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Atomic Sudoku: Stochastic approaches for correlated disorder materials
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1. Introduction

Solid materials are identified by their crystalline
nature: barring grain boundaries or other defects,
the atoms are arranged in a regular manner in re-
lation to one another. As such, even with an indefi-
nite number of atoms, the overall structure can be
described by a manageable set of symmetry opera-
tions. This is in contrast to the disorder inherent in
amorphous materials such as glass. However, crys-
talline solids can exhibit site-disorder, where one or
more Wyckoff sites are not represented by a single el-
ement, but a mix of different elements or even a lack
thereof. Site-disorder occurs in about half of all docu-
mented materials in experimental databases such as
the Crystallography Open Database[1] and the Inor-
ganic Crystal Structure Database[2]. We can consider
site disorder in their varying levels of complexity and
intractability, the sources of which we list as follows:

1. multiple disordered Wyckoff sites, as seen in
certain high-entropy alloys[3] or complex ionic
materials[4];

2. short-range order[5], where an atom has a pref-
erence in which atomic species occupy its imme-
diate environment;

3. correlated disorder, where the resolution of one
site can affect the filling of sites further away, or
even throughout the cell[6].

SQS implementations such as AFLOW-CCE[7] are
tailored to short-range order, but are too computation-
ally expensive to generate larger supercells. Random
filling algorithms such as Supercell[8] are flexible
enough to generate large virtual supercells for multi-
ple disordered Wyckoff sites, but they ignore corre-
lation between disordered sites. Algorithms can be
developed to generate supercells for individual cor-
related disorder systems, for example GenlIce[9], but
these approaches are built on an a priori implementa-
tion of site-filling rules which precludes application
to more than one material system, in this case water
ice. To facilitate high-throughput analyses on large
datasets, it might be necessary to develop a gener-
alised approach - large supercells, correlated sites,
and applicable broadly across most (if not all) materi-
als systems.

While widespread, site disorder crystal structures
are underrepresented in computational material
databases such as Materials Project[10] and the Open
Quantum Materials Database[11]. This is due to the ad-
ditional complexities of having to represent a unit cell
with a virtual supercell, as well as the large number of

atoms present in the supercell. When these databases
are used to train generative models and machine-
learned interatomic potentials, the contribution of
half of all experimentally observed materials could
be ignored, leading to biased and underperforming
models. Current efforts such as Dis-GENJ[12] focus
on generative design procedures and aim to predict
potential materials including site-disordered ones.
Thus, developing a computationally efficient pipeline
that lends site disordered materials amenable to first
principles calculations is of particular importance
and urgency for our time.
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Fig. 1: Implementation of a simple stochastic proce-
dure for refining a virtual supercell for water ice: a)
The unit cell of hexagonal water ice I, showing half-
occupied H sites; b) a virtual supercell generated
by random filling of H sites; c) pathological case
where two adjacent H sites are both occupied; d)
after 50 iterations of energy-directed site-shuffling,
the occurrence of H-H coordination (indicated by

UH) also decreases.

A valid virtual supercell for a correlated disorder
material should reflect both the original stoichiome-
try of the source unit cell (Fig. 1 a) and the underlying
logic governing site filling. This logic is not encoded
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in the structural data. As such, random filling in a
water ice supercell (Fig. 1b) can include many local
features where the filling logic is violated (Fig. 1 c).
We approach the probability of valid site filling in
water ice from the point of view of local coordination
of atoms. First, we define the coordination number
of an atomic species A to a certain instance B of a
Wyckoff site as U%. The average coordination number

U_g can be evaluated across the virtual supercell.
We understand that filling rules in water ice for-
bidsthe filling of two adjacent H sites at the same time.

Refining the virtual cell thus means bringing its U
to 0. In our example case, we attempt to achieve this
using an iterative method, in which for each iterative
step, 10 H-site swaps are performed, the energy of the
result cells evaluated with the MACE-MPA potential,
and the lowest-energy result fed into the next itera-

tion. Fig. 1 d shows that cell energy and U¥ decrease
in tandem, demonstrating that machine-trained in-
teratomic potential MACE-MPA[13] can be suitable
for aiding virtual cell refinement. In addition, more
sophisticated stochastic approaches, such as those
based on Metropolis Monte-Carlo[14], are the subject
of our ongoing studies.
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