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Abstract

We consider a non-convex constrained optimization problem, where the objective
function is weakly convex and the constraint function is either convex or weakly
convex. To solve this problem, we consider the classical switching subgradient
method, which is an intuitive and easily implementable first-order method whose
oracle complexity was only known for convex problems. This paper provides
the first analysis on the oracle complexity of the switching subgradient method
for finding a nearly stationary point of non-convex problems. Our results are
derived separately for convex and weakly convex constraints. Compared to existing
approaches, especially the double-loop methods, the switching gradient method
can be applied to non-smooth problems and achieves the same complexity using
only a single loop, which saves the effort on tuning the number of inner iterations.

1 Introduction

Continuous optimization with nonlinear constraints arises from many applications of machine learning
and statistics. Examples include Neyman-Pearson classification [62] and learning with fairness
constraints [77]. In this paper, we consider the following general nonlinear constrained optimization

f∗ ≡ min
x∈X

f(x) s.t. g(x) ≤ 0, (1)

where X ⊂ Rd is a closed convex set that allows a computationally easy projection operator, f
is weakly-convex, g is either convex or weakly convex, and functions f and g are not necessarily
smooth. When g(x) ≡ maxi=1,...,m gi(x), (1) is equivalent to an optimization problem with multiple
nonlinear constraints gi(x) ≤ 0 for i = 1, . . . ,m.

A weakly convex function can be non-convex, so computing an optimal solution of (1) is challenging
in general even without constraints. For this reason, theoretical analysis for gradient-based algorithms
for non-convex problems mostly focuses on an algorithm’s (oracle) complexity for finding an ϵ-
stationary solution for (1). When a problem is non-smooth, finding an ϵ-stationary solution is
generally difficult even if the problem is convex [47]. Hence, in this paper, we consider finding a
nearly ϵ-stationary solution for (1), whose definition will be stated later in Definition 3.2.

In the past decade, there have been many studies on non-convex constrained optimization. However,
most of the existing algorithms and their theoretical complexity analysis are developed by assuming
f and gi’s are all smooth or can be written as the sum of a smooth and a simple non-smooth functions.
A non-exhaustive list of the works under such an assumption includes [34, 80, 81, 55, 44, 45, 43, 52,
63, 53, 50, 12, 22, 9, 21, 40, 51]. Their results cannot be applied to (1) due to non-smoothness in the
problem.
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Non-smoothness is common in optimization in machine learning, e.g., when a non-smooth loss
function is applied, but there are much fewer studies on non-smooth non-convex constrained opti-
mization. Under the weak-convexity assumption, an effective approach for solving a non-smooth
non-convex problem with theoretical guarantees is the (inexact) proximal point method, where a
quadratic proximal term is added to objective and constraint functions to construct a strongly convex
constrained subproblem and then a sequence of solutions can be generated by solving this subproblem
inexactly and updating the center of the proximal term. Oracle complexity for this method to find a
nearly ϵ-stationary has been established by [13, 54, 39] under different constraint qualifications.

The inexact proximal point method is a double-loop algorithm where the inner loop is another
optimization algorithm for solving the aforementioned strongly convex subproblems. The complexity
results in [13, 54, 39] require the inner loop solves each subproblem to a targeted optimality gap.
However, the optimality gap is hard to evaluate and thus cannot be used to terminate the inner
loop. Although the number of inner iterations needed to achieve the targeted gap can be bounded
theoretically, the bound usually involves some constants that are unknown or can only be estimated
conservatively. Hence, using the theoretical iteration bound to stop the inner loop usually leads to
significantly more inner iterations than needed, making the whole algorithm inefficient. In practices,
users often need to tune the number of inner iterations to improve algorithm’s efficiency, which is an
inconvenience common to most double-loop methods.

On the contrary, a single-loop algorithm is usually easier to implement as it does not require tuning the
number of inner iterations. Therefore, the main contribution of this paper is showing that a single-
loop first-order algorithm can find a nearly ϵ-stationary point of (1) with oracle complexity O(1/ϵ4),
which matches state-of-the-art results obtained only by the double-loop methods [13, 54, 39]. The
algorithm we study is the classical switching subgradient (SSG) method proposed by Polyak [59]
in 1967, which is intuitive and easy to implement but has only been analyzed before in the convex
case. We first show that the SSG method has complexity complexity O(1/ϵ4) when g is convex.
Then, we show that the same complexity result holds when g is weakly convex and appropriate
constraint qualification holds. We also present some practical examples where all of our assumptions
hold, including a fair classification problem subject to the demographic parity constraint [1]. Our
technical novelty is inventing a switching stepzize rule to accompany the switching subgradient.
In particular, we use a fixed stepsize when the solution is updated by the objective’s subgradient
while use an adaptive Polyak’s stepsize [33, 60] when the solution is updated by the constraint’s
subgradient. This allows us to leverage the local error bound of the constraint function to keep the
solution nearly feasible during the algorithm, which prevents the solution from being trapped at
an infeasible stationry point. To the best of our knowledge, this paper is the first to establish the
complexity of a single-loop first-order method for weakly convex non-smooth nonlinear constrained
optimization. In the appendix, we also extend our algorithms and complexity analysis to the stochastic
setting.

2 Related work

Non-convex constrained optimization has a long history [36, 16, 29, 17, 30, 6, 18] and the interest on
this subject has been still growing in the machine learning community because of its new applications
such as learning with fairness constraints (see e.g., [77]).

In recent literature, the prevalent classes of algorithms for non-convex constrained optimization
include the augmented Lagrangian method (ALM), the penalty method [37, 79, 80, 81, 38, 42, 55,
44, 45, 69, 43, 52, 63, 53, 50, 40, 51], and the sequential quadratic programming method [11, 34,
12, 22, 10, 9, 8, 21]. Besides, an inexact projected gradient method is developed by [15] and a level
conditional gradient method is developed by [20]. However, these works all focus on the case where
g is smooth and f is either smooth or equals f1 + f2, where f1 is smooth and non-convex while f2 is
non-smooth and convex and has a simple structure that allows a closed-form solution for the proximal
mapping argminy{f2(y) +

ρ
2∥y − x∥2} for any x. There are relatively fewer works on non-convex

non-smooth constrained problems. An alternating direction method of multipliers (ADMM) and an
ALM are studied by [75] and [78], respectively, for non-convex non-smooth problems with linear
constraints while our study considers nonlinear non-smooth constraints. The methods by [20] and
[12] can be extended to a structured non-smooth case where f = f1 + f2 with f1 being smooth
non-convex and f2 = maxy{y⊤Ax − ϕ(y)} with a convex ϕ, and g has a similar structure. The
method by [14] can handle a specific non-smooth non-convex constraint, i.e., g(x) = λ∥x∥1 − h(x)
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where h is a convex and smooth. Compared to these works, our results apply to a more general
non-smooth problem without those structure assumptions.

When f and g in (1) are weakly convex and non-smooth, the inexact proximal point method has been
studied by [13, 54, 39] under different constraint qualifications and different notions of stationarity.
Their complexity analysis utilizes the relationship between the gradient of the Moreau envelope
of (1) and the near stationarity of a solution, which is originally used to analyze complexity of
subgradient methods for weakly convex non-smooth unconstrained problems [24, 25, 27, 2, 28, 61,
83]. Our analysis utilizes a similar framework. The methods [13, 54, 39] are double-loop while our
algorithm only uses a single loop and achieves the same complexity of O(1/ϵ4) as them under similar
assumptions.

The SSG algorithm is first proposed by Polyak [59]. It has been well-studied for convex problems [58,
7, 49, 67, 72, 73, 65, 68, 66, 3] and quasi-convex problems [67]. This paper provides the first
complexity analysis for the SSG method under weak convexity assumption. Non-smooth non-convex
optimization has also been studied without weak convexity assumption by [82, 46, 64, 47, 19, 70,
71]. These works analyze the complexity of first-order methods for computing an (ϵ, δ)-Goldstein
approximate stationary point, which is a more general stationarity notation than what we consider
here. However, these works only focus on unconstrained problems.

3 Algorithm and near stationarity

Let ∥ · ∥ be the ℓ2-norm. For h : Rd → R ∪ {+∞}, the subdifferential of h at x is

∂h(x) =
{
ζ ∈ Rd

∣∣ h(x′) ≥ h(x) + ⟨ζ,x′ − x⟩+ o(∥x′ − x∥), x′ → x
}
,

and ζ ∈ ∂h(x) is a subgradient of h at x. We say h is µ-strongly convex (µ ≥ 0) on X if

h(x) ≥ h(x′) + ⟨ζ,x− x′⟩+ µ

2
∥x− x′∥2

for any (x,x′) ∈ X × X and any ζ ∈ ∂h(x′). We say h is ρ-weakly convex (ρ ≥ 0) on X if

h(x) ≥ h(x′) + ⟨ζ,x− x′⟩ − ρ

2
∥x− x′∥2

for any (x,x′) ∈ X × X and any ζ ∈ ∂h(x′). We denote the normal cone of X at x by NX (x) and
the relative interior of X by relint(X ). We say a point x is ϵ-feasible if x ∈ X and g(x) ≤ ϵ. Let
δX (x) be the zero-infinity characteristic function of set X , projX (·) be the projection mapping to X ,
and dist(x,A) := miny∈A ∥x− y∥ for set A.

We make the following assumptions on (1) throughout the paper.
Assumption 3.1. Functions f and g are continuous with ∂f(x) ̸= ∅ and ∂g(x) ̸= ∅ on X , and there
exists M such that ∥ζf∥ ≤ M and ∥ζg∥ ≤ M for any x ∈ X , ζf ∈ ∂f(x) and ζg ∈ ∂g(x).

Since (1) is non-convex, finding an ϵ-optimal solution is intractable in general. For a non-convex
problem, the target is typically to find a stationary point of (1), which is a point x∗ ∈ X that satisfies
the following Karush-Kuhn-Tucker (KKT) conditions:

ζ∗
f + λ∗ζ∗

g ∈ −NX (x∗), λ∗g(x∗) = 0, g(x∗) ≤ 0, λ∗ ≥ 0,

where λ∗ ∈ R is a Lagrangian multiplier, ζ∗
f ∈ ∂f(x∗) and ζ∗

g ∈ ∂g(x∗). Typically, an exact
stationary point can only be approached by an algorithm at full convergence, which may require
infinitely many iterations. Within a finite number of iterations, an algorithm can only generate an
ϵ-stationary point [13], which is a point x̂ ∈ X satisfying

dist
(
ζ̂f + λ̂ζ̂g,−NX (x̂)

)
≤ ϵ, |λ̂g(x̂)| ≤ ϵ2, g(x̂) ≤ ϵ2, λ̂ ≥ 0, (2)

where λ̂ ∈ R is a Lagrangian multiplier, ζ̂f ∈ ∂f(x̂) and ζ̂g ∈ ∂g(x̂). However, because f and g are
non-smooth, computing an ϵ-stationary point is still challenging even for an unconstrained problem.
Nevertheless, under the weak convexity assumption, it is possible to compute a nearly ϵ-stationary
point, which we will introduce next.

Given ρ̂ ≥ 0, ρ̃ ≥ 0 and x ∈ X , we define a quadratically regularized problem of (1) as
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Algorithm 1 Switching Subgradient (SSG) Method by Polyak [59]

1: Input: x(0) ∈ X , total number of iterations T , tolerance of infeasibility ϵt ≥ 0, stepsize ηt, and
a starting index S for generating outputs.

2: Initialization: I = ∅ and J = ∅.
3: for iteration t = 0, 1, · · · , T − 1 do
4: if g(x(t)) ≤ ϵt then
5: Set x(t+1) = projX (x(t) − ηtζ

(t)
f ) for any ζ

(t)
f ∈ ∂f(x(t)) and, if t ≥ S, I = I ∪ {t}.

6: else
7: Set x(t+1) = projX (x(t) − ηtζ

(t)
g ) for any ζ(t)

g ∈ ∂g(x(t)) and, if t ≥ S, J = J ∪ {t}.
8: end if
9: end for

10: Output I: x(τ) with τ randomly sampled from I using Prob(τ = t) = ηt/
∑

s∈I ηs.
11: Output II: x(τ) with τ randomly sampled from I ∪ J using Prob(τ = t) = ηt/

∑
s∈I∪J ηs.

φ(x) ≡ min
y∈X

{
f(y) +

ρ̂

2
∥y − x∥2, s.t. g(y) + ρ̃

2
∥y − x∥2 ≤ 0

}
, (3)

x̂(x) ≡ argmin
y∈X

{
f(y) +

ρ̂

2
∥y − x∥2, s.t. g(y) + ρ̃

2
∥y − x∥2 ≤ 0

}
. (4)

Following the literature on weakly convex optimization [24, 27, 23, 13, 54, 39], we use the value of
∥x̂(x)− x∥ as a measure of the quality of a solution x because it can be interpreted as a stationarity
measure. For the purpose of illustration, we assume for now that x̂(x) is uniquely defined and there
exists a Lagrangian multiplier λ̂ ∈ R such that the following KKT conditions of (4) holds.

ζ̂f + ρ̂(x̂(x)− x) + λ̂
(
ζ̂g + ρ̃(x̂(x)− x)

)
∈ −NX (x̂(x)),

λ̂

(
g(x̂(x)) +

ρ̃

2
∥x̂(x)− x∥2

)
= 0, g(x̂(x)) +

ρ̃

2
∥x̂(x)− x∥2 ≤ 0, λ̂ ≥ 0,

(5)

where ζ̂f ∈ ∂f(x̂(x)) and ζ̂g ∈ ∂g(x̂(x)). Therefore, as long as ∥x̂(x)− x∥ ≤ ϵ , we have

dist
(
ζ̂f + λ̂ζ̂g,−NX (x̂(x))

)
≤ (ρ̂+ λ̂ρ̃)ϵ, |λ̂g(x̂(x))| = λ̂ρ̃ϵ2/2, g(x̂(x)) ≤ 0. (6)

This means x̂(x) is an O(ϵ)-stationary point of the original problem (1) in the sense of (2). Since x
is within an ϵ-distance from x̂(x), we call such an x a nearly ϵ-stationary point of (1). We formalize
this definition as follows.
Definition 3.2. Suppose x̂(x) is defined in (4) with ϵ ≥ 0. A (stochastic) point x ∈ X is a (stochastic)
nearly ϵ-stationary point of (1) if E[∥x̂(x)− x∥] ≤ ϵ.

Of course, we can claim x̂(x) is an O(ϵ)-stationary point of (1) based on (6) only when λ̂ in (5)
exists and does not go to infinity as ϵ approaches zero. Fortunately, we can show in Lemmas 4.2
and 5.2 that this is true under some constraint qualifications, which justifies Definition 3.2.

We present the SSG method in Algorithm 1 for finding a nearly ϵ-stationary point of (1). At iteration
t, we check if the current solution x(t) is nearly feasible in the sense that g(x(t)) ≤ ϵt for a pre-
determined tolerance of infeasibility ϵt. If yes, the algorithm performs a subgradient step along the
subgradient of f . Otherwise, the algorithm switches the updating direction to the subgradient of g.
The algorithm records the iteration indexes of the nearly feasible solutions in set I and other indexes
in set J . The final output is randomly sampled from the iterates in I or I ∪ J with a distribution
weighted by the stepsizes ηt’s. An index S is set so the algorithm only starts to record I and J when
t ≥ S. We study the theoretical oracle complexity of Algorithm 1 for finding a nearly ϵ-stationary
point, which is defined as the total number of times for which the algorithm queries the subgradient
or function value of f or g. Our results are presented separately when g is convex and when g is
weakly convex.

4 Convex constraints

In this section, we first consider a relatively easy case where f is weakly convex but g is convex. In
particular, we make the following assumptions in addition to Assumption 3.1 in this section.
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Assumption 4.1. The following statements hold:

A. f(x) is ρ-weakly convex on X and g(x) is convex on X .

B. (Slater’s condition) There exists xfeas ∈ relint(X ) such that g(xfeas) < 0.

C. There exists D ∈ R such that ∥x− x′∥ ≤ D for any x and x′ in X .

In this section, we choose parameters in (3) such that

ρ̂ > ρ and ρ̃ = 0. (7)

Under Assumption 4.1, (7) guarantees that (3) is strictly feasible, its objective function is (ρ̂− ρ)-
strongly convex and its constraint function is convex, so x̂(x) in (4) is unique and λ̂ in (5) exists. We
first present an upper bound of λ̂ that is independent of x. The proof is in Section A.1.
Lemma 4.2. Suppose Assumptions 3.1 and 4.1 hold. Given any x ∈ X , let x̂(x) be defined as in (4)
with (ρ̂, ρ̃) satisfying (7) and λ̂ be the associated Lagrangian multiplier satisfying (5). We have

λ̂ ≤ Λ := (MD + ρ̂D2)/(−g(xfeas)). (8)

For simplicity of notation, we denote x̂(x(t)) defined in (4) by x̂(t). Let Eτ [·] be the expectation
taken only over the random index τ when the algorithms stop. We present the convergence properties
of Algorithm 1 when ϵt and ηt are static and diminishing. The proof is provided in Section A.4.

Theorem 4.3. Suppose Assumptions 3.1 and 4.1 hold and Λ is as in (8). Let x̂(x(t)) be defined
as in (4) with (ρ̂, ρ̃) satisfying (7) and x(τ) is generated by Output I. Algorithm 1 guarantees
Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ and Eτ [g(x

(τ))] ≤ ϵ2(ρ̂−ρ)
1+Λ in either of the following cases.

Case I: S = 0, ϵt =
ϵ2(ρ̂−ρ)
1+Λ , ηt =

2ϵ2(ρ̂−ρ)
5(1+Λ)M2 and T ≥ 25M2D2(1+Λ)2

4ϵ4(ρ̂−ρ)2 = O(1/ϵ4).

Case II: S = T/2, ϵt = 5MD√
t+1

, ηt = D
M

√
t+1

and T ≥ 50M2D2(1+Λ)2

ϵ4(ρ̂−ρ)2 = O(1/ϵ4).

Algorithm 1 is single-loop with O(1) oracle complexity per iteration, so its total complexity is just
T = O(1/ϵ4), which matches the start-of-the-art complexity by [13, 54, 39]. This result can be
generalized to the case where there exist additional linear equality constraints Ax = b. See the
extension of Lemma 4.2 in Section A.1 and Remark A.2.

Assumption 4.1C can be relaxed to only require that the feasible set, i.e., S = {x ∈ X | g(x) ≤ 0},
is bounded instead of X . The same complexity can be achieved by Algorithm 1 by using a switching
step size rule similar to ηt in Proposition 5.5. This result is provided in Section A.8 but we recommend
interested readers to read Section 5 first to get introduced to this special step size.

Remark 4.4. Property Eτ [g(x
(τ))] ≤ ϵ2(ρ̂−ρ)

1+Λ in the theorems above is not required by Definition 3.2.
By Assumption 3.1A, Eτ [g(x

(τ))] ≤ Eτ [g(x̂
(τ))] + MEτ [∥x̂(τ) − x(τ)∥] ≤ Mϵ, which means

a nearly ϵ-stationary point must be O(ϵ)-feasible by definition. Property Eτ [g(x
(τ))] ≤ ϵ2(ρ̂−ρ)

1+Λ

implies O(ϵ2)-feasibility for the output, which is even better.

When g is µ-strongly convex with µ > 0, we can show that the complexity of Algorithm 1 is still
O(1/ϵ4) but one can simply set ϵt = 0, which makes ηt the only tuning parameter. This makes this
single-loop method even more attractive. Due to space limit, we include this result in Section A.5.
We also extend our result to the stochastic case in Section A.6 and A.7.

5 Weakly convex constraints

Next we consider the case where both f and g are weakly convex but not necessarily convex. Let

g+(x) = max{g(x), 0}, L = {x ∈ X | g(x) = 0} and S = {x ∈ X | g(x) ≤ 0}.

We make the following assumptions in addition to Assumption 3.1 in this section.
Assumption 5.1. The following statements hold:
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A. f(x) and g(x) are ρ-weakly convex on X .

B. There exist ϵ̄ > 0, θ > 0 and ρ̄ > ρ such that, for any ϵ̄2-feasible solution x, there exists
y ∈ relint(X ) such that g(y) + ρ̄

2∥y − x∥2 ≤ −θ.

C. f := infx∈X f(x) > −∞.

Assumption 5.1B is called the uniform Slater’s condition by [54]. We will present two real-world
examples in Section B.1 that satisfy this assumption, including a fair classification problem under
demographic parity constraint, which is one of the applications in our numerical experiments in
Section 6.2. In this section, we choose parameters in (3) such that

ρ̄ ≥ ρ̂ = ρ̃ > ρ. (9)

Under Assumption 5.1, (9) guarantees that (3) is uniformly strictly feasible for any ϵ2-feasible x, and
the objective and constraint functions of (3) are both (ρ̂− ρ)-strongly convex, so x̂(x) is uniquely
defined and λ̂ in (5) exists. In addition, Assumption 5.1 has the following three implications that play
important roles in our complexity analysis.

First, λ̂ in (5) can be bounded by a constant independent of x and ϵ as long as x is ϵ2-feasible with
ϵ ≤ ϵ̄. This result is similar to Lemma 1 by Ma et al. [54] except that they require X to be bounded
but we do not. The proof is given in Section B.2.
Lemma 5.2. Suppose Assumptions 3.1 and 5.1 hold. Given any ϵ2-feasible x with any ϵ ≤ ϵ̄, let x̂(x)
defined as in (4) satisfying (9) and λ̂ is the associated Lagrangian multiplier satisfying (5). We have

∥x̂(x)− x∥ ≤ M/ρ̂ and λ̂ ≤ Λ′ := 2M/
√
2θ(ρ̂− ρ). (10)

Second, the subgradient of the constraint function g(x) + δX (x) on L is uniformly away from the
origin. The proof is provided in Section B.2.
Lemma 5.3. Suppose Assumptions 3.1 and 5.1 hold. It holds for any x ∈ L that

min
ζg∈∂g(x),u∈NX (x)

∥ζg + u∥ ≥ ν :=
√
2θ(ρ̂− ρ). (11)

Lastly, note that S is the optimal set of minx∈X g+(x), which is a ρ-weakly convex non-smooth
optimization problem with an optimal value of zero. Lemma 5.3 implies that g+(x) is sharp near the
boundary of S, meaning that g+(x) satisfies a linear error bound in an O(1)-neighborhood of S. A
similar result for a convex g+ is given in Lemma 1 in [76]. In the lemma below, we extend their result
for a weakly convex g+. The proof is in Section B.2 and the second conclusion is directly from [26].
Lemma 5.4. Suppose Assumptions 3.1 and 5.1 hold. It holds for any x satisfying dist(x,S) ≤ ν

ρ that

(ν/2)dist(x,S) ≤ g+(x). (12)

Moreover, ν ≤ 2M and minx∈X g+(x) has no stationary point satisfying 0 < dist(x,S) < ν
ρ .

Since g is non-convex, Algorithm 1 may not even find a nearly feasible solution if x(t) is trapped
at a stationary point of g with g(x) > 0, that is, a sub-optimal stationary point of minx∈X g+(x).
Fortunately, the second conclusion of Lemma 5.4 indicates that this situation can be avoided by
keeping dist(x(t),S) = O(ϵ2) during the algorithm. To do so, we start with x(0) ∈ S and use ϵt =
O(ϵ2) in Algorithm 1. Moreover, we apply a switching stepsize rule that sets ηt = O(ϵ2) when t ∈ I

and ηt = g(x(t))/∥ζ(t)
g ∥2 when t ∈ J , the latter of which is known by the Polyak’s stepsize [33, 60].

This way, when g(x(t)) ≤ ϵt, (12) ensures dist(x(t),S) = O(ϵ2). When g(x(t)) > ϵt, (12) ensures
dist(x(t),S) Q-linearly converges to zero [26], which also guarantees dist(x(t),S) = O(ϵ2). As a
result, we have g(x(t)) ≤ ϵ2 for any t, so problem (3) with x = x(t) and (ρ̂, ρ̃) satisfying (9) will be
strictly feasible according to Assumption 5.1B. This finding is given in the proposition below with its
proof in Section B.3.

Proposition 5.5. Suppose Assumptions 3.1 and 5.1 hold and ϵ ≤ ϵ̄. Also, suppose x(t) is generated
by Algorithm 1 using x(0) ∈ S, ϵt = ν

4 min
{
ϵ2/M, ν/(4ρ)

}
and

ηt =

{ ν
4M2 min

{
ϵ2/M, ν/(4ρ)

}
if t ∈ I

g(x(t))/∥ζ(t)
g ∥2 if t ∈ J.
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Then dist(x(t),S) ≤ min
{
ϵ2/M, ν/(4ρ)

}
and g(x(t)) ≤ ϵ2 for any t ≥ 0. As a consequence, x(t)

is ϵ2-feasible to (3) where x = x(t) and (ρ̂, ρ̃) satisfies (9).

Let x̂(t) be x̂(x(t)) defined in (4) with (ρ̂, ρ̃) satisfying (9). The complexity result for the case of
weakly convex constraints is as follows. The proof can be found in Section B.3.

Theorem 5.6. Under the same assumptions as Proposition 5.5, Algorithm 1 guarantees Eτ [∥x̂(τ) −
x(τ)∥] ≤ Cϵ and Eτ [g(x

(τ))] ≤ ϵ2, where C := 2
√

1+Λ′

ρ̂−ρ , if we use Output II and set

S = 0 and T ≥
8M2

(
f(x(0))− f + 3M2/(2ρ̂)

)
ρ̂(1 + Λ′)νϵ2 min {ϵ2/M, ν/(4ρ)} = O(1/ϵ4).

This theorem indicates that Algorithm 1 finds a nearly (Cϵ)-stationary point with complexity O(1/ϵ4).
To obtain a nearly ϵ-stationary point with ϵ ≤ ϵ̄, one only needs to replace ϵ in ηt, ϵt and T in this
theorem above by ϵ/max{C, 1} . This will only change the constant factor in the O(1/ϵ4) complexity.
This complexity matches the start-of-the-art complexity by [13, 54, 39].

6 Numerical experiments

We demonstrate the performance of the SSG method on two fairness-aware classification problems,
which are instances of (1) with convex and weakly convex g’s, respectively. We compare with
two different double-loop inexact proximal point (IPP) methods [13, 54, 39]. The IPP method
approximately solves a strongly convex constrained subproblem in each outer iteration, and we use
the SSG method in this paper and the ConEx method in [13] as the solvers (inner loop) because they
both have the best theoretical complexity for that subproblem. We use IPP-SSG and IPP-ConEx to
denote these two implementations of the IPP method. All experiments are conducted using MATLAB
2022b on a computer with the CPU 3.20GHz x Intel Core i7-8700 and 16GB memory.

6.1 Classification problem with ROC-based fairness

Given a feature vector a ∈ Rd and a class label b ∈ {1,−1}, the goal in a binary linear classification
problem is to learn a model x ∈ Rd to predict b based on the score x⊤a. Let D = {(ai, bi)}ni=1 be a
training set and ℓ(·) be a convex non-increasing loss function. Model x can be learned by solving

L∗ = min
x∈W

{
L(x) :=

1

n

n∑
i=1

ℓ(bix
⊤ai)

}
, (13)

where W = {x ∈ Rd | ∥x∥ ≤ r}. Solving (13) may ensure good classification performance of x
but not its fairness. Suppose there exist two additional datasets. One contains the feature vectors of
a protected group, denoted by Dp = {api }

np

i=1, and the other one contains the feature vectors of an
unprotected group, denoted by Du = {aui }

nu
i=1. We want to enhance the fairness of x between these

two groups using the ROC-based fairness metric proposed by [74]. Suppose we set a threshold θ and
classify data a as positive if x⊤a ≥ θ and as negative otherwise. The ROC-based fairness measure
and its continuous approximation are defined as

max
θ∈Θ

∣∣∣ 1
np

np∑
i=1

I(x⊤api ≥ θ)− 1

nu

nu∑
i=1

I(x⊤aui ≥ θ)
∣∣∣

≈ R(x) :=max
θ∈Θ

∣∣∣ 1
np

np∑
i=1

σ(x⊤api − θ)− 1

nu

nu∑
i=1

σ(x⊤aui − θ)
∣∣∣, (14)

where σ(z) = exp(z)/(1 + exp(z)) is the sigmoid function and Θ is a finite set of thresholds. If the
value of this measure is small, model x produces similar predicted positive rates for the protected
and unprotected groups on various θ’s, indicating the fairness of the model. To obtain a fair x, we
balance (13) and (14) by solving

min
x∈W

R(x) s.t. L(x) ≤ L∗ + κ, (15)
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Table 1: Information of the datasets. Groups are males VS females in a9a, users with age within
[25, 60] VS outside [25, 60] in bank, and caucasian VS non-caucasian in COMPAS.

DATASETS n d LABEL GROUPS

A9A 48,842 123 INCOME GENDER
BANK 41,188 54 SUBSCRIPTION AGE

COMPAS 6,172 16 RECIDIVISM RACE

a9a bank COMPAS
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Figure 1: Performances vs number of iterations on classification problems with ROC-based fairness.

where κ is a slackness parameter indicating how much we are willing to increase the classification
loss in order to reduce R(x) to obtain a more fair model. Problem (15) is an instance of (1) satisfying
Assumptions 3.1 and 4.1 with ρ = β where β is defined in (77) in Section B.1.

We solve (15) on three datasets: a9a [41], bank [56] and COMPAS [4]. The information of these
datasets is given in Table 1. We split each dataset into two subsets with a ratio of 2 : 1. The larger set
is used as D in the constraint and the smaller set is further split into Dp and Du based on a binary
group variable listed in Table 1.

In our experiments, we choose ℓ(z) = (1− z)+ and first solve (13) using the subgradient method
with a large enough number of iterations to obtain L∗ and a solution xERM. Then we set κ =
0.001L∗ and r = 5∥xERM∥, and let Θ consist of 400 points equally spaced between mini x

⊤
ERMai −

0.5(maxi x
⊤
ERMai −mini x

⊤
ERMai) and maxi x

⊤
ERMai + 0.5(maxi x

⊤
ERMai −mini x

⊤
ERMai).

All methods are initialized at xERM. We implemented the SSG method with both static and diminishing
stepsizes. For the static stepsize, we select ϵt from {10−6, 2× 10−6, 5× 10−6, 10−5} and ηt from
{2×10−4, 5×10−4, 10−3, 2×10−3}. For the diminishing stepsize, we set ϵt = E1√

t+1
and ηt =

E2√
t+1

and select E1 from {5× 10−5, 10−4, 2× 10−4, 5× 10−4} and E2 from {0.02, 0.05, 0.1, 0.2}. We
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select the best set of parameters that produces the smallest objective value after 5000 iterations.
For IPP, we select ρ̂ from max{ρ, 1} × {1, 1.5, 2} for all three datasets, and the proximal point
subproblem is approximately solved by SSG and ConEx both with 100 iterations. For IPP-SSG, we
apply a static stepsize with ϵt and ηt tuned in the same way as SSG. For IPP-ConEx, following the
notation in [13], we set θt = t

t+1 , ηt = c1(t+1) and τt =
c2
t+1 , and select c1 from {20, 50, 100, 200}

and c2 from {0.002, 0.005, 0.01, 0.02} by the same procedure adopted by SSG.

We report the performances versus number of iterations of all methods on each dataset in Figure 1.
The performances versus the used CPU time will be given in Section C in the Appendix. For SSG,
the x-axis represents the total number of iterations while, for IPP, it represents the total number of
inner iterations across all outer iterations. The y-axis in each row represents the objective value,
infeasibility and near stationarity achieved at each iteration, respectively. To measure near stationarity,
we solve (3) with x = x(t) and parameters (7) using the SSG method with 2500 iterations and use
the last iterate as an approximation of x̂(x(t)). We make sure that the change of ∥x̂(x(t))− x(t)∥ is
less than 1% if the number of iterations is increased to 5000. Then we plot ∥x̂(x(t))− x(t)∥ as near
stationarity in Figure 1. Since computing x̂(x(t)) with a high precision for each t is time-consuming,
we only report near stationarity at 100 equally spaced iterations.

According to Figure 1, the SSG method with a diminishing stepsize has the best performance on all
three datasets in the sense that it reduces the objective value and the (approximate) near stationarity
measure faster than others while keeping the solutions nearly feasible. However, the SSG method
with a static stepsize is not always better than the IPP methods. This is consistent with our theoretical
finding that the SSG and IPP methods have the same oracle complexity.

6.2 Classification problem with demographic parity

Following the notation in the previous subsection, we consider a binary classification problem with a
constraint enforcing demographic parity [1]. The measure of demographic parity and its continuous
approximation are∣∣∣ 1

np

np∑
i=1

I(x⊤ap
i ≥ 0)− 1

nu

nu∑
i=1

I(x⊤au
i ≥ 0)

∣∣∣ ≈ R0(x) :=
∣∣∣ 1
np

np∑
i=1

σ(x⊤ap
i )−

1

nu

nu∑
i=1

σ(x⊤au
i )
∣∣∣. (16)

Fairness measure R0(x) is a special case of R(x) with Θ = {0}. If R0(x) is small, model x produces
similar predicted positive rates for the protected and unprotected groups. To obtain a fair x, we
balance (13) and (16) by solving

minL(x) + λSCAD(x) s.t. R0(x) ≤ κ. (17)

Different from (15), the fairness measure is used as the constraint in (17) while the objective function
becomes the empirical hinge loss plus the smoothly clipped absolute deviation (SCAD) regularizer
[35] for promoting a sparse solution. Here, λ is a regularization parameter and

SCAD(x) :=

d∑
i=1

s(xi), s(xi) =

 2|xi| 0 ≤ |xi| ≤ 1
−x2

i + 4|xi|+ 1 1 < |xi| ≤ 2
3 2 < |xi|.

(18)

We prove in Section B.1 that (17) is an instance of (1) satisfying Assumptions 3.1 and 5.1 with
ρ = max{2λ, β} where β is defined in (77) in Section B.1.

We set λ = 0.2 for all datasets and set κ = 0.005, 0.02 and 0.02 for a9a, bank and COMPAS,
respectively. For SSG, we select ϵt from {10−6, 2 × 10−6, 5 × 10−6, 10−5} and select ηt from
{10−4, 2 × 10−4, 5 × 10−4, 7.5 × 10−4} for t ∈ I while set ηt = g(x(t))/∥ζ(t)

g ∥2 for t ∈ J . We
select the best set of parameters that produces the smallest objective value after 50000 iterations. For
IPP, we select ρ̂ from max{ρ, 1} × {1, 1.5, 2} and the proximal point subproblem is approximately
solved by SSG and ConEx both with 600 iterations. For IPP-SSG, we apply a static stepsize
with ϵt and ηt tuned in the same way as SSG. For IPP-ConEx, following the notation in [13], we
set θt = t

t+1 , ηt = c1(t + 1) and τt = c2
t+1 and select c1 from {20, 50, 100, 200} and c2 from

{0.002, 0.005, 0.01, 0.02} by the same procedure adopted by SSG. Due to the limit of space, we
present the performances vs number of iterations and CPU runtime of all methods in Figure 3 and
Figure 4 respectively in Section C in the Appendix.
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7 Conclusion

We study the oracle complexity of the switching subgradient (SSG) method for finding a nearly
ϵ-stationary point of a non-smooth weakly convex constrained optimization problem. We show that
the complexity of the SSG method matches the best result in literature that is achieved only by
double-loop methods. On the contrary, the SSG method is single-loop and easier to implement with
reduced tuning effort. This is the first complexity result for a single-loop first-order method for a
weakly-convex non-smooth constrained problem.
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A Complexity analysis for convex constraints

In this section, we present the theoretical complexity analysis for the SSG method when f is non-
convex but g is convex. Our analysis will first focus on a more general setting where the oracles of
the subgradients and function values of f and g are stochastic. Then the complexity for the case of
deterministic oracles is derived as a special case.

A.1 Proof of Lemma 4.2 and extension with linear equality constraints

Proof of Lemma 4.2. For simplicity of notation, we denote x̂(x) in (4) by x̂. By Assumption 4.1B,
there exists a strictly feasible solution xfeas ∈ relint(X ) with g(xfeas) < 0. As a result, the Lagrangian
multiplier λ̂ ≥ 0 corresponding to x̂ is well-defined and satisfies (5), which means λ̂g(x̂) = 0 and

ζ̂f + ρ̂(x̂− x) + λ̂ζ̂g + û = 0, (19)

where ζ̂f ∈ ∂f(x̂), ζ̂g ∈ ∂g(x̂), û ∈ NX (x̂) and NX (x̂) is the normal cone of X at x̂.

If λ̂ = 0, the conclusion holds trivially. Hence, we focus on the case that λ̂ > 0. Note that, in this
case, we must have g(x̂) = 0. Taking the inner product between (19) and x̂− xfeas gives

1

λ̂
⟨ζ̂f + ρ̂(x̂− x), x̂− xfeas⟩ = ⟨ζ̂g + û/λ̂,xfeas − x̂⟩ ≤ g(xfeas)− g(x̂) = g(xfeas), (20)

where the inequality is because of convexity of g and the fact that û/λ̂ ∈ NX (x̂). By Assumption 3.1
and 4.1C, we have ∥ζ̂f∥ ≤ M , ∥x̂− xfeas∥ ≤ D and ∥x̂− x∥ ≤ D, which imply from (20) that

λ̂ ≤
⟨ζ̂f + ρ̂(x̂− x),xfeas − x̂⟩

−g(xfeas)
≤ MD + ρ̂D2

−g(xfeas)
.

The extension of Lemma 4.2 when there exist linear constraints: Suppose there are linear equality
constraints. We formulate problem (1) as

f∗ ≡ min
x∈X

f(x) s.t. h(x) ≤ 0, Ax = b, (21)

where A ∈ Rl×d and b ∈ Rl. Moreover, we assume A has a full row rank. We then define

g(x) = max{h(x), ∥Ax− b∥∞}. (22)

With this g, Assumption 4.1 B cannot be satisfied. However, it is easy to show that λ̂ in (5) can be
still bounded from above if the inequality constraint in (21) can be satisfied strictly.

To extend Lemma 4.2 for (21), we only need to change Assumption 4.1 B to the following

B’. (Slater’s condition) There exists xfeas ∈ int(X ) such that h(xfeas) < 0 and Axfeas = b.

Then we can still derive an upper bound of λ̂ similar to the one in Lemma 4.2.
Lemma A.1. Let g defined as in (22). Suppose Assumptions 3.1 and 4.1 hold except that Assump-
tion 4.1 B is replaced by B’ above. Given any x ∈ X , let x̂(x) be defined as in (4) with (ρ̂, ρ̃)

satisfying (7) and λ̂ be the associated Lagrangian multiplier satisfying (5). We have

λ̂ ≤ Λec :=
MD + ρ̂D2

−h(xfeas)
+

√
l∥(AA⊤)−1A∥

(
M2D + ρ̂MD2

−h(xfeas)
+

MD + ρ̂D2

dist(xfeas, ∂X )
+M + ρ̂D

)
. (23)

Proof. For simplicity of notation, we denote x̂(x) in (4) by x̂. We first show that (5) holds for some
Lagrangian multiplier λ̂ and ζ̂g ∈ ∂g(x̂). By Assumption B’, there exist Lagrangian multipliers
λ̂in ∈ R+ and λ̂eq ∈ Rl such that

ζ̂f + ρ̂(x̂− x) + λ̂inζ̂h +A⊤λ̂eq + û = 0, (24)
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where ζ̂h ∈ ∂h(x̂), and other notations are as in (19). It also holds that g(x̂) = 0 and λ̂inh(x̂) = 0.

Since h(x̂) ≤ 0 and Ax̂ = b, we have 0 ∈ ∂g(x̂) by the definition of g. Suppose λ̂in + ∥λ̂eq∥1 = 0.
(24) implies (19) with λ̂ = 0 and any ζ̂g ∈ ∂g(x̂). Suppose λ̂in + ∥λ̂eq∥1 > 0. Let

ζ̂g =
λ̂inζ̂h +A⊤λ̂eq

λ̂in + ∥λ̂eq∥1
and λ̂ = λ̂in + ∥λ̂eq∥1.

It is easy to verify by definition that ζ̂g ∈ ∂g(x̂) and (19) also holds.

Next we derive the claimed upper bound of λ̂. When λ̂in + ∥λ̂eq∥1 = 0 and thus λ̂ = 0, the
conclusion holds trivially so we focus on the case where λ̂ = λ̂in + ∥λ̂eq∥1 > 0 and ζ̂g is defined as
above. In this case, we follow the same analysis in the proof of Lemma 3 in [53] to bound λ̂in and
∥λ̂eq∥1.

By the convexity of h and the fact that λ̂in ≥ 0, we can show that

λ̂inh(xfeas) ≥ λ̂in

(
h(x̂) + ⟨ζ̂h,xfeas − x̂⟩

)
=− ⟨ζ̂f + ρ̂(x̂− x) +A⊤λ̂eq + û,xfeas − x̂⟩

=− ⟨ζ̂f + ρ̂(x̂− x) + û,xfeas − x̂⟩, (25)

where the first equality is due to (24) and the second equality is because Ax̂ = Axfeas = b.

Next we bound the term −⟨û,xfeas − x̂⟩ in (25) from below. Suppose û ̸= 0. It must hold that
x̂ ∈ ∂X since, otherwise, x̂ ∈ int(X ) so û = 0. Let H =

{
x ∈ Rd | ⟨û,x − x̂⟩ = 0

}
, which is a

supporting hyperplane of X at x̂. Since dist(xfeas,H) = ⟨û, x̂− xfeas⟩/∥û∥, we have

−⟨û,xfeas − x̂⟩ = dist(xfeas,H)∥û∥ ≥ dist(xfeas, ∂X )∥û∥.

Applying the inequality to (25), we have

−λ̂inh(xfeas) + dist(xfeas, ∂X )∥û∥ ≤ ⟨ζ̂f + ρ̂(x̂− x),xfeas − x̂⟩ ≤ MD + ρ̂D2,

where the last inequality is by Assumption 3.1 and 4.1C, which imply ∥ζ̂f∥ ≤ M , ∥x̂− xfeas∥ ≤ D
and ∥x̂− x∥ ≤ D. The inequality above then implies

λ̂in ≤ MD + ρ̂D2

−h(xfeas)
and ∥û∥ ≤ MD + ρ̂D2

dist(xfeas, ∂X )
. (26)

Suppose û = 0. We can also prove the first inequality in (26) by a similar argument and the second
inequality in (26) holds trivially. Multiplying both sides of (24) by A and using the fact that A has a
full row rank, we have

λ̂eq = −(AA⊤)−1A
(
ζ̂f + ρ̂(x̂− x) + λ̂inζ̂h + û

)
,

which, together with (26), further implies

∥λ̂eq∥1 ≤
√
l∥λ̂eq∥ ≤

√
l∥(AA⊤)−1A∥

(
M(1 + λ̂in) + ρ̂D + ∥û∥

)
≤

√
l∥(AA⊤)−1A∥

(
M2D + ρ̂MD2

−h(xfeas)
+

MD + ρ̂D2

dist(xfeas, ∂X )
+M + ρ̂D

)
.

Applying this upper bound of ∥λ̂eq∥ and the upper bound of λ̂in in (26) to λ̂ = λ̂in + ∥λ̂eq∥1, we
obtain the desired upper bound of λ̂.

Remark A.2. When there are linear equality constraints, we can just implement Algorithm 1 with the
new definition of g in (22). Using the upper bound of λ̂t in (23) in place of the upper bound (8) in
the proof of Theorem 4.3, we can show that Theorem 4.3 still holds except that Λ is repalced by Λec.
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Algorithm 2 Stochastic Switching Subgradient Method

1: Input: x(0) ∈ X , total number of iterations T , tolerance of infeasibility ϵt ≥ 0, stepsize ηt,
mini-batch size B, and a starting index S for generating outputs.

2: Initialization: I = ∅ and J = ∅.
3: for iteration t = 0, 1, · · · , T − 1 do
4: Generate a mini-batch {ω(t)

i }Bi=1 of stochastic estimators of g(x(t)).
5: Set ω̄(t) = 1

B

∑B
i=1 ω

(t)
i .

6: if ω̄(t) ≤ ϵt then
7: Generate a stochastic subgradient ξ(t)f of f at x(t).

8: Set x(t+1) = projX (x(t) − ηtξ
(t)
f ) and, if t ≥ S, I = I ∪ {t}.

9: else
10: Generate a stochastic subgradient ξ(t)g of g at x(t).
11: Set x(t+1) = projX (x(t) − ηtξ

(t)
g ) and, if t ≥ S, I = I ∪ {t}.

12: end if
13: end for
14: Output: x(τ) with τ randomly sampled from I using Prob(τ = t) = ηt/

∑
s∈I ηs.

A.2 Stochastic switching subgradient method

In this section, we introduce a more general setting where the subgradients and function values of
f and g can only be accessed through stochastic oracles, and then propose a stochastic switching
subgradient method using these oracles. More specifically, in addition to Assumptions 3.1 and 4.1,
we make the following assumption.
Assumption A.3. For any x ∈ X , stochastic subgradients ξf and ξg and a stochastic value ω
can be generated independently such that E[ω] = g(x), E[ξf ] ∈ ∂f(x) and E[ξg] ∈ ∂g(x).
Moreover, it holds that E

[
exp

(
∥ξf∥2/M2

)]
≤ exp(1), E

[
exp

(
∥ξg∥2/M2

)]
≤ exp(1), and

E
[
exp

(
(ω − g(x))2/σ2

)]
≤ exp(1) for a constant σ for any x ∈ X .

Assumption A.3 means the distributions of ∥ξf∥2, ∥ξg∥2 and (ω − g(x))2 have light tails, which is a
common assumption for proving a stochastic first-order method converges in a high probability. See
(2.50) in [57] for an example. We follow the convention that σ = 0 when w = g(x) deterministically.

Under Assumption A.3, we have to use stochastic subgradients ξf and ξg in the SSG method.

Moreover, since g(x(t)) cannot be evaluated exactly, we sample a mini-batch {ω(t)
i }Bi=1 of stochastic

estimators of g(x(t)) with a batch size of B, and then construct an estimator of g(x(t)), denoted
by w̄(t), by averaging the samples. Then, we use the condition w̄(t) ≤ ϵt in the SSG method to
determine when the stochastic subgradient should be switched between ξf and ξg . The SSG method
with those modifications is called the stochastic SSG method and presented in Algorithm 2. Note that
Algorithm 2 is reduced to Algorithm 1 when, for t ≥ 0, it holds deterministically that

ξ
(t)
f = ζ

(t)
f , ξ(t)g = ζ(t)

g , ω̄(t) = g(x(t)), σ = 0 and B = 1. (27)

The oracle complexity of Algorithm 1 is given in Theorem 4.3 while that of Algorithm 2 is given in
Theorems A.13 and A.14.

A.3 Technical lemmas and propositions

In this section, we first introduce additional notations and then present a few technical lemmas and
propositions which are needed to prove the convergence properties of Algorithms 1 and 2.

Let I(·) be an indicator of an event, which equals one if the event occurs and zero otherwise. For each
iterate x(t) in Algorithms 1 and 2, let ζ(t)

f := E[ξ(t)f ] ∈ ∂f(x(t)) and ζ(t)
g := E[ξ(t)g ] ∈ ∂g(x(t)) and

let x̂(t) := x̂(x(t)) be defined as in (4) with (ρ̂, ρ̃) satisfying (7) and let λ̂t ≥ 0 be the corresponding
Lagrangian multiplier satisfying (5), which exists by Assumption 4.1B. Under Assumption A.3,
let Et[·] := E[·

∣∣ ω̄(0), ξ
(0)
f , ξ(0)g , ω̄(1), ξ

(1)
f , ξ(1)g , . . . , ω̄(t−1), ξ

(t−1)
f , ξ(t−1)

g ], i.e., the conditional
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expectation conditioning on all stochastic events before iteration t. Let Eτ [·] be the expectation taken
only over the random index τ when the algorithm is terminated. The proposition below characterizes
the relationship between ∥x̂(t) − x(t)∥ and the parameters T , S, ηt and ϵt.
Proposition A.4. Suppose Assumptions 3.1, 4.1 and A.3 hold and g is µ-strongly convex (µ can be
zero). Algorithm 2 guarantees

T−1∑
t=S

[
ηtρ̂λ̂tI(ω̄(t) ≤ ϵt) + ηtρ̂I(ω̄(t) > ϵt)

]
· µ
2
∥x̂(t) − x(t)∥2

+

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂g(x
(t))I(ω̄(t) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ξ

(t)
f ∥2I(ω̄(t) ≤ ϵt) + η2

t ∥ξ(t)
g ∥2I(ω̄(t) > ϵt)

]
+

T−1∑
t=S

[
ηtρ̂
〈
ξ
(t)
f − ζ

(t)
f , x̂(t) − x(t)

〉
I(ω̄(t) ≤ ϵt) + ηtρ̂

〈
ξ(t)
g − ζ(t)

g , x̂(t) − x(t)
〉
I(ω̄(t) > ϵt)

]
.

Proof. Let ξ(t) = ξ
(t)
f if t ∈ I and ξ(t) = ξ(t)g if t ∈ J . Similarly, let ζ(t) = ζ

(t)
f ∈ ∂f(x(t)) if

t ∈ I and ζ(t) = ζ(t)
g ∈ ∂g(x(t)) if t ∈ J . By the updating equation of x(t+1), we have

∥x(t+1) − x̂(t)∥2 = ∥projX (x(t) − ηtξ
(t))− x̂(t)∥2 = ∥projX (x(t) − ηtξ

(t))− projX (x̂(t))∥2

≤ ∥x(t) − ηtξ
(t) − x̂(t)∥2 = ∥x(t) − x̂(t)∥2 − 2ηt

〈
ξ(t),x(t) − x̂(t)

〉
+ η2t ∥ξ

(t)∥2.

Multiplying the inequality above by ρ̂/2 and adding f(x̂(t)) to both sides, we obtain

f(x̂(t)) +
ρ̂

2
∥x(t+1) − x̂(t)∥2

≤ f(x̂(t)) +
ρ̂

2
∥x(t) − x̂(t)∥2 − ηtρ̂

〈
ξ(t),x(t) − x̂(t)

〉
+

η2t ρ̂

2
∥ξ(t)∥2

= φ(x(t))− ηtρ̂
〈
ζ(t),x(t) − x̂(t)

〉
+

η2t ρ̂

2
∥ξ(t)∥2 − ηtρ̂

〈
ξ(t) − ζ(t),x(t) − x̂(t)

〉
, (28)

where the equality is by the definition of φ(x) in (3). Since x̂(t) is a feasible solution to problem (3)
with x = x(t+1), we have

φ(x(t+1)) ≤ f(x̂(t)) +
ρ̂

2
∥x(t+1) − x̂(t)∥2,

which, together with (28), implies

ηtρ̂
〈
ζ(t),x(t) − x̂(t)

〉
≤ φ(x(t))− φ(x(t+1)) +

η2t ρ̂

2
∥ξ(t)∥2 − ηtρ̂

〈
ξ(t) − ζ(t),x(t) − x̂(t)

〉
. (29)

Next, we will bound
〈
ζ(t),x(t) − x̂(t)

〉
from below when t ∈ I and t ∈ J , separately.

Suppose t ∈ I so ω̄(t) ≤ ϵt, ζ(t) = ζ
(t)
f and ξ(t) = ξ

(t)
f . By the ρ-weak convexity of f , we have〈

ζ(t),x(t) − x̂(t)
〉
≥ f(x(t))− f(x̂(t))− ρ

2
∥x̂(t) − x(t)∥2

= f(x(t))− f(x̂(t))− ρ̂

2
∥x̂(t) − x(t)∥2 + ρ̂− ρ

2
∥x̂(t) − x(t)∥2. (30)

Consider the convex optimization problem (3) with x = x(t). By Assumption 4.1B, there exists a
Lagrangian multiplier λ̂t ≥ 0 such that λ̂tg(x̂

(t)) = 0 (complementary slackness) and

x̂(t) = argmin
x∈X

{
f(x) +

ρ̂

2
∥x− x(t)∥2 + λ̂tg(x)

}
.
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Since the objective function above is (ρ̂− ρ+ λ̂tµ)-strongly convex, we have

f(x(t)) + λ̂tg(x
(t)) = f(x(t)) +

ρ̂

2
∥x(t) − x(t)∥2 + λ̂tg(x

(t))

≥ f(x̂(t)) +
ρ̂

2
∥x̂(t) − x(t)∥2 + λ̂tg(x̂

(t)) +
ρ̂− ρ+ λ̂tµ

2
∥x̂(t) − x(t)∥2,

which, by the fact that λ̂tg(x̂
(t)) = 0, implies

f(x(t))− f(x̂(t))− ρ̂

2
∥x̂(t) − x(t)∥2 ≥ −λ̂tg(x

(t)) +
ρ̂− ρ+ λ̂tµ

2
∥x̂(t) − x(t)∥2.

Applying this inequality and inequality (30) to (29) leads to

ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x
(t)) +

ηtρ̂λ̂tµ

2
∥x̂(t) − x(t)∥2

≤ φ(x(t))− φ(x(t+1)) +
η2t ρ̂

2
∥ξ(t)f ∥2 − ηtρ̂

〈
ξ
(t)
f − ζ

(t)
f ,x(t) − x̂(t)

〉
. (31)

Suppose t ∈ J so ω̄(t) > ϵt, ζ(t) = ζ(t)
g and ξ(t) = ξ(t)g . By the µ-strong convexity of g and the fact

that g(x̂(t)) ≤ 0, we have〈
ζ(t),x(t) − x̂(t)

〉
− µ

2
∥x̂(t) − x(t)∥2 ≥ g(x(t))− g(x̂(t)) ≥ g(x(t)).

Applying this inequality to (29) leads to

ηtρ̂g(x
(t)) +

ηtρ̂µ

2
∥x̂(t) − x(t)∥2

≤ φ(x(t))− φ(x(t+1)) +
η2t ρ̂

2
∥ξ(t)g ∥2 − ηtρ̂

〈
ξ(t)g − ζ(t)

g ,x(t) − x̂(t)
〉
. (32)

Recall that I(t ∈ I) = I(ω̄(t) ≤ ϵt) and I(t ∈ J) = I(ω̄(t) > ϵt). Summing up (31) and (32) for
t = S, S + 1, . . . , T − 1, we have

T−1∑
t=S

[
ηtρ̂λ̂tI(ω̄(t) ≤ ϵt) + ηtρ̂I(ω̄(t) > ϵt)

] µ
2
∥x̂(t) − x(t)∥2

+

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂g(x
(t))I(ω̄(t) > ϵt)

≤ φ(x(S))− φ(x(T )) +
ρ̂

2

T−1∑
t=S

[
η2
t ∥ξ

(t)
f ∥2I(ω̄(t) ≤ ϵt) + η2

t ∥ξ(t)
g ∥2I(ω̄(t) > ϵt)

]
−

T−1∑
t=S

[
ηtρ̂
〈
ξ
(t)
f − ζ

(t)
f ,x(t) − x̂(t)

〉
I(ω̄(t) ≤ ϵt) + ηtρ̂

〈
ξ(t)
g − ζ(t)

g ,x(t) − x̂(t)
〉
I(ω̄(t) > ϵt)

]
.

The conclusion is then implied by the facts that φ(x(T )) = f(x̂(T )) + ρ̂
2∥x̂

(T ) − x(T )∥2 ≥ f(x̂(T ))

and φ(x(S)) = f(x̂(S)) + ρ̂
2∥x̂

(S) − x(S)∥2 ≤ f(x̂(T )) + ρ̂
2∥x̂

(T ) − x(S)∥2 ≤ f(x̂(T )) + ρ̂D2

2 .

Lemma A.5. Suppose Assumption A.3 holds. Given any x ∈ X , let {ωi}Bi=1 be a mini-batch of
stochastic estimators of g at x and ω̄ = 1

B

∑B
i=1 ωi. It holds that, for any δ ∈ (0, 1),

Prob

(
ω̄ > g(x) +

√
3

B
σ
√
ln(1/δ)

)
≤ δ and Prob

(
ω̄ < g(x)−

√
3

B
σ
√
ln(1/δ)

)
≤ δ.

Proof. The conclusion is guaranteed by Assumption A.3 and Lemma 2 (Case A) in [48] by choosing
Ω =

√
3 ln(1/δ) in their bound.
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Lemma A.6. Suppose Assumption A.3 holds. For any δ ∈ (0, 1), Algorithm 2 guarantees with
probability at least 1− δ/(T − S) that

g(x(t))I(ω̄(t) ≤ ϵt) ≤

(
ϵt +

√
3

B
σ
√

ln((T − S)/δ)

)
I(ω̄(t) ≤ ϵt) (33)

for t = S, S + 1, . . . , T − 1 and, consequently, with probability at least 1− δ that

T−1∑
t=S

ηtρ̂λ̂tg(x
(t))I(ω̄(t) ≤ ϵt) ≤

T−1∑
t=S

ηtρ̂λ̂t

(
ϵt +

√
3

B
σ
√
ln((T − S)/δ)

)
I(ω̄(t) ≤ ϵt).

Similarly, Algorithm 2 guarantees with probability at least 1− δ that

T−1∑
t=S

ηtρ̂g(x
(t))I(ω̄(t) > ϵt) ≥

T−1∑
t=S

ηtρ̂

(
ϵt −

√
3

B
σ
√

ln((T − S)/δ)

)
I(ω̄(t) > ϵt).

Proof. For any t, x(t) is determined by ω̄(0), ξ
(0)
f , ξ(0)g , ω̄(1), ξ

(1)
f , ξ(1)g , . . . , ω̄(t−1), ξ

(t−1)
f and

ξ(t−1)
g , while ω̄(t) is generated after x(t). Hence, according to Lemma A.5, we have with a probability

of at least 1− δ/(T − S) that g(x(t))I(ω̄(t) ≤ ϵt) ≤
(
ω̄(t) +

√
3
Bσ
√

ln((T − S)/δ)
)
I(ω̄(t) ≤ ϵt),

which implies (33). The first conclusion is then obtained by taking the union bound for the events
above for t = S, S + 1, . . . , T − 1. The second conclusion can be proved in a similar way.

Lemma A.7. Suppose Assumption A.3 holds. For any δ ∈ (0, 1), Algorithm 2 guarantees with
probability at least 1− δ that

T−1∑
t=S

[
η2t ∥ξ

(t)
f ∥2I(ω̄(t) ≤ ϵt) + η2t ∥ξ

(t)
g ∥2I(ω̄(t) > ϵt)

]

≤
T−1∑
t=S

η2tM
2 +max

{√
12 ln(2/δ),

4

3
ln(2/δ)

}√√√√T−1∑
t=S

η4tM
4.

Proof. For any t, x(t) is determined by ω̄(0), ξ
(0)
f , ξ(0)g , ω̄(1), ξ

(1)
f , ξ(1)g , . . . , ω̄(t−1), ξ

(t−1)
f and ξ(t−1)

g .

Also, ω̄(t), ξ(t)f and ξ(t)g are independent and generated after x(t). Hence, by Assumption A.3, we
have

Et

[
exp

(
η2t ∥ξ

(t)
f ∥2I(ω̄(t) ≤ ϵt) + η2t ∥ξ

(t)
g ∥2I(ω̄(t) > ϵt)

η2tM
2

)]

= Et

[
I(ω̄(t) ≤ ϵt) exp

(
∥ξ(t)f ∥2

M2

)]
+ Et

[
I(ω̄(t) > ϵt) exp

(
∥ξ(t)g ∥2

M2

)]

= Et

[
I(ω̄(t) ≤ ϵt)

]
Et

[
exp

(
∥ξ(t)f ∥2

M2

)]
+ Et

[
I(ω̄(t) > ϵt)

]
Et

[
exp

(
∥ξ(t)g ∥2

M2

)]
≤ Et

[
I(ω̄(t) ≤ ϵt)

]
exp (1) + Et

[
I(ω̄(t) > ϵt)

]
exp (1) = exp (1) ,

where the second equality is by the conditional independence between ω̄(t), ξ(t)f and ξ(t)g . Then the
conclusion is guaranteed by Lemma 2 (Case B) in [48] by choosing Ω = max{

√
12 ln(2/δ), (4/3) ·

ln(2/δ)} in their bound.
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Lemma A.8. Suppose Assumptions 3.1 and A.3 hold. For any δ ∈ (0, 1), Algorithm 2 guarantees
with probability at least 1− δ that

T−1∑
t=S

[
ηtρ̂
〈
ξ
(t)
f − ζ

(t)
f , x̂(t) − x(t)

〉
I(ω̄(t) ≤ ϵt) + ηtρ̂

〈
ξ(t)g − ζ(t)

g , x̂(t) − x(t)
〉
I(ω̄(t) > ϵt)

]

≤
√

3 ln(1/δ)

√√√√T−1∑
t=S

4η2t ρ̂
2M2D2.

Proof. By Assumption A.3 and Jensen’s inequality, we have

exp

(
∥ζ(t)

f ∥2

M2

)
≤ Et

[
exp

(
∥ξ(t)

f ∥2

M2

)]
≤ exp(1)

and exp

(
∥ζ(t)

g ∥2

M2

)
≤ Et

[
exp

(
∥ξ(t)

g ∥2

M2

)]
≤ exp(1),

which, by Jensen’s inequality again, implies

Et

[
exp

(
2∥ξ(t)

f ∥2 + 2∥ζ(t)
f ∥2

4M2

)]

= Et

[
exp

(
∥ξ(t)

f ∥2

2M2

)
exp

(
∥ζ(t)

f ∥2

2M2

)]
≤

√√√√Et

[
exp

(
∥ξ(t)

f ∥2

M2

)]
exp

(
1

2

)
≤ exp(1) (34)

and Et

[
exp

(
2∥ξ(t)

g ∥2 + 2∥ζ(t)
g ∥2

4M2

)]

= Et

[
exp

(
∥ξ(t)

g ∥2

2M2

)
exp

(
∥ζ(t)

g ∥2

2M2

)]
≤

√√√√Et

[
exp

(
∥ξ(t)

g ∥2

M2

)]
exp

(
1

2

)
≤ exp(1). (35)

For any t, x(t) is determined by ω̄(0), ξ
(0)
f , ξ(0)g , ω̄(1), ξ

(1)
f , ξ(1)g , . . . , ω̄(t−1), ξ

(t−1)
f and ξ(t−1)

g . Also,

ω̄(t), ξ(t)f and ξ(t)g are independent and generated after x(t). Hence, by Assumption A.3, we have

Et

[
ηtρ̂
〈
ξ
(t)
f − ζ

(t)
f , x̂(t) − x(t)

〉
I(ω̄(t) ≤ ϵt) + ηtρ̂

〈
ξ(t)
g − ζ(t)

g , x̂(t) − x(t)
〉
I(ω̄(t) > ϵt)

]
= 0,

and

Et

exp

[
ηtρ̂
〈
ξ
(t)
f − ζ

(t)
f , x̂(t) − x(t)

〉
I(ω̄(t) ≤ ϵt) + ηtρ̂

〈
ξ(t)
g − ζ(t)

g , x̂(t) − x(t)
〉
I(ω̄(t) > ϵt)

]2
4η2

t ρ̂
2M2D2




= Et

I(ω̄(t) ≤ ϵt) exp


[〈

ξ
(t)
f − ζ

(t)
f , x̂(t) − x(t)

〉]2
4M2D2


+ Et

I(ω̄(t) > ϵt) exp


[〈

ξ(t)
g − ζ(t)

g , x̂(t) − x(t)
〉]2

4M2D2




≤ Et

[
I(ω̄(t) ≤ ϵt)

]
Et

[
exp

(
∥ξ(t)

f − ζ
(t)
f ∥2∥x̂(t) − x(t)∥2

4M2D2

)]

+ Et

[
I(ω̄(t) > ϵt)

]
Et

[
exp

(
∥ξ(t)

g − ζ(t)
g ∥2∥x̂(t) − x(t)∥2

4M2D2

)]

≤ Et

[
I(ω̄(t) ≤ ϵt)

]
Et

[
exp

(
2∥ξ(t)

f ∥2 + 2∥ζ(t)
f ∥2

4M2

)]
+ Et

[
I(ω̄(t) > ϵt)

]
Et

[
exp

(
2∥ξ(t)

g ∥2 + 2∥ζ(t)
g ∥2

4M2

)]
≤ Et

[
I(ω̄(t) ≤ ϵt)

]
exp (1) + Et

[
I(ω̄(t) > ϵt)

]
exp (1) = exp (1) ,

where the first inequality is by the Cauchy–Schwarz inequality and the conditional independence
between ω̄(t), ξ(t)f and ξ(t)g , the second inequality is by Assumption 3.1B and the last inequality is
by (34) and (35). Then the conclusion is guaranteed by Lemma 2 (Case A) in [48] by choosing
Ω =

√
3 ln(1/δ) in their bound.
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Suppose g is convex but not strongly convex, i.e., µ = 0. Taking the union bound of the four
events in Lemmas A.6, A.7 and A.8 with δ replaced by δ/4 and applying the four inequalities (two
from Lemma A.6, one from Lemma A.7 and one from Lemma A.8) holding in these events to
Proposition A.4, we have the following bounds.
Proposition A.9. Suppose Assumptions 3.1, 4.1 and A.3 hold and g is µ-strongly convex (µ can be
zero). Algorithm 2 guarantees with probability at least 1− δ/(4(T − S)) that

g(x(t))I(ω̄(t) ≤ ϵt) ≤

(
ϵt +

√
3

B
σ
√

ln(4(T − S)/δ)

)
I(ω̄(t) ≤ ϵt) (36)

for t = S, S + 1, . . . , T − 1 and, consequently, with probability at least 1− δ that
T−1∑
t=S

[
ηtρ̂λ̂tI(ω̄(t) ≤ ϵt) + ηtρ̂I(ω̄(t) > ϵt)

]
· µ
2
∥x̂(t) − x(t)∥2

+

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(ω̄(t) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2
tM

2 +
ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√√√√T−1∑
t=S

η4
tM

4 (37)

+
√

3 ln(4/δ)

√√√√T−1∑
t=S

4η2
t ρ̂

2M2D2 +

T−1∑
t=S

ηtρ̂

√
3

B
σ
√

ln(4(T − S)/δ)
[
λ̂tI(ω̄(t) ≤ ϵt) + I(ω̄(t) > ϵt)

]
.

A.4 Proof of Theorem 4.3

Although the technical results in the previous sections are derived for Algorithm 2 in the stochastic
case, they all apply to Algorithm 1 which is a special case of Algorithm 2 when all oracles are
deterministic, i.e., when (27) holds. Hence, we can uses these technical results to prove Theorem 4.3
as follows.

Proof of Theorem 4.3. Because Algorithm 1 is a deterministic special case of Algorithm 2 when
(27) holds and also because we do not assume strong convexity in g (µ = 0), we can simplify the
inequality in Proposition A.4 as follows

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂g(x
(t))I(g(x(t)) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > ϵt)

]
.

By the facts that g(x(t))I(g(x(t)) ≤ ϵt) ≤ ϵtI(g(x(t)) ≤ ϵt) and g(x(t))I(g(x(t)) > ϵt) ≥
ϵtI(g(x(t)) > ϵt), the inequality above implies

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > ϵt)

]
≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2
tM

2, (38)

where the second inequality is because of Assumption 3.1.

We first prove that, if S, T , ηt and ϵt are chosen such that

ϵt(1 + λ̂t) ≤ ϵ2(ρ̂− ρ) (39)
and

T−1∑
t=S

ηtρ̂ϵt >
ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2, (40)
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we must have g(x(t)) ≤ ϵt for at least one t in {S, S + 1, . . . , T − 1} (i.e., I ̸= ∅) and Eτ [∥x̂(τ) −
x(τ)∥2] ≤ ϵ2 (so Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ).

Suppose (40) holds and g(x(t)) > ϵt for t = S, S + 1, . . . , T − 1, i.e., I = ∅. (38) becomes exactly
the opposite of (40). This contradiction means g(x(t)) ≤ ϵt for at least one t in {S, S+1, . . . , T −1}.
Suppose (39) and (40) hold but Eτ [∥x̂(τ) − x(τ)∥2] > ϵ2. Since τ is generated by Output I, we have

ϵ2 < Eτ [∥x̂(τ) − x(τ)∥2] =
∑T−1

t=S ηtI(g(x(t)) ≤ ϵt)∥x̂(t) − x(t)∥2∑T−1
t=S ηtI(g(x(t)) ≤ ϵt)

. (41)

Note that the right-hand side of (41) is well-defined because we just proved I ̸= ∅. (41) and (39)
imply

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

>

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)ϵ2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

≥
T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt) =

T−1∑
t=S

ηtρ̂ϵt, (42)

where the second inequality is because of (39). Combining this inequality and (38) leads to the
opposite of (40). This contradiction means Eτ [∥x̂(τ) − x(τ)∥2] ≤ ϵ2.

Given the result above, we only need to show that the two choices of S, T , ηt and ϵt ensure (39) and
(40).

In Case I, (39) holds because of Lemma 4.2 and the choice of ϵt. Let η = ηt =
2ϵ2(ρ̂−ρ)
5(1+Λ)M2 for any

t. Using Lemma 4.2 and plugging the values of S, T , ηt and ϵt in (40), we can show that (40) is
equivalent to

Tηρ̂ϵ2(ρ̂− ρ)

1 + Λ
>

ρ̂D2

2
+

ρ̂

2
Tη2M2,

which, after dividing both sides by Tηρ̂, can be equivalently written as
ϵ2(ρ̂− ρ)

1 + Λ
>

D2

2Tη
+

ηM2

2
.

By the values of η and T , each summand in the right-hand side of the inequality above is no more than
ϵ2(ρ̂−ρ)
5(1+Λ) so the right-hand side of the inequality above no more than 2ϵ2(ρ̂−ρ)

5(1+Λ) which is strictly less than

the left-hand side. This means (40) holds with this choice of parameters and thus Eτ [∥x̂(τ)−x(τ)∥] ≤
ϵ. By the convexity of g and the choices of ηt and ϵt, we have Eτ [g(x

(τ))] ≤ ϵ2(ρ̂−ρ)
1+Λ .

In Case II, by the choices of ϵt and T , we have, for any t ∈ {S, S + 1, . . . , T − 1},

ϵt =
5MD√
t+ 1

≤ 5MD√
S + 1

=
5MD√
T/2 + 1

≤ ϵ2(ρ̂− ρ)

1 + Λ
. (43)

This further implies (39) because of Lemma 4.2. Note that ηt and ϵt are decreasing in t. Hence, the
left-hand side of (40) satisfies

T−1∑
t=S

ηtρ̂ϵt >
T

2
ηT ρ̂ϵT =

5T

2T + 2
ρ̂D2 ≥ 5ρ̂D2

4
. (44)

The right-hand side of (40) satisfies

ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2 =

ρ̂D2

2
+

ρ̂

2
D2

T−1∑
t=S

1

t+ 1
≤ ρ̂D2, (45)

where the equality is obtained by plugging in the definition of ηt and the inequality is because∑T−1
t=S

1
t+1 ≤

∫ T

S
1
t dt = ln(T/S) = ln(2) ≤ 1. The right-hand side of (44) is strictly greater than

the right-hand side (45), which means (40) holds and thus Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ. By the convexity
of g and the choices of ηt and ϵt, we have Eτ [g(x

(τ))] ≤ ϵS ≤ ϵ2(ρ̂−ρ)
1+Λ according to (43).
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A.5 Complexity analysis for strongly convex constraints

Suppose f and g in (1) are deterministic, i.e., (27) holds, and g is µ-strongly convex and µ > 0. The
complexity of Algorithm 1 is characterized by the following theorem.

Theorem A.10. Suppose Assumptions 3.1 and 4.1 hold. Let x̂(x(t)) be defined as in (4) with (ρ̂, ρ̃)
satisfying (7) and x(τ) is generated by Output II. Algorithm 1 guarantees Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ in
either of the following cases.

Case I: S = 0, ϵt = 0, ηt =
ϵ2 min{ρ̂−ρ,µ/2}

M2 and T ≥ M2D2

ϵ4 min{(ρ̂−ρ)2,µ2/4} = O(1/ϵ4).

Case II: S = T/2, ϵt = 0, ηt = D
M

√
t+1

and T ≥ 4M2D2

ϵ4 min{(ρ̂−ρ)2,µ2/4} = O(1/ϵ4).

Before presenting its proof, we would like to make a few remarks.

Remark A.11. According to Theorem A.10, strong convexity in the constraint function g does not
reduce the O(1/ϵ4) complexity of the SSG method for finding a nearly ϵ-stationary point. However,
strong convexity brings benefit on other aspects. First, we can simply set ϵt = 0 when g is strongly
convex, which makes stepsize ηt the only tuning parameter. Second, the theoretical complexity no
longer depends on Λ, the upper bound of the dual variables, so it can be strictly better than the one in
Theorem 4.3 when Λ is very large.

Remark A.12. Theorem 4.3, A.13 and A.14 guarantee Eτ [g(x
(τ))] ≤ O(ϵ2). This is no longer

true in Theorem A.10 because τ can take value in the index set J on which x(t) can be highly
infeasible. However, with Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ, we can at least derive Eτ [g(x

(τ))] ≤ O(ϵ) from
Theorem A.10, which is good enough. See Remark 4.4 for the reason.

Proof of Theorem A.10. Since Algorithm 1 is fully deterministic, we can simplify the inequality in
Proposition A.4 as follows

T−1∑
t=S

[
ηtρ̂λ̂tI(g(x(t)) ≤ 0) + ηtρ̂I(g(x(t)) > 0)

] µ
2
∥x̂(t) − x(t)∥2

+

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(g(x(t)) ≤ 0) +

T−1∑
t=S

ηtρ̂g(x
(t))I(g(x(t)) > 0)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ 0) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > 0)

]
.

After dropping some non-negative terms, the left-hand side of the inequality above can be bounded
from below as

T−1∑
t=S

[
ηtρ̂λ̂tI(g(x(t)) ≤ 0) + ηtρ̂I(g(x(t)) > 0)

] µ
2
∥x̂(t) − x(t)∥2

+

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(g(x(t)) ≤ 0) +

T−1∑
t=S

ηtρ̂g(x
(t))I(g(x(t)) > 0)

≥
T−1∑
t=S

ηtρ̂I(g(x(t)) > 0)
µ

2
∥x̂(t) − x(t)∥2 +

T−1∑
t=S

ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2I(g(x(t)) ≤ 0)

≥ ρ̂min{ρ̂− ρ, µ/2}
T−1∑
t=S

ηt∥x̂(t) − x(t)∥2.
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Combining the two inequalities above gives

ρ̂min{ρ̂− ρ, µ/2}
T−1∑
t=S

ηt∥x̂(t) − x(t)∥2

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2t ∥ξ

(t)
f ∥2I(g(x(t)) ≤ 0) + η2t ∥ζ

(t)
g ∥2I(g(x(t)) > 0)

]
≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2, (46)

where the last inequality is because of Assumption 3.1. Since τ is generated by Output II, after
organizing terms, we have

Eτ [∥x̂(t) − x(t)∥2] ≤ 1

min{ρ̂− ρ, µ/2}

(
D2

2
+

1

2

T−1∑
t=S

η2tM
2

)/(
T−1∑
t=S

ηt

)
. (47)

In Case I, let η = ηt = ϵ2 min{ρ̂ − ρ, µ/2}/M2 for any t. By the choices of ηt, S and T , (47)
implies

Eτ [∥x̂(t) − x(t)∥2] ≤ 1

min{ρ̂− ρ, µ/2}

(
D2

2Tη
+

ηM2

2

)
≤ ϵ2

2
+

ϵ2

2
= ϵ2.

In Case II, by the choices of ηt, S and T , (47) implies

Eτ [∥x̂(t) − x(t)∥2] ≤ 1

min{ρ̂− ρ, µ/2}

(
DM√

T
+

DM√
T

)
≤ ϵ2

2
+

ϵ2

2
= ϵ2,

where, in the first inequality, we use the facts that
∑T−1

t=S ηt ≥ T
2 ηT−1 =

√
TD
2M and that

∑T−1
t=S η2t =∑T−1

t=S
D2

M2(t+1) ≤
∫ T

S
D2

M2tdt =
D2

M2 ln(T/S) =
D2

M2 ln(2) ≤ D2

M2 , and the second inequality is by
the choice of T .

A.6 Complexity analysis when subgradient oracle is stochastic

In this section, we will analyze the oracle complexity of Algorithm 2 under Assumption A.3 with an
additional condition that

ω̄(t) = g(x(t)), σ = 0 and B = 1, (48)

which is a relaxation of (27). In this case, the function value of g is can be accessed deterministically
while the subgradients of f and g are still stochastic. This holds in the setting of zeroth-order or
derivative-free optimization where one can evaluate f and g exactly as black boxes and then use
their values to construct stochastic approximate subgradients. We will show that the complexity of
Algorithm 2 when (48) holds is the same as Algorithm 1 (equivalent to Algorithm 2 when (27) holds).
For simplicity of notation, we denote x̂(x(t)) by x̂(t).
Theorem A.13. Suppose Assumptions 3.1, 4.1 and A.3 hold and Λ is as in (8). Also, suppose (48)
holds. Let x̂(x(t)) be defined as in (4) with (ρ̂, ρ̃) satisfying (7) and x(τ) is generated by Algorithm 2.
Algorithm 2 guarantees Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ and Eτ [g(x

(τ))] ≤ ϵ2(ρ̂−ρ)
1+Λ with probability at least

1− δ in either of the following cases.

Case I: S, ϵt and ηt are chosen as Case I in Theorem 4.3 and

T ≥
{
25M2D2(1 + Λ)2

4ϵ4(ρ̂− ρ)2
, max

{
12 ln(8/δ),

16

9
ln2(8/δ)

}
,
300 ln(4/δ)M2D2(1 + Λ)2

ϵ4(ρ̂− ρ)2

}
= O(1/ϵ4).

Case II: S and ηt are chosen as Case II in Theorem 4.3, ϵt = EMD√
t+1

where E is any positive constant
such that

E ≥ 4 +
2π√
6
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}
+ 8
√

3 ln(4/δ)

and T ≥ 2E2M2D2(1+Λ)2

ϵ4(ρ̂−ρ)2 = O(1/ϵ4).
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This theorem shows that, the complexity remains O(1/ϵ4) if the subgradient oracles are stochastic but
the function value oracles remain deterministic. The only difference is that the result holds in a high
probability. This complexity matches the lower-bound complexity for stochastic smooth non-convex
unconstrained optimization [5, 31], so it is optimal.

Proof of Theorem A.13. By (48) and the fact that µ = 0, we can drop the last term in the right-hand
side of (37) and have

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2 +

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√√√√T−1∑
t=S

η4tM
4 (49)

+
√
3 ln(4/δ)

√√√√T−1∑
t=S

4η2t ρ̂
2M2D2.

with a probability of at least 1− δ. In the rest of the proof, we always assume (49) holds. We first
prove that, if S, T , ηt and ϵt are chosen such that (39) holds and

T−1∑
t=S

ηtρ̂ϵt >
ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2 +

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√√√√T−1∑
t=S

η4tM
4 (50)

+
√
3 ln(4/δ)

√√√√T−1∑
t=S

4η2t ρ̂
2M2D2,

we must have g(x(t)) ≤ ϵt for at least one t in {S, S + 1, . . . , T − 1} (i.e., I ̸= ∅) and Eτ [∥x̂(τ) −
x(τ)∥2] ≤ ϵ2 (so Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ).

Suppose (50) holds and g(x(t)) > ϵt for t = S, S + 1, . . . , T − 1, i.e., I = ∅. (49) becomes exactly
the opposite of (50). This contradiction means g(x(t)) ≤ ϵt for at least one t in {S, S+1, . . . , T −1}.
Suppose (39) and (50) hold but Eτ [∥x̂(τ) − x(τ)∥2] > ϵ2. Since τ is generated by Algorithm 2, we
have (41). Note that the right-hand side of (41) is well-defined because we just proved I ̸= ∅. (41)
and (39) imply (73). Combining (73) and (50) leads to the opposite of (49). This contradiction means
Eτ [∥x̂(τ) − x(τ)∥2] ≤ ϵ2.

Given the result above, we only need to show that the choices of S, T , ηt and ϵt ensure (39) and (50).

In Case I, (39) holds because of Lemma 4.2 and the choice of ϵt. Let η = ηt =
2ϵ2(ρ̂−ρ)
5(1+Λ)M2 for any

t. Using Lemma 4.2 and plugging the values of S, T , ηt and ϵt in (50), we can show that (50) is
equivalent to

Tηρ̂ϵ2(ρ̂− ρ)

1 + Λ
>

ρ̂D2

2
+

ρ̂

2
Tη2M2 +

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√
Tη2M2

+ 2
√
3 ln(4/δ)ρ̂

√
TηMD,

which, after dividing both sides by Tηρ̂, can be equivalently written as

ϵ2(ρ̂− ρ)

1 + Λ
>

D2

2Tη
+

ηM2

2
+

1

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}
ηM2

√
T

+
2
√
3 ln(4/δ)MD√

T
.

By the values of η and T , each summand in the right-hand side of the inequality above is no
more than ϵ2(ρ̂−ρ)

5(1+Λ) so the right-hand side of the inequality above no more than 4ϵ2(ρ̂−ρ)
5(1+Λ) which is

strictly less than the left-hand side. This means (50) holds with this choice of parameters and thus
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Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ. We can prove Eτ [g(x
(τ))] ≤ ϵ2(ρ̂−ρ)

1+λ in the same way as in the proof of
Theorem 4.3.

In Case II, by the choices of ϵt and T , we have, for any t ∈ {S, S + 1, . . . , T − 1},

ϵt =
EMD√
t+ 1

≤ EMD√
S + 1

=
EMD√
T/2 + 1

≤ ϵ2(ρ̂− ρ)

1 + Λ
. (51)

This further implies (39) because of Lemma 4.2. Note that ηt and ϵt are decreasing in t. Hence, the
left-hand side of (50) satisfies

T−1∑
t=S

ηtρ̂ϵt >
T

2
ηT ρ̂ϵT =

ET

2T + 2
ρ̂D2 ≥ Eρ̂D2

4
. (52)

The right-hand side of (50) satisfies

ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2
tM

2 +
ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√√√√T−1∑
t=S

η4
tM

4

+
√

3 ln(4/δ)

√√√√T−1∑
t=S

4η2
t ρ̂

2M2D2

=
ρ̂D2

2
+

ρ̂

2
D2

T−1∑
t=S

1

t+ 1
+

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}
D2

√√√√T−1∑
t=S

1

(t+ 1)2

+ 2
√

3 ln(4/δ)ρ̂D2

√√√√T−1∑
t=S

1

t+ 1

≤ ρ̂D2 +
ρ̂π

2
√
6
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}
D2 + 2

√
3 ln(4/δ)ρ̂D2, (53)

where the equality is obtained by plugging in the definition of ηt and the inequality is because∑T−1
t=S

1
t+1 ≤

∫ T

S
1
t dt = ln(T/S) = ln(2) ≤ 1 and

∑T−1
t=S

1
(t+1)2 ≤ π2/6. By the condition

satisfied by E, the right-hand side of (52) is greater than or equal to the right-hand side (53). This
means (40) holds with this choice of parameters and thus Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ. We can prove
Eτ [g(x

(τ))] ≤ ϵ2(ρ̂−ρ)
1+λ in the same way as in the proof of Theorem 4.3.

A.7 Complexity analysis when subgradient and function oracles are both stochastic

In this section, we will analyze the oracle complexity of Algorithm 2 under Assumption A.3 without
requiring (27) or (48). In this case, not only the subgradient oracles are stochastic but also the function
value g can only be accessed through a stochastic oracle. When the function value of g is stochastic,
the complexity analysis becomes fundamentally more challenging than the case of a deterministic
g. In fact, the challenge comes only from the stochastic function value of g instead of its stochastic
subgradient. Note that, in the fully deterministic case, Algorithm 1 essentially updates x(t) along a
hybrid subgradient

I(g(x(t)) ≤ ϵt)ζ
(t)
f + I(g(x(t)) > ϵt)ζ

(t)
g . (54)

If only the subgradients are stochastic but the function value g(x(t)) remains deterministic, the hybrid
stochastic subgradient I(g(x(t)) ≤ ϵt)ξ

(t)
f + I(g(x(t)) > ϵt)ξ

(t)
g provides an unbiased estimation of

(54). In this case, we can still obtain complexity of O(1/ϵ4) (see Theorem A.13) by a proof similar
to the deterministic case. However, when g(x(t)) must be queried through some unbiased estimator
w(t), the naively constructed direction

I(w(t) ≤ ϵt)ξ
(t)
f + I(w(t) > ϵt)ξ

(t)
g
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is not an unbiased estimator of (54). To tackle this issue, we have to query a mini-batch of w(t) of
size B, i.e., {ω(t)

i }Bi=1 to construct w̄(t) as an estimation of g(x(t)) with a high accuracy in a high
probability. In this way, we can use

I(w̄(t) ≤ ϵt)ξ
(t)
f + I(w̄(t) > ϵt)ξ

(t)
g

as a nearly unbiased estimator of (54), which leads to the switching condition in Algorithm 2. As a
consequence, the oracle complexity of the function value of g increases from O(1/ϵ4) to Õ(1/ϵ8). 1

although the oracle complexity of stochastic subgradients remains O(1/ϵ4).

Theorem A.14. Suppose Assumptions 3.1, 4.1 and A.3 hold and Λ is as in (8). Let x̂(x(t)) be defined
as in (4) with (ρ̂, ρ̃) satisfying (7) and x(τ) is generated by Algorithm 2. Algorithm 2 guarantees
Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ and Eτ [g(x

(τ))] ≤ 2ϵ2(ρ̂−ρ)
1+Λ with probability at least 1 − δ in either of the

following cases.

Case I: If S, ϵt, ηt and T are chosen as Case I in Theorem A.13 and B = 300σ2 ln(4T/δ)(1+Λ)4

ϵ4(ρ̂−ρ)2 .

Case II: If S, ϵt, ηt and T are chosen as Case II in Theorem A.13 except that E is any positive
constant such that

E ≥ 8 +
2π√
6
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}
+ 8
√

3 ln(4/δ)

and B = 3Tσ2 ln(2T/δ)(1+Λ)2

2M2D2 .

In each iteration of Algorithm 2, we query one stochastic subgradient of f or g but B stochastic
function values of g. In both Case I and Case II, we have T = O(1/ϵ4) and B = Õ(1/ϵ4) so the
subgradient oracle complexity is still O(1/ϵ4) but the function value oracle complexity becomes
Õ(1/ϵ8), which is higher than the O(1/ϵ6) complexity by the double-loop methods in [13, 54]. It
is our future work to reduce the complexity when g is stochastic, for example, by a single-loop
primal-dual method that uses a hybrid subgradient like ξ(t)f +λtξ

(t)
g with the dual variable λt updated

by only one sample of w(t).

Proof of Theorem A.14. By Proposition A.9, with a probability of at least 1− δ, we simultaneously
have (37) with µ = 0 and (36) for t = S, S + 1, . . . , T − 1. In the rest of the proof, we assume (37)
with µ = 0 and (36) hold for t = S, S + 1, . . . , T − 1.

We first prove that, if S, T , B, ηt and ϵt are chosen such that (39) holds and

T−1∑
t=S

ηtρ̂ϵt >
ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

η2tM
2 +

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)

}√√√√T−1∑
t=S

η4tM
4 (55)

+
√

3 ln(4/δ)

√√√√T−1∑
t=S

4η2t ρ̂
2M2D2 +

T−1∑
t=S

ηtρ̂

√
3

B
σ
√

ln(4(T − S)/δ)(1 + Λ),

we must have ω̄(t) ≤ ϵt for at least one t in {S, S + 1, . . . , T − 1} (i.e., I ̸= ∅) and Eτ [∥x̂(τ) −
x(τ)∥2] ≤ ϵ2 (so Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ).

Suppose (55) holds and ω̄(t) > ϵt for t = S, S + 1, . . . , T − 1, i.e., I = ∅. (37) contradicts with (55)
as Λ ≥ λ̂t. This contradiction means ω̄(t) ≤ ϵt for at least one t in {S, S + 1, . . . , T − 1} so I ̸= ∅.
Suppose (39) and (55) hold but Eτ [∥x̂(τ) − x(τ)∥2] > ϵ2. Since τ is generated by Algorithm 2, we
have

ϵ2 < Eτ [∥x̂(τ) − x(τ)∥2] =
∑T−1

t=S ηtI(ω̄(t) ≤ ϵt)∥x̂(t) − x(t)∥2∑T−1
t=S ηtI(ω̄(t) ≤ ϵt)

. (56)

1Õ(·) suppresses logarithmic factors in the order of complexity.
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Note that the right-hand side of (56) is well-defined because we just proved I ̸= ∅. (56) and (39)
imply

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(ω̄(t) > ϵt)

>

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)ϵ2 − ηtρ̂λ̂tϵt

]
I(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(ω̄(t) > ϵt)

≥
T−1∑
t=S

ηtρ̂ϵtI(ω̄(t) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(ω̄(t) > ϵt) ≥
T−1∑
t=S

ηtρ̂ϵt, (57)

where the second inequality is because of (39). Combining (57) and (55) leads to the opposite of
(37). This contradiction means Eτ [∥x̂(τ) − x(τ)∥2] ≤ ϵ2.

Given the result above, we only need to show that the choices of S, T , B, ηt and ϵt ensure (39) and
(55).

In Case I, (39) holds because of Lemma 4.2 and the choice of ϵt. Let η = ηt =
2ϵ2(ρ̂−ρ)
5(1+Λ)M2 for any t.

Using Lemma 4.2 and plugging the values of S, T , B, ηt and ϵt in (55), we can show that (55) holds
if

Tηρ̂ϵ2(ρ̂− ρ)

1 + Λ
>

ρ̂D2

2
+

ρ̂

2
Tη2M2 +

ρ̂

2
max

{√
12 ln(8/δ),

4

3
ln(8/δ)
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Tη2M2

+ 2
√
3 ln(4/δ)ρ̂

√
TηMD + Tηρ̂

√
3

B
σ
√
ln(4T/δ)(1 + Λ),

which, after dividing both sides by Tηρ̂, can be equivalently written as

ϵ2(ρ̂− ρ)

1 + Λ
>
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2Tη
+
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√
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3 ln(4/δ)MD√

T
+

√
3

B
σ
√
ln(4T/δ)(1 + Λ).

By the values of η, B and T , each of the first four summands on the right-hand side of the inequality
above is no more than ϵ2(ρ̂−ρ)

5(1+Λ) while the last summand is no more than ϵ2(ρ̂−ρ)
10(1+Λ) , so the right-hand

side of the inequality above no more than 9ϵ2(ρ̂−ρ)
10(1+Λ) which is strictly less than the left-hand side. This

means (40) holds with this choice of parameters and thus Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ. Moreover, by (36),
we have

Eτ [g(x
(τ))] =

∑T−1
t=0 ηtg(x

(t))I(ω̄(t) ≤ ϵt)∑T−1
t=0 ηtI(ω̄(t) ≤ ϵt)

≤
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(
ϵt +

√
3
Bσ
√

ln(4T/δ)
)
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t=0 ηtI(ω̄(t) ≤ ϵt)

≤ ϵ2(ρ̂− ρ)

1 + Λ
+

√
3

B
σ
√
ln(4T/δ) ≤ 2ϵ2(ρ̂− ρ)

1 + Λ
,

where the last inequality is because of the choice of B.
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In Case II, by the choice of ϵt, we have (51) holds. This further implies (39) because of Lemma 4.2.
Note that ηt and ϵt are decreasing in t. Hence, we also have (52). The right-hand side of (55) satisfies
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√
3 ln(4/δ)ρ̂D2 + ρ̂D2, (58)

where the equality is obtained by plugging in the definition of ηt and the inequality is because of the
definition of B and the facts that

∑T−1
t=S

1
t+1 ≤

∫ T

S
1
t dt = ln(T/S) = ln(2) ≤ 1,

∑T−1
t=S

1
(t+1)2 ≤

π2/6 and
∑T−1

t=S
1√
t+1

≤
∫ T

S
1√
t
dt ≤

√
T/2. By the condition of E, the right-hand side of

(52) is strictly greater than the right-hand side (58). This means (55) holds with this choice of
parameters and thus Eτ [∥x̂(τ) − x(τ)∥] ≤ ϵ. Moreover, since (33) holds with δ replaced by δ/4 for
t = S, S + 1, . . . , T − 1, we have

Eτ [g(x
(τ))] =

∑T−1
t=S ηtg(x

(t))I(ω̄(t) ≤ ϵt)∑T−1
t=S ηtI(ω̄(t) ≤ ϵt)

≤
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(
ϵt +

√
3
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√

ln(2T/δ)
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I(ω̄(t) ≤ ϵt)∑T−1

t=S ηtI(ω̄(t) ≤ ϵt)

≤ ϵT/2 +

√
3

B
σ
√
ln(2T/δ) ≤ 2ϵ2(ρ̂− ρ)

1 + Λ
,

where the last inequality is because of (51) and the choices of B and T .

Remark A.15. When g is µ-strongly convex with µ > 0, under the same assumptions as Theo-
rem A.13, we can establish O(1/ϵ4) oracle complexity for Algorithm 2. Similarly, under the same
assumptions as Theorem A.14, we can also establish Õ(1/ϵ8) oracle complexity for Algorithm 2.
These two complexity results of Algorithm 2 can be proved in a similar way as Theorem A.10.
Since those results do not provide additional insights on the complexity and analysis for the SSG
method, we do not include them in the paper. Similar to Theorem A.10, when µ > 0, we only need
to set ϵt = 0 in Algorithm 2 and at last generate τ by Output II in Algorithm 1. This indicates that
strong convexity in g also reduces the number of tuning parameters in Algorithm 2 just as it does for
Algorithm 1.

A.8 Complexity analysis for convex constraints with bounded S (instead of X )

In this section, we present the complexity analysis when f is weakly convex and g is convex after a
small modification on Assumption 4.1. Recall that

g+(x) = max{g(x), 0}, L = {x ∈ X | g(x) = 0} and S = {x ∈ X | g(x) ≤ 0}.

In this section, we choose parameters in (3) the same as in (7). We make the following assumptions
in addition to Assumption 3.1 in this section.

Assumption A.16. The following statements hold:

A. f(x) is ρ-weakly convex on X and g(x) is convex on X .

B. (Slater’s condition) There exists xfeas ∈ relint(X ) such that g(xfeas) < 0.

C. There exists D > 0 such that ∥x− x′∥ ≤ D for any x and x′ in S.
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Under Assumption A.16, X is not necessarily bounded (e.g. X = Rd) while g must have a bounded
0-sublevel set over X .

We next show that Assumptions A.16 B and C imply that subgradient of g+ δX can be bounded away
from zero on L. Here, δX is the indicator function of X . Given any x ∈ L, by Assumption A.16B
and the convexity of g + δX , we have

g(xfeas) ≥ g(x) + ⟨ζg + u,xfeas − x⟩ ≥ −∥ζg + u∥ · ∥xfeas − x∥
for any ζg ∈ ∂g(x) and u ∈ NX (x). Since ∥xfeas − x∥ ≤ D by Assumption A.16C, it holds that

min
ζg∈∂g(x),u∈NX (x)

∥ζg + u∥ ≥ −g(xfeas)

∥xfeas − x∥
≥ ν′ := −g(xfeas)/D > 0. (59)

This result is similar to (11).

Note that S is the optimal set of minx∈X g+(x), which is a convex non-smooth optimization problem
with an optimal value of zero. By Lemma 1 in [76], (59) implies that g+(x) satisfies a global linear
error bound on X , namely, for any x ∈ X ,

ν′dist(x,S) ≤ g+(x). (60)

This result is stronger than (12) because (12) does not hold globally over X . Moreover, this result
implies ν′ ≤ M .

Following almost the same proof as Lemma B.3, we obtain a result similar to (98).
Lemma A.17. Suppose Assumptions 3.1 and A.16 hold. Also, suppose the sequence {x(t)}t≥0 is
generated by applying the projected subgradient method to minx∈X g+(x) using a Polyak’s stepsize,
namely,

x(t+1) = projX (x(t)−ηtζ
(t)
g ), ηt =

{
v′g+(x

(t))/(2M∥ζ(t)
g ∥2) if ζ(t)

g ̸= 0

0 if ζ(t)
g = 0

, for t = 0, 1, . . . ,

(61)
where ζ(t)

g ∈ ∂g+(x
(t)). We have

dist2(x(t+1),S) ≤
(
1− 3ν′3

4M3

)
dist2(x(t),S), ∀t ≥ 0. (62)

Proof. Suppose ζ(t)
g = 0 so x(t+1) = x(t). This happens only when g+(x

(t)) = 0. By (60), we must

have dist(x(t),S) = 0 and thus dist(x(t+1),S) = 0 ≤
(
1− 3ν′3

4M3

)
dist(x(t),S) and (62) holds.

Suppose ζ(t)
g ̸= 0. Let x†(t) = projS(x

(t)) for t ≥ 0. Following a proof similar to Lemma B.3,
which is originally from [26], we have

dist2(x(t+1),S) ≤ dist2(x(t),S)− 2ηt
〈
ζ(t)
g ,x(t) − x†(t)

〉
+ η2

t ∥ζ(t)
g ∥2

≤ dist2(x(t),S) + ν′g+(x
(t))

M∥ζ(t)
g ∥2

(
g+(x

†(t))− g+(x
(t))
)
+

ν′2g2+(x
(t))

4M2∥ζ(t)
g ∥2

= dist2(x(t),S)−
(

ν′

M
− ν′2

4M2

)(
g+(x

(t))
)2

/∥ζ(t)
g ∥2

≤ dist2(x(t),S)− 3ν′3

4M3
∥x(t) − x†(t)∥2,

where the equality is because g+(x
†(t)) = 0, the second inequality is by the convexity of g+ and the

last is by (60) and the fact that ν′ ≤ M .

Using almost the same proof as Proposition 5.5, we can show the following proposition.
Proposition A.18. Suppose Assumptions 3.1 and A.16 hold and ϵ > 0. Also, suppose that x(t) is
generated by Algorithm 1 using x(0) ∈ S, ϵt = ν′

2 min
{
ϵ2/M, ν′

}
and

ηt =

{
ν′

2M2 min
{
ϵ2/M, ν′

}
if t ∈ I

ν′g(x(t))/(2M∥ζ(t)
g ∥2) if t ∈ J.
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Then dist(x(t),S) ≤ min
{
ϵ2/M, ν′

}
and g(x(t)) ≤ ϵ2 for any t ≥ 0. As a consequence, x(t) is

ϵ2-feasible to (3) where x = x(t) and (ρ̂, ρ̃) satisfies (7).

Proof. The choices of ϵt and ηt imply

ϵt/ν
′ + ηtM

2/ν′ ≤ min
{
ϵ2/M, ν′

}
(63)

for t ∈ I . We prove dist(x(t),S) ≤ min
{
ϵ2/M, ν′

}
by induction on t. Since x(0) ∈ S, this

conclusion holds trivially for t = 0. Suppose it holds up to iteration t. We want to prove it also holds
for iteration t+ 1.

Suppose t ∈ I . Since g(x(t)) ≤ ϵt for t ∈ I , we have

g(x(t+1)) ≤ g(x(t)) +M∥x(t+1) − x(t)∥ ≤ g(x(t)) +M∥ηtζ(t)
f ∥ ≤ ϵt + ηtM

2.

By (60), we have dist(x(t+1),S) ≤ ϵt/ν
′ + ηtM

2/ν′ ≤ min
{
ϵ2/M, ν′

}
.

Suppose t ∈ J . Let t′ be the largest index in I that is smaller than t. By the same proof as in the
previous case, we have dist(x(t′+1),S) ≤ min

{
ϵ2/M, ν′

}
. Since indexes t′ + 1, t′ + 2, ..., t are in

J , Algorithm 1 essentially performs the projected subgradient method to minx∈X g+(x) using the
Polyak’s stepsize (61) during iterations t′ + 1, t′ + 2, ..., and t. Hence, by Lemma A.17, we have
dist(x(t+1),S) ≤ dist(x(t′+1),S) ≤ min

{
ϵ2/M, ν′

}
.

By induction, we have prove that dist(x(t),S) ≤ min
{
ϵ2/M, ν′

}
for any t ≥ 0. As a result,

g(x(t)) ≤ M · dist(x(t),S) ≤ M · min
{
ϵ2/M, ν′

}
≤ ϵ2, meaning that x(t) is ϵ2-feasible for

(3).

Similar to Lemma 4.2, we present an upper bound of λ̂ in (5) that is independent of x.
Lemma A.19. Suppose Assumptions 3.1 and A.16 hold. Given any x ∈ X satisfying dist(x,S) ≤ ν′,
let x̂(x) be defined as in (4) with (ρ̂, ρ̃) satisfying (7) and λ̂ be the associated Lagrangian multiplier
satisfying (5). We have

∥x̂− x∥ ≤ D + ν′ and λ̂ ≤ Λ′′ :=
(M + ρ̂(D + ν′))D

−g(xfeas)
. (64)

Proof. Since dist(x,S) ≤ ν′, we get by triangle inequality and Assumption A.16C that

∥x̂− x∥ ≤ ∥x̂− x†∥+ ∥x† − x∥ = ∥x̂− x†∥+ dist(x,S) ≤ D + ν′

where x† = projS(x), which gives the first result in (64). Following the same steps as in the proof
of Lemma 4.2, we obtain

λ̂ ≤
(
⟨ζ̂f + ρ̂(x̂− x),xfeas − x̂⟩

)
/ (−g(xfeas)) . (65)

By Assumption 3.1 and A.16C, we have ∥ζ̂f∥ ≤ M and ∥x̂ − xfeas∥ ≤ D, which imply from the
first result in (64) and (65) that

λ̂ ≤
⟨ζ̂f + ρ̂(x̂− x),xfeas − x̂⟩

−g(xfeas)
≤ (M + ρ̂(D + ν′))D

−g(xfeas)
.

Let x̂(t) be x̂(x(t)) defined in (4) with (ρ̂, ρ̃) satisfying (7). The following theorem provides the main
result in this section.
Theorem A.20. Under the same assumptions as Proposition A.18, Algorithm 1 guarantees

Eτ [∥x̂(τ) − x(τ)∥] ≤ C ′ϵ and Eτ [g(x
(τ))] ≤ ν′

2 min
{
ϵ2/M, ν′

}
, where C ′ :=

√
ν′(1+Λ′′)
2M(ρ̂−ρ) , if

we use Output I and set

S = 0 and T >
8M3D2

ν′3 min {ϵ4/M2, ν′2} = O(1/ϵ4).
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This theorem indicates that Algorithm 1 finds a nearly (C ′ϵ)-stationary point with complexity
O(1/ϵ4). To obtain a nearly ϵ-stationary point, one only needs to replace ϵ in ηt, ϵt and T in
this theorem above by ϵ/max{C ′, 1} . This will only change the constant factor in the O(1/ϵ4)
complexity. Once again, this complexity matches the start-of-the-art complexity by [13, 54, 39].

Proof of Theorem A.20. Let ζ(t) = ζ
(t)
f ∈ ∂f(x(t)) if t ∈ I and ζ(t) = ζ(t)

g ∈ ∂g(x(t)) if t ∈ J .
Let φ(x) and x̂ be defined in (3) and (4) with (ρ̂, ρ̃) satisfying (7). By Assumption A.16B, problem
(3) with x = x(t) is strongly convex and has a strictly feasible solution, so φ(x(t)) and x̂(t) are
well defined for any t ≥ 0. For simplicity of notation, we denote x̂(x(t)) by x̂(t) and let λ̂t ≥ 0 be
Lagrangian multiplier satisfying (5).

By following the proof of Proposition A.4 using deterministic subgradients and setting µ = 0, we
have

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂g(x
(t))I(g(x(t)) > ϵt)

≤ φ(x(S))− φ(x(T )) +
ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > ϵt)

]
. (66)

Since S = 0 and x(0) ∈ S, we then have φ(x(T )) = f(x̂(T )) + ρ̂
2∥x̂

(T ) − x(T )∥2 ≥ f(x̂(T )) and

φ(x(S)) = f(x̂(S))+ ρ̂
2∥x̂

(S)−x(S)∥2 ≤ f(x̂(T ))+ ρ̂
2∥x̂

(T )−x(S)∥2 ≤ f(x̂(T ))+ ρ̂D2

2 . Note that
D here is defined as in Assumption A.16 instead of Assumption 4.1. Applying these bounds to (66),
we have

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tg(x

(t))
]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂g(x
(t))I(g(x(t)) > ϵt)

≤ ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > ϵt)

]
. (67)

For t ∈ I , we have from Assumption 3.1 and the definition of ηt that

η2t ∥ζ
(t)
f ∥2 ≤ η2tM

2 = ηtM
2 ν′

2M2
min

{
ϵ2/M, ν′

}
= ηtϵt. (68)

For t ∈ J , we have ηt = ν′g+(x
(t))/(2M∥ζ(t)

g ∥2) so

η2t ∥ζ
(t)
g ∥2 = ηtν

′g+(x
(t))/(2M) ≤ ηtν

′dist(x(t),S)/2 ≤ ηtϵt, (69)

where the first inequality is by M -Lipschitz continuity of g+ and the last inequality is from Proposi-
tion A.18.

We first prove that, if S, T , ηt and ϵt are chosen such that

ϵt(1 + λ̂t) ≤ C ′2ϵ2(ρ̂− ρ) (70)

and
T−1∑
t=S

ηtρ̂ϵt >
ρ̂D2

2
+

ρ̂

2

T−1∑
t=S

[
η2
t ∥ζ

(t)
f ∥2I(g(x(t)) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(x(t)) > ϵt)

]
, (71)

we must have g(x(t)) ≤ ϵt for at least one t in {S, S + 1, . . . , T − 1} (i.e., I ̸= ∅) and Eτ [∥x̂(τ) −
x(τ)∥2] ≤ C ′2ϵ2 (so Eτ [∥x̂(τ) − x(τ)∥] ≤ C ′ϵ).

Suppose (71) holds and g(x(t)) > ϵt for t = S, S + 1, . . . , T − 1, i.e., I = ∅. (67) becomes exactly
the opposite of (71). This contradiction means g(x(t)) ≤ ϵt for at least one t in {S, S+1, . . . , T −1}.
Suppose (70) and (71) hold but Eτ [∥x̂(τ) − x(τ)∥2] > C ′2ϵ2. Since τ is generated by Output I, we
have

C ′2ϵ2 < Eτ [∥x̂(τ) − x(τ)∥2] =
∑T−1

t=S ηtI(g(x(t)) ≤ ϵt)∥x̂(t) − x(t)∥2∑T−1
t=S ηtI(g(x(t)) ≤ ϵt)

. (72)
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(72) and (70) imply
T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

>

T−1∑
t=S

[
ηtρ̂(ρ̂− ρ)C′2ϵ2 − ηtρ̂λ̂tϵt

]
I(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt)

≥
T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) ≤ ϵt) +

T−1∑
t=S

ηtρ̂ϵtI(g(x(t)) > ϵt) =

T−1∑
t=S

ηtρ̂ϵt, (73)

where the second inequality is because of (70). Combining this inequality and (67) leads to the
opposite of (71). This contradiction means Eτ [∥x̂(τ) − x(τ)∥2] ≤ C ′2ϵ2.

Given the result above, we only need to show that the the choices of S, T , ηt and ϵt ensure (70) and
(71).

Plugging in the value of ϵt in Proposition A.18 and using the second result in Lemma A.19, we have

ϵt(1 + λ̂t) ≤ ϵt(1 + Λ′′) ≤ ν′(1 + Λ′′)ϵ2

2M

which implies (70) by the definition of C ′. According to the definition of ηt for t ∈ I and t ∈ J , we
have

ηt ≥
ν′

2M
ηt =

ν′2

4M3
min

{
ϵ2/M, ν′

}
for t ∈ I by noting that ν′ ≤ M and

ηt ≥
ν′

2M
· ϵt
M2

=
ν′2

4M3
min

{
ϵ2/M, ν′

}
for t ∈ J . By the choice of T , we have

ρ̂

2

T−1∑
t=S

ηtϵt ≥
ρ̂T

2

ν′3

8M3
min

{
ϵ4/M2, ν′2

}
>

ρ̂D2

2

which further implies (71) together with (68) and (69). Thus, we have Eτ [∥x̂(τ) −x(τ)∥] ≤ C ′ϵ. The
inequality Eτ [g(x

(τ))] ≤ ν′

2 min
{
ϵ2/M, ν′

}
is a direct consequence of g(x(t)) ≤ ϵt for any t ∈ I

and the choice of ϵt.

B Convergence analysis for weakly convex constraints

In this section, we present two non-trivial practical examples that satisfy Assumption 5.1 and then
analyze the complexity of Algorithm 1 when f and g are both weakly convex.

B.1 Examples that satisfy Assumption 5.1

In this section, we present two examples that satisfy Assumption 5.1, especially, Assumption 5.1B.

B.1.1 Demographic parity constraint

Problem (17) is an instance of (1) with

X = Rd, f(x) = L(x) + λSCAD(x), g(x) = R0(x)− κ,

where L, R0 and SCAD are defined in (13), (16) and (18), respectively. It is easy to verify that
problem (17) satisfies Assumption 3.1. In this section, we will prove that problem (17) also satisfies
Assumption 5.1.

Since L(x) is convex and SCAD(x) is 2-weakly convex, f(x) is 2λ-weakly convex. Let

h(x) =
1

np

np∑
i=1

σ(x⊤ap
i )−

1

nu

nu∑
i=1

σ(x⊤au
i ) (74)
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so g(x) = |h(x)| − κ. Recalling that σ(z) = exp(z)/(1 + exp(z)), we have

∇h(x) =
1

np

np∑
i=1

σ(x⊤ap
i )(1− σ(x⊤ap

i ))a
p
i − 1

nu

nu∑
i=1

σ(x⊤au
i )(1− σ(x⊤au

i ))a
u
i . (75)

It is easy to prove that h(x) is Lipschitz continuous with a constant of

α =
1

4np

np∑
i=1

∥ap
i ∥+

1

4nu

nu∑
i=1

∥au
i ∥ (76)

and that ∇h(x) is Lipschitz continuous with a constant of

β =
1

4np

np∑
i=1

∥ap
i ∥

2 +
1

4nu

nu∑
i=1

∥au
i ∥2, (77)

so g is β-weakly convex according to Lemma 4.2 in [32]. Hence, (17) satisfies Assumption 5.1A
with ρ = max{2λ, β}.

Recall Dp = {api }
np

i=1 and Du = {aui }
nu
i=1 are the feature vectors of protected and unprotected groups,

respectively. We assume without generality that the first feature of api , denoted by [api ]1, equals one
and the first feature of aui , denoted by [aui ]1, equals negative one. In fact, this feature can be the one
used to split data into the protected group or the unprotected group (see the group variables in Table 1
for example). We can also simply add this feature to the data if it does not exist originally. With this
feature, we can show that (17) satisfies Assumption 5.1B under mild conditions.
Theorem B.1. Suppose [api ]1 = 1 for i = 1, . . . , np and [aui ]1 = −1 for i = 1, . . . , nu and

κ /∈ K =

{∣∣∣∣ inp
− j

nu

∣∣∣∣ ∣∣∣ i = 0, 1, . . . , np, j = 0, 1, . . . , nu

}
.

The following statements hold.

1. There exist κ and κ in K such that (κ, κ) contains κ but no numbers in K.

2. It holds that

q := inf
{
q(x)

∣∣ |h(x)| ∈ [(κ+ κ)/2, (κ+ κ)/2]
}
> 0, (78)

where h is defined in (74) and

q(x) = max

{
max

i=1,...,np

σ(x⊤ap
i )(1− σ(x⊤ap

i ))

np
, max
i=1,...,nu

σ(x⊤au
i )(1− σ(x⊤au

i ))

nu

}
. (79)

3. Problem (17) satisfies Assumption 5.1B with

θ := min

{
κ− κ

2
,

q2

4(β + ρ̄)
,
q2κ

16α2

}
for any ρ̄ > ρ and any ϵ̄ > 0 that satisfy

ϵ̄2 ≤ min

{
κ− κ

2
,

q2

4(β + ρ̄)
,
q2κ

16α2

}
. (80)

Proof. Since κ /∈ K and K is discrete, Statement 1 holds trivially. In fact, one can sort the numbers
in K and let κ and κ be the two consecutive numbers with κ ∈ (κ, κ).

Suppose q = 0. There must exist a sequence {x(t)}t≥0 such that |h(x(t))| ∈ [(κ+ κ)/2, (κ+ κ)/2]

for any t ≥ 0 and lim
t→∞

q(x(t)) = 0. Since σ(z) ∈ (0, 1) for any z ∈ R, any sequence like

σ(z(t))(1− σ(z(t))) will converge to zero only when all limiting points of σ(z(t)) are in {0, 1}. By
this observation and the definition of q in (79), after passing to a subsequence if necessary, we have

lim
t→∞

σ(x(t)⊤api ) ∈ {0, 1}, i = 1, . . . , np and lim
t→∞

σ(x(t)⊤aui ) ∈ {0, 1}, i = 1, . . . , nu. (81)

This means lim
t→∞

|h(x(t))| ∈ K, contradicting with Statement 1 and the fact that |h(x(t))| ∈ [(κ +

κ)/2, (κ+ κ)/2] ⊂ (κ, κ). This contradiction indicates that q > 0, which proves Statement 2.
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Consider any ρ̄ > ρ and any ϵ̄ > 0 that satisfy (80). Because [api ]1 = 1 for i = 1, . . . , np and
[aui ]1 = −1 for i = 1, . . . , nu, it is easy to show that

∥∇h(x)∥ ≥

∣∣∣∣∣ 1np

np∑
i=1

σ(x⊤ap
i )(1− σ(x⊤ap

i ))[a
p
i ]1 −

1

nu

nu∑
i=1

σ(x⊤au
i )(1− σ(x⊤au

i ))[a
u
i ]1

∣∣∣∣∣ ≥ q(x),

where ∇h is given in (75). As a result, it holds that

inf
{
∥∇h(x)∥

∣∣ g(x) ∈ [(κ− κ)/2, ϵ̄2]
}
≥ inf

{
q(x)

∣∣ g(x) ∈ [(κ− κ)/2, ϵ̄2]
}

= inf
{
q(x)

∣∣ |h(x)| ∈ [(κ+ κ)/2, κ+ ϵ̄2]
}
≥ inf

{
q(x)

∣∣ |h(x)| ∈ [(κ+ κ)/2, (κ+ κ)/2]
}

= q > 0, (82)

where the second inequality is because ϵ̄2 ≤ (κ− κ)/2 so κ+ ϵ̄2 ≤ (κ+ κ)/2.

Consider a solution x with g(x) ≤ ϵ̄2. Suppose g(x) ≤ −(κ− κ)/2. We can set y = x and have

g(y) +
ρ̄

2
∥y − x∥2 = g(x) ≤ −κ− κ

2
≤ −θ. (83)

Suppose g(x) ≥ −(κ− κ)/2 so |h(x)| ≥ (κ+ κ)/2 > 0. We assume h(x) > 0 and the proof when
h(x) < 0 is the same. Let y be generated from x by running a gradient descent step on h(x) with
a stepsize of η > 0, namely, y = x − η∇h(x). We choose η = min{1/(β + ρ̄), κ/(4α2)}. Since
h(y) + ρ̄

2∥y − x∥2 is smooth and its gradient with respect to y is (β + ρ̄)-Lipschitz continuous, we
have

h(y) +
ρ̄

2
∥y − x∥2 ≤ h(x) +

ρ̄

2
∥x− x∥2 + ⟨∇h(x) + ρ̄(x− x),y − x⟩+ β + ρ̄

2
∥y − x∥2

≤ κ+ ϵ̄2 − η

(
1− β + ρ̄

2
η

)
∥∇h(x)∥2

≤ κ+ ϵ̄2 − 1

2
min

{
1

β + ρ̄
,

κ

4α2

}
∥∇h(x)∥2

≤ κ+ ϵ̄2 −
q2

2
min

{
1

β + ρ̄
,

κ

4α2

}
, (84)

where the second inequality is by the definition of y and the fact that h(x) = |h(x)| = g(x) + κ ≤
κ + ϵ̄2, the third inequality is because η = min{1/(β + ρ̄), κ/(4α2)}, and the last is by (82) and
the fact that g(x) ∈ [(κ − κ)/2, ϵ̄2]. Moreover, since h(x) = |h(x)| = g(x) + κ ≥ (κ + κ)/2,
η ≤ κ/(4α2) and h is α-Lipschitz continuous, we have

h(y) ≥ h(x)− αη∥∇h(x)∥ ≥ κ+ κ

2
− ηα2 ≥ κ

4
> 0,

which indicates g(y) = |h(y)| − κ = h(y)− κ. Hence, (84) and (80) imply

g(y) +
ρ̄

2
∥y − x∥2 ≤ ϵ̄2 −

q2

2
min

{
1

β + ρ̄
,

κ

4α2

}
≤ −

q2

4
min

{
1

β + ρ̄
,

κ

4α2

}
≤ −θ. (85)

Inequalities (83) and (85) mean (17) satisfies Assumption 5.1B, which proves Statement 3.

B.1.2 Smoothly clipped absolute deviation constraint

Suppose f(x) in (1) is any training loss that satisfies Assumptions 3.1, 5.1A and 5.1C. We consider a
SCAD constraint for promoting sparsity of model x. It is formulated as

g(x) = SCAD(x)− κ =

d∑
i=1

s(xi)− κ ≤ 0, (86)

where s(xi) is defined in (18). Jia and Grimmer [39] show that, if κ is not divisible by three,
constraint (86) satisfies the strong Mangasarian-Fromovitz constraint qualification (MFCQ), which is
used in [39] to bound the Lagrangian multiplier in a way similar to (10). Motivated by the finding
in [39], we show that (86) also satisfies the uniform Slater’s condition in Assumption 5.1B.
Proposition B.2. Suppose κ is not divisible by three. The following statements hold.

1. There exists a non-negative integer k such that κ ∈ (3k, 3(k + 1)).
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2. It holds that

inf
{
max

i
dist(xi,Z)

∣∣ SCAD(x) ∈ [(κ+ 3k)/2, (κ+ 3(k + 1))/2]
}
=: q > 0, (87)

where Z = (−∞,−2] ∪ {0} ∪ [2,∞).

3. Constraint (86) satisfies Assumption 5.1B with

θ := min

{
κ− 3k

2
,

q2

2 + ρ̄
,
q3

2

}
for any ρ̄ > ρ and any ϵ̄ > 0 that satisfy

ϵ̄2 ≤ min

{
3(k + 1)− κ

2
,

q2

2 + ρ̄
,
q3

2

}
. (88)

Proof. Since κ is not divisible by three, Statement 1 holds trivially. In addition, by (88), we also have

3k <
κ+ 3k

2
< κ < κ+ ϵ̄2 ≤ κ+ 3(k + 1)

2
< 3(k + 1). (89)

As observed by [39], 0 ∈ ∂s(xi) only when xi ∈ Z , or equivalently, s(xi) ∈ {0, 3} for any
i. Suppose (87) is not true. There must exist a sequence {x(t)}t≥0 such that SCAD(x(t)) ∈
[(κ + 3k)/2, (κ + 3(k + 1))/2] for any t ≥ 0 and lim

t→∞
dist(x(t)

i ,Z) = 0 for any i. Therefore,

by passing to a subsequence if necessary, we have lim
t→∞

s(x
(t)
i ) ∈ {0, 3} for i = 1, . . . , d, so

lim
t→∞

SCAD(x(t)) is divisible by three, contradicting with (89) and the fact that SCAD(x(t)) ∈
[(κ+ 3k)/2, (κ+ 3(k + 1))/2]. This contradiction proves Statement 2.

Consider a solution x with g(x) ≤ ϵ̄2. Suppose g(x) ≤ −(κ− 3k)/2. We can set y = x and have

g(y) +
ρ̄

2
∥y − x∥2 = g(x) ≤ −κ− 3k

2
≤ −θ. (90)

Suppose g(x) ≥ −(κ− 3k)/2 so SCAD(x) ∈ [(κ+3k)/2, (κ+3(k+1))/2]. By (87), there exists
an index i such that dist(xi,Z) ≥ q, which implies xi ∈ [q, 2 − q] or xi ∈ [−2 + q,−q]. Without
loss of generality, we assume i = 1 and xi ∈ [q, 2 − q] since the proof when x1 ∈ [−2 + q,−q]
is the same. By the definition of s in (18), we have s′(x1) ∈ [2q, 1]. Let yi = xi for i ̸= 1 and
y1 = x1 − ηs′(x1) with η = min{q/2, 1/(2 + ρ̄)}. We then have y1 ≥ x1 − q/2 ≥ q/2. Since
the function s(y1) +

ρ̄
2 (y1 − x1)

2 is smooth on [q/2, x1] and its gradient with respect to y1 is
(2 + ρ̄)-Lipschitz continuous, we have

g(y) +
ρ̄

2
∥y − x∥2 ≤ g(x) + s′(x1) · (y1 − x1) +

2 + ρ̄

2
(y1 − x1)

2

≤ ϵ̄2 − η

(
1− 2 + ρ̄

2
η

)
[s′(x1)]

2

≤ ϵ̄2 − 1

2
min

{
q

2
,

1

2 + ρ̄

}
[s′(x1)]

2

≤ ϵ̄2 − 2min

{
q

2
,

1

2 + ρ̄

}
q2 ≤ −min

{
q

2
,

1

2 + ρ̄

}
q2 ≤ −θ, (91)

where the second inequality is by the definition of y1 and the fact g(x) ≤ ϵ̄2, the third inequality
is because η = min{q/2, 1/(2 + ρ̄)}, the fourth is because s′(x1) ∈ [2q, 1], the fifth is because
ϵ̄2 ≤ min{q/2, 1/(2+ ρ̄)}q2, and the last by the definition of θ. Inequalities (90) and (91) mean (86)
satisfies Assumption 5.1B, which proves Statement 3.

B.2 Proofs of Lemmas 5.2, 5.3 and 5.4

Proof of Lemma 5.2. For simplicity of notation, we denote x̂(x) in (4) by x̂. Suppose x is ϵ2-
feasible. According to Assumption 5.1B, there exists y ∈ relint(X ) such that

g(y) +
ρ̂

2
∥y − x∥2 ≤ g(y) +

ρ̄

2
∥y − x∥2 ≤ −θ. (92)
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This means (3) satisfies the Slater’s condition, so there exists λ̂ ≥ 0 that satisfies the KKT condition
together with x̂. In particular, we have λ̂(g(x̂) + ρ̂

2∥x̂− x∥2) = 0 and

ζ̂f + ρ̂(x̂− x) + λ̂(ζ̂g + ρ̂(x̂− x)) + û = 0, (93)

where ζ̂f ∈ ∂f(x̂), ζ̂g ∈ ∂g(x̂), û ∈ NX (x̂) and NX (x̂) is the normal cone of X at x̂. Taking inner
product between (93) and x̂− x gives

0 ≥− ⟨û, x̂− x⟩ =
〈
ζ̂f + λ̂ζ̂g, x̂− x

〉
+ ρ̂(1 + λ̂)∥x̂− x∥2

≥−
∥ζ̂f + λ̂ζ̂g∥2

2ρ̂(1 + λ̂)
− ρ̂(1 + λ̂)

2
∥x̂− x∥2 + ρ̂(1 + λ̂)∥x̂− x∥2,

where the first inequality is because û ∈ NX (x̂), the second inequality is by Young’s inequality.
Reorganizing the terms in this inequality and using the facts that ∥ζ̂f∥ ≤ M and ∥ζ̂g∥ ≤ M , we
obtain

ρ̂(1 + λ̂)∥x̂− x∥2 ≤
∥ζ̂f + λ̂ζ̂g∥2

ρ̂(1 + λ̂)
≤ (1 + λ̂)M2

ρ̂
,

which further implies the first inequality in (10).

If λ̂ = 0, the conclusion holds trivially. Hence, we focus on the case that λ̂ > 0. Note that, in this
case, we must have g(x̂) + ρ̂

2∥x̂− x∥2 = 0.

Since g(z) + ρ̂
2∥z− x∥2 + δX (z) is (ρ̂− ρ)-strongly convex in z and û/λ̂ ∈ NX (x̂) = ∂δX (x̂), we

have

g(y) +
ρ̂

2
∥y − x∥2

≥ g(x̂) +
ρ̂

2
∥x̂− x∥2 +

〈
ζ̂g + ρ̂(x̂− x) + û/λ̂,y − x̂

〉
+

ρ̂− ρ

2
∥y − x̂∥2

=
〈
ζ̂g + ρ̂(x̂− x) + û/λ̂,y − x̂

〉
+

ρ̂− ρ

2
∥y − x̂∥2.

Applying (92) to the inequality above and arranging terms give

−θ ≥
〈
ζ̂g + ρ̂(x̂− x) + û/λ̂,y − x̂

〉
+

ρ̂− ρ

2
∥y − x̂∥2 ≥ −

∥ζ̂g + ρ̂(x̂− x) + û/λ̂∥2

2(ρ̂− ρ)
,

which, together with (93) and the first inequality in (10), implies

λ̂ =
∥ζ̂f + ρ̂(x̂− x)∥

∥ζ̂g + ρ̂(x̂− x) + û/λ̂∥
≤ 2M√

2θ(ρ̂− ρ)
.

Proof of Lemma 5.3. Consider x ∈ L. Since x is ϵ2-feasible, by Assumption 5.1B, there exists
y ∈ relint(X ) such that g(y) + ρ̄

2∥y− x∥2 ≤ −θ. Note that function g(z) + ρ̂
2∥z− x∥2 + δX (z) is

(ρ̂− ρ)-strongly convex with respect to z and its subdifferential with respect to z at location z = x is
∂g(x) +NX (x). We then have

g(x) +
ρ̂

2
∥x− x∥2 + ⟨ζg + u,y − x⟩+ ρ̂− ρ

2
∥y − x∥2 ≤ g(y) +

ρ̂

2
∥y − x∥2 ≤ −θ

for any ζg ∈ ∂g(x) and any u ∈ NX (x). Since g(x) = 0 when x ∈ L, applying Young’s inequality
to the inequality above yields

−
∥ζg + u∥2

2(ρ̂− ρ)
≤ ⟨ζg + u,y − x⟩+ ρ̂− ρ

2
∥y − x∥2 ≤ −θ,

which implies the conclusion.
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Proof of Lemma 5.4. For any x ∈ X satisfying dist(x,S) ≤ ν
ρ , we define

x† = projS(x) ∈ argmin
y∈X ,g(y)≤0

1

2
∥y − x∥2. (94)

Since g can be non-convex, x† is not necessarily unique, but this proof works for any x† satisfying
(94). Since the first conclusion of this lemma holds trivially if x ∈ S, we assume x ∈ X\S, which
implies g(x†) = 0 and x† ∈ L. It is easy to show that x† is also the optimal solution of

min
y∈X

{1
2
∥y − x∥2, s.t. g(y) + ρ̄

2
∥y − x†∥2 ≤ 0

}
, (95)

which is a convex optimization problem. By Assumption 5.1B, there exists y ∈ relint(X ) such that
g(y)+ ρ̄

2∥y−x†∥2 ≤ −θ. Hence, the Slater’s condition holds for (95), so there exist a scalar λ† ≥ 0,
a subgradient ζg ∈ ∂g(x†) and a vector u ∈ NX (x†) such that

x† − x+ λ†ζg + u = 0. (96)

Since ⟨u,x− x†⟩ ≤ 0, we assert that λ† > 0 because, otherwise, (96) implies 0 = ⟨x† − x+u,x−
x†⟩ ≤ −∥x− x†∥2 ≤ 0 and thus x = x†, contradicting with the fact that x ∈ X\S .

By the ρ-weak convexity of g and (96), we have

λ† (g(x)− g(x†)
)
≥ λ†

(
⟨ζg,x− x†⟩ − ρ

2
∥x− x†∥2

)
≥ ⟨λ†ζg + u,x− x†⟩ − λ†ρ

2
∥x− x†∥2 = ∥x− x†∥2 − λ†ρ

2
∥x− x†∥2.

Since λ† > 0, dividing both sides of the inequalities above leads to

g(x)− g(x†) ≥ ∥x− x†∥2

λ† − ρ

2
∥x− x†∥2

= ∥x− x†∥ · ∥ζg + u/λ†∥ − ρ

2
∥x− x†∥2 ≥ ν∥x− x†∥ − ρ

2
∥x− x†∥2 ≥ ν

2
∥x− x†∥,

where the second inequality is by Lemma 5.3 and the last inequality is because ∥x − x†∥ =
dist(x,S) ≤ ν

ρ . The first conclusion is thus proved by the facts that g(x) = g+(x) for x ∈ X\S and
that g(x†) = 0. The second conclusion is directly from Lemma 3.1 and 3.2 in [26].

B.3 Proof of Proposition 5.5 and Theorem 5.6

To prove Proposition 5.5 and Theorem 5.6, we need the following lemma from Theorem 4.1 in [26]
whose proof is provided only for completeness. It shows that, when the Polyak’s stepsize is used, the
subgradient method can utilize the local error bound condition in Lemma 5.4 to ensure dist(x(t),S)
Q-linearly converges to zero, which makes sure dist(x(t),S) is small even when t ∈ J and prevents
x(t) from being trapped in an infeasible stationary point given the second conclusion of Lemma 5.4.

Lemma B.3 ([26]). Suppose Assumptions 3.1 and 5.1 hold. Also, suppose the sequence {x(t)}t≥0 is
generated by applying the projected subgradient method to minx∈X g+(x) using a Polyak’s stepsize,
namely,

x(t+1) = projX (x(t) − ηtζ
(t)
g ), ηt =

{
g+(x

(t))/∥ζ(t)
g ∥2 if ζ(t)

g ̸= 0

0 if ζ(t)
g = 0

, for t = 0, 1, . . . ,

(97)
where ζ(t)

g ∈ ∂g+(x
(t)). If dist(x(0),S) ≤ ν/(4ρ), we have

dist2(x(t+1),S) ≤
(
1− ν2

8M2

)
dist2(x(t),S) (98)

and

dist(x(t),S) ≤ dist(x(0),S), ∀t ≥ 0. (99)

39



Proof. We prove (99) by induction. (99) holds trivially for t = 0. Suppose that (99) holds up to
iteration t of (97). We want to prove that it also holds for iteration t+ 1. By the induction hypothesis,
we have dist(x(t),S) ≤ ν/(4ρ).

Suppose ζ(t)
g = 0 so x(t+1) = x(t). By Lemma 5.4, we must have dist(x(t),S) = 0 and thus

dist(x(t+1),S) = 0 ≤ dist(x(0),S) and (98) holds.

Suppose ζ(t)
g ̸= 0. Let x†(t) = projS(x

(t)) for t ≥ 0. By the nonexpansiveness of proxX (·), we have

dist2(x(t+1),S) ≤ ∥x(t+1) − x†(t)∥2 = ∥projX (x(t) − ηtζ
(t)
g )− projX (x†(t))∥2

≤ ∥x(t) − ηtζ
(t)
g − x†(t)∥2

= dist2(x(t),S)− 2ηt
〈
ζ(t)
g ,x(t) − x†(t)

〉
+ η2

t ∥ζ(t)
g ∥2

≤ dist2(x(t),S) + 2g+(x
(t))

∥ζ(t)
g ∥2

(
g+(x

†(t))− g+(x
(t)) +

ρ

2
∥x(t) − x†(t)∥2

)
+

g2+(x
(t))

∥ζ(t)
g ∥2

= dist2(x(t),S) + g+(x
(t))

∥ζ(t)
g ∥2

(
−g+(x

(t)) + ρ∥x(t) − x†(t)∥2
)

≤ dist2(x(t),S) + g+(x
(t))

∥ζ(t)
g ∥2

(
−ν

2
+ ρ∥x(t) − x†(t)∥

)
∥x(t) − x†(t)∥

≤ dist2(x(t),S)− g+(x
(t))

∥ζ(t)
g ∥2

ν

4
∥x(t) − x†(t)∥

≤ dist2(x(t),S)− ν2

8M2
∥x(t) − x†(t)∥2,

where the second equality is because g+(x
†(t)) = 0, the third inequality is by the ρ-weak convexity

of g+, the fourth is by Lemma 5.4, the fifth is by the hypothesis that dist(x(t),S) ≤ dist(x(0),S) ≤
ν/(4ρ), and the last is by Lemma 5.4 and Assumption 3.1A. This inequality further implies

dist2(x(t+1),S) ≤
(
1− ν2

8M2

)
dist2(x(t),S) ≤ dist2(x(0),S),

which proves (98) and also proves (99) by induction.

Proof of Proposition 5.5. The choices of ϵt and ηt imply
2ϵt/ν + 2ηtM

2/ν ≤ min
{
ϵ2/M, ν/(4ρ)

}
(100)

for t ∈ I . We first prove dist(x(t),S) ≤ min
{
ϵ2/M, ν/(4ρ)

}
by induction on t. Since x(0) ∈ S,

this conclusion holds trivially for t = 0. Suppose it holds up to iteration t. We want to prove it also
holds for iteration t+ 1.

Suppose t ∈ I . Recall that ν ≤ 2M . We have ηtM ≤ 2ηtM
2/ν ≤ ν/(4ρ) and ∥x(t+1) − x(t)∥ ≤

∥ηtζ(t)
f ∥ ≤ ηtM, which, by triangle inequality and the induction hypothesis, implies that

dist(x(t+1),S) ≤ dist(x(t),S) + ηtM ≤ ν

4ρ
+ ηtM ≤ ν

2ρ
.

Since g(x(t)) ≤ ϵt for t ∈ I , we have g(x(t+1)) ≤ g(x(t)) +M∥x(t+1) − x(t)∥ ≤ ϵt + ηtM
2. By

Lemma 5.4, we have dist(x(t+1),S) ≤ 2ϵt/ν + 2ηtM
2/ν ≤ min

{
ϵ2/M, ν/(4ρ)

}
.

Suppose t ∈ J . Let t′ be the largest index in I that is smaller than t. By the same proof as in the
previous case, we have dist(x(t′+1),S) ≤ min

{
ϵ2/M, ν/(4ρ)

}
. Since indexes t′ + 1, t′ + 2, ...,

t are in J , Algorithm 1 essentially performs the projected subgradient method to minx∈X g+(x)
using a Polyak’s stepsize during iterations t′ + 1, t′ + 2, ..., and t. Hence, by Lemma B.3, we have
dist(x(t+1),S) ≤ dist(x(t′+1),S) ≤ min

{
ϵ2/M, ν/(4ρ)

}
.

By induction, we have prove that dist(x(t),S) ≤ min
{
ϵ2/M, ν/(4ρ)

}
for any t ≥ 0. As a result,

g(x(t))+ ρ̃
2∥x

(t)−x(t)∥2 = g(x(t)) ≤ M ·dist(x(t),S) ≤ M ·min
{
ϵ2/M, ν/(4ρ)

}
≤ ϵ2, meaning

that x(t) is ϵ2-feasible for (3).
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The following proposition provides the main inequality needed for proving Theorem 5.6.
Proposition B.4. Under the same assumptions as Proposition 5.5, Algorithm 1 guarantees
T−1∑
t=S

ηtρ̂(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2 ≤ f(x(S))− f +

3M2

2ρ̂
+
∑
t∈I

(1 + λ̂t+1)ηtρ̂λ̂tϵt

+
ρ̂

2

T−1∑
t=S

(1 + λ̂t+1)
[
η2
t ∥ζ

(t)
f ∥2I(g(xt) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(xt) > ϵt)

]
.

Proof. Let ζ(t) = ζ
(t)
f ∈ ∂f(x(t)) if t ∈ I and ζ(t) = ζ(t)

g ∈ ∂g(x(t)) if t ∈ J . Let φ(x) and x̂ be
defined in (3) and (4) with (ρ̂, ρ̃) satisfying (9). For simplicity of notation, we denote x̂(x(t)) by x̂(t).
Since x(t) is ϵ2-feasible by Proposition 5.5, we get from Assumption 5.1B that φ(x(t)) and x̂(t) are
well defined for any t ≥ 0.

By Assumption 5.1B, problem (3) with x = x(t) is strongly convex and has a strictly feasible solution,
so there exists a Lagrangian multiplier λ̂t ≥ 0 satisfying (5) and

x̂(t) = argmin
x∈X

{
f(x) +

ρ̂

2
∥x− x(t)∥2 + λ̂t

(
g(x) +

ρ̂

2
∥x− x(t)∥2

)}
. (101)

By the updating equation of x(t+1), we have

∥x(t+1) − x̂(t)∥2 = ∥projX (x(t) − ηtζ
(t))− x̂(t)∥2 = ∥projX (x(t) − ηtζ

(t))− projX (x̂(t))∥2

≤ ∥x(t) − ηtζ
(t) − x̂(t)∥2 = ∥x(t) − x̂(t)∥2 − 2ηt

〈
ζ(t),x(t) − x̂(t)

〉
+ η2

t ∥ζ(t)∥2.

Multiplying the inequality above by ρ̂(1 + λ̂t+1)/2 and adding f(x̂(t)) + λ̂t+1g(x̂
(t)) to both sides,

we obtain

f(x̂(t)) +
ρ̂

2
∥x(t+1) − x̂(t)∥2 + λ̂t+1

(
g(x̂(t)) +

ρ̂

2
∥x(t+1) − x̂(t)∥2

)
≤ f(x̂(t)) +

ρ̂

2
∥x(t) − x̂(t)∥2 + λ̂t+1

(
g(x̂(t)) +

ρ̂

2
∥x(t) − x̂(t)∥2

)
− (1 + λ̂t+1)ηtρ̂

〈
ζ(t),x(t) − x̂(t)

〉
+

(1 + λ̂t+1)η
2
t ρ̂

2
∥ζ(t)∥2

≤ φ(x(t))− (1 + λ̂t+1)ηtρ̂
〈
ζ(t),x(t) − x̂(t)

〉
+

(1 + λ̂t+1)η
2
t ρ̂

2
∥ζ(t)∥2, (102)

where the second inequality is by the definition of φ(x) in (3) and the fact that λ̂t+1 ≥ 0 and
g(x̂(t)) + ρ̂

2∥x
(t) − x̂(t)∥2 ≤ 0.

By the definitions of φ(x(t+1)) and λ̂t+1, we have the following equation similar to (101)

φ(x(t+1)) = f(x̂(t+1)) +
ρ̂

2
∥x(t+1) − x̂(t+1)∥2 + λ̂t+1

(
g(x̂(t+1)) +

ρ̂

2
∥x(t+1) − x̂(t+1)∥2

)
≤ f(x̂(t)) +

ρ̂

2
∥x(t+1) − x̂(t)∥2 + λ̂t+1

(
g(x̂(t)) +

ρ̂

2
∥x(t+1) − x̂(t)∥2

)
,

which, together with (102), implies

(1 + λ̂t+1)ηtρ̂
〈
ζ(t),x(t) − x̂(t)

〉
≤ φ(x(t))− φ(x(t+1)) +

(1 + λ̂t+1)η
2
t ρ̂

2
∥ζ(t)∥2. (103)

Next, we will bound
〈
ζ(t),x(t) − x̂(t)

〉
from below when t ∈ I and t ∈ J , separately.

Suppose t ∈ I so g(x(t)) ≤ ϵt and ζ(t) = ζ
(t)
f . By the ρ-weak convexity of f , we have〈

ζ(t),x(t) − x̂(t)
〉
≥ f(x(t))− f(x̂(t))− ρ

2
∥x̂(t) − x(t)∥2

= f(x(t))− f(x̂(t))− ρ̂

2
∥x̂(t) − x(t)∥2 + ρ̂− ρ

2
∥x̂(t) − x(t)∥2. (104)
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Since the objective function in (101) is (1 + λ̂t)(ρ̂− ρ)-strongly convex, we have

f(x(t)) + λ̂tg(x
(t)) = f(x(t)) +

ρ̂

2
∥x(t) − x(t)∥2 + λ̂t

(
g(x(t)) +

ρ̂

2
∥x(t) − x(t)∥2

)
≥ f(x̂(t)) +

ρ̂

2
∥x̂(t) − x(t)∥2 + λ̂t

(
g(x̂(t)) +

ρ̂

2
∥x̂(t) − x(t)∥2

)
+

(1 + λ̂t)(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2,

which, by the facts that g(x(t)) ≤ ϵt, λ̂t ≥ 0 and λ̂t

(
g(x̂(t)) + ρ̂

2∥x̂
(t) − x(t)∥2

)
= 0, implies

f(x(t))− f(x̂(t))− ρ̂

2
∥x̂(t) − x(t)∥2 ≥ −λ̂tϵt +

ρ̂− ρ

2
∥x̂(t) − x(t)∥2.

Applying this inequality and inequality (104) to (103) leads to

(1 + λ̂t+1)ηtρ̂(ρ̂− ρ)∥x̂(t) − x(t)∥2

≤ φ(x(t))− φ(x(t+1)) +
(1 + λ̂t+1)η

2
t ρ̂

2
∥ζ(t)

f ∥2 + (1 + λ̂t+1)ηtρ̂λ̂tϵt. (105)

Suppose t ∈ J so g(x(t)) > ϵt and ζ(t) = ζ(t)
g . By the ρ-weak convexity of g and the fact that

g(x̂(t)) + ρ̂
2∥x̂

(t) − x(t)∥2 ≤ 0, we have〈
ζ(t),x(t) − x̂(t)

〉
≥ g(x(t))− g(x̂(t))− ρ

2
∥x̂(t) − x(t)∥2

= g(x(t))− g(x̂(t))− ρ̂

2
∥x̂(t) − x(t)∥2 + ρ̂− ρ

2
∥x̂(t) − x(t)∥2

> ϵt +
ρ̂− ρ

2
∥x̂(t) − x(t)∥2.

Applying this inequality to (103) leads to

(1 + λ̂t+1)ηtρ̂(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2

≤ φ(x(t))− φ(x(t+1)) +
(1 + λ̂t+1)η

2
t ρ̂

2
∥ζ(t)

g ∥2 − (1 + λ̂t+1)ηtρ̂ϵt. (106)

Summing up (105) and (106) for t = S, S + 1, . . . , T − 1, we have
T−1∑
t=S

ηtρ̂(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2 ≤

T−1∑
t=S

(1 + λ̂t+1)ηtρ̂(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2

≤ φ(x(S))− φ(x(T )) +
ρ̂

2

T−1∑
t=S

(1 + λ̂t+1)
[
η2
t ∥ζ

(t)
f ∥2I(g(xt) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(xt) > ϵt)

]
+
∑
t∈I

[
(1 + λ̂t+1)ηtρ̂λ̂tϵt

]
+
∑
t∈J

[
−(1 + λ̂t+1)ηtρ̂ϵt

]
≤ φ(x(S))− φ(x(T )) +

∑
t∈I

(1 + λ̂t+1)ηtρ̂λ̂tϵt

+
ρ̂

2

T−1∑
t=S

(1 + λ̂t+1)
[
η2
t ∥ζ

(t)
f ∥2I(g(xt) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(xt) > ϵt)

]
. (107)

Finally, from Assumption 5.1C and the first inequality in (10), it can be easily shown that

φ(x(T )) = f(x̂(T )) +
ρ̂

2
∥x̂(T ) − x(T )∥2 ≥ f

and

φ(x(S)) = f(x̂(S)) +
ρ̂

2
∥x̂(S) − x(S)∥2 ≤ f(x(S)) +

M2

ρ̂
+

ρ̂

2

M2

ρ̂2
≤ f(x(S)) +

3M2

2ρ̂
.

Then, the conclusion is derived from by applying these two inequalities to (107).
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We are now ready to prove the main theorem for the weakly convex case.

Proof of Theorem 5.6. The inequality Eτ [g(x
(τ))] ≤ ϵ2 is a direct consequence of Proposition 5.5.

Applying the upper bound Λ′ of λ̂t from Lemma 5.2 to the inequality in Proposition B.4, we obtain
T−1∑
t=S

ηtρ̂(ρ̂− ρ)

2
∥x̂(t) − x(t)∥2 ≤ f(x(S))− f +

3M2

2ρ̂
+
∑
t∈I

(1 + Λ′)ηtρ̂Λ
′ϵt

+
ρ̂

2

T−1∑
t=S

(1 + Λ′)
[
η2
t ∥ζ

(t)
f ∥2I(g(xt) ≤ ϵt) + η2

t ∥ζ(t)
g ∥2I(g(xt) > ϵt)

]
.

(108)

For t ∈ I , we have from Assumption 3.1 and the definition of ηt that

η2t ∥ζ
(t)
f ∥2 ≤ η2tM

2 ≤ ηtM · 2ηtM
2

ν
≤ ηtϵ

2. (109)

For t ∈ J , we have ηt = g+(x
(t))/∥ζ(t)

g ∥2 so

η2t ∥ζ
(t)
g ∥2 ≤ ηtg+(x

(t)) ≤ ηtϵ
2, (110)

where the second inequality is from Proposition 5.5 that implies g+(x(t)) = g(x(t)) ≤ ϵ2 .

Applying (109) and (110) to (108) and organizing term lead to

ρ̂(ρ̂− ρ)

2
Eτ [∥x̂(τ) − x(τ)∥2] = ρ̂(ρ̂− ρ)

2

∑T−1
t=S ηt∥x̂(t) − x(t)∥2∑T−1

t=S ηt

≤ 1∑T−1
t=S ηt

(
f(x(S))− f +

3M2

2ρ̂

)
+ (1 + Λ′)ρ̂

∑
t∈I ηtΛ

′ϵt∑T−1
t=S ηt

+
ρ̂(1 + Λ′)

2
ϵ2

≤ 1∑T−1
t=S ηt

(
f(x(S))− f +

3M2

2ρ̂

)
+

3ρ̂(1 + Λ′)

2
ϵ2, (111)

where the second inequality is by the definition of ϵt which implies ϵt ≤ ϵ2ν/(2M) = ϵ2/Λ′.
According to the definition of ηt for t ∈ I and t ∈ J , we have

T−1∑
t=S

ηt ≥
ν|I|
4M2

min
{
ϵ2/M, ν/(4ρ)

}
+
∑
t∈J

ϵt

∥ζ(t)
g ∥2

≥ ν|I|
4M2

min
{
ϵ2/M, ν/(4ρ)

}
+

ν|J |
4M2

min
{
ϵ2/M, ν/(4ρ)

}
=

ν(T − S)

4M2
min

{
ϵ2/M, ν/(4ρ)

}
. (112)

Applying (112) as well as the definitions of S, ηt and ϵt to the right hand side of (111) gives

Eτ [∥x̂(τ) − x(τ)∥2] ≤
8M2

(
f(x(0))− f + 3M2/(2ρ̂)

)
ρ̂(ρ̂− ρ)νmin {ϵ2/M, ν/(4ρ)}T +

3(1 + Λ′)

ρ̂− ρ
ϵ2,

which implies the conclusion of this theorem after plugging in the value of T .

C Additional numerical results

In this section, we first present the performances versus the used CPU time of the methods in
comparisons on problem (15) in Figure 2. The meanings of y-axes in Figure 2 remain the same as in
Figure 1, but the x-axis in each plot represents the CPU time in seconds the methods use. According
to Figure 2, the relative speed among both SSG methods and IPP-SSG remain nearly the same as in
Figure 1 while IPP-ConEx is about twice time-consuming compared to others. This can be explained
by the algorithmic designs of these methods. In fact, the two SSG methods and IPP-SSG only need
to compute either ζ(t)

f or ζ(t)
g in each (inner) iteration while IPP-SSG computes both ζ

(t)
f and ζ(t)

g

per inner iteration and thus induces additional computational cost.
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Figure 2: Performances vs CPU time on classification problems with ROC-based fairness.

Then, we present the numerical performances versus both the number of iterations and the CPU time
of the methods in comparisons on problem (17). The results on each dataset are given in Figure 3
and Figure 4 where the meanings of axes and the procedure of calculating the (approximate) near
stationarity are the same as in Figure 1 and Figure 2, respectively. Since computing x̂(x(t)) with a
high precision for each t is time-consuming, we only report near stationarity at 600 equally spaced
iterations. Figure 3 shows that the SSG method is only a little faster than the other two methods
in reducing the objective value and the (approximate) near stationarity while keeping the solutions
nearly feasible. This is consistent with our theoretical finding that the three methods have the similar
oracle complexity. Figure 4 shows that the relative speeds among the two SSG methods and IPP-SSG
are nearly the same as in Figure 3 while IPP-ConEx is about twice time-consuming. This is again
consistent with the algorithmic designs of these methods and can be explained by the same reasons
we gave above for Figure 2.
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Figure 3: Performances vs number of iterations on classification problems with demographic equity
constraint.
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Figure 4: Performances vs CPU time on classification problems with demographic equity constraint.
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