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A PSEUDOCODE OF ALGORITHM 1

In this section, we present the pseudocode of FQE with CNN function approximation, which we
have introduced in Section 3.

Algorithm 1 Neural Fitted Q-Evaluation (Neural-FQE)
Input: Initial distribution &, target policy =, horizon H, effective sample size K, function class
F.
Init: Q% :=0
forh=H,H—1,---,1do
Sample Dy, = {(Shk> Qh.ks )y s Thik) ey -
Update QF « 77 (Q;; +1) by (6).

end for .
Output: 0™ := [, QT (s, a){(s)m(a | s)dsda.

B PROOF OF THEOREM 1

In this section, we provide a proof for the upper bound on the estimation error in Theorem 1. Recall
that Assumption 2 does not require Bellman completeness with respect to F; thus, the estimation
error can be decomposed into a sum of statistical error and approximation error. A tradeoff exists
about the network size: while a larger network reduces the approximation error, it leads to higher
variance in the statistical error. Consequently, we choose the network size and architecture appro-
priately to balance the two types of error, which in turn minimizes the final estimation error.

Proof of Theorem 1. The goal is to bound

Bl - ol = | [ (Qf - 1) Gyt s,

<E [/X @7 - Q1| (s,0) dq’f(aa)} :

To get an expression for that, we first expand it recursively. To illustrate the recursive relation, we
examine the quantity at step h:
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where C' denotes a (varying) constant depending on D?e+d, d, «, ﬁ, p, q, co, B, w and the
surface area of X.

In (a), note ’7?@2_’_1 € By ,(X) by Assumption 2 and —ﬁ” (AZH) € F by our algorithm, so
Tr @;{ 11— 7A;ZT (CA)Z +1) € Q. Then we obtain this inequality by invoking the following lemma.

Lemma 1. Given a function class Q that contains functions mapping from X to R and two proba-
bility distributions ¢; and ¢, supported on X, for any g € Q,

Ez~q1 \/]Ezrqu J(1+ XQ(qlu q2))-

Proof of Lemma 1.

Eorng [9(2)]?
Eong,[9%(2)]

- \/EN 162 (2)] sup el @

Eong, [9(2)] = \/ Eyng, [9%(7)]

7€Q Eango[f*(2)]

= \/]Equz J(1+ XQ(Q1a q2)),

2
where the last step is by the definition of )<2Q(q17 q2) = SUPseg Ezl ch]ﬂ —1. O
2

In (b), we use Jensen’s inequality and the fact that square root is concave.

To obtain (c), we invoke Lemma 10, which provides an upper bound on the error of nonparametric
regression at each step of the FQE algorithm.

Specifically, we will invoke Lemma 10 when conditioning on Dy 41, -+ ,Dg, i.e. the data from

time step i + 1 to time step H. Note that after conditioning, 7,7 Q7 ; becomes measurable and
deterministic with respectto Dp41, - -+ , Dy. Also, Dy+1, - - - , Dy are independent from Dy, which
we use in the regression at step h.

To justify our use of this theorem, we need to cast our problem into a regression problem described
in the theorem. Since {(sp, ah,k)}kK:1 are i.i.d. from ¢;;°, we can view them as the samples z;’s in

the lemma. We can view 7,7 Q7 , , which is measurable under our conditioning, as fo in the lemma.
Furthermore, we let

Gk 1= g+ /,4 OF o1 (sh o a)(a | s)) da — T O 1 (s 0 k).

In order to invoke Lemma 10 under the conditioning on Dy, 1, -+ , Dy, we need to verify whether
three conditions are satisfied (conditioning on Dy, 1, --- , Dg):

1. Sample {(sp x, ah7k)}f:1 are 1.1.d;
2. Sample {(sp k, an k) }; and noise {Cp x }1-_, are uncorrelated;

3. Noise {Ch,k}szl are independent, zero-mean, subgaussian random variables.

In our setting, {(spk, an k)i, are i.i.d. from ¢;°. Due to the time-inhomogeneous setting, they

are independent from Dy, 41, -+ , D, 50 {(Sh.k, ank) }i, are still i.i.d. under our conditioning.
Thus, Condition 1 is clearly satisfied.
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We may observe that under our conditioning, the transition from (sp, x, an k) to s;L & 1 the only
source of randomness in (3, , besides (sy, x, an i) itself. The distribution of (sp, k., an i, s;L,k) is actu-
ally the product distribution between P}, (-|sp i, an,x) and ¢;°, so a function of s’h &» generated from
the transition distribution Py, (-|sp, i, an k), is uncorrelated with (sp i, ap ). Thus, (Sp k, ank)’s are
uncorrelated with ¢, ,.’s under our conditioning, and Condition 2 is satisfied.

Condition 3 can also be easily verified. Under our conditioning, the randomness in (j, ; only comes
from (sp i, Gh ks s;l,k,rh,k), which are independent from (sp, i, an i, s%7k,7rh7k/) for any k' # k,
s0 Cpx s are independent from each other. As for the mean of (p, 1,

E[¢hk | Dhti, -+ Dl

- [ + / Qf 1 (hjes @) | 85, 50) da =1 (sks an) = PR Qg1 (s an) | D, ’DH]
A
= E[Th,k —h(Sh,k> Qh,k) +/ QZH(S%JWG)W(@ | s;zk) da
A

—Eo Py (lsniani) [/ Qi1 (s'sa)m(a|s")da | spr,ank, Dny1,-- D | | Dhy,- - 7DH]
A

=0+0=0.

On the other hand,

Thus, Cp.1 is a bounded random variable with (1 € [-2H,2H] almost surely, so its variance is
bounded by 4H?2. Its boundedness also implies it is a subgaussian random variable. Thus, Condition
3 is also satisfied.

’@Z 41 H < H almost surely, because it is a function in our CNN class F.
oo

Hence, Lemma 10 proves, for step h in our algorithm,
. ~ /-~ 2
E [ | (7@ -7 (@) (50046 (5,0) | Dy, D
x
< C'(H? + 4H?)K %% log® K,
where C’ depends on D%, d, a, %’ P, q, co, B, w and the surface area of X.

Note that this upper bound holds for any @Z 110 Dy, -+, Dy. The sole purpose of our condi-

tioning is that we could view @Z 1 as ameasurable or deterministic function under the conditioning
and then apply Lemma 10. Therefore,

AN ~ ~ 2
E {E [/ (77sz2+1 —-T7r (QZ-H)) (s,a) dq;{U(s,a) | Dhat,- - 7DH:|:|
X
< C/(HQ + 4H2)K722ﬁ log® K.

Finally, we carry out the recursion from time step 1 to time step H, and the final result is

H
(o3 1
T -~ 2 10— sara 5/2 T T
E|v™ — 57| < CH2K ™~ 7 log K<h§_1 Xé(qh,th)H).

C PROOF OF THEOREM 2

Let us define a class of single-block CNNs in the form of
f(x) =W - Convyy g(x)
as

FSONN(L J 1,71, 75) ={f | f(z) in the form of (3) with L layers. The number of filters per block
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is bounded by L; filter size is bounded by I; the number of channels
is bounded by J; max WD oo V | BY]| 0o < 71, [|[W]|oo < T2}
| (11)

We will refer to CNNss in this form as “single-block CNNs” and use them as building blocks of our
final CNN approximation for the ground truth Besov function.

C.1 PROOF OVERVIEW OF THEOREM 2

Theorem 2 serves as a building block for Theorem 1, which establishes the relation between network
architecture and approximation error. It is proven in the following steps:

STEP 1: DECOMPOSE f AS SUM OF LOCALLY SUPPORTED FUNCTIONS OVER MANIFOLD

Since manifold & is assumed compact (Assumption 1), we can cover it with a finite set of D-
dimensional open Euclidean balls { B(c;) Z-C:Xl, where c; denotes the center of the i-th ball and S is
its radius. We choose 5 < w/2, and define U; = Bg(c;) N X. Note that each Uj is diffeomorphic

to an open subset of R? (Lemma 5.4 in Niyogi et al. [40]); moreover, {Ui}icjl forms an open cover

for X. There exists a carefully designed open cover with cardinality C'y < [Aéff) Ty], where A(X)
denotes the surface area of X and 7y denotes the thickness of U;’s, i.e. the average number of U;’s
that contain a given point on X. Ty is O(dlog d) (Conway et al. [5]).

Moreover, for each U;, we can define a linear transformation
T
¢i(z) = a;V; (z —c;) + by,

where a; € R is the scaling factor and b; € R? is the translation vector, both of which are chosen to
ensure ¢(U;) C [0,1]¢, and the columns of V; € RP>*4 form an orthonormal basis for the tangent
space T, (X). Overall, the atlas {(¢;, U;)}* transforms each local neighborhood on the manifold
to a d-dimensional cube.

Thus, we can decompose fj using this atlas as

Cx
fo=Y_fi with f;=fpi, (12)

i=1
because there exists such a O™ partition of unity {p; } &% with supp(¢;) C U; (Proposition 1 in Liu
et al. [32]). Since each f; is only supported on U;, we can further write
Cx
fo=> (fiod; ") oo x 1y, with f; = fp;, (13)
i=1
where 1y, is the indicator for membership in U;.

Lastly, we extend f; o ¢; ' to entire [0,1]% with 0, which is a function in B2 ,([0,1]) with

B, ([0, 1]¢) Besov norm at most Ccy (Lemma 4 in Liu et al. [32]), where C is a constant de-
pending on «, p, g and d. This extended function is to be approximated with cardinal B-splines in
the next step.

STEP 2: APPROXIMATE EACH LOCAL FUNCTION WITH CARDINAL B-SPLINES

With most things connected with the intrinsic dimension d in the last step, we proceed an approxi-
mation of fy on the low-dimensional manifold. With @ > d/p + 1 assumed in Assumption 2, we
can invoke a classic result of using cardinal B-splines to approximate Besov functions (Lemma 5),
by setting r = 400 and m = [a] + 1 in the lemma. It states that there exists a weighted sum of

cardinal B-splines f; in the form

N
fi= Zfi,j ~ fiog; ! with f;; = C;(ﬁﬁg,j,m (14)
j=1
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such that

In (14), cgz € R is coefficient and gf ;. - [0,1]* — R denotes a cardinal B-spline with index

Ji-fioor!|| < CaNTo/, (15)

k,m € Nt j € R% k is a scaling factor, j is a shifting vector, m is the degree of the B-spline.

By (13) and (14), we now have a sum of cardinal B-splines

_ CX _ CX N -
F=Y fiogixly, =) Y fijod x1ly,. (16)
i=1 i=1j=1
which can approximate our target Besov function f; with error
|7 = fo|| . < CCxaoN=2/1, (a7)
LOO

STEP 3: APPROXIMATE EACH CARDINAL B-SPLINE WITH A COMPOSITION OF CNNSs

Each summand in (16) is a composition of functions, each of which we can implement with a CNN.
Specifically, we do so with a special class of CNNs defined in (11), which we refer to as “’single-
block CNNs”.

The multiplication operation x can be approx1mated by a single-block CNN X with at most 7 error
in the L sense (Proposition 1). X needs O(log £ ) layers and 6 channels. All weight parameters
are bounded by (c2 V 1).

We consider each f; o ¢; together, which we can approximate with a sum of N CNNs ]%CNN o b
up to J error, namely,
N
fSCNN ¢i—1 <4
Jj=1 o
In particular, we can use a single-block CNN fSCNN to approximate the B-spline ﬁ juptod/N
error. Moreover, since ¢; is linear, it can be expressed with a single-layer perceptron dA)L The

architecture and size of J?SCNN and ¢; are characterized in Proposition 2 as functions of §.

1y, is an indicator for membership in U;, so we need 1y, (z) = 1if d2(z) = ||z — ¢;3 < 52
and 1y, (z) = 0 otherwise. By this definition, we can write 1y, as a composition of a univariate
indicator 1y g2; and the distance function d?:

Ly,(z) =1 gz odi(z) for z€X. (18)
Given 0 € (0,1) and A > 8D B2, it turns out that 19,52 and d? can be approximated with two
single-block CNN’s 1A and d respectively (Proposition 3) such that

)di —d?| _<4B°Do (19)

1, ifz € U, d?(z) < B2 — A,
Taod(z) =40, ifz ¢ U, (20)
some value between 0 and 1, otherwise.

and

The architecture and size of 1 » and d are characterized in Proposition 3 as functions of # and A.

The above three approximations rely on the classic result of using CNN to approximate cardinal
B-splines (Lemma 10 in Liu et al. [32]; Lemma 1 in Suzuki [45]). Putting the above together, we
can develop a composition of single-block CNNs

fl,] = (fSCNN o aiaﬁA o C/E) (21)

as an approximation for ﬁ j © ¢; x 1y,. The overall approximation error of ﬁ j can be written
as a sum of the three types of approximation error above Details are provided in Appendix C.2.

Moreover, by Lemma 6, there exists a single-block CNN fl ,; that can express fi g
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STEP 4: EXPRESS THE SUM OF CNN COMPOSITIONS WITH A CNN

Finally, we can assemble everything into f

Ox N
F=325 Fisn (22)
i=1 j=1
which serves as an approximation for fy. By choosing the appropriate network size in Lemma 2,
which the tradeoff between the approximation error of ﬁ ; and its size, we can ensure that

|F= 5| <5 23)

By Lemma 7, for M, J > 0, we can write this sum of N - Cy single-block CNNs as a sum of M
single-block CNNs with the same architecture, whose channel number upper bound .J depends on
J. This allows Theorem 2 to be more flexible with network architecture. By Lemma 4, this sum
of M CNNs can be further expressed as one CNN in the CNN class (5). Finally, N will be chosen
appropriately as a function of network architecture parameters, and the approximation theory of
CNN is proven.

When Theorem 2 is applied in our problem setting, we will take the target function f above to be

T @Z 41 at each time step h, which is the ground truth of the regression at each step of Algorithm
1. More details about the proof of Theorem 2 are in Appendix C.2.

C.2 PROOF OF THEOREM 2

In the following, we provide the proof details for Theorem 2, which quantifies the tradeoff between
a CNN in the class of 11 and its approximation error for Besov functions on a low-dimensional
manifold. We start from the decomposition of the approximation error of f, which is based on the
decomposition of the approximation error of f; ; in (21), and will proceed to the end of this proof.

Lemma 2. Let ) be the approximation error of the multiplication operator % (-, ) as defined in Step
3 of Appendix C.1 and Proposition 1, § be defined as in Step 3 of Appendix C.1 and Proposition 2,
A and 0 be defined as in Step 3 of Appendix C.1 and Proposition 3. Assume N is chosen according

to Proposition 2. For any i = 1, ...,Cx, we have f— foH < ZZC:Xl (Aj1+ Ao + A, 3) with
LQC

Aig = H (JENN 0 6y, Tn 0 d2) — [PSN 0 6 x (]leciz;)HngC"éfd/an,
N
Aip = |[[ (™o di) | x (Taod) - fix (aod)| <5,
Jj=1 oo
e(m+1)

Az =|fi x (]le ) fi

o < —_- 7

~ B - B/w)

for some constant C"' depending on d, o, p, q and some constant c. Furthermore, for any € € (0,1),
setting

- N—a/d 1 N-1-a/d ﬁ(l—,@/w)N_a/d A

3Cy 1T O (3Cx) Y 3c(n+1)Cx ' 16B2D 24)

gives rise to
HJ?_fOH < N7
LOO
The choice in (24) satisfies the condition A > 8 B%D# in Proposition 3.

Proof of Lemma 2. As in Proposition 1, A; ; measures the error from x:

Ll_ZH (FPSNN 0 gy, Ta 0 d?) — FISNN 0 §; x (Ta 0 d2)

’ S NT) S C«//(;*d/ozn,
=)
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for some constant C” depending on d, o, p, q. The last inequality is due to the choice of N in
Proposition 2.

A; 2 measures the error from CNN approximation of Besov functions. As in Proposition 2, 4; o < 6.

A; 3 measures the error from CNN approximation of the chart determination function. The bound
of A; 3 can be derived using the proof of Lemma 4.5 in Chen et al. [4], since f; o gbi_l is a Lipschitz
function and its domain is in [0, 1]%. O

In order to attain the error desired in Lemma 2, we need each network in ﬁ j with appropriate size.
The network size of the components in f; ; can be analyzed as follows:

. il The chart determination network il = gl? o iA is the composition of d? and iA.
By Proposition 3, &? is a single-block CNN with O(log 3) = O(%1log N + D + log D)
layers and width 6D; 1 A is a single-block CNN with O(log(82/A)) = O(4 log N) layers
and width 2. In both subnetworks, all parameters are of O(1). By Lemma 6, the chart
determination network 1; is a single-block CNN with O(§ log N 4 D + log D) layers,
width 6D + 2 and all weight parameters are of O(1).

* X: By Proposition 1, the multiplication network is a single-block CNN with O(log %]) =
O((1+ %)log N) layers and O(1) width. All weight parameters are bounded by (c§ V 1).

. 52 The projection ¢; is a linear one, so it can be expressed with a single-layer perceptron.
By Lemma 8 in Liu et al. [32], this single-layer perceptron can be expressed with a single-
block CNN with 2 + D layers and width d. All parameters are of O(1).

. fEENN: by Proposition 2, each AZ.SJCNN is a single-block CNN with O(log ) =
O(§ log N) layers and [24d(« + 1)(« + 3) + 8d] channels. All weight parameters are

2d

in the order of O (5_(1°g2)(”f’—"'+cldil)) =0 (N(IOEQ)%(%—F@{I)).

Next, we want to show f;. j» a composition of the aforementioned single-block CNNs, can be simply
expressed as a single-block CNN.

By Lemma 6, there exists a single-block CNN g; ; with O(log N + D) layers and [24d(a +
1)(a + 3) 4+ 9d] width realizing j/’\SiJ-CNN o ¢;. All weight parameters in g; ; are in the order of

a 2d -1 . . o~ . .
O (N (log2) 3 (5p=g +e1d )). Moreover, recall that the chart determination network 1; is a single-

block CNN with O(log N + D + log D) layers and width 6D + 2, whose weight parameters are
of O(1). By Lemma 14 in Liu et al. [32], one can construct a convolutional block, denoted by Jij»
such that

* * * *

gi’j(x):[@,j(xm (gis(@)- @)y (@ia))-] 0s)

Here g, ; has [24d(co + 1)(a + 3) + 9d] + 6D + 2 channels.

Since the input of X is {giﬁj ] , by Lemma 15 in Liu et al. [32], there exists a CNN g; ; which takes

(25) as the input and outputs X (g, ;, 1,).
Note that g; ; only contains convolutional layers. The composition g; ; o g;,;, denoted by @SSNN,

a CNN and for any z € X, @\E‘JCNN (z) = f; j(x). We have ’g\ZS?NN € FSCNN(L J I,7,7) with

is

L=0(logN+D+logD), J=[48d(a+ 1)(a+ 3) + 18d] + 12D + O(1),
r =0 (N E Gt ad™), (26)

and I can be any integer in [2, D].

~SCNN

Therefore, we have shown that g7 5™ is a single-block CNN that expresses fi.j» as we desired.
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Furthermore, recall that fcan be written as a sum of C'xy N such SCNNs. By Lemma 7, for any
M, J satisfying MJ = O(N), there exists a CNN architecture FSCNN(L, J, I, 7, 7) that gives rise
to a set of single-block CNNs {g;}M4, € FSCNN(L J I 7, 7) with

i
F=>3 @7
=1

and

L=0(ogN +D+logD), J=0(DJ), 7=0 (Nﬂog?)%(aiidﬂld”)) . 8)

By Lemma 3 below, we slightly adjust the CNN architecture by re-balancing the weight parameter
boundary of the convolutional blocks and that of the final fully connected layer. In particular, we
rescale all parameters in convolutional layers of g; to be no larger than 1. While this procedure does
not change the approximation power of the CNN, it can make the CNN have a smaller covering
number, which is conducive to a smaller variance.

Lemma 3 (Lemma 16 in Liu et al. [32]). Lety > 1. For any g € F5NN(L, J, I, 71,75), there
exists f € FSONN(L, J, I, v~ 7, ~F1) such that g(x) = f(x).

coyd (_2d =1 —~ .
In this case, we set v = ¢/ N(1°82)&(&Za+e1d ) (T DML, where ¢’ is a constant such that 7 <
2d

¢/ Nee2) & (Gaterd™) With this v, we have f; € FSONN(L, J, I, 7y, 75) with

L=0(ogN + D +logD), J=0(D), 7, = (8ID)"'M~T = O(1),
logo = 0O (logﬂ—l—logzN—i—DlogN) .

Finally, we prove that it suffices to use one CNN to realize the sum of single-block CNNs in (27).

Lemma 4. Let FSNN(L, J I, 71, 75) be any CNN architecture from RP to R. Assume the weight
matrix in the fully connected layer of FSNN(L, J, I, 71,T2) has nonzero entries only in the first
row. For any positive integer M, there exists a ConvNet architecture F(M, L, J, I, 1, 7(1V 7))

such that for any {ﬁ(m) M, c FSCNN(L J,I,71,72), there exists J?E F(M,L, 4+ J, 1,7,72(1V
1 .
T ) with

o~ M o~
f(x) = Z fm(2).
m=1

Consequently, by Lemma 4, there exists a ConvNet that can express our sum of M single-block
CNNs with architecture F(M, L, J, I, 71, 73) with

L=0(logN + D +logD), J=0(DJ), 7, = (8ID)"*M~= = O(1),
1og7'2:O<log]T/[/+log2N+DlogN), M:O(M). (29)
and J. , M satisfying
M.J = O(N), (30)
which is a requirement inherited from Lemma 7. This CNN is our final approximation for f;.
Applying this relation N = O(]Ti/ J ) to (29) gives
|F-5|| . <@ (3D
and the network size
L=0 (1og(1\7f) + D +log D) , J=0(DJ), 7 = (8ID)"'M~% = O(1),

log 7> = O (log? MJ + Dlog M.J ) , M = O(M).
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C.3 PROOF OF LEMMA 4

Denote the architecture of fm with
fm(x) = Wy, - Convyy,, 5, (x),

L L
where W,,, = { o }l , B = {Bnll) }l . Furthermore, denote the weight matrix and bias in
=1 =1

the fully connected layer of f with W b and the set of filters and biases in the mn-th block of f with
W and B,,,, respectively. The padding layer Pin f pads the input = from R” to RP** with zeros.
Each column denotes a channel.

Let us first show that for each m, there exists some CoanAv g RDPx*4 _y RDP*4 gych that for any
Z € RP>*4 with the form

Z=[@)s (@- * 4, (32)

where (x) means applying (- V 0) to every entry of = and (z)_ means applying —(- A 0) to every
entry of x, so all entries in Z are non-negative. We have

2 (fun(@) V0) 2 (fu(@) AO)
00 * *
Convis = (Z)= : : +Z (33)

Wi ,B,
x x
where *’s denotes entries that do not affect this result and may take any different value.
For any m, the first layer of f,, takes input in R”. Thus, the filters in W,(ﬁ ) are in RP. Again, we
pad these filters with zeros to get filters in RP** and construct W,% ) such that

1 1
447,00 = |:( él))j,:,: (_Wr(n))],, 0 0Of,

where we use the fact that W, ()4 — W « (z)_ ") « 2. The first four output channels at

the end of this first layer is a copy of Z. For the filters in later layers of fm and all biases, we simply
set

W)1..=[e1 0 0 0 0] forl=2,...,L,
(W\T(,?)z,:,: =0 e 0 O 0] forl=2,...,L,
(Wﬁ))&, =0 0 e O 0] forl=2,...,L —1,
(WWZL)M,: =0 0 0 e --- 0 forl=2,...,L —1,
WD)y = [0 000 (W,Si))j’:’:] forl=2,...,L—1,
(B = [0 000 (B,(,?)W} forl=1,...,L—1.
In Coan B, an additional convolutional layer is constructed to realize the fully connected layer

in fm. By our assumption, only the first row of W, is nonzero. Furthermore, we set gr(nL ) = 0and
WE as size-one filters with three output channels in the form of

W3, =[0 0 e 0 Z(Wy)1,],
Wy, =[0 0 0 e —Z(Wp)].
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Under such choices, (33) is proved and all parameters in Wm, gm are bounded by 7.
By composing all convolutional blocks, we have
n~M 7 n~M /7
?; Zm=1(fm \/0) 7% Zm:l(-fm /\0)
(@)1 (2)- * x

(Convys = )o---o(Conv

W, Bum © P(x) =

Wh,B,)

Lastly, the fully connect layer can be set as
= 00 » -2
W= [0 00 o0 ] b=0.

Note that the weights in the fully connected layer are bounded by 72(1 V 7 h.

The above construction gives

M M
F@) =Y (fm@) VO) + > (Fu(2) A0) = Y Fnlw)

m=1 m=1 m=1
C.4 SUPPORTING LEMMAE FOR THEOREM 2

Before stating Lemma 5, we provide a brief definition of cardinal B-splines.
Definition 5 (Cardinal B-spline). Let 1)(x) = 1[o,11() be the indicator function for membership in
[0, 1]. The cardinal B-spline of order m is defined by taking m + 1-times convolution of \:
Ym(@) = (P xpx-- - =) (x)
—_——

m+1 times

where f = g(x) = [ f(xz —t)g(t)dt.

Note that 1, is a piecewise polynomial with degree m and support [0, m + 1]. It can be expressed

as [34]
m+1
+ 1 -\
m _m'Z (m >($_3)+

For any k,j € N, let gk jm(z) = ¥m(28z — j), which is the rescaled and shifted cardinal B-
spline with resolution 2=* and support 27%[5, 5 + (m + 1)]. Fork = (ky,...,k;) € N and j =
(j1,- -+, ja) € N, we define the d dimensional cardinal B-spline as 'gﬁ’j’m(x) = H?zl Ym (2Fix; —
ji).- When ky = ... = kg = k € N, we denote g ; . () = T, o (252 — jis).

C.4.1 APPROXIMATING BESOV FUNCTIONS WITH CARDINAL B-SPLINES

For any m € N, let J(k) = {—m, —m + 1,...,2¥ — 1,2%}4 and the quasi-norm of the coefficient
{ck j}fork e N,j e J(k)be
1/p7 9\ V4

Heritlvg, = | D [257 41> enyl? : (34)

keN jeJ(k)

We can state the following lemma, from DeVore & Popov [8], Dung [12], which provides an upper
bound on the error of using cardinal B-splines to approximate functions in B, ([0, 1]%).

Lemma 5 (Lemma 2 in Suzuki [45]; DeVore & Popov [8], Dung [12]). Assume that 0 < p,q,r <
ooand 0 < a < oo satisfying a > d(1/p — 1/r)4. Let m € N be the order of the cardinal B-spline
basis such that 0 < o < min(m, m —1+1/p). Forany f € By ([0, 1]4), there exists fy satisfying

If = fnllerqoayey < CN™ O‘/dHfHBa ,(0,1])
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for some constant C' with N > 1. f is in the form of

H H* ng
@) =33 cbism@ + D> kG sm(®), (35)
k=0jeJ (k) k=K+1 1:1=1

where {j;}1*, C J(k), H = [e1log(N)/d], H* = [v 1og(AN)]+ H +1,n, = [AN27v (= H)]
fork=H+1,...,H,u=d(1/p—1/r)4 and v = (o — w)/(2u). The real numbers ¢; > 0 and
A > 0 are two absolute constants chosen to satisfy Zle(Qk +m)d + Zkl,{:HH n, < N, which
are to N. Moreover, we can choose the coefficients {cy, ;} such that

{eritlog,, < CillfllBg  (0.1)9)

for some constant C1.

C.4.2 APPROXIMATING CARDINAL B-SPLINES AND OTHERS WITH SINGLE-BLOCK CNNSs

The following Proposition 1 quantifies the tradeoff between the size of a single-block CNN and its
approximation error for the multiplication operator.

Proposition 1. Let x be defined as in (13). For any n € (0, 1), there exists a single-block CNN
X (-, ) such that

||a X b— Q(a,b)HLQc <n,
where a, b are functions uniformly bounded by cy.
X is a single-block CNN approximation of x and is in FSONN(L, J, 1,7, 1) with L = O(log 1/n) +

D layers, J = 24 channels and any 2 < I < D. All parameters are bounded by 7 = (¢ V 1).

Furthermore, the weight matrix in the fully connected layer of X has nonzero entries only in the first
row.

Proof of Proposition 1. First, let us define a particular class of feed-forward ReLU networks of the
form
f({E) =W - ReLU(WL,1 cee ReLU(Wlx + b1) SR bLfl) +br, (36)

as

F(L,J,7) ={f | f(x) in the form (36) with L layers and width at most .J,
Willso o <75 [Ibillog < 7fori=1,---, L}, 37

By Proposition 3 in Yarotsky, there exists a feed-forward ReL.U network that can approximate the
multiplication operation between values with magnitude bounded by cq, with 7 error. Such feed-
forward network has O(log 1/7n) layers, whose width is all bounded by 6, and all its parameters are
bounded by c3. Therefore, such a feed-forward network is sufficient to approximate x with 7 error
in L°°-norm, because the arguments of x are uniformly bounded ¢y by Assumption 2.

Furthermore, by Lemma 8 in Liu et al. [32], we can express the aforementioned feed-forward net-
work with a single-block CNN in FSCNN (L, J,I,7,7), where L, J, I, T are as specified in the state-
ment of the proposition. 0

Proposition 2 quantifies the tradeoff between the size of a single-block CNN and its approximation
error for the cardinal B-spline f; o gf)i—l.

Proposition 2 (Proposition 3 in Liu et al. [32]). Let fiogzﬁi_l be defined as in (13). Forany§ € (0,1),
set N = C16~%“. For any 2 < I < d, there exists a set of single-block CNNs {fSCNN}]_V such
that o~
N
STEON _foet <4,

j=1 Lo
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where C is a constant depending on o, p, q and d.
/E]CNN is a single-block CNN approximation offm» (defined in (14)) in FSONN(L, J, I, 7,T) with
L =0 (log(1/6)),J = [24d(a + 1)(a + 3) + 8d],7 = O (5—<1°g2)<a§‘id+61d’1>) .

The constant hidden in O(-) depends on d, «, %,p, q, Co-

Proposition 3 quantifies the tradeoff between the size of the sub-networks for the chart determination
network and its approximation error for the chart determination indicators and the distance function

02,
Proposition 3 (Lemma 9 in Liu et al. [32]). Let d? and 1o g2) be defined as in (18). For any
0 € (0,1) and A > 8B2 D0, there exists a single-block CNN d? approximating d? such that

|2 — d?|| .~ < 4BD#,
and a CNN 1 approximating 1o g2 with

1, ifa <(1-27%)(8> - 4B>D9),
Ta(z) =40, ifa> 2 —4B2D9,
Qk((ﬂQ - 4BZD9)71Q —1), otherwise.

for x € X. The single-block CNN for d? has O(log(1/0)) layers, 6D channels and all weights
parameters are bounded by 4B2. The single-block CNN for 1 A has {log( B2/ A)] layers, 2 channels.
All weight parameters are bounded by max(2,|3? — 4B?D4)).

As a result, for any x € X, Tao 0772(1:) gives an approximation of 1y, satisfying

1, ifr € U;and d2?(z) < % — A;
Taodi(z) =40, ifx ¢ Us;
between 0 and 1,  otherwise.

C.4.3 LEMMAE ABOUT SUMMATION AND COMPOSITION OF CNN

Lemma 6 states that the composition of two single-block CNNss can be expressed as one single-block
CNN with augmented architecture.

Lemma 6. Let Fy°NN(Ly Jy,I,71,71) be a CNN architecture from RP — R and
fQS’CNN (Lo, Ja, I, T2, 72) be a CNN architecture from R — R. Assume the weight matrix in the
fully connected layer of FYNN(Ly, J1, I, 71, 71) and FSNN(Ly, Jo, Iz, T2, 7o) has nonzero en-
tries only in the first row. Then there exists a CNN architecture FSNN(L, J, I, 7,7) from RP? — R
with

L= Ll + LQ, J = max(Jl, JQ), I = max([l,IQ), T = I’IlaX(Tl,TQ)

such that for any f; € FSONN(Ly, Jy, I, 71,71) and fo € FSNN(Lgy, Jo, Iy, 72, 72), there exists
f e FSCNN(L J I,7,7) such that f(x) = fy o fi(x). Furthermore, the weight matrix in the fully
connected layer of FSNN(L, J, I, 7,T) has nonzero entries only in the first row.

Lemma 7 states that the sum of ng single-block CNNs with the same architecture can be expressed
as the sum of n; single-block CNNs with modified width.

Lemma 7 (Lemma 7 in Liu et al. [33]). Let {f;}.°, be a set of single-block CNNs with architecture
FSCNN(Lo. Jo, Iy, T0,70). For any integers 1 < n < ng and J satisfying nJ = O(ngJy) and
J > Jo, there exists an architecture FS°NN(L, J I, 1, T) that gives a set of single-block CNNs
{9}, such that

Zgi(x) = Z fi(z).

Such an architecture has

L= O(LQ),JZ O(J),I:I(),T:TQ.

Furthermore, the fully connected layer of f has nonzero elements only in the first row.
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D PROOF OF CONVNET CLASS COVERING NUMBER

In this section, we prove a bound on the covering number of the convolutional neural network class
used in Algorithm 1.

Lemma 8. Given 0 > 0, the 0-covering number of the neural network class F(M, L, J, 1,7, 72,V)
satisfies

N8, F(M, L, J, 171,70, V), ) < (20m V) Ar6~1) ™2 (38)
where
A= (M+3)JDAV )1V T)ppT, Ao = ML(J*T+J)+JD +1
withp = pM,pt =14+ MLp*,p= (JIm)* and p*t = (1 v JIT)T.
With a network architecture as stated in Theorem 2, we have
log N'(8, F(M, L, J,1,71,72,V) = O <A7]2D3 log” (M J) log ;) ,

where O(-) hides constant depending on d, «, %’ D, q, co, B, w and the surface area of X'.

D.1 SUPPORTING LEMMAE AND PROOFS

Proposition 4 below provides an upper bound on the L,-norm of a series of convolutional neural
network blocks in terms of its architecture parameters, e.g. number of layers, number of channels,
etc.

Let J,(,? be the number of channels in i-th layer of the m-th block, and let I,gi) be the filter size of
i-th layer in the m-th block. Qy; ;) is defined as

Q[id'] () = (COHVW.ng‘) ©--0 (COHVWmBi) ().

Proposition 4. Form =1,2,--- M and z € [-1, 1]D, we have
1Qum (@)l < @V m) HHW V1 <1+ZLkH 1vJ,£”)I;§”n>>.
j=1li=1 i=1
Proof.
|Qum (@)]|

= [|Convw,, 5, (Qm-11(2))| .
Ly

Loy,
<TI0 7 | Quum— (@), + 7L [J(1 v IS D10 T)

=1 i=1

< ||P(x HHJ“ V1n +712LkH (1v I H HJ“ D17

j=1li=1 l=7+11i=1
<l HHJ’ R T1—|-T12:LkH 1v 107 H HJl’ R
Jj=1li=1 = l=5+1=1

(1v ) HHJ’ RV <1+ZL;€H1VJ(Z Do )),
k=1 =1

j=1li=1

where the first two inequalities are obtained by applying Proposition 9 from Oono & Suzuki [41]
recursively. O

Lemma 9 quantifies the sensitivity of a CNN with respect to small changes in its weight parameters.
This will be used to create a discrete covering for the CNN class.
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Lemma 9. For f,f' € F(M,L,J,I,71,72,V) such that for ¢ > 0, |[W-W'|_ < ¢

lb— b ’ 7(,? l) H < € and HBm —B,,ll) ‘ < € for all m and l, where
(W, b, {{( ﬁ),Bﬁ))}fg}mzl) and (W' b {{( 7(,? ,BS,? )}l ™ }i_,) are the parameters of f

and f’ respectively, we have

Hf - f/”oo S A1€7

where A1 is defined in Lemma 8.

Proof. Forany x € [—1,1]7,

|f(x) = f'(2)]
=[WeQ@) +b-W Q' (z) -V
=|(W-W)@Q(x)+b-b+W & (Q(r) - Q(x))
- | W W) ( )+ b—b' + w’ ® (Q(l‘) - COHVW}W7BJ\I (Ql(x)) + CODVW]\/LBIW (Q/(.’E)) - Q/(‘T)”
M
=|(W-W)eQx)+b-1b+ ZW/®Q[m+1M (Convwy,, 5,, — Conviyr 51 ) © Qg 1]

M
< W =W)eQ;0) +b—b|+ 'W/ ® Qpme1,m) © (Convyy,, 5, — Convyy, 1 ) o Q/[O,m_l]’

m=1
() M Ly . 4
< (3+M)JD(1V 1) (1V 72) HHJ’ VIO | 1+ Y e [Javay Vi n) ) e
j=1li=1 k=1 =1

where (a) is obtained through the following reasoning.
The first term in (a) can be bounded as
(W =W)®Q)+b-1
< (IWllo + IVl W = Wl Q@) | + 116 = V|
< 2JDe Q)| + €
<3JDeQ(2)]

<3JDmax{1l,n} [ [T]7 " 1{"n (1 + Z Ly, H 1V J,S‘”I,i%)) €,
= i=1

j=1i=1

where the first inequality uses Proposition 8 from Oono & Suzuki [41] and the last inequality is
obtained by invoking Proposition 4.

For the second term in (a), it is true that for any m = 1,--- , M, we have
‘W/ ® Q[m+17M] o (Convwmgm — COHVW;Q,B;") o Qflym—l]’

(b
< W'l 72 |[Quns1.any © (Convw, s, — Convy, ) © Q| _

LA
(c) J ) )
< JDn H HJJ(ZA)IJ('Z)TI H(COHVW,”,B"L — COHVW,'WB;L) o Q’[mel]H

j=m+1li=1
(d) Mo LR
Lopn [ T T (HJI @t )

i=1

(e)

M Ly _ _ Lum
<Jpm | ] 179 V17 (H Jﬁ;'—”.r,(,?n)
j= = i=1
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(1V7) HHJj AR <1+§:LkH (1v I )()7'1)>€
i=1

j=1li=1

M Lj
<JDn [ [IT] 75V 1n | avn (1 T Z Ly H (1v J,i’”l,%ﬁ) e,
=1

j=1i=1

where (b) is by Proposition 7 from Oono & Suzuki [41], (c) is by Proposition 2 and 4 from Oono &
Suzuki [41], (d) is by Proposition 2 and 5 from Oono & Suzuki [41], and (e) is obtained by invoking
Proposition 4. O

D.2 PROOF OF LEMMA 8

Proof of Lemma 8. We grid the range of each parameter into subsets with width A} 15, so there are at
most 2(71 V 72) A5~ different subsets for each parameter. In total, there are (2(71 V 19)A16 ’1)1\2
bins in the grid. For any f, f' € F(M,L,J,I,7,7,V) within the same grid, by Lemma 9, we
have || f — f||., < 6. We can construct the e-covering with cardinality (2(; V Tg)Alé_l)A2 by
selecting one neural network from each bin in the grid.

Taking log and plugging in the network architecture parameters in Lemma 2, we have
10g./\/'((5, .F(M, L7 J, I, 71,72, V), H”oo) = O (A2 IOg ((Tl V 7'2) Al(sil))

— oy e —— —~ 1
<0 (MDD2J2 log(M .J) log?(M.J)log?(M.J) log 5)
— —~ 1
=0 (MJ2D3 log® (M .J) log 5) ,

where the inequality is due to Ay = O(MDD2j2 log(Mj)). By plugging in the choice of 7,
p=1/2)!Mt <MY s0p=(1+M )M < e. Moreover, p* =1+ ML. O

E STATISTICAL RESULT OF CNN-BESOV APPROXIMATION (LEMMA 10)

In this section, we derive the statistical estimation error for using a CNN empirical MSE minimizer
to estimate a Besov ground truth function over an i.i.d. dataset. We need to choose the appropriate
CNN architecture and size in order to balance the approximation error from Theorem 2 and variance.
Thsi statistical estimation error can be decomposed into the error of using CNN to approximate
Besov function (Theorem 2), terms that grow with the covering number of our CNN class, and the
error of using the discrete covering to approximate our CNN class.

In Theorem 1, we expand the estimation error ¥™ — v™ over time steps and upper-bound the amount
of estimation error in each time step with Lemma 10. Details of Theorem 1 are in Appendix B.

Lemma 10. Let X be a d-dimensional compact Riemannian manifold that satisfies Assumption 1.
We are given a function fo € By (X ), where s,p,q satisfies Assumption 2. We are also given
samples Sy, = {(z;,v:)}, where x; are i.i.d. sampled from a distribution P, on X and y; =
folxs) + . (’s are i.i.d. sub-Gaussian random noise with variance o2, uncorrelated with z;’s. If

we compute an estimator
n

Fo = argmin > (Fa) =~
with the neural network class F = F(M, L, J, I, 1,72, V) such that
L =0(logn+ D +1logD), J=0(D), 1. = O(1), logmy = O(log® n+ Dlogn),
M =0(n=), V = follo (39)

with any integer I € [2, D] and M, J>0 satisfying MJ = O(n To¥ea ), then we have

E [/ (fn(m) - fo(x))2 dPI(m)] <c (V]?- + 02) n~ log® n, (40)
X
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where Vr = || fo|l ., and the expectation is taken over the training sample S, and c is a constant

depending on D2a652d, d, D, ¢, co, B, w and the surface area of X. O(-) hides constant

g] Otp d’
depending on d, a, %, P, q, co, B, w and the surface area of X.

First, note that the nonparametric regression error can be decomposed into two terms:

B| [ (f) - o)) ap.)| =28

Z(fn(%) fo(%‘))ﬂ

T1

E [/X (J?n(w) - fo(x))Qd } —2E lii Fu(@i) = foli))? ]

T>

where T} reflects the squared bias of using neural networks to approximate ground truth fy, which
is related to Theorem 2, and 75 is the variance term.

E.1 SUPPORTING LEMMAE

Lemma 11 (Lemma 5 in Chen et al. [4]). Fix the neural network class 7 (M, L, J, I, 11,72, V). For
any constant 6 € (0,2V'), we have

Ty < 4 in /X (F(2) — fola))2dPy (x)

feF(M,L,J,1,11,72,V)
log N (6, F(M, L, J, I, 71,72, V), |||l o) + 2
n

1 8, F(M,L,J I V), I 2
+(8\/6\/0g-/\/( 7]:( y Loy oy Ly T1, T2, )7” H00)+

n

+ 4802

+ 8)ad,

where  N(6, F(M,L,J,I,7,72,V),||,) denotes the d-covering number  of
F(M,L,J,I,71,7,V) with respect to the ¢, norm, i.., there exists a discretization of
F(M,L,J,I,1,72,V)into N(6, F(M,L, J, I, 71,72, V), ||l ) distinct elements, such that for

any f € F, there is f in the discretization satisfying || f-rf H
Lemma 12 (Lemma 6 in Chen et al. [4]). For any constant § € (0, 2R), T satisfies

104V2
T2<0V10

1
NGV, FO L V) ) + (44 51 ) 6

E.2 PROOF OF LEMMA 10

Proof of Lemma 10. Recall that the bias and variance decomposition of

[y (F0) - ) et

E (J?n(z)—fo(x)fdpx(x) =E zi Ful@i) = fo(z:))
. 3
T
[/ (fn( ) = fo( ))2 Pw(x} [Zz:: Fo(@i) = folai))?

T>

Applying the upper bounds of 7 and 75 in Lemmas 11 and 12 respectively, we can derive

Bl [ (R - fo) om0 <4, e () - pl)2apaa)

fEF(M,L,JIm1,m2,V) Jx
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lOgN(67f(M7L7 J715T17T27V)7 ||Hoo) +2

+ 4802
n
+8\/6\/10gN(6’]:(M7L7 J,I7T17T2,V), HHoo) +20,5
n
104V2
+ T g N34V, F(M, L, 1,1, V), )

1

+ |4+ —+80 )4
( 2VF )

We need there to exist a network in (M, L, J, I, 71,7, V') which can yield a function f satisfying

IIf — folloo < efore e (0,1). e will be chosen later to balance the bias-variance tradeoff. In order

to achieve such e-error, we set M.J = e~ %/*, so we now have our network architecture as specified

in Theorem 2 in terms of €. Then, we can use the parameters in this architecture to invoke the upper

bound of the covering number in Lemma 8:

log./\/'(é, .F(M,L, J, I, Tl,TQ,V), ||HOO) (AQ log ((Tl \/Tg) Alé_l))

=0
<0 (MJ2D3 logs(Mj) log (15)

=0 (e ¥*D3og® elog (15) ,

where O(-) hides constant depending on log D, d, «, %’ P, q, co, B, w and the surface area of X

Plugging it in, we have

-~ 2 4802 . 1
E [/ (fn(x) — fo(:c)) dDz(x)] <4é? + 480 (c”ed/aD3 log” € log 5 + 2)
X

n

—d/a )3 5 1
+8\/@\/6 D08 €085 0
N 104V2

3n

1
+<4+2‘/}_+80>5

e~ D3 1og” elog%

5
_a 5 1
4 D3 10g" € log L 2
+o—5\/6 Og60g5+05+0>. 41)
n n

3a e
Finally we choose € to satisfy €2 = %D?’e*g, which gives ¢ = D?2a+dn™ 2a+d. It suffices to pick
6= % Substituting both € and ¢ into (41), we deduce the desired estimation error bound

B| [ (F) - o)) aDula)] < eV + P g,

~ V2 2 1
= O<62 + fiﬂK%Di& log® elog -
n

6
where constant ¢ depends on DZe+4, d, a, %d_d, P, q, o, B, w and the surface area of X. O

F A RESULT FOR FEED-FORWARD RELU NEURAL NETWORK

F.1 FEED-FORWARD RELU NEURAL NETWORK

We consider multi-layer ReLU (Rectified Linear Unit) neural networks [19]. ReLU activation is
popular in computer vision, natural language processing, etc. because the vanishing gradient issue
is less severe with it, which is nonetheless common with its counterparts like sigmoid or hyperbolic
tangent activation [19, 21]. An L-layer ReLU neural network can be expressed as

f(l‘) =Wy - ReLU(WL_1 cee ReLU(Wlx + b1) B bL—l) + by, 42)
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in which Wy, --- Wy and by, - - - , by, are weight matrices and vectors and ReLU(+) is the entrywise
rectified linear unit, i.e. ReLU(a) = max{0,a}. The width of a neural network is defined as the
number of neurons in its widest layer. For notational simplicity, we define a class of neural networks

F(L,p,I,7,V)={f| f(z) in the form (42) with L layers and width at most p,
L
1flloe <V2 D IWillg +10illg < T, [Willgg oo <7 lbillog < 7fori=1,---, L}.

i=1
(43)

F.2 THEOREM 3 AND ITS PROOF

From this point, we denote the function class F(L,p, I, 7, V), whose parameters L, p, I, 7,V are
chosen according to Theorem 3, with the shorthand F. In this section, this F is used in Algorithm
1, instead of the CNN class in (11).

Theorem 3. Suppose Assumption 1 and 2 hold. By choosing
L=0(lgK), p=O0(K=7), [=0(K=logkK), )
T =max{B, H,Vd,w?}, V=H

in Algorithm 1, in which O(-) hides factors depending on «, d and log D, we have
e MD/K) log3 K, (45)

in which the expectation is taken over the data, and C'is a constant depending on log D, «, B, d, w,
the surface area of X’ and cg. The distributional mismatch is captured by

E|o™ — 57| < CH?k (K—

HZ qh7qh +1

in which Q is the Minkowski sum between the ReLU function class and the Besov function class,

ie,Q={f+gl|feBy, (X),gcF}.

Proof of Theorem 3. The goal is to bound

[0~ v = 5| [ (Qf - Q1) (s.0) daf (5.0

<k |[ [or - 1| o eo|.

To get an expression for that, we first expand it recursively. To illustrate the recursive relation, we
examine the quantity at step h:

| [ Jor - Q] 5.0 daits.0)|

& | [ [7Qr. -7 (@) .0 dais.0)]

<B| [ [7eia - Tl o wieo| vE| [ 705, - 7 (@) 0 o)

I,
/ Qhi1 — @Z—i—l‘ (s,a) dqg—i—l(sﬁ a)]
LS X

8 [8 | [ [0 - T (QF)| (00261 (5.0) | Dhsa o+ D]

(a) {/X ’Qh+1 Qh+1’ (s,a)dgp (s, a)]

. PN 2
\//X (7? har — T (QZH)) (s,a)dg;°(s,a)\/x&(ah, ;") + 1| Dy, - - ,DHH
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(b) ~
<E {/X ‘QZJA - QZH‘ (57a) dq;]i‘rl(s)a’)}

~ ~ —~ 2
+\/]E {E [/X (7;1”@7{4_1—7?( ZH)) (s,a)dq}{”(s,a)Dh+1,---,DHH Xo(ar.ap’) +1

(© _ s D\, - -
< / ‘QZH - QZH‘ (5,a)dgp4(s,a) + \/C(5H2) (K Zofd + K) log” K\/x%(ar,aq5°) +1
X
o~ _ [e3 D by
< / ‘QZH - QZH’ (s,a)dgpq(s,a) + CH (K 2atd 4/ K> log®/? K\/XQQ(QZ:7Q;LO) +1,
X

where C' denotes a (varying) constant depending on log D, «, B, d, w, the surface area of X’ and cy.

In (a), note 7,7 AZH € By ,(X) by Assumption 2 and —7A7f (@ZH) € F by our algorithm, so
" A;{ 11 ﬁ” (AZ +1> € Q. Then we obtain this inequality by invoking the following lemma.

In (b), we use Jensen’s inequality and the fact that square root is concave.

To obtain (c), we invoke the following lemma, which provides an upper bound on the regression
error.
Specifically, we will use Lemma 13 when conditioning on Dy, 11, - -- , Dy, i.e. the data from time

step i + 1 to time step H. Note that after conditioning, 7,7 Q7 | becomes measurable and deter-
ministic with respect to Dp41, - ,Dg. Also, Dy41, - - -, Dy are independent from Dj,, which we
use in the regression at step h.

To justify our use of Lemma 13, we need to cast our problem into a regression problem described
in the lemma. Since {(sp k, an k) }; areii.d. from q°, we can view them as the samples z;’s in

the lemma. We can view 7,7 Q7 L1 which is measurable under our conditioning, as fj in the lemma.
Furthermore, we let

G = g + / OF 11 (shpr @)@ | 5 ) da — T QF 41 (5150 an ).
A

In order to invoke Lemma 13 under the conditioning on Dy 41, - - - , Dy, we need to verify whether
three conditions are satisfied (conditioning on Dy, 41, -+ ,Dg):

1. Sample {(sp k, an k) e, are iid;
2. Sample {(sp k, an k) 1, and noise {¢p 1 } £, are uncorrelated;

3. Noise {¢ h, k}szl are independent, zero-mean, subgaussian random variables.

In our setting, {(spk, an k) i, are i.i.d. from ¢;°. Due to the time-inhomogeneous setting, they
are independent from Dy, 41, -+ , D, 50 {(Sh.k, ank) }, are still i.i.d. under our conditioning.
Thus, Condition 1 is clearly satisfied.

We may observe that under our conditioning, the transition from (sp, x, an k) to s’h & 1 the only
source of randomness in (j, , besides (sy, k, an i) itself. The distribution of (sp, k., an i, sﬁ%k) is actu-
ally the product distribution between P (-[spk, an k) and g;°, so a function of sj, ;, generated from
the transition distribution P, (-|sp, i, an k), is uncorrelated with (spk, ap ). Thus, (Sp k, ank)’s are
uncorrelated with ¢j, ,.’s under our conditioning, and Condition 2 is satisfied.

Condition 3 can also be easily verified. Under our conditioning, the randomness in (j, ; only comes
from (sp i, Gh ks s;l,k,rh,k), which are independent from (sp, i, an i, s%7k,7rh7k/) for any k' # k,
s0 Cpx’s are independent from each other. As for the mean of (p, 1,

E[¢hk | Dhti, -+ Dl

=F [Th,k +/ @Zﬂ(sﬁhk,a)ﬂ(a | 5hx) da — ri(shk, ang) — P}T@ZH(S}L,/@,%,/C) | Dhst, - Dy
A
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= E[Th,k — 7h(Sh,k, G k) +/ QZH(S/M@»G)W(@ | 5,h7k) da
A

- ESINPh(‘|Sh‘kyah,k) [/ Qg+1(5/>a)7r(a | 5/) da | sh.ks@n ks Pht1s- - s D | | Dhg1,-++ » Du
A

=0+0=0.

On the other hand,

F. Thus, ¢, i, is a bounded random variable with ¢, ,, € [—2H, 2H] almost surely, so its variance is
bounded by 4H?2. Its boundedness also implies it is a subgaussian random variable. Thus, Condition
3 is also satisfied.

@Z 11 H < H almost surely, because it is a function in our ReL.U network class
oo

Hence, Lemma 13 proves, for step h in our algorithm,
~ o~ 2
£ [ | (7@ 77 (@) (50046 (5,0) | Dy, D
X
2 2 _ _2a D 3
< o2+ am?) (K55 4+ 2 ) log’ K.

Note that this upper bound holds for any @Z 4108 Dy, -+, Dy. The sole purpose of our condi-

tioning is that we could view @;{ 1 as ameasurable or deterministic function under the conditioning
and then apply Lemma 13. Therefore,

A -~ ~ 2
E |:E [/ (ﬁ{rQL—l - T (QZ-H)) (s,a)dg;°(s,a) | Dhy1,- - 7DH”
X
< c(H?+4H?) (K—z;“id n Ilz) log® K.

Finally, we carry out the recursion from time step 1 to time step H, and the final result is

H
N D 1
E|v™ — 57| < CH? (K—w + \/;> log®* K (H > o /XbaE,a) + 1) :

h=1

F.3 LEMMA 13 AND ITS PROOF

Lemma 13. Let X be a d-dimensional compact Riemannian manifold isometrically embedded in
RP with reach w. There exists a constant B > 0 such that for any v € X, zj| < B for all
Jj=1,---,D. We are given a function fo € By ,(X) and samples S, = {(z;,yi)}j-,, where x;
are i.i.d. sampled from a distribution P, on X and y; = fo(x;) + ;. (;’s are Li.d. sub-Gaussian
random noise with variance o2, uncorrelated with x;’s. If we compute an estimator

—~ 1 &
n = argmin - ; (f(a:) —9:)*,
with the neural network class F = F(L,p, I, 7, V) such that
L=0(logn),p=0 (nﬁ) =0 (nﬁ logn> ,
7 = max{B, Vr, Vd,w?},V = V7, (46)
then we have

E [/X (fn(x) - fo(z))2 de(:r)} <c(VE+0?) <n+ + f) log® n, 47)

where Vr = || fo||, and the expectation is taken over the training sample S, and c is a constant
depending onlog D, «, B, d, w, the surface area of X and cy.
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Proof of Lemma 13. Recall that the bias and variance decomposition of

[ (7o) - 50)” o)

B| [ (f) - ) apu(o)| =B

S Futar) - fom))?]

i=1

Ty

+E UX (Fule) - fo<x>)2d7>m<x>} ~E [

S

> _(Falws) = folw:))?

T

Applying the upper bounds of 7} and 75 in Lemmas 11 and 12 respectively, we can derive

Bl [ (f)- @) apo)| <4 int [ (@) - fole) 2P

log N'(8, F(L,p, 1,7, V), ||l o) +2
n

1 L.pI : 2
+8\/6\/ OgN(&]:( ) P, aT’V)?H ||oo)+

n

+ 4802

od

104V2
4 Tflogj\/(é/éﬂf,f(hp, L, V), )
1

We need there to exist a network in F(L,p,I,7,V) which can yield a function f satisfying
Ilf = foll., < efore € (0,1). e will be chosen later to balance the bias-variance tradeoff. By
Lemma 2 of Nguyen-Tang et al. [38], in order to achieve such e-error, we need

L=0 <10g1> ,p=0 (e*g> ,I1=0 (eilogl) ,
€ €
7 = max{B, Vr, Vd,w?},V = Vg,

where O(-) hides factors of log D, «, d and the surface area of X', so we now have our network
architecture as specified in Theorem 2 in terms of e. Then, we can use the architecture parameters
in (13) to invoke the upper bound of the covering number in Lemma 7 of Chen et al. [4]:

2L%(pB + 2)riplttt > !
1)

log A'(8, F(L,p, 1,7, V), |1|..) = log (

1 1
< e log® ~ log =,

€ )
where ¢’ is a constant depending on log B, w and log log n.

Plugging it in, we have

~ 2
E [ /X (Fula) — fo(a))” d%(m)} <4+ BT (c"e—d/a log® ~ log 5 + 2)

—d/a] 311 1
+8\/6c//\/€ Oi <285 55

2
i 104V£ —d/a
3n

1
+(4++80)6

1. 1
log® = log ~
og Eog5

2Wr

. V2 2 a1 1
= 0(62 + }-7—’—06_g log® = log =
n € )
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+ g +05+U—
n n

¢ log’ Llog 2 > (48)

Finally we choose ¢ to satisfy € = %6_%, which gives € = n~ zara . It suffices to pick § = %

Substituting both € and ¢ into (48), we deduce the desired estimation error bound
/\ 2 9 2 _ _2a D 3
E (fn(x) - fo(a:)) dDy(z)| <e(VE+07) [ n 227 + — | log”n,
X n

where constant ¢ depends on log D, d, a, az—ii, P, q, co, B, w and the surface area of X. O
P

G SUPPLEMENT FOR EXPERIMENTS

G.1 EXPERIMENT DETAILS

We use the CartPole environment from OpenAl gym. We consider it as a time-inhomogeneous
finite-horizon MDP by setting a time limit of 100 steps. We turn the terminal states in the original
CartPole into absorbing states, so if a trajectory terminates before 100 steps, the agent would keep
receiving zero reward in its terminal state until the end. The target policy is a policy trained for 200
iterations using REINFORCE, in which each iteration samples for 100 trajectories with truncation
after 150 time steps. The target policy value v™ is estimated to be 65.2117, which we obtain by
Monte Carlo rollout from the initial state distribution.

For a given behavior policy, to obtain dataset D;, at time step h, we sample for K independent
episodes under the behavior policy and only take the (s, a, s’,r) tuple from the h-th transition in
each episode. This is an excessive way to guarantee the independence among these K samples;
in practice, we could directly sample from a sampling distribution. We sample for D;, for each
h=1,---,100.

We use the render() function in OpenAl gym for the visual display of CartPole. We downsample
images to the desired resolution via cubic interpolation. A high-resolution image (see Figure 3) is
represented as a 3 x 40 x 150 RGB array; a low-resolution image (see Figure 4) is represented as a
3 x 20 x 75 RGB array.

Figure 3: CartPole in high resolution. Figure 4: CartPole in low resolution.

For the function approximator in FQE, we use a neural network that comprises 3 convolutional layers
each with output channel size 16, 32 and 32 and a final linear layer. These layers are interleaved with
ReLU activation and batch norm layers for weight normalization. For high resolution input, we use
kernel size 5 and stride 2; for low resolution input, we use kernel size 3 and stride 1. For experiments
with high resolution, in each step of FQE, we solve the regression by training the network via
stochastic gradient descent with batch size 256 for 20 epochs. In high-resolution experiments, we
use 0.01 learning rate; in low-resolution experiments, we use 0.001 learning rate. We compute the
average and standard deviation of FQE’s result over 5 random seeds.
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