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Abstract

Modern optimization algorithms that incorporate momentum and adaptive step-size
offer improved performance in numerous challenging deep learning tasks. However,
their effectiveness is often highly sensitive to the choice of hyperparameters, espe-
cially the step-size. Tuning these parameters is often difficult, resource-intensive,
and time-consuming. Therefore, recent efforts have been directed toward enhancing
the stability of optimizers across a wide range of hyperparameter choices [66]. In
this paper, we introduce an algorithm that matches the performance of state-of-the-
art optimizers while improving stability to the choice of the step-size hyperparame-
ter through a novel adaptation of the NGN step-size method [55]. Specifically, we
propose a momentum-based version (NGN-M) that attains the standard convergence
rate of O(1/+v/K) under less restrictive assumptions, without the need for inter-
polation condition or assumptions of bounded stochastic gradients or iterates, in
contrast to previous approaches. Additionally, we empirically demonstrate that the
combination of the NGN step-size with momentum results in enhanced robustness
to the choice of the step-size hyperparameter while delivering performance that is
comparable to or surpasses other state-of-the-art optimizers.

1 Introduction

Adaptive methods such as Adam [36] and RMSprop [25] are widely used in machine learning
due to their established advantages over (momentum) SGD, particularly in tasks such as training
Transformers [7, 74, 75]. These methods adaptively scale the step-size across different dimensions
(parameters) based on their respective statistics, effectively acting as a diagonal preconditioning.

Although these methods perform well in practice, existing theoretical analyses typically require
stringent assumptions on the noise structure of the stochastic gradients, such as sub-Gaussian
noise [41] or affine noise models [76, 91]: Relaxing these assumptions remains an open challenge.
Another well-known issue of Adam is its performance sensitivity to the step-size hyperparameter [82,
9], particularly when training Transformers, where loss spikes are commonly observed [51, 83].
This often necessitates careful adjustments of the hyperparameters throughout the training process
[92, 10], which can be costly in terms of computational resources [54]. Consequently, there has
been growing interest in developing optimization methods that are more robust to hyperparameter
selection [66]. In addition to adapting the step-size, Adam and other state-of-the-art optimizers also
rely on momentum [59], a broadly used technique that has been shown to enhance performance both
theoretically [12, 17, 28] and practically [9, 19, 30]. Besides speeding up convergence, momentum is
known as a technique to reduce the variance of stochastic algorithms [48, 13], improving stability as
well as generalization in some settings [30].

In this work, we address the aforementioned drawbacks of Adam by developing a new algorithm
based on the recently proposed NGN step-size [55], an improved variant of the Stochastic Polyak Step-
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size [45] that has demonstrated strong resilience to step-size hyperparameter tuning. In particular,
NGN was shown never to diverge for any choice of the step-size hyperparameter in the convex
setting, and to exhibit strong curvature adaptation properties strengthened by theoretical guarantees.
However, the step-size of Orvieto and Xiao [55] simply adapts the learning rate through a scalar
multiplier, leaving to future work the incorporation of momentum and coordinate-wise variants —
needed in complex problems such as optimizing transformers, as motivated above. Here, we develop
a momentum and step-size adaptive version of NGN designed to enhance robustness in terms of
hyperparameter selection. We also present a theoretical analysis alongside a practical evaluation of
this approach, showcasing its improvements over current state-of-the-art methods.

In summary, our contributions are as follows:

1. We introduce a new algorithm named NGN-M that combines the NGN step-size with momen-
tum. We theoretically show that NGN-M achieves a convergence rate O(1/v/K) in the convex
regime without the typical requirements of interpolation or bounded gradient assumptions
found in earlier works;

2. We focus on the problem of adapting the step-size rule towards a coordinate-wise diagonal
preconditioning. By integrating this diagonal step-size strategy with momentum, we develop
a new variant of NGN, called NGN-MD;

3. The theoretical results are supported by extensive empirical validation in various deep
learning settings where we demonstrate that NGN-M and NGN-MD not only preserve the
robustness property of the NGN step-size, but improve it further in many cases. The step-
size hyperparameter resilience comes together with better or comparable performance to
state-of-the-art algorithms.

2 Related Works

Polyak Step-size. When training a deep network with standard optimizers, tuning the learning
rate is crucial but time-consuming and resource-intensive [22]. This issue is at the root of recent
research focusing on transferring hyperparameters across architectures at different scales, therefore
avoiding expensive tuning pipelines [85, 86, 6]. Yet, in the convex setting, choosing the learning rate
can already be difficult — an issue that was studied already in Polyak [60] and gave rise to the first
adaptive method: the Polyak Stepsize (PS). Recently, there has been a renewed interest in adapting
PS to modern settings [45, 56, 31], delivering a theoretically principled way to scale the gradient
magnitude during training adaptively. PS-inspired methods have gained increasing interest for their
simplicity and adaptability, as they utilize local curvature and smoothness information to accelerate
algorithms and facilitate faster convergence. Orvieto and Xiao [55] recently introduced a variant of
the Stochastic Polyak step-size, called NGN, which further enhances the robustness of the step-size
hyperparameter and solidifies the link to Gauss-Newton preconditioning. The theoretical analysis
in Orvieto and Xiao [55] demonstrated that NGN does not diverge regardless of the choice of the
step-size hyperparameter, and converges fast when the step-size is appropriately tuned. In contrast,
the current theory of the SPS step-size with fixed step-size hyperparameters [45] proves convergence
to the exact solution only if the interpolation condition holds'.

Polyak Step-size and Heavy-ball Momentum. Heavy-ball momentum methods, stemming from
the work of Polyak [59], have gained significant attention over the years due to their benefits, including
acceleration on convex quadratics [29, 40, 5], convex-like [78], and non-convex problems [12], as
well as their variance reduction abilities [48, 13]. This has led to growing interest in the combination
of Polyak step-size and heavy-ball momentum, which is an active area of research [2, 64, 2, 79, 53].
Recently, Schaipp et al. [66] demonstrated that a geometrically principled combination of SPS and
momentum leads to lower sensitivity to the step-size hyperparameter, although they did not provide
strong theoretical convergence guarantees.

Diagonal Polyak Step-size. Coordinate-wise adaptive step-sizes are essential in training Trans-
former architectures due to the varying parameter-wise scaling and conditioning of the problem
[52, 93]. Algorithms employing diagonal step-sizes, such as Adam and SignSGD [3], typically outper-
form non-diagonal methods in language modeling tasks by addressing issues such as class imbalance
(where certain words appear more frequently than others) [38, 39] and heavy-tailed noise [89, 90, 11].

'In our notation, this means that ok, =0.
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Table 1: Summary of existing methods exploiting Polyak-type adaptive step-sizes and their conver-
gence guarantees. Mom.=Supports momentum; Diag.=Supports diagonal step-sizes. o2, is defined
in Section 4. x* defines an optimal solution to (4). O notation hides absolute and problem-dependent
constant factors and logarithmic terms in the rate.

Method Rate () Mom. Diag. Comments
Conv. to non-vanishin
SPSmax [45] O(l/K + Ui2nt) X X neighbourhood £

Strong convexity

ALR-SMAG [79] O((1 - p)¥ +02)) v X Conv. to non-vanishing
neighbourhood
Bounded stoch. gradients
Momo [66] O(1/VE) v X Interpolation
Momo-Adam [66] X v v Momo framework
2 Conv. to non-vanishing
MomSPSmax [53] O(/K + o) v X neighbourhood
NGN [55] O(1/VER) X X -
NGN-M (Alg. 1)
[This work] O(YVK) v X —
NGN-MDv1 (Alg. 2) X v v Combination of
[This work] NGN-M and RMSprop
NGN-MDv2 (Alg. 2) X v v Combination of
[This work] NGN-M and NGN-D
NGN-D (Alg. 3)
[This work] O(/VE) X v -

It is, therefore, paramount in current setups to deliver adaptive step-size improvements targeted to the
coordinate-wise (diagonal) regime. However, most Polyak-step-size-based algorithms only focus on
a single step-size for all parameters [45, 79, 23, 53, 55]. Only a few works propose a diagonal-wise
modification of Polyak-step-size by either using Adam preconditioner [66] as a weight matrix or
incorporating second-order information from the objective function [43, 63].

Table 1 provides a theoretical comparison of various Polyak step-size-based algorithms that incorpo-
rate momentum and/or diagonal step-size, highlighting the differences between the theoretical results
presented in this work and those from prior works.

3 Algorithm design of NGN-M and NGN-D

In Orvieto and Xiao [55], the NGN step-size is derived by applying a Gauss—Newton update on
a regularized first-order expansion of r(z) := \/f(x). At the current point x*, they linearized
r(x* + p) = r(z¥) + Vr(2¥) Tp. Thus the next iterate is given as z¥+1 = z* + p* where

pF = argmin,, [(r(xk) + Vr(zF)Tp)? + Q%HpHQ} . D

It turns out that the problem above has a closed-form solution

k _ k R c
Pt = = V@) where v 1= e —forime
with v, representing the NGN step-size. In Orvieto and Xiao [55], convergence guarantees were
established for both convex and general non-convex settings. Importantly, the convex analysis shows
that NGN exhibits a non-divergence property, regardless of the step-size hyperparameter c (see
Theorem 4.5 in [55]). Due to this property, the NGN step-size is a strong candidate to achieve better
robustness w.r.t. the choice of the step-size.

3.1 How to Add Momentum and What to Expect?

There are several approaches to combining the adaptive Polyak-type step-size with heavy-ball
momentum. Broadly, existing algorithms can be divided into two categories: the first category
involves computing the Polyak step-size in the usual manner and incorporating it into the standard
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Figure 1: Left: Comparison of SGDM, NGN, NGN-M for linear regression on normalized Diabetes
dataset varying a step-size hyperparameter. Second left: Comparison of two options on how
momentum can be used in combination with NGN step-size. Third and fourth: Comparison of
SGDM and NGN-M on the Rosenbrock function.

heavy-ball update [53]. In contrast, algorithms from the second category first determine an update
direction using exponential weighted averaging of the stochastic gradient and momentum variable,
and then compute the Polyak-type step-size based on the computed direction [79, 66]. Following this

principled approach, we test two possible versions for combining the NGN step-size and momentum:
e = 1+¥kﬁvfs NCOIE mt = fmt=t + =BV s, (xk)
2fg, (@) k Y = c
. . N - . Y c k112
Verl: ¢ b — BmF1 4+ (1= B)%V s, (xk) Ver.2 : 1+72f5k o Il
k! = gk —mF k= ok — ypmP

Before we proceed, we should answer the question: “What do we expect from the combination of
NGN step-size and momentum?”. First, we aim to preserve, and ideally enhance, NGN’s robustness
to the step-size hyperparameter. Additionally, we seek improved performance, achieving accelerated
convergence akin to the advantage of SGD with momentum (SGDM) over standard SGD in convex
settings. With these goals in mind, we now show that version 1 meets all of these criteria, while
version 2 is less suitable. To gain some intuition regarding the performance of these two variants,
we start by conducting a simple experiment on a quadratic function f(z) = %||Az — b||? where
A is a data matrix from the normalized Diabetes dataset [71] and b is a vector of labels. Based
on the results from Figure 1 (left), we observe that variant 1 achieves accelerated convergence as
SGDM for middle-range step-size hyperparameters (c € {10!, 102}) and does not diverge for large
step-size parameter (c € {10%}). Conversely, version 2 has a worse convergence rate than version
1 for middle-range step-size parameters and diverges for large ones. Therefore, we theoretically

analyze and practically test version 1, which we call NGN-M.

3.2 [Evidence of Robustness of NGN-M

To illustrate the advantages of the design choice NGN-M, we first consider the Rosenbrock function
f(z,y) = (x—1)?>+100(y —2?)?, whose minimizer is at (1, 1). Starting from (—1.2, 1), we run both
NGN-M and SGDM over a wide range of constant step-size hyperparameters {1073,...,102}. As
shown in Figure 1, we observe that (¢) for small step-size hyperparameter both methods successfully
converge to (1,1); (i7) SGDM already diverges for the step-size hyperparameter 10~2; By contrast,
NGN-M remains stable even up to ¢ = 102, thanks to its adaptive step-size that automatically adjusts
with the local curvature. Figure 1.3 further traces the optimization trajectories: NGN-M converges
reliably for every tested value of ¢, whereas SGDM fails outside its narrow stability window. Finally,
in Appendix 1.1 we repeat these experiments on a synthetic multimodal function and find that
NGN-M consistently finds the global minimum, while SGDM typically becomes trapped in a nearby
suboptimal local minimum.

3.3 Diagonal Step-size for NGN

We propose two alternatives to make NGN step-size coordinate-wise adaptive. In the first approach,
we modify an approach of (1): The next iterate z**! is obtained by minimizing an approximation of

the regularized first-order Taylor expansion of r(x) := \/f(z) around z*, namely, z¥+1 = ¥ + p¥
where for a preconditioning matrix 3y,

p* = argmin,, [(r(z*) + Vr(z*) Tp)* + 5 pll3;,] - )
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Algorithm 1 NGN-M

1: Input: 27! = 2% € RY, step-size hyperparameter ¢ > 0, momentum parameter 3 € [0, 1)
2: fork=0,1,...,K —1do

3:  Sample Sy C [n]
4

C
IV fsy (@F)I?

0l rv—
2fs,, (=)
500 gt =gk — (1= By Vs, (%) + Aot — 2b 1)
6: end for

The intuition is that 3;, € R4*? can penalize each parameter with its own weight while in vanilla
NGN the penalization is the same for all parameters, and f is an objective function we aim to minimize.
Performing simple derivations (see Appendix G), we obtain the following update rule

= -3,V ("), 3)

xT —l’k—

[
c EY[|2
oIVt )szf
Note that by choosing 33, to be an identity matrix, the step-size 7 in (3) reduces to the vanilla NGN
step-size.

Alternatively, we can adopt a simpler, coordinate-wise rule: For each parameter j, we replace
the full gradient norm in the NGN step-size with its own partial derivative V, fs, (z¥). Both of
the described per-coordinate variants can be further adjusted by an RMSprop-style preconditioner
Dy = diag((Dx));---, (Dx))) and lead to the following update rule (see Alg. 2 for a full
description)

, .
W = TV e T l(cj) = c/<Di<f Lo 2
NGN-MDv1 : . 2f<w’“>1 k p; ! NGN-MDv2 : sy (Vifs, (@4)
-1 - - . 1 d
3. =vuD; Ek1:d1ag(7](€),...,’y,(€))

=k = (1= BB s, (2F) + B - )

We highlight that both versions have the same number of hyperparameters as Adam. From an empirical
evaluation of two versions of NGN-MD in Figure 2, we observe that the first choice improves the
performance of NGN-M while maintaining robustness to step-size hyperparameter. A more detailed
discussion on the two versions of NGN-MD algorithms is deferred to Appendix G.1.

In the special case 5; = 0 and X; = I, NGN-MDv2 reduces to NGN-D (Alg. 3). To the best of
our knowledge, NGN-D is the first algorithm that uses a per-parameter Polyak-type step-size while
achieving the standard O(1/v/K) rate under smoothness and bounded noise variance assumptions;
see detailed discussion in Appendix C.

4 Theoretical Analysis of NGN-M

4.1 Problem Formulation and Notation

We consider the classic Empirical Risk Minimization (ERM) problem that typically appears when
training machine learning models, namely,

min [f(z) = 5 350, fil2)] “
where x are the parameters of a model we aim to train, n is the number of data points in the dataset,
d is the number of parameters, ™ denotes the solution to (4), and f; represents the loss associated
with the i-th data point/batch. We assume that each f; is differentiable and non-negative® and that the
global optimal value is bounded, i.e. f* = argmin, f(z) € R. Moreover, we assume that we have
access to mini-batch stochastic losses fg during training such that f§ := argmin  fs(z) < oo for
any S C [n] picked uniformly at random.

We analyze the convergence of NGN-M under assumptions that are often used in the analysis of the
Polyak step-size [45, 56, 55, 53, 66].

2Common losses, e.g. cross-entropy, satisfy this condition.
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Algorithm 2 NGN-MD

1: Input: z° € R, step-size hyperparameter ¢ > 0, momentum parameters (31, 3 € [0,1),
stabilization parameter € > 0, second-order momentum v" = 0

2: fork=0,1,..., K — 1do

3:  Sample Sy, C [n]

4 o= B 4 (1= Bo) (Vs (a%) © Vs, (27))

5. Dy = diag(el + /% /(1 — B5))

6:  For NGN-MDv1: v, =

1+ Vs, (@™)12 _
k bt

gy @) |
7: For NGN-MDv1: ¥, ' = 7, D; !

_ . d 1 c/(D 4
8:  For NGN-MDv2: ;' = dlag(’y,il), e ,'y,(c )) where Fy,i]) = 17 A k)(()v_fs R
2fs,, (ml"’)'(Dk)(j) 79k

9: gl =zk — (1 - B2 Vs, (2F) + i (zF — 2k 1)
10: end for

Assumption 4.1. Each f; is convex and L-smooth, i.e., for all z,y € R? and i € [n] we have
(Vfi(x),y —x) = fi(x) = fily) and [V fi(2) = V i(y)[| < Lllx - y].-

Assumption 4.2. The interpolation o7, = Eg[f* — f§] and positive o2, := Eg|fZ] errors are
bounded. We say that the interpolation holds if o2, = 0.

4.2 Convergence Guarantees

Theorem 4.3. Let Assumptions 4.1, 4.2 hold. Let the step-size hyperparameter ¢ > 0 and the
momentum parameter 3 = 1%\ be constants where A < min{cL,0.5(1+cL)~!(1+2¢cL)~'}. Then
the iterates of NGN-M (Alg. 1) satisfy

E[f(@Y) — f(a*)] < letmallCO2el)” | ger (1 4 2¢L)202, + 2L max {2¢L — 1,0} 02,

where T5 =1 is chosen uniformly at random from {2°, ..., x5 =1}, Moreover, if we set c = O(1/VE)

then we obtain E [f(z% 1) — f(z*)] < O(Y/VE).

Importantly, we show that (i) when the constant ¢ is sufficiently small, NGN-M attains the same
convergence rate as SGDM [20]. Moreover, for any choice of ¢, we demonstrate that the NGN-M
iterates provably converge to a neighborhood of the optimum and thereafter remain within it; (i)
Unlike prior works, our analysis does not rely on strong assumptions such as bounded gradients,
interpolation, or a bounded domain; (i¢¢) For small values of ¢, NGN-M converges to the exact
solution while algorithms such as MomSPS and ALR-SMAG were shown to converge up to a non-
vanishing neighborhood of the solution only>. Notably, the non-vanishing neighborhood disappears
when the problem satisfies interpolation: We refer to Table 1 for more details and exact rates;
(iv) The momentum parameter J is theoretically recommended to be set sufficiently small. A
default value of 8 = 0.9 is commonly used and works well in our experiments. This discrepancy
between theoretical guidance and practical implementation has also been observed in prior works
on momentum [21, 44, 79, 78, 53]. Interestingly, for simple functions we can establish convergence
even when /[ is large (see Appendix F), indicating that the small-/3 requirement may be an artifact of
the existing proving techniques rather than an inherent algorithmic limitation of NGN-M. We leave
a comprehensive study of arbitrary S values across general convex objectives for future work; (v)
While Theorem 4.3 requires knowing the total iteration count K to ensure convergence, this might be
impractical: We therefore also prove convergence using a diminishing step-size of order 1/v/k in
Appendix E, which removes the need to preset K; (vi) Finally, we corroborate our analysis as we run
NGN-M with the theory-derived values of ¢ to a quadratic problem that satisfies all our assumptions:
We observe NGN-M’s rapid convergence with theoretical step-size hyperparameters in practice—see
Appendix 1.3 and Figure 1.4 therein.

Key Ingredients of the Proof. We discuss the key steps of the proof to highlight the main challenges
in the analysis.

3In fact, this is an inherited property of SPS analysis from [45].
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Figure 3: Stability performance on ImageNetlk varying the step-size hyperparameter. NGN-M and
NGN-MDv1 achieve higher accuracy for a wider range of the step-size hyperparameters. We refer to
Figure J.4 for results on train loss stability and additional results on ImageNet32.

First, we make use of the Iterative Moving Average (IMA) formulation of momentum [67]. Specifi-
cally, we define a sequence of virtual iterates {z*} whose update rule is of the form

A

K+l _ ok k k4l _ XA Lk 1 k+1 0._ .0 _
= ab — Vs (%), o= 850 + M, where 20 = 2% and 8 = 175

Next, one of the key technical strategies we follow is splitting the step-size -y, into two parts: a fixed

term p = m = O(c) and a changing term 7, < 1‘°jf;cLL = O(c?). This decomposition
of the step-size 7y enables us to regulate the balance between the descent term, which drives
improvement in the objective, and the error term, which reflects possible inaccuracies. More precisely,
the descent term is weighted by ¢ while the error term proportional to o2, is weighted by ¢?, which
suggests that ¢ has to be chosen to tradeoff the two terms to lead to the exact convergence similarly to
the standard analysis of SGD [20]. In contrast, MomSPS and Momo algorithms achieve the exact

convergence only under the interpolation regime.

5 Experiments

We now turn to the empirical evaluation of the proposed algorithms against several benchmarks. The
detailed experiment setup, including the choice of hyperparameters as well as additional experimental
results and details, can be found in Appendix J. The best performance of algorithms is reported
in Tables 4 (momentum-based algorithms), 5 (algorithms with momentum and component-wise
step-size), and 6 (algorithms with component-wise step-size). For clarity and quick reference, all
links to the paper’s empirical results are summarized in Table 3.
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225 Comparison on Standard Benchmarks. First, we test the performance of NGN-M against other
226 methods that use momentum, such as SGDM, Momo, MomSPS, ALR-SMAG, and NGN. The tests
227 include the training of Resnet20 [24] and ViT [15] on the CIFAR10 dataset [37], and Resnet110
228 on CIFAR100. Second, we test the performance of NGN-MD against Adam and Momo-Adam that —
229 contrary to NGN-M — both use component-wise preconditioning. All experiments in this section do
230 not use learning rate schedulers or weight decay.

231 From Tables 4 and 5 we observe that the best performance of NGN-M and NGN-MDv1 matches
232 the results of other algorithms: NGN-M and NGN-MDv1 exhibit competitive performance across all
233 settings we tested. Importantly, NGN-M and NGN-MDv1 demonstrate significantly greater robustness
234 to the choice of the step-size hyperparameter. Indeed, Figure 2 shows that the range of step-size
235 hyperparameter that allows NGN-M and NGN-MDv1 to perform optimally is much wider: We can,
236 for instance, use step-sizes that are 1-2 orders of magnitude larger than the optimal one without a
237 significant drop in the performance. This is particularly evident when training ResNet20 and ViT
238 models. Besides, we clearly observe that momentum consistently improves the stability of NGN
239 across all settings. We refer to Appendix J for additional ablation studies against other optimizers
240 and results when training NLP models.

241 Vision Experiments on ImageNet. Having observed promising results on workloads of small
242 and medium size, we switch to larger tasks and datasets. We first train a ResNet18 on ImageNet1k
243 [14]. This represents the first task in which we pair our proposed algorithms with a learning rate
244 schedule. As illustrated in Figure 3 and Table 4, NGN-M achieves the highest validation accuracy,
245 while exhibiting higher robustness across larger step-sizes, improving over both NGN and Momo.
246 Among adaptive methods, NGN-MDv1 compares favorably against Adam and MomoAdam, while
247 once again achieving higher performance on a wider range of learning rates (Table 5). Appendix J.4
248 reports additional ablations on ImageNet32 and train loss stability results.

249 Finally, we test the effectiveness of the proposed algorithms on vision transformers [15]. These
250 models are trained for a longer horizon compared to convolutional architectures, are notoriously
251  sensitive to initial learning rate, and require adaptive step-sizes. We follow the protocol of Schaipp
252 et al. [66], which includes cosine annealing, but without any weight decay regularization. As
253 highlighted in Figure 3 and Table 5, NGN-MDv1 achieves the highest validation accuracy across
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adaptive methods. Moreover, at a larger learning rate, Adam diverges, whereas both MomoAdam
NGN-MDv1 maintain more stable training dynamics.

Language Modeling. Pre-training Large Language Models represents a challenging optimization
task. To achieve competitive performance, optimizers with adaptive step-size are needed, and
preventing instabilities in low-precision training often requires careful hyperparameter tuning.

To evaluate the capability of NGN-MDv1 in this setting, we train decoder-only transformers [61] with
70M, 160M, 410M, and 1B parameters around Chinchilla optimum [27] on SlimPajama-627B [72].
For each model, we retune the learning rate, using 3 seeds for the first three models and 1 seed for the
1B. Appendix J provides additional details about the training and tokenization pipeline.

Figure 4 and Table 5 report the final validation perplexity when training language models varying
a model size. We note that NGN-MDv1 matches the performance of Adam across all model sizes.
However, NGN-MDv1 achieves competitive performance even for a step-size hyperparameter ¢ =
10~2 while Adam’s performance drops significantly. This phenomenon is consistent across all scales
we tested, suggesting that the optimal learning rate of NGN-MDv1 is shifted towards larger values,
but also that the algorithm is less sensitive to such a hyperparameter. We additionally discuss how to
introduce weight decay in NGN-MDv1 and report additional ablations on its role in this training task
in Appendix H.

Effective Step-size of NGN-M and NGN-MDv1. The first observation from the results in Figure 5 is
that the effective step-size of NGN-M and NGN-MDv1 is always adaptive: if the step-size hyperpa-
rameter c is large enough the effective step-size sharply increases in the beginning up to a peak, and
then it gradually decreases till the end of the training. From this perspective, NGN-M and NGN-MDv1
step-sizes are close to annealing step-size schedulers widely used in practice. In contrast, the effective
step-size of Momo and Momo-Adam is not adaptive for sufficiently large step-size hyperparameter cvg
during the initial part or all of the training. In other words, these algorithms reduce to SGDM and
Adam, which is one of the reasons for the reduced resilience property of Momo and Momo-Adam in
comparison with NGN-M and NGN-MDv1. The effective step-sizes in training Resnet20 are provided
Figures J.9 and J.10 while comparison against Adam’s effective step-size is reported in Figures J.6
and J.7. Moreover, we report the update magnitudes when training a 160M language model in Fig-
ures J.11 to J.13. All aforementioned results demonstrate that the NGN step-size is more conservative:
it decreases the effective step-size when necessary to stabilize the training, even for large values of the
step-size hyperparameter c. This feature is a key factor behind robustness of NGN-M and NGN-MDv1
1n practice.

6 Conclusion and Future Work

This work introduced several novel adaptations of the NGN step-size method, incorporating support
for momentum and/or diagonal step-size. We provided a theoretical analysis of the convergence
rates for these algorithms and conducted an extensive empirical evaluation of their performance. The
experimental results show that combining momentum with the NGN step-size yields high robustness
to step-size hyperparameter choices and performs competitively with state-of-the-art algorithms
across various settings.

Given the significant complexity of the task, we defer the theoretical explanation of the step-size
resilience properties of NGN-M for large values of /3 and analysis in the non-convex setting to future
work. Furthermore, while the two proposed methods for incorporating weight decay into NGN-MDv1

outperform AdamW in training language models, they still exhibit some sensitivity to the step-size
hyperparameter. This may, in part, be due to the limited understanding of the expected effects
of the weight decay technique, a topic that requires further investigation. We acknowledge that
computing NGN step-size at a large scale may cause runtime overhead, and discuss this limitation
in Appendix G.2 by providing train and optimization times. We also recognize that integrating
NGN-MDv1 with advanced parallelism schemes—such as Tensor Parallelism [69] or ZeRO-2 [62]—
introduces additional compute and communication overhead, and will require further adaptation of
the algorithm. Nevertheless, our results provide valuable guidance for developing inherently more
stable optimizers. As a next step, it would be fascinating to investigate whether the resilience of
emerging methods like Muon [32] can be further improved by incorporating the NGN step-size.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We propose a novel scheme how to combine NGN step-size with momentum
and component-wise step-size. We provide extensive theoretical and numerical analysis of
NGN-M and NGN-MD to support the claims made in the abstract and introduction.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.
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Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We provide all assumptions used in the analysis in Section 4 and Appendix C.
The proofs of convergence and stability are deferred to Appendix C, D, E, and F.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
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Justification: We provide the Pytorch-based implementation in the supplementary. We use an
open-source implementation of models and public datasets in our experiments. All training
details are reported in Appendix J.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We use only publicly available code and datasets and provide links to them in
Appendix J.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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696 * The authors should provide scripts to reproduce all experimental results for the new

697 proposed method and baselines. If only a subset of experiments are reproducible, they
698 should state which ones are omitted from the script and why.

699 * At submission time, to preserve anonymity, the authors should release anonymized
700 versions (if applicable).

701 * Providing as much information as possible in supplemental material (appended to the
702 paper) is recommended, but including URLSs to data and code is permitted.

703 6. Experimental setting/details

704 Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
705 parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
706 results?

707 Answer: [Yes]

708 Justification: We provide all training details in Appendix J and Table 3.

709 Guidelines:

710 * The answer NA means that the paper does not include experiments.

711 * The experimental setting should be presented in the core of the paper to a level of detail
712 that is necessary to appreciate the results and make sense of them.

713 * The full details can be provided either with the code, in appendix, or as supplemental
714 material.

715 7. Experiment statistical significance

716 Question: Does the paper report error bars suitably and correctly defined or other appropriate
717 information about the statistical significance of the experiments?

718 Answer: [Yes]

719 Justification: For each experiment, we plot the mean and a standard deviation across at least
720 3 random seeds (if the opposite is not stated). We do not include error bars when training
721 1B language model due to a limited resource availability which is necessary to run this
722 experiment.

723 Guidelines:

724 * The answer NA means that the paper does not include experiments.

725 * The authors should answer "Yes" if the results are accompanied by error bars, confi-
726 dence intervals, or statistical significance tests, at least for the experiments that support
727 the main claims of the paper.

728 * The factors of variability that the error bars are capturing should be clearly stated (for
729 example, train/test split, initialization, random drawing of some parameter, or overall
730 run with given experimental conditions).

731 * The method for calculating the error bars should be explained (closed form formula,
732 call to a library function, bootstrap, etc.)

733 * The assumptions made should be given (e.g., Normally distributed errors).

734 ¢ It should be clear whether the error bar is the standard deviation or the standard error
735 of the mean.

736 * It is OK to report 1-sigma error bars, but one should state it. The authors should
737 preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
738 of Normality of errors is not verified.

739  For asymmetric distributions, the authors should be careful not to show in tables or
740 figures symmetric error bars that would yield results that are out of range (e.g. negative
741 error rates).

742 o If error bars are reported in tables or plots, The authors should explain in the text how
743 they were calculated and reference the corresponding figures or tables in the text.

744 8. Experiments compute resources

745 Question: For each experiment, does the paper provide sufficient information on the com-
746 puter resources (type of compute workers, memory, time of execution) needed to reproduce
747 the experiments?
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Answer: [Yes]

Justification: We provide a description of compute resource we used for each experiment in
Appendix J.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research is conducted following the NeurIPS instructions, including the
regulations regarding anonymity.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: This paper presents work whose goal is to advance the field of Machine
Learning. There are many potential societal consequences of our work, none of which we
feel must be specifically highlighted here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.
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* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not release new assets.
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* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Equivalent Formulations of NGN-M

We remind that the iterates of NGN-M are the following
2FH =2k — (1 = B Vs, (2F) + B(ak — 2P 1)

k(1 c k k k=1

We can rewrite the update rule using Iterative-Moving Average (IMA) approach presented in Proposi-
tion 1.6, Sebbouh et al. [67].

Lemma A.1 (Proposition C.8 [53], Lemma 7.3 in [20]). The iterates {xk} generated by NGN-M are
equivalent to the sequence {z*} generated by IMA update

A 1
e A N G T e e G v G 5)
where \
8= TTn L = R L NP —2R), and 27t =20 =20 (6)

Proof. Let the sequences {z*} and {2*} be defined according to Equation (5). Let 3 be defined as

A
- Then we have

A 1
S U L1

1+ A 1+ A
A

=" gF4 (Zk =%V [s, (xk))

1+A 1+
A

1
_ k E oy k=1 k
=1 +/\x + T +/\((1 + ANz pY YV fs, (%))

1
Kk Kk
=" — ,.vf T
1—1—)\]f S’“( ) 1+ A

It remains to use (6) as we have 5 = 1%\ andl —5=1-

(l‘k _ xkfl).

A 1
1+X 7 14X

B Technical Lemmas and Definitions
Definition B.1. We say that the function ¢ admits L-smooth with parameters L =
(L1,...,La), L > 0Vj € [d], if the following inequality holds for all z, h € R?

¢ (z +h) < é(z) + (Vo(x), h) + 3h T Lh. )
Remark B.2. If we set for all j € [d] L; := L then Definition B.1 reduces to standard L-smoothness.

This assumption is typically used in the context of coordinate adaptive algorithms such as SignSGD
[3, 65].

Definition B.3. The function ¢:R? — R satisfies PE-condition with constant i > 0 if for all

z,y € R? we have

IVf(@)*= 2u(f(2) = ). ®
Assumption B.4. We assume that the coordinate-wise variance of the stochastic estimator is bounded,
i.e. forall z € R% and j € [d] we have

Es [[(V,fs(x) = Vif(x)]*] < o2 ©)
Lemma B.5 (Lemma 4.9 from [55]). Let each f; be L-smooth for all i, then the step-size of NGN
satisfies
c
: 1
%e{lJrcL’c} (10)
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Lemma B.6 (Lemma 4.2 from [55]). Let each f; be L-smooth for all i, then the iterates of NGN
satisfy

WllV fs. ()P <

4cL k 262 L 2cL —1
— fé —_— —— 0, f& . 11
1+2¢:L%(fsk(x ) fS’“)+ 1+4+cL maX{QCLJrl’ }fsk (n

Lemma B.7 (Gradient Upper Bound). Let ¢: R — R satisfy Definition B.1. Then, for all z € R¢
and all j € [d] we have

2L;(f(x) = £*) 2 (V;f(2))*. (12)
Proof. From Definition B.1 we have

L-
* i < i o) < i . . J 32
f min, f(z) i{?gé f(x+ hje;) < f(x) + ;ﬁlé% [VJ flz)h; + 5 hj] .

Now we can explicitly compute the minimum in the right-hand side. The optimal value is achieved at

N 1
h; = —L—jij(m),

therefore,
I©o< @)+ Vi f@)h + < (h5)?
- Lt v )2
_ Lo a2
= f(z) TLj(VJf(x)) )
which equivalent to the statement of the lemma. O

C Convergence of NGN-D

First, we provide NGN-D pseudocode and the main convergence results.

Algorithm 3 NGN-D

1: Input: 2° € R?, step-size parameter ¢ > 0
2: fork=0,1,...,K —1do
3:  Sample batch S;, C [n] and compute fs, and V fs, (z*)

4:  Compute 71?) = 1+7(Cvjf5k COIE

2fsl:(1'k)
5. Update

aiit = af; - WV fs, (@)

6: end for

Theorem C.1. Let each f; satisfies Definition B.1. Assume that Assumption B.4 holds. Then the
iterates of NGN-D (Alg. 3) with step-size parameters {c; }?:1 such that ¢; < 1/2L; satisfy

. 120£(2%) —f1) | 1 <
k1121 < (22
O%I]lglKE [”v'f(x )H } - CminK + Cmin Zl 18LJCJO—J, (13)
j=
where Cmin = minjeq ¢;. Moreover, if ¢; = O(e?) for all j € [d] then after K = O(e~*) we
obtain_min_E [||[Vf(z*)[?] < O(£?).
0<k<K

NGN-D converges with classic rate O(/vK) similar to Adagrad [80]. We highlight that, to the best
of our knowledge, NGN-D is the first algorithm that uses diagonal Polyak-type stepsize and converges
under standard smoothness and bounded variance assumptions without requirements of bounded
gradients and interpolation.
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Theorem C.2. Let f satisfies PL-condition and each f; satisfies Definition B.1. Assume that
Assumption B.4 holds. Then the iterates of NGN-D (Alg. 3) with step-size parameters {cj} 1 such

that ¢; < min{l/21;,6/u} satisfy

E[f(2") = f] < (1 — meminfo)* (f(2°) —

ZLJ o, (14)

Mcmln i=1
where cunin = minjepg c;. Moreover, if ¢; = O(e) for all j € [d] then after K =

max{O(e~*),0(1)}loge ™! iterations we obtain E [ f (z™) — f*] < O(e).

To the best of our knowledge, this is the first result of the convergence of the Polyak-like step-size
algorithm under the PL-condition. The convergence guarantees are similar to that of SGD [20].
Now we are ready to derive the step-size bounds.

Lemma C.3 (Step-size Bounds). Let fs, (z):R? — R be a stochastic loss of batch Sy, at iteration k.
Let fs, (x) satisfy Definition (B.1). Consider ’yjl? as in NGN-D (Algorithm 3), then we have

k Cj
b |—T e 15
E [1 + 6L, CJ} 4>
Proof. From Lemma B.7 we have 2L;(fs, (z¥) — f5 ) > (V; fs, («*)). Since we assume that
each f5 >0, then 2L; fs, (z*) > (V, fs, (z¥))?, or equlvalently,
0< (V) fs.(x))? <1,
2fs, (x)
Therefore, for all j € [d] we have
k G ¢
Vi = S - = Cj,
! I+ 2fs,, (rk)(v fSk( ))2 1 !
and
ryk = - € > %
Tl g ey (Vifs (@8)2 T 1+ gL
that concludes the proof. O

Lemma C.4 (Fundamental Equality). Consider 'y]’vc as in NGN-D (Algorithm 3). Then the following
equality holds

Ak
V5 (Vi fs, (z))? =2 (Cj i ) fs. (2F). (16)

Cj
Proof. From NGN-D (Algorithm 3) we have

(1 n Cj(ijsk(xW) =,

2fs (%)
which one can rewrite as .
J ky\2,.k k
s (Vilse (@) = ¢ — 5.
2fSk(-Tk)( J k( )) 7 J J
. .. . 2f5 (:Ek)
It is left to divide both sides by ——=k—=. O

C.1 Convergence in General Non-convex Setting

Theorem C.1. Let each f; satisfies Definition B.1. Assume that Assumption B.4 holds. Then the
iterates of NGN-D (Alg. 3) with step-size parameters {cj }?,1 such that c¢; < 1/2L; satisfy

min E [|Vf(z")]?] < 12(/(2) — ZlSch] o2, (13)

0<k<K CminK len i=1

where Cuin ‘= minje(g ¢;. Moreover, if ¢; = O(e?) for all j € [d] then after K = O(c™*) we
obtain_min_E [||[Vf(z")[?] < O(e?).
0<k<K
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998 Proof. First, we write separable Definition B.1

d
flah) = f*) = o =Y AV, fa@b)e; | = (")
j=1
d
< =N ViR AEY fs (@ ZL IV s (a*))?
=1
d
< =) VifEk) AbVifs (@ ZL (Vfs, ()2 (17)
j=1

999 Note that both 'yJ’»“ and V; fs, (%) depend on the realization Sy, thus we can not directly apply

1000 conditional expectation with respect to ¥, as in this case we would have to analyze the product
1001 ")/;-CVJ' fs, (z¥). Given bounds of the step-size fyj’-“ from Lemma C.3, we can write the step-size as
1002 follows 2

G k iLi

1+c¢;L; T 1+CJL

7=

1008 where 1/ € [0,1] is a random variable. Varying the value of VJ’? from 0 to 1 we cover the whole range
1004 of 7’“ Thus we continue as follows

~Vif(@")V;fs, (a")
= L )~ T s 0
< H—Lv FPI3 1508 4 1 2 A, ()
S LI )+ e Vs )

100s Now we use the inequality |ab|< $a? + 1b% + Z|a — b|?, and derive
2, [|V;f(2")V fs (2M)]] < |V, (@) PHEx [V fs (@) P] + Ex [V f(2") = Vifs, (2)]?]
< 2|V, f(@®)P+2E; |V, f(2*) = V; fs, (a") ]
< 2|ij(1:k)\2—|—2012-.

1006 Therefore, we get

. 2
“Ex [ Vi@V L @] £ = IV @ P P (93 @) +])
_ L—¢Lj Y NI 7L o2.
— o (T2 ) P+ 22 (13)

1007 We plug in (18) into (17) and get

d 2
Er [f(*)] = f(a*) < —Z (Ek ViV f @)V, fs, (2)] + Lic; Ex [IV;fs. (xk)|2]>

IA
B
/N &
|
Ry
7N\
o
+
< k}Q
|
£ <
N———
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Ifc; < i, we get
k+1 k - G 2, SLic o
B[] - £ < 3 (-2t P
j=1
O
‘We continue as follows
len
B [f@*N)] - f") < -0V ||2+Z f (19)
Taking full expectation and unrolling the recursion above for all iterations {0, ..., K — 1}. Thus, we
obtain
K-1 d
1 12 0y oy 4 18
Og}chE [va E ||Vf ] m(f(f ) — Cmm ZLJ j g

k:O

If we choose each ¢; = <
step-size into the bound we get

g < 31, We ensure that ¢; < 31; as well. Plugging this

d 2
. 12 18 ch.;
min E[|Vf(@*))?] € o (F@°) = 1) + o D Lio) 52
0<k<K K O'ﬁ =K
<2 () -+ ZL
—=(f(2") — o’ c? ,
- CO,min\/I? Co, mln 0

where ¢y min = ml[n] co,;j- If we choose K = O(e~ 4) we get that
d

min E [[Vf(H)]?] = 01/VE) = 0().

0<k<K

C.2 Convergence under P¥.-condition

Theorem C.2. Let f satisfies PL-condition and each f; satisfies Definition B.1. Assume that
Assumption B.4 holds. Then the iterates of NGN-D (Alg. 3) with step-size parameters {c; }?:1 such

that c; < min{l/2r;,6/u} satisfy

E[f(z") = f*] < (1 — mewinf) (f(a”) — ZLJCJ o5 (14)

Ncmln J

where cnmin = minjciq cj. Moreover, if ¢; = O(e) for all j € [d] then after K =
max{O(e~1),0(1)}loge~! iterations we obtain E [ f(z®) — f*] < O(e).

Proof. We obtain (19) and use Definition B.3

Ex [£(@1)] = (") < — |V £ (") +Z

d
HCmin 312 C
_6( _|_§

IA

Subtracting f* from both sides of the inequality above and taking full expectation we obtain

4 3L;c?
E[f(@h) = £*] < (1 — nemn/6)E [f(z*) — 1] + Y -

j=1

2
D) (Tj.
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Unrolling the recursion above for {0, ..., K — 1} iterations we derive

d 2
E [f(xK) o f*] < (1 o Mcmin/G)K(f(xo) o f*) + cl. 9LJ0'] C?'
min 575 1%
Aj

Now we follow the proof of Lemma A.3 in Garrigos and Gower [20]. Let us choose ¢; =

min{l/2r;,/244,}. Together with the choice of K > mz[m]{ max {é%‘%, %} log M
Jj€ld

we get

(1 _ /ACInin/ﬁ)K(f(xO) - f*) S

| M

Now we have two cases:

1. cmin does not depend on €, then we have
1

Ajci < O(?).

Cmin

2. Cmin does depend on €, i.e. ¢pin = O(€), then we have
1

AjC? é 0(5)

Cmin
Therefore, combining all together we get
E[f(=") - ] <0(e)

. . 0 —f* . .
after K > msz]( max { % %, %} log M iterations.
JEld

D Convergence of NGN-M

Theorem 4.3. Let Assumptions 4.1, 4.2 hold. Let the step-size hyperparameter ¢ > 0 and the
momentum parameter 3 = 14%\ be constants where A < min{cL, 0.5(1+cL)~(1+2cL)~}. Then
the iterates of NGN-M (Alg. 1) satisfy

E[f@K1) — f(ar)] < 2=l P0E2el)” | 9or (1 4 2¢L)202,, + 2L max {2¢L — 1,0} o2

int pos’
where TH 1 is chosen uniformly at random from {xo, ... ,xK_l}. Moreover, if we set c = O(1/VE)
then we obtain E [f(fol) - f(x*)] < O(Y/VK).
Remark D.1. In fact, if A\ < (yyopy(ryaary» then it implies that A < - because 3 > y(rras
for any x > 0.

Proof. To prove the convergence of NGN-M we consider IMA formulation Equation (5):

A 1
-1 k41 _ k k k+1 k k+1
ot =20 =20 P =2F Vs (2F), 2FT= x® + 2Rt

SRl — gkl )\(mk-s-l _ wk).
At iteration £ = 0 we have
2t =20— Y%V fs, (2°) = 2 — Y%V fs, (z9).

where 5 = HL/\,

Therefore, we get

Izt —z*|? = 12 = & [[2=270(V f5 (%), 2° = 2*) + 5[V f5, (2°) |2
Lem. B.6 . . 4cL .
< HZO - H2*2’YO<VfSU(IO),IO —z") + m%(fso(xo) - fso)
2¢%L 2¢L — 1
e — .0 f&. 20
+1+chaX{2(:L+1’ }fso @0)
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146 Let yo = p + Yo where p = 15307y - Then we have

Yo =" —p
Lem<. B.5 c
= T U tel)(1+2cL)

_ C1 +3cL+2¢2L% -1
(1+¢L)(1+2¢L)
9 3+ 3cL
(1+¢L)(1+42¢L)
3c2L
T 142eL

=C

1047 Using the above we continue from (20)

4cL

1 *2002\/' 0 _ *2_2 0y *
It = a2 L 120 — 2~ 2v0( ) ~ Fsu (3) + Tmo

2¢2L 2cL —1 ol
+1+chax{26L+1, }fso
<12 = 2P =20(f3,(2°) = fo (7)) = Do (=°) = f3,) + 20 (S, (&) = £5,)

(fso (33‘0) - fg’o)

4cL 0 . 2¢%L 2cL —1 N
F g e~ 1)+ e S0}
_ 0 * (|2 9 0 * ) 2cL 0 *
=127 =27 I1P=2p(fso (27) = fs0 (@7)) = 2 {90 = P = 1570 | (Use (27) = fs,)
~ . N 2¢%L 2cL —1 .
+ 2% (fs, (") — f35,) + ool max{20L+ 1,0} I, (21)
1048 Here we have
2L B 1 7
Yo — P 714—20[470771—"-20[470 P
_ 1 c
T 1+2cL T (T +eL)(1 + 2¢L)
LenﬁB.S 1 I c
— 1+42cLl1+4cL (1+cL)(1+2¢cl)
:0’
t0a0 Ao < 3L and 0y — fr >
Yo < 195,17 and fs,(z”) — f5, > 0. Hence, we get
1 *12 < ([0 *12_9 0 * 6c*L * %
21 = 2 < 120 = 27 [P =2p(fs (%) = fi () + 1o = (s (@) = 5,)
4 2¢2L a 2cL —1 ol r2
maxq ———— .
1+cL 2L 41" f 7%
1050 Rearranging terms and taking expectation we get
6c2L
29E 0y * <E 1 *2] _ 0 _ %2 2
PE[) = fa)] SB[l =2 )] = 20 = a7 P o o
2¢2L 2cL -1 9
. 22
+1+chaX{2cL+1’O}UP°S 22)
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1051 Next, for k > 0 we can use the relation z¥ = 2¥ + (2% — z¥~1). We expand ||2*+1 — 2|2
[[25F — a2 = 125 = &[] =27k(V fis, (), 2% — &) + 7|V s, (2") |2
=00 P 2t P2V s, (2), 28 — 2) = 2 A (V s, (a), 2% — 271
+ 7V fs ()12
< = P2 (fe (2F) = fa (@) = 2 (f (@F) = fo, (@)
+ %V fs,. ()12
Lem. B.6

125 = 2|2 =2vk(fs, (&%) = fs, (2*)) = 2% A(fs, (2%) = fs, (z"71))

4eL b 262 L 2cL —1
_ _ ¥ e i s

1052 Let vx = p + Y&, where p, 3, > 0, and p is a constant step-size independent of Sj which will be
1053 defined later. Therefore, we have

25—z (> < |l = a*|IP=2p(fs, (%) — Fs, (2%)) — 29k(fs, (2%) — fs, (z*))
— 29 Ae(fs, (2F) = £5,) + 2% A(fs, (=) — £5,)

4cL & . 2¢%L 2cL —1 N
AR HchaX{ch,H’O} 5.

= |&" = 2*|]P=2p(fs, (2%) = fs, (")) — 29k (fs,. (&") = f5,) + 2%(fs, (2*) — f5,)
— 296 (fs, (%) = £5.) + 29A(fs, (2" — f5,)

4dcL & . 2¢2L 2cL —1 .
+ m%(fsk(z ) — f5.)+ T4 el maX{%LH’O} I3,

= 2t P2p(fs, (8 — fo(a)) — 2 (% -

+ Xk (s, (@) = £5,) + 2mA(fs, (&) = £5,)

) Usi(e) - 15.)

2¢2L 2cL — 1
—_— — 0 f5 . 23
HchaX{QcLH }fsk 23)
1054 We need to find p such that
%4 2cL S
Ve T Vk 1+ ZCLW 2
1055 Since 7, = Y — p, then we have
2cL
— A— >0
Ve — P+ Yk 1+2cL%—
c

= 14+ 2cL >
Yk 1+2¢L) ="

106 The inequality above is satisfied if it is satisfied for the lower bound on 7, (which is ¢/1+cL), i.e.

¢ L 1)
1+cL \1+ 2L =P
since A > 0.

Ye =Tk — P

1057 We can take p= m

&
< _
=T U+ el)(1 +2¢L)

_ LH3eL+ 20712 — 1
(I14+cL)(1+42¢cL)

<2 3+ 3cL

- (14 cL)(1 4 2cL)

_ 3cL

C1+42cL
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1058 Using the above, we get from (23)
125 —2*|* < [|2* = 2| =2p(fs, (%) — fs, (27)) + 2eA(fs, (2" 1) = fs,(2*))

’L
+ 2eA(fs, () ~ f3,) + ff“usk( ) - 13

n 2¢2L N 2cL — ol fx
max s —— .
1+cL 2cL + 1’ Sk

1059 Taking expectations we get

EI" —a*|P] < E[ll2" = 2"|]”] - 20 [f(a") = f(a")] + 2eAE [f(a"7) = f(a")]

6L 2¢°L 2cL —1
2eN+ ———— ) o2 0vo2 .. (24
* < At 1+2CL> Tin 1+chaX{2cL+l’ }"P% 4
1060 Rearranging terms we get

20E [f(a*) = f(a*)] = 2AE [f(«*7") = f(a")] <E[||2* —a*|]?] —E[|Iz"! — 2*|)?]
6c2L
+ (20/\ + 1+20L> Ufm

2¢2L 2¢L — 1
0po2 .. (25
* 1+chaX{2cL+1’ }UP% (23)

1061 Combining Equation (22) and Equation (25) for iterations {1, ..., K — 1} we get

K—-1 K—-1
20E [f(2°) = f(@")] +2p Y E[f(@*) = f(z")] —2eA Y E[f(@* 1) = f(a")]
k=1 =

K-1 K—2
=2p > E[f(@*) = f(z")] —2eA D E[f(z¥) = f(a")]
k=0

k=0
K—1
< (2p — 2c)) Z E[f f(@")]
k=0
< |2 |12+ 6L + 2¢2L . 2¢L -1 9
z—x ; o
= 1+ 2Lt T T o M\ 2eL 110 f Tros
6¢2L 2¢2L 2cL — 1
2N+ ——— | (K = 1o, + (K —1)- —— ———
+ (2o 00 ) O = Do (- 1) 20 max {5 0}
6¢2L 2¢2L 2cL — 1
< |12° — 2|2+ ( 2eA Ko, + K - 0po2.. (26
< Iz x|+(c T ger ) B K max ) 5 e O o (26)
1062 We need to ensure that p — ¢\ > 0 which is satisfied for A such that
p c
- = > cA
2 - 2(1+cl)1+2cL) ¢
<1 > 2M\(1+ c¢L)(1 4+ 2cL).
1063 Note that we also assume that A < c¢L. Therefore, from (26) we get
1y e < I 6L \
K~ ~2(p—cNK —c/\ T 2er ) Tine
N 1 2c2L 2cL olo2
———— ——— Inax O ha
2p—cA) 1+cL 2L+1 pos
|20 — x*|? 8c2L 2
“2p—cNK ' 2(p—c\) ™
1 2¢2L 2cL — 1
_— 0p02 .. 27
+ 2(p—cA)1+chaX{2cL+1’ }UPOS 7)
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Since p — ¢\ > £ and setting " be uniformly at random chosen from {z?,..., 251} we get
0 |2 2 2
— SC L 1 2¢°L 2cL -1
E[f(z*) — ] < (B o2 L 2
[f((E ) f((E )] — pK p 1nt p1+CL max 2CL+17 Jpos7
where we use the convexity of f and Jensen’s inequality. Plugging the value of p = m
inside we get

(28)

0 _ ..x[|2
E [f(fk) — f(a:*)] < Hzcinn(l + ¢L)(1 4 2¢L) 4 8cL(1 + c¢L)(1 + 2cL)o?,
+ 2cLmax {2cL — 1,0} 05, (29)
Choosing ¢ = O(1/VK) we get
0 _ .x||2 2 o2
E[/(z) - )] <o (=207 L Ty Toos oroer 10y ) 30
[f()f()}_<ﬁ AL T max oo
Therefore, if K > O(c~2) then E [f(z*) — f(z*)] < O(e). It remains to notice that 2 = 2° to
derive the statement of the theorem. O
E Convergence of NGN-M with Decaying Step-size
Lemma E.1. We have
K- K—1 4
> — .
Z og(K+2), > > VK +1 31)
k=0 k=0
Proof. We refer to Lemma A.8 from Garrigos and Gower [20]. O

To prove the convergence of NGN-M with decaying c; we consider IMA formulation (see Section A
in the paper):

-1 0 0 k+1 k k Ck
=z =z, =z =2" = Vs, (%), =
: T+ 572 IV s, (@)
xk+1 _ A k+ 1 Zk+1,

where ¢, = \/Z—Oﬁ,)\k = Leg, Ag = 0.

Theorem E.2. Assume that each f; is convex and L-smooth, and that Assumption 3.2 holds. Let the

step-size hyperparameter is set cj, = ﬁ’ momentum parameter \;; < min{cx L, 0.5(1+c, L)~ (1 +

2c;, L)~1}. Then the iterates of NGN-M satisfy

IR 1) pay] < SO 2 D)a — o] , log (K +2)

+ 10L60(1 + COL)(l + 2COL)O'

400\/> int \/?
log(K +2)
+ 5CoL(1 + COL)W max {2COL 1 0} ap%, (32)
where &5 Zk 0 inlﬁapk = (1+ckL)c(—kl+2ckL)

Proof. At iteration k = 0 we have

=20 — YV fs, (330) =" - 7V fs, (960)~
Therefore, we get

I2" — ™| = 12° = %12 =270(V fs, (2°), 2° — &*) + 73|IV f5, (2°)]”
Lem. B.6 y . deoL .
S = 2P 20(V s (0,0 2+ 0l (0) — £3,)
2c5L 2coL — 1
——— 0, f& . 33
+1+00Lmax{2COL+1, }fso (33)

32



1082

1083

1084

1085

1086

Let v = po + Yo where pg = (HCOL)C(W Then we have

Yo =" — Po
Lem. B.5 o
< co —
(1 + C()L)(l + 200L)
1+43coL +2c¢3L? — 1
=c
“(1+ coL)(1+ 2¢L)
_ 2 3+ 3coL
"7 (1 +coL)(1 +2¢0L)
_ 3c3L
14+ QCoL.

Using the above we continue from (33)

4COL

1 *QCOélV. 0o_ *2_2 0y * =
I =P <112 = 2P =290 (Fso(2”) = fso (@) + 5

2¢2L 2coL —1
— 0 *
1+ CQL max { 2(}0L +1 fSO

< 12° = 2" 1P =2p0(fs, (%) = fs, (27)) = 230(fs, (2°) = £5,) + 270 (fs,(27) = f5,)

0(fs0(2°) = £5,)

4coL 0 N 2¢2L 2coL -1 "
e _ o0 1)
1+2COL’70(fSO(x) ng)+ 1+60Lmax 260L+17 fSO
* * 2COL «
= [12° — 2*|IP=2p0(fs, (z°) — fs,(x*)) — 2 (Wo —po — 1—I—2COL%> (fso(2%) — f5,)
~ 2¢3L 2coL -1
2 ) — f& & 34
Bl /s (@) fso)+1+coLmaX{2coL+1’0 Tsy 34)
Here we have
2L 1
Yo — Po 1—|—2COL% = 1+200L% Po
N 1 Co
T 142cL T T+ coL)(1+ 2c0L)
LergB.S 1 co Co
= T1+2cL1+cl (1+coL)(l+2cL)
~ 3c2L 0 *
Yo < 195z and fs,(2°) — f§, > 0. Hence, we get
6c3L

28 = 2| < 1I2° = 27 *~2p0(fs, (2°) = fs, (")) +

2¢2L 2coL -1
iy R
1+coLmaX{2COL+1’ I,

m(fso(x*) - f;o)

Rearranging terms and taking the expectation we get

. . . 62 L
200E [f(2%) = f(2*)] SE[llz" —a*|?] —||2° —=*|? 1+;coL it
2¢2L 2coL — 1 9
o 2 : 35
1+ coL max{chL+1’0} Tpos (33)
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1087 Next, for k > 0 we can use the relation 2% = zF + A\, (zF — 2%~1). We expand || 2F+1 — 2% ||?
|25 — |2 = 125 — a2 =23V fis (%), 25 — &) + 2RIV fs, ()12
= 12 — 2" |2 =27(V fs (a%), 2% — 2%) = 20 M (V fs, (%), 2* — 271

+ 72l V fs (29)]1?
conv.

S = P2 (fs () — fs, (1)) — 29A(fs () — fs, (1))
ARV fs, (M)
Lem. B.6
LT P2, () — fs, (2%) — 2y fs () — fs, (2F1))
dcr L . 2¢2L 2c, L —1 N
e Ua e~ )+ gm0} 5

188 Let v, = pr + Yk, Where p, . > 0, and p is a constant step-size independent of .Sy, which will be
1089 defined later. Therefore, we have

29— 2?2 <2 = P20k (fs (2F) = fo(27)) — 2k (fs,, (2F) = fs, (7))
— 29 e (fs, (2F) = £5,) + 2% A(fs, (z%71) = £5,)

dcr L & . 2¢3L 2c, L —1 N
Ty agp WUl = s+ o pma g T 0 o

= Iz = 2P =2p(fs, (z*) = fs, (27)) — 29k (fs, (@) = £5,.) + 2 (fs, (z%) — f5,)
— 29k A(fs, (%) = £5,) + 20 (fs, (25 71) — £5,)

4ep L & 2ciL 2c, L —1
T _ * 0 *
T Tz wUs ) )T e g r 0y e
— k *|12_9 k * 9 (= \ 2ci L k N
= 2" = 2" [IF=2p(fs, (&%) = fs, (2")) = 2 ( Fn + WA — Tr200 " (fs.(@") = [f5,)
+ 2k fs (%) = f5,) + 20 (s, (2" 1) = f5,)
2ciL 2c, L — 1
——— 07 fS . 36
H%Lmax{%kul it (36)
1090 We need to find py, such that
~ + A QCkL >0
Ve T Yk 1 +2ckaYk =
1091 Since Y, = Y& — Pk, then we have
2CkL
_ A — ———— >0
Ve = Pkt VeAk 1+2CkL’Yk 2
QCkL
14X\ ——— ) > pr-
@7’“< A 1+2ckL> = Pr
102 The inequality above is satisfied if it is satisfied for the lower bound on 7, (which is ¢/1+cL), i.e.
Ck 1
Al >p.
1+ cnl (1+2CkL+ > =P
1003  We can take pp, = W—’“HQ%L) since A > 0.
Ve =Tk — Pk
Ck
<ckp—

(T4 cxL)(1 4+ 2¢,L)
1+3c,L+2ciL% -1
(14 cxL)(1+2¢,L)
3+ 3crL
1+ CkL)(l + QCkL)
_ 3¢L
1+ QCkL-

:Ck

< ciL
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1004 Using the above, we get from (36)
12570 — 2| < (12" = 2| ~2pn(fs (2") = fs(27)) + 2erAn(fs, (2" 1) = fs, ("))

+ 20U )~ )+ ok (s, 0) - £3)

2ch 2¢, L —
— 07 f5 .
1+CkLmax{20kL+1, I3,
1005 Taking expectations, we get

EJI* —a"|?] < Efll2" = 27°] = 2mE [f(2") = f(a*)] + 2cr i [f(a?k’l) — f@@")]

6¢2L 2¢2L 2¢c L —
2¢1 A _ Tk 2 _ Tk SR - 37
+<ck Ft T o0 L) mt+1+ckLmaX 2c;€L+1 Thos37)
1096 Rearranging terms, we get
20E [f(a®) = f(2")] =20 ME [f(a"71) = f(2*)] S E[|l2" —2*|°] —E[|lz"*" —a*|?]
6¢2L
2 k 2
( Ck:Ak + + QCL) Oint
2ciL a 2c,. L — 1 9
max{ ——— .-
1+ L 2epL 1+ 17 f pos
(38)

1057 Combining (35) and (38) for iterations {1,..., K — 1} we get

K-1 K-1
200E [f(2%) = f(@)] +2 ) pkE [f(«*) = f(@)] =2 Y exME [f(@*1) = f(a™)]
e —

K-—1 K-2
=23 pE[f@") — f@)] =2 ) aME[f@") - f27)]
k=0 k=0
K-—1
<2 (pr— e M)E [f(") = f(a7)]
k=0
6c2L 2¢2L 2c0L — 1
< 120 — |2 0 o2 0 0 2
Sl T e E T T T L ™ {200L+1’ Tpos
K-—1 K—-1
6c; L 2¢2L 2c, L — 1
2\ + —E— k | N 39
t ; ( Ch k+1+20kL> mﬁz T+or™ {2ckL+1’ }UP% 39

1098 Note that choosing Ay = min {¢,L,0.5(1 + ckL) Y(1+ 2c, L)™'} ensures that 2= > ¢, Ay. In-
1009 deed, we have
Pi ck
— = > A
2~ 2(1+ eul)(1+ 20,L) ~ F
sS1> 2)\k(]— + CkL)(]. + QCkL)

1100 Therefore, from (39) and the facts that A\g = 0 and Ay < ¢ L we get

K-1 K-1 602L
k * 0 * (12 k 2
D pkE () = fa)] <120 =P+ ) (26k/\k+1+20kL> Tint
k=0 k=0
K-
Z i 2cL — 1 0 0_2
P + ¢k 2cL +1’ pos
K-1
< |20 — 2| +8Lo%, Y i
k=0
K-1
QCkL —1
—+ Z ZCiLmaX {Wl,o} 0-12)05' (40)
k=0
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We have by Lemma E. 1

K-1 K—1 K—1
Ck CL deovV K

.= >
Pr (14 crL)(1+20,L) = 2~ (1 + coL)(L + 2c0L) = 5(1 + coL)(L + 2¢oL)’

]

k=0 k=0
K , LemE.1

< clog(K +2), 41)
k=0
K-1 K-1

2l — 1 20l — 1 20l — 1

2 < 2 i < c2log(K + 2 ——,0,.

kockmaX{QCkL-i-l’o}_ kzockmax{2coL+1,O}_co og(K + 2) max 2cOL+1’O

Therefore, using (41), 2° = 20 in (40) and dividing both sides in (40) by ZkK:_Ol pi we derive

K1 0 _ p* |2
Pk o < 2" =] log (K +2)
Z ®=1E [[(=") = f(@")] < + 8Lcgot ——
k=0 Zk=0 Zk o Pk k=0 Pk
log(K +2 2¢oL —1
+ 2L 08( * )max{co, }agoq. (42)
z:k 0 Pk 200[/+'1 h
With an lower bound on ZkK;Ol and Jensen’s inequality we conclude that
e . 5(1 4 coL)(1 + 2¢oL)||z° — z*||?
400\/ K
log (K +2)
+ 10Lco(1 + ¢oL)(1 + 2¢o LYol , ————
o1+ coL)(1+ 200 Loy 5
log(K + 2)
+ 560[/(1 —+ COL)W max {2COL 1 0} Jpos? (43)
where 25 -1 = S Z xk.
O

F Stability of NGN-M on a Simple Problem

We consider 1D convex functions of the form f(z) = Lz?(1 + p?(x)) that satisfy the following
assumption.

Assumption F.1. There exists a constant C' such that C'(1 + p?(z)) > zp(z)p'(x)).

Note that 1+ p?(z) > 1 and deg(1 + p?(x)) = deg(xp(x )p/(m)) Therefore, this assumption is mild.

Remark F.2. For example, the function f(z) = 22(1 + 22) (i.e., p(x) = z) is convex and satisfies

Assumption F.1 with C' = 1.

Remark F3. Let p(z) = Z;n:o ajz’. Then for large values of z in magnitude, p(z) ~
mx™, ' (1) ~ ma,,x™ 1. Therefore, the constant C' should be expected of order C' ~ m, where

m = deg(p(z)).

The function f(x) is non-negative for any € R and its minimum f* = 0 is attained at © = 0 by
design. Let us compute a step of NGN-M on this problem
c

k+1 _ k(1 _ 10k E k-1
P =t = (= A ) + Al =t

(1) 2Le(1 +PP(oh) + atplat)pl (@)
1t prtat s (14 p2(ak) + akp(ak)p ()2
2Le(1 + p*(a®) + a¥p(a®)p’ («*))
1+ ostry (1+ p2(ah) + abp(ah)p! (a4))?

=k

xk + ﬁ(xk o xk—l)

2 —(1-p) b 4 Bz — 2P, 44)
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Note that the convexity of f implies that
F0) = f(z) + f(x)(0 — x)
0> La*(1+p?(2)) — 2La*(1 + p*(x) + ap(a)p/ (z))
0> —La*(1+p*(2)) — 2La’p(a)p/ (x)
1
wp(a)p (x) 2 =5 (L+p*(2)). (45)

In particular, (45) implies that 1 + p?(z) + zp(z)p'(z) > (1 4 p*(x)) > 0. Therefore, we can
obtain lower and upper bounds on Ay.

Lemma F4 Let Assumption F.1 hold with a constant C' > 0 and f(x) = 22(1 + p*(z)) be convex.
Let ¢ > 57. Then we have 4y, € [m7 2]

Proof. Indeed, the upper bound on 4;, follows from the following inequality

_ 2Lc(1 4 pP(a") + 2Fp(at)p! (aF))
T 2R (L () + afplat)p (oF))?
2LC(1 +p*(aF) + aFp(ah)p' (aF))
Trarmy (L4 p2(ak) + ahp(ak)p' (aF))?
1+ p*(z¥)
T TP + ) S 0
due to (45). The lower bound can be obtained as follows
2Le(1 + p*(a*) + abp(ak)p' (aF))
I+ 2 (L4 PP (@) + oA plat)p! (a) 2
_2Le(1 + PP (aF) + aFp(a®)p’ (%)) (1 + p*(2F))
(L4 p2(ak)) + 2Le(1 + p?(a*) + akp(ab)p/ (aF))?
2Le(1 + p*(a¥) + a¥p(a®)p/ («)) (1 + p?(*))
2(1 + p?(zF) + zhp(ak)p/ (x%)) + 2Lc(1 + p2(xF) + zFp(xk)p’ (zF))?2
Le(1 + p?(a%))
1+ Le(1 + p?(xF) + xFp(zk)p' (zF))
Le(1 4 p? ("))
1+ Le(1 + p?(2F) + C(1 4 p?(z*)))
Le(1 + p?(2*)) B 1
T 2Lc(1+ C)(1 +p2(z%)))  2(1+0)

Y =

(47)

The update rule of NGN-M can be rewritten as
aF = 2F — (1 B)gpa® + Ba® — 271, (48)

Let us consider the joint dynamics of w* = ([#*]T, [x*71]T)T € R2?. We have that

W — < zk > _ <xk — (1= B)Apar + B(a* — xk1)>
=1 =1

where
G (I —(1- BI)%I + A1 _§I> _ (50)

Now we are ready to prove the convergence of NGN-M on this simple problem for any value ¢ > %
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Theorem E.5. Let f(x) = 2%(1 + p?(x)) be convex and Assumption F.1 holds. Let 3 > ggi%

and c > ﬁ Then the iterates of NGN-M on f(x) converge to the minimum f* = 0.

Proof. We follow the standard proof of SGD with Polyak momentum [59]. At this stage, we need
to estimate the eigenvalues of G. To do so, we will proceed with a permutation matrix IT* which
transforms the matrix G to the block-diagonal matrix as

G, 0 ... 0
G:< )7 (&28)
0o 0 ... Gy

G, = <1 + 5 - (1 - ﬁ);)’k 0ﬂ> (52)

where

1

Since the matrix G is a block-diagonal matrix, we have ||G||< max;||G;||. Therefore, the problem
is now simplified to bounding the spectral radii of the individual blocks G, fori = 1,2,...,d. The
two eigenvalues u; and us of G, are the roots of the quadratic

qu) ==vu* — (1+ B — (1= B)A)u+ B =0, (53)

which take different values depending on the discriminant A := (1 + 3 — (1 — 3)4%)? — 43. Let us
find the values of 8 when the discriminant is negative. We need to satisfy the inequality

A1+8-(1-BWw)}?—48<0& (148 +(1—8)*% —20+B) (1 - )% —48<0
S (1-8)°+(1-p)%r —20+B)(1 - <0
& (1-B)1+4) <201+ B)jk
o LHA 148

— < : (54
2%, 1-5
Since the function % fory € {m, 2} attains the maximum 4%5?;;”1 aty = 5 (110)’ then
we satisfy the last inequality, and consequently the discriminant is non-positive, if we choose
41+C)2+1 1
ey +1 _1+5 (55)

414+C) —1-p
2(0+C)-1)? 4
@a+o)+1)2°
of 8 we have A; < 0 for all ¢ € [d]. Therefore, the zeros of the quadratic ¢(u) are complex, and are
equal in absolute value

The above inequality is satisfied for 8 € { ) . Therefore, we obtain that for such choice

luy|= |ug|= /B < 1. (56)

This gives us that ||G;||< /B < 1. Therefore, the algorithm converges for any value of 3 in this
range.

Rdxd

It remains to use Lemma 11 from Foucart [18] which says that for a given matrix A € and

€ > 0, there exists a matrix norm ||-|| such that
[A[[< p(A) + e, (57)
where p(A) = max{|A|: A eigenvalue of A} (spectral radius of A).
Asymptotically 3 (as k — oo, one can show (see Theorem 12 in [18]) that
lw*[l2= O(p(G)"), (58)

where p(G) < /B < 1 in our analysis. Therefore, NGN-M with hyperparameters ¢ > % and 8 > %
converges. O

1 dodd,j=1
“The permutation matrix I is defined as II;; = ¢ 1 <even,j = 2n + ¢. Note that permutation matrices
0 else
preserve eigenvalues.
>A non-asymptotic version of the analysis can be derived using Theorem 5 by [77]
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Remark F.6. For example, NGN-M converges on f(z) = 2*(1 + 2?) forany ¢ > 1 and 8 > .

Theorem F.5 shows that NGN-M remains stable even with an arbitrarily large step-size hyperparameter
c. Thanks to the adaptive nature of NGN step-size, the actual update scale is automatically shrunk
when necessary, preserving convergence. Importantly, this is possible with a choice of momentum
parameter /3 close to 1, which extends the results of Section 4. We acknowledge that our current
analysis is restricted to the special convex class of 1D functions f(z) = x%(1 + p?(x)) satisfying
Assumption F.1. Extending such stability guarantees to wider function classes with large momentum
[ remains a significant open challenge.

To support the theoretical result, we test the performance of NGN-M and GDM (Gradient Descent with
Momentum) on the problem f(z) = z?(1 + 2%), which is convex and satisfies Assumption F.1; see
Figure F.1. We run both algorithms, varying the step-size hyperparameter in {10~4, ... 10*}. We run
algorithms for 10 iterations. We stop training if the loss reaches a threshold 10~ or exceeds 10'°
for the first time. We observe that (i) for small step-size hyperparameters, both methods converge
but do not reach the threshold 10~15; (i4) NGN-M reaches the threshold even for extremely large
values of the step-size hyperparameter while GDM diverges. (iii) the fastest convergence of GDM is
achieved with the step-size hyperparameter 102 after 691 iterations while the fastest convergence
of NGN-M is achieved with ¢ = 10! after 269 iterations. In other details, NGN-M achieves faster
convergence and much more stable to the choice of the step-size hyperparameter. These results align
well with our theoretical analysis.

1025,
(%]
%]
8 1015,
£
2 10°
—_ NGN-M
2107 GDM
L
10715,

10-410-310-210-110° 10* 102 103 10*
Stepsize

Figure F.1: Comparison of SGDM and NGN-M when minimizing a function f(z) = 2% + z*.
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G How to Derive Diagonal NGN-based Step-size?

Here we provide derivations of how combine NGN and diagonal step-size following Section 3.3 for
completeness.

We consider the following model

pk = argmin,,cga {fzk,c(:ck +p) = (r(xk) + Vr(xk)—rp)2 + i||p||22k , (59)
where 7( F We compute the gradient of RHS of (59) w.r.t. p and equal it to zero:
fogk_rc(xk +p)=2 (r(xk) + Vr(ack)Tp) Vr(xk) + EEkp
= <2Vr(xk)VT(a:k)T + i2k> p+ 2r(x®)Vr(a").
Therefore, we have
pk=— <2V7’(zk’)V7‘(:l:k)T + i2k> - 2r(x®)Vr ().

Using Shermann-Morrison formula (A +uv )™t = A~1 #Aﬁ;l with A = 1/c3 we derive

225 Vr (2F)Vr(2*) T,
k - _ 234*1 _ k k > 2 k \V4 k
P <C g 1+ 2cVr(zk) T2 ' Vr(zh) r@)vr@)
kYT $—1 k
= —ZCT(J;k) (1 - 26Vr () Ek_IVT(x ) ) Egzlvr(xk)
1+ 2c¢Vr(2zk) X, Vr(zF)
2cr(xk) _1 &
= — E v .
14 2¢Vr(zF) 2, ' Vr(zk) e Vr)

Now we plug-in 7(z*) = \/f(x*) and Vr(z*) = 2\/va( %) and obtain

E_ 2c f(zk) 71

p = 1+204f( k)Vf( )Tzklvf ) 2\/7 V()
= C 23471‘7 |
o VA o )

G.1 Design Comparison of NGN-MDv1 and NGN-MDv2

The derivations in (3) are used to provide an intuition of how one can add a diagonal step-size into
NGN by choosing the regularization matrix ¥;. By choosing ¥, = Dj we recover the update
direction of NGN-MDv1. In this case, we have only one global NGN step-size in front of Dj. The
design of NGN-MDv2 follows a more straightforward intuition. In particular, it can be seen as a direct
extension of NGN to diagonal case by replacing the squared gradient norm ||V fs, (%)||? by the
squared partial derivative (V, fs, (z*))? for each parameter j € [d].

The main difference in comparison with Adam is the order in which the preconditioning and mo-
mentum is applied. In both NGN-MDv1 and NGN-MDv2 we average the preconditioned updates
2,;1v fs, (z%), i.e. we first apply preconditioning and momentum later. In contrast, in Adam the
stochastic gradients are averaged to construct new momentum term, and then the momentum is pre-
conditioned. In other words, the momentum is applied first and then it is followed by preconditioning.
We believe this change might be one of the reasons behind the step-size hyperparameter resilience as
well.

In practice, we found out that the tuned performance of NGN-MDv1 is slightly better than that of
NGN-MDv2. Moreover, NGN-MDv1 demonstrates higher resilience to the choice of the step-size
hyperparameter than NGN-MDv2.

40



1198

1199
1200
1201
1202
1203

1204

1205
1206

1207
1208
1209
1210
1211
1212
1213
1214
1215

1216

1217

1218
1219
1220

1221
1222
1228
1224
1225
1226
1227
1228

1229

1230
1231
1232
1233
1234
1235
1236
1237

Table 2: Train time of Adam and NGN-MDv1 when training language models.

Model Method Time per Iteration (sec) Time per Optimizer Update (sec)
70M AdamW 1.63 +0.01 0.0048 £ 0.0002
NGN-MDv1 1.65+0.01 0.0130 £ 0.0002
160M AdamW 3.33 £0.03 0.0088 £ 0.0003
NGN-MDv1 3.37+0.02 0.0239 £ 0.0003
410M AdamW 8.41 4+ 0.06 0.0838 + 0.0009
NGN-MDv1 8.68 £ 0.06 0.2154 £+ 0.0007

G.2 Computation Cost of NGN-MD

Implementing any version of NGN-MD in practice might be slightly more computationally expensive.
However, we highlight that computing a step of NGN-MD does not involve matrix-vector operations
since the preconditioner is a diagonal matrix, and the matrix notation is used only for the convenience
of presentation. The additional computation cost that we have in NGN-MDv1 is the computation of
|V £s, (z%) ||2 _:. This can naively be done by one additional pass over the gradient and summing

the terms 5 - (V s, (z¥))2 for j € [d]. This operation does not require additional matrix multipli-

cation. However it can be computed more efficiently while updating Dy. The rest of the NGN-MDv1
implementation does not add any significantly costly operations in comparison with Adam.

We compare in Table 2 the time per iteration and optimizer update when training language models
from Section 5 using AdamW and NGN-MDv1. We notice that our naive implementation of NGN-
MDv1 is about 2.5 times slower than PyTorch’s AdamW. This is expected since our algorithm requires
two passes over the gradient. Nevertheless, in this setting training time is dominated by forward
and backward computations, keeping NGN-MDv1 competitive with AdamW. Moreover, as noted
above, this overhead can be largely eliminated by computing the weighted gradient concurrently with
the second-momentum v* update. We do not aim to provide the most efficient implementation of
NGN-MDv1 as the primary goal of our work is to highlight the stability advantages that NGN step-size
brings in the training of neural networks.

G.2.1 Distributed Training

In a vanilla DDP implementation [42], computing the weighted gradient norm ||V fs, (= H _y s

straightforward since gradients are replicated across devices. We only require an additional all- reduce
to synchronize fs, (x*) across devices, which is, however, a lightweight communication (just a single
float) and, in principle, can even be overlapped with the backward pass.

However, with more sophisticated types of parallelism, like Tensor Parallel [69] or ZeRO-2 [62],
computing the weighted gradient norm introduces additional communication, as gradients are sharded
across devices. This could still be implemented efficiently by accumulating squared gradient entries
in each device and all-reducing only a single float, but it will, nevertheless, result in a computation
and communication overhead for NGN-MDv1. We acknowledge that our methods might not be
scalable to large distributed training, and adjustments are needed to make NGN-MDv1 work in this
case. Nonetheless, we believe that our findings offer useful insights toward designing more stable
optimization algorithms.

H How to add weight decay to NGN-MDv1?

Regularization techniques serve a fundamental purpose in minimizing generalization error. Or-
thogonal to their role for generalization, modern deep learning tasks often benefit from the use of
weight decay [84]. Despite its widespread application, the role of weight decay is poorly understood.
Andriushchenko et al. [1] suggested that it might provide implicit regularization by stabilizing the loss
in over-parameterized neural networks and helping to balance the bias-variance tradeoff that leads
to lower training loss in under-parameterized networks. However, even in the case of SGD, there
is still uncertainty regarding how the weight decay mechanism should be incorporated, as various
implementations may exist [88].
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We propose two ways of adding weight decay to NGN-MDv1. The first variant follows the approach
of [46], adding decoupled weight decay A:

Pt =2k Nea® — (1 - BBV s, (2F) + Bo(a® — 2P 1), (60)

In this update rule, the weight is added separately from the update direction zglv fs, (%), We call
the resulting algorithm (60) Dec-NGN-MDv1, that stands for decoupled NGN-MDv1.

H.1 Combining NGN-MDv1 and Weight Decay Regularization

We now discuss how to combine NGN-MDv1 and weight decay, following the idea that weight decay
should perform weight regularization.

We consider the following model
1 A
Fooa(@® +p) = (r(@") + Vr(@) Tp)? + ol +5 2" + pl%, -
By taking the gradient of f5;,  w.r.t. p we get

0

2(r(z*) + Vr(z®) Tp)Vr(z®) + %ka + AZ (2" + p)

1
= <2Vr(xk)V7‘(xk)T + Ezk + )\Ek) p 4 2r(x®)Vr(zh) + AZ 2t
Therefore, we get
1 -1
pF=— <2Vr(xk)VT(xk)T + Ezk + )\Ek) (2r(2®)Vr(zF) + AZpab).

Using Sherman-Morrison formula (A +uv )™t = A= — % with A = (A4 1/c)X}, and
u=v = 2Vr(z*) we get that

1 —1
<2Vr(xk)Vr(xk)T + -3 + A2k>
C
2 _ —
c o 7(1?30)2 SV (k) V() Tt

1Ak 1+ 125 Vr(ah) S, 'Vr(ah)

Therefore, we have

.2 _ —
. ¢ o1 s S V(@) Vr(ah) s

= - >
b T+ Ack 1+ (25 Vr(2h)S, TV (2k)

_2cr(xk) (1 13_3\CV7‘(mk)TZI;1V7‘($k)

(2r(2®)Vr(zF) + AZpa®)

T+de | 1+ 25 Vr(eh) s, 'Vr(zh)

> . Vr(zh)

Ae o, ZEASIIVr(ER)Vr(ah) Tk

TT1rael 0 + 2 Vr(zk) B, ' Vr(zk)

1+Xc
2cr(zk) 1 1 &
=— 3. Vr(x
L+ Ae 1+ 12 Vr(ah) S ' Vr(ak) " )
ey, 280 5 I (28 Vi (k) Tk
1+ A 14 25 Vr(ah) 2 ' Vr(ak)
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Algorithm 4 NGN-MDv1W

1: Input: 2° € R, step-size parameter ¢ > 0, momentum parameters 31, o € [0,1), weight decay
parameter A > 0, stabilization parameter € > 0

2: fork=0,1,..., K — 1do

3:  Sample batch Si, C [n] and compute fg, and V fs, (z*)

4:  Compute v* = Bov* 71 + (1 — B2)(Vfs, (z%) © V fs, (2F))

5. Compute Dy, = diag(eI + /v*/(1 — 85))

6 Compute

c cA ENT ..k
(T+x0) [1_ zfsk(xk)vfsk(x ) @ .

Vk = c
L+ sreama IV s (@9)lIE,

7. Update 281 = loab — (1— B)3D; 'V fs, (aF) + Bi(a* — 2F71)
8: end for

[-]+ denotes max{0, - }.

Using the connection Vr(z*) = 5 WV f(z¥) and r(2) = \/f(a*) we get

" W@) Vi@ 'Wf( “)Ta
14 Ac 14+ Vi) TS, IV f (k)

W

c/(1+)\c & c\ X

=7 c Eka(fE ) - x
1+W||Vf(x’“)\l27l 1+ Ac

A 2f(xk)vf( )l

+ V().

To summarize, the update of NGN-Dv1W is the following
gF L = gk gk
1 & cA va(xkka

= "+ - SV (2P
14 Xe 1+)\CI+WHVJC($I€)H2 ;1 k ( )

B ¢/(14+xec)
1+W|Wf(xk’)
T oM G D)

= zF — SOV F(ER). (61)
L+ Ac 1+W\|Vf(mk)||2;1 v VI

2 _12,;1Vf(xk)

To prevent the step-size next to 2,;1v f(z¥) from being negative, the final update has the form

== |1 - V(b)) Tz

1+Xe 2 r’c

. 1 k Lz V(). (62)
1+ A 1+ sremamg V@RI,

where [-]; = max{-,0}. Now we can add momentum on top and obtain the following update of
NGN-MDv1W

. 1, Thac {1 - 7CA:€ Vf(ah) Tk ]+ 19 et 4 Bat - ab)
= " — ¥, Vf + B(x" —z" ). (63)
1+ Ac 1+ 2f(yk)(1+,\c)|‘vf($k)”

This combination of NGN-MDv1 and weight decay is summarized in Algorithm 4. We highlight
that now the weight decay is incorporated inside the adaptive step-size as well as regularizing the
coefficient next to z*.
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Figure H.1: Adding weight decay when pretraining a 70M Transformer+-+. When properly tuned,
a value of weight decay > 0 enhances the performance of all algorithms. NGN-MDv1 retains his
characteristic stability, and achieves smaller perplexity in all scenarios.

H.2 Empirical Validation of the Proposed Combinations

Having two possible ways of adding weight decay to NGN-MDv1, we test them on pretraining a 70M
transformer on language modeling. The validation perplexity at the end of training is reported in
Figure H.1. We note that when weight decay is turned off, both NGN-MDv1W and Dec-NGN-MDv1
reduce to NGN-MDv 1.

First, we observe that when weight decay is properly tuned, all algorithms improve over the baseline
case with no weight decay, which is consistent with the observation of Xiao [84] and Andriushchenko
et al. [1] on AdamW. We also note that Dec-NGN-MDv1 and NGN-MDv1W require a smaller weight
decay value compared to the other algorithms. Finally, the stability and performance of NGNMDv1 are
preserved by both variations, allowing training with larger learning rates, and significantly improving
over AdamW and Momo-Adam.

We do not observe a substantial difference between the two proposed modifications of NGN-MDv1
for this task. We remark however that these two versions serve substantially different purposes, and
pretraining language models might not be the most representative task to evaluate the effect of adding
regularization.
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I Additional Experiments on Toy Problems

I.1 Additional Experiments on the Problem with Many Minima
Now, we provide a simple example of minimizing a function
f(z) = (sin(1 + cos(—m + z)) — 0.22)? + (sin(1 + cos(7 — x)) + 0.22)* (64)

that has many sharp sub-optimal local and flat global minima. We compare the performance of
NGN-M and SGDM varying the step-size hyperparameter in {10°,10,102, 103} and the starting
point in [—20,20] with a step 4/30°. Based on the results in Figure I.1 (right), we conclude that
(i) for small step-sizes, both methods likely get stuck at sub-optimal local minima and reach the
global minima only if they are initialized close enough to it; (i) for large step-sizes, we observe less
runs of SGDM reaching the global minima; (¢¢¢) in contrast, for NGN-M with large step-sizes, we
observe more runs reaching the global minima. This is possible due to the adaptive nature of the
NGN step-size that forces NGN-M to converge to the flatness of the global minima.

300 300
== SGDM 10! = NGN-M 10!
SGDM 10° NGN-M 10°
SGDM 10' 200 NGN-M 10! 200
SGDM 102 v NGN-M 10* o
5200 3 5200 3
2 s g s
s s z 5
9] i8] o ©
e 100 I et 100 2
100 E 100 2
r
A | 1 L
G—20 —10 0 10 2[]0 0—20 -10 0 10 200
Parameter = Parameter =

Figure I.1: Comparison of SGDM and NGN-M when minimizing function in (64).

L2 Comparison on Rosenbrock Function

Now we present the results where we compare NGN-M and SGDM when minimizing the Rosenbrock
function. We report the trajectories of optimizers and training dynamics in Figure 1.2 and Figure 1.3.

We observe that NGN-M converges for all values of ¢, indicating its high resilience to the choice
of step-size hyperparameter. In contrast, SGDM already diverges for the step-size hyperparameter
10~2. This can be explained by the adaptive nature of NGN step-size, which decreases the effective
step-size of NGN-M for a more stable convergence. This is especially evident from the trajectories
of algorithms. Indeed, NGN-M effectively moves in the complex valley of the Rosenbrock function,
adapting to the local curvature.

_37 TR —3 T
—— NGN-M c¢=10" —— NGN-M c¢=10"?
9] SGDM Ir=1073 SGDM Ir=10"2
> 1
0,
-1
-2

Figure 1.2: Trajectories of NGN-M and SGDM when minimizing the Rosenbrock function and varying
the step-size hyperparameter.

SThis step is chosen small enough so that the initial point can be close to any local minima within [—20, 20].
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Figure 1.3: Training dynamics of NGN-M and SGDM when minimizing the Rosenbrock function and
varying the step-size hyperparameter.

I.3 Comparison on Quadratic Function with Theoretical Step-size

Next, we run NGN-M with theoretical choice of step-size hyperparameter ¢ = 1/v/K and ¢, = 1/Vk
(see Theorem 4.3 and Theorem E.2 for more details) against fixed choices ¢ € {1073,1074}. The
comparison is made on quadratic function f(z) = 3| (A + rI)z — y||?, where A € R*00x4%0 anq
y € R4 are sampled from standard normal distribution. The constant r controls the condition
number of the problem.

We test the performance of NGN-M varying the condition number of the problem and the number of
iterations; see Figure 1.4. We observe that in all the cases, the choice 1/ vk leads to faster convergence,

supporting our theoretical claims. The choice 1/v K demonstrates competitive performance as well,
but it is slightly pessimistic at the beginning of training. In contrast, the choice ¢ € {1073, 107},
which is a default value in practice, is too small and does not lead to fast convergence.

These experiments demonstrate that when the problem satisfies all assumptions needed in the analysis,
the choice of the step-size hyperparameter c given by the convergence theorems is a good starting
point in practice and can serve as a baseline when tuning c.
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Figure 1.4: Training dynamics of NGN-M with several choices of the step-size hyperparameter varying
the condition number of the quadratic problem.

J Additional Experiments and Training Details

J.1 Training Details

The detailed experiment setup with hyperparameters and training details is presented in Table 3.
We provide links to the exact model architectures used in our experiments (the links are clickable)
as well as links to the tables and figures for each workload. We demonstrate the results averaged
across 3 different random seeds for small and middle-range size experiments. We use standard
values of momentum parameters (31, 82) = (0.9,0.999) if the opposite is not specified. The step-
size hyperparameter is tuned across powers of 10 (for some workloads we add additional values
of the step-size hyperparameter shown in the step-size resilience plots). We use PyTorch [58]
implementation of Adam. The implementation of MomSPS, Momo, Momo-Adam are provided in the
corresponding papers. Finally, when employing SGD-M, we set dampening equal to 0.9.

For vision transformers experiments, we follow the setup of Schaipp et al. [66], and use Pytorch
Image Models codebase [81]. We train a vit_tiny_patch16_224 for 200 epochs on Imagenet1k,
using a cosine learning rate schedule with a linear warmup of 5 epochs. Differently than Schaipp et al.
[66], we train in bfloat16, instead of f1loat16, and do not employ weight decay regularization.

For pre-training Transformers on Causal Language Modeling, we build upon the nanoGPT [35]
implementation, augmenting it with Rotational Positional Embedding [73], RMSNorm [87], and
SwiGLU [68]. We call this enhanced version Transformer++. Models are trained with a batch size
of 256, context length of 2048 tokens, vocabolary size of 50280 and make use of GPT-Neox tokenizer
[4]. We adopt an enhanced training recipe, made popular by large language models such as LLaMa
[75]. These modifications include: training in bfloat16; employing a linear learning rate warm-up
for 10% of the training steps, followed by cosine annealing to 10~°; omitting biases from linear
layers; using (31, 82) = (0.9,0.95) for all algorithms; clipping gradient norms above 1; no weight
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Table 3: Summary of experiment setup with all the details on hyperparameters used in each case.

e Effective
. Performance Stability s Epochs / Batch ~
Model Dataset Results Results Stepsize Iterations Size Comments
Results
Resnet20 CIFARIO Tab. 4,5,6 Fig. 2,1.1,1.2,1.5 Fig. 1.9,1.10,J.6 50 128
Resnet110 CIFAR100 Tab. 4,5 Fig. 2,J.1,1.2,1.5 100 128
VGGI16 CIFAR10 Tab. 4,5 Fig. J.1,1.2 50 128
. - 2 hidden layers
MLP MNIST Tab. 4,5 Fig. 1.1,1.3 10 128 of sive 100
ViT CIFARIO Tab. 4,5 Fig. 2,1.1,1.2,1.5 Fig. 5,1.9,1.10,1.7 200 512
LSTM PTB Tab. 5,6 Fig. 1.3 150 20 #layers 3
LSTM ‘Wikitext-2 Tab. 5,6 Fig. 1.8 150 20 #layers 3
S ) Rotten . . # heads 8
Transformer Tomatoes Tab. 5,6 Tab. J.8 2000 16 # layers 24
e Tiny . ) # heads 8
Transformer Shakespeare Tab. 5,6 Fig. 1.3,1.8 2000 16 #layers 24
Resnet18 ImageNet32 Tab. 4,5, Fig. 14 45 128 constant learning rate

schedule; no weight decay

learning rate decay every
Resnet18 ImageNetlk Tab. 4,5 Fig. 2,14 90 256 30 epochs by 0.1
no weight decay

cosine learning rate
schedule with linear warm-up
for 5 epochs
no weight decay, bfloat16
dim=512, # heads 8
# layers 6, context length 2048
70M Transformer++  SlimPajama-627B Tab. 5,2 Fig. 4, H.1,J.14 2400 256 (81.52) = (0.9,0.95), bfloat16
clipping norm 1, linear warm-up
for 10% of iterations
dim=768, # heads 12
# layers 12, context length 2048
160M Transformer++  SlimPajama-627B Tab. 5,2 Fig. 4,].14 Fig. J.11,1.12,J.13 4800 256 (81, B2) = (0.9,0.95), bfloat16
clipping norm 1, linear warm-up
for 10% of iterations
dim=1024, # heads 16
# layers 24, context length 2048
410M Transformer++  SlimPajama-627B Tab. 5,2 Fig. 4,].14 13500 256 (B1,B2) = (0.9,0.95), bfloat16
clipping norm 1, linear warm-up
for 10% of iterations
dim=2048, # heads 8
# layers 16, context length 2048
1B Transformer++  SlimPajama-627B Tab. 5 Fig. 4,1.14 13500 256 (81:B2) = (0.9,0.95), bfloat16
clipping norm 1, linear warm-up
for 10% of iterations

ViT-Tiny ImageNetlk Tab. 5 Fig. 3 200 512

Table 4: The best validation score (with one standard deviation across 3 runs; accuracy for computer
vision tasks; perplexity for NLP tasks) for the best learning rate choice for each method that supports
momentum.

Model Dataset NGN SGDM NGN-M MomSPS Momo ALR-SMAG
Resnet20 CIFAR10 88.301020 85421070 88.7610.05 87.20103s 88.861014 88.8810.10
Resnet110 CIFARI00  64.761026 57.161005 64.981020 63.374071 64.8140335 64.731181

VGG16 CIFAR10 90211010 89.674043 90421005 87.261021 90.431017  90.4910.35

MLP MNIST 98.0410.07 97.631010 97.97+00s 97.731000 97.974004 97.6410.06

ViT CIFAR10 83341024 83.741011 84.951020 83.7T1027 85474007 85.5410.30
Resnet18 ImageNet32 48.63 48.56 48.29 N/A 48.68 N/A
Resnet18 ImageNet1k 67.00 66.73 67.12 N/A 67.09 N/A
Transformer Shagéfs‘geare 9274019 8731013  T.6Tio1o N/A 8.8040 10 N/A
Transformer Tgrggg‘es 9.011022 8754000 7124003 N/A 8.651.0.03 N/A
LSTM Wikitext-2  75.331015 82.071016 75.5110.22 N/A 76.09.10.40 N/A

tying between embedding and last linear layer. All models are trained on SlimPajama-627B [72], a
cleaned and deduplicated version of RedPajama We report validation perplexity on a separate subset
of Slim-Pajama consisting of 10M tokens. The total compute is estimated following Kaplan et al.
[33], where the estimated number of floating-point operations (FLOPs) is 6 x Number of Parameters
x Number of Tokens.

Experiments of small and middle size are performed on 1xRTX 4090. We perform ImageNet32
experiments on 2xA100-40GB, and ImageNet1k experiments on 4xA100-SXM4-40GB. For pretrain-
ing Transformers on Language Modeling, we employ 8xH100-HBM3-80GB GPUs. With multiple
devices in use, we employ Distributed Data Parallel to parallelize the training process.
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Table 5: The best validation score (with one standard deviation; accuracy for computer vision tasks;
perplexity for NLP tasks) for the best learning rate choice for each method that supports diagonal
step-sizes and momentum.

Model Dataset Adam Momo-Adam  NGN-MDvi  NGN-MDv2 Lion Adabelief ~ Adabound
Resnet20 CIFAR10 86961070 89411036  89.531011  87.801016 88.094027 87.47i04s  85.0040.56
Resnet110 CIFAR100 64.12:004 67101053  66.101045 64.332040 61.85:077 65321043 61.2820.30
VGG16 CIFAR10 90.261025 90951025  90.641015  90.070.37 N/A N/A N/A
MLP MNIST 97441010 97961010 98101005 97.670.17 N/A N/A N/A
ViT CIFAR10 85.961005 85.741012  85.651010 86561011 86.89:010 85.05:047 80.32i0.47
Rott , 3 3 v oo
Transformer Torr(l)at?)gs 6.80+0.07 6.8140.05 6.9040.05 6.8310.05 N/A N/A N/A
) Ti
Transformer Shak;‘;‘gem 6.8010.05  6.800.05 6.891006  6.8210.05 N/A N/A N/A
LSTM PTB 70954008  71.094005  70.844020  71.37x0.17 N/A N/A N/A
LSTM Wikitext-2 81491149 82231064  75.241021 81.99:07s N/A N/A N/A
Resnet18 ImageNet32 48.11 48.09 48.06 47.55 N/A N/A N/A
Resnet18 ImageNetlk 67.17 67.06 67.15 67.32 N/A N/A N/A
ViT-Tiny ImageNetlk 71.054016 71.22:036  71.34510.92 N/A N/A N/A N/A
Tra"sgoorl\'}}e’** SlimPajama-627B  34.38.012 34961011  33.8410.3 N/A N/A N/A N/A
Tf"‘"slfg{)“l\}[e”* SlimPajama-627B  24.031002  24.294010  23.3240.06 N/A N/A N/A N/A
Transformer++ Sli . =
110M imPajama-627B  16.65100s  17.07=005  16.4810.03 N/A N/A N/A N/A
Tf"‘"Sf‘i‘é“e”* SlimPajama-627B 13.09 N/A 13.11 N/A N/A N/A N/A

J.2 Comparison Algorithms that Support Momentum

In the main paper, we provided the test performance only. Now we additionally illustrate the
performance of algorithms w.r.t. training loss convergence. Figure J.1 demonstrates that NGN-M is
the most robust algorithm for the choice of the step-size hyperparameter from this perspective as
well. In Figure J.1, we additionally demonstrate the performance of the algorithms on (VGG16 [70],
CIFAR10) and (MLP, MNIST) workloads where NGN-M matches the performance of the state-of-the-
art algorithms in this setting and archives higher resilience to the step-size hyperparameter choice.
The best performance results are reported in Table 4 and showcase that NGN-M always matches the
performance of other optimizers or improves it.

J.3 Comparison of Algorithms that Support Momentum and Diagonal Step-size

Next, we illustrate the performance of the algorithms that support both momentum and diagonal
step-size. According to the results in Figures J.2 and J.3, NGN-MDv1 achieves the best resilience to
the step-size hyperparameter choice among all considered algorithms. Again, NGN-MDv1 is the most
stable algorithm to the choice of step-size hyperparameter w.r.t. training loss convergence. Its best
performance is competitive to that of other algorithms but the step-size hyperparameter range that
gives such performance is wider.

Moreover, we support our claims about stability on additional workloads such as (VGG16, CIFAR10)
(in Figure J.1), (MLP, MNIST), (LSTM [26], PTB [50]), and (Transformer [35], Tiny Shakespeare
[34]) workloads. We observe that NGN-MDv1 attains higher robustness to the choice of the step-size
hyperparameter. Finally, the performance results on (LSTM, Wikitext-2 [49]) and (Transformer,
Rotten Tomatoes [57]) are reported in Table 5. The results demonstrate competitive performance of
NGN-MDv1 against other benchmarks across all considered workloads.

J.4 Additional ImageNet Experiments

Now we turn to the experiments involving training Resnet18 on ImageNetlk and ImageNet32. In
Figure J.4 we provide the train loss curves and results on (Resnetl8, ImageNet32) workload that
demonstrate that NGN-M and NDN-MDv1 attain better resilience to the step-size hyperparameter
choice than competitors not only from the train loss point of view as well. The best performance
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Figure J.1: Stability performance of algorithms supporting momentum varying step-size hyper-
arameter (c for NGN and NGN-M, «y for Momo, and step-size for SGDM). We observe that NGN-M
achieves the training loss close to the best possible for a wider range of the step-size hyperparameter.

of algorithms is provided in Table 4 and 5. According to them, both NGN-M and NGN-M achieve
competitive performance against considered benchmarks.

J.5 Additional Comparison against Lion, Adabelief, Adabound

This section compares algorithms from Section 5. Moreover, we include the comparison against Lion
[8], Adabound [47], and Adabelief [94]. The results are presented in Table 5.

We observe that NGN-MDv1 and NGN-MDv2 both achieve competitive performance across various
Deep Learning workloads. In Figure J.5, we observe that Lion, Adabound and Adabelief algorithms
do not match always the performance of NGN-MDv1 and Adam: Adabelief has worse performance
on (Resnet20, CIFAR10) workload; Adabound has worse performance on (Resnet20, CIFAR10),
(Resnet110, CIFAR100), and (ViT, CIFAR10) workloads; Lion has worse performance on (Resnet110,
CIFAR100) workload. Moreover, their resilience to the step-size hyperparameter choice is lower than
that of NGN-MDv1. To summarize, NGN-M and NGN-MDv1 are the most robust algorithms to the
choice of step-size hyperparameter.

J.6 Comparison of Adaptive Step-sizes of Adam, Momo-Adam, and NGN-MDv1

Next, we conduct experiments to compare the adaptive step-size of Adam, Momo-Adam, and
NGN-MDv1. Note that ResNet20 model consists of 3 base blocks, and each block has 3
convolution layers. In Figure J.6 we plot the average adaptive step-size of the layers j &
{layer1.0.conv1, layer2.0.convl, layer3.0.conv1} of ResNet20 that corresponds to the first convolu-
tion layer within each base block. Similarly, in Figure J.7 we plot the average adaptive step-size of
the layers j € {layer0.0.fn.to_qkv, layer3.0.fn.to_gkv, layer5.0.fn.to_qkv} that corresponds to the
attention layers of the first, fourth, and sixth base blocks.
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Adam). We observe that NGN-MDv1 achieves the training loss close to the best possible for a wider
range of the step-size hyperparameter.
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Figure J.3: Stability performance of algorithms supporting momentum and diagonal step-size varying
step-size hyperparameter (c for NGN-MDv1 and NGN-MDv2, oy for Momo-Adam, and step-size for
Adam). We observe that NGN-MDv1 achieves the training loss close to the best possible for a wider
range of the step-size hyperparameter.

Since the adaptivity of Adam is only in the second-order momentum applied as a normalization, in
our experiment we compare the following quantities
Y Tk
———— for Adam, ——— for Momo-Adam,
(Dr)() (Dx) )

where ~y is the step-size hyperparameter of Adam.

Let us first describe the results for ResNet20 in Figure J.6. We observe that NGN-MDv1 tends to set
smaller effective step-size compared to two other algorithms. This is especially visible for the large

DL for NGN-MDv1, (65)

(Dr) )
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Figure J.5: Stability performance of various optimizers for (Resnet20, CIFAR10), (Resnet110,
CIFAR100), (ViT, CIFAR10) workloads.

step-size hyperparameter values where the adaptive step-size of NGN-MDv1 is by several orders in
magnitude smaller than that of Adam and Momo-Adam. In contrast, the coordinate-wise adaptive
step-size of Momo-Adam is mostly follow that of Adam. Considering that the stability performance
of NGN-MDv1 is much higher for this task, this happens mainly due to the fact that the adaptation
mechanism of NGN-MDv1 step-size is more conservative than that of Momo-Adam.

Now we switch to the results on ViT model in Figure J.7. Here both Momo-Adam and NGN-MDv1
tend to utilize smaller effective coordinate-wise step-size, by several orders in magnitude smaller
than that of Adam. However, the adaptation mechanism of NGN-MDv1 is still more conservative
than that of Momo-Adam, especially for large step-size hyperparameters. We also highlight that in
this experiment the best performance of NGN-MDv1 is achieved with ¢ = 1073, When we vary the
step-size hyperparameter c, the effective coordinate-wise step-size does not change dramatically,
especially for layers.0.0.fin.to_qgkv layer.
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Figure J.6: The adaptive stepsize of Adam (first column), Momo-Adam (second column), and
NGN-MDv1 (third column) algorithms in training ResNet20 model on CIFARIO dataset. We plot the
average stepsize [ (for Adam), )
first convolution layer w1th1n each of 3 base blocks of ResNetZO arch1tecture varying the step-size
hyperparameter of the algorithms (c for NGN-M and NGN, «g for Momo, and learning rate parameter
for Adam).

J.7 Extended Comparison of Momentum-based Algorithms on NLP Tasks

We switch to comparison of NGN-M, Momo, NGN, and SGDM on NLP tasks. In particular, we
consider the training of Transformer (based on NanoGPT) on the Tiny Shakespeare and Rotten
Tomatoes datasets and LSTM on the Wikitext-2 dataset from Appendix J.3. We report the results
in Figure J.8 while the best performance is shown in Table 4. First, note that all algorithms do
not match the best performance of those that incorporate diagonal step-size and momentum (see
Table 5). Such results are expected since the training of NLP models has significantly different
coordinate-wise conditioning. Nonetheless, NGN-M algorithm achieves better resilience to the step-
size hyperparameter choice, especially in the training of Transformer models. Therefore, NGN-M
across various model architectures and task domains.

J.8 Comparison of Algorithms with Diagonal Step-size

Now we compare algorithms with diagonal step-size such as NGN-D, Adagrad [16], and RMSprop
[36]. Since NGN-D requires to find constants {c; }31:1 where d is the size of the model. Finding
sufficiently good constants c¢; might be a challenging task since d is a large number. Therefore, we
use RMSprop preconditioner Dy, to set them as ¢; = ¢/(Dy)(;). We leave the exploration of how to
set constants ¢; properly for future research.

For each method, we tune its learning rate hyperparameter over the powers of 10: {10=4,...,10%}
and present the best performance averaged across 3 random seeds in Table 6. We observe that NGN-D
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Figure J.7: The adaptive stepsize of Adam (first column), Momo-Adam (second column), and
NGN-MDv1 (third column) algorithms in training ViT model on CIFAR10 dataset. We plot the
average stepsize m (for Adam), ﬁ (for Momo-Adam), and (DZﬁ (for NGN-MDv1) for the
attention layer within each of the first, fourth, and sixth base blocks of ViT architecture varying the
step-size hyperparameter of the algorithms (c for NGN-M and NGN, oy for Momo, and learning rate
parameter for Adam).

Table 6: The best validation score (with one standard deviation; accuracy for image classification;
perplexity for language modeling) for the best learning rate choice for each method that supports
diagonal step-sizes.

Model Dataset Adagrad RMSprop NGN-D
Resnet20 CIFAR10 85.90:&0'30 86.7110,64 8649810‘15

Transformer Rotten Tomatoes T7.77+0.02 6.8740.05 6.9240.03

Transformer  Tiny Sheaksper 7.77+0.05 7.0040.13 6.9040.05
LSTM PTB 99.241913 69.0010.17 71.5440.11
LSTM Wikitext-2 113.1944.36  79.4840.45 75.4440.12

performs similarly to RMSprop. NGN-D has slightly worse performance on (LSTM, PTB) dataset
but significantly better on (LSTM, Wikitext-2) workload. Besides, Adagrad always has the worst
performance. Moreover, these algorithms do not have high resilience to the choice of hyperparameter.
Therefore, we omit their comparison from this perspective.

J.9 Effective Step-size of NGN-M, Momo, NGN-MDv1, and Momo-Adam

Next, we compare the effective step-size applied throughout the training with NGN-M, Momo, NGN-
MDv1, and Momo-Adam in Figures J.9 and J.10. First, both NGN-M and Momo perform a warm-up
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Figure J.8: Stability performance of algorithms supporting momentum and diagonal step-size varying
step-size hyperparameter (c for NGN-M and NGN, a9 for Momo, and step-size for SGDM). We observe
that NGN-M achieves the training loss close to the best possible for a wider range of the step-size
hyperparameter.

1430 in the beginning: the effective step-size increases at the beginning of the training. Then we observe
1431 the main difference between the two algorithms above: effective step-size of Momo for sufficiently
1432 large step-size hyperparameter is not adaptive within some part of the training, it always hits the
1433 upper bound. Consequently, during that part of the training Momo reduces to SGDM. In contrast, the
1434 effective step-size of NGN-M is always adaptive: it gradually decreases after a short warm-up. This
1435 trend is similar to the state-of-the-art learning rate schedulers used in practice. Similar observations
1436 can be made in comparison of NGN-MDv1 and Momo-Adam.
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Figure J.9: The step-size of Momo and NGN-M during the training. We demonstrate the step-sizes 7
for Momo and ~;, for NGN-M varying step-size parameters oy for Momo and c for NGN-M.

1437 J.10 Effective Updates in Training Language Models

1438 In this section, we demonstrate the magnitude of updates when training 160M language model with
1439 Adam and NGN-MDv1 and varying the step-size hyperparameter across different layers of the model:
1440 see the results in Figures J.11 to J.13. We demonstrate that NGN-MDv1 is a more conservative
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algorithm: the effective update is smaller than that of Adam due to the adaptive nature of the step-size.
This is especially evident when training 160M language model with a step-size hyperparameter 0.03:
The updates of Adam become considerably larger than the update of NGN-MDv1. This property is
a key factor behind the difference in training dynamics: NGN-MDv1 can stabilize at a significantly
lower training loss.
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and step-size hyperparameter 0.01.

1446

1447

57

J.11 Training Dynamics in Training Language Models

Now we report the training dynamics in the training language across all tested sizes.
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and step-size hyperparameter 0.03.
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