(5i71|5i,17a) =,
1 [AQ -

5 Tw7p(5i+l,0‘5i,lya) =1-7,

where we assume sg1,0 = 51,0 for simplicity and a is the optimal action for state s; . The MDP is
illustrated in Figure 1, which can be regarded as S copies of the “single" two-state MDP arranged
in a circle. The two-state MDP is the same as that proposed in [15]. Each of the two-state MDP
has two states and one “optimal” action a satisfied P(s; 1/$;,0,a]) = 1 — v + €. Compared with
the MDP instance in [10], both instances use S copies of a single MDP. However, unlike the MDP
in [10] which only has one “optimal” action among all S A actions, our MDP which has in total .S
“optimal" actions, which makes it harder to analyze.

]P)(si,0|3i,0a )_ Y- ILa a*

Now we begin to prove our lower bound. Let E,+[-] denote the expectation conditioned on one
fixed selection of a* = (aj,...,a%). We introduce a shorthand notation E* to denote E*[-] =
1/A% -3 . c 4s Eax[']. Here E* is the average value of expectation over the randomness from MDP
defined by different optimal actions. From now on, we aim to lower bound E* [Regret(T')], since
once E*[Regret(7")] is lower bounded, E[Regret(T’)] can be lower bounded by selecting af, ..., a%
which maximizes E[Regret(T")]. We set T = 10S K in the following proof. Based on the definition
of E*, we have the following lemma.

Lemma 5.6. The expectated regret E*[Regret(7)] can be lower bounded as follows:

St7at) _ 4
- (1—7)%

E*[Regret(T)] > E* [Z V(s



By Lemma 5.6, it suffices to lower bound Zthl[V*(st) — (8¢, a¢)/(1 — )], which is Regret"(T")
defined in [15]. When an agent visits the state set {s;, ¢, ;1 } for the i-th time, we denote the state
in {s;,0,5;,1} it visited as X ;, and the following action selected by the agent as A; ;. Let T; be
the number of steps for the agent staying in {s; ¢, s;,1 } in the total T" steps. Then the regret can be
further decomposed as follows:

{zy” %%} Xﬁﬂz:* J_C?ijq:h+b+h

i=1

where

= iE* [iv*(Xm') - (XIJ“A)],

j=1 i=1
S T;
X0, A, i
-y 3 v - e dille s ke s )

j=1 i=K+1

S K

* * X Z’A *
—ZE[Z:VMW—(L_)@<K}ME<M
j=1 i=Tj+1

Note that I; essentially represents the regret over S two-state MDPs in their first X steps, and it can
be lower bounded through the following lemma.

Lemma 5.7. If K > 10SA/(1 — )%, then for each j € [S], we have

K
E* l:Z(l - ’Y)V*(Xj,i) - (XJ 1’A ):l = 230?4/:4/17; 1 i ’Y.

This lemma shows that the expected regret of first K steps on states s;o and s; is at least
Q(VAK /(1 —~)"% —1/(1 — v)). Therefore by Lemma 5.7, we have

s K
_ x iy @WAW SAT S
= ;]E |:§: v (X]ﬂ) 1— > 2304 /710(1 —)re (1— ,.Y)z- 5.4)

To bound 15, we need the following lemma.

Lemma 5.8. With probability at least 1 — 2570 logT/(1—y), foreachj € [SJand K +1 <¢ < T,
we have

t
> v - [t » VHOEC/G T A
i=K+1 v v

Lemma 5.8 gives a crude lower bound of I5. Taking expectation over Lemma 5.8 and taking
summation over all states, we have

s
V2T, log(1/6)log T 4 )
I > EX| — —
"o 2 K (L=t (1=
__53 T 25TélogT
ml-v (A=9)?
E*{— V2T log(1/9) logT] 48 25%T%5log T
L=yt (1—7)? (1—=9)?
\/QE* /| log 1/(5) logT 45 252T251og T
O—v) (1) (1—9)?

Q>4wm>m

M

j=1

Mm

<.
Il
i



B V28T log(1/6)log T 4S8 25%T2%5log T
S T -7
where the first inequality holds due to Lemma 5.8, the second inequality holds since 1 —

25T61logT/(1 —~) < land E[-X|Y]|P(Y) > E[—X] when X > 0, the third inequality holds due
to Jensen’s inequality and the fact that 1/ is a concave function, and the last inequality holds due to

Jensen’s inequality and the fact that ZS E*[T;] = T To bound I3, we need the following lemma,
which suggests that when K is large enough T; > K happens with high probability:

Lemma 5.9. When K > 10A41log(1/8)/(1 — ~)*, with probability at least 1 — 254, for all i € [S],
we have T; > K.

(5.5)

Notice that the difference of transition probability between the optimal action and suboptimal actions

is \/A(1 — v)/24K. In this case, when T is large enough, T; is close to 7'//S = 10K. Thus I3 can
be lower bounded as follows:

ST6
S 5(1—7)

where the first inequality holds due to 0 < 7(X;, A;;) < 1 and the second inequality holds due
to Lemma 5.9. Finally, setting § = 1/(4ST?(1 — )?log T'), we can verify that the requirements
of K in Lemma 5.7 and Lemma 5.9 hold when T satisfies T > 100SAL/(1 — )%, and L =
log (3005472 /((1 — ~)20)) log T'. Therefore, substituting § = 1/(4ST?(1 — ~)?log T)) into (5.5)
and (5.6), and combining (5.4), (5.5), (5.6) and Lemma 5.6, we have

ElRegret(T)] > SAT __ AVSTL 88
1000001 — 7)1 T-7)15  (1-7)?

which completes the proof of Theorem 4.5.

Iy > — Z 7@% [T; < K] > (5.6)

6 Conclusions and Future Work

We proposed UCBVI-y, an online RL algorithm for discounted tabular MDPs. We show that the
regret of UCBVI-v can be upper bounded by O(v/SAT /(1 — v)*®) and we prove a matching lower
bound on the expected regret (v SAT /(1 —~)*-). There is still a gap between the upper and lower

bounds when 7' < max{S3A42%/(1 — v)*, SA/(1 — )%}, and we leave it as an open problem for
future work.
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A More Discussions on the Regret and Sample Complexity

A.1 Converting Sample Complexity of Exploration to Regret

In this subsection, we shows the relationship between the sample complexity of exploration and the
regret.

The definition of regret in Defintion 4.1 is related to the “sample complexity of exploration” N (e, §)
[12, 14, 9], which is the upper bound on the number of steps ¢ such that V*(s;) — V;"(s;) > € with
probability at least 1 — §. Compared with the regret, sample complexity of exploration focuses on
the sub-optimalities at all steps ¢, rather than the first 7" steps, and ignores the small sub-optimalities.
Though both metrics have been used to describe the performance of an algorithm, these two metrics
are not directly comparable. More specifically, algorithms with fewer but larger sub-optimalities will
have a small sample complexity of exploration but a high regret. In contrast, algorithms with a lot of
moderate sub-optimalities will have a high sample complexity of exploration but a low regret.

By the definition of the sample complexity exploration N (¢, d), with probability at least 1 — §, the
number of steps t where V*(s;) — V{™(s¢) > € is upper bounded by N (e, §). Thus, for the regret
within T steps, we have following inequality:

T
Regret(T) = Z — V7 (st)]
t=1

= > [V*(se) = Vi (s4)]
te[T],V*(s¢) =V (s¢)>€

+ > [V (54) = Vi (50)]

te[T],V*(s¢) =V (s¢)<e

IN

4 T, (A1)

where the inequality holds due to the definition of N (e, §). Furthermore,if an algorithm achieve sam-
ple complexity N (e,d) = O(Be~?), then we can choose € = T~/ (e+1)(1 — A1/ (e+1) p=1/(a+1)
to minimize the (A.1). Thus, we have

Regret(T) < ———— +Te (A2)

(Bl/(a+1) )—1/(@+1)Ta/(a+l)).

Furthermore, the best result in sample complexity of exploration [33] achieves 0] (S A/ ((1 — 7)362))

sample complexity and this result implies O(S*/3 AY/3(1 — ~)~4/3T2/3) regret, which is worse than
our result by a T'/6 factor.

A.2 Comparison with the Regret in [15]

Our definition is similar to that of Liu and Su [15]. Note that Liu and Su [15] define the regret as
Regret™"(T) = Zthl Ay, where Ay = (1 — v)V*(s¢) — r(s¢, ar). Comparing the definition in Liu
and Su [15] with our definition, we can show that (1 — v)Regret(T') =~ Regret""(T") since

T T oo T
E T(se) = (11—~ E E V1 (Stpis Qpgs) = E r(ss, ar),
t=1 t=1

t=1 =0
where the first approximate equality holds due to Azuma-Hoeffding inequality and the second

approximate equality holds due to 0 < r(s,a) < 1. Therefore, our regret definition is equivalent to
thatin [15] up to a 1 — -y factor.
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B Proof of Lemmas in Section 5.1
In this section, we prove Lemma 5.1 to Lemma 5.5. For simplicity, we introduce the following
shorthand notations:
V*(s,a) = Vary up(.|s,q) (V* (s")
V?—(S, a’) Va-rs '~P(|s,a) (V )
Vi(s,a) = Vary .p,(.|s,a) (V2
V:(Saa) :Vars'rv]}”t(-\s,a)( ( /))

We start with a list of technical lemmas that will be used to prove Lemma 5.1 to Lemma 5.5. We first
provide the Azuma-Hoeffding and Bernstein inequalities.

Lemma B.1 (Azuma-Hoeffding inequality, Cesa-Bianchi and Lugosi 6). Let {x;}_; be a martingale
difference sequence with respect to a filtration {G; } satisfying |x;| < M for some constant M, x; is
Gi+1-measurable, E[z;|G;] = 0. Then for any 0 < 6 < 1, with probability at least 1 — §, we have

in < M~+/2nlog(1/9).

i=1
Lemma B.2 (Bernstein inequality, Cesa-Bianchi and Lugosi 6). Let {z;}}_; be a martingale dif-
ference sequence with respect to a filtration {G; } satisfying |z;| < M for some constant M, x; is
Gi+1-measurable, E[x;|G;] = 0. Suppose that

Y E@FG) <wv
=1

for some constant v. Then for any ¢ > 0, with probability at least 1 — 4,

in < /2vlog(1/8) + %g(l/d)’
i=1

The following first lemma provides basic inequalities for the summations of counted numbers
Ni(si, ai) and Ni(SZ)
Lemma B.3. Forall¢ € [T

and subset C C [T, we have

1

— < SACI T
NC’L 1(5z7az)\/1 _S Cog(3 )7

1
Ni_l(si) V1
1
Nifl(si, ai) V1

< SClog(3T),

M- M-

Il
—

3

< /SAClog(3T)[C].

aQ

i€
Next lemma upper bounds the difference between the empirical measure PP;_; and PP, with respect to
the true variance of the optimal value function V*(s, a).

Lemma B4. If 0 < V*(s) < 1/(1 —~) forall s € S, then with probability at least 1 — ¢, for all
te[T],s €S, ac A, wehave

. 2V*(s,a)Clog(SAT/J) C2log(SAT/9)
(P, = P)V"](s,a) < \/ Ni_1(s,a) V1 3(1—7)(Ni_1(s,a) V1)

Similar to Lemma B.4, the following lemmas also upper bounds the difference between the empirical
measure P;_; and P, but with respect to the estimated variance.

Lemma B.5 (Theorem 4 in Maurer and Pontil 16). Let Z, Z1, .., Z,, be i.i.d random variable with
value in [0, M] and let § > 0, then with probability at least 1 — ¢, we have
1< 2V, Zlog(1/8) ~ 7TMlog(1/s
EZ—fZZZ-S og(/)+ og(1/9)

n 3n ’

where V,, 7 is the estimated variance V,,.Z = 3, ., (Z; — Z;)?/n(n —1).
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Lemma B.6. If 0 < V*(s) < 1/(1 — ) forall s € S, then with probability at least 1 — 4, for all
te[T),s €S, ac A wehave

B Ts.a 2Vr_,(s,a)Clog(SAT/5) 7Clog(SAT/6)
[(P=P)V"](s,a) < \/ NaGavl 30 Neama Vi)

The next lemma shows that the total variance of the nonstationary policy 7 can be upper bounded by
O(T/(1 — )). It is worth noting that a trivial bound which bounds V7 (s;,a;) by 1/(1 — ~)? only
gives an O(T/(1 — ~)?) bound.

Lemma B.7. With probability at least 1 — §/(1 — ), we have

T
5T 251og(1/9)

2 T

v § Vi (se,ar §1_7+ 307

Based on previous concentration Lemma, we define the following high probability events and our
proof of Lemma 5.2 to Lemma 5.5 relies on these high probability events. Let £ denote the event when
the conclusion of Lemma 5.1 holds. Then by Lemma 5.1, we have Pr(£) > 1—64T6 log® T/(1—~)2.
We also define the following event:

1= {0 e < [T GelCha(SAT
C2log(SAT/S)
3(1 =) (Ni—1(s,a) V 1)
& = { (P - P)V*](s,a) < \/ WH]E;; ’_Ci)(f}fj(vsfw )
TClog(SAT/$)
3(1 =) (Ni-1(s,a) V 1)

2P(s'|s¢, ar)(1 — P(s'|s¢, at))Clog(ST/6)
Ey = Py_1(5|s¢,ar) —P(s' |5, a4) < ,
= { P lsan) = P o) \/ )

,VseS,ac A,te [T]},

,VseS,ac A te [T]},

C2log(ST/5)
S(Nt_l(st, Clt) V 1)

Vse S,ac A,t e [T]},

T T
&y = {ZP(8’|St,at)(V;ﬁ—1(sl) — V*(S’)) < Z (Vt—1(3t+1) _ V*(St_t,_l)) + W}’
=1 =1
5T 251og(1
{’Y th St,az) 1_74_ 3(1g_( /) )}’
T T
fo= {Z[ (Vi = Vi) (s, 1) Z Viei(se41) = Vi (se41)] < 211108;’51/6)}7

T T
* 2T log(1/0
\/7
&g = {HIP’H(IM) —P(]s,a)]|, < M,Vs €S,ac Ate [T]},
Ni—1(s,a) V1
T
10082 A%2U° 1
& = P(s'|s¢, a;) min ,
9 {tzzlg ( | t t) {(1—’}/)5(Nt71(31)\/1) (1_7)2}

T 100S2A205 1 V2TU
: me { (1- W)S(Ntfl(StJrl) \ 1) T(1=7)? } (1—9)? }’
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where U = log(40SAT?log® T'/(6(1 — +)?)). For these high probability events, according to the
Lemma B.1, we have Pr(&,) > 1-§,Pr(&) > 1-4,Pr(&;) > 1-6,Pr(&s) > 1-6,Pr(&y) > 1-6.
According to the Lemma B.2, we have Pr(£3) > 1 — §. According to the Lemma B.4, we have
Pr(&1) > 1 — 4. According to the Lemma B.6, we have Pr(€;) > 1 — 4. According to the Lemma
B.7, we have Pr(&5) > 1—46/(1 — 7).

The next lemma shows that the total difference between the optimal variance and the variance induced
by 7 can be bounded in terms of Regret' (7).

Lemma B.8. On the event £;, we have

Sy o wro 2Regret'(T) 2+ /2TClog(1/4)
i:Zl (V*(si,ai) — VI (si,a:)) < T + = .

Similar to Lemma B.8, the next lemma shows that the total difference between the estimated variance
and the variance induced by 7 can be upper-bounded in terms of Regret' (T').

Lemma B.9. On the event £ N £y, we have

ZT: (Vi (50, 0) = Vi(ss,a)) < 2Regret'(T)  9S+/2ATClog(T/6) log(BT)-

_ _ 2
— 1—~ (1-7)

B.1 Proof of Lemma 5.1

For simplicity, we denote U = log(SAT? /) and H = |2logT/(1 — 7)] + 1 and for h € [H], we
define

Regret(t,5,h) = Z V' [Vign(sitn) = Vign(sien)]-
1<i<t,si=s
Then we have the following lemma.
Lemma B.10. For each ¢ € [T'], with probability at least 1 — 4H?§, forall s € S, h € [H|, we have

_ 165AU/Ni(s) N 482 A15y3
ST Tamap

Regret'(t, s, h)

In addition, if N¢(s) > 0, we have
20S AU

(1=7)25y/No(s)

Vi(s) = V*(s) <

Now, we start the proof of Lemma 5.1,

Proof of Lemma 5.1. We prove this lemma by induction. At the first step t = 1, forall s € S, we
have Vi(s) = 1/(1 — ) > V*(s). When Lemma 5.1 holds for the first ¢ steps, we consider for each
s € §,a € A, then by the update rule (4.2), we have

Q¢+1(s,a) = min {Qt(s, a),r(s,a) + y[P: V4] (s, a) + CyUCBy(s, a)}.

If Q1 11(s,a) = Q(s,a), then by induction, we have

Qi11(s,a) > r(s,a) + % > 1(s,a) +v[PV*](s,a) = Q*(s, a),

where the first inequality holds due to (4.2) in Algorithm 1 and the second inequality holds due to
0 <V*(s) <1/(1 — 7). Otherwise, if N;(s,a) = 0, then we have

Qt+1(57a) = Qt(sva) > Q*(S’a)-
When N, (s, a) > 0, with probability at least 1 — J, we have

Qt+1(87 CL) - Q*(S, Cl)
= [P V;](s,a) + CyYUCB,(s,a) — y[PV*](s, a)

17



= C'VUCBt(S7 CL) + '7[( ) ](570') + V[Pt(vt - V*)](&a)

> CyUCBq(s, a) +v[(Pr — P)V"](s,a)
4Vi(s,a)U 8U(C’y
> CyUCB -C
= Ly t(s7a) vy NtSCl \/1 Ntsa \/1)
8Vi(s,a)U _c 4V* (s,a) 8, Pi(s'|s,a) min {100B,(s"),1/(1 — 7)?}
Ni(s,a) V1 7 Ni(s,a) V1 ’

(B.1)

where the first inequality holds due to V;(s) > V*(s) , the second inequality holds due to Lemma B.6
and the third inequality holds due to the definition of UCBy in (4.3). For the term V; (s, a), we have

V(61 = B | (V) - BV ()]
~ Eumttioa | (V) = Vls) — BV () — Vi) + Vi) ~ BV
< 2By p,(fs,a) {(V}(s’) - E[W(s’)DQ]
2B, o | (V7 6) = V) — BV )~ Tl )]
< 2V,(5,a) + 2By by (fs.0) {(v*(s') - v;(s’))2] , (B.2)

where the first inequality holds due to (z + y)? < 222 + 232 and the second inequality holds due to
E[(X — E[X])?] < E[X?]. Substituting (B.2) into (B.1), with probability at least 1 — 4(¢ + 1) H?§,
we have

Qvr(s.a) — SVt (s,a) \/82  Py(s']s, a) min {100B,(s'), 1/(1 — )2}

N¢(s,a) V1

_c 8Vi(s,a)U + 8UE wp,(.|s,a)(V*(s) — V}(s’))2
7 Ni(s,a) V1

83, Pi(s']s,a) min {100B,(s),1/(1 — )}
2 (C’y\/ N¢(s,a) V1

= oo | BB p 5 (V) — Vi)
7 Ne(s,a) V1
Z 07

where the first inequality holds due to (B.1), the second inequality holds due to (B.2), the third

inequality holds due to v/a 4+ b < \/a + /b, the last inequality holds due to Lemma B.10 with
probability at least 1 — 4H?26 and induction hypothesis with probability at least 1 — 4tH?65. In
addition, for all s € S, we have

Via(s) = Igleaj‘(Qt+l(5a a) > Igleaj(Q*(Sv a) =V"(s).

Thus, by induction, we complete the proof of Lemma 5.1. O

B.2 Proof of Lemma 5.2
Proof of Lemma 5.2. 'We have

Z 7(‘4—1(5“1) - ‘/;11(5t+1))
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T T
’YZ Vt 1 5t+1 Vt+1 5t+1 Z Vt+1 5t+1 th_l(St-&-l))-
t=1 t=1

I Iy

For the term I, we have

ZV(thl(StJrl) — Vigi(se41)) < VZ Z [Vic1(s) = Viga(s)]

t=1 seS

T
=723 [Viea(s) = Vi (9)]

seS t=1
= ’YZ VO + V1 VT(S) — VT+1(S))
seS
2
< 25 (B.3)
I

where the first inequality holds due to V;_1(s) > Vi11(s) by (4.2) in Algorithm 1, and the second
inequality holds due to 0 < V;(s) < 1/(1 — ). For the term I3, we have

T+1
12—72 Vi(se) — Vi (st))

= VRegret (T) + (Ve (s741) = Vi (s711)) = 7(Vils1) = Vi (s1))

2
< yRegret'(T) + 1—7 (B.4)
Y

where the inequality holds due to 0 < V;(s), V;"(s) < 1/(1 — 7). Combining (B.3) and (B.4), we
complete the proof of Lemma 5.2. O

B.3 Proof of Lemma 5.3
Proof of Lemma 5.3. On the event £, we have

Z’Y (Pi1 = P) (Vi1 = V*) (51, a1)
T
= ZZ Pyo1(s'|sear) = P(s'|se, ar)) (Viea (s7) = V()
t=1s'eS

i

t=1s

IN

mM

2P(s|s¢, ae)(1 — P(s'|s¢, ar) )Clog(25T/0) n C21log(ST/0)
Nt 1(st,at)\/1 3(Nt,1(8t,at)\/1)
~1(s")

T / St, Q¢
< ; Z V/2Clog(ST/6) M(Vm(s’) - V*(s")

Ntfl(st, Clt) Vv 1

I

25@1og(ST/5)
+2 50

B.5
Nt 1(St, Clt) V 1) ( )

t=1

Iz

where first inequality holds due to the definition of & and the second inequality holds due to
0 < Vip1(s’) = V*(s’) <1/(1 — ). To bound term I, we separate S into two subsets S} U S?,
where

S} = {S € S P(s|st, ar) (Ne—1(se,a) V1) > W}, S? =S8/}
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Then on the event £4, we have

T
I = Z Z ]P’(s'|st,at)\/2(Clog(ST/6)\/Msllg75 at)< 1 ) (Vt,l(s’) — V*(s’))

t=1 8/631 Nt*l(staat)v:l

\/Q(Clog (ST/8)P(s' |51, ar) (Ny_1(s1,ar) V 1)
Nt—l(staat) V 1

(Viea(s) = V*(5)

55>

t=1 s'e8?

T
<Y (M= P( s, a0) (Viea (s') = V*(s)) /2

4Clog(ST/9)
2 31— 7)2(Ne—1 (s, a2) V 1)

t=1 5/eS}

/2 Li Vi1 (8e41) — V*(5t41)) 27; ligil/é) +452A61§g(§S_T§3 log(37T)

<(1-7)/2 té(v& 1(s141) = Vi (se4)) + 2T<Clog(1/5)+452AC13§§S_T4;5§10g(3T)
<@1-m/2: {Regret’(T) + Qf_*f) 2TClog(1/0) + 45214@1;%512 log(3T)

(B.6)

where the first inequality holds due to separate condition of P(s’), the second inequality holds due to
Lemma B.3, the third inequality holds due to V;_1(s") > V*(s’), the fourth inequality holds due to
the definition of event &y, the fifth inequality holds due to V* > Vi’ 1, and the last inequality holds
due to Lemma 5.2. For the term I3, according to Lemma B.3, we have

252 AClog(ST/5)10g(3T)
I, < .
3(1 =)

Substituting (B.6),(B.7) into (B.5), we complete the proof of Lemma 5.3. O

(B.7)

B.4 Proof of Lemma 5.4
Proof of Lemma 5.4. On the event &, N E5 N E7, we have

T
D APy = P)V*)(s1,a0)
t=1

_ da 2V* (s, a;)Clog(SAT/S) 2Clog(SAT/5)Cr
_g Nt 1( )\/1 (1—7)(Nt_1(5t,at)\/1)

T T
S (C’YN/ 2CIOg(SAT/(S)J Z St7at $ Z m

N XT: 27(Clog SAT/S)
=1 Nt 1(5t,at)\/1)
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—
2vSAU?
< CYUVISA,| SV (s, ) + %
t=1
T T T
2vSAU?
=CyUV254 V?(stvat)—’—ZV*(staat)_ZV?(Staat)"‘%
t=1 t=1 t=1
5T 20U  2Regret'(T) TU  25AU?
< UV2SA + + + + , (B.8)
\/1—7 3(1—7) 1—v (1=7)?2 " 1-v

where the first inequality holds due to the definition of event &1, the second inequality holds due to
Cauchy-Schwarz inequality, the third inequality holds due to Lemma B.3 and the definition of U, and
the last inequality holds due to Lemma B.8 and the definition of event £. Thus, we complete the
proof of Lemma 5.4. ]

B.5 Proof of Lemma 5.5
Proof of Lemma 5.5. For the term UCB,_1 (s¢, a;), we have

T
8UV;_1(s¢t,a¢ 8U
C~HUCB var) < ) Cyy | =
Z ol t—1(8¢, ar) Z \/r,at\/l z; )(Ne—1(se,ar) V1)

I, Iy

T /| s¢, a;) min (s —7)?
+ZCW\/8ZS,]PQ(SI  ar) min {100By(s), 1/(1 = 7)°}

Nt_l(st,at) V1

I3
(B.9)
For the term I, on the event &5 N & N Eg, we have
1
I <Cv,|8U Y Vi_1(st,aq) B B ——
1 Y ; t—1(8t, az ;Nt (san) V1
T
< CYUVBSA D Vioi(se,a)
T T T
=CyUV8SA ZVf(st, ay) + ZVt_1(st, ay) — ZV?(St, at)
i=1 t=1 i=1
T 2 2Regret’ (T AT
<U ﬁSSA\/ 5 n QU i egret' (T)  9SUV T (B.10)
3(1=7) 1—x (1=7)

where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due to
Lemma B.3, the last inequality holds due to the definition of event &5 and Lemma B.9. For the term
I, by Lemma B.3, we have

L sU 8SAU?
Z <

t=1 (1- 7)(Nt71(3t7at) Vv 1) - 1-~
For the term I3, on the event £ N &, we have

I3

100524205 1
< ]P’
- 82 Ni—1(st, ar) ZZ t(/lse; ar) min { (1 —=7)5Ne1(s)" (1~ 7)2}

t=1 s’

I =

(B.11)
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T ) _ 10052 A2U5 1
< VBSAU,| DD Pi(s|st, ) min { 1= (Nea(s) V1) (1 W}

t=1 s’
< V8SAU-
= \/25 a , 10052 A2U'5 1
Z ZZ]P’(S’\st,at) min ) 3
= (1 =)2V/Ni(se, ar) =1 & (1- 7)5(Nt71(3/) v 1) (1=)
SUV ZAT { 10052 A2U5 1 }
<V8SAU 5 + ) _min )
(1 —7)2 Z —7)3 (N1 (se41) V1) (1 —=7)2

+ + ) (B.12)
O N 0k
where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due to
Lemma B.3, the third inequality holds due to the definition of event &, the forth inequality holds

due to the definition of event £ and the last inequality holds due to Lemma B.3. Substituting (B.10),
(B.11) and (B.12) into (B.9), we complete the proof of Lemma 5.5. O

3 A2776
< JETAT \/SUx/2AT VITU  100S3A2U

C Proof of Lemmas in Section 5.2

C.1 Proof of Lemma 5.6
Proof of Lemma 5.6. We have

T r T 00
B YV o) = V)| =7 V0 - o rCseans )]
t=1 -t=1 k=0
r T t 00 T
=B |30 (Vo0 - Satrionan) = 32 3 Hrtan)
Lt=1 k=0 t=T+1 k=0
. d * r(se, ar) =« t—k
s [y - )] 5y
L =1 v t=T+1 k=0
= (8¢, ar) 4
> E* V*(sy) — —2t } - . (C.1)
; S gl (1—7)?
where the first inequality holds due to 0 < r(st,a;) < 1 and the last inequality holds due to
> reo® =1/(1 — 7). Thus, we finish the proof of Lemma 5.6. O

C.2 Proof of Lemma 5.7

Proof of Lemma 5.7. In this proof, we follow the proof technique in [15] and [10]. For simplicity,

we denote € = \/A(1 — v)/K /24 and we first determine the optimal policy in these hard-to-learn
MDPs. According to (3.1), for optimal policy 7*, we have

Q*(s,a) = r(s,a) +7[PV7](s, a),

For each j € [S] and state s = s 1, the choice of action a will not effect the reward 7(s, a) and the
probability transition function P(-|s, a). For optimal action a* at state s = s, o, we have

V*(s50) = r(s,a) +v[PV*](s,a”)
=0+ vP(sj,0[85,0,a")V*(s5,0) + 7P(s5,1185,0,a")V"(55,1)-

Since P(Sj’o‘sj"o, a*) + ]P)(Sj’l |Sj’07 a*) = 1, we have

(1=)V*(s50) =v(V*(s51) — V*(55.0)),
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and it implies that V*(s; 1) > V*(s;,0). Therefore, for all action a # a}, we have Q*(s;0,a}) >
Q*(s4,0, ) and it further implies that the optimal action at state s = s; o is a}. Thus, according to
the optimal bellman equation 3.1, for each j € [S], we have

Vi(sj0) =71 =7+ )V (s51) +7(v =€)V (s50),
V*(sj1) = L1 =)V (sj411) + 7V (55,0),
and it implies that the optimal value function V* is

2
* Y=t te
V*(s;0) =
(550) 1-7)1Q =292 4+~v+~e)’
N 1—~2+ve
Vi(s50) = pmnsgl

(1= =292+~ +7¢)

When an agent visits the state set {s;,0,s;,1} for the i-th time, we denote the state in {s; 0,51}
it visited as X; ;, and the following action selected by the agent as A, ;. For each j € [S], by the

definition of X; ;, we have

P(Xji = 511 Xji-1 = 85,0, Aj.i-1)
P(ij—st‘ng 1_sj07 j,i— 1):7 1,- a*6
P(Xj,i = s5,0[Xj,i-1 = 85,0, 4j,i-1) =

P(X; = sj1|Xji-1 = 85,1, Aj-1) =7,
where the third equality holds because when X; ;_; leave state s; o, 55,1, the next state in s; o, 55,1
must be s; . Similar to the proof of Theorem 5 in [10], we focus on the first K visits to the state set
{s.0, 55,1} and let random variable Ny, N; and N denote the total number of visit state s; o, the

total number of visit state s; 1 and the total number of visit state s; o with action a;. By the same
argument as the proof of Theorem 5 in [10], for the random variable N; and N, we have following

property:

K 1 eE[N{]
E[N]| < — C.2
[1]_24—2(177)—1-177 (C.2)
and
K 1 eK K eK
E[Ng] < — = + . C3
Nil=gataan ) T2 an -y Tavan ) €3
Therefore, the regret can be upper bounded by
K
* * (XJ 17A )
E VHNX,,;) - ———~
v -
1
= E[NO] (V*(Sj}o) — 0) =+ E[Nl] <V*(Sj’1) — 1fy)
_ (v =7+ 79 (K — E[M]) — (v = +*)E[Ni]
(1= =292+~ +7¢)
Kye _ . _ye _ E[Ngle(2y=27*+7e)
> _2 T3y T—
- (1 =71 =29>+7+7¢)
Kre __e _ (K + 1 + eK K eK €(2y—272+~e)
2 2(1-7) 24 7 24A(1—7) 2 \/ A(l—v) 2f(1 ) 1—y
=z (C4)

(1 =71 =292 +7 + 7e)

where the second inequality holds due to the fact that E[Ny] + E[N;] = K, the third inequality holds
due to (C.2) and the last inequality holds due to (C.3). Since K > 10SA/(1 — )%, v > 2/3 and
A > 30, (C.4) can be further bounded by

E* [éV*(Xj,i) - 7()(5314 )]
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Kye v (K , 1 | eK K K e(2v—272 4e)
PR e <2A+2A(1—7)+ 2 A(l—v)+zm(u>> =

(1 =71 =292+ 7+ e)

Ke K eK
e 36<8A + = 2 Aa— T 2\/2(1—~,)>
(1 =71 =292+ + )

VAK(1-y) 1

576
(I =7)(1 =272+ 7+ 7e)
VAK 1

2 - ) (&)

2304(1 — )15 (1—n)2
where the second inequality holds to € = \/A(1 —v)/K /24 <1 —~ with K > 10SA/(1 — )4,
the third inequality holds due to e = \/A(1 — v)/K /24 with A > 30 and the last inequality holds
duetoy >2/3and e = \/A(1 —v)/K /24 < 1 — ~. Therefore, we finish the proof of Lemma 5.7.

O

Y

> X

C.3 Proof of Lemma 5.8

Proof of Lemma 5.8. For each j € [S] and t € [T, we denote H = [logT'/(1 — ~)] + 1, random
variable

H
= E jz+k:a szrk)a

and filtration F; ; contain all random varlable before X ;4 r7. For simplicity, we ignore the subscript
7 and only focus on the subscript 7.

Since Y; is F;-measurable and 0 < Y; < 1/(1 — «) , for each k € [H], with probability at least 1 — 4,
we have

L) +1 L l+1 57
Y Y < D E[EH+k|f(i1)H+k:|+ 1—710g5
=g ]+l =g+l
SN 2% 1
= Y Vi Ximew) + 177108‘5
= £ 41
LF])+1
2t 1
Y. Vi Xinw) /7 log s (C6)
i=[£]+1

—_

IN

where the first inequality holds due to Lemma B. 1 and the second inequality holds due to the definition
of optimal value function V*. Taking summation of (C.6), for all £ € [H], with probability at least
1 — Hé, we have

t ,/2tlog%logT t
Z V(X)) + ———— 2 Z Yi

i=K+1 (L=t

Yor(Xitn, Aivr)

I
M~
M=

min(H,i—K—1)

> > (XL A) > A

i=K+1 k=0

t
Z Z T(Xi7Ai)_ 4

_ _ 27
D R ST ()
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where the second inequality holds due to 0 < r(s,a) < 1. Finally, taking union for all j € [S] and
t € [T, we complete the proof. O

C.4 Proof of Lemma 5.9

Proof of Lemma 5.9. Let Y} ; be an indicator random variables which denote whether the agent at
state X ; with action A; ; goes to the different state. Y; ; = 1 if the agent goes to the different state
and Y} ; = 0 if the agent stay at the same state. Let filtration F; ; contain all random variables before
Xj,i- Then, for each j € [S], with probability at least 1 — , we have

K K

/ 1 / 1
E Y < § E[Y; | Fji-1] +1/2K log 3 <(1—v+e)K + /2K log 5 <3(1 - K,
i=1 =1

(C.7)

where the first inequality holds due to Lemma B.1, the second inequality holds due to the definition
of our MDPs and the last one holds due to the selection of K. Similarly, with probability at least
1 — 4, we have

5K 2K

/ 1 / 1
> Y=Y E[YjilFji1] — /10K log 5 2 5K(1—9) = /10K log = > 4(1 = 7)K
=1 =1

(C.8)

where the first inequality holds due to Lemma B.1, the second inequality holds due to the definition
of our MDPs and the last one holds due to the selection of K. Taking a union bound (C.7) and (C.8)
for all j € [S], then we have (C.7) and (C.8) hold with probability at least 1 — 259. Let Z; ; be the
number of times for the agent to start from state s; ; and travel the next different state in the first T
steps. By definition, we have

Zio+Z 1_21/ (C.9)

By Pigeonhole principle, there exist a j* such that T}- > T'/S = 10K > 5K. Therefore, we have

T;x 5K
Zpo+Zpa = Y=Y Yiei>4(1—y)K. (C.10)
i=1 i=1

Furthermore, after leaving the state s;- o, the agent will visit all other states before arrive the state
5= 0 again. Thus, for any k € [S], the difference between Zj= o and Zy, o is at most 1, so do Z;= 1
and Zy, 1. Therefore, for any k € [S], we have

K
Zio+Ziy > Zjeo+ Zjeq —22>4(1 —7)K —2>3(1 -~ Z i (C.11)

where the second inequality holds due to (C.10), the third inequality holds since K > 2/(1 — +) and
the last one holds due to (C 7). Fmally, by (C.9) we have Zj, o + Z, 1 = ZZ 1 Y% ;. Combining it

with (C.11), we have Zz’:l Yii> Zi:l Y+, which suggests that T}, > k. Thus, we complete the
proof.

O

D Proof of Lemmas in Appendix B

D.1 Proof of Lemma B.3
Proof of Lemma B.3. We have

ZN Z Z < SAClog(3T).

—v1 = 2 1+ >
S Cl
i=1 " 1 L s€S,acA s€S,ac A i=1 s€S,acA i=1

\ /\

D.1)



‘We also have

t

ZAN' 151

=1 seS

According to (D.1), for a subset C C [T'], we have

1
<
> ||§j]v T V/SAClog(3T)|C],

icC z 1 Szaaz

Ne(s) t
=Y 1+ > % S+ % < SClog(3T).
i=1 sES @

i—1

where the first inequality holds due to Cauchy-Schwarz inequality and the second inequality holds
due to (D.1). Thus, we complete the proof. O
D.2 Proof of Lemma B.4
Proof of Lemma B.4. Foreach s € S,a € A, we denote t; = 0 and

t; =min {t|t > t;_1, (s¢,a0) = (s,a) }. (D.2)

Here, ¢; is the time which state-action pair (s, a) appear for the ith time and the random variable ¢; is
a stopping time. Beside, the random variable V*(s¢,4+1)(¢ = 1,2.,,) are random variable with value
in [0,1/(1 — v)] and variance V*(s, a). By Lemma B.2 and a union bound, with probability at least
1—4,foralls € S,a € A, € [T], we have

2log(SATY/6)

Z: V*(st,01) = D BV*(s,a) < \/2rV*(s,a) log(SAT/6) + 3(1—7)

i=1

Thus, for all 7 € [T], we have

[(Pe, 41 —P)V*](5,0) = %Z V7 (st,41) — %ZPV*(S’ a)

- \/ 2V*(s,a)(Clog(SAT_/5) e log(SAT/6)

T 3(1—~)r
_ [2V*(s,a)Clog(SAT/)) C2log(SAT/9) D23)
Ny (s,a) 3(1 =)V, (s,a) '
In addition, for 7 = 0, we have
1 C2log(SAT/S
(P, 11 — P)V*](s,0) < < 0g(SAT/0) (D.4)

T 177 301 -9)(Ni,(s,@) V1)

where the first inequality holds due to 0 < V*(s) < 1/(1 — ~) and the second inequality holds due
to N¢_(s,a) = 0. Since P, and N;_1 (s, a) changed only when ¢ = ¢, + 1, we complete the proof by
combining (D.3) and (D.4). O

D.3 Proof of Lemma B.6
Proof of Lemma B.6. Foreach s € S,a € A, we denote ¢ty = 0 and denote
t; = min {¢[t > t;_1, (ss,a0) = (s,a) }. (D.5)

Here, t; is the time which state-action pair (s, a) appear for the ith time and the random variable ¢; is
a stopping time. Beside, the random variable V*(s;,+1)(¢ = 1,2.,, ) are random variable with value
in [0,1/(1 — ~)] and variance V*(s, a). By Lemma B.5 and a union bound, with probability at least
1—9,foralls € S,a € A, 7 € [T], we have

7log(SAT/6)

; PV (s,a) — ; V*(s101) < \/mz;; (5,0) log(SAT/8) + — =
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Thus, for all 7 € [T], we have
1 T T
[(B—Pe )V (s.0) = =| YV (s0,00) = Y PV (s.0)|
=1 i=1

- \/QV;*T(s,a)Clog(SAT/é) C7log(SAT/6)

T 3(1—~)r
|2V} (s,a)Clog(SAT/6) ~ CTlog(SAT/6) D.6)
Ny, (s,a) 3(1 =7)Ne, (s,a) '
In addition, for 7 = 0, we have
1 CT7log(SAT/S
[(P =Py, 41)V*](s,0) < < og( /9) (D.7)

T l—y T 301 =) (N, (s,a) V1)
where the first inequality holds due to 0 < V*(s) < 1/(1 — +) and the second inequality holds due
to N;_(s,a) = 0. Since P, Vi_; and N;_1(s,a) changed only when ¢ = ¢ 4+ 1, we complete the
proof by combining (D.6) and (D.7). O
D.4 Proof of Lemma B.7

Proof of Lemma B.7. For simplicity, we denote H = |1/(1—+)|+1,7" = |T/H | +1 and filtration
JF: contained all random variables before first ¢ + H steps. Then for every ¢ € [T, we have

1 r oo ) 2
1=y > E (ZWZT(St-HvatH)) - Vtﬁ(st)}—t—H]
L ico

e’} 2
=E ZWZ (r(St4i> arsi) + YV (Stgir1) — Vii(se44) |ftH}
Li=0

r oo 2
=E[Y {T(St% ati) + Vi (Seriv1) — Vf,7-r&-i(5t+i):| |ft—H}
-1=0

=E ZWQHQVL” 5t+iaat+i)|~7:t—H:|

-1=0
>E vawﬂ Stvis Qi) | Fi H} (D.3)
- 1=0
Xt

where the first inequality holds due to 0 < 7(s,a) < 1,0 < V;"(s) < 1/(1 — «) and the second
inequality holds due to V7, (s, as4i) > 0. For the random variable X;, we have

H 2i+2
0 1 1
‘Xt| < E ) < 3 Val'“XtHft_H] < (maxlXtD]E[XtLFt—H} < T \5
— (1= 1-7) (1—7)

Since X, is F;-measurable and E[X;|F;_ ] < 1/(1 — 7)2, for each i € [H], by Lemma B.2, with
probability at least 1 — d, we have

T T
2T"1og(1/6) = 2log(1/0)
Xjnvi < D B X jupilFG-nymvil +
]z::o JH+ jgo []+| (J 1)H+] (1_7)5 3(1_7)3
T 2T"log(1/6 2log(1/6
. os(1/9) | 2lou(1/5) o)
(1-7) (1) 3(1 =)
Taking summation for (D.9) with all ¢ € [H], with probability at least 1 — H 4, we have
T H T
ZXt = Z ZXjH-'ri
t=1 i=1j=0
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A T 27" 1log(1/5)  2log(1/5
§Z<< g(1/0) . g(/))

—\(1-9)? (1—9)p 3(1L—n)3
T 4T log(1/6)  4log(1/0)
S T\ Ta-nF T

< 2T 7log(1/0)
T (-2 31—t

where the first inequality holds due to (D.9), the second inequality holds due to 77 = |T/H| + 1
and the third inequality holds due to 22 + y? > 2xy. By the definition of X;, we have

T

2142
> Xi= ZZV AV (st )
t=1 =

(D.10)

t=1 =0
T min {H,t—1}
> Z Vi (st,at) Z yP+2
t=1 =0
H H H
= 22 Z V St7 at Z St7 Qg Z ’72’L+2
1=0 t=1 1=t
'y . 72H+4 T 1 H H v
> — V7 - ' D.11
et 1_,72 tz:; t(3t7at) (1_,7)2 ;;7 ) ( )

where the first inequality holds due to V7 (s¢, a:) > 0 and the second inequality holds due to
V7 (s¢,a¢) < 1/(1 — ~)2. To further bound (D.11), we have

2H+4 2 2 2

2 2
V= 9 2H +2 v 2/(1-7) 47 2y
= 1-— > 1-— > >
L e A ()
(D.12)

where the first inequality holds since 2H +2 = 2[1/(1 —+)] +2 > 2/(1 — ), the second inequality
holds since 0 < 71/(1_7) < 0.4 when 0 < v < 1, the last one holds since 1 + v < 2. We also have

2642 4 4
ZZ“ - Z ST S ®19

Substituting (D.12) and (D.13) into (D.11), we have

A4
th 25 ZV St,az) T (D.14)
Finally, substituting (D.14) into (D.10), we have
= 5T 35log(1/6 5y 5T 25log(1/6
V) Vilbna) S 7+ 6(1g—(7/)3) 2(1 17)3 =157 3(1g—(7/)3)'

Thus, we complete the proof. O

D.5 Proof of Lemma B.8
Proof of Lemma B.S. On the event €7, we have

T

D (VA (siya5) — VI (55, 0:)) <

=1 7

-

{P((V*)Z _( 111)2) (si,ai)

1

|
AMQ

[P(V* = VIV + V)] (s,0)

i=1
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2 * T
=71_5 E {P(V V;:+1)} (85, ai)
T3
T
2 N 2T log(1/0)
< _Z E ) _ YT . Vo7 N
=71_ ~ s (V (Sl+1) V;+1(81+1)) + (1 — 7)2
2 , 2T log(1/9) 2
<
< 1_7Regret(T)+ =~ +(1_7)2,

where the first inequality holds because of Lemma 5.1, the second inequality holds due to 0 <
V*(s), Viii(s) < ﬁ, the third inequality holds due to the definition of £7 and the last inequality

holds due to 0 < V*(s) < V;(s) < 1/1 — ~. Thus, we complete the proof. O
D.6 Proof of Lemma B.9

Proof of Lemma B.9.

T T
Z(Vi—1(5i7ai) - V?(Slval)) = ZES/NPi—l(‘lsiyai)[‘/;2—1(8/)] - ES’N]P’FlHSuai)[%—1(5/)]2
=1

i=1

T
- ZES,NP(“Siyai)[‘/zil(S/)Q] - ES/’VP("Si,ai)[‘/’iil(s/)]2
=1

T
< ZES/N]P’zleSi,ai) [‘/;2—1(5/)] - ES/NP("Si,ai)[‘/iQ—l(SI)}
=1

Iy

T
+ ZES/NP('\si,ai)[Vial(sl)} - Es’w]P’(~|si,a,:)[Vi11(s/)2]
1=1

Iz

T
+ Z ES’NP('\Sz‘,U«z‘) [‘/*(S/H2 - ES,NPi—l("Si,ai) [V*(S/)F’
=1

I3
where the inequality holds due to V;_1(s") > V*(s') > V7 (s).
By the definition of event £, we have
2S5Clog(T/é
IPi1 (|5, a) — P(|s,a)], < v25Clog(T/5) (D.15)
Ni_l(s,a) V1
Thus, for the term Iy, since 0 < V2 ;(s’) < 1/(1 — 7)?, we have
T \/25Clog(T}5)
2S5Clog(T/é S+/2ATClog(3T)Clog(T/d
h<y gT/)) SV og( )2 og(T/9) D.16)
= (1=7)2y/Ni—1(si,ai) V1 (1—=7)

where the first inequality holds due to (D.15) and the second inequality holds due to Lemma B.3. For
the term I, on the event £, we have

T

L3 [B(h0? - (VL )7) 100

1

?

I
.Mﬂ

[P(Vie1 = Vi) (Vier + Vi) (s, 0)

1

D) T
25 22 [P v s

K2
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T

Z(Vz‘—l(swl) = Viii(siv1)) +

L—n
T
" 2Clog(T/9)
11—~ + T—5 ;(VHI(SHI) = Vi (sis1)) + B
9TClog(1/8) 45 +2
Regret'(T') + ,
TR T Ty

where the first inequality holds due to V;_1(s") > V*(s’) > V;7;(s’), the second inequality holds
dueto 0 < Vi_1(s), Vi1 ,(s") < 1/(1 — ), the third inequality holds due to the definition of event
&g and the forth inequality holds due to V;_1(s") > V;11(s).

For the term I3, since 0 < V*(s')2 < 1/(1 — v)?, on the event £, we have

9T Clog(2/9)

IN

<

(D.17)

I < i \/W < S\/2AT log(T/5) log(3T) D18
e i=1 (]‘ _’7)2 N¢71(Si,ai) - (1 77)2 ) .

where the first inequality holds due to (D.15) and the second inequality holds due to Lemma B.3.
Taking an union bound for (D.16), (D.17) and (D.18), with probability at least 1 — 39, we have

t

Z(Vifl(siaai) = Vi(si,a;) <

2Regret’ (T) N 95\/2AT log(T/§) log(3T)

P 17 (1-=7)?
O
D.7 Proof of Lemma B.10
Proof of Lemma B.10. Foreachi € [H],s € Sandt € [T1], if N¢(s) = 0, the we have
16SAU?\/N, 2052 AN5U45
Regret'(t,s,h) =0 < (s) +
) ()
Otherwise, we have
Regret'(t, s, h) = V' [Vitn(sivn) = Vign(sivn)]
1<i<t,s;=s
= Z Y [Qe(Sitn, airn) = Vit (sitn)]
1<i<t,s;=s
< Y HUPs s h—1 Vign—1](Sith, @itn) + 7" UCBiyh_1(Sith, @ivn)
1<i<t,s;=s
— V"RV (Sigens Gign)
=1 + I + I3 + "I, + Regret' (¢, s, h + 1), (D.19)
where the first inequality holds due to definition update rule (4.2). I, ..., I are defined as follows.
L= Y A" Vigra(sivnsr) = Vigna(sivnta)),
1<i<t,s;=s
L= > A"MPipno1 = P)Vign1](Sisn: aisn),
1<i<t,s;=s
Iy= > A" PVigho1 = V)] (Sivns aign),
1<i<t,s;=s
=" Vign-a(signi1) = Vi g (Sivns1)],
I, = Z UCBiyn—1(Sith, Gith)-
1<i<t,s;=s
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For the term I, we have
t

Z A (Vign—1(Sitnt1) — Viens1 (Sicns1)) ZZ ih—1(8") = Vignt1(s)

1<i<t,s;=s i=1s'eS

25
-7
where the first inequality holds due to V; 1 _1(s") > V;yp4+1(s") and the second inequality holds due
00 < Vi(s) <1/(1—1).

For the term I, with probability at least 1 — §, we have
Z Y HUPirn—1 — P)Visn—1](Sithn, aitn)

IN

) (D.20)

1<i<t, s;,=s
Z ,\/h+1 /2SU

o 1<i<t,s;=s (1 - ’Y) \/N7+h—1(57+h7a7+h) V 1

htly/2 1
< V"V2SU N(s) Y

(1=7) v<ifi—s Nith—1(Si4n, aitn) V1

VP
=7 _Sg\/ Nt(S)SAU
2N;(s)A

= SUl_;(S) (D.21)

where the first inequality holds due to Lemma B.1 and the definition of U, the second inequality
holds due to Cauchy-Schwarz inequality and the third inequality holds due to Lemma B.3.

For the term I3, Since the random process s;yp+1 ~ P(-|S;+n, a;+n) is dependent with whether
Sit+1, - Si+h+1 = S, we cannot directly use Lemma B.1 to bound this term. However, we can use the
same technique in the proof of Lemme B.7, which divide the time horizon into H sub-horizon and
use Lemma B.1 for each sub-horizon. Compared with the upper bound of I3 in proof of Theorem 4.5,
this technique will lead to a gap of /H and we have

> AT PVipnet = V)] (Sisns @isn) — 3" [Vieno1 (Sine1) = Vg (Sivns1)]

i<t,s;=s

S \/2Nt(S)U\/ﬁ

(1=
< 2([{ _];f)tl(i)7 (D.22)

where the second inequality holds due to the definition of U. For the term I, we have

Z UCBi4h—1(Sith, @Gith)

1<i<t,s;,=s

< Z 8UVith—1(Sith, Qith) n Z 8

I<itm=s Nitn-1(Sitn, @iyn) V1 <itre—s (1=7) (Nith—1(Sith, aivn) V 1)

T4 Is2

N Z 8> o Pitn(s'|Sitn, aiyn) min {1OOBZ-+h(s’), 1/(1 - 7)2}
Nitnh—1(Sith,Gitn) V1 '

(D.23)

1<i<t,s;=s

I43

For the term 141, with probability at least 1 — ¢, we have

Z 8UVith—1(Sith, Gitn)

<itTe—s Nith—1(Sith, Gitn) V1
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<V8U Z Vith—1(Sith, Gitn) Z :

Nith—1(Sitn,a; 1
1<i<t,s;=s 1<i<t,s;=s i+h 1( i+h> H—h)\/

< UV8SA Z Vigh—1(Sitn, @itn)

1<i<t,s;=s
< UV8SA (QN (s )) (D.24)
o

where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due to
Lemma B.3, the last inequality holds due to 0 < V141 (Si1n, aivn) < 1/(1 —7)%

For the term 4o, by Lemma B.3, we have

Z 8U < 8SAU?

< . (D.25)
it 1=7) (Nign1(sivn, aiyn) V1) = 1—7

For the term I3, with probability at least 1 — 26, we have

Z 8> o Pitn(s'|Sith, iyn) min {1OOBi+h(s’), 1/(1— 7)2}
1<i<t,s;=s Nith-1(Sixh,aipn) V1

<. /8 Y !

1<t vims Nitn—1(Sith, aivn) V1

. 1
Z ZPi+h(S/|3i+h7ai+h) min {IOOBi+h(S/), (1—’)/)2}

1<i<t,s;=s s’

1
S Vv 8SAU Z Zpi+h(8/‘3i+h7ai+h) min {10037;4,_]1(8/), (1_7)2}

1<i<lt,s;=s s’

SSAU[ > < vSU

1<i<t,s;=s (1 - 7)2\/Ni+h—1(8i+h7 a‘i+h) V1
1 1/2
+ ZP(S’\S, a) min {1OOBZ-+h(s’)7 w})}

<V85AU[ (1—7) Ly )2

n Z min{(l _7)5(10052A2U5 )7 - 37)2 }]1/2

1<i<t,s;=s Ni+h—1(5i+h+1) vl

3 A2776
< m\/ UV ANt ) 4 V(fjf(j))f n 1‘1(15_1:)5 , (D.26)

where the first inequality holds due to Cauchy-Schwarz inequality, the second inequality holds due to
Lemma B.3, the third inequality holds due to Lemma B.1, the forth inequality holds due to Lemma
B.1 and the last inequality holds due to Lemma B.3. Substituting (D.20), (D.21), (D.22), (D.23) into
(D.19), with probability at least 1 — 4H 6, we have

16SAU/Ny(s) = 20S2A15U35
) L

Regret'(t, s, h) < Regret'(¢,s,h + 1) +

(D.27)

Notice that

Regret'(t,s, H) = Z Y Virn (sivn) = Vi (sivm)]
1<i<t,s;=s
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<

—_

i

where the first inequality holds due to Viy g (siy ) — Vi y(si+m) < 1/(1 — ) and the second
inequality holds due to definition of H. Thus, taking summation of (D.27) with all h € [H], with
probability at least 1 — H?§, we have

<16SAU2«/Nt(s) 2052 ALSU45

Regret'(t, s, 0) =) L (D.28)
In addition, if N¢(s) > 0, we have
1
Vi(s) = V*(s) < Vi(s) = V*(s)
i(s) ()< % 3 1Si§£i:s ( (
1
< [Vi(s) = Vi" (s)]
Ni(s) 15i§2t:,si:s
16SAU? 2052 AL5y45

SR TESEE, ey R R E AP

where the first inequality holds due to V;(s) is decreasing, the second inequality holds due to V*(s) >

V™ (s) and the third inequality holds due to (D.28). Notice that when N;(s) > S2AU3/(1 — v)?,
we have

16SAU? 2052 A5ULS < 36SAU>

L= )5 Ni(s) | A= Ne(s) — (1= 72/ Ni(s).

Vi(s) = V*(s) <
Otherwise, we have
1 36SAU?
Vi(s) = V7*(s) <

ST S N

Thus, we complete the proof of Lemma B.10. O
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