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ABSTRACT

Bi-level optimization has achieved considerable success in contemporary machine
learning applications, especially for given proper hyperparameters. However,
due to the two-level optimization structure, commonly, researchers focus on two
types of bi-level optimization methods: approximate implicit differentiation (AID)-
based and iterative differentiation (ITD)-based approaches. ITD-based methods
can be readily transformed into single-level optimization problems, facilitating
the study of their generalization capabilities. In contrast, AID-based methods
cannot be easily transformed similarly but must stay in the two-level structure,
leaving their generalization properties enigmatic. In this paper, although the
outer-level function is nonconvex, we ascertain the uniform stability of AID-based
methods, which achieves similar results to a single-level nonconvex problem. We
conduct a convergence analysis for a carefully chosen step size to maintain stability.
Combining the convergence and stability results, we give the generalization ability
of AID-based bi-level optimization methods. Furthermore, we carry out an ablation
study of the parameters and assess the performance of these methods on real-world
tasks. Our experimental results corroborate the theoretical findings, demonstrating
the effectiveness and potential applications of these methods.

1 INTRODUCTION

As machine learning continues to evolve rapidly, the complexity of tasks assigned to machines has
increased significantly. Thus, formulating machine learning tasks as simple minimization problems is
not enough for complex tasks. This scenario is particularly evident in the scenarios of meta-learning
and transfer learning tasks. To effectively tackle these intricate tasks, researchers have turned to the
formulation of problems as bi-level formulas. Conceptually, this can be represented as follows:

1 ¢ 1o

min — z,y"(x),&), st. y*(x) € arg min — x,y,Ci) g, 1
e n;f( Y (x),&) y'(z) € arg min q;g( NS §))
where d; and d, are the dimensions of variables x and y, respectively. &; represents samples from
D, € Z7, while (; are samples from D; € Z!, where Z, and Z,; are the sample space of the
upper-level problem and the lower-lever problem, respectively. Functions f and g are nonconvex yet
smooth, with f applying to both x and y, while g is strongly convex and smooth for y.

Consider the example of hyper-parameter tuning. In this context, x is treated as the hyper-parameters,
while y represents the model parameters. The optimal model parameters under the training set D; can
be expressed as y* (x) when a hyperparameter x is given. The performance of these parameters is then
evaluated on the validation set D,,. Yet, in practice, gathering validation data can be costly, leading to
the crucial question of the solution’s generalizability from the validation set to real scenarios.

The solutions to such bi-level optimization problems in the machine learning community have
conventionally relied on two popular methods: Approximate Implicit Differentiation (AID)-based
methods and Iterative Differentiation (ITD)-based methods. While ITD-based methods are intuitive
and easy to implement, they are memory-intensive due to their dependency on the optimization
trajectory of y. AID-based methods, on the other hand, are more memory-efficient.

Recently, Bao et al. (2021) have proposed a uniform stability framework that quantifies the maximum
difference between the performance on the validation set and test set for bi-level formulas, which
belongs to ITD-based methods. For ITD-based methods, the trajectory of y can be easily written as a
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function of current iterates x making it easy to be analyzed as a single-level optimization method.
However, for AID-based methods, a similar analysis is complex due to the dependence of the current
iterates x and y on previous ones, making generalization a challenge.

In this paper, we focus on studying the uniform stability framework for AID-based methods. We
present a stability analysis for non-convex optimization with various learning rate configurations. A
noteworthy finding is that when the learning rate is set to O(1/t), we can attain results analogous
to those in single-loop nonconvex optimization. Furthermore, we present convergence results for
AID-based methods and highlight the trade-off between optimization error and generalization gaps.

In summary, our main contributions are as follows:

* We have developed a novel analysis framework aimed at examining multi-level variables
within the stability of bi-level optimization. This framework provides a structured methodol-
ogy to examine the behavior of these multi-level variables.

* Our study reveals the uniform stability of AID-based methods under a set of mild conditions.
Notably, the stability bounds we’ve determined are analogous to those found in nonconvex
single-level optimization and ITD-based bi-level methods. This finding is significant as it
supports the reliability of AID-based methods.

* By integrating convergence analysis into our research, we’ve been able to unveil the general-
ization gap results for certain optimization errors. These findings enhance our understanding
of the trade-offs between approximation and optimization in the learning algorithms. Fur-
thermore, they provide practical guidance on how to manage and minimize these gaps,
thereby improving the efficiency and effectiveness of bi-level optimization methods.

2 RELATED WORK

Bilevel Optimization. Franceschi et al. (2017; 2018) use bilevel optimization to solve the hy-
perparameter problem. Besides, Finn et al. (2017) and Rajeswaran et al. (2019) leverage bilevel
optimization to solve the few-shot meta-learning problem. Besides the above research areas, re-
searchers also apply bi-level to solve neural architecture search problems. Liu et al. (2018), Jenni and
Favaro (2018), and Dong et al. (2020) all demonstrate the effectiveness of bilevel optimization for
this task. Additionally, bilevel optimization can be used to solve min-max problems, which arise in
adversarial training. Li et al. (2018) and Pfau and Vinyals (2016) use bilevel optimization to improve
the robustness of neural networks. Moreover, researchers explore the use of bilevel optimization for
reinforcement learning. Pfau and Vinyals (2016) and Wang et al. (2020) use bilevel optimization to
improve the efficiency and effectiveness of reinforcement learning algorithms. In addition, Ghadimi
and Wang (2018), Hong et al. (2020), Dagréou et al. (2022), Tarzanagh et al. (2022) and Chen et al.
(2022) show the convergence of various types of bi-level optimization methods under stochastic,
finite-sum, higher-order smoothness, federated learning, and decentralized settings, respectively.

Stability and Generalization Analysis. Bousquet and Elisseeft (2002) propose that by changing one
data point in the training set, one can show the generalization bound of a learning algorithm. They
define the different performances of an algorithm when changing the training set as stability. Later
on, people extend the definition in various settings, Elisseeff et al. (2005) and Hardt et al. (2016)
extend the algorithm from deterministic algorithms to stochastic algorithms. Hardt et al. (2016) gives
an expected upper bound instead of a uniform upper bound. Chen et al. (2018) derive minimax lower
bounds for single-level minimization tasks. Ozdaglar et al. (2022) and Xiao et al. (2022) consider the
generalization metric of minimax setting, and Bao et al. (2021) extend the stability to bi-level settings.
Different from the previous works, as far as we know, we are the first work that gives stability analysis
for AID-based bi-level optimization methods.

3 PRELIMINARY

In this section, we explore two distinct types of algorithms: the AID-based algorithm (referenced as
Algorithm 1) and the ITD-based algorithm (referenced as Algorithm 2). Further, we will give the
decomposition of generalization error for bi-level problems.

3.1 BI-LEVEL OPTIMIZATION ALGORITHMS
Before delving into the detailed operation of the AID-based methods, it is crucial to compre-

hend the underlying proposition that governs its update rules. Let us define a function ®(z) =
L3 f(z,y*(x),&). This function has the gradient property as stated below:
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Algorithm 1 AID Bi-level Optimization Algorithm

1: Initilize xo, yo, Mo, choose stepsizes {Nz, }1=1, {My. =1, {Nm. }i=1, 1= and zo.
2: fort=1,---,Tdo
(K) (1),

3:  Initial z{ = zp, sample (t(l), G

4. fork=1,---,Kdo

5 2 =2 (Vi@ g, ()2 T = Yy f (@1, e, €0));
6:  end for

7:  Sample Ct(KH)» Ct(KJrz);

8:

K+1
Yt = Yt—1 — Ny, (Vyg(Te—1, 421, t( * )))’
P (K+42)

9 = (1= D)Mo+, (Vo f (@ 1,001, 67) = V2,9(we1,m01, ] )zt)
10: Tt = Te—1 — Na, Mt

11: end for

12: Output z7, y1;

il

Algorithm 2 ITD Bi-level Optimization Algorithm
1: Initilize o, choose stepsizes {Nz, }re1, {My). Fet, Yo-
2: fort=1,---,T do

Initial 4§ = yo;

fork=1,--- ,Kdo

Sample {,Sk);
yr =yt
end for

Sample 551)

) K
9 g =Vaf(we1,uf &) — 22V, fm1,yt V)

10: @t =Tt—1 — Nay Gt

11: end for

12: Output z7, yX ;

_ k
_nyk(vyg(‘rt*1>yf ! t()));

A A

Proposition 1 (Lemma 2.1 in Ghadimi and Wang (2018)). The gradient of the function ®(x) can be
given as

V(@) = =3 Vaf(ay (@),6)
— (; Z viyg(mv y*(m)v CJ)) (; Z v;yg(xvy*(x)v CJ)) <Tll Z vyf(xvy*(x)7£1)> .

This proposition is derived from the Implicit Function Theorem, a foundational concept in calculus.
Consequently, we name the algorithm based on this proposition as the Approximate Implicit Differ-
entiation (AID)-based method. The operation of this algorithm involves a sequence of updates, which
are performed as follows:

Initially, we approximate y*(w;_1) with y,_;, and we use 2z to approximate

(% i1 Viyg(x, y*(x), Cj))’l(% S Vyf(z,y*(z),&)) . This approximation is formu-
lated as a minimization problem with a quadratic objective function. We solve this quadratic function
using Stochastic Gradient Descent (SGD) and then perform another round of SGD on y and SGD
with momentum on z. The AID algorithm is shown as the Algorithm 1.

Contrarily, the ITD-based methods adopt a different approach. These methods approximate the
gradient of x using the chain rules. Here, y*(x) is approximated by performing several gradient
iterations. Therefore, in each iteration, we first update y through several iterations of SGD from
an initial point, followed by calculating the gradient of x based on the chain rules. The ITD-based
algorithm is shown as the Algorithm 2.

When observing Algorithm 2, the term y~ can be expressed as a function of z;_1, simplifying things
significantly. This delightful peculiarity allows us to transform the analysis of ITD-based algorithms
into the analysis of a simpler, single-level optimization problem. The only price we pay is a slight
modification to the Lipschitz and smoothness constant.
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In contrast, the landscape of Algorithm 1 is a little more intricate. The term y; can not be written
directly in terms of x;_;. Instead, it insists on drawing influence from the previous iteration of x.
Likewise, x; doesn’t simply depend on ¥,_1, it keeps a record of all previous iterations, adding to
the complexity. Moreover, the stability analysis of AID-based methods involves two other variable
sequences zF and m;. Both of them increase the difficulty of stability analysis.

3.2 GENERALIZATION DECOMPOSITION

In most cases involving bi-level optimization, there are two datasets: one in the upper-level problem
and the other in the lower-level problem. The upper-level dataset is similar to the test data but has
only a few data samples, and it’s mainly used for validation. The lower-level dataset is usually a
training dataset, and it may not have the same data distribution as the test data, but it contains a
large number of samples. Because of the similarity and the number of samples of the upper-level
dataset, our main focus is on achieving good generalization in the upper-level problem. Similar to
the approach in Hardt et al. (2016), we define A(D;, D,,) as the output of a bi-level optimization
algorithm. For all training sets D, we can break down the generalization error as follows:

E. 4,0, f(A(D¢,Dy),z) —E.f(z",y", 2)

<E..ap,f(A(D:,Dy), 2) EAQ{ Zf )}

(1)

(U)

i=1

+EDU _Elf(‘r*?y*vz)

+Ep, [i D o fE Y &)

i=1

(I11) vy
where 7, € arg min,, - (r){n S flry*(x), &), st y*(x) € argmin, 1EJ 19(z,y, g“])}

vyt € argming - (q) {Ezf(ar,y*(;t)., z), s.t.y*(r) € argmin, é j:l g(m,y,@)}, &’s are
the samples in the dataset D, and (;’s are the samples in the dataset D,,.

Proposition 2 (Theorem 2.2 in Hardt et al. (2016)). When for all D,, and D), which differ from 1
sample and for all Dy, sup,, f(A(Dy, D,), z) — f(,A(Dt, D)), z) < € we can obtain

Ez,A,Duf(A(Dtva)vz) _]E.A,Dz [ Zf Dtv gz)‘| >

Thus, with Proposition 2, we can bound term (I) by bounding sup, f(A(Dy, D,),z) —
f(A(Dy¢, D.), 2), as we’ll explain in Section 4.2. Term (Il) is an optimization error, and we’ll
control it in Section 4.3. Term (IIl) is less than or equal to 0 because of the optimality condition.
Term (1V) is O when each sample in D,, comes from the same distribution as z independently.

4 THEORETICAL ANALYSIS

In this section, we will give the theoretical results of Algorithm 1. Our investigation encompasses
the stability and convergence characteristics of this algorithm and further explores the implications
of various stepsize selections. We aim to ascertain the stability of Algorithm | when it attains an
e-accuracy solution (i.e. E|[V®(z)||? < ¢, for some random vairable z).

4.1 BASIC ASSUMPTIONS AND DEFINITIONS

Our analysis begins with an examination of the stability of Algorithm 1. To facilitate this, we first
establish the required assumptions for stability analysis.

Assumption 1. Function f(-,-,§) is lower bounded by f for all §. f(-,-,§) is Lo-Lipschitz wih
L1 -Lipschitz gradients for all €, i.e.
|f(z1,9,8) — fz2,9,8)| < Lollz1 — 22|, |f(z,y1,8) — fz,y2,6)] < Lollyr — w2,
IVaf(@1,9,8) = Vaf(xe,y, Ol < Lallzr =22, [|Vaf(z,y1,8) = Vaf (@, y2, I < Lallyr —y2ll,
IVyf(@1,9,8)=Vy (22,9, Ol < Lallzi—2ll,  [[Vyf(,y1,8) =V f(,y2, I < Lallyr — 2.
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Assumption 2. For all x and (, g(z, -, () is a u-strongly convex function with L1-Lipschitz gradients:
Hvyg(x7 Y1, C) - vyg(x7 Y2, C)” S Ll ||y1 — Y2 ||7 ||Vyg($1, Y, C) - vyg(m% Y, C) H S Ll Hxl —$2||

Further, for all , g(-,-, () is twice-differentiable with Lo -Lipschitz second-order derivative i.e.,

IV2,9(x1,9,¢) — Va,g(z2,y, Q)| < Lallzr — z2|l, | Vay9(z,y1,¢) — Vayg(z, y2, Q)| < Lallys — e,
IV5y9(x1,4,¢) = Viyg(m2, 4,0l < Lallzy — 22, [ Viyg(z,51,¢) — Viyg(z, 52,0 < Lallyr — val

These assumptions are in line with the standard requirements in the analysis of bi-level optimiza-
tion (Ghadimi and Wang, 2018) and stability (Bao et al., 2021).

Subsequently, we define stability and elaborate its relationship with other forms of stability definitions.

Definition 1. A bi-level algorithm A is 3-stable iff for all D,,, D, € Z} such that D,,, D, differ at
most one sample, we have

VD, € thv]EA[”A(DtaDU) - A(DhDv/)”] < ﬂ

To compare with Bao et al. (2021), we first provide the stability definition in Bao et al. (2021).

Definition 2 (Uniformly stability in Bao et al. (2021)). A bi-level algorithm A is 3-uniformly stable
in expectation if the following inequality holds with 3 > 0:

Ea,p,~pp Dy~pp [f(A(Dy, D), 2) — f(A(D, D), 2)|| < B, VDy € 2],z € Z,.

The following proposition illustrates the relationship between our stability definition and the stability
definition in Bao et al. (2021). They are only differentiated by a constant.

Proposition 3. If algorithm A is B-stable, then it is LoS-uniformly stable in expectation, where Lg
is Lipschitz constant for function f.

Remark 1. Consider the following simple hyperparameter optimization task where we employ ridge
regression for the training phase. Let x denote the regularization coefficient, A; the training input set,
A, the validation input set, by the training labels, b, the validation labels, and y represent the model
parameters. Thus, the bilevel optimization problem can be formulated as:

. 1 * * . 1
min, {21407 @) = bl sty (@) = angmin 3[4~ b + 5 Iyl
z,y* (x) 2 y 2 2

The optimal solution for y under a given x, denoted as y* (), can be expressed as y*(r) = (AT A; +
x1) =t ATb,. By substituting this solution into the upper-level optimization problem, we obtain:

1
min §\|AU(AZAt +aI) " ATy — b, |2
x

This function is nonconvex with respect to x. Therefore, absent any additional terms in the upper-level
optimization problem, the bilevel optimization problem is likely to have a nonconvex objective with
respect to x. As such, we make no assumptions about convexity in relation to x. Importantly, we
refrain from introducing additional terms to the upper-level problem as it could lead to the inclusion
of new hyperparameters that need to be further tunned.

4.2 STABILITY OF ALGORITHM 1

In this part, we present our stability findings for the AID-based bilevel optimization algorithm 1.
Theorem 1. Suppose assumptions 1 and 2 hold, Algorithm 1 is €siqp-Stable, where

T
€stab — Z Hg:tJrl(l + Ny, Mmy, Cm + Nmy, Cm + Wyk,Ll)(l + ﬂwt)nmt Oc/’fl,

t=1

2(n — 1)L

L 9L,D, + %((”

Cm = %)Ll +DzL2)

L 9L, L
D. = (1 — pm:)" |20l + FO,CC =2Lo+ #
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Corollary 1. Suppose assumption 1, 2 hold and that f(xz,y,£) € [0, 1], by selecting ng, = Nm, =
a/t, ny, = B/t, Algorithm 1 is €5 qp-stable, where

€stab = @ (Tq/n) ’

(= i <1 o = X500 4 2D, ¢ (0 4 D) and D. = (1 -

)l zol| + Le.

Remark 2. The results in Bao et al. (2021), show ITD-based methods achieve O ( ) for some
K < 1. Moreover, Hardt et al. (2016) show the uniform stability in nonconvex single- level optimization
with the order of O (%k) where k is a constant less than 1. We achieve the same order of sample
size and similar order on the number of iterations.

4.3 CONVERGENCE ANALYSIS

To give an analysis of convergence, we further give the following assumption.
Assumption 3. For all x,vy, there exists Dy, D1 such that the following inequality holds:

2 2
q q
1

52 Vyg(x,y,&) — Zvygw@) <D Z Vyg(x,y,&)|| + Do

j=1 j=1

This assumption is a generalized assumption of bounded variance in stochastic gradient descent.
When D; = 1, Dy can be viewed as the variance of the stochastic gradient. When Dy = 0, and
D; > 1, itis called strong growth condition, which shows the ability of a large-scale model that can
represent each data well.

Given specific conditions of 7,,,,7,, and 7,,, we present the following convergence results.

Theorem 2. Suppose the Assumptions 1, 2 and 3 hold, and the following conditions are satisfied:

Nz, H 1 1
< K < < 2
Ny 4L1(Ly + Do Ls) e = 2L = Ly @
L1)(Lip?+LoLap+Lip+La L
and np,,, 2+ and n"” are non-increasing, where Lg = (Lo (Lap?+ /‘i,f‘H tntlaLo) Define

UEs?

O(x) = }lzlzlf x,y*(x),&;), where y*(z) = argmlny L q _19(x,y,¢j). Then, when K =
O(log 1), it holds that

L Sy My + 12,
min IE||V<I>(xt)||2:(/)< D k=1 MyTlmy T 1 k)
te{l, T}

T
Zk:l T

Remark 3. When we set 1,, = O(1/VT), 1, = O(1/VT) and n,, = ©(1/\/T), we achieve a
convergence rate of O(1/ VT ), which aligns with the bound of the SGD momentum algorithm in
single-level optimization problems. Thus, the convergence upper bound seems plausible.

4.4 TRADE-OFF IN GENERALIZATION ABILITY

After determining the convergence of Algorithm 1 and its stability, we can derive the following
corollary using the learning rate typically employed in non-convex stability analysis.

Corollary 2. When we choose 1, = ©(1/t),nm, = ©(1/t), and n,, = O(1/t), by satisfying the
conditions in Theorem 2, it holds that when min,¢ 1 ... 7y E[|[V®(x¢)||? <€ log €spap = O(1/¢).
Remark 4. Although we can get a good stability bound when using the learning rate with the order

1/t, it suffers from its convergence rate, which is O(1/logT'). Thus, with the learning rate in the
order of 1/t, we can only get stability at an exponential rate to achieve some e-accuaracy solution.

In practice, a constant learning rate is often used for 7 iterations, leading to the following corollary.

Corollary 3. When we choose 0y, = Nz, Nm, = Nm, Ny, = 1y for some postive constant 1, 1, and
ny. Then it holds that when minge(, ... 7y E||V®(x;) |2 < €, the upper bound of 10g €.y, is at least
in the order of 1/e.
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Remark 5. Although with some constant stepsize related to T, the convergence rate could be much
faster than O(1/1og T), the stability will explode up quickly, which leads the increase of stability at
an exponential rate.

Remark 6. From the above two corollaries, in practice, a diminishing learning rate is often preferable
due to its stronger theoretical generalization ability.

4.5 PROOF SKETCH

In this subsection, we illustrate the proof sketches for our main theorems and corollaries. Furthermore,
several useful lemmas are also introduced.

4.5.1 PROOF SKETCH FOR THEOREM |

To prove Theorem 1, we first define some notations and give several lemmas.

Notation 1. We use x¢, y;, zf and my to represent the iterates in Algorithm 1 with dataset D,, and

D;. We use x+, y¢, éf and Ty to represent the iterates in Algorithm 1 with dataset D!, and D;.

Then, we bound th
(ie. |

Lemma 1. With the update rules deﬁned in Algorithm 1, it holds that

1 - 1)L
Blaf - ) < | (2200

u n
Lemma 2. With the update rules defined in Algorithm 1, it holds that

— H Hmt my || and || z; — Z:|| by the difference of previous iteration
m¢—1]|) as the following 4 lemmas.

- . 2L
+ DzL2> (i1 — Te—a || + lye—1 — yt1||):| + 7:

Ellye = el < my LnEllwr—1 — Ze-all + (1 = gy, /2)El|yr—1 = Gl
Lemma 3. With the update rules defined in Algorithm 1, it holds that
Ellme — |

2L0 +2L1Lo )

SE[(1 = nm)Ilme—1 — i1l + nmmeCrm(|ze—1 — Te—1 || + |yt—1 — Fe—11)] + 1m, ( -

where C,, = % +2LsD, + % (% + DZLQ).
Lemma 4. With the update rules defined in Algorithm 1, it holds that

Ellze — Z¢l| < E[(1 4 020m, Cm)|Tt—1 — Te—1]| + Mwemy Cmllye—1 — Ge—1l]

2Lo0 +2L1Lg )

B (U= i = e ]+ e, (220

where Cyy = 20508 4 21, D, + L1 (=D 4 b1y ).

The last step was to combine the above 4 lemmas, by induction and some calculation, then we can
obtain the result in Theorem 1.

4.5.2 PROOF SKETCH FOR THEOREM 2

In fact, Chen et al. (2022) recently have given the convergence results for AID-based bilevel optimiza-
tion with constant learning rate 7., 7,,, and n,,. Theorem 2 can be regarded as an extended version of
that in Chen et al. (2022) with time-evolving learning rates. To show the proofs, we first give the
descent lemma for x and y with the general time-evolving learning rates.

Lemma 5. With the update rules of vy, it holds that

. . (24 pny, ) Lin?
Ellye — y* (o)l < (1 — iy, /2)E||ye—1 — y* (me—1)||* + 2120 E | Jmy |2 + 202, Do

Yt

Lemma 6. With the update rules of xy and my, it holds that

1-— 1-—
E |70 () + ——gtme|* — () — ﬂnmmnﬂ

nIt nIt 2

. Lo\’
< (L + DL Bl =" @) g 1 = o)™ (D2 22) B 2
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Then, combining two descent lemmas, we can show that lim inf;_, o E||m||> = 0. The last step is to
establish the relation between m; and V®(z;), which is given by the following lemma.

Lemma 7. With the update rules of my, it holds that

T T
D e Bllme = VO (20)||* < E[V@(wo)l|* + Y 20m,EEA; - V& (2r-1)]?

t=1 t=1

+ 207, /1m, Lillme]|* + min, B Ay — EA|*.
1 K+2
where At = sz(xt—l»ytflaft( )) - V%yg(mtfhytfla t( + ))Zti(

As the variance can be shown bounded, the error for gradient estimation can be small when K is large.
we can give the convergence of Algorithm 1 under the conditions in Theorem 2.

5 EXPERIMENTS
In this section, we conduct two kinds of experiments to verify our theoretical findings.
5.1 ToYy EXAMPLE

To illustrate the practical application of our theoretical framework, we tackle a simplified case of
transfer learning, where the source domain differs from the target domain by an unknown linear
transformation X. The problem is formulated as follows:
N RS - :
min -~ Do HA2(0)y™ (X) = ba ()1 + oI XX — 1|2

i=1

q
sty (X) € argmin = 3 [ G) Xy = Q) + ol

j=1
Here, A5 (i) and A;(j) represent the i-th row and j-th row of matrices As and A, respectively.
Ay € R2000x10° 4, ¢ R™*10 are randomly generated from a Gaussian distribution with mean 0 and
variance 0.05. Employing a ground truth unitary matrix X 1°%10 and a vector § € R'°, we generate
by = A; X J+mn1, by = Asg+nsg, where nq, no are independent Gaussian noise with variance 0.1. We
test for n in the set {500, 1000}. For constant learning rates, we select it from {0.01,0.005,0.001},
while for diminishing learning rates, we select a constant from {1000, 2000} and the learning rate
from {1,2, 5,10}, and set the learning rate as initial_learning_rate/(iteration + constant). We
fix K = 10 and 17, = 0.01 for all experiments.

To evaluate the results, we employ the function value of the upper-level objective as the optimization

error, and the difference between the output X and ground truth X as the generalization error. Each
experiment is run for five times, with the averaged results shown in Figure 1.

—— Difference, N = 500 —— Validation, N =500 | —— Difference, N.=500 — Validation, N =500 |, —— Diminishing, Difference, N = 500
— Difference, N = 1000 Validation, N = 1000 — Difference, N = 1000 — Validation, N = 1000 N Diminishing, Difference, N = 1000
I I \ RO | /\ —— Constant, Difference, N = 500

I

N e E—

—— Constant, Difference, N = 1000

Validation error
IX - Xlle
Validation error
11X =Xlle
IX = XIlr

™ TR TR TR L T . 0 w0 w00 w0 000 6000
Iterations Iterations Iterations

Figure 1: Results for Toy Example. The left figure shows the results when learning rates are constant,
the middle figure shows the results when we use diminishing learning rates, and the right figure
compares the results for constant learning rates and diminishing learning rates.

Upon examining the results, it becomes apparent that even when the function value of the upper-level
objective approaches zero, a noticeable discrepancy exists between the output X and the ground truth
X. However, encouragingly, as we increase the number of points (n) in the validation set, this gap
begins to shrink. This is a finding that is in line with the predictions made in Theorem 1. A closer
comparison between the algorithm employing a constant learning rate and the one with a diminishing
learning rate reveals another significant observation. The diminishing learning rate approach yields
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smaller gaps, thus enhancing generalization performance. This experimental outcome substantiates
the assertions made in Corollary 2 and Corollary 3, demonstrating that the generalization ability for
diminishing learning rates outperforms the generalization ability for constant rates when aiming to
achieve a certain optimization accuracy.

5.2 DATA SELECTION ON MNIST

We apply Algorithm 1 on MNIST (Deng, 2012), a resource composed of 60,000 digit recognition
samples at a resolution of 28 x 28. The task is to identify and select valuable data within the dataset.

We structure our experiment as follows. We designate n data samples from the training dataset to serve
as a validation dataset. Concurrently, we randomly select 5,000 samples from the remaining training
set to establish a new training set, with half of these samples randomly labeled. For classification, we
employ LeNet5 (LeCun et al., 1998) model as the backbone. Our experiment is based on a bi-level
optimization problem, defined as follows:

min S L(F(y" (), Ginpue), Ertaser)

i=1
q
« 1
s:ty”(z) € argmin 2 > @ L(f (Y, Crinput), Gtaver), 0 < ay <1
=1

Here, f represents the LeNet5 model, L denotes the cross-entropy loss, &; is a sample from the
validation set, and (; is a sample from the new training set. We put our algorithm to the test under
both diminishing and constant learning rates, using varying validation sizes of n € {100,200}.
Learning rates for the constant learning rate are selected from the set {0.1,0.05,0.001}, while
for the diminishing learning rate, the constants are chosen from {200,300,400} and learn-
ing rates from {5, 10,20, 30,40}, where the learning rate of each component is calculated by
initial_learning_rates/(iterations + constant). All experiments maintain X' = 2 and 7, = 0.1.
Each experiment is run for five times, with averaged results shown in Figure 2.

As can be observed from the figure, even with a 100% accuracy rate on the validation set, a noticeable
gap persists between test accuracy and validation accuracy. As we incrementally increase the number
of samples in the validation set, we notice an encouraging trend: the accuracy of the test set improves
for both constant and diminishing learning rates. This finding aligns with our predictions in Theorem 1.
Moreover, the implementation of a diminishing learning rate yields a higher test accuracy, indicating
a smaller generalization gap. This observation aligns with our theoretical findings as outlined in
Corollary 2 and Corollary 3, thus validating our theoretical assertions with empirical evidence.

EAccurgcy .
;\((ura;cy
Acc\iacy
pecuraey

«~ |l — Constant, Test_acc, N = 200

Constant, Val_acc N = 200

;.| —— Diminishing, Test_acc, N = 200
| — Diminishing, Val_acc, N = 200

— Test_acc, N = 100

— Test_acc, N = 100

Val_acc, N = 100 Val_acc, N = 100 | Chnstant [val_acd
— Test_acc, N = 200 w — Test_acc, N = 200 .l — Diminishing, Test_acc,
— Val_acc, N = 200 — Val_acc, N = 200 J Diminishing, Val_acc, N = 100

Iterations Iterations Iterations Iterations

Figure 2: Results for Data selection on MNIST. The first figure shows the result with constant learning
rates. The second figure shows the results with diminishing learning rates. The third figure and fourth
figure compare the results between constant learning rates and diminishing learning rates with 100
samples in the validation set and 200 samples in the validation set, respectively.

6 CONCLUSION

In this paper, we have ventured into the realm of stability analysis, specifically focusing on an AID-
based bi-level algorithm. Our findings have produced results of comparable order to those derived
from ITD-based methods and single-level non-convex SGD techniques. Our exploration extended
to convergence analysis under specific conditions for stepsize selection. An intriguing interplay
between convergence analysis and stability was revealed, painting a compelling theoretical picture
that favors diminishing stepsize over its constant counterpart. The empirical evidence corroborates
our theoretical deductions, providing tangible validation for our assertions. However, there is still
a mystery for the proper choice of stepsize, and for the weaker conditions of the upper-level and
lower-level objective function, we will leave for future work.
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A PROOF OF THEOREM 1

Notation 2. We use x¢, y;, zf and my to represent the iterates in Algorithm 1 with dataset D,, and
D;. We use ¥+, ¢, 2,{“ and Ty to represent the iterates in Algorithm 1 with dataset D!, and Ds.

Lemma 8. With the assumption 1 and 2, by selecting . < 1/L4, it holds that Hzf” < D, forall k,
where D, = ||zo|| + % .

Proof. Letb =V, f (mtflaytflvgt(l))'

With Assumption 1 and 2, it holds that
,U,I j A j L1]7 and s ||bH S Lo.
According to Algorithm 1, it holds that

ZII;; = Zfil =1z <Viyg (flit,] y Ye—1, Ct(k>> Zfil - b) = (I - 77zv,12,y9 (:Et*l » Yt—1, Ct(k)>> Zil‘,ci] +1):2b.
Thus, it holds that

Hzf” < HI - 'Uzviyg (Itflsytflagfm) H Hzi‘flﬂ + Lon.

< (1= pm2) ||z M| + Lom-

k—1
k t
<. < (1 - /”]z) HZOH + Z (1 - /“72) Lon.
t=0
L
k 0
< (1 —pm2)" [[20l + m
Ly
< |lzoll + —
0
Hence, we obtain the desired results. O

Lemma 9. With the update rules defined in Algorithm 1, it holds that

1 n—1)L - N
m <(n)1 + DzL2> (lwe—1 = Zeall + [|ye—1 — yt1||)] +

2Ly

Ellzf - #|| <E
s - < | L

Proof. According to Algorithm 1, it holds that
Ellz — 2|
2=, (szg (xtfl,ytfh t(k)) =V f (wtq,ytfl?&fl)))

—a e (V2,90 (5, 6) 2 = 9 f (310 60)) |
S E |:H (I - nzvzyg (xt—layt—la Ct(k))) 2115671 - (I - UzV;yg (-it—la gt—h Ct(k))) 2571”
Vyf (xtflaytfhgt(l)) - Vyf (jtflagtflagﬁl))‘u

- E - - k

<E [T]z ||Ztk 1” Hvzyg (xt—lvyt—lv t( )> - szg (zt—hyt—lyft( )) H

|1 = 92,0 (e 5o, )| = 2 e [ 90 (men e €)= 9o (71 01,60 ]

+77z

According to Lemma 8, we have ||zF~!|| < D..

According to Assumption | and 2, we have the following inequalities:
1 - - 1 . -
Hvzyg (xtflaytflaéhé )> - Viyg (xtflayph(t( )) H < Lo ([|we — @l + llye — @ell)

HI - ﬂsz,yg (i’t—lagt—lagél)> H <(1— un,)

12
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For HV f (xt_l,yt_1,§§1)> - Vyuf (it_l,ﬂt—l,gt(l) é() #+ fil), which happens with

probablhty =, it holds that Hvyf (xt,l,yt,1,§£1)> —Vyuf (itq,gtq,f}(l)) H < 2Ly.

When ét(l) # §t(1), which happens with probability 1 — %, it holds that
Hvyf (wt—byt—h@l)) =V f (@—17?775—17&(1)) H <Ly (loe—1 — Ze—1ll + lye — Ge—1l])-
Thus, combining the above inequalities, it holds that
Ellzr — 2|
<E [nz A Hvyyg (%& 1, Y- 17Ct1)) -V (ft—laﬂt—lagt(l)) H
+ HI -n.V3,9 (fft—l,ﬂt—h@l)) H 2=t = 25| +n. ||V f (It—l,yt—hft(l)) = Vyf (ft—l,ﬂt—hét(l)) m

<E[nD.Lo (|we—1 — Zem1l| + lye—1 — Ge—all) | + (L = mep) |28+ 2571|

2n,L 1
20 (1 2 e (e = el + s = el

n—1)L - . _
=ELECn>1+D@Q<m4—m4nﬂm4—qu+a—mmWf%—

k

n—1 L1 ~ ~ 277,2[/0
<> n) B o (P54 D ) (i = sl + s = )| + 2
t=0

ke 2n, L
zf 1”]+ 7);0

1L ) _ 2L
<E [ <( DR + D L2> (lze—1 = Teall + [lys—1 — ytl”)} +=.
1 n "

Hence, we get the desired result.

Lemma 10. With the update rules defined in Algorithm 1, it holds that
Ellye = gell < my, Lallwe—r = Zeall + (1 = gy, /2) llye—1 — Ge-1 |

Proof. With the update rules, it holds that

Ellye — el
=E ||yt—1 — 1y, Vyg (xtfla Yi—1, Ct(KH)) = Y1+ 1y, Vyg (it,l,gjt,l, Ct(KH)) H
= E[ Ye=1 = 11y V9 (If vy G )> —Ye-1+ 1y, Vyg (xf 1,01, (K+1)>H

+nyt

Vyg (l“t—laﬂt—th(KH)> —Vyg (mt L G-t (KH)) m

With the strongly convexity of function g (z, -, ¢), it holds that
2.

(Vyg (@, 91,0) = Vyg (2,52, 0) ,y1 — y2) = pllyr — v2
Thus, it holds that
Hyt—l = Ny, Vyg (%—1, Yt—1, Ct(KH)) = Gt—1+ 1y, Vyg (xt—la Ut—1, Ct(KH)) H2
= [lye—1 — Ge—11I> = 20y, (Ye—1 — Tt—1, Vyg (iUt L Yi—1, (KH)) ,—Vyg (fﬂtq,ﬂtq,éht@)))
+77yt|\vy9 (CUt 1 Yt— 1»@ )—Vyg <xt 1L Ui—1, )H2
<1 = Ge—1l” = 2umy, ye—1 — Ge—1 | + L, ||yt—1 — -1

By selecting 7, such that 7, > L1 , we can obtain

< (1= pmy) lye—1—Te—1?

(K+ >) (K+1>) H

Yi—1 — Ny, Vyg (Sct 1, Yt—1, — Yi—1 + 1y, Vyg (ﬂft 1,01,

13
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With /1 — 2z <1 —2/2when z € [0, 1], it holds that

K+1 - - K+1 .
Hyt—l = Ny, Vyg (It—hyt—h t( * )) —Ts—1 + 1y, Vyg (xt—layt—la t( * )) H <(1- lmy/Q) ye—1—=Fe—1l
On the other hand, with Assumption 2, it holds that

Hvyg (l‘t 1L Ji—1, ( H)) —Vyg (@—1,?15—1,@(]{“)) H < Ly|lwi—1 — Te—1]|

Thus, by combining the above inequalities, we can obtain that

Ellys = gell <y Lallze—r = el + (0= pye /2) (1921 = Goa -

Lemma 11. With the update rules defined in Algorithm 1, it holds that

2L1L0>

- - - - 2L
Ellmy—ritel| < EI(L = ) Iy = o1 + 0o (i1 = Evall + g1 + Goos )], (nO =

where C,, (n— 1)L1 +2L,D, + 1 ((n—% + DZL2>.

Proof. With the update rules, it holds that
Ellme — |
=E[| (1 = nm,) me—1 + N, (V f (xt 15 Yt—1, (1)) V2yg (9Ct 1, Yt— 1,CtK+2)) ZtK)
— (L = m,) Mt—1 — N, (fo (ft—hﬂt—l, ) \ (xt 1, Yio 1,Ct +2)> gtK) |
<E |(1 = 1) e = | 4 000, [V f (21-290-2.67) = Vaf (F1-050-2.67) |

+77thVCDyg (‘rt 1, Yt—1, (K+2)> ZtK vazyg (xt 17yt 1 (K+2)> 2tK||i|

On the one hand, when ~t(1) 75 t(l) s it holds that
Hvxf (xt_l,yt_1,§£1)> — me (i‘t—lvgt—laft )H 0. When 5751) = fil), it holds that

|Vt (e 902.67) = Vi (#o.5e0. E7)

Meanwhile, £ # ¢ with probability 1/n, while £ = ¢ with probability 1 — 1/n.

<
< 2Ly ([[we—1 — Zall + lye—1 — Ge—1l])-

Thus,  EIVaf (wevpe-1, &) = Vo (F-1,501,67) | < 2oy
2(1—2) LiE (o1 — &l + lyeo1 — Gl
On the other hand, it holds that

]E”vryg (“Tt L Yt—1, (K+2)> szg (iﬂt 1, Yt—1, (K+2)) EtKH
K+1 (K+1 (K+2
< B[99 (1900,6) = Oy (Fe0, 0, 6 M+ 1 = 201V (@1e00d0,65) 1

N L n—1)L - N
< |220D (foros —e-tll = s = Gecal) + 2 (P2 4 Do ) Qs = dicall + e = )

+2L1L0}
nu
[ L - 1)L 5 5 2041 L
<E (QLzD +2 <()1 + DzL2>) (Jlxt—1 — Ze—1|| + |ye—1 — Ge—1]]) + ! O} )
_ u n np

where the second inequality is based on Lemma 9.

14
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Therefore, by combining the above inequalities, it holds that

2, L
)+u

- - 1 - -
Bl =l < B | (1= ) s = e+ 2, (1= %) L s = Ficall oo = el + 222

Ly ((n—1)L N N 2Ly LoTim,
+1m, <2L2Dz + 71 <(n>1 + DZL2>> (|e—1 — Fe—1]l + [[ye—1 — Ge1ll) + 1n7/3n

By defining C,,, = 2=y +2L,D, + % (M + DZLQ), we get the desired result. ]

n n

Lemma 12. With the update rules defined in Algorithm 1, it holds that
Ellzy — ||
SE[(+77m,Cm) |Tt—1 — Ze—1 || + 02, Mm, Conlyt—1 — Ge—1 || + 0z, (1 = 1) [Im0—1 — e 1]
2L 201 L
P (0 N 10> ,
n nuy
where C,, = 72(”_”1”1 +2L>D, + % (L_;)Ll + DZL2>
Proof. With the update rules defined in Algorithm 1, it holds that
Ellzy — Z4f| = El|zt—1 — 1z, me — Te—1 + 12, 70|
S Efllze—1 = Ze-all] + 1, [Ime — ma|
SE[(1 4 92,7m,Cm) [|26-1 — Ze—1ll + 12, N, O [Y2—1 — Ge—1 [l + 0y (1 — 1, ) [Ime—1 — 1e—1]]]
2L n 2L1L0> .

+ Ny Mm, (
n un
where the last inequality is based on Lemma 11. O

Proof of Theorem 1. Based on Lemma 10,11 and 12, it holds that
E[[lze — 2|l + [lye = Gell + [ — mue]]
<E [(1 + N2, My O+ M, O + ny,,Ll) ||17t—1 - jt—1||
+ (1= pmy /2 + 0m, Con + 02, Ci) |Y2—1 — Ge—1]|
e
S E (14 92,7m, O + 1, Con + 1y, L1) (|61 — Zea || + Nlye—1 — Ge—a || + [[me—1 + me—1]))]

2L 2L, L
+ (L4 n2,) m, (0 + 10)
n i

Thus, by induction, we get the desired result. O

Proof of Corollary 1. According to Theorem 1, when 7, = ,,,, = o/t and 1, = /¢, it holds that
Elllwe = @ell + llye — Gell + llme — ]

- - - 2L 201 L
< (U4 200+ La8) /OB ooy = Bal + lyna = Gl + o = ol + (4 ), (222 4 2200 )
ALy , AL Ly

<exp((2Cma+ Lif) /) Ell|lai—1 — Te—1|| + [|[Ye—1 — Ge—1 | + [[me—1 — M1 |]] + - i

Thus, it holds that
E(l|lzr — &7l + llyr — gzl + |mz — mr||
‘ ||1't0 - jto” + ||yto - gto” + Hmto - mto” = O]

T
T 4L 4L, L
< Z exp ((QCmOé + Llﬂ) log (t)) (nto + n;,uo>

t=to+1

<< 4LO + 4L1L0 )<T>2CmOZ+L1ﬁ
“\n2Cha+ L18)  nu(2Cha+ Li18) to
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When f (z,y,£) € [0,1], it holds that
. t s - - s
|f (xr,y7;§)—f (T, 97, €) | < £+L0E[H$T = 27|+ llyr — 7l | |2te — Zto | + Y20 — Ttoll = 0]

Combining the above inequalities, it holds that

4Lg AL, Lo T 2C0matLnf
)

. I~ 7 to
I @ryri&) =1 @ dr. 8| < 0+ Taa ST T8 T wn @+ LA

1
4L, Lo )2Cma+L1B+1 20matlyp

. 4T, AT —m T
Thus, by choosing ¢ty = (207”(!_&1[3 t 55 atuliB T'2@mao+L1F+1 it holds that

1
. 1 4L 411 Lg 20matLyB+1 2Cma+L; B
: — < —-11 T 2Cma+LiB+1
|f (xr,y7;8) — f (@7, 91, 8) | < - ( + (QCmOH-LlB + 5C 10§ Lind
T4
n
where ¢ = 72(?2?255%1 <1
O]

B PROOF OF THEOREM 2

Define @ (x) = % Yo [yt (2),&)
Lemma 13. Based on definition of ®, it holds that

_ niq <ZViy9(m,y* (z),¢) ) ( Zvyyg (z,y" 1;)7@.)) (Zvyf(l'7y* (as),&))

Proof. By the chain rule, it holds that

n-
=1

1 . oy* () 1 & .
n = x
With the optimality condition of y* (), it holds that

1 q
—D Vg @,y (1),¢) =
j=1

Taking the gradient of x on both sides of the equation, it holds that

Zvyyg z,y* (x),¢) =0

1 q
gzviyg(x7y*( ) CJ
j=1

Thus, it holds that
-1

3y* 1 ¢ "
Zvﬁyg z,y" (), ;) 5ZV§yg(fv7y (),¢)
j=1
Thus, we give the desired result. O
Lemma 14. By the definition of y* (x),it holds that ||y* (z1) — y* (x2) || < Ly||z1 — x2||, where
L,=%4
o
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Proof. Tt holds that
‘ dy* (x)

Ox
1 q
| 5zviyg(%y*($%<j) Zvyygwy (#),6)
J=1

2

-1

1< .
< gzviyg(%y G I Zvyyg (z,y" (2),¢5)
j=1
b
1
Thus, by the fundamental theorem of calculus, we can obtain that
oy* (2) Ly
* % _ < = _
ly* (x1) —y" (22) 5, 2 Ta|| < . 21 — 22|
where z lies in the segment [z1, 2:5]. O

Lemma 15. The gradients of ® are Lipschitz with Lipschitz constant Lg
(14+Ly) (Lyp®+LoLop+Lipu+LaLo)
2

Proof. According to lemma 13, it holds that
[V (21) = VO (z2) |

= Ve~ Zf 1,y (21),6)

_ niq (ZVin(ml,y ) < Zvyyg z,y" (z1), CJ)) <Vny(w1,y* (m)@))
*Vz%Zf(m,y* (2).€)

+ niq (Z viyg ($2, ) < Zvyyg x2,y" (22), CJ)) (Z Vyf (ery* (22) 751)) I

j=1

< ISV 1,y (@01),8) — Vaf (2,07 (22),60) |
i=1
q -1 n
j=1 i=1

< Zvyyg x2,Y ) C])) ”

1
+||62V§y9(972a )+ 63) |||< Zvyyg z1,y (71), C]))
j=1

123 Vad @y @), &)

+%Z|l$2viy9($27 )6 I ( Zvyyg z2,y" (22), Ca)) Vyf (@197 (21),&) = Vo f (z2,9" (22) . &) ||
i=1 1 =1

* * L L
< Ly ([loy = w2l + 1y (21) — " (@2) ) + =

L2L0

(lzr =2l + lly" (21) —y" (22) [})

+ ey =22l +1ly" (z1) =™ (2) ) + % (lzr = @2ll + lly” (1) =y (z2) )

< (1+Ly) (L1u + LoLop+ Lip + L2L0)
< 2

[z — 22|
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where the third inequality is because | A~ — B~!|| < || A~Y|||A — BJ|| B~

Hence, we obtain the desired result. ]
Lemma 16. Denote Ay = V. f (xt,l,yt,l,ft(l)) Vng (xt 1, Yt—1, t(KH)) 2K, then it holds
that

. L
E|[EA,~V® (21) | < 2(Ly + DoLo)? Iy —y" (2r1) [P+2L% (1 — mop)*S (D +;)

Proof. By the update rules, it holds that

= (Iinzviyg (It 1, Yt—1, ()>) +77y yf (It 1, Yt— 17§t )

K

= ZﬁthK:kH (I - n.Vy,9 ($t71,yt—1,@(t))> Vyf (xt LY G )> +I0 (I ~ Vg (xt*hyt*h@(k)» 0
k=1

Thus, it holds that

Ezf
k

= 1 1o
=E |n. Z I—n. azvzyg (Tt—1,yt-1,¢5) (nzvyf (%-h%-hfi))

k=0 j=1 i=1

K
13
+ 11— azvf,yg (Tt—1,Yt-1,C5) 20

j=1

Hence, we can obtain that

H]EAt =V (z1-1) ||

ZHV F@ee1,ye-1,6) = Vo (@-1,y" (2:-1),&) |
4 Z V2,9 (@ 1,91,65) = Vi, @1,y (m1), G) IHEK|

1< .
+ ||§ ZViyg (-1, Y™ (ze=1), ) ||
j:l
-1

1 1y
EzK — gzvzyg(xt—la Y (Te-1),G)) (nz (@1, 9" (221, &))
=1 =
< Lillye—1 =y (@e—1) | + DzLoflye—1 — y* (ze-1) ||
—1

q n
Ly Bl [ 230V (e (@10) ) <i2vyf<xt_1,y* (xt_n,@))
j=1 i=1

18



Under review as a conference paper at ICLR 2024

Meanwhile, it holds that
-1

1
Eth_ gzvyyg 1,y (we-1),¢5) ( Zf (we—1,y" (4-1), §z)>
j=1
X k
1 n
7722 I—n, Zvyyg (o1, ye— 17Cg) (nzvyf(%hythfi))
k=0 153 i=1
1 q ) -t 1 n §
_ gzvyyg(xtflu (fEt 1) C]) Ezvyf(l'tfl,y (xt71)7£i)
J=1 i=1
K
1,
L —n- gzvyyg(wtflaytfl7<-j) 20
j=1
Lo (1—n.p)™

< (1_772N)KD2'+ 7

Thus, it holds that

L
IEA, — V@ (211) |2 < 2(Ly + DoLo)* 1 — " (o) I + 223 (1 = nops)? (D +u0>
O
Lemma 17. Denote Ay = V,, f(mt 1, Yt—1, (1)) szg (act 1, Y1, t(KH)) 2K, then it holds
that
2 2 2 212 27272 | 2KL2 272
E||A, —EA|? < L2 +2L% ( KL2D? + 2Kn? L3212 + =) + 2D? 2
Proof. With the definition of A;, and the calculation of EA,, it holds that
E|A; — EA,|?
:EHV:L’f (xtflvytflagzgl)) v2yg (xt 1, Yt— 17CtK+2)) ZtI(
K
1« 1,
ﬁ;vxf(l'tflaytflafi) -\ L—n gjzz:lvyyg (Tt—1,Yt-1,5) 2o
k
K-—1 1 q 1 n
-1, Z I—n, vajyg (Te—1,Yt-1,Gj) (nzvyf (xt_1,yt—1,§i)>
k=0 et i=1
1 n
= E|Vof (w1, ye1.67) -+ 2 Vaf @n e &)1
K
(K+2)\ _K 1<
+E|Vi,9 (xt 11, G} )Zt L qz v (T, 001, 65) 2
k 2
K—1 1 n
-2 Z I_nz Zvyyg xt 1, Yt— 17<j) (nzvyf (xt17yt1;€i)>
k=0 i=1

< L2+ 20%E| 2K —EK|? 4 2D%12
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Meanwhile, it holds that

E|l2 —Ez|”
K

=E| annékﬂ (I - 77Zviyg (xt—hyt—h@(t))) Vyf (xt_l,yt_1,§t(l)) + HkK:I (I —n:Vyg <$t—layt—17<t(k>)) 20

k=1

K—1
[nzz (I m( Zvyyg Te-1,Yt-1,G5) )) ( ZV f (@1, ye- hﬁz))

0

K
1 q
+ (I_”Z <qzviy9(wt17yt17<j)>> ZO] I
=1

k
1 q
UE [(I — 1Nz <q ZViyg (%h?ﬁh@))) - Hf{:]{_k_t,_l (I — nzV§yg ($t1,yt1,gt(t)))]
j=1

k
n 2
1
(n vyf($t17ytl7£i)>
i=1

[HkK_l (I 1:Vg (xt Y1, U)) - <Inz< Zvyyg rene 1,@)))1 ”

2

+ K

Jj=1

< KL:D? 4+ 2Kn?LiL3 + 2KL0

Thus, plugging the bounded of E||zX

— E2X|? into the above inequality, we obtain the desired
result

O
Lemma 18. According to the update rules, it holds that
lme|* < 2L5 + 223D

|A]? < 2L + 2L3 D?

Proof. By the definition of A, it holds that
1A = 192 f (w01, 90-1,67) = V2,9 (201,000, ¢ 262 < 218 4 21302
By the definition of my, it holds that

el < (1= nm,) [l |l + 1, [[Ad] < Lo + Lo D-

Thus, it holds that

[me||® < 2L3 + 2L1D2.

Lemma 19. With the update rules of my, it holds that

T
Z 77mt+1E||mt -Ve (xt) ”2
t=1

T

<E[V® (20) >+ ) 20m EIEA = V& (2-1) II” + 202, /0, L || + 15, Bl A, — EA .
t=1
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Proof. With the update rules of my, it holds that
Elm; — VO (z) [|?
=E[ (1

— ) M1+ T, Ay = VO (1) + VO (241) = VO (21) |2
=E| (1

— Ny ) Mi—1 + N, EAL — VO (24-1) + VP (24-1)

= (1= nm,) Ellme—1 — V® (1-1) |* + 1, [|[EA,
+7772n,,ﬂ':‘:||At —EA?

<(1-

= VO () | + 0, Bl Ay — EA?
—V® (@4-1) + 1/, (VP (w4-1) — VO (24)) ||?

Mm,) Bllme—1 = V@ (we—1) ||* + 20, [|EA,

= VO (zi-1) |* + 202, /0n, L7 e ||
+ 10, Bl Ay — EA|?

By summing the above inequality up, it holds that

Z Umt+1E||mt -Vo (xt) ||2
t=1

T
< E[V® (20) >+ ) 20m EIEA, = V& (2-1) II” + 202, /0, LE || + 177, Bl A, — EA, |
t=1

O
Lemma 20. With the update rules of y; it holds that

. . (24 pny, ) Lin?
Ellys — y* (ze) |12 < (1 — gy, /2) Elly—1 — ¥ (m4—1) P + ————=

Nz,
LRy |2+ 277;1)0
Yt

Proof. With the update rules of y;, it holds that
Ellye —y* (z:) ||

<A+ B)Elly =y (@) [P+ A+ 1/B) Elly* (ze—1) — y* (1) ||

(1+ B)Ellys—1 — 0y, Vyg (xH, Vi1, C(K“)> —y* (@) P+ L+ 1/B)Elly* (we—1) — y* (2) |12

S(A+BE ([lys—1 = y* (@e—1) 1> = 2y, (Ys—1 — y* (24-1) Zvyg Ti-1,Ye-1,C5))
j 1

K+1)
+77yt|| Zvyg Tt—1, Yt— 17CJ)||2+nyt||7ZV’gg Tt—1, Yt— 17(7) (Z‘t 1, Yt—1, ( + )”2
] 1

j 1
+(1+1/8) Ly, [lme|?

<A+BE | lyer — " (1) I — 20y, (Yt—1 — y" (T1-1) Zvyg (Tt-1,Yt-1,G5))

j 1

1
+1,, (1+ D1) H& Zvyg (-1 9e-1,G) |* + 115, Do
j=1

+(1+1/8) Lyn, llme|?
< (14 8) (1= py,) lye-1 =y (we1) > + (1 +1/8) LynZ, [lme—1|* + (1 + B) 13, Do.
. 77 + .
By selecting 8 = ”Ty, it holds that
. . (2+ pmy, ) Ling,
Ellye—y" (@) > < E [(1 = mmy, /2) lys—1 — y* (1) ||* + ———2——

Yt

th2 +277:L2}1D0
O
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Lemma 21. With the update rules of x; and my, it holds that

]nlt 1 ]nlt 2 1]mt 1 ]mt 2
E|—® (z) + ——5||me||” — — P (x4—1) — ———||ms—1 }
T (z+) B [[mel ey ) B l I

Nm

2 |

. Lo\’
< Ny (L + D=L2)* Ellye—1 =y (@e-1) |* + 0 LT (1 = m2p2)* (Dz " f) -

Proof. With the gradient Lipschitz of ® (), it holds that

2L
B (1) = @ (210) < B |00, (V0 (o) o) + 257 o P

On the other hand, by the definition of m,, it holds that

(1= 1) Ellme|* = (1 = 1) Ellme—1[* < 1, (Ar, me) = 1, [lme |

Thus, combining the above two inequalities, it holds that

E [’jk:wa g P = T () - t||mt-1||2]

T]mt nlt

L
S | (7 (1) )+ P 4 (1) e

my th
< B (880 = VO (o) ) = (1, = 22 )

m me — IIm z,L
< PUE[EA; - VO () |2 = H e o |2

When 7, < ﬁ, it holds that

my 1- My My 1- My
B |20 () + 2 el — 2 1) = S o

Na, N, 2
Ny 2 _ Nmy 2
< TS EIEAL = V@ (we—1) 1P = - fme]

* L ?
<t (L + D-La) Bl s = 5" 210) [P 2 1 = g™ (D4 22 ) = T 2

O

Proof of Theorem 2. By the update rules of x;, m; and ¥, it holds that

2
Nme 1-— Nm 477mt L+ DzL %
E " (2) + me? + Hme (Ea ¥ Dol ey 2
Ny 2 Ky,
2
Uin 1 —1m, o Anm, (L1 + D.Ls) * 2
S () — =y |2 - =y (e
B (1) = g e D) s = G|

Lo

2
< (114 DLl |ls = 5" (o) [P 4, 23 0 = g™ (D2 20 ) = 22 2

. M)y (L1 + D, Lo)? (2 4 pmy,) L3n2,
e (L1 + Do Lo)? et — o (o) |2 20med S @t b)) Lt

12nz,

81m, Yt (L1 + D.La)? Dy
u

+
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When 2

Ny 12 i
- < 8L1(1.41+D2L2),1t holds that

T 1 — m, A0, (Ly + D, Ly)* )
E | () + g2 4 2 iy = (@) I2
N, 2 Ty,
- 1= N, AN, (L1 + D, Ly)? .
= () = g g P - PRy mon?]

Lo\* _ i,
<~ (L4 DoLa) Ellyems = y* (20-1) 2 + 1, L (1 = mapn)*™ (DZ ’ u0> -l

80m, 1yt (L1 + D.Ls)* Dy
i

+

Thus, by summing the inequality up it holds that

!

Z mtEII el

o A0, (L1 + D, Lo)?
< i g, (z0) + Ny (L1 + 2)
nwt /“7211

— Mmy_y t 1- M1 1- Thm, 2
_ t ) B ¢
D e A s L

nmt
llyo — 4" (wo) |I* — Z B

A,y (L1 4 D.Ls)*  4np, (Ly + D.Ls)? .
+ | e - A (DB sy (o) 2
MMy Ky,
1- Ay (L1 + D, Lo)?
e L e R ]S Z"WEII
Ner 2 Hyr

T
" L
S e (B DaL) Ellges — 5 (o) |2 2 (L — 1210 (D +;)
t=1

+ 87]mt77yt (Ll + DZL2)2 DO
1%

nmt 77mt

When 7,,, is non-increasing,

is non- 1ncreasmg and

is non-increasing, it holds that

T

Z m’EH (l?

m AN, (Ly + D.Ly)? -
< 1 () - ) + 2 +{ L 2) o — u* (w0) |2 — Z” E |
Tt a8

. L
S e (B DoL Ellges — 5 @) [ 1 L2 (1 — 7)™ (D T ;)

t=1

+ 877mt77yt (Ll + DZL2)2 DO
I
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On the other hand, it holds that

T T
> B, IV () 117 <2 By [l + 1m0 = VO (2) ||
t=1 t=1
T
< QZEUmf ||mt||2 =+ Mg ||mt -Ve (‘rt) ||2
t=1
320m, 1280, (L1 + D, Ls)* . da 256 Ly + D.L,)* D,
< 21 (g () — @) 4 2280m La £ DLo)” ey P = ST B2 o 228me e (£ DLa)” Do
nzt lu’nyl t=1 H
L L
=323 (B DL Bl = (o) 4 100,22 (1 = o™ (D4 22
t=1
T
+ 2|V (20) I + D 40, E[EA; = V® (1) |1 + 402, /1m, L3 |[mel|” + 202, B Ay — BA,||?
t=1
320m 1280, (L1 + D, Ls)? . 2567, 1y, (L1 + D.Ls)> D
< s (g () - @) 4 120 DAt Dol ey 2 4 2500t (D1 Dule) Do
Nz M7y, H
L L
30> i, (B + DL Bl — 3 (o) |2 + 169, L2 (1 — 7op2)? (D +/j)
t=1
T
+ 2|V (o) |I* + D (40, /mm, LT = 1) [[me|?
t=1
. L
+Z4nmt< (L1 + D:Lo)* [lge-1 — y* (we-1) |I* + 2L3 (1 = maps)” (D +u0) )
2 212 2712 2 KL2 2712
+Z277mt L2+2L2 ( KL?D? + 2Kn2L2L% + e +2D2L2
t=1
321m 1280, (L1 + D, L)
< B2 (@ () — ) 4 2220 (I 2 o (z0) I+ 2E[ V0 (a0) |
T’It Nnyl
T 2 2
9560m, 11y, (L1 + D2 L2)? D L L
+Z Mhne Mys ( L 2) 0+8nth§(1—nzu)2K (Dz+:) +16Uth%(1—77zM)2K (Dz+ :)
t=1

2K L2
+ Z 22, <L0 +2L2 (KL2D2 + 2K L2220 ) + 2D2L2)
12

t=1

Thus, when K is large (1 — 7,)** will small, and it holds that

1 o 2
min IE||V<I) ‘) ||2 o + Zt:lg My, T My
ettt D1 N

C PROOF OF COROLLARY 2

Proof of Corollary 2. According to Theorem 2, when taking n,, = ©(1/t), n,, = O(1/t)
and 7,, = O(1/t), we get minyeqy ... 7 (z)||> = O(1/logT). Thus, to achieve
mingeqq,... 7y E[[V®(2)[|? < €, we get T = Q(el/e).

Meanwhile, according to Corollary 1, €510, = O(T?/n).

We have log €50 = O(1/€). O

24



Under review as a conference paper at ICLR 2024

D PROOF OF COROLLARY 3

Proof of Corollary 3. We directly formulate the optimization problem as follows:

}]nir}{(lJranm)T, s.t. % +Vm < e},
For fixed T', we can solve the optimal 7}, = Toye T i ”i,YTTZW when 7 > 422
Then the problem becomes
T
T — \/e2T? — 48T 4
min 1+a€ < il , st. T > L/B ,
N, T 29T €

By taking the derivative, the function value is decreasing while T increases. Thus, the optimal value

1S
T
T — JE&T? — 43T .
lim [1+aS ¢ il — e
T— o0 2’}/T

Thus, we obtain that the optimal value is in order of ¢©(1/¢) O

E ADDITIONAL EXPERIMENTS

E.1 ABLATION STUDY ON LARGE K

50 -
||—— Diminishing, Difference, N = 500, K = 10 s —— Diminishing, Difference, N = 1000, K = 10
Constant, Difference, N = 500, K= 10 ) Constant, Difference, N = 1000, K = 10
48 {|—— Diminishing, Difference, N = 500, K = 20 —— Diminishing, Difference, N = 1000, K = 20
| Constant, Difference, N = 500, K= 20 44 —— Constant, Difference, N = 1000, K = 20
a6 =
< 3
| [
X x
40
a2
38
0 0 1000 2000 3000 4000 5000 6000 7000 8000 o 1000 2000 3000 4000 5000 6000 7000 8000
Iterations Iterations

Figure 3: Results for Toy Example. The left figure shows the results when N = 500, and the right
figure shows the results when N = 1000.
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< A < 0.775
—— Constant, Test_acc, N = 100, K =2 —— Constant, Test_acc, N = 200, K =2
074
——— Diminishing, Test_acc, N = 100, K = 2 07501 —— Diminishing, Test_acc, N = 200, K = 2
o724 — Constant, Test_acc, N =100,K =5 aras LT Constant, Test_acc, N =200, K =5
—— Diminishing, Test_acc, N = 100, K =5 —— Diminishing, Test_acc, N = 200, K =5
070 il = 0.700 1
3 500 1000 1500 2000 2500 3000 3 00 1000 1500 2000 2500 3000
Iterations Iterations

Figure 4: Results for MNIST classification. The left figure shows the results when n = 100, and the
right figure shows the results when n = 200.

E.1.1 RESULTS FOR SECTION 5.1

For the toy example, we increase K from 10 to 20, and the results are shown in Figure 3. It is
shown in the figure that, increasing K can help achieve smaller error, while the diminishing step size
achieves a better performance no matter if K is large or small.

25



Under review as a conference paper at ICLR 2024

E.1.2 RESULTS FOR SECTION 5.2

For the MNIST example, we increase K from 2 to 5. The results are shown in Figure 4. Similar to
the results in the toy example, increasing K can help achieve smaller errors, while the diminishing
step size achieves a better performance no matter if K is large or small.

E.2 ADDITIONAL EXPERIMENTS ON CIFAR10

With the same setting in Section 5.2, we change the dataset from MNIST to CIFAR10 (Krizhevsky
et al., 2009) and change the number of samples in the training set from 5000 to 20000. The results are
shown in Figure 5. Because of the representation ability of Lenet-5, the results of constant stepsize
and the diminishing stepsize are quite similar. However, at the end of 5000 iterations of training, the
diminishing stepsize achieves a little higher accuracy for both n = 100 case and n = 200 case.

AN AR TIALF] oA AR
e T 4.»"‘/\””"“"“’1VL e
os " o AW
i e

S04 5,04
9 9
e e
3 3
gos g

02 02

—— Constant, Test_acc, N = 100 —— Constant, Test_acc, N = 200
o Diminishing, Test_acc, N = 100 0 | Diminishing, Test_acc, N = 200

o 1000 2000 3000 4000 5000 o 1000 4000 5000

3000
Iterations Iterations

Figure 5: Results for CIFAR10 classification. The left figure shows the results when n = 100, and
the right figure shows the results when n = 200.
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