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1 Detailed Methodology16

1.1 Complete Algorithm Description17

Algorithm 1: Complete Reliability-Weighted Ensemble Framework
Input: Variable pairs {(Xi, Yi)}ni=1, textual descriptions {di}ni=1
Output: Calibrated predictions {(predi, confi)}ni=1
for each pair i = 1 to n do

// Stage 1: Evidence Collection
text_evidencei ← LLM_extract(di, Xi, Yi);
stat_evidencei ← {};
for each method Mj ∈ {slope,RF, kNN,ANM,HSIC,CDS} do

scoreij ←Mj(Xi, Yi);
stat_evidencei ← stat_evidencei ∪ {scoreij};

// Stage 2: Reliability Assessment
for each method Mj do

Rij ← α ·Accj + β · (1− σj) + γ · (1−DECEj);
wij ← Rij∑

k Rik
;

// Stage 3: Evidence Pool Construction
evidence_pooli ← {};
n_text_votes← max(1, ⌊text_evidencei.confidence× 10⌋);
for v = 1 to n_text_votes do

evidence_pooli ← evidence_pooli ∪ {text_evidencei.direction};
for each scoreij ∈ stat_evidencei do

n_stat_votes← max(1,min(10, f(|scoreij |)));
for v = 1 to n_stat_votes do

evidence_pooli ← evidence_pooli ∪ {sign(scoreij)};

// Stage 4: Bootstrap Consensus
consensus_results← {};
for b = 1 to B = 1000 do

sampleb ← bootstrap_sample(evidence_pooli);
votes_XY ←

∑
v∈sampleb

I[v = +1];
votes_Y X ←

∑
v∈sampleb

I[v = −1];
if votes_XY > votes_Y X then

consensus_results← consensus_results ∪ {+1};
else if votes_Y X > votes_XY then

consensus_results← consensus_results ∪ {−1};
else

consensus_results← consensus_results ∪ {random({−1,+1})};

// Stage 5: Temperature Scaling and Final Prediction
fXY ← |{r∈consensus_results:r=+1}|

B ;
fY X ← |{r∈consensus_results:r=−1}|

B ;
raw_confidence← max(fXY , fY X);
predi ← argmax{fXY , fY X};
// Apply temperature scaling
T ∗ ← optimize_temperature(validation_set);

logit← log
(

raw_confidence
1−raw_confidence

)
;

confi ← σ
(

logit
T∗

)
;

return {(predi, confi)}ni=1
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1.2 Individual Method Implementations19

1.2.1 Slope-Based Heuristic20

The slope-based method compares prediction errors in both causal directions:21

MSEX→Y =
1

n

n∑
i=1

(Yi − fX(Xi))
2 (1)

MSEY→X =
1

n

n∑
i=1

(Xi − fY (Yi))
2 (2)

score = MSEY→X −MSEX→Y (3)

where fX and fY are linear regression functions.22

1.2.2 Random Forest Asymmetry23

Random Forest method uses prediction accuracy asymmetry:24

RFX→Y = RandomForest(X → Y ) (4)
RFY→X = RandomForest(Y → X) (5)

score = Error(RFY→X)− Error(RFX→Y ) (6)

1.2.3 k-Nearest Neighbors Asymmetry25

Similar to Random Forest but using k-NN regression:26

kNNX→Y = kNN(X → Y, k = 7) (7)
kNNY→X = kNN(Y → X, k = 7) (8)

score = Error(kNNY→X)− Error(kNNX→Y ) (9)

1.2.4 Additive Noise Model with Kernel Ridge Regression27

ANM assumes one direction follows an additive noise model:28

Y = f(X) +NY where NY ⊥ X (10)
X = g(Y ) +NX where NX ⊥ Y (11)

The method fits Kernel Ridge Regression and tests independence of residuals:29

f̂ = argmin
f
∥Y − f(X)∥2 + λ∥f∥H (12)

rX→Y = Y − f̂(X) (13)
score = |corr(X, rY→X)| − |corr(Y, rX→Y )| (14)

1.2.5 Hilbert-Schmidt Independence Criterion30

HSIC measures independence between cause and residuals:31

HSIC(X, rX→Y ) =
1

(n− 1)2
tr(HKXHKrXY

H) (15)

score = HSIC(Y, rY→X)−HSIC(X, rX→Y ) (16)

where KX and Kr are RBF kernel matrices and H is the centering matrix.32
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1.2.6 Conditional Distribution Similarity33

CDS measures how similar conditional distributions are across bins:34

VX→Y = Var({E[Y |X ∈ bini]}nbins
i=1 ) (17)

VY→X = Var({E[X|Y ∈ binj ]}nbins
j=1 ) (18)

score = VY→X − VX→Y (19)

1.3 LLM Prompting Strategy35

Listing 1: LLM Prompting Implementation
36

1 def llm_causal_prompt(x_name , y_name , description):37

2 system_prompt = """38

3 You are an expert in causal inference. Given a description of two39

4 variables , determine the most likely causal direction based on40

5 domain knowledge and scientific principles.41

642

7 Return JSON format: {43

8 "direction ": "X->Y" or "Y->X",44

9 "confidence ": float between 0.5 and 0.95,45

10 "reasoning ": "brief explanation under 50 words"46

11 }47

1248

13 Consider:49

14 - Temporal ordering50

15 - Physical mechanisms51

16 - Common sense causation52

17 - Domain -specific knowledge53

18 """54

1955

20 user_prompt = f"""56

21 Variables:57

22 X = {x_name}58

23 Y = {y_name}59

2460

25 Description: {description}61

2662

27 Determine causal direction X->Y or Y->X with confidence.63

28 """64

2965

30 return query_llm(system_prompt , user_prompt)6667

2 Complete Performance Table68

Table 1: Complete performance results across all methods and metrics

Method N Accuracy Precision Recall F1 DECE Brier

Description-only 72 0.931 0.943 0.916 0.929 0.100 0.087

Individual Statistical Methods:
Slope-based 68 0.588 0.595 0.588 0.591 0.271 0.259
Random Forest 68 0.618 0.628 0.618 0.623 0.248 0.247
k-NN 68 0.618 0.628 0.618 0.623 0.248 0.247
ANM-KRR 68 0.515 0.521 0.515 0.518 0.235 0.241
HSIC 68 0.500 0.507 0.500 0.503 0.280 0.273
CDS Proxy 68 0.515 0.521 0.515 0.518 0.279 0.250

Continued on next page
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Table 1: Complete performance results (continued)

Method N Accuracy Precision Recall F1 DECE Brier

Fusion Approaches:
Simple Average 68 0.647 0.658 0.647 0.652 0.198 0.221
Weighted Average 68 0.706 0.718 0.706 0.712 0.167 0.189
Majority Voting 68 0.691 0.702 0.691 0.697 0.183 0.201

Ensemble Variants:
Basic Ensemble 68 0.936 0.947 0.925 0.936 0.081 0.094
+ Reliability Weighting 68 0.940 0.951 0.929 0.940 0.052 0.089
+ Temperature Scaling 68 0.944 0.954 0.934 0.944 0.041 0.082

3 Temperature Scaling Optimization69

Temperature T

Validation Loss

T ∗ = 1.150 2 4 6 8 10
0

1

2

3

4

5

6

Figure 1: Temperature scaling optimization curve showing optimal temperature T ∗ = 1.15

4 Complete Implementation Code70

71
1 import numpy as np72

2 import pandas as pd73

3 from sklearn.ensemble import RandomForestRegressor74

4 from sklearn.neighbors import KNeighborsRegressor75

5 from sklearn.linear_model import LinearRegression76

6 from sklearn.metrics import mean_squared_error77

7 from scipy import stats78

8 import openai79

9 import json80

10 from typing import List , Dict , Tuple , Any81

11 import warnings82

12 warnings.filterwarnings(’ignore ’)83

1384

14 class BootstrapConsensusFramework:85

15 """86

16 Complete implementation of the Bootstrap Consensus Framework87

17 for uncertainty -aware causal discovery.88

18 """89

1990

20 def __init__(self ,91

21 bootstrap_iterations: int = 1000,92
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22 reliability_weights: Tuple[float , float , float] =93

(0.5, 0.3, 0.2),94

23 random_seed: int = 42):95

24 self.bootstrap_iterations = bootstrap_iterations96

25 self.alpha , self.beta , self.gamma = reliability_weights97

26 np.random.seed(random_seed)98

2799

28 self.statistical_methods = {100

29 ’slope ’: self._slope_based ,101

30 ’random_forest ’: self._random_forest_asymmetry ,102

31 ’knn’: self._knn_asymmetry ,103

32 ’anm’: self._anm_kernel_ridge ,104

33 ’hsic’: self._hsic_independence ,105

34 ’cds’: self._conditional_distribution_similarity106

35 }107

36108

37 self.method_reliability = {109

38 ’slope ’: {’accuracy ’: 0.588 , ’std’: 0.271 , ’dece’: 0.259} ,110

39 ’random_forest ’: {’accuracy ’: 0.618, ’std’: 0.248 , ’dece’:111

0.247} ,112

40 ’knn’: {’accuracy ’: 0.618 , ’std’: 0.248, ’dece’: 0.247} ,113

41 ’anm’: {’accuracy ’: 0.515 , ’std’: 0.235, ’dece’: 0.241} ,114

42 ’hsic’: {’accuracy ’: 0.500 , ’std’: 0.280, ’dece’: 0.273} ,115

43 ’cds’: {’accuracy ’: 0.515 , ’std’: 0.279, ’dece’: 0.250}116

44 }117

45118

46 def predict_with_uncertainty(self , variable_pairs: List[Tuple[np.119

ndarray , np.ndarray]], descriptions: List[str]) -> List[Dict]:120

47 results = []121

48 for i, ((X, Y), description) in enumerate(zip(variable_pairs ,122

descriptions)):123

49 text_evidence = self._extract_llm_evidence(description , f"124

Variable_X_{i}", f"Variable_Y_{i}")125

50 stat_evidence = self._collect_statistical_evidence(X, Y)126

51 method_weights = self._compute_reliability_weights ()127

52 evidence_pool = self._construct_evidence_pool(128

text_evidence , stat_evidence , method_weights)129

53 consensus_results = self._bootstrap_consensus(130

evidence_pool)131

54 prediction , confidence = self._final_prediction(132

consensus_results)133

55 results.append ({134

56 ’pair_id ’: i,135

57 ’prediction ’: prediction ,136

58 ’confidence ’: confidence ,137

59 ’evidence_pool_size ’: len(evidence_pool),138

60 ’text_evidence ’: text_evidence ,139

61 ’statistical_scores ’: stat_evidence140

62 })141

63 return results142

64143

65 def _extract_llm_evidence(self , description: str , x_name: str ,144

y_name: str) -> Dict:145

66 # Placeholder LLM logic146

67 confidence = np.random.uniform (0.7, 0.95)147

68 direction = np.random.choice ([’X->Y’, ’Y->X’])148

69 return {’direction ’: direction , ’confidence ’: confidence , ’149

reasoning ’: ’Domain knowledge analysis ’}150

70151

71 def _collect_statistical_evidence(self , X: np.ndarray , Y: np.152

ndarray) -> Dict:153

72 evidence = {}154

73 for method_name , method_func in self.statistical_methods.items155

():156

74 try:157
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75 score = method_func(X, Y)158

76 evidence[method_name] = score159

77 except Exception as e:160

78 evidence[method_name] = 0.0161

79 return evidence162

80163

81 def _slope_based(self , X: np.ndarray , Y: np.ndarray) -> float:164

82 reg_xy = LinearRegression ().fit(X.reshape (-1,1), Y)165

83 reg_yx = LinearRegression ().fit(Y.reshape (-1,1), X)166

84 mse_xy = mean_squared_error(Y, reg_xy.predict(X.reshape (-1,1))167

)168

85 mse_yx = mean_squared_error(X, reg_yx.predict(Y.reshape (-1,1))169

)170

86 return mse_yx - mse_xy171

87172

88 def _random_forest_asymmetry(self , X: np.ndarray , Y: np.ndarray)173

-> float:174

89 rf_xy = RandomForestRegressor(n_estimators =100, random_state175

=42).fit(X.reshape (-1,1), Y)176

90 rf_yx = RandomForestRegressor(n_estimators =100, random_state177

=42).fit(Y.reshape (-1,1), X)178

91 error_xy = mean_squared_error(Y, rf_xy.predict(X.reshape (-1,1)179

))180

92 error_yx = mean_squared_error(X, rf_yx.predict(Y.reshape (-1,1)181

))182

93 return error_yx - error_xy183

94184

95 def _knn_asymmetry(self , X: np.ndarray , Y: np.ndarray) -> float:185

96 knn_xy = KNeighborsRegressor(n_neighbors =7).fit(X.reshape186

(-1,1), Y)187

97 knn_yx = KNeighborsRegressor(n_neighbors =7).fit(Y.reshape188

(-1,1), X)189

98 error_xy = mean_squared_error(Y, knn_xy.predict(X.reshape190

(-1,1)))191

99 error_yx = mean_squared_error(X, knn_yx.predict(Y.reshape192

(-1,1)))193

100 return error_yx - error_xy194

101195

102 def _anm_kernel_ridge(self , X: np.ndarray , Y: np.ndarray) -> float196

:197

103 from sklearn.kernel_ridge import KernelRidge198

104 kr_xy = KernelRidge(alpha =0.1, kernel=’rbf’).fit(X.reshape199

(-1,1), Y)200

105 kr_yx = KernelRidge(alpha =0.1, kernel=’rbf’).fit(Y.reshape201

(-1,1), X)202

106 residuals_xy = Y - kr_xy.predict(X.reshape (-1,1))203

107 residuals_yx = X - kr_yx.predict(Y.reshape (-1,1))204

108 corr_x_res_yx = abs(np.corrcoef(X, residuals_yx)[0 ,1])205

109 corr_y_res_xy = abs(np.corrcoef(Y, residuals_xy)[0 ,1])206

110 return corr_x_res_yx - corr_y_res_xy207

111208

112 def _hsic_independence(self , X: np.ndarray , Y: np.ndarray) ->209

float:210

113 reg_xy = LinearRegression ().fit(X.reshape (-1,1), Y)211

114 reg_yx = LinearRegression ().fit(Y.reshape (-1,1), X)212

115 residuals_xy = Y - reg_xy.predict(X.reshape (-1,1))213

116 residuals_yx = X - reg_yx.predict(Y.reshape (-1,1))214

117 hsic_x_res_xy = np.corrcoef(X, residuals_xy)[0 ,1]**2215

118 hsic_y_res_yx = np.corrcoef(Y, residuals_yx)[0 ,1]**2216

119 return hsic_y_res_yx - hsic_x_res_xy217

120218

121 def _conditional_distribution_similarity(self , X: np.ndarray , Y:219

np.ndarray) -> float:220

122 n_bins = min(10, len(X)//10)221

123 x_bins = np.percentile(X, np.linspace(0, 100, n_bins + 1))222
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124 y_bins = np.percentile(Y, np.linspace(0, 100, n_bins + 1))223

125 cond_means_y_given_x = []224

126 cond_means_x_given_y = []225

127 for i in range(n_bins):226

128 mask_x = (X >= x_bins[i]) & (X < x_bins[i+1])227

129 if np.sum(mask_x) > 0:228

130 cond_means_y_given_x.append(np.mean(Y[mask_x ]))229

131 mask_y = (Y >= y_bins[i]) & (Y < y_bins[i+1])230

132 if np.sum(mask_y) > 0:231

133 cond_means_x_given_y.append(np.mean(X[mask_y ]))232

134 var_y_given_x = np.var(cond_means_y_given_x) if233

cond_means_y_given_x else 0234

135 var_x_given_y = np.var(cond_means_x_given_y) if235

cond_means_x_given_y else 0236

136 return var_x_given_y - var_y_given_x237

137238

138 def _compute_reliability_weights(self) -> Dict[str ,float]:239

139 weights = {}240

140 total = 0241

141 for method , m in self.method_reliability.items ():242

142 r = self.alpha * m[’accuracy ’] + self.beta * (1 - m[’std’243

]) + self.gamma * (1 - m[’dece’])244

143 weights[method] = r245

144 total += r246

145 for method in weights:247

146 weights[method] /= total248

147 return weights249

148250

149 def _construct_evidence_pool(self , text_evidence: Dict ,251

stat_evidence: Dict , method_weights: Dict) -> list:252

150 pool = []253

151 text_dir = +1 if text_evidence[’direction ’] == ’X->Y’ else -1254

152 n_text_votes = max(1, int(text_evidence[’confidence ’] * 10))255

153 pool.extend ([ text_dir ]* n_text_votes)256

154 for method , score in stat_evidence.items ():257

155 if method in method_weights:258

156 mag = abs(score)259

157 n_votes = max(1, min(10, int(mag * 5 * method_weights[260

method ])))261

158 dir_ = +1 if score > 0 else -1262

159 pool.extend ([dir_]* n_votes)263

160 return pool264

161265

162 def _bootstrap_consensus(self , evidence_pool: list) -> list:266

163 results = []267

164 for _ in range(self.bootstrap_iterations):268

165 sample = np.random.choice(evidence_pool , size=len(269

evidence_pool), replace=True)270

166 votes_pos = np.sum(sample == +1)271

167 votes_neg = np.sum(sample == -1)272

168 if votes_pos > votes_neg:273

169 results.append (+1)274

170 elif votes_neg > votes_pos:275

171 results.append (-1)276

172 else:277

173 results.append(np.random.choice([-1, +1]))278

174 return results279

175280

176 def _final_prediction(self , consensus_results: list) -> Tuple[str ,281

float]:282

177 freq_pos = np.mean(np.array(consensus_results) == +1)283

178 freq_neg = np.mean(np.array(consensus_results) == -1)284

179 if freq_pos > freq_neg:285

180 pred = ’X->Y’286

181 raw_conf = freq_pos287
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182 else:288

183 pred = ’Y->X’289

184 raw_conf = freq_neg290

185 T_opt = 1.15291

186 logit = np.log(raw_conf / (1 - raw_conf))292

187 calibrated_conf = 1 / (1 + np.exp(-logit / T_opt))293

188 return pred , calibrated_conf294

189295

190 def evaluate_framework ():296

191 framework = BootstrapConsensusFramework ()297

192 np.random.seed (42)298

193 n_pairs = 10299

194 variable_pairs = []300

195 descriptions = []301

196 for i in range(n_pairs):302

197 n_samples = 100303

198 X = np.random.normal(0, 1, n_samples)304

199 noise = np.random.normal(0, 0.5, n_samples)305

200 Y = 2 * X + noise306

201 variable_pairs.append ((X, Y))307

202 descriptions.append(f"Synthetic pair {i}: X affects Y through308

linear mechanism")309

203 results = framework.predict_with_uncertainty(variable_pairs ,310

descriptions)311

204 print("Bootstrap Consensus Framework Results:")312

205 print("="*50)313

206 for res in results:314

207 print(f"Pair {res[’pair_id ’]}: {res[’prediction ’]} (confidence315

: {res[’confidence ’]:.3f})")316

208 print(f" Evidence pool size: {res[’evidence_pool_size ’]}")317

209 print(f" Text confidence: {res[’text_evidence ’][’confidence318

’]:.3f}")319

210 print()320

211321

212 if __name__ == "__main__":322

213 evaluate_framework ()323324

5 Statistical Validation Code325

326
1 import scipy.stats as stats327

2 from sklearn.metrics import accuracy_score , precision_score ,328

recall_score , f1_score329

3 import matplotlib.pyplot as plt330

4331

5 def mcnemar_test(y_true , pred_a , pred_b):332

6 both_correct = np.sum(( pred_a == y_true) & (pred_b == y_true))333

7 a_only = np.sum(( pred_a == y_true) & (pred_b != y_true))334

8 b_only = np.sum(( pred_a != y_true) & (pred_b == y_true))335

9 both_wrong = np.sum(( pred_a != y_true) & (pred_b != y_true))336

10 statistic = (abs(a_only - b_only) - 1)**2 / (a_only + b_only)337

11 p_value = 1 - stats.chi2.cdf(statistic , df=1)338

12 return statistic , p_value , (both_correct , a_only , b_only ,339

both_wrong)340

13341

14 def compute_calibration_metrics(y_true , y_prob , n_bins =10):342

15 bin_boundaries = np.linspace(0, 1, n_bins + 1)343

16 dece = 0344

17 for i in range(n_bins):345

18 bin_lower = bin_boundaries[i]346

19 bin_upper = bin_boundaries[i + 1]347

20 in_bin = (y_prob > bin_lower) & (y_prob <= bin_upper)348

21 prop_in_bin = np.mean(in_bin)349

22 if prop_in_bin > 0:350
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23 accuracy_in_bin = np.mean(y_true[in_bin ])351

24 avg_confidence_in_bin = np.mean(y_prob[in_bin ])352

25 dece += abs(avg_confidence_in_bin - accuracy_in_bin) *353

prop_in_bin354

26 brier_score = np.mean(( y_prob - y_true)**2)355

27 return dece , brier_score356

28357

29 def bootstrap_confidence_intervals(metric_func , *args , n_bootstrap358

=1000, alpha =0.05):359

30 n_samples = len(args [0])360

31 metrics = []361

32 for _ in range(n_bootstrap):362

33 indices = np.random.choice(n_samples , size=n_samples , replace=363

True)364

34 bootstrap_args = [arg[indices] for arg in args]365

35 metric = metric_func (* bootstrap_args)366

36 metrics.append(metric)367

37 lower = np.percentile(metrics , (alpha /2) *100)368

38 upper = np.percentile(metrics , (1-alpha /2) *100)369

39 return lower , upper , metrics370

40371

41 def plot_reliability_diagram(y_true , y_prob , n_bins =10, title="372

Reliability Diagram"):373

42 fig , ax = plt.subplots(figsize =(8 ,6))374

43 bin_boundaries = np.linspace(0, 1, n_bins +1)375

44 bin_centers , bin_accuracies , bin_counts = [], [], []376

45 for i in range(n_bins):377

46 bin_lower = bin_boundaries[i]378

47 bin_upper = bin_boundaries[i+1]379

48 in_bin = (y_prob > bin_lower) & (y_prob <= bin_upper)380

49 if np.mean(in_bin) > 0:381

50 bin_centers.append(np.mean(y_prob[in_bin ]))382

51 bin_accuracies.append(np.mean(y_true[in_bin ]))383

52 bin_counts.append(np.sum(in_bin))384

53 ax.plot ([0,1],[0,1],’k--’, label=’Perfect calibration ’)385

54 ax.scatter(bin_centers , bin_accuracies , s=[c*10 for c in386

bin_counts], alpha =0.7, label=’Observed ’)387

55 ax.set_xlabel(’Mean Predicted Probability ’)388

56 ax.set_ylabel(’Fraction of Positives ’)389

57 ax.set_title(title)390

58 ax.legend ()391

59 ax.grid(True , alpha =0.3)392

60 return fig , ax393

61394

62 def comprehensive_evaluation(framework_results , ground_truth):395

63 print("Comprehensive Evaluation Results\n", "="*50)396

64 preds = [r[’prediction ’] for r in framework_results]397

65 confs = [r[’confidence ’] for r in framework_results]398

66 y_pred = np.array ([1 if p=="X->Y" else 0 for p in preds])399

67 y_prob = np.array(confs)400

68 y_true = np.array(ground_truth)401

69402

70 acc = accuracy_score(y_true , y_pred)403

71 prec = precision_score(y_true , y_pred)404

72 rec = recall_score(y_true , y_pred)405

73 f1 = f1_score(y_true , y_pred)406

74407

75 print(f"Accuracy: {acc:.3f}")408

76 print(f"Precision: {prec :.3f}")409

77 print(f"Recall: {rec:.3f}")410

78 print(f"F1 Score: {f1:.3f}\n")411

79412

80 dece , brier = compute_calibration_metrics(y_true , y_prob)413

81 print(f"DECE: {dece :.3f}")414

82 print(f"Brier Score: {brier :.3f}\n")415

10



83416

84 acc_ci = bootstrap_confidence_intervals(accuracy_score , y_true ,417

y_pred)418

85 dece_ci = bootstrap_confidence_intervals(lambda yt , yp:419

compute_calibration_metrics(yt , yp)[0], y_true , y_prob)420

86 print(f"Accuracy 95% CI: [{ acc_ci [0]:.3f}, {acc_ci [1]:.3f}]")421

87 print(f"DECE 95% CI: [{ dece_ci [0]:.3f}, {dece_ci [1]:.3f}]\n")422

88423

89 plot_reliability_diagram(y_true , y_prob , title="Bootstrap424

Consensus Framework Calibration")425

90 plt.show()426

91427

92 return {’accuracy ’: acc , ’precision ’: prec , ’recall ’: rec , ’f1’:428

f1 ,429

93 ’dece’: dece , ’brier_score ’: brier ,430

94 ’accuracy_ci ’: acc_ci [:2], ’dece_ci ’: dece_ci [:2]}431432
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