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Abstract

Much of reinforcement learning theory is built on top of oracles that are compu-
tationally hard to implement. Specifically for learning near-optimal policies in
Partially Observable Markov Decision Processes (POMDPs), existing algorithms
either need to make strong assumptions about the model dynamics (e.g. determinis-
tic transitions) or assume access to an oracle for solving a hard optimistic planning
or estimation problem as a subroutine. In this work we develop the first oracle-free
learning algorithm for POMDPs under reasonable assumptions. Specifically, we
give a quasipolynomial-time end-to-end algorithm for learning in “observable”
POMDPs, where observability is the assumption that well-separated distributions
over states induce well-separated distributions over observations. Our techniques
circumvent the more traditional approach of using the principle of optimism un-
der uncertainty to promote exploration, and instead give a novel application of
barycentric spanners to constructing policy covers.

1 Introduction

Markov Decision Processes (MDPs) are a ubiquitous model in reinforcement learning that aim
to capture sequential decision-making problems in a variety of applications spanning robotics to
healthcare. However, modelling a problem with an MDP makes the often-unrealistic assumption
that the agent has perfect knowledge about the state of the world. Partially Observable Markov
Decision Processes (POMDPs) are a broad generalization of MDPs which capture an agent’s inherent
uncertainty about the state: while there is still an underlying state that updates according to the
agent’s actions, the agent never directly observes the state, but instead receives samples from a state-
dependent observation distribution. The greater generality afforded by partial observability is crucial
to applications in game theory [BS18], healthcare [Hau00, HF0Ob], market design [WME™22], and
robotics [CKK96].

Unfortunately, this greater generality comes with steep statistical and computational costs. There
are well-known statistical lower bounds [JKKL20, KAL16], which show that in the worst case, it is
statistically intractable to find a near-optimal policy for a POMDP given the ability to play policies
on it (the learning problem), even given unlimited computation. Furthermore, there are worst-case
computational lower bounds [PT87, Lit94, BDRS96, LGMO1, VLB12], which establish that it is
computationally intractable to find a near-optimal policy even when given the exact parameters of the
model (the substantially simpler planning problem).

Nevertheless there is a sizeable literature devoted to overcoming the statistical intractability of
the learning problem by restricting to natural subclasses of POMDPs [KAL16, GDB16, ALA16,
JKKL20, XCGZ21, KECM21a, KECM21b, LCSJ22]. There are far fewer works attempting to
overcome computational intractability, and all make severe restrictions on either the model dynamics
[JKKL20, KAL16] or the structure of the uncertainty [BDRS96, KECM21a]. The standard practice
is to simply sidestep computational issues by assuming access to strong oracles such as ones that
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solve Optimistic Planning (given a constrained, non-convex set of POMDPs, find the maximum value
achievable by any policy on any POMDP in the set) [JKKL20] or Optimistic Maximum Likelihood
Estimation (given a set of action/observation sample trajectories, find a POMDP which obtains
maximum value conditioned on approximately maximizing the likelihood of seeing those trajectories)
[LCSJ22]. Unsurprisingly, these oracles are computationally intractable to implement. Is there
any hope for giving computationally efficient, oracle-free learning algorithms for POMDPs under
reasonable assumptions? The naive approach would require exponential time, and thus even a
quasi-polynomial time algorithm would represent a dramatic improvement.

A necessary first step towards solving the learning problem is having a computationally efficient
planning algorithm. Few such algorithms have provable guarantees under reasonable model assump-
tions, but recently it was shown [GMR22] that there is a quasipolynomial-time planning algorithm
for POMDPs which satisfy an observability assumption. Let H € N be the horizon length of the
POMDP, and for each state s and step h € [H], let O (-|s) denote the observation distribution at
state s and step h. Then observability is defined as follows:

Assumption 1.1 ((EDKMO07, GMR22]). Lety > 0. For h € [H], let Oy, be the matrix with columns
On(+|s), indexed by states s. We say that the matrix Qy, satisfies vy-observability if for each h, for
any distributions b, b’ over states, ||Opb — QR ||, > v||b — V'||;. A POMDP satisfies (one-step)
~-observability if all H of its observation matrices do.

Compared to previous assumptions enabling computationally efficient planning, observability is much
milder because it makes no assumptions about the dynamics of the POMDP, and it allows for natural
observation models such as noisy or lossy sensors [GMR22]. It is known that statistically efficient
learning is possible under somewhat weaker assumptions than observability [JKKL20], however
these works rely on solving a planning problem that is computationally intractable. This raises the
question: Is observability enough to remedy both the computational and statistical woes of learning
POMDPs? In particular, can we get not only efficient planning but efficient learning too?

Overview of results. This work provides an affirmative answer to the questions above: we give
an algorithm (BaSeCAMP, Algorithm 3) with quasi-polynomial time (and sample) complexity for
learning near-optimal policies in observable POMDPs — see Theorem 3.1. While this falls just short
of polynomial time, it turns out to be optimal in the sense that even for observable POMDPs there is
a quasi-polynomial time lower bound for the (simpler) planning problem under standard complexity
assumptions [GMR22]. A key innovation of our approach is an alternative technique to encourage
exploration: whereas essentially all previous approaches for partially observable RL used the principle
of optimism under uncertainty to encourage the algorithm to visit states [JKKL20, LCSJ22], we
introduce a new framework based on the use of barycentric spanners [AKO8] and policy covers
[DKJT19]. While each of these tools has previously been used in the broader RL literature to promote
exploration (e.g. [LS17, FKQR21, DKJ 19, AHKS20, DGZ22, JKSY20, MHKL20]), they have not
been used specifically in the study of POMDPs with imperfect observations,' and indeed our usage
of them differs substantially from past instances.

The starting point for our approach is a result of [GMR22] (restated as Theorem 2.1) which implies
that the dynamics of an observable POMDP P may be approximated by those of a Markov decision
process M with a quasi-polynomial number of states. If we knew the transitions of M, then we could
simply use dynamic programming to find an optimal policy for M, which would be guaranteed to be
a near-optimal policy for P. Instead, we must learn the transitions of M, for which it is necessary
to explore all (reachable) states of the underlying POMDP P. A naive approach to encourage
exploration is to learn the transitions of P via forwards induction on the layer h, using, at each step h,
our knowledge of the learned transitions at steps prior to & to find a policy which visits each reachable
state at step h. Such an approach would lead to a policy cover, namely a collection of policies which
visits all reachable latent states.

A major problem with this approach is that the latent states are not observed: instead, we only
see observations. Hence a natural approach might be to choose policies which lead to all possible
observations at each step h. This approach is clearly insufficient, since, e.g., a single state could
emit a uniform distribution over observations. Thus we instead compute the following stronger
concept: for each step h, we consider the set X' of all possible distributions over observations at

1Policy covers have been used in the special case of block MDPs [DKJ 19, MHKL20], namely where
different states produce disjoint observations.



step h under any general policy, and attempt to find a barycentric spanner of X', namely a small
subset X' C X so that all other distributions in X’ can be expressed as a linear combination of
elements of X’ with bounded coefficients. By playing a policy which realizes each distribution in
such a barycentric spanner X, we are able to explore all reachable latent states, despite having no
knowledge about which states we are exploring. This discussion omits a key technical aspect of the
proof, which is the fact that we can only compute a barycentric spanner for a set X’ corresponding

to an empirical estimate Mof M. A key innovation in our proof is a technique to dynamlcally use

such barycentric spanners, even when Mis inaccurate, to improve the quality of the estimate M. We
remark that a similar dynamic usage of barycentric spanners appeared in [FKQR21]; we discuss in
the appendix why the approach of [FKQR21], as well as related approaches involving nonstationary
MDPs [WL21, WDZ22, WYDW21], cannot be applied here.

Taking a step back, few models in reinforcement learning (beyond tabular or linear MDPs) admit
computationally efficient end-to-end learning algorithms — indeed, our main contribution is a way
to circumvent the daunting task of implementing any of the various constrained optimistic planning
oracles assumed in previous optimism-based approaches. We hope that our techniques may be useful
in other contexts for avoiding computational intractability without resorting to oracles.

2 Preliminaries

For sets 7, Q, let Q7 denote the set of mappings from 7 — Q. Accordingly, we will identify
R7 with | T|-dimensional Euclidean space, and let A(7) C R” consist of distributions on 7. For
d € N and a vector v € R?, we denote its components by v(1),...,v(d). For integers a < b,
we abbreviate a sequence (4, Zat1,.-.,Zp) DY Zqp. If @ > b, then we let 2,4, denote the empty
sequence. Sometimes we refer to negative indices of a sequence x1.,,: in such cases the elements with
negative indices may be taken to be aribtrary, as they will never affect the value of the expression. See
Appendix B.1 for clarification. For x € R, we write [z] | = max{z,0}, and [z] _ = — min{z, 0}.
For sets S, T, the notation S C T allows for the possibility that S = 7.

2.1 Background on POMDPs

In this paper we address the problem of learning finite-horizon partially observable Markov decision
processes (POMDPs). Formally, a POMDP P is a tuple P = (H,S, A, O,b1, R, T,0), where:
H € Nis a positive integer denoting the horizon length; S is a finite set of states of size S := |S|; A
is a finite set of actions of size A :=
initial distribution over states; and R, T, Q are given as follows. First, R = (Ry, ..., Rg) denotes
a tuple of reward functions, where, for h € [H|, R, : O — [0, 1] gives the reward received as a
function of the observation at step h. (It is customary in the literatue [JKKL20, LCSJ22] to define
the rewards as being a function of the observations as opposed to being observed by the algorithm
as separate information) Second, T = (Ty,...,Ty) is a tuple of transition kernels, where for
h € [H],s,s € S,a € A, Ty(s'|s,a) denotes the probability of transitioning from s to s’ at step
h when action a is taken. For each a € A, we will write Tj,(a) € R%*S to denote the matrix with
Th(a)s,ss = Tr(s|s’,a). Third, O = (04, ...,0x) is a tuple of observation matrices, where for
he[H],s€S,0€ 0, (0),,s, also written as O, (o|s), denotes the probability observing o while
in state s at step h. Thus Oy, € RO*5 for each h. Sometimes, for disambiguation, we will refer to
the states S as the latent states of the POMDP P.

The interaction (namely, a single episode) with P proceeds as follows: initially a state s; ~ by is
drawn from the initial state distribution. At each step 1 < h < H, an action aj, € A is chosen (as a
function of previous observations and actions taken), P transitions to a new state sp+1 ~ Tr(+|sn, an),
a new observation is observed, 0,41 ~ Op+1(:|Sp+1), and a reward of Ry, 11 (0p+1) is received (and
observed). We emphasize that the underlying states s1.; are never observed directly. As a matter of
convention, we assume that no observation is observed at step o = 1; thus the first observation is 0s.

2.2 Policies, value functions

A deterministic policy o is a tuple 0 = (071, ...,05), where o, : A"~1 x O"~! — A'is a mapping
from histories up to step h, namely tuples (a1.,—1,02:1), to actions. We will denote the collection
of histories up to step h by 7%, := A"1 x O"~! and the set of deterministic policies by T4,



meaning that T19¢¢ = HhH:1 A7 A general policy T is a distribution over deterministic policies;

the set of general policies is denoted by I18°" := A(Hthl A7), Given a general policy € T18°",
we denote by o ~ 7 the draw of a deterministic policy from the distribution 7; to execute a general
policy 7, a sample o ~ = is first drawn and then followed for an episode of the POMDP. For a
general policy 7 and some event £, write ]P’fl: 1,091 .51.1 ~n (€) to denote the probability of £ when
S1:H,01.H—1,02.7 is drawn from a trajectory following policy 7 for the POMDP P. At times we
will compress notation in the subscript, e.g., write ]P’Zf(g ) if the definition of $1.1,a1.54—1,02: 1 is
evident. In similar spirit, we will write th 11,09 11.51.:~ -] tO denote expectations.

Given a general policy m € II#®", define the value function for m at step 1 by Vlﬂ’P(Q) =

E? or Zthz Ry (oh)} , namely as the expected reward received by following 7.
Our objective is to find a policy 7 which maximizes V;"” (), in the PAC-RL model [KS02]: in
particular, the algorithm does not have access to the transition kernel, reward function, or observation
matrices of P, but can repeatedly choose a general policy 7 and observe the following data from a
single trajectory drawn according to 7: (a1, 02, Ra(02),a2,...,ag—1,0m, Ry (on)). The challenge
is to choose such policies ™ which can sufficiently explore the environment.

Finally, we remark that Markov decision processes (MDPs) are a special case of POMDPs where
O =S and O (o|s) = 1]o = s] forall h € [H], 0, s € S. For the MDPs we will consider, the initial
state distribution will be left unspecified (indeed, the optimal policy of an MDP does not depend on
the initial state distribution). Thus, we consider MDPs M described by a tuple M = (H,S, A, R, T).

2.3 Belief contraction

A prerequisite for a computationally efficient learning algorithm in observable POMDPs is a com-
putationally efficient planning algorithm, i.e. an algorithm to find an approximately optimal policy
when the POMDP is known. Recent work [GMR22] obtains such a planning algorithm taking
quasipolynomial time; we now introduce the key tools used in [GMR22], which are used in our
algorithm as well.

Consider a POMDP P = (H,S,A,0,b1,R,T,0). Given some h € [H| and a history
(a1:h—-1,02:p) € 4, the belief state bf(alch,l,o&h) € A(S) is given by the distribution of
the state s, conditioned on taking actions a;.,—1 and observing os.j in the first h steps. Formally,
the belief state is defined inductively as follows: bf((l)) = by, and for 2 < h < H and any
(a1:n—1,02:1n) € Hn,

b} (a1:n—1,02:4) = U1 (b],_1(a1:n—2,09:h—1); @h—1, 0n),
where for b € A(S),a € A,0 € O, UF (b;a,0) € A(S) is the distribution defined by

On41(0ls) - 2oges P(s') - Ta(s]s', a)
Y owes Onp1(o|z) Y csb(s') - Tr(zls',a)

We call U/ the belief update operator. The belief state b). (a1.,—1,02.1,) is a sufficient statistic for the
sequence of future actions and observations under any deterministic policy. In particular, the optimal
policy can be expressed as a function of the belief state, rather than the entire history. Thus, a natural
approach to plan a near-optimal policy is to find a small set 8 C A(S) of distributions over states
such that each possible belief state bf(al; h—1,02:,) is close to some element of 2. Unfortunately,
this is not possible, even in observable POMDPs [GMR22, Example D.2]. The main result of
[GMR22] circumvents this issue by showing that there is a subset  C A(S) of quasipolynomial
size (depending on P) so that bf(alzh,l, 02.1,) is close to some element of & in expectation under
any given policy. To state the result of [GMR22], we need to introduce approximate belief states:

Definition 2.1 (Approximate belief state). Fix a POMDP P = (H,S, A, O, by, R, T,0). For any
distribution 2 € A(S), as well as any choices of 1 < h < H and L > 0, the approximate belief state

prX’P(ah_L:h_l, Oh—L+1:h; 2) is defined as follows, via induction on L: in the case that L = 0,
then we define

Uf(b; a,0)(s) :=

bl th=1



and for the case that L > 0, define, for h > L,

P

773 9 .
b (an—pin—1,0n—r+1:03 Z) = UL 1 (03257 (an—pin—2, 0n—L+1:n—15 D); an—1,0n).
We extend the above definition to the case that h < L by defining
P P y
by (an—p:n—1,0n— L4103 D) = BT (Amax{1,h—L}:h—15 Omax{2,h—L+1}:5 Z). In words, the
approximate belief state bsz’P (h—L:h—1,0n—L+1:n; Z) is obtained by applying the belief update
operator starting from the distribution 2 at step h — L, if h — L > 1 (and otherwise, starting frqm b1,
at step 1). At times, we will drop the superscript P from the above definitions and write by, by,

The main technical result of [GMR22], stated as Theorem 2.1 below (with slight differences, see
Appendix B), proves that if the POMDP P is y-observable for some v > 0, then for a wide range of
distributions 2, for sufficiently large L, the approximate belief state b:px’P (ah—L:h—1,0n—L+1:h; D)
will be close to (i.e., “contract to”) the true belief state b} (a1.5—1,02.1).

Theorem 2.1 (Belief contraction; Theorems 4.1 and 4.7 of [GMR22]). Consider any ~y-observable

POMDP P, any e > 0and L € N so that L > C - min { log(1/(e¢)) l?y%(log(l/(b)/e), log(l,y/4(€¢)) } Fix

bl (a1.-r-1,02.—1)(5)

any m € 118", and suppose that 2 € NS satisfies Zl0) < %for all (ap—1,09.1)-
Then

P

(alzh—l,oz:h,)Nﬂ'

b} (a1:h—1,00:) — bZPX)P(ahfL:hfla Oh—L+41:h} @)Hl <e

2.4 Visitation distributions

For a POMDP P = (H,S, A, 0,b;, R, T,0), policy 7 € I18°", and step h € [H|, the (latent) stare
visitation distribution at step h is dg’;; € A(S) defined by dg; (s) :=PT (s =s),and the
observation visitation distribution at step h is dg’; € A(O) defined by dg’;: =P (on =
) =0y - dg,? As will be discussed in Section 4.1, Theorem 2.1 implies that the transitions of the
POMDP P can be approximated by those of an MDP M whose states consist of L-tuples of actions
and observations. Thus we will often deal with such MDPs M of the form M = (H, Z, A, R, T)
where the set of states has the product structure Z = AX x OF. We then define o : 2 — O
by o(ai.r,01..) = or. For such MDPs, we define the observation visitation distributions by

dg/f,f (0) :=PM _ (o(zn) = o). Finally, for o € O, we let e, € R® denote the oth unit vector;

Z1:H~T

thus, for instance, we have dg:;:(o) = {eo, dg,’:)

3 Main result: learning observable POMDPs in quasipolynomial time

Theorem 3.1 below states our main guarantee for BaSeCAMP (Barycentric Spanner policy Cover with
Approximate MDP; Algorithm 3).

Theorem 3.1. Given any «, 3,7 > 0 and y-observable POMDP P, BaSeCAMP with parameter
settings as described in Section C.I outputs a policy which is a-suboptimal with probability at least
1 — B, using time and sample complexity bounded by (OA)°* log(1/3), where C > 1 is a constant
and L — min { log(HS,Y‘Z/("‘””, log2<H~z20/(m>> } .

It is natural to ask whether the complexity guarantee of Theorem 3.1 can be improved further.
[GMR22, Theorem 6.4] shows that under the Exponential Time Hypothesis, there is no algorithm
for planning in y-observable POMDPs which runs in time (S AHQ)°(1°&(SAHO/2)/7) and produces
a-suboptimal policies, even if the POMDP is known. Thus, up to polynomial factors in the exponent,
Theorem 3.1 is optimal. It is plausible, however, that there could be an algorithm which runs in
quasipolynomial time yet only needs polynomially many samples; we leave this question for future
work.



4 Algorithm description

4.1 Approximating P with an MDP.

A key consequence of observability is that, by the belief contraction result of Theorem 2.1, the
POMDP P is well-approximated by an MDP M of quasi-polynomial size. In more detail, we will
apply Theorem 2.1 with ¢ = 1/5, 2 = Unif(S), and some L = poly(log(S/e€)/7) sufficiently
large so as to satisfy the requirement of the theorem statement. The MDP M has state space
Z = AL x OF, horizon H, action space A, and transitions P2(+|2, aj,) which are defined via

a belief update on the approximate belief state prX’P (21,; Unif(S))?: in particular, for a state
zh = (@ph—r:h—1,0n—L+1:1) € Z of M, action ay,, and subsequent observation o1 € O, define

P ((ah—L41:hs Oh—L42:041) |20, an) 1= 6(1“ - OF 1 - T (an) bIPOP (2, Unif(S)). (1)

The above definition should be compared with the probability of observing op1 given history
(a1:n, 02:1) and policy m when interacting with the POMDP P, which is

PP n(Oniilarn, 02n) =€), - OF 1 - TF (an) - bY (a1:n-1,02:1). )

Theorem 2.1 gives that Hbf(am_hOz;h) - prX’P(ah_L:h_l, 0h—L+1:h;Uﬂif(5))H1 is small in

expectation under any general policy 7, which, using (1) and (2), gives that, for all 7 € II&*" and
h € [H],

Ea,.p 000~ Z P (on+1l2n, an) — PJ, (ons1larn, 02)| < e 3)
on+1€0

(Above we have written z;, = (ap—r.h—1,0n—L+1.1) and, via abuse of notation, ]P’jb\/l (oh+1|2n,an) in
place of ]P’ﬁ’t ((ah—L+1:hs Oh—L+2:h+1)|2n, ar).) The inequality (3) establishes that the dynamics of
‘P under any policy may be approximated by those of the MDP M. Crucially, this implies that there
exists a deterministic Markov policy for M which is near-optimal among general policies for P; the
set of such Markov policies for M is denoted by Hg‘arko". Because of the Markovian structure of
M, such a policy can be found in time polynomial in the size of M (which is quasi-polynomial in
the underlying problem parameters), if M is known. Of course, M is not known.

Approximately learning the MDP M. These observations suggest the following model-based
approach of trying to learn the transitions of M. Suppose that we know a sequence of general policies

nt, ..., mH (abbreviated as ') so that for each h, 7" visits a uniformly random state of P at step

h—L(.e. dg;_h ;= Unif(S)). Then we can estimate the transitions of M as follows: play 7l for

h— L —1 steps and then play L+ 1 random actions, generating a trajectory (a1.p, 02.+1). Conditioned
on zp, = (@h—1:h-1,0h—L+1:1) and final action ay, the last observation of this sample trajectory,
on+1, would give an unbiased draw from the transition distribution P*(+|zp,, as). Repeating this
procedure would allow estimation of ]P’ﬁ" (see Lemma E.1).

This idea is formalized in the procedure ConstructMDP (Algorithm 1): given a sequence of
general policies 7!, ..., 7 (abbreviated m'f), ConstructMDP constructs an MDP, denoted
M = M(r'H), which empirically approximates M using the sampling procedure described

above. For technical reasons, M actually has state space Z := A" - @L, where O := O U {o*ink}

and 0K is a special “sink observation” so that, after 0812k ig observed, all future observations are
. h
also 02k | Furthermore, we remark that dg’,l I does not have to be exactly uniform — it suffices if

7" visits all states of P at step h — L with non-negligible probability.

4.2 Exploration via barycentric spanners

The above procedure for approximating M with M omits a crucial detail: how can we find the
“exploratory policies” " ? Indeed a major obstacle to finding such policies is that we never directly

?For simplicity, descriptions of the reward function of M are omitted; we refer the reader to the appendix for
the full details of the proof



observe the states of P. By repeatedly playing a policy m on P, we can estimate the induced
observation visitation distribution dg’;_ » Which is related to the state visitation distribution via the

equality (O)h I dO L = dS 1.~ Unfortunately, the matrix Qy,_r, is still unknown, and in general
unidentifiable.

On the positive side, we can attempt to learn M layer by layer — in particular, when learning the hth
layer, we can assume that we have learned previous layers, i.e., défl,;i ;, approximates dé/’l,’fi .»and

therefore dg 1.~ Even though M does not have underlying latent states, we can define “formal”

latent state distributions on M in analogy with P, i.e. dS Pl (O) dé/lhﬂ ;.- But this does not

seem helpful again because Oy,_, is unknown. Our first key 1ns1ght is that a policy 7", for which
d/\/l = _ ,, puts non-negligible mass on all states, can be found (when it exists) via knowledge of M and

the technique of Barycentric Spanners — all without ever explicitly computing dS he g

Barycentric spanners. Suppose we knew that the transitions of our empirical estimate M approxi-
mate those of ./\/l up to step h, and we want to find a policy 7" for which the (formal) latent state

distribution ds n— ., is non-negligible on all states. Unfortunately, the set of achievable latent state

distributions {(O) h—1L dg/lhi ,mellEn} C RS is defined implicitly, via the unknown observation

matrix Qp_r,. But we do have access to XM heL = {clé/lhTr , oo oe I} C RO, the set of

achievable distributions over the observation at step h — L. In particular, for any reward function
on observations at step h — L, we can efficiently (by dynamic programming) find a policy 7 that
maximizes reward on M over all policies. In other words, we can solve linear optimization problems

over X. By a classic result [AKO8], we can thus efficiently find a barycentric spanner for X h-L

Definition 4.1 (Barycentric spanner). Consider a subset X C R%. For B > 1, aset X' C X of size d
is a B-approximate barycentric spanner of X if each € X can be expressed as a linear combination
of elements in X with coefficients in [— B, B].

Using the guarantee of [AKOS8] (restated as Lemma D.1) applied to the set X' Tiho L, we can find,
in time polynomial in the size of M , a 2-approximate barycentric spanner 7', ..., 7 of X = NhLb

this procedure is formalized in BarySpannerPolicy (Algorithm 2). Thus, for any policy , the
observation distribution do +_ 1, induced by 7 is a linear combination of the distributions {do b

i € [O]} with coefficients in [—2, 2]. Since d/S\/thTr L= -0!_, dé/th” for all mr, it follows that the

formal latent state distribution dg/l,;:r ;, induced by 7 is a linear combination of the formal latent state

distributions {ds o -1 € [O]} with the same coefficients. Now, intuitively, the randomized mixture
policy Tmix = & L (7' +- .. +79) should explore every reachable state; indeed, we show the following
guarantee for BarySpannerPolicy:

Lemma 4.1 (Informal version & special case of Lemma D.2). In the above semng, under some

technical conditions, for all s € S and 7w € 118", it holds that d/s\/[h”mL"‘(s) > 157 d/s\/[h7T 7 (9).
But recall the original goal: a policy 7/ which explores P — not M. Unfortunately, those states in P
which can only be reached with probability that is small compared to the distance between P and M

may be missed by mnix. When we use myix to compute the next-step transitions of /l/l\ , this will lead
to additional error when applying belief contraction (Theorem 2.1), and therefore additional error

between P and M. If not handled carefully, this error will compound exponentially over layers.

4.3 The full algorithm via iterative discovery

The solution to the dilemma discussed above is to not try to construct our estimate M of M layer
by layer, hoping that at each layer we can explore all reachable states of P despite making errors in



Algorithm 1 ConstructMDP

1: procedure CoNSTRUCTMDP(L, Ny, N1, 7%, ..., wfT)
2: forl1 <h<Hdo
3: Let 7" be the policy which follows 7" for the first max{h — L — 1,0} steps and thereafter
chooses uniformly random actions.
4 Draw Ny independent trajectories from the policy %h
5: Denote the data from the ith trajectory by a}.;;_;, 0., fori € [No].
6: Set 2}, = (a},_p.p_1,0h_p41.,) foralli € [No], h € [H].
7 // Construct the transitions P (2,41 |25, an) as follows:
8 foreachzh:(ah Lih—1,0h—L+1:h) € Z, ap, € Ado
9 // Define ]P’M( |2h, an) to be the empirical distribution of z} 1|2}, aj,, as follows:
10: For Oh+1 € O define SO(Oh‘"l) = |{Z : ( max{l h—L}:h> m'}x{2,h—L+1}.h+1) -
(amax{l,h L}:h> Omax{Q h— L+1}:h+1)}‘~
11: if ZO}+1 (0h+1) Z N1 then
12: Set ]Ph ((ah,]ﬂq:h, 0h7L+2:h+1)‘Zh, ah) =3 /‘/’(Oh-iilz ™) for all Opt1 € 0.
13: Set RM (2., a1,) := RF (0},) for some i with o}, = 0, > R (o},) is observed.
14: else _ _
15: Let P} (-|zn, an) put all its mass on (an—r 1., (0h—L12:1, 0%"%)).
16: for each 2, = (an—r:h—1,0n—L+1:1) € Z\Zand aj, € Ado
17: Let IPM( |2h, an) put all its mass on (an— L4 1:h, (0h—Lt2:n, 0°™%)).

18:  Let M denote the MDP (Z, H, A, RM IP’M)
19: return the MDP M, which we denote by M (7).

Algorithm 2 BarySpannerPolicy

I: procedure BARYSPANNERPOLICY(M, h) > M is MDP on state space Z, horizon H; h € [H]
2: if » < L then return an arbitrary general policy.

3: Let & be the linear optimization oracle which given r € RO, returns
arg max, ¢ pmarkov (7 dg’ o) and Max ¢ pmarov (r dg’ 1) > Note that O can be implemented

in time 5(|§ - HO) using dynamic programming
4: Using the algorithm of [AKO08] with oracle &, compute policies {7!,..., 79} so that

{do »_p 4 € [O]} is a 2-approximate barycentric spanner of {dg’ﬁf ;oo € TIparkevy

> This algorithm requires only O(0? log O) calls to O

5: return the general policy % . 2?21 wt.

earlier layers of M. Instead, we have to be able to go back and “fix” errors in our empirical estimates
at earlier layers. This task is performed in our main algorithm, BaSeCAMP (Algorithm 3). For some
K € N, BaSeCAMP runs for a total of K iterations: at each iteration k € [K], BaSeCAMP defines H

general policies, 7!,... 7 ¢ ng“ (abbreviated 717 ; step 4). The algorithm’s overall goal is
that, for some k, for each h € [H], @™ " explores all latent states at step i — L that are reachable by
any policy.

To ensure that this condition holds at some iteration, BaSeCAMP performs the following two main
steps for each iteration k: first, it calls Algorithm 1 to construct an MDP, denoted M (¥)| using the
policies 7711, Then, for each h € [H], it passes the tuple (M), 1) to BarySpannerPolicy,
which returns as output a general policy, 7#+1/0_ Then, policies 7**1" are produced (step 7) by
averaging 7F 170 for all i/ > h. The policies 7% 1" are then mixed into the policies 751" for
the next iteration k + 1. It follows from properties of BarySpannerPolicy that, in the event that the
policies 7" are not sufficiently exploratory, one of the new policies 7%+ 1" visits some latent state
(s,h') € S x [H], which was not previously visited by 7! with significant probability. Thus,
after a total of K = O(SH) iterations k, it follows that we must have visited all (reachable) latent



states of the POMDP. At the end of these K iterations, BaSeCAMP computes an optimal policy for
each M%) and returns the best of them (as evaluated on fresh trajectories drawn from P; step 12).

Algorithm 3 BaSeCAMP (Barycentric Spanner policy Cover with Approximate MDP)
1: procedure BASECAMP(L, Ny, N1, a, 3, K)

2: Initialize 71!, ..., 75 to be arbitrary policies.

3 for k € [K] do

4 For each h € [H], set7"" = & 25:1 kb,

5 Run ConstructMDP(L, Ny, Ny, 7% H) and let its output be M),

6: For each h € [H], let 7170 be the output of BarySpannerPolicy(M®*) h).
7 For each h € [H], define 771" := 7 S, wE LA,

8 // Choose the best optimal policy amongst all M®

9: for k € [K] do
10: Let ¥ denote an optimal policy of M®),
11: Execute 7% for mm{iﬂ trajectories and let the mean reward across them be 7.
12:  Letk* = argmax () 7.
13:  return7¥".

5 Proof Outline

We now briefly outline the proof of Theorem 3.1; further details may be found in the appendix. The
high-level idea of the proof is to show that the algorithm BaSeCAMP makes a given amount of progress
for each iteration k, as specified in the following lemma:

Lemma 5.1 (“Progress lemma”: informal version of Lemma 1.2). Fix any iteration k in Algorithm 3,
step 3. Then, for some parameters §, ¢ with o > § > ¢ > 0, one of the following statements holds:

1. Any (s, h) with d:,;hﬁjz (s) < ¢ satisfies dg’:_L(s) < 0 for all general policies .
2. There is some (h,s) € [H] x S so that:

&y H2S K>k diT ) (s) > ¢ H2S
S,hfL(s) <¢- ,  yet, forall k' > k: Shol () >o- .
Given Lemma 5.1, the proof of Theorem 3.1 is fairly straightforward. In particular, each (h, s) €
[H] x S can only appear as the specified pair in item 2 of the lemma for a single iteration k. Thus, as
long as K > HS, item 1 must hold for some value of k, say k* € [K]. In turn, it is not difficult to
show from this that the MDP M (") is a good approximation of P, in the sense that for any general
policy m, the values of 7 in M) and in P are close (Lemma H.3). Thus, the optimal policy Tl'f* of
M*?) will be a near-optimal policy of P, and steps 9 through 12 of BaSeCAMP will identify either
the policy 7*" or some other policy 7'('5/ which has even higher reward on P.

Proof of the progress lemma. The bulk of the proof of Theorem 3.1 consists of the proof of

Lemma 5.1, which we proceed to outline. Suppose that item 1 of the lemma does not hold, meaning

that there is some 7 € I1%°" and some (h, s) € [H| x S so that dgi;(s) < ¢ yet dg’,;lL(s) > 0;

i.e., ¥ " does not explore (s, h — L), but the policy 7 does. Roughly speaking, BaSeCAMP ensures
that item 2 holds in this case, using the following two steps:

(A) First, we show that (e, @LL déﬂg;) > ¢', where ¢’ is some parameter satisfying § >> §’ > ¢.
In words, the estimate of the underlying state distribution provided by M®) 4lso has the property
that some policy 7 visits (s, h — L) with non-negligible probability (namely, 4"). While this statement

would be straightforward if M®) were a close approximation P, this is not necessarily the case
(indeed, if it were the case, then item 1 of Lemma 5.1 would hold). To circumvent this issue, we
introduce a family of intermediate POMDPs indexed by H' € [H] and denoted P g (7%17),



which we call fruncated POMDPs. Roughly speaking, the truncated POMDP Py (7% 1) diverts

transitions away from all states at step H' — L which 7% " does not visit with probability at least

¢. This modification is made to allow Theorem 2.1 to be applied to P, s/ (ﬁk’l:H ) and any general
policy . By doing so, we may show a one-sided error bound between 54,7 (@) and M®)
(Lemma G.4) which, importantly, holds even when the policies 7***# may fail to explore some
states. It is this one-sided error bound which implies the lower bound on (e, (O)L I dé/’l,(lk_)f).

(B) Second, we show that the policy 7*+1":0 produced by BarySpannerPolicy in step 6 explores

(s, h — L) with sufficient probability. To do so, we first use Lemma 4.1 to conclude that (e, (D)L L

(k) _k+1,h,0 ’ . . .
dé/,lh—f ) > 4‘%. The more challenging step is to use this fact to conclude a lower bound

k+1,h,0 —
on dg*;:ﬁ . (8); unfortunately, the one-sided error bound between P and M) that we used in

the previous paragraph goes in the wrong direction here. The solution is to use Lemma H.3, which

has the following consequence: either dghﬂ_ L " (s) is not too small, or else the policy 7*+1:"0
visits some state at a step prior to h — L which was not sufficiently explored by any of the policies
7k (see Section C for further details). In either case 710 visits a state that was not previously
explored, and the fact that 7%+ 2-%:0 js mixed in to 7" for k& > k, h/ < h (steps 4, 7 of BaSeCAMP)
allows us to conclude item 2 of Lemma 5.1.

6 Conclusion

In this paper we have demonstrated the first quasipolynomial-time (and quasipolynomial-sample)
algorithm for learning observable POMDPs. Several interesting directions for future work remain:

» It is straightforward to show that a y-observable POMDP is Q(v/v/S) weakly-revealing
in the sense of [LCSJ22, Assumption 1]. Thus, the results of [JKKL20, LCSJ22] imply
that ~v-observable POMDPs can be learned with polynomially many samples, albeit by
computationally inefficient algorithms. Thus, as discussed following Theorem 3.1, it is
natural to wonder whether we can achieve the best of both worlds: is there a quasipolynomial-
time algorithm that only needs polynomially many samples, or can one show a computational-
statistical tradeoff?

* It is also natural to ask whether an analogue of Assumption 1.1 for the ¢ norm, namely
that |Opb — Opb'||2 > v||b — V'||2 for all h € [H], is sufficient for computationally efficient
learnability. Even the planning version of this question (where the parameters of the POMDP
are known and the problem is to find a near-optimal policy) is open.
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A Additional Related Work

Learning POMDPs (without computational efficiency). Over the past several decades several
algorithmic paradigms have been developed for the problem of learning the optimal policy in
POMDPs. [LLCO09] introduced the regionalized policy representation (later developed in [LLCI11,
LLC13, CLC09]), a model-free Bayesian method which attempts to learn the optimal policy directly
by learning a model which aggregates belief states into regions and then marginalizing out over
the regions. Several papers [PV08, RCdP0O7, RPCdK11, KOA19] have also applied model-based
Bayesian methods to learning POMDPs, by augmenting the state space with empirical estimates of
transition and observation probabilities and redefining the belief state updates in the natural way.
See also [DVPWRI15] for related Bayesian methods. [AYA 18] adapts policy gradient methods to
the problem of policy optimization in POMDPs. Various other heuristics have been considered as
well (e.g., [SBS05, CJJT21, CJJT22, JJWT17]). More recently, several works have used recurrent
neural networks to parametrize history-dependent policies and value functions for learning POMDPs
[Sch90, NES22, MGK21, HDT20]. Essentially all of these results come with no formal guarantees
(i.e., achieving PAC bounds computationally efficiently) regarding optimality of the learned policies.

The lack of provable guarantees for learning POMDPs without additional assumptions is unavoidable:
[JKKL20, KAL16] show that exponentially many samples are needed to learn an approximately
optimal policy in general POMDPs. Furthermore, [MRO5] proved the related result that learning
the parameters of an HMM is as hard as learning parity with noise. If given exponentially many
samples, however, it is possible to prove positive results: in the infinite-horizon nonepisodic setting,
[EDKMOS5] introduces an algorithm which provably outputs a near-optimal policy in time (and sample
complexity) scaling exponentially in a certain parameter which depends on a horizon-like quantity of
the POMDP.

Closer to our work, by placing appropriate assumptions on the POMDP, many works have proven
polynomial sample complexity bounds. Several works [GDB16, ALA16, XCGZ21] have used spec-
tral methods (see [HKZ12, AGH™ 14]) to learn POMDPs with polynomial sample complexity; while,
in a sense, these papers do address the question of exploration, they do so by making strong assump-
tions on the underlying transitions, namely that the transitions must be full-rank and furthermore must
satisfy a mixing-type condition which implies that the Markov chain induced by any policy mixes
quickly. Such assumptions on the transitions were removed in the recent work [JKKL20], which
modified the technique of spectral methods to obtain polynomial sample complexity for learning
POMDPs that satisfy an ¢4 version of Assumption 1.1: in particular, their sample complexity bound
depends polynomially on the inverse of the smallest singular value of any of the observation matrices.
Later work [LCSJ22] presented a simpler algorithm for learning such POMDPs, based on maximum
likelihood estimation; further, the result of [LCSJ22] applies also to the more general class of weakly
revealing POMDPs, which includes the overcomplete case, namely where there are more states than
observations. [JIN21] applies the technique of posterior sampling to learn POMDPs in the Bayesian
setting, though with the strong assumption that either different models to be learned are separated in
KL divergence, or that the models sampled in the course of the algorithm are good estimates of the
true model. [EJKM?22] establishes polynomial sample complexity bounds in the case when the latent
state is decodable from a small suffix of the history. [KECM21b] shows that latent MDPs, a special
case of overcomplete POMDPs, are learnable when the individual MDPs have transitions that are
well-separated. We emphasize that all of the above works do not provide end-to-end computational
guarantees on learning POMDPs.

Learning POMDPs (with computational efficiency). Prior to our work, the only computationally
efficient learning algorithms for POMDPs applied to very special cases. [JKKL20, KAL16] proved
polynomial-time learning results assuming deterministic transitions of the POMDP. [KECM21a]
obtains results for learning latent MDPs which are a mixture of 2 underlying models; since the
uncertainty in the system can be modeled by a single-dimensional parameter, their results are
computationally efficient.

Planning algorithms in RL. The problem of planning in POMDPs (namely, finding the optimal
policy when the model is known) has been extensively studied, with various proposed heuristics
(e.g., [Mon82, CLZ97, HF00a, Hau00, RG02, TK03, PB04, SV05, PGT06, RPPCD08, SV10, SS12,
SYHL13, GHL19, Han98, MKKC99, KMN99, LYX11, AYA18]), and a few provably efficient
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algorithms [BDRS96, KECM21a, GMR22]. Most closely related to our work is [GMR22], which
shows a quasipolynomial-time planning algorithm for observable POMDPs.

Computational-statistical considerations in RL. Several recent works have shown that certain
learning problems in RL can be solved with few (i.e., polynomial) samples yet have superpolynomial
computational complexity, under standard assumptions. This is the case for finding a near-optimal
policy in vy-observable POMDPs with v = 1/ poly(O), which requires exponential time under
ETH [GMR22] yet can be learned with polynomially many samples [JKKL20]; finding stationary
coarse correlated equilibria in general-sum Markov games [DGZ22]; and finding the optimal pol-
icy in MDPs which have linear @Q* and V* functions [KLLM?22]. The latter result establishes a
computational-statistical gap of stronger nature in the sense that (unlike the previous two examples)
the planning version of the problem can be solved efficiently. In contrast to the above lower bounds
for computationally efficient learning, Theorem 3.1 shows that learning y-observable POMDPs with
constant -y can be done computationally (quasi)-efficiently.

As a whole, the issue of developing computationally efficient algorithms for RL problems is wide
open, with a plethora of intriguing open questions (see, e.g., [WAJ 21, JKAT17, FKQR21]).

Nonstationary MDPs and related approaches. In light of the fact that the dynamics of a -
observable POMDP P can be approximated by those of an MDP M with quasipolynomially-sized
state space (see Section 4.1), a natural approach to learn an optimal policy of P is to use one of
many recent results (e.g., [WL21, WYDW21, WDZ22]) which establishes regret bounds for learning
in MDPs when an adversary is allowed to corrupt the trajectories for some episodes. Such an
adversary may be used to model the fact that we can simulate trajectory draws from P by viewing
them as trajectory draws from M with a certain fraction of episodes being corrupted. In particular,
[WYDW?21] shows that if C episodes (out of T total episodes) are corrupted, then there is an efficient
algorithm with regret upper bounded by poly(H) - O(v/ZAT + Z? A+ CZ A), where Z denotes the
number of states of the MDP M. In our application, we would have Z = (OA)* (with L defined as
in Theorem 3.1) and C' > «-T" (as Theorem 3.1 gives an upper bound on the probability of an episode
being corrupted which is no smaller than «). Thus CZA > oT - (0A)'°8(1/®) > T, meaning that
the bound from [WYDW21] is vacuous. Furthermore, this is not just an artifact of their analysis:
[WYDW?21] showed a lower bound of 2(C'Z A) on the regret when an adversary is allowed to corrupt
C episodes. Thus, in a sense, the adversarial model studied by [WL21, WYDW21, WDZ22] is too
strong to prove nonvacuous results in our setting.

Another related approach is the PC-IGW.Bilinear algorithm (as well as its IGW-Spanner subrou-
tine) of [FKQR21], which use similar techniques (namely, a policy cover and a barycentric spanner)
to ours. Moreover, since POMDPs fit into the framework of decision-making with structured ob-
servations of [FKQR21], one can attempt to use the PC-IGW.Bilinear algorithm together with
E2D [FKQR21] to attempt to efficiently learn the optimal policy in POMDPs. However, there is
a significant issue: the full E2D meta-algorithm of [FKQR21] requires a model-estimation oracle
(the output of which is passed to PC-IGW.Bilinear). One might hope that we can implement this
oracle efficiently by using subtrajectories of length L to estimate the transitions of the MDP M that
approximates P. However (using the notation of the previous paragraph) the estimation error would
necessarily scale as a7'. Furthermore, in order to ensure that the output of the estimation oracle
belongs to the class of models, the model class must be augmented to contain all MDPs on the state
space Z; doing so leads to a bound on the decision estimation coefficient which is at least % The

resulting regret bound of [FKQR21, Theorem 4.1] scales as inf~¢ TTZ + ~ - Est, where Est > oT'

denotes the estimation error. This expression is minimized when v = /T Z/Est, and yields a regret

bound which is at least vVT'Z - Est > T - \/a - (OA)'°81/@ > T, which is again vacuous. Finding a
general model of learning in “approximate MDPs” which yields nonvacuous regret bounds in our
setting is an interesting open problem.

We also remark that the use of barycentric spanners in [FKQR21] differs significantly from ours. In
[FKQR21], a weaker notion, known as approximate G-optimal design, suffices for their application,
yet in order to compute such a G-optimal design efficiently in their setting, it turns out to be more
convenient to search for the stronger notion of barycentric spanner. Replacing the barycentric spanner
in our algorithm (Algorithm 2) with a G-optimal design does not seem to sufffice for our needs.
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B Additional preliminaries

In this section we state some additional preliminaries which are useful in the proof and formalize
some notions which were introduced informally in the main body.

Extending the state and observation spaces. Fix a POMDP P = (S, A,0, H,b;, R, T,0), as
in Theorem 3.1. For technical reasons, we will augment the state spce S with a special “sink state”
sk and augment the observation space O with a special “sink observation” o*"kK. We write
S = SU{s*k} and O := OU{0*"*}, and call the spaces S, O, the extended state and observation
spaces, respectively. We extend the various components of P to the extended state and observation
sequences as follows: by remains unchanged, Ry, (05'"%) = 0 for all h, T (s5ik|s*11k ) = 1 for all
a € A,h € [H] (and all transitions from states s € S remain unchanged), and Q7 (o*ink|ssink) = 1
for all h € [H] (and all observation distributions at states s € S remain unchanged). It is clear that
the distribution over trajectories given any fixed policy are the same in the original and extended
POMDP, and the extended POMDP satisfies y-observability if the original POMDP does. Thus, it is
without loss of generality to replace PP with the extended POMDP P = (S, A, O, H, by, R, T, Q),
as we shall do in the entirety of the proof (we do so since we will introduce other POMDPs
which, unlike P, will at times transition into ™%, unlike the original POMDP P; see Section
E.3). Thus, we have that the belief states bf(alzh_l, 02.1), as well as the approximate belief

states prX’P(ah_ Lih—15 Oh—L+1:h; 2), belong to RS, Moreover, it is immediate from the block
structure of (O)E € R9*S that its pseudoinverse ((O)zf)Jr € RS*9 has the same block structure, i.e.,
(@)P)Tsink = (@P)T e =0foralls € S,0€ O.

h/s ,0 h/s,0 ’

Finally, we remark that for some choices of a1.;,_1,02.5, the belief state bf(al;h,l, 02.,) or the
approximate belief state prX’P (an—r1:h—1,0n_1+1:n) may be undefined (for instance, if o, 1,y 1. &
—L : . . ..

O~ and 2(s¥k) = 0, then prX’P (Ah—L:h—1,0n—L+1:n; 2) is undefined since the transitions of P

never lead to ,ssmk). In such a case, as a matter of convention, we will define the belief state to put all
its mass on s¥°k,

MDPs with Z-structure. At times, we will write T”, Q% | R in place of T, O, R, respectively,
to clarify that the corresponding transition matrices, observation matrices, and reward function
are for the POMDP P. Furthermore, we will consider a fixed value L € N (the particular value
of L, as a function of the parameters of the problem, is given in Section C.1; it is chosen so
as to satisfy the requirements of the belief contraction theorem (Theorem B.2)). Given P, write

Z:= AL xOF and Z == Ax O the spaces Z, Z should be interpreted as representing a sequence
of L consecutive action-observation pairs for a trajectory drawn from P. Throughout the course
of the proof, we will consider several Markov Decision Processes (MDPs) whose state space is
Z. In particular, for various choices of the probability transition matrices Pr(zh+1|2n, ap) (for
2, 2h+1 € Z) and reward functions R = (Ry,..., Ry), R, : Z — R, we will consider MDPs of
the form M = (Z, A, H, R, P) (we will typically leave the initial state distribution unspecified, as it
does not affect the optimal policy of an MDP).

For such an M, we say that M has Z-structure if: (a) Rp(z) is only a function of o(z) for all
h € [H], and (b) the transitions P}, (-|zy, a) have the following property, for 2, € Z,a;, € A:
writing 25, = (@p—1:h—1,Oh—L+1:h)> Pr(Zht1|2n, ar) is nonzero only for those 2,41 of the form
21 = (@h—L41:h, Oh—L+2:hs1), Where oy 1 € O. Throughout this section, the MDPs with state

space Z that we consider all will have Z-structure.

Throughout, we will use the following notational convention: given a sequence of L action-
observation pairs for the POMDP P, namely (a,_r.n—1,0n-r+1:1) € (A x O)L, we will denote
this sequence by z;, = (an—r1:h—1, Oh—L+1.1). When the identity of the action-observation sequence
is clear, we will use zp, and (ap—r:h—1,0n—L+1:») interchangeably. Furthermore, for a sequence
zh = (Ah—L:h—15 On—L+1:h), Write o(zy) := oy, to denote the final observation of this sequence.

We define Hg‘arko" to be the set of sequences ™ = (71, ..., 7x), where each 7y, : Z — A. H?ark‘“’

may be identified as a subset of I19°*: a policy 7 = (7y,...,7g) € H?arkov may be seen as a
history-dependent deterministic policy via the mapping (a1.p—1,02:1) = Th(Ah—L:h—15O0n—L+1:h)
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(i.e., by ignoring the portion of the history prior to step h — L). Given an MDP M with Z-structure
and a policy m € H‘Znarko", the definition of a trajectory drawn from M by following policy 7 is
standard (see Section 2.1). We next extend this definition to the case of a general policy m € 118",
for which a trajectory z;.m (which is equivalent to the data of a1.;7—1, 02.5) is drawn as follows:
first, a deterministic policy o € I19¢t is drawn, o ~ m, and then, at each step h € [H], given
history z1., (which is equivalent to the data of ay.p_1, 02.5, since M has Z-structure), we take
action op(a1.p—1,092.:). At times, we will abuse notation and write o, (21.,) = op(a1:h-1,02:1)-
Additionally, we write Pﬁf 1~ (€) to denote the probability of £ when 2.7 (which is equivalent to
the data of 1.1, 02.57) is drawn from a trajectory following policy 7 for the MDP M. In similar
spirit, we will write EM [-] to denote expectations.

Z1:H~T

Visitation distributions. Next, for an element z = (ay.,,01.1) € Z, as well as 0 < h, write

suffy (2) := (Qmax{1,h—L+1}:Ls Omax{1,h—L+1}:1) € AR 0™ (6 denote the suffix of
z that consists of the last ~ actions and observations in z, or all of z if h > L. Recall from Section 2.4
the following notation for visitation distributions for the POMDP P and an MDP M with Z-structure:

* Given a general policy m € I18°", h € [H], and s € S, define dg;;(s) =PpP (sh = ).

s1m~T

* For a general policy 7 € 118°®, h € [H], and o € O, define dg:;:(o) = PZ:HNW(Oh =o0).

 For a general policy 7 € II#, h € [H|, and z € Z, define d?;(z) =
Pfl:H702:H~,T(SUfth(ahfL:hfh Oh—r+1:n) = suff,_1(2)). |

 For a general policy 7 € TII#*®, h € [H|, and z € Z, define d%]”(z) =
PM (suffy_1(z) = suff,_1(2)). /

21 H~T

* For a general policy 7 € T1#°®, h € [H], and 0 € O, define dé/‘;l”(o) =PM _ (o(z) =

Z1:HYT
0).

Notice that, for h < L, d;,f and dé\j‘h’” are not distributions, i.e., we will have ) > d;)h”(z) > 1,
since we consider the suffix suff;, _1(z) in the above definitions. This choice is made to ensure that,
for z = (ap—rL:h—1,0n—L+1:n), the values d?;(z), d%{ﬂ(z) do not depend on elements of z with
nonpositive indices when h < L.

Given the definitions above, we will view the corresponding visitations as vectors in their respective
spaces: in particular, dg;; € RS, dg";:, dg[,f € RY, and d;)’}f, dévlh’” € RZ. Note that the vectors
dg”; € RO and dg,:r € RS satisfy dg_”;: = 0f - dg,f Furthermore, we will slightly overload

notation as follows: for a state visitation vector d in R7 (for some set T), and 7' C T, we write

d(T") =3, epr d(t).

B.1 Negative indices.

We remark that our expressions will, at times, refer to state visitation distributions of the form dgf_ I

(or dg:;:_ ;- €tc.), for some fixed L € Nand h € [H]. Of course, if h < L, then this distribution is not
defined. In all such cases, though, it will be the case that, for h < L, the expression in question does
not depend on the distribution dg,’;:f 1» and thus the expression is well-defined. In a similar manner,
for a trajectory (a1.g—1, 02.) drawn from a POMDP P, we will at times consider expressions of
the form (ap—r:h—1,0n—L+1:1), for h € [H]. In the case that h < L, we consider that the actions
ap—r,--.,00 and observations o;,_r41,...,01 to be chosen arbitrarily (to be concrete, one may
consider that all ap,r = a* and o117 = 0* for ' < 0 and some universal a* € A, 0* € O) — they

will not affect the value of the relevant expression, and we use this convention purely to simplify
notation.

B.2 Contextual decision processes

Both POMDPs and MDPs with Z-structure are special cases of contextual decision processes

[JKAT17]: a contextual decision process is a tuple P = (A, O, H, R, P), where: A is the ac-
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tion space, O is the observation space (also known as the context space), H is the horizon,
R = (Ry,...,Rpy) is a collection of reward functions, R, : O — R, and PP is the fransition
kernel. Formally, we have P = (Py,...,Py), where Pj, : 54, x A — A(O) is a mapping from the
space of histories .74, (where 4, = A"~1 x @hil) and actions to the space of distributions over
the next observation (context). Given i > 1, a history (a1.,—1, 02.5,) and an action ay, € A, we write
Ph(0n+1|G1:1, 02:) to denote the probability of observing oy given the history (a1.,—1, 02:) and
that we take action a;,. We will consider the space of general policies II#*" (defined in Section 2 as
the convex hull of IT19¢t, which is the space of tuples 7 = (71, ..., T ), where 7, : 7, — A) acting
on a contextual decision process.

POMDPs and MDPs with Z-structure may seen to be special case of contextual decision processes,
as follows:

* Given a POMDP P = (S, 4,0, H,b1, R, T,0), we view it as the contextual decision
process P = (A, O, H, R, P), where P is defined as follows: given a history (a1.,—1, 02.1)
and an action a;, € A, define

le)(oh+1|a/1:h7 OQ:h) = eI;LJrl@ZLD-‘rl ' Tﬁ(ah) ! sz(al:h—lv O2:h)a

which is exactly the probability (in the POMDP P) of next observing 05,1 given the history
(a1.n—1,02:1) and action ay,.

* Given an MDP with Z-structure, M = (2, A, H, R,P™), we view it as the contextual
decision process P = (A, O, H, R, IPP), where we use the fact that (by Z-structure) R =

(Ry, ..., Ry) has the property that each Ry, (2) is only a function of o(z), and P” is defined
as follows. We have P? = (PT,... PL), where

PF (ont1lain, 02.1) = Pi(zni1l2n, an),

where 2, = (an—r:h—1,0n—1+1:1) and 241 = (@h—L+41:h> Oh—L+2:h+1), and we use the
fact that M has Z-structure to guarantee that ]P’f (-|a1.p, 02.) is a probability distribution.

Value functions. Given a deterministic policy o € I19°t and a contextual decision process P =
(A, 0, H, R, P), the value function V} ’P(alzh_l, 09.1,) is defined in an inductive manner:

VhU’P(aLh—h 02:n) = Eo, . Py (larin,0m) [Rh+1(0h+1) + Vhaﬁ(ahh, 02:h+1)| €]

where we have written aj, := 7, (a1.,—1, 02.,) above. Then, for a general policy m € I, we
define V;’P(al;h_l, 09:1) = Egyrr [V}f’p(alzh_l, 02;h)]. We will often modify contextual decision
processes by considering different choices of their reward function. Given a contextual decision
process P and a reward function R = (Ry, ..., Ry) (which may not be the reward function of P),

where Ry, : O — R for each h € [H], we write V' PR (. to denote the value under 7 of P where its
reward function is replaced by R. We will often consider the value function of a contextual decision
process P which is actually either a POMDP or a MDP with Z-structure, in which case the following
remarks apply:

+ If P is a POMDP, then V™" (0) =Ef, .\ [S2/, Ru(on)]. ic.. our definition
of the value function Vfr’P (D) given here by reverse induction corresponds with that given
in Section 2.

* If P is a MDP with Z-structure, then, it is straightforward to see that Vhﬂ’P(alzh_l, 09:h)
depends only on zj, = (ap—r.h—1,0n—r+1:n) (by the Markovian structure of P), so we will
often write Vhﬂ’P(zh) in place of Vhw"73 (a1.n—1,09.)-

Viewing PP;, as an operator. Consider a contextual decision process P = (A, O, H, R, P). For
h € [H], we will view P, as the following operator: given a function f : .1 — R, define
Pyf: 96 x A— Ras:

(Prf)(a1:n,02:1) := Eo, By (Jarn,00m) Lf (@10, 02:041)] -
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. . P P
Thus we may alternatively wrlte'(4) as V/ ((1:1:h71702:h) = (Ph(Rh+1 + Vh0+1))(a1;h702';h),
where we view Rj41 as a function on %}, in the natural way, i.e., with abuse of notation,
Ryq1(ain, 02:n41) = Rpg1(ons1)-

If P is an MDP with Z-structure and f(a1.p, 02.5+1) only depends on the most recent L actions
and observations (i.e., (@p—1+1:h, On—L+2:h+1))> then (Pp f)(a1.p,02.1) only depends on z;, :=
(ah,L:h,l, Oh,LJrl;h) and ay,. Thus, we will often write (]P’hf)(zh, ah) = (th) (alzh, 02:h)-

Lemma B.1 ([DLB17], Lemma E.15). Consider any two CDPs P, P’, with reward functions

RP, R”" and transition kernels PP, PP’. Then for any deterministic policy 7 and all h € [H], it
holds that, for all a1.p,_1, 02.p,

’
Vhﬂ-ﬂp(al:h—h 02:h) - V}ZT”P (al:h_17 OQ:h)

H
:EEI"L:H717O’L+1:H)N7T [Z <(PfRZ&-1)(al:ta 02:¢) — (PZ) Rf+1)(a1:t7 02:t)
t=h

((PP ]PP )‘/;11 )(a1:t702:t)) |a1:h71a02:h .

Proof. The lemma is essentially an immediate consequence of [DLB17, Lemma E.15], since we may
view P, P’ as MDPs on the state space of histories. For completeness, we write out the full proof in
our setting.

We use reverse induction on h, noting that the lemma statement is immediate for h = H + 1 since
VHﬂfl and ngl are identically 0. Now assume that the statement of the lemma holds at time step
h + 1. Fix any (a1.p—1,02.n) € 4, and let ay, := 7y (a1.p—1,02.5). Then

VP (arin—1,02:n) =P B} 1) (arn, 02:0) + (B, Vi T ) (@1:n, 02:)
Vi (arn—1,020) =(BF RT3 ) avn, 020) + (BF VY Yann, o2),

and an analogous equality holds for P’. Then we may compute, for any fixed (a1.p—1,092.1) € 4,
(again letting ap, := mp(a1.p—1,02:1)),

thp(al:hq, 09.5,) — VhW’PI (@1:h—1,02:1)

=(P} R} 1) (arn. 02) — (P} REy ) (a1m, 02:)
+ (BF = PL Wiy ) avn, 02m) + BF (VT = Vi ) (@, 02:n)

=(PLRE\ 1) (arn, 02n) — (BE R\ 1) (axn, 02) + (B — POV (v, 02)
+Elop ons1)~n [(V}ZI’ID - Vhwff )(@1:h,02:n11) | @1:n—1,02:1

=(P} R}\1)(arn, 02) — (P} R 1) (avn, 02n) + (PF — P} )Vh+7f )(@1:h, 02:1)

H
+ E’(Pah,oh+1)"vﬂ' [E@h+1 H—1,0h+2: H)NTF [ Z (PZ)RZ)+1)(a1t7 02:t) - (Ptp Rf+1)(a’l:t’02:t)

t=h+1
H
+ Z ((PP HDP )V;t:-,l )(a1:t7 02:t) | A1:hs 02:h+1 | A1:h—1, OQ:h]
t=h+1
H
’ rP/
_]EZ“, OnLE )T Z (PY R, 1)(a1:4,024) — (P} RE 1) (1.4, 02:t)
t=h
H ’
+Z((PZL) - ]PJE )‘/t::f )(al:ta 02:1‘,) | al:h—1702:h‘| )
t=h
which completes the inductive step. O

B.3 Belief contraction, expanded

Below we state a slight strengthening of Theorem 2.1 which will be needed in our proofs.
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Theorem B.2 (Belief contraction; Theorems 4.1 and 4.7 of [GMR22]). Consider any ~y-observable

POMDP P, any € > 0 and L € N so that L > C - min { log(1/(e¢)) l?y%(log(l/¢)/e), log(l,y/4(€¢)) } Fix

any 7 € I8, and suppose that 7', 9 € A satisfy % < % (where we take 0/0 = 0). Then

apx,P

P ,P .
E b (ap—rih—1,0n—141:05 Z') — B3 (ah—Lih—1, Oh—L4+1:h; -@)Hl (5

shor~D'
(Ah—L:h—1,0h—L41:n)~T

<e

Note that the theorems in [GMR22] only state the special case 2 = Unif(S), in which case the
precondition of the theorem is always satisfied with ¢ = 1/S. However, the proof extends unchanged
to this generality.

B.4 Pseudoinverses

As previously stated, for a matrix O € RO*S, we let O denote the Moore-Penrose pseudoinverse of
Q. The following lemma is straightforward:

Lemma B.3. If O € R9*% is y-observable, then for all x € R, |OTz||; < @ |lx||1- In particular,

all entries of OF are bounded in magnitude by @
Proof. Write y = Ofz. Then
1 VS VS VS VS
lylls < =10yl < == [0yll2 = — - [00"z||z < — - [lz]ls < = - ||z[r.
v Y Y Y Y

where the first inequality follows from observability and the second follows from Cauchy-Schwartz.
To establish the second statement, note that, for each o € [O], we have that [|OT-¢,||; < @ Jleollr =
¥ O

.
C Proof Overview and Organization

Below we describe the organization of the proof of Theorem 3.1 which obtains a guarantee for
BaSeCAMP (Algorithm 3). At a high level, our task is to show that the true POMDP P and the MDPs
with Z-structure M*) constructed in the course of BaSeCAMP are close in some sense; doing so is
crucial to proving the main “progress lemma” (Lemma 1.2, the formal version of Lemma 5.1) as
discussed in Section 5:

* In Section D, we introduce the concept of barycentric spanners (Definition D.1) and prove
our main lemma (Lemma D.2, the formal version of Lemma 4.1) which establishes a
guarantee on the output of Algorithm 2 (BarySpannerPolicy).

* In Section E we introduce several intermediary contextual decision processes which we will
use to relate the true POMDP P and the empirical MDPs M®) constructed in BaSeCAMP:
these include an MDP M (') with Z-structure (which depends on a sequence of general
policies 717 see Section E.1) and a collection of truncated POMDPs, P 5, (7)), h € [H]
(which depend on a parameter ¢ > 0 and a sequence of general policies 77 ; see Section
E.3). Omitting some details, the way we relate the various contextual decision processes is
summarized as follows:

P Lems. FNl &F2 f h(ﬂ'l:H) Lems. 1:'3 &G4 ./,\/lv(ﬂ'l:H) Lems. E.I’,VFA &G4 M\(k) ) (6)

)

* The truncated POMDPs P (') constructed in Section E.3 are a special case of a more
general notion of truncation of the given POMDP P (Definition F.1). In Section F we prove
several properties of truncations of POMDPs, which are useful for establishing several steps
in the relations (6).
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* In Section G we use the results of Section F to establish a certain type of “one-sided” relation
between Py 1, (714 ) and M*) (for each k € [K]). In particular, the main result of Section
G is Lemma G.4, which establishes the following: for any reward function R which is
non-negative in a certain sense, the value of any general policy 7 in P 5, (711) with the

reward function R is approximately bounded above by the value of 7 in M®) with the

reward function R; i.e., we have an upper bound on Vlﬂ’P¢‘h(ﬂ1'H)’R((/)) - Vf’M(M"R(@).
The inequality does not hold, though, in the opposite direction: this is because fg{), ()
is obtained by redirecting some of the transitions of 7 into the sink state s*'"¥ (which will
always lead to 0 reward), and lacking a bound on the probability of ending up in s5"¥, it is
impossible to show an inequality in the opposite direction.

e Our proof also requires a two-sided inequality that upper bounds
(k)

‘Vf’P’R(@) — v MUTR@)] for general policies 7. Such an inequality is estab-

lished in Section H, namely in Lemma H.3. The proof of Lemma H.3 proceeds somewhat

differently than that of the one-sided inequalities, in that it does not make use of the

truncated POMDPs f¢,h(7r1:H ); in particular, as opposed to (6), the rough outline is as
follows:

) Lems. I;I\/Z & H.3 M(WLH) Lems. E.l£.4, & H3 ./\//\l(k) ) (7)

Unsurprisingly, there is a cost to the fact that this inequality is two-sided (which is of course
S
stronger than being one-sided): the upper bound on ‘VF’P’R(Q) —yM )’R(Q))’ depends

on the probability, say p(7), that 7 visits the set of states which are “underexplored” (see
Definition E.2) with respect to a certain set of exploratory policies used by BaSeCAMP. This
additional term of p(r) is dealt as follows when proving the “progress lemma”, Lemma
1.2: we will be applying Lemma H.3 with 7 = 7%+1.%0 for some h € [H], namely one of
the “exploratory policies” constructed in BaSeCAMP with the purpose of exploring states
at step h — L. If the probability p(7*+1:%:0) is too large, then, by the precise definition of
p(mk+1:2:0) Jit turns out that w8+ 170 must explore some state prior to step h — L (even
though ** 170 was constructed with the “purpose” of exploring states at step h — L!). We
can then use this fact to conclude that item 2 of Lemma 1.2 holds in this case.

* Finally, Section I analyzes BaSeCAMP, proving Theorem 3.1. As outlined in Section 5, the
main step is to prove Lemma 1.2, which establishes that BaSeCAMP makes a quantifiable
amount of progress at each iteration k. Using Lemma 1.2, Lemma 1.3 establishes that, in
fact, at some iteration k in BaSeCAMP, the item 1 of Lemma 1.2 must hold, which, roughly
speaking, means the POMDP P has been sufficiently explored. Lemma 1.4 uses this fact
together with Lemma H.3 to establish a two-sided upper bound between P and M®

(without the additional term involving underexplored states referred to above). From this
result, the proof of Theorem 3.1 is straightforward.

C.1 Definitions of hyperparameters

Below we give the values for the various hyperparameters employed by our algorithm and used in
the proof, given a y-observable POMDP with S states, A actions, O observations, horizon H, and a
desired accuracy level a and probability of failure 8 (in the context of Theorem 3.1). C* refers to
a sufficiently large constant. Throughout the remainder of the appendix, when we will refer to the
values of the constants below with any qualifiers, they will be assumed to take the below values.

— . 0l
teE=w 02H55'3/2(C*)2 .

= 1. .
* d) - C* H587/202 €.

e [ —C*min { log(1/(c6)) log(log(1/2)/) log(1/(ce)) }

¢ 0 =€ (see LemmaE.1).
e (= A%d)oL (see Lemma E.1).
« 5= CHWS

S .
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5 =6/2.
K =2HS.
p=B/(2K).

e Ny = (. LATO" 10s(A0/0) (yged in Algorithm 1),

e Ng=C*- %’M (used in Algorithm 1).

We assume that H is chosen sufficiently large so that H > L (if not, then we can increase H to be
L + 1, which only affects the time and sample complexities by a constant factor in the exponent).

D Barycentric spanners

Definition D.1 below formally defines the notion of barycentric spanner.

Definition D.1. Consider a subset X C R, For C' > 1, aset X’ C X of size dis a C-approximate
barycentric spanner of X if each x € X can be expressed as a linear combination of elements in X’
with coefficients in [-C, C].

It is easy to show that (exact) barycentric spanners exist: it is without loss of generality to assume
that X is full-rank, since otherwise we may apply a linear transformation to it so that the transformed
set is full-rank (in a smaller-dimensional space). Then, given that X is full-rank, it may be verified
that a collection of d vectors x1,...,24 € X maximizing | det(z1,...,z4)| is a (1-approximate)
barycentric spanner. We will use the following result of Awerbuch & Kleinberg, showing that
approximate barycentric spanners can be computed efficiently:

Lemma D.1 ([AKO8], Proposition 2.5). Suppose X C R? and \ > 1. Given an oracle for optimizing
linear functions over X, a \-approximate barycentric spanner for X may be computed in polynomial
time using O(d?log, (d)) calls to the optimization oracle.

Further, each element x; of the resulting approximate barycentric spanner is equal to the output of
the optimization oracle for some input cost vector.

We remark that the algorithm of [AKO8] technically applies to the setting that A" is full-dimensional.
In general this will not be the case for sets X to which we will apply Lemma D.1. We may deal
with sets X C R¢ which are not full-dimensional as follows: using at most d oracle calls to the
optimization oracle, we may compute a set of k& < d linearly independent vectors which spans
X. Using these k vectors, we may compute a one-to-one linear mapping 7" from X into R*, so
that the image of X" in R¥, say Y, is full-dimensional. We may then use Lemma D.1 to compute
a A-approximate barycentric spanner of ), and then map this back into X’ via 7!, yielding a
A-approximate barycentric spanner of &'

In Lemma D.2 below, we consider positive integers S, O € N, a matrix Ml € R5*O as well as a set
X C RO indexed by some given set I1. In particular, there is a bijection between IT and X', which we
denote as 7w — x(7). In our usage of Lemma D.2, the set X' will be the set of all possible observation
visitation distributions (indexed by policies ) at a particular layer of the current empirical MDP with

Z-structure M*). The matrix M will be equal to (O);rl for some layer h of the POMDP. Thus, for

mell,M-z(r) = (D)L - x() represents an estimate of the state visitation distribution of P under
policy 7 at step h. In this context, the conclusion of Lemma D.2 should be interpreted as saying that
the mixture policy defined as %
probability.

visits all states which can be visited with non-negligible

Lemma D.2. Fixn >0, S,0 € N, a matrix M € RS*O and a set X C RO, indexed by some class
II. Assume that for each x € X, we have

n
2 IM-2)(s)] - < 55 ®)

seS

Consider an oracle O which returns, given any r € R?, some 7* (1) € arg max, o (r, z(m)) as well
as (r,x(m*(r))). Then there is a polynomial-time algorithm which only has access to the oracle O
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(i.e., does not know M), makes O(O? log O) oracle calls, and returns 7, . .., 7© € 1l satisfying

(z(rh) 4+ 2(n©
VS C [S] s.t. ?Q§Z<65,M~x(w)>2n7 Z<65,M (z( )+O + 2 ))>>482

se§’ seS’
9)

Proof. By Lemma D.1, with O(O? log O) calls to the oracle &, we may compute a set {7%, ... 79}
so that {z(7!), ..., z(7?)} is a 2-approximate barycentric spanner of X'

Consider any S’ C [S] so that, for some 7 € II, > s/ (es,M - 2(m)) > n. By the definition of

barycentric spanner, we can write z(mw) = 2221 a, - 2(7?), for some reals «, € [—2,2], 0 € [O].
Then we have

O
n < Z(es,Mom(w» Zao'<z eS,M~x(7r°)>.

seS’ o=1 seS’

Thus there must be some o € [O] so that (3, cs €5, M- 2(7°))| > 5%, which implies, by the

assumption (8), that <ZS€S, es, M - :c(7r°)> > %. Since, for all o’ € [O], we similarly have, by (8),

<Z eg, M - x(wo')> > *Z [(M . f(WO/)> (5)]7 > *%a

seS

it follows that

E Intermediary Models for the Analysis

In Section 4.1, we gave an overview of the notion of an MDP M which approximates the POMDP P,
using approximate belief states initialized with the uniform distribution. We then suggested that, if
appropriate policies 71 can be found, then (using ConstructMDP, Algorithm 1), we can construct

an MDP M () which can approximate M, and therefore 7. To make this argument more formal,
we use an MDP which differs slightly from the “intermediate” MDP M introduced in Section 4.1 to

relate M (') and P. In particular, in Section E.1 we introduce an MDP M () for any set of
policies 71, At a high level, M (m':H) uses approximate belief states initialized with the visitation
distributions induced by ¥ In Section E.2 we show by concentration arguments that M (rtH) is
close to the “empirical MDP” M (7:H)) (constructed in Algorithm 1) for arbitrary 71,

Subsequently, the core technical challenge will be to relate M (m'H) to P under various assumptions
on 75H_ As described in the proof overview, we will crucially use truncated POMDPs as an
intermediary model. These are introduced in Section E.3.

E.1 Construction of Approximate MDP M (r1:H)

Fix a POMDP P, and consider any collection of H general policies 7!, ..., 7, which we abbreviate

as ' For each h € [H], let T denote the policy which follows 7" for the first max{h — L — 1,0}
steps and then chooses a uniformly random action for steps A — L through h. Write 7 := % 'Zthl 7h.

Given the policies w1 a5 above, we now define an MDP with Z-structure, denoted ./W (771:H ) =
— — . A H
(Z,H, A, IP’M(”I'H)), as follows. To define the transitions IP’hM(ﬂl ) first define, for 7/ € T18°",

-’ . apx,P L' P
by (an—r:n—1,0n—r+1:0) == by, (@h—rL:h—1, 0h—L+1:03dg j,_1)-
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(Recall the definition of bsz’p() in Section 2.3; furthermore, recall that, if h < L,
prX’P(ah_L:h_l, Oh—L+1:h; 2) is defined as prX’P (a1.n—1,092.1; Z), which does not depend on

9, asitis bf(alih,l, 02.1,). Thus, even for h < L, :tv);;/ is well-defined despite the fact that dg.h,fL
is not.) '

Given a sequence  ai:p, 02:h+1> WI‘itil‘lg Zh = (a/hfL:h7170h7L+1:h), Zh+1 =
(Ah—L+1:hs Oh—L+2:h+1), define, in the case that zj, € Z,
M () T b
P (zh+1lzn,an) = €5, Ongr - Th(an) - by (@h—r:h—1,0n—L+1:8)- (10
Note that M(n'#) has Z-structure: given 2z, = (ap_r.h—1,0n—_L+1:1),an, under the tran-

sitions of M (w1, all coordinates of zj.; except the last observation are full determined
(namely, they are given by (ap—r,4+1:h,0n—rL+2:1)); thus, with slight abuse of notation, we will

v 1:H v 1:H

at times write ]P’;:/t(7r )(oh+1|zh7ah) = ]P’;LM(Tr )(zh+1|zh,ah). If z, ¢ Z, then we define
v 1:H .

]P’;:/l(” )(osmk\zh, ap) = 1. Finally, we remark that we have not specified a reward function

or initial state distribution for M (m':H); such choices turn out not to affect the analysis.

E.2 Concentration of Empirical Approximate MDP M (mhH),

While we do not have algorithmic access to //\/IV(WI:H ), we can algorithmically construct
an empirical approximation of it.  This is precisely the (random) MDP M (n!H) =
(Z,H, A, RME"), }P’M(’TLH)), defined as the output of Algorithm 1 when given input policies

7UH Notice that the MDP M (w1H) does come with a reward function RM™). \we remark that,
at some points in the proof, we will consider an alternative reward function (generally denoted by R,
without the superscript) attached to the remaining data of M (7*7), purely for purposes of analysis.
Lemma E.1 shows by Chernoff bounds that outside the set of states which are rarely visited by 7!:#

(defined in Definition E.1 below), we have that M (w1 closely approximates M (ml:H).

To state Lemma E.1, we need to introduce some notation.

Definition E.1. For each h € [H], ¢ > 0, and a general policy 7/, define the set Z}LOVCV (') C Z, as
follows:

Z1v (') = {z ez d7(2) < g}.
Lemma E.1. Fix any sequence of policies 7V and the resulting T as defined in Section E.1.
There is an event E°% that occurs with probability 1 — p, so that under the event £ low yve have:
1. The output M\(WLH) of ConstructMDP with parameters N1, Ny satisfying
LALTIOL log(AO /p) N1ALlog(OA/p)
0? ¢
(where Cy is a sufficiently large constant) satisfies the following: for all z, & Z}f’? (7") and
Vi H
all ap, € A, we have that Rf(ﬂl )(o(z1)) = RT (o(z1)) and

Y

N1>CO'< )» No>Chy-

Aﬂ_l:H Nﬂ_l:H
|2t Clensan) = B (s an) | <0 (12)

2. Forall z, € Z}LOVCV (=), if (12) does not hold, then under the transitions of/\//\l(ﬂl:H), for

allap, € A, 2z, = (ap—pL.h—1,0n—L+1:1) transitions to (ap_r41.h, (0n—L+2:1, 0°7%)) with
probability 1.

Notice that, for h < L, z = (ap—r:n—1,0n—L+1.1) includes actions (and observations) with
nonpositive indices: importantly, such actions and observations do not affect the distribution of

; M) Mt o
the next observation, namely P, (Oh+1|2n,an) or Py, (0n+1l2n, an), which intuitively

explains why (12) can hold even for such h.
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Proof of Lemma E. 1. First, note that (12) is immediate if z;, ¢ Z, since then

M(ntH
B

|z, an) = |2n, an) = o™k

with probabiltiy 1. Thus for the remainder of the proof we may consider z;, € Z.

M(xtH
B

Consider some p’ € (0,1), to be specified below. Fix any h € [H]: we will argue about the
hth step in the for loop on step 2 of Algorithm 1. We will use the following key fact: for any
(zn,an) € Z x A, and for any iteration ¢ of ConstructMDP, the distribution of 2y, 41 conditioned

. . AA(~1:H

on aj, = ap, and suff,_1(z},) = suffj,_1(zp) is the same as IP’ﬁ/l(Tr )(-|zh, ap,). To see that this fact
holds, it suffices to note that, since (z}b, a%) is drawn according to the policy 7 the distribution of
Sp, conditioned on the observation-action sequence (amax{l,hf L}:h—15Omax{2,h—L+1}: n), is exactly

b};h (ah—L:h—1,0n—1+1.1)- Thus, given that action ay, is taken at step h, the probability that the

e Opgr - Thlan) 'th(ah—L:h—h OH—L+1:n), Which, by

next observation is op, 41 is given by e, |

.. . M (ntH
definition, is exactly I, ( )((ah_LH:h, Oh—L+2:h+1)|2n, an)-

Consider any z;, € Z with 2, & Z,llo‘g (7") and any aj, € A. By the Chernoff bound, with probability

atleast 1 — exp(—(Ny/(8A)), there are at least 42120 > N iterations ¢ € [Ng] (in the for loop in step

4 of Algorithm 1) so that az = ap, and suﬁh,l(sz) = suff;,_1(z1). Under such an event, since the

AA (1 H

reward function R” of P is deterministic, it must be the case that R,""™ ) (o(z1)) = RF (o(z))
(step 13 of Algorithm 1).
Next, consider any (25, ap) € Z X A so that there are at least N7 values of i so that aﬁl = ap and
suffy,_1(z}) = suff,_1(21) (i-e., for the chosen value of (zy, ap,), the if statement at step 11 holds).
By the fact established in the previous paragraph and [Can20, Theorem 1], with probability at least
1 —p’, (12) holds as long as
|Z] +log(1/p')

02
for some constant C' > 1. Thus, by a union bound over all h € [H], and all (5, a}) € Z x A, under
some event £'° that occurs with probability at least

1 —|Z|A-exp(—C(No/(8A4)) — |Z|A -/, (14)

Ny > C- 13)

we have that both:

1. Forall h € [H], an € A, and 2z, ¢ Z}°F (7"), there are at least N, values of i (in the hth
step of the loop in step 4) so that (a} = ap,) and suff;,_1(2}) = suff,_;1(z3);

2. Forallh € [H],ay, € Z, zj, € Z for which there are at least N7 values of 4 so that (a}, = ay,)
and suff,_1(2}) = suff_1(2), (12) holds; and

3. Thus, if (12) does not hold, we must have that there are fewer than Ny values of 7 so that
(2}, 4a},) = (2n,an), which means, by step 15, that z;, = (@n—r:h—1, Oh—L+1:1) transitions
t0 (@h—L4+1:hs (Oh_ [ 2:0sinx )) With probability 1.

The above points verify the two points in the lemma statement.

Finally we must verify that our settings Ny, [V; satisfy the above constraints and lead to the probability
in (14) being at least 1 — p. In particular, we choose p’ = p/(2|Z|A), so that (13) holds as long as
we set

CoLAFH1OF 10g(AO/p)

= 02 5
for sufficiently large constant Cyy. Finally, note that | Z|A - exp(—(No/(84)) < p/2 if
2|1Z]A\ 8A
Ny > log <) C—,

p ¢

which holds as long as the constant C in (11) is sufficiently large. Thus, the probability of £1°% in
(14) is at least 1 — p, as desired. O

Ny
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E.3 Construction of Truncated POMDPs P ;, (m1:1).

One of the main technical challenges is accounting for states of P which the current policy set
underexplores, i.e. fails to explore with non-trivial probability. To deal with this issue, given the
POMDP P and a sequence of policies 77, we introduce the notion of truncated POMDPs. We start
with a description of how to construct a sequence of truncated POMDPs P h( ) for h € [H],
which will aid in our analy51s relating P and M) Note that (like the MDPs M( “H)) truncated
POMDPs do not appear in our algorithms; they are solely an analytic tool.

We begin by making the following definition of underexplored sets of states.

Definition E.2. Given a real number ¢ € (0,1), a POMDP P, and a general policy 7', define the
¢-underexplored set for 7', denoted Z/{;’ (7'), to be

UP (x') = {(h,s) € [H] xS : 5y (s) < ¢}.
For some h € [H], we also define the c;S-underexplored set at step h, as:
U (') ={se8 : (h,s) e (x')}.

In words, Z/[Z:(ﬂ'/ ) is the set of pairs (h, s) € [H] x S so that 7’ does not put sufficient mass on state
s at step h.

Given a sequence of general policies 75 as above together with a parameter ¢ > 0 representing
a threshold visitation probability and some H ! [H ], we proceed to describe how to construct a
POMDP P,y (n'#) = (H, S, A, O, bl,T (O) ), whose observation space is O = O U {0*nk},

and whose state space is S = S U {s*°k}. T he observation matrices of P g/ (71#), denoted by

/

@ZI , are equal to those of P, i.e., we have @f = OF for all h € [H]. The state transitions of

ﬁd)’ H (7r1:H ), denoted by TH , are constructed inductively (with respect to H') according to the
following procedure:

1. Firstset Py 1 (n5H), ... Py 1 (m5H) to have identical transitions T e T (respectively)
to those of P out of any state s € S at each step h € [H].
2. ForH =L+1,L+2,..., H:

—H' —
(a) Define the transition matrices T of Py g (1) as follows:

(b) Initially set T — TH _1.

(c) Then, for each state s € ufj;,f’/ (o (WH/)I

« Foralls' € Sanda € A,add TH, , | (s|s',a) to Tﬁ,_L_l(sSi“Hs’, a) and set
Tg,7L71(8|s', a) to 0.
Note that for all H’, the above construction ensures that (at the end of the above procedure)
Ty (s5"K|s¥ink q) = 1 forall h € [H],a € A.

The main point of the construction of the truncated POMDPs Py g/ (r#) is to ensure that the
following lemma holds:

Lemma E.2. Consider a sequence of general policies 7" and ¢ > 0. For each H' € [H], the

truncated POMDP P 4 g (w51 satisfies thefollowmg forall (s,h) € S x [H ] with L < h < H',

h
if there is some policy m € TI$** with d?‘;’LH}fﬂ )’W(s) > 0, then d?‘zH}fﬂ i (s) > ¢, ie,

73 AwS
sgud);g“ M (h,

Proof. Foreach h € [H] let T" denote the state transitions of Pon(ml).

Since the transitions of Py g/ (71) and P, p,(71) do not differ prior to step A, it suffices to

D 1:H
consider the case that H' = h. So suppose that dgﬁll(gr )’ﬂ(s) > 0 for some 7 € 1I8°". Then
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J— D 1:H
by construction of P j,(71#) it must be the case that s ¢ L{f;’;‘le(ﬂ )(wh). Since T" and
T”~1 only differ in the transitions at step h — L — 1 and furthermore for all s’ € S and a € A,

T T D 1:H h ) 1:H h

Tt (s15'0) = Ty (515 @), we have that dgi" ! ™™ (s) = dg "7 (s). Thus
D 1:H

5 ¢ U;D,ﬁf(Lw )(Wh), as desired. -

F Generic truncated POMDPs

We next define a generic notion of truncation (of a POMDP P), which is satisfied by the truncated
POMDPs P, (7117 as constructed in the previous section (Lemma F.1 below).

Definition F.1. We say that a POMDP P with extended state and observation spaces S, O is a
truncation of P if for all general policies € 118", h € [H], a}., , € A"~ 0}, € O", ), € Sh,
it holds that

5
P(alzh_l,slzh,,OQ:h,)Nﬂ'((a’lihfl7 S1:h, 022h) = (a’/lzhfh s/lzh’ O/Z:h))
< P@l:h—l:51:h702:h)~‘ﬂ'((a’13h*17 S1:h; 02:h) = (a/l:hfh S/lzh’ 0/2:h))' (15)

Furthermore, we require that T7 (s¥"%|s*™k ) = 1 forall h € [H] and a € A.

Note that an immediate consequence of (15) is that for all (k, s) € [H] x S, dg;r(s) > d?;(s)

Lemma F.1. Fix any sequence of general policies 75H and ¢ > 0. Then for each H',H" € [H]
satisfying H" < H', the POMDP P i+ () as constructed above is a truncation of P y g (1)
(per Definition F.1).

Since Py 1 (n' ) = P, an immediate consequence of Lemma F.1 is that for any H' € [H],

Py (w1 ) is a truncation of P.

Proof of Lemma F.1. Fix any H" < H'. Write Py = Py g/ (w'H) and Py = Py g (w1H). By
convexity it suffices to consider the case that 7 is a deterministic policy, i.e., 7 € I19°t. The proof
uses induction on h to verify (15), noting that the base case h = 1 is immediate since the initial state
distributions of P 7~ and P g are identical.

Fix any h € [H], and suppose that (15) holds at all steps up to (and including) step h. Let
T = (81,01, 82,02,02,...,8h—1,0h—1,Ah—1, Sh,0p) denote a trajectory drawn according to the

policy 7 up to step h. Our inductive assumption gives that P7# (1) < PZ#" (7). Since  is a
deterministic policy, the action chosen by 7 at step h is given by 7, (a1.5—1, 02.1), i.€., it is a function

of 7. Furthermore, for any a € A and s’ € S, we have that TEH” (s'|sp,a) > TZLDH' (s'|sn,a) by

definition of P+, Py Since furthermore (O)ijl” (o]s') = (O):fl’ (o|s') forallo € O, s’ € S, we

get that (15) holds at step h + 1, as desired. O

The below lemma establishes some additional properties of the truncated POMDPS P, j, (7w1:1).

Lemma F.2. Fix any sequence of general policies m* and ¢ > 0. Then for each h € [H|, we have
the following:

1. For any general policy m € 118™ and all (h, s) € [H| x S with h > L, it holds that

) 1:H D 1:H .
Ao (s) < dgnet ™ () + g T ().

2. For any H' H" € [H] satisfying H' < H', and any (s,h) € [H] x S, it
7Py pr (7)) Py (7 H),m Py g (wH)

holds that dg ), (s) < dgj (s), and thus dg}, (ssinky <

ol 1:H )
d’gjl,H’(Tr ):ﬂ'(ss]nk).

3. For any h,h' € [H] satisfying h' < h, as well as any H' € [H]|, it holds that

Py (rH Y Py g (c o
ds:}bly/H (Ssmk) S dsjl,H (Ssmk).
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Proof. For h € [H], write P}, := Py p(m' ). We begin with a proof of the first item. By
linearity of expectation it suffices to consider the case that 7 is a deterministic policy, i.e., we have
7 = (71,...,mH), where each 7, : A"~1 x O"~1 — A. Consider any trajectory up to step h — L,
denoted 7 = (s1,0a1,82,02,a2,...,Sh—L, oh_L), which has positive probability under P when
policy 7 is used. For such a trajectory 7and h' < h— L, let sp/(7) denote the state in 7 at step /’ (i.e.,
the state s5,/). By the construction of Pp,, if 7 also has positive probability under P}, for the policy 7,

then T) = 7). On the other hand, 1t 1s evident from construction o 7h:7 p(mt that
hen P” PP7 (7). On the other hand, it is evident f ion of Pj, = P p (1) th

P , sin P
dg 71 (%) = > P7(r). (16)
T:]PZ:}L (1)=0, sp—r(T)ES
To see that the above equality holds, consider any trajectory 7 = (s1, a1, $2,02,02, ..., Sh—L,0n—1,)
with s,_;, = s*"K and which occurs with positive probability under P}, 7. Choose ' as small

as possible so that s;,, = s"K, We associate 7 with the set 7(7) of trajectories that agree with
7 up to step A’ — 1, and then transition to a state §;,, from which mass was diverted away in the

construction of Py 1, (to be precise, the set of such states is L{; WHL=1(ph'+LY)) Tt is clear that all
trajectories 7/ € 7(7) have P2 (') = 0, and moreover, P (1) = YT (r) PP” (7). Furthermore,
any trajectory 7’ with s;,_1,(7') € S, PP (7/) > 0, and PZ* (1) = 0 must be in some (unique) 7 (7),
for some 7 with sj,_r,(7) = 5%, Combining these facts verifies (16).

Then we have

dgizr L( )_ Z Pf(T) < Z ]Pfh( ) dﬁg!;; L(Ssink)

Tispor(T)=s Tisn_p(T)=s
= g7 (5) + dg i (5°), a7

which completes the proof of the first item.

The second item of the lemma statement is a direct consequence of the fact that P, g (71) is a

truncation of Py g (74 ) (Lemma F.1).

Finally, the third item of the lemma statement follows from the fact that for all h € [H] and a € A,

rﬂquhﬂ(WI:H)(Ss,ink|5sink7 a)=1. 0

For a non-negative vector v € R%, we define n (v) € A([d]) by, for i € [d], n(v) (i) = Zd"(’i(])

Lemma F.3 below can be viewed as a “one-sided” corollary of the belief contraction result in Theorem
B.2, applied to a truncated POMDP P. It makes a somewhat weaker assumption on the distribution
2 in Theorem B.2 (for a particular type of choice for 2), at the cost of only obtaining a one-sided

inequality on the difference between the true beliefs b,? and the approximate beliefs Eg/.

Lemma F.3. Fix any ¢ > 0, h € [H], POMDP P with extended state and observation spaces S,0
which is a truncation of P, and general policy ' € TI8°". Suppose that ']Tzf, = TZLD, forh >h—L
and OF, = QF, for all ' € [H). Suppose further that 7' satisfies the following: for each s € S, if

h > L and there is some policy m € 118°" so that d?; 1 (8) >0, then s & Z/{fh_L(w'). Then for
general policies T, it holds that

]Eap1 o omn e [Z ‘bf(ahhq,oz;h)(s) —bj (ahL;h1,0hL+1:h)(8)” <e.
seS

Proof of Lemma F.3. Set h := max{h — L, 1}. Furthermore, define 2 = dg’,ff/. Note that, if h = 1,

then we have & = by, the initial state distribution of P. By definition of B;{/ and by our assumption
that T, = TF, and O, = Of,_, forall ' > h — L, we have that

oy , _
by (ann—1,0n11:0) = B (ann_1, 011103 Z) = bPF (app_1, 0n11:0; D).
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Consider any general policy 7, and fix any sequence (a1.;,—1,02.1) € (A x O)2~1 that occurs with
positive probability under (P, 7). If 0j, = 0¥, then for all sequences (ax.,—1,0n11.) that occur
with positive probability under (P, 7r) conditioned on (ay.,—1,02.5) (Which in particular implies that
op = o™k forall h+ 1 < k' < h), we have

bf(am—h 02:1)(s) = b}’ (@n:h—150n+1:0)(8) =0

for all s € S. This uses our convention to define bz,(aﬁ;h_l, on+1:1)(s°K) = 1 (see Section B)
when any of 0j,41, ..., 05 are equal to o®ink,

Next suppose that oy, # 0*'"%; then bhf(al;b_l, 02.1,)(s*K) = 0. If b > 1, then for any s € S so that
bg(alzﬁ,l, 02.5,)(s) > 0, we must have thaidgg(s) > 0 and s € S, and therefore, s ¢ Llfb(w’)
(by assumption), i.e., Z(s) = dg;; (s) > dg,:r (s) > ¢. On the other hand, if h = 1, it holds that
D =b = b?(@). Therefore, by Theorem B.2 applied to the POMDP P, we have
E” [Hbf(al:h—hozzh) - Bf(%:hq,%ﬂzh)u } <e
sp~by (a1:p—-1,02:n), 1
Ah:h—1,0h+1:Rh T

Taking expectation over (aj.p—1,02:,) ~ m under the POMDP P, and using the fact that the
conditional distribution of s}, given a1.;,—1, 02.; is exactly bg (a1;@—1, 02:1, ), we get

Ef 1 omnn [Z b7 (@11, 02)(5) Bz’(ah:h_l,oh+1:h)(s>” <e (8
sES

as desired. O

Recall that Lemma E.1 shows that the empirical MDP M (1) is close to M (rtH) at Z-states
which are not in Z}LOVCV (7'), i.e., those which are not visited too infrequently under the dynamics of P
(recall Definition E.1). Thus, to effectively apply Lemma E.1, we need to bound the probability of
reaching such states; Lemma F.4 does so, with respect to the dynamics of any truncated POMDP P.

Lemma F4. Fixany ( > 0,6 > 0, h < H and consider any policies ', € II&", as well as any
POMDP P with extended state and observation spaces S, O which is a truncation of P. Suppose

that @' takes uniformly random actions at each step b/ € {max{h — L,1},...,h}, each chosen
independently of all previous states, actions, and observations (81.p/, a1.p/—1, 02.11 ). Then
_ A2L0L§ — —
P, P,
Az (2 (7)) < —5 t L[h > L] -dgy (UL ,_1(7)).

Proof. By linearity of expectation, we may assume that 7 is a deterministic policy, i.e., 7 € T19¢*.

Fix any h as in the lemma statement, and write & := max{1, » — L}. By definition of Ugﬁ(w’ ), for

any s ¢ Z/{fh(ﬂ’ ), it holds that dg: (s) > ¢. For convenience we write

Ur, (') h>1
— ¢.h =
u: {(Z] ch=1.

throughout the proof of the lemma.
a3

i (s)
B
dS

\TT
7
h

Suppose h = 1: since d?;:(s) < 1forall s € S, it then holds that < % for all s € S\U. On

P s
the other hand, when J, = 1, it holds that 2% )) =1<LforallseS=38\U.

S,h

We next prove by induction that for all 4’ satisfying b < h’ < h, it holds that

P (A / / _
Va1 s0hrrShy L (@heh 15041075 She) = (@15 O 1> Shins)) <Ah L

such that s}, ZU

= < (19)
P ((an:h/—1,0n41:175 Shehr) = (@l 15 Oy g 12175 Sher ) ¢
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P
We first note that (19) holds for A’ = h because jfr% < % forall s € S\U.
s, \8
If (19) holds at some step &/, then we proceed to show that (19) holds at step A’ + 1: conditioned on
any history ai.n’—1, 02:47, Sh:n’, W€ have by assumption that 7’ chooses a uniformly random action
at step k', meaning that with probability 1/A, =’ chooses the action 7/ (Gg.p—1, 02.1/) at step h'.
(Recall that we have assumed that 7 is a deterministic policy.) Thus, we have that for all o’ € A,
se8,0e0,

P / / /
Pl (an =d,Sp41 =8, 0041 = 0 |an:h/ —1, Oht1:h7, Shih’) <A

PL (an =/, spq1 = 8, 041 = 0 |apan/—1, Ot 1 Shat)
Then using (19) at step i’ gives (19) at step ' + 1.

Given the validity of (19) at step i’ = h, we sum over all possible values of s, € ST+ and
(@ b1 Oh_ry1:n) € Z};jv(v(ﬂ/) to obtain that

Z Pf((a’ﬁih—lﬁ Oﬁ-‘rl:h) = (a/ﬁ:h—h Olﬂ—i-l:h))
(U‘;L—L:h—l70/}L—L+1:h,)ez}:‘g(ﬂ—/)
— AL _
< > PZ ((aph—1, 0ns1:0) = (@15 0h 1)) - —— + PL (s € U).

¢

(U’;z,—L:h—l70/}L—L+1:h)ez}g‘g(ﬂ-/)

(20)

(Note that in the case that h — L < 0, we are multi-counting each value of (a},.;,_;,0},,,.,) on both
sides of the equation.) Consider any z = (a},_;.,_1,0,_1 1.,) € Z,IE‘C”(ﬂ"). Since 7P is a truncation
of P (Definition F.1), we have that

Pz((%:hﬂ?%Jrl:h) = (a’/ﬁ:hfholﬁJrl:h)) Spf/((aﬁ:hfla%ﬂzh) = (a/@:hqaolﬁﬂzh))

=dy (2) < C.

Since | Z}°¥ (n')] < (OA)™, it follows from (20) that dJ 7 (Z1°¥ (') < 450X 45~ ) dD T (s) <

% + d?g (U), as desired (recall that for the case h = 1, we have U = (), so that d?g U) =
0). O

G One-sided Comparison: Relating P y (7') and M (),

In this section we develop several bounds on the distance between the distributions of action-
observation sequences under the truncated POMDPs P 5/ (71#) and the MDPs M®) constructed
in the course of Algorithm 3. We will do this by relating both to the MDPs M (nH) defined
in Section E.1. Roughly speaking, we show that, if we attach a non-negative reward function to
Py () and M(xH), then the value of any policy 7 in Py, s+ (7 ) cannot be much greater
than the value of 7 in M (7%H) (but the inequality in the other direction need not necessarily hold).

Our first lemma, Lemma G.1, can be viewed as a modification of Lemma B.1, which expresses the
difference in value functions between two contextual decision processes in terms of the differences
between their transitions and rewards. Lemma G.1 in particular applies to the case where one
of the contextual decision processes is one of the truncated POMDPs qu H/_l(wle ), for some
choice of H', ¢, 7% (see Section E.3), the rewards are identical, and the value function is always
approximately non-negative. In particular, Lemma G.1 derives an upper bound on the value function
of this truncated POMDP; the one-sided nature of this upper bound should not be surprising in light
of the fact that the truncated POMDPs divert some mass to the sink state, which has 0 value, while the
value elsewhere is (approximately) non-negative. Importantly, the upper bound is phrased in terms of
the difference between the transition functions of P 5 (7)) and P’, for values of h < H' — 1; this
particular detail is needed to be able to apply Lemma F.3 to further upper bound this expression.
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Lemma G.1. Fix the POMDP P, and consider any reward-free contextual decision process P’ =
(A, O, H,P). Fixany H' € [H], and consider any collection of reward functions R = (Ru, ..., Ry),
Ry, : O — R so that:

* Ry =O0foralll’ #+ H';
o Rp(0°"%) = 0 forall W € [H);
e For some 1) > 0, Vhﬂ’Pl’R(alth,h 02:h) > — forall h € [H} and (a1;h71,02;h) € I,

 For any policy € TI8** and any trajectory (a1.pg—1, 02. ) with positive probability under
(7, P"), if o, = 0K for some h, then oy, = 0*™* for all b’ > h.

Consider any sequence of general policies 7', ..., 77 € 118" and ¢ > 0. Then
P 1R n
w1, PR Gl Gl N (7P R
A () e R () Y N [((]}th _pP ) v )(alzh,olh)}
h=1

P P ’
+E(ajH/171,02:H/71)~7r |:(<]P)H"Hl1 _IP)Z’1> RH’) (ale’1702:H’1):| )

1:H)

where we have written Pj, = Py p(m in the above expression.

Proof. Fix a deterministic policy w € I19°*. For h € [H], write P, := Py (n"). For h € [H]
satisfying h > L, write Uy, := L{Z;’,I;IL (7).

The definition of P, for each h € [H], ensures that for any g > h, and any a1.49-1 € A9—1, 02.9 €
097151, € 89 so that for all B’ < h — L, spr & Uy, it holds that Pf(slzg,alzg,l,ozg) =

]P’fh(sl;g, a1.g—1, 02.). Therefore, for any h, g € [H] with g > h, we have, for all (a1.g—1,02.¢) €
(Ax 0)971,

PP (a1.9—1,09. and VW' < h — L, spr € Ups) = PL"(ay.5_1,02.)- 21)

Thus, letting ay = 74(a1.9—1,02.¢), We have

]P’gfh (0g41la1:g, 02:¢) :Pf(og+1\a1:g, 02:g and Vh' < h — L, spr & Up). (22)

For h < H' and (a1.,_1,00.1) € (A x O)"~1, write

Ui (avn-1,020) =EZ [Ry:(opr) - 1[VR < H' — L —1, s & Uy
| a1:n—1,02:1, V' <h—L—1, sp & Up].

From (21) and the fact that Ry (0*™*) = 0, we have that UT () = Vlﬂ—”PH’—lvR(@)' Furthermore,
for all ay.p/—1,02.50 s0 that PY (a1.—1,00.50, VW' < H' — L —1, spr & Upr) > 0, we have
Ufi(a1.m—1,02.1) = R (o).

Next forany o < H' — 1 and (a1.,,_1,09.1) € (A x O)"71, letting as, = 74 (a1.1_1, 02:1,), We have
Ui (ai:n—1,02n)

_ P ((a1.n,02:n+1) and at.n,00., and LT
= > Pﬂ( Slveti o<k T s, ) Unea (01n, 024)

oh+1EO
_mpP a1:n,02:, and . P a1.n,02:n and Iy
=Pz (Sh*L EUn-r | Vh’gh—L—l,sh/euh/) Z Pr (o1 | VR <h—L,s,,1 €U,/ Uhy1(a1:n; 02:041)
0p+1€0
_mpP a1.n,02., and Ph ™
=P <3h7L ¢ Un—1 | Vh’glh—Lz—l,shleuh/) © > PP (ons | arin, 02:) - Uy (arn, 02:n41),
o0p+1€0

(23)
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where the first equality follows from the definition of U}, the second equality follows from rearrang-
ing, and the third equality follows from (22).

For each h < H' and (a1.4_1, 02.1,) € (A x O)"~1, define

V:’P,’R(a1;h71,02:h) ch<H -1

Vit (a1, — h) =
h (al.h 1702"1) {RHI(OHI) : h = H/.

Moreover, from the definition of V,ZT’P, (+), we have (again for h < H' — 1)

‘7{(@1:h—1702:h) = Z sz/ (on+1lai:n, 02:1) - Vhﬂ+1(a1:h,702:h,+1)- (24)
on1€0

The above is immediate for h < H' — 1 by definition of Vh”’P/’R() and the fact that Ry, = 0 for
h' # H', whereas for h = H’ — 1, the fact that Vg;73 = (0 means that V,ZT’P a1, 008) =

(P (Rny1 + V;fjj N (arn, 00:0) = (PF Riy1)(arn, 02:) = (Pf/vﬁl)(am,%h), which is
exactly the content of (24). Furthermore, in both cases it is permissible to take the sum over O (as

opposed to O) since if Ohy1 = 0°"k then 17,? 1 (a1:h, 02:n+1) = 0 by our assumptions in the lemma
statement.

Now, for any h € [H' — 1], we may bound

P :h,02:) and v
> Pp (Vh’(;ilzifi’l,)shfguh/) - (Uﬁr(ahh—l,ozzh) - Vhﬂ(al:h—I;OQ:h))

Q1:h,02:h

P ( (a1n,025) and .pP ai1.p,02., and
<y + Z Pr (Vh’ghfol, Spr U P (sh-1 & Un-1 | Vh! <h—L—1,8, €U,/

Q1:h,02:h

_ , ~
> PP (onsalarn, 02:0) - Uiy (@rn, 02n41) — > PF (onyilarn, 02:) - Vi (@rn, 02:n41)
O}L+1€O 0h+1€0

(25)

-h,02:1) and Ph ! %
=)+ Y PP (v;§7é'2fi'fih,¢u,,) 1> (Ph’ (ons1lavn, 02:n) — PF (Oh+1|a1;h,02:h)> “Viga(arn, 02:n41)

a1:h;02:h op4+1€0
P a1:n,02:1) and P, T T
+ E P (v}(b/ég_ifihlguh/) ) E P " (on+1lan, 02:1) - (Uh+1(al:h702:h+1) - Vh+1(alzh,02:h+1))
A1:h;02:h op+1€0

_ ) N
=)+ Y PP (vé“;zfihihaggh) 1> (PZL)’L (on+1lavn, 02:n) — PF (Oh+1|a1:h,02:h)> Vit (arn, 02:n41)

a1:h,02:h op4+1€0

+ > P (%Z’hgﬁfih:,)gﬁ(}) ' (U;Lr.:,.l(al:h; 02:n41) — vhﬂ+1(a1:h,02:h+1)) ;o (20)

A1:h+1,02:h+1

where (25) uses (23), (24), and the fact that V{(al:h_l,@:h) > —qp forall h < H' — 1 and

all (ay.p_1,02.) € . Furthermore, (26) uses (22) and the fact that P¥ (é;}g’lhoj£+;zf;£/) =

P ((a1n+1,02:n41) and _ P ((avn+1,02n41) and | _ _
P> (Vh’ghfL, My for apy1 = mh1(a1n, 02.p41) and P2 VABSErT 0 when

evVer ap1 75 7Th+1(al:ha 02:h+1)'
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Thus, by adding the display (26) for 1 < h < H' — 1, we see that
Uz (0) - v ()

=U7(0) — V7" (0)
H —1

P a1.n,02.) and P P’ T
<3 Y Pr (gl ol S (PR onsalavns 02) = PE (onsalarn, 02n)) - Vit (ann, 02ni)

h=1 @1:h,02:n op+1€0

7109, and o
+ > P7 (vn’(?HH’/—?—ﬁ:)sh,eL{h/) : (U};/ (a1:H7-1,02:17) — Vg/(CLl:H’flaOzH’)) +vH
Qay.g7,02. 4/ B
H' -2 .
_ P Ph P’ S
- Z Z ]P)7r (alzh,OZ:h) ’ Z (Ph (0h+1|a1:h>02:h) - Ph (0h+1|alzh702:h)> ‘Vh+1(a1:h702:h+1)

h=1 ai1.n,02:n op11€0

CH!3092. K/ d
Y B (e, - (Re(om) = R (om)) + vH

a1.H/:02:H'

H -2 . )
=GH + 3O ER o | (BE BT ) Vi) (e 00)]
h=1

P ’_ P ’_ /
+E(a11{:H/1_1,02:H/_1)~77 |:<(PHI’{11 - ]P)Z’l) RH’) (altH’1702:H’1):| .

where the final equality follows from the fact that for (ay.;,_1,09.1) € 5%, \(A x O)"~1, we have
Vhﬁ_ﬁ ’R(al:h, 02:h+1) = 0forall oy 41 € ] by our assumptions in the lemma statement. O

Lemma G.2 shows that that the transition function of the MDPLJT/l\ (m':H) approximates that of the
truncated POMDP P, , (1) at step h. In light of the fact that P, , (w1 diverts a potentially large
amount of mass to the sink state s*"¥, it may be somewhat surprising that the result below is two-sided

1:H
in nature, i.e., we get an upper bound on the total variation distance between IP’ZL)W”(Tr )(-|21: hy QR)

AA(-1:H
and IPQA(” )(-|zh7 ap). This may be explained by the fact that the roll-in trajectory (z1.p,ap)

is drawn from the truncated POMDP th(wl:H ), and the (latent state) transition functions of
Pyn(mtH) and P are identical at step h — L and thereafter. Thus, trajectories (z1.1,ap) which
Py.n () does not reach do not contribute to the left-hand side of (27), and trajectories which are
reached are not truncated.

Lemma G.2. Consider any sequence of general policies 7', ..., 7 € 118" and ¢ > 0. Suppose

that, in the construction of M (ntH), the event £'°% of Lemma E.I holds. Then for general policies
wandall h € [H],

b5l alH 05 o LH Ml H AQLOL
DN ‘]P’f‘b*h( 'Grialzin an) — B ) (g |zn, an)| < e+9+TC.

(21:n,an)~7
Zhy1€EZ

(27)
Proof. We write P := Py, (x1H), M := M(x¥H), M := M(x""). Throughout the proof of
the lemma we write 2z, = (ah/,L:h/,h Oh/,LJrl;h/) for b’ € [h]

First note that

EC o amyer D ‘Pf(ZhH\Zl;h,ah)—PﬁA(thrllZmah)‘

Zh41€EZ
<Ef....an)er Z ‘Pf(zhﬂ\zl:h,ah)—Pﬁ/l(zh+1|2h,ah)’
Zh41€EZ
+EL e Z ‘Pﬁ\/l(zh+1|z1:h,ah)—Pﬁw(zhﬂlzh,ah)‘-
zh,+1€§
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Therefore, to prove the statement of the lemma, it suffices to show that

Egl;h,ah)Nﬂ Z ‘Pf(zh-l-ﬂzl:haah) —Pﬁ/[(ZhHIZmah)‘ <e (28)
Zh,+1€§
— _ A2LOL
E(z1 hoan)~ Z ‘Pﬁw(zmﬂzh, an) — Py (2h41) 2, ah)} <0+ TC (29)

Zh1€Z

Note that for any s € S, if h > L and there is some policy 7 € II&" so that dg . (s) >0, then

the fact that P = P, ,(71'f1) and Lemma E.2 ensures that s ¢ Z/{fh_ ;. (7). Furthermore, we have
TP, = T7, forall B’ > h — L and OF, = Q7, for all b’ € [H]. Thus we may apply Lemma F.3 to
the POMDP P with 7/ = 7", which gives that for general policies 7,

EP

A1:h—1,02:K T

<e. (30)

Z ‘b}?(alzh—la 02:1)(8) — B?Lh (@h—r:h=1,0h—1+1:1)(S)
sES

Now, for any choice of (z1.1,,ar) € Z" x A (which is equivalent to the data of ((a1.;,—_1,02.1),an))
we have that, for 0,11 € 0, letting Zh+1 = (ah,[ﬂH;h, 0h7L+2:h+1)s

P} (zh41]21:0, an) = 0h+1 -0}y - T} (ap) - b] (a1:n—1, 02:1).
On the other hand, (10) gives
A ~__h
Pp (2nt1l2n, an) = e ohﬂ OF 4 - T} (an) - b} (@h—L:h—1s Oh—141:h)-

Moreover, for 2,1 € Z\Z, we have IP’h (zht1lz1:m,an) = ]P)hf\;{(Zh+1|Zh, ap) = 0. Thus, we get
that

‘Pf(zh+1|z1:h, ai:p) — Pﬁ/[(zh+1|zh7ah)‘

zh+1e§
E>) ~__h
< Z Conay - Of 1 - T7 (an) - (bf(alzh—hOQ:h) — by, (ah—L:h—170h—L+1:h))‘ (31
op4+1€0
E») ~__h
< Z ’bf(am—h 02:1)(8) — by (ah—r:h—1, 0h—L+1:1)(S)] (32)
sES

where (32) uses the data processing inequality for total variation distance (together with the fact that,
= . ~ n .

for (z1.4,a) € 2" x A, we have bf(al:h_l, 09.1,) (517K = b7 (ah_L:}Il’ oh_j+1;h)(ssmk) =0).

The above display, together with (30) and the fact that for any z;, € Z\Z, PT (0*"|21.1,, a) =

PM (017K 2, ap) = 1, gives (28).

Next, we remark that for all z;, € Z,a, € A, it holds that

‘Ph zh+1|zh,ah) Ph (zh+1|zh,ah ‘ HP,{L\A(~|Zh,CLh) — P#(-\zh,ah)H < 0 + ]l[zh S ZIOW(Ah)]
zh+1€Z
where the inequality follows from Lemma E.1 (and assumption that £ 1ow holds). Taking expectation
over (z1.5, a1:) ~ (P, ), we obtain that
EZl:}ualzh)Nﬂ' Z ‘P'};\A (Zh+1|zhv ah) - PhM (Zh+1 |Zh7 ah)‘

Zh+1€§
P low (~F
<9+P21 hy@1:n)~ (’zh € ZhO,C (ﬂ-L>)

=0+ dJ (200 (7))
AQL OL C
¢ i
where the final inequality follows by Lemma F.4 with 7/ = 7" and the fact thatif » > L, for all s with

dg; . (s) > 0, it holds that s ¢ Z/{fh_L( ") (Lemma E.2), meaning that dS b L(Uzh_L(wh)) =
0. O

<6+
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Lemma G.3 shows that for any reward function of a particular form, the associated value function of

M (w1, under any general policy, is nonnegative. Roughly speaking, this holds because the reward
functions considered in Lemma G.3 belong to the convex hull of indicators of subsets of (latent)

states. Since M (#) is an approximation of P and the value function for such rewards would be
non-negative in P, it is too in M ().
Lemma G.3. Consider any sequence of general policies 7', ..., m € 118" and ¢ > 0. Fix any

H' € [H]. Consider any collection of reward functions R = (R1, ..., Ry), Ry : O — R so that
Ry =0 forall b > H', and so that for each k' < H', there are weights ay s € [0,1], s € S s0

that Ry (0) = Y cs s - (O))L , for all o € O. Suppose that in the construction ()f./T/l\(’ﬂ'l:H)
the event £'°% of Lemma E.1 holds. Then for all = € 118°", h € [H], and 2}, € Z,

H(H — h)VS
gl

V‘n’,M(ﬂ’le),R

h (Zh) > — 0.

Proof. Write M =M ('), Note that by our assumption on R and Lemma B.3, we have that
|Ry(0)] < @ for all h, 0o, meaning that |Vhﬂ’M’R(zh)\ < HT‘@ for all h, zp,.

Note that forall h € [H] and 2;, € Z\ Z, we have V| MB(21) = 0, so it suffices to consider the case

that z;, € Z; we will do so via reverse induction on h. For the base case, we have that VMR =
(which follows from Rj, = 0 forall A’ > H'). Now fix some h < H’, assume that Vﬁ/\f"R(zhH) >

—w -0 forall 2,1 € Z, and consider any z, = (ap_r.1h—1,0n_L+1:n) € Z. Then we

have, for any z;, € Z:

W,M\,R ﬂ',./(/l\,R
Vi (2n) :]EZ;LHN]Pﬁ?('IZmah) [Rh+1(o(zh+1)) + Vh+1 (Zh+1)}

P, (o) | B (00nn) + VI )| - — ! (33)
H(H - h)VS
= ~PM (2 an) [Rni1(o(znt1))] — (’y) -0 (34)
M H(H — h)VS
B Z Py ((ah—L41:h5 On—L241) |2, an) - Rhg1(0n41) — ( WS 0
op+1€0 ~
:Zahﬂ’s - Z ((O)ZLJH)L%H 'eOThH '(O)ZLDH - T} (an) 'BZ (@h—L:h—1,0n—L+1:n)
seS Oh+1€0
— M .0 35)
Y
~__h
- Z Qhtl,s e;r T} (an) - b (@h—r:h—1,0h—L+1:1)
seS
_HEH-WVS »
Y
L HE-WVS o

v

where:

* (33) follows because if zj, aj are so that H]P’{?th, ap) — Pg(~|zh, ah)H > #, then by
1
Lemma E.1 (and assumption that £'°% holds) we have that with probability 1 over zj, 1 ~

PM(-|2, ap), it holds that z,41 ¢ Z, meaning that Ry11(zn41) + Vi (zga) = 0
with probability 1.
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On the other hand, if HIP’{E"\('|zh,ah) —Phﬂ(~\zh,ah)“ < 0, then the fact that
1

Rpy1(o(zny1)) + Vﬁjlw’R(ZhH)‘ <4

f for all 2., € Z establishes (33).

* (34) follows from the inductive hypothesis;
¢ (35) follows from (10);

* the final inequality in (37) follows since all aj41s > 0 and the entries of
T? (an), bzh (@h—L:h—1,0n—L+1:) are all non-negative.

(37) completes the inductive step, and thus the proof of the lemma. O

Using Lemmas G.2 and G.3, we next establish Lemma G.4, the main result of the section, which
shows that for any reward function which is a special case of the type used in Lemma G.3, the
value function of Py g (71 is approximately upper bounded by that of M (15 (for appropriate
choices of H"). Intuitively, the lemma holds since, as established in Lemma G.2, the transitions of
Pon(mrt) and M (m'H) are close at step h. Furthermore, Lemma G.1 ensures that the difference

in value functions of Py g~ (m+H) and M (71*f) may be bounded above by that difference in
transitions at step h.

Lemma G.4. Consider any sequence of general policies 7', ... " € 118" and ¢ > 0. Fix any

H' € [H]. Consider any collection of reward functions R = (Ry,...,Ryg), R, : O — R so
that R, = 0 for all h # H', and so that there are weights a5 € [0,1], s € S so that Ry (0) =
>ses @s - (OF)L , forall o € O. Suppose that, in the construction of./(/l\(wl:H), the event E'°% of
Lemma E.I holds. Then for all general policies ™ and all H' > H' — 1,

vaqS,H” (7T1:H),R

v (0) — VMR g

- H?2\/Se N 2H30\/S N H?\/SA?LOL¢
-y v oy
(38)

In the above lemma statement we consider R to be a reward function for the MDP M (w1 in
the natural way, i.e., via abuse of notation, we use the induced mapping R, : Z — R defined by
Ry, (2) = Rp(o(2)). Note also that for all b’ € [H] we have Ry, (o"") = 0, since (OF,)! .. =0
foralls € S. ’

Proof. For h € [H], we write P, := Py (7)), and furthermore write M := M (x), and

M = M(n!H). By Jensen’s inequality, it suffices to consider the case that 7 is a deterministic
policy.

Since Py~ is a truncation of Pp/_; (Lemma F.1), we have that, for any s € S, PL#” [sn =

s] < PfH"l[sh = s]. In light of the fact that Vf’ﬁ’“R(@) = EP» [Yses s - Ls, = s]] for

each h € [H], it follows that Vlﬂ’fH”’R((Z)) < Vlﬂ’PH”l’R((Z)). Thus it suffices to upper bound

P _1,R M
Vi) = v R (),
Write ¢ = 2 23\/?. We will now apply Lemma G.1 to the POMDP P with P/ = M. Tts
preconditions are verified as follows: certainly Ry, = 0 for h’ # H’, and moreover Ry (0¥"%) = 0

since (@>7D/)Jr « = 0forall s € S. By Lemma G.3, Vh”_(_jlw’R(alch,l, 02:1,) > —1 for all h and

S’osil’l

ah-1,02.n € (A x O)"=1. Furthermore, for all (a1.f7_1,00.55) € % occuring with positive
probability undner (o, M) for any policy o, the definition of M (7!:#) ensures that if 0, = 0" for
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some h € [H|, then o5, = 0% for all i’ > h. Thus, we may apply Lemma G.1, giving that

v PR ) ym MR g)

H' -2
P , M R
<Y ER ongen (R = BV ) (01, 02)]
h=1
5[_{/71 fH’—l /T/[\
+E(“1:H’71702:H/71)N‘ﬂ' |:<(HDH’—1 _PH'—I)RH'> (altH'—1>02:H’—1):| +¢yH

H\F 7 v
<wH +— Z E(m hy02: ] )T H‘PE}L('ML}H 021h> - Pﬁ/l('mlihv 022h>H1}

3 2 2L L
<H9\/§+H\/§_<6+9+A og)
Y

Y ¢
H?\/Se 2H®0/S H?*/SA*LOL
VS | VS M ¢, (39)
Y Y oy
where the third-to-last inequality follows from the fact that ‘V,f’ﬂ’R(alzh,l, 02:n)| < HT‘@ for

all h € [H] and (a1./,—1, 02.) € F4,, and the second-to-last inequality follows from Lemma G.2,
applied foreach h € [H' — 1]. O

H Two-sided comparison inequalities

In this section, we prove several inequalities which relate P and /\/l(7r1‘H ), which are similar in

spirit to those in Section G (which related Py, g (') and M (7)), but are of a two-sided nature.
Accordingly, the upper bounds we show on the difference in the value functions for any policy 7
depend on the probability that 7 visits the underexplored sets (Definition E.2) associated to the
policies 71

Given S € N and a distribution @ € A([S]), as well as a subset S’ C [S], let Rs/ (Q) € Rgo be the
vector which is identical to @) except that for s € ', Rs/(Q)(s) = 0. Furthermore, recall that for a

non-negative vector v € R%, we define n (v) € A([d]) by, for i € [d], n(v) (i) = ZdV( 3,(])

Lemma H.1. IfQ € AS, 8 C [S), then |Q — n (Rs/(Q))]l, = 2 Q(S").

Proof. We compute

Q(s)
1Q ~ n(Rs (@), =Q(S) + e
e 2 QS
Q(s)
5;5, ’ — QS
=2.Q(8).

O

Lemma H.2 is a corollary of the belief contraction theorem (Theorem B.2), which relaxes the

constraint of Theorem B.2 that Z ((S)) % for all s € S (for particular types of choices for 2, 2).

The cost of doing so is that the upper bound contains a term denoting the probability that 7 visits a
certain set of underexplored states.

Lemma H.2. There is a constant C' > 1 so that the following holds. For any ¢ > 0,L € N
so that L > C - min { log(1/(<¢)) log(log(1/¢)/€) log(l,y/fw)) } it holds that, for all general policies

~
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m, ' € II8en,

EP

A1:h—1,02:R T

~_
br(a1:n—-1,02.) — b}, (ah—r1:h-1, 0h7L+1:h)H1

Se+1h>L]-6-dgy (U, (7).

Proof. By linearity of expectation it suffices to prove the result for the case that 7 is a deterministic
policy, i.e., we have 7 = (71, ..., 7x) where 7, : AP~1 x O"~1 — A. Fix any such deterministic
policy 7 and a general policy «’ € 18",

Note that the lemma statement is immediate in the case that h < L, as we have by, (a1.p—1, 02.5) =
b};' (ah—L:h—150n—1+1:n) (see Section E.1). Thus, for the remainder of the proof, we may assume
h> L.

Seth := h—L. Fix any choice of 7 := (a1.5,_1,02.1) € AL xOr~1 Let 77 be the policy defined at
steps 1, onward, given the history 7; in particular, for b’ > h, define 7rj, : A¥ ~PHL x OV —h+L g
by 75, (ap:n—1, 0pg1:0) = The (@10 -1, 0207 ).

Theorem B.2 gives that for any distribution @ € A(S) so that (Sz ;< for all s € S (with §
h S
interpreted as 0), it holds that

ZLNQ,(aQ;h,l,oMM)NWT byP (ap:n—1,0n11:0; Q) — b, (apen-1, OQ+1:h)H1 <e. (40)
Now set Q7 :=n (RU;’,E(W (bp(a1:h— ﬁ))) By Lemma H.1, % be(al;ﬁ_l,oz;ﬁ) — QTH1 <
€7, where €™ = Zseufh(,,,) bp(a1:n-1,02:1)(s). We now see that

P
sp~bp(a1:n—1,02:n), (@n:h—1,0p41:n)~TT

~ _/
by (a1:h-1,02:n) — b}, (ap:n—1, 0ﬁ+1:h)H1
T P T’
26" + Ky, 0r (apn_1.0ns 1)~ ||PR(@1R—1,02:0) — B (@pin—1, 0ﬁ+1:h)H1

r P apx .NT wr
26" + B¢, g (apn—rionprn)~nr |Ph (Ghih—150n41:05 Q) — by (aﬁ:h—la%ﬂ:h)Hl

+ Esh ~Q7(

1,012 )~ [br(a1:n—1,02:n) — By (ap:n—1, 0p11:0: Q7|

<6e” + EShNQT (@nin—1,0n41:n)~T7 bsz(aﬂih*h Oh+1:h; Q") —bj (aﬁih*h Oﬁ+1lh)H1 (41)

<6€” + ¢, (42)

where (42) uses (40) together with the fact that Q' (s) < % for all s € S (as those s € S with

gﬂ (s)
dg ,’Lp(s) < ¢ have been “zeroed out” from by, (@1.5,—1, 02:1,)), and (41) uses the fact that

by (ai:p—1,02:n) — bsz(%;h—h%ﬂzh;QT)Hl

8h~Q J(an
b (ap:n—1,0n+1:0; Q)
<2 i { QT (onn - ong )T ( ‘ bh(al:h—1702:h) -1 ’ ! (43)

<9 min (H ‘ 1),1} (44)
bh a1:h—1, 02:1)

<2- mln{ }<4e
1—¢"’

where (43) uses the fact that for P,Q € AS, |[P — Q||, <2- (Hg” — 1), and (44) uses [GMR22,
Lemma 4.6]. Oo

P P P, (7 /P
Note that B¢, h)Nﬁ[bh(al h—1,02:)] = dS » » meaning that E7’[e7] = dg ) (U , (7')). Fur-
thermore, note that the conditional distribution of s, given (a1.n—1, 02:5) is exactly by (a1:,—1, 02:1).

hih—1;0h+1:h)~T"
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Thus, taking an expectation of the display (42) over (a1.5,—1,02:5) ~ 7, we get that

P

(a1:n—1,02:n)~T

<e+ET[6e™] =€+6- d (uth( ™)),

~_
by (ai:n—1,02:n) — b (%:h—l,%ﬂ:h)Hl

as desired. O

Lemma H.3 is the main result of this section, which uses Lemma H.2 to show an upper bound on the
absolute value of the difference between the value functions of P and M (7*#), for any policy 7.

Lemma H.3. Consider any sequence of general policies 7', ..., € 118" and ¢ > 0. Fix any
H' € [H]. Consider any collection of reward functions R = (Ry,...,Ru), Ry : O — [—1,1]

so that Ry, = 0 for all ' > H'. Suppose that in the construction of M\(wl:H), the event £V of
Lemma E.1 holds. Then for all general policies m € 118",

. i vin:] HQAQLOL

‘/1 ,P,R(@) o Vl ,M( )’R((Z)) < H2€—|—H29+ C +AH - Z dSh . u¢7h7L(7Th))'
¢ h=L+1

Proof. Fix general policies 7', and for h € [H], let 7" be the policy which follows 7" up to step

max{h — L — 1,0} and thereafter chooses actions uniformly at random. Write M = M(x*H) and

M = ./\/l( ) By Jensen’s inequality, it suffices to consider the case that 7 is a deterministic

policy. Using the assumption that Ry is identically O for b’ > H’, we have from Lemma B.1 that for
all general policies 7, writing zp, = (@h—L:h—1, Oh—L+1:h)>

VP - v )| =

H
}E’(pal:H—hoz:H)Nﬂ' lz«ﬂﬂ) PM)(‘/hﬂJr/IA M + Rh+1))(a1:h> 02%)] '

h=1
H' -1
T ./\/l R
= EZ] H—1,02:H)~T Z ((]P)E )(Vh+1 + Rh+1))(a1;h702:h)
h=1
i (H -1 . 1
B e | 5 [P o) )]
h=1
) (45)
i [H' -1 . 1
g? ']Ezle—hOzH)N’T Z HPE("alzhaOQ:h) - P{I\/l("zh’ah)‘ 1
H H-1 = .
+ 9 E@l:H—LOZH)NW Z HP{L\A('|Zhaah) - PhM('|Zh’ah) ‘1 ’
h=1
(46)

where (45) uses the fact that ‘ (Vhﬂ_i’rjl\/l’R + Rh+1) (a1:n, 02;h+1)’ < H for all ay.p, 09.5,+1. For all

h € [H], a1, € A" and 02, € O"~1, we have (with 2, = (ap—r:h—1, Oh—141:h))
P} (on+1a1:n, 02:1) = 0h+1 -OF 4 - T} (az) - b] (a1:n—1, 02:1)
~_h
]P’h (on+1|zn,an) = 0h+1 - OF 1 - TF (arn) - by (Ah—rL:h—1,0h—L+1:h), 47)

where (47) follows from (10). Thus, by the data processing inequality, for all a;.;,, 02.5, (again writing
zh = (Ah—L:h—1, Oh—1+1:))

v ~__h
HPE('MM, 02:h) — PhM('|Zh7ah)H1 < Hbf(ahh—hozzh) —bj (ah,—L:h—l,Oh,—LH:h)Hl . (48)
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Next, by Lemma E.1 and the assumption that £'°% holds, we have that for all h € [H], z;, € Z,
ap € A,

[P Clzns an) = PRl an) | <0+ 2100 € 22 ). (49)

Moreover, by (48), we have

(11 -

Bl vonyer | Do |[PRClavns 02) = PR Clavns 02,
h=1

(7' -1

<E s i omst)mor Z Hbf(alchflaolh) _Bzh(ahfL:hflaOhfLJrl:h)Hl
h=1
H' -1
SHe+6- Y dgm (UL, (7)), (50)
h=L+1

where (50) uses Lemma H.2 for each h satisfying L + 1 < h < H’ — 1 (in particular, for each such
value of h, the policy 7’ in Lemma H.2 is set to 7).

Next, using (49), we compute

H'—1
Bl vonyen | 2o [P Clavns02) = PA4Clavn, 02|
h=1

H -1
<OH+2- > PL . (2 € Z7(F"))
h=1
HA2LOL H' -1
<OH +2- TC S g UL, (7)), (51)
h=L+1

where (51) uses Lemma F.4 for each 1 < h < H' — 1: in particular, for each value of h, the lemma is

applied with P = P and ’ = 7",

Combining (46), (50), and (51), we obtain that

PR =, M,R 2 2 H2A?EO%¢ P h
VIPE0) - W) | <HPe + PO+ ———— 4 - Z dg U1 (x"),
h=L+1

as desired. O

I Analysis of BaSeCAMP (Algorithm 3)

In this section we prove Theorem 3.1. We first show the following technical lemma, which relates the
underexplored sets (Definition E.2) of the truncated POMDPs P, j, (71#) and P.

Lemma I.1. Consider any sequence of general policies w0 and define ©" =
T h+1 Zh, BT W0 for each h € [H). Then, for each h satisfying L < h < H and any ¢ > 0,

Py (1
%,Z’f(L )(Wh) C UZf.st,hfL(Wh)'
Proof. Fix ¢ and 71 and write Pp, := Py 5 (r17).

) ) h
Consider any h > L, and any s € L{f}sz(ﬁh); in particular, we have dg’;l’fL(s) < ¢. By item 1 of
Lemma FE.2, it holds that

h
dg T () < dZRTL () + dZRT (7). (52)

)
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. 7) / ’ . .
For each H' > L, write Uy _1, 1= Uy o (7TH ); in words, Up 1, is the set of underexplored

states in P g/ _; at step H’ — L which all mass is diverted away from in the construction of Py (see
Section E.3). It holds that

P )
LR W O

=L-+1
<H. Z d;’;f;, et uH, ) (53)
=L+1
h
<H.- Y S¢<HH-1)S¢, (54)
H'=L+1

where (53) follows from the fact that for all s € S and any H' < h,

H
f ’_ ,Trh ]- 5 ’_ ,TI'}L,’O
ds iy ()= =17 Z ds'p’p (s)

1 PH’ 17!‘h 0
< g %d”’ o

)

and (54) follows by definition on/{H/ .. From (52) it follows that dS o L( $)<¢+H(H-1)S¢p <
H?S¢,ie. s € Z/{¢‘st7h_L( h), as desired. O

Lemma 1.2 is the main technical lemma in the proof of Theorem 3.1, and shows that for each iteration
k of BaSeCAMP, one of two options must hold: option 1 implies that the policies 7% 1H of BaSeCAMP

have sufficiently explored P and will be used later to show that the optimal policy for M® is an
approximately optimal policy for /P. Option 2 states that progress is made by BaSeCAMP at iteration
k in sense that some new latent state (s, h) of 7P must be explored. The proof of the lemma proceeds
by combining the results of Section G and H which show that the true POMDP P is “sufficiently

close” to the approximating MDPs M (k). with the result of Section D which states that the policy
obtained from a barycentric spanner (as in Algorithm 2) has desirable exploration properties.

Lemma 1.2 (“Progress Lemma”; formal version of Lemma 5.1). Consider the execution of Algorithm
3 given the values of the parameters defined in Section C.1. Fix any k € [K| in step 3 of Algorithm 3

and suppose that, in the construction of M® jp step 5, the event £'°% of Lemma E.1 holds. Then
one of the two following statements holds:

1. For all general policies m, it holds that ds o LJ o T(s810K) < §H.

2. Thereis H' € [H] and (h,s) € [H'] x S, so that h > L and the following holds:
k+1,H,0 4 - 5

k,h P,
(h— LS)GU¢H2Sh (@) and dSh L (8)2756}153/202'

Proof. Fix k € [K]. For h € [H], we will write 7" := 7*" for the course of the proof. Furthermore,
according to our convention, let 7" denote the policy which follows 7" for the first max{h —
L — 1,0} steps and thereafter chooses uniformly random actions. For each H' € [H], define

fH/ = f@H/ (7T1:H) and .K/l\ = ./T/l\(TFLH) = M\(k).

‘We consider two cases:

Case 1. First, suppose that for all general policies 7w € T18°" and all H' € [H| satisfying H' > L, it
holds that

g (u;fz’/_lL(wH’)) <. (55)
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‘We now claim that
A5 () <6 H. (56)

To see that (56) holds, we argue by induction, noting that d?LL’”(sSi“k) = 0 since P, = P. Next, we
note that for each H' > L + 1,

P i 3 f 11, f ’_ !
dg,?{,iL (Ssmk) :dg,}lgiLq(ssmk) + ds’,},{/:; (u@Z'—lL(”H ))

P 1_1,T sin P 1 _1,T P ’_ !
e+ ()
<§-H +6=6-(H +1),
where the first equality holds by definition of Pz (see Section E.3), the second equality holds
since the transitions at steps 1,2, ..., H' — L — 2 of Py/_1, Py are identical, and the inequality

follows by assumption (55) and the inductive hypothesis. Thus, in this case, we have established that
(56) holds (i.e., item 1 in the lemma statement holds).

Case 2. Next suppose that the previous case does not hold, and choose H’ > L as small as possible
so that, for some 7* € I18°",

dQZC’L”* (u;’,zi_zw”)) > 6. (57)

We will now apply Lemma G.4 with the value of H' in Lemma G.4 setto H' — L, the value of H”
in Lemma G.4 set to H' — 1, the value of ¢ in Lemma G.4 set to the value of ¢ defined in Section
C.1, 7 H set to the present value of 7', and M\(Wl:H) set to M = M®) . We also need to define
the rewards R = (Ry, ..., Rg), where each Rj, : O — R. We set each Ry, h # H' — L, to be
identically 0. Furthermore, for o € O, we define

s 3 p i) ol

seS

Note that the rewards R satisfy the requirements of Lemma G.4. The definition of R ensures that, for

all T € 118",
M, M,R
> <€s,(@7§/,L) ‘do,;f—L>: 0)
seu;’;',ji(frff’)
P s Prr_ ! P ,TT ﬂ,f 1_1,R
dsfipr (ud),z,_lL(wH ) = Z <63, (@Z,_L)T 'dof;pr > A ()
seuzzl,iz(wl‘ﬂ)

Thus, by Lemma G .4, the fact that £ low holds for the construction of M\ , and (57), it follows that

> (e ) dgL)

£
s€U¢ LA (rH")

JH! — L
:Vlﬂ*,M,R(@)
TP H?\Se 2H3/SO H?A?LOL.\/S
Sy PR g \Fe+ VS N V'S¢
o o oy
2 3 2 A2L L
- <H \/§e+2H \/§9+HA ¢O \/§g> -
y v Y

where we have used the definitions of the parameters given in Section C.1: in particular, since § = ¢
2L ~HL : 4 ppo

and $49° < ¢ we need that § — % - 4e > ¢', which holds since § = 26’ = C* - o]{fs\/g €

for some constant C* > 1 and C™* is sufficiently large.
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Since M is an MDP on the state space Z, and any MDP has a deterministic Markov policy achieving
its optimal value, there must be some o* € H‘Z“arko" so that

> (e (OF ) gt ) = v 0 = (58)

P
H’'—1 ’
SEZ/{¢)H,7L(7TH)

We will now apply Lemma D.2 with the following settings (importantly, the values of &', Ml below are
the same as the settings used in step 4 of Algorithm 2 in the construction of the policies 7*+1-H":0);

./T/l\.ﬂ' markov
n=¢8, X = {dQH_L C 7 e Ik } M = (0%, _,).

We must first verify that the preconditions of the lemma hold: in particular, it suffices to show that for
any subset S’ C &, and any 7 € [IJarkov  []een,

b Mo ¢’
<Z es, (05 _1) ~déf‘1’{,L> > 10 (59)

seS’

To do so, we will again apply Lemma G.4, with the same parameter settings as previously, except with
different reward functions: in particular, we define the rewards R = (Ry, ..., Ry), fgr Ry, : O = R,
as follows. We set each Ry, h # H' — L, to be identically 0. Furthermore, for o € O, we define

Rip_1(0) =Y 1[s€ 8- (0F, ) .
seS

Then the following equalities hold true:

M. T M,
AR () =<Z e (OF 1) 'd37f’f'—L> «
seS’
Py _1 T Prr_1om
AR <Zes,(@}’p_L) ~d§,H'L>-
seS’

Since, for each s € S’ C S, it holds that
t Pui_1, P 1 P 1
<es’ (0% 1) 'dofz{q/-lLﬂ> - <es’dsf;1'-le> =dg i1 (5) 20,

we have that VIW’PH"1 R(@) > 0, which means, by Lemma G.4 and (60), that (59) holds as long as

§' _ H>VSe  2H3/S0 ~H2A*OL\/S5¢
—s 2 + + ,
40 v gl oy
which is true by our parameter settings in Section C.1 (in particular, since § = ¢ and

4‘;3/2 > H 37*@ - 4¢, which holds as long as C™ is sufficiently large).

2L L
cartor
¢

we need that

By Lemma D.2 and (58), it holds that the policy 7*+ 1 "0 output by Algorithm 2 satisfies

f N ok t1H 0 0’
> <e (OF )" -dgm_, > > 155 (61)
seufg’,j(wff’)

We next apply Lemma H.3, with the present values of H’, 7'*# and ¢ (namely, the ¢ defined in
Section C.1), and the following setting of R = (Ry,...,Ry): Ry = 0forall M’ # H' — L, and,
foro € O,

RH/,L(O) = Z (@7)/7[‘)170.

Prr_1
S€u¢,H,7L(WH/)
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Since |[Rp/—1(0)| < @ for all o € O (which follows from Lemma B.3), we have from Lemma H.3
(and the fact that £'°% holds in the construction of M\) that

kAL H’,0 P / ./\/l _n_k+1 H’,0
S T A L D S < (©F )" dghi” >
sEL{(ﬁ i,ilL(TrH/)
= PR ) Vﬁ’“’”’”’f“(@)‘
5 H2A2LOL H'-1 .
g{ | H?¢+ H?*0 + ——— p ¢ +4H - Z dsk;:r : P ugb,h—L(Trh))
h=L+1

5/ 4Hf " P, okt H')0
g T Z o, U ("),
h=L+1

~y — 80%’
which holds by our parameter settings in Section C.1. In particular, since we have § = ¢ and
2L ~HL ’
A0 < ¢, it suffices to have 8502 > fH - 3¢, which holds as long as the constant C* is
sufficiently large. Thus, using (61), we get that

o 4H\/§ -1 aktl, JH' 0
' Z dgh L UL (7). (62)
h=L+1

where the final inequality follows since
H2 A2L OL C ) &

\/§-<H25+H20+ 3 <

P, Trk+1 H',0 ﬁH’—l H'
dg i Uy (7)) = 502 T 4

We next apply Lemma 1.1, with 7/° in the lemma statement set to 70 := ¢ SK,_ w10 Then
we have

H

_ 1 & . _
o khiéz h+1zﬂ_k,h,0 . h+1z khO

so Lemma I.1 gives that U;ZI/__lL (r#") ¢ U;),HZS H/_L(’/TH,), so rearranging (62), we get

P, k+1,H’,0 ’
ds 17;/ (u¢~H25,H’7L(7TH )

4H\/§ -1 ak+1.H' 0 0’
: Z dgh L (Uf,hfL(Wh)) > 807
h=L+1

Using that Z/[Z;h_L(ﬂ'h) C L{;’_HQS’hfL(Wh) for all h and simplifying gives

4H\/§ L Pkt H',0 Y
: Z dg 1, (ugH2S,h—L(7Th)) > 802
v h=L+1

It then follows that there is some (h,s) € [H'] x Ssothath > L, (h— L, s) € LI;D_HQS(W") and
dp k1 H 0 9 - ¥

si-e (9 2 grmgange:
which means that item (2) of the lemma statement holds. L]

Recall that in Section C.1 we set K = 2HS. Lemma 1.3 formalizes the intuition that item 2 of
Lemma .2 can only hold for H S iterations, showing that indeed item 1 must hold for some iteration
€ [K] (using that K > HS).

Lemma L.3. Suppose that the event £'°% (of Lemma E.1) holds for the construction of M &), for all

rounds k in Algorithm 3. Then at least K /2 iterations over k in Algorithm 3 satisfy the following: for
) =k LiHy .

all w € T1gen, g5 50T (gsinky < 51,
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= ko LHY
Proof. Let the set of k € [K] so that there is some 7 € 18" with dg”;fi(g ), (s%0k) > §H be
denoted by Ky C [K]. Lemma 1.2 gives that for each k € Ko, there is H' € [H], (h,s) € [H'] x S

sothat h > Land (b — L,s) € U} o), (T%") so that dg,f Ll ) > 565;;7;//202' For all
k' € [K] with ¥ > k + 1, ® " is a mixture policy which puts weight at least & - £ =

!
akH1LH'0

2}}23 on
, meaning that for all such &', it holds that
P 1 8 -y
> .
i1 5) 2 335 " BeH G202

which means that (h — L, s) & Z/lg H2S.h L(ﬁk/’h). The second inequality above holds since we

> ¢- H2S,

’
e < C*AH(ZSZ/?m for a sufficiently large constant C*.

Thus, if |[Co| > H S, then letting k* be the largest element of Ko, we get that for all h € [H] with
h>1L, M§H2S7h_L (7*"*") must be empty, which contradicts Lemma I.2. Hence |Ko| < HS = K/2,
as desired. O

have, in Section C.1, set ¢ =

Lemma [.4 shows that, if the property in item 1 of Lemma 1.2 is satisfied, then the value functions of
P and M (n:H) are close under any policy. This result is similar to Lemma H.3 (which is used in
its proof), but unlike Lemma H.3, the upper bound does not depend on the probability of reaching
any underexplored set. Instead, such a probability is upper bounded by the assumption that item 1 of
Lemma I.2 holds.

Lemma L4. Let ¢ > 0 and suppose w1

are general policies so that f(z,’ g (m1) satisfies the

Sfollowing, for some 6 > 0: for all general policies T, ds d}f(g )’Tr(ssmk)

construction of M(ﬂ'l‘H ), the event £ of Lemma E.1 holds. Then, for all h € [H) with h > L, we
have

< 4. Suppose that, in the

dgn_ (U1 (7")) < 6. (63)
Furthermore, for any reward functions R = (Ry, ..., Ry), Ry, : O — [0, 1), it holds that
H2A2LOL<

+ 4H?S6.
o

‘V”PRV) _ ymMET.R (@)‘§H26+H29+

Proof. Since £'° holds, Lemma H.3 with the given values of ¢, 7%/ and H' = H gives that, for
all general policies ,

VTr'PR @ _Vﬂ',./T/I\(TrLHLR @ < H2 H2H H2 ZLOLC +4H - d u h
(@) 1 0)] < H%e+ T e— ) Z Sh 1 ¢,}L—L(7T )

h=L+1
Thus it suffices to bound d7SD T L(Z/If’hi 1 (7)) for each h > L. For this purpose, we first use item 1
of Lemma F.2 to get that for all s € S and h > L, and all 7 € 118",

P e I P U HY © o sin
dgimp(s) <d&3 T (s) g T T (s, (64)

By items 2 and 3 of Lemma F.2 and our assumption in the statement of the present lemma that
) 1:H
dl 4T (gsinky < 5 it holds that

Pon(xtH sin P ™ sin
agpt () < dgyt T () <o,

Lemma F.1 gives that forall h € [H], U}, (7") C Z/{P“’ ’L(ﬂ )(77"). But Lemma E.2 with H' = h

ensures that for any s € UZ:Z “(LTF )(ﬂ'h), we have dg‘flf(g )’W(s) = 0. Thus, from (64) we have
P,
dg ), L(uf,hfL(Wh)) < 56,

which gives the desired result.
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Finally, using Lemma 1.4, the proof of Theorem 3.1 is straightforward.

Proof of Theorem 3.1. Let £ be the event that the event £'°% of Lemma E.1 holds in the construction
of M) in Algorithm 3 for all k& € [K]. Then, by Lemma E.1, the probability of £! is at least
1 —pK >1— /2 (where we have used p = /(2K as defined in Section C.1).

By Lemma 1.3, under the event £, there must be some iteration k in Algorithm 3 so that, for all

1:H
w € 118°%, dp“}fi (g ) "(s¥mk) < §H. Then by Lemma L4, for any reward function R with values

in [0, 1], it holds that, under £*,

H2 AQL OL

HAO%C | ypsss < @ (65)
10) 8’

where the final inequality follows by definition of « in Section C.1, assuming the constant C* is large
enough.

vEPE) — v MY R 0)| < B2+ B0+

For each h € [H], let 7" := 7", and 7" denote the policy which follows 7" up to step max{h -
L — 1,0} and thereafter chooses uniformly random actions. Denote the reward function of Mk

as constructed in Algorithm 1 by R .= Rﬁ(k), and denote the true reward function of P by
RP. By Lemma E.1, under the event £!, for any h € [H] and any trajectory aq.;,—1, 02., for which
(Ah—L:h—1,0n—L+1:h) & Zlow ("), it holds that R ( n) = Rf (op,). Thus, by the definition of the
value function,

R(F)

VP ) = v PR ()|

H
> RF(on) - E““)(oh)H
h=2

H
o [zwah bt on 1) gzwm]
h

E(ﬂl JH—1,02:H)~T

HA*LOF
_TC+ZdSh LU (7)) (66)

2LNHL
g% L HSS < a/8, ©7)

where (66) uses Lemma F.4 for each 2 < h < H, applied to the POMDP P with 7’ = 7", and (67)
uses (63) of Lemma 1.4.
Combining (65) and (67) gives that, for all general policies 7,

Q@

. P o ) Bk
Vi @) - v MR )| < 5 (68)

The above inequality holds in particular for the optimal policy 7* of P. Since 7* (as computed in
step 10 of BaSeCAMP) is the optimal policy of M ¥), we have (using (68))

=~ P ,RP ok MF) RO
Vi 0) >V~ 0) -

Denote by £2 the event that, for all & € [K], the estimate 7* produced in step 11 of Algorithm 3 is

within a/4 of the true value of 7%, namely Vfr* PoRY (D). By Hoeffding’s inequality and the union

bound, £2 occurs with probability at least 1 — 3/2. Thus, under the event £ N £? (which occurs
with probability at least 1 — 3, the policy 7rk'* output by BaSeCAMP (Algorithm 3) satisfies

k* P *
‘/17r* ,P,R ((Z)) > Vl‘n' JP,R” ((Z)) —a,
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as desired.

Finally, we analyze the runtime of A}lforithm 3. Let 77 be the running time for a single
call of ConstructMDP(L,No,Nl,ﬁk”l: ), and let T be the running time for a single call of
BarySpannerPolicy(M®*) h). Since it takes time O(|Z|2AH) to compute an optimal policy
of M®) foreach k € [K] and K = 2SH < 20H, the total running time is bounded above by

~ ~ [ H?
20H - <T1 + Ty +O(|ZPAH) + O <042>) ,

where O(-) denotes that logarithmic factors (in H, O, A, 1/a) are suppressed (above the O(+) accounts
for bit arithmetic in the algorithm’s operations).

Next, from the definition of ConstructMDP (Algorithm 1), it is straightforward to see that
Ty = O (H?Ny|2]AO) .

Next we bound 7,. The linear optimization oracle & defined in step 3 of Algorithm 2
can be implemented in time 5(\2 | - HO) using dynamic programming, since the problem
arg MaxX  cypmarkov (r, dg’yﬁf 1) is equivalent to finding an optimal policy in M when the reward
function is given by r at step h — L and is 0 otherwise. Step 4 requires O(O?log O) calls to O,

meaning that a single run of BarySpannerPolicy(M\ , h) (Algorithm 2) takes time
T, =0 (0°H-|2]|). (69)

Altogether, since |Z| = (AO)L, and using the definition of Ny in Section C.1, the running time (and
number of samples) taken by BaSeCAMP is (AO)“ - log(1/f3), for some constant C' > 1. O
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