Published as a conference paper at ICLR 2025

TUNING-FREE BILEVEL OPTIMIZATION: NEW ALGO-
RITHMS AND CONVERGENCE ANALYSIS

Yifan Yang', Hao Ban', Minhui Huang?, Shigian Ma?, Kaiyi Ji'
'University at Buffalo, Meta, 3 Rice University

Y{yyang99, haoban, kaiyiji}@buffalo.edu,
’mhhuang@meta.com, 3sqma@rice.edu

ABSTRACT

Bilevel optimization has recently attracted considerable attention due to its abun-
dant applications in machine learning problems. However, existing methods rely on
prior knowledge of problem parameters to determine stepsizes, resulting in signifi-
cant effort in tuning stepsizes when these parameters are unknown. In this paper,
we propose two novel tuning-free algorithms, D-TFBO and S-TFBO. D-TFBO
employs a double-loop structure with stepsizes adaptively adjusted by the "inverse
of cumulative gradient norms" strategy. S-TFBO features a simpler fully single-
loop structure that updates three variables simultaneously with a theory-motivated
joint design of adaptive stepsizes for all variables. We provide a comprehensive
convergence analysis for both algorithms and show that D-TFBO and S-TFBO
respectively require O(2) and O(% 10g4(%)) iterations to find an e-accurate station-
ary point, (nearly) matching their well-tuned counterparts using the information
of problem parameters. Experiments on various problems show that our methods
achieve performance comparable to existing well-tuned approaches, while being
more robust to the selection of initial stepsizes. To the best of our knowledge, our
methods are the first to completely eliminate the need for stepsize tuning, while
achieving theoretical guarantees.

1 INTRODUCTION

Bilevel optimization has gained considerable attention recently due to its widespread use in various
machine learning applications, such as meta-learning (Franceschi et al., [2018; Bertinetto et al., 2018}
Rajeswaran et al.|[2019), hyperparameter optimization (Shaban et al., 2019} [Feurer & Hutter, 2019)),
reinforcement learning (Konda & Tsitsiklis), 2000; [Hong et al., 2023al), robotics [Wang et al.| (2024)),
communication (Ji & Ying}, |2022)) and federated learning Tarzanagh et al.| (2022)). In this paper, we
study a standard bilevel optimization problem that takes the following mathematical formulation:

min ®(z) := f(z,y"(z))

z€R
st.y"(z) = arg min g(z,y), (1)
yER%YY
where f and g are jointly continuously differentiable outer (upper-level) and inner (lower-level)
functions. In this paper, we focus on the nonconvex-strongly-convex setting, where the lower-level
function g is strongly convex w.r.t. y and the outer function ®(x) is possibly nonconvex.

Recent years have witnessed the rapid development of bilevel optimization algorithms, which can
be categorized into approximate implicit differentiation (AID) (Ji et al., [2021; [Dagréou et al.,2022)
based, iterative differentiation (ITD) (Ji et al., [2022;|Grazzi et al.| [2020) based, and value-function
based (Kwon et al., 2023} Liu et al.| |2021a)) approaches. However, these methods often require
substantial effort to tune a couple of hyperparameters like stepsizes, which typically depend on
unknown problem parameters (such as Lipschitzness parameters, strong convexity parameters, and
optimal function values). This emphasizes the importance of adaptive and tuning-free methods
in bilevel optimization. In this paper, an algorithm is considered tuning-free if it does not need
to know the problem parameters in advance but can still achieve almost the same convergence
rate guarantee as its well-tuned counterpart using this information. Despite several recent efforts
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to reduce dependence on problem-specific parameters (Fan et al., 2024; |Antonakopoulos et al.|
2024), developing a fully tuning-free bilevel optimization algorithm remains an open challenge. For
instance, [Fan et al.|(2024) utilizes Polyak’s stepsizes to automate both inner and outer updates but
still requires information such as gradient Lipschitzness parameters and optimal lower-level function
values. Similarly, |Antonakopoulos et al.| (2024) introduces an "on-the-fly" accumulation strategy
for (hyper)gradient norms, which removes the reliance on inner and outer gradient Lipschitzness
parameters but still depends on the strong convexity parameter for the inner AdaNGD-type updates.

This paper aims to close this gap by introducing two novel fully tuning-free bilevel optimization algo-
rithms named D-TFBO and S-TFBO (where D and S represent double- and single-loop approaches),
along with a comprehensive convergence analysis demonstrating their competitive performance
compared to existing well-tuned approaches (which tune their hyperparameters like stepsizes based
on the problem parameters). Our key contributions are outlined below.

e Our algorithms are inspired by the "inverse of cumulative gradient norms" strategy introduced by
Xie et al.[(2020); |Ward et al.| (2020), adapting the stepsizes based on accumulated (hyper)gradient
norms. D-TFBO utilizes two optimization sub-loops: one for solving the inner problem and
another for addressing a linear system (LS), which approximates the Hessian-inverse-vector
product of each hypergradient. Unlike previous approaches, D-TFBO introduces cold-start
adaptive stepsizes that accumulate gradients exclusively within the sub-loops. This method
establishes a tighter lower bound on stepsizes, improving gradient complexity. In contrast,
S-TFBO adopts a single-loop structure, where all variables are updated simultaneously in each
iteration. Rather than applying the "inverse of cumulative gradient norms" uniformly to all
updates, our error analysis motivates a joint design of adaptive stepsizes for y, v, and x, which
correspond to solving the inner problem, LS, and outer problem, respectively. For instance, the
stepsize for v is coupled with that for y, while the stepsize for x depends on both y and v.

e Compared to the well-tuned AID methods inJi et al.| (2022), our D-TFBO method achieves the

same O(7:) convergence rate. Similarly, our S-TFBO method attains an 9] (7) convergence rate,
matching that of well-tuned counterparts, up to polylogarithmic factors. The complexity analysis

shows that D-TFBO and S-TFBO require O(Z) and O(1) gradient computations, respectively,
to reach an e-accurate stationary point. This comparison differs from the observation in well-
tuned bilevel optimization, where double-loop approaches generally achieve lower gradient
complexity than single-loop methods (Ji et al.|[2022). This is because the inner tuning-free solver
requires O(1) more iterations than well-tuned methods to achieve e-level accuracy.

e The theoretical analysis is inspired by the two-stage framework in [Xie et al.|(2020); Ward et al.
(2020), where the stages describe the relationship between the stepsizes and certain constants
that depend on the problem parameters. However, exploring this technical framework in bilevel
problems is far more challenging because the stages for analyzing each stepsize interact with
those for other stepsizes, resulting in intertwined multi-stage dynamics across different variables.
For instance, the error analysis for the updates on v must account for the accumulated gradient
norms from the updates on y. This motivates us to couple the stepsize for v with the adaptive
stepsize for y to prevent the propagation of accumulated errors. In addition, our analysis requires
establishing precise upper and lower bounds for all stepsizes to ensure convergence results that
match those achieved under well-tuned stepsizes.

e We validate the effectiveness of our methods through experiments on regularization selection,
data hyper-cleaning, and coreset selection for continual learning. The results show that our
methods perform comparably to existing well-tuned methods. More importantly, our methods
demonstrate greater robustness to different initial stepsizes, due to the tuning-free design.

2 RELATED WORK

Bilevel Optimization. Bilevel optimization, initially introduced by Bracken & McGill| (1973), has
been extensively studied for decades. Early works (Hansen et al., {1992} Shi et al.,|2005) approached
the bilevel problem from a constrained optimization perspective. More recently, gradient-based
methods have gained significant attention for their efficiency and effectiveness. Among these,
Approximate Implicit Differentiation (AID) methods (Domke, [2012; [Liao et al., [2018; J1 et al.| 2021}
Dagréou et al.| [2022)) leverage the implicit derivation of the hypergradient by approximating it through
the solution of a linear system. In contrast, Iterative Differentiation (ITD) methods (Maclaurin et al.,
2015} |[Franceschi et al., 2017) estimate the hypergradient using automatic differentiation, employing
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either forward or reverse mode. Recently, a range of stochastic bilevel methods have been developed
and analyzed, using techniques such as Neumann series (Chen et al.|2022; Ji et al.| 2021), recursive
momentum (Yang et al.l 2021} |Guo & Yang| 2021), and variance reduction (Yang et al., [2021]).
Another class of methods formulates the lower-level problem as a value-function-based constraint
(Kwon et al., |2023; /Wang et al., 2023)), enabling the solution of bilevel problems without the need for
second-order gradients. A more detailed discussion of related work can be found in the Appendix.

Adaptive and Tuning-free Algorithms. Adaptive gradient descent has achieved remarkable success
and is widely studied and applied in modern machine learning. Early adaptive algorithms trace
back to line search methods, such as backtracking (Goldstein, |1962), and Polyak’s stepsize (Polyakl,
1969), both of which have inspired numerous recent variants (Armijo, |1966; |Bello Cruz & Nghia,
2016;Salzo, 2017; [Vaswani et al., 2019; [Hazan & Kakadel [2019; [Loizou et al.| 2021} |Orvieto et al.,
2022)). To reduce the computational cost of line search and avoid the reliance on an unknown optimal
function value, the Barzilai-Borwein stepsize (Barzilai & Borwein), [1988; [Raydanl 1993} |Dai &
Liao| [2002) was introduced, drawing inspiration from quasi-Newton schemes. Normalized gradient
descent (Cortés| 2006} Nesterov, [2013; Murray et al.,[2019)) preserves the direction of the gradient
while ignoring its magnitude, removing the need for prior knowledge about the function. |Duchi et al.
(2011) and McMahan & Streeter| (2010) pioneered AdaGrad, an adaptive gradient-based method,
which proved efficient in solving online convex optimization problems. AdaGrad rapidly evolved
for deep learning applications, giving rise to numerous methods, including popular variants like
Adam (Diederik, [2014; Reddi et al., 2018} |Luo et al.,|2019; |Xie et al.| [2024), RMSprop (Tieleman &
Hinton, 2012), and Adadelta (Zeiler, 2012)). Specifically, normalized versions of AdaGrad, such as
AdaNGDy, (Levyl 2017), AcceleGrad (Levy et al.,2018)), and AdaGrad-Norm (Ward et al.| [2020; Xie
et al., 2020), introduced adaptive stepsizes that require no problem-specific parameters, making them
tuning-free approaches. Recent work by Maladkar et al.| (2024) further established lower bounds
for minimizing the deterministic gradient /;-norm. Additional methods, such as Lipschitz contact
approximation (Malitsky & Mishchenko, |2020) and restart techniques (Marumo & Takeda, 2024)),
have also been explored. A more comprehensive discussion refers to Khaled & Jin| (2024)).

Adaptive and Tuning-free Bilevel Algorithms. Instead of focusing on single-level problems, Huang
& Huang| (2021) extended Adam to bilevel optimization algorithms. [Fan et al.| (2024) introduced
adaptive stepsizes for bilevel problems, based on Polyak’s stepsize and line search techniques. Most
recently, [Antonakopoulos et al.| (2024) proposed a novel framework that applies adaptive normalized
gradient descent to the strongly convex inner problem and AdaGrad-Norm to the nonconvex outer
problem, allowing the algorithm to update adaptively with fewer problem-specific parameters.

3 ALGORITHM

3.1 STANDARD BILEVEL OPTIMIZATION

A key challenge in bilevel optimization is calculating the hypergradient V®(x), which, according to
the implicit function theorem, is given by:

Vo(z) = Vo f(2,y"(2) = VaVyg(2,y"(2)) [Vy Vya 2,y (2)] 7 Vyf (2,57 (@),
when g is twice differentiable, Vg is continuously differentiable and the Hessian V,V g (33, y* (:c))
is invertible. In practice, y*(z) is not directly accessible, and one often use an iterative algorithm to
obtain an estimate 3 instead. Since computing the Hessian inverse is prohibitively expensive, a more
efficient way is to approximate the Hessian-inverse-vector product in the above hypergradient V& (z)
by solving the following linear system:

v

. A 1 ) )
min B(z, §,v) = 50" VyVyg(@, v = vV, f(2,5). @)

Similarly, an iterative algorithm is usually deployed to obtain an approximate solution o of the problem
in eq. (). Given the approximates ¢ and 0, the variable z is then updated with a hypergradient
estimate given by

Standard bilevel optimization approaches select the stepsizes for updating y, v, and x based on
problem-specific parameters, such as Lipschitzness and strong convexity parameters (Dagréou et al.,
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Algorithm 1 Double-loop Tuning-Free Bilevel Optimizer (D-TFBO)

1: Input: initialization xo, Yo, vo, o > 0, Bo > 0, y0 > 0, total iteration rounds 7', and €, = €, = %
2: fort:0,1,2,...,T71do

3 p=0,g=0,sety} = Yy ’Il, W = thtl 'if t > 0 and yo, vo otherwise

4:  while ||V, g(z:,y?)||*> > ¢, do

50 Bpn =B+ IIVugeny)I wi =l — 5 Vag(aewl), p=p+1

6:  end while

7 Pt =p

8:  while |V, R(z,y ", v])||? > €, do

9: ’Y§+1 :7§+||VUR(xt7yftvvt)”2 q+1 1}21 ’Yq+1v R(xtvyt ) 2)’ q:q+1
10: end while

11: Qt =dq B B

12 afpy = af +IVf(ee gt of )P i =20 — S V@l vf)

13: end for

2022} Ji et al., 20215 2022). However, these parameters are often difficult to obtain or approximate in
practice, leading to significant tuning efforts. This challenge motivates the development of adaptive
bilevel optimization algorithms that require less to no tuning.

3.2 EXISTING ADAPTIVE BILEVEL OPTIMIZATION METHODS

Among the existing adaptive bilevel methods, the most closely related to this work are [Fan et al.
(2024) and |Antonakopoulos et al.| (2024). |Fan et al.| (2024) utilizes Polyak’s stepsizes and a line
search to automate the stepsizes for both inner and outer updates. |Antonakopoulos et al.| (2024))
applies AdaNGD (Levy, 2017) to solve the inner problem and updates = using the inverse of
cumulative hypergradient norms, where the hypergradient norms are approximated via gradient
mapping (Nesterovl 2013)) with Fenchel coupling (Mertikopoulos & Sandholml 2016).

However, these methods are not entirely tuning-free. For instance, the initialization of Polyak’s
stepsizes in [Fan et al.|(2024) depends on Lipschitzness parameters, strong convexity parameters, and
the optimal lower-level function values. While the line search approach in|Fan et al.|(2024) bypasses
the need for problem-specific parameters, it lacks theoretical convergence guarantees. Similarly,
Antonakopoulos et al.| (2024)) requires the strong convexity parameter for the inner AdaNGD updates.

3.3 DOUBLE-LOOP TUNING-FREE BILEVEL OPTIMIZATION- D-TFBO

As shown in Algorithm[I] our D-TFBO method follows a double-loop structure, where two sub-loops
of iterations are used to solve the lower-level and linear system problems. In the first sub-loop, we
employ the idea of "inverse of cumulative gradient norm" to design the adaptive updates as

p+1

Yi «— yf - Vyg(ajfnyf)v with 62+1 - 62 + Hvyg<xt7yt)||2

1
Bp+1
It can be seen from Algorlthm[g]that our D-TFBO algorithm employs a stopping criterion based on
the gradient norm: ||V, g(z¢, y7)||* < €,, where €, (defaulted to 1/7 for convergence analysis) is
independent of problem parameters. The rationale behind this design is that if the stopping criterion
is not met (i.e., |V, g(zt,y)||? > €,), the accumulation 3, of gradient norms continues to increase.
This increase causes the stepsize ﬁi to decrease to a value at which a descent in the optimality gap is

p

guaranteed. A similar stopping criterion applies to the updates of v{ when solving the linear system.

Notably, both sub-loops utilize warm-start variable values but reset the stepsizes at each iteration
(cold-start stepsizes). The warm-start variables ensure that the initial point is reasonably close to the
optimal solution, while the cold-start scheme guarantees stepsizes to achieve stronger lower bounds.

Finally, the update of x; is based on the accumulation of hypergradient estimates V f (x;, yt , 0 Qt ).

Remark 1 (Extension to a tunable version with problem-parameter-free tuning coefﬁc1ents.). Al-
though Algorithm([I|is designed as a tuning-free method, a tunable version with the flexibility to preset
hyperparameters can still achieve the same convergence rate and gradient complexity. The stepsizes
for{z,y,v} can be set as {n, /o, ny/Bp, M/ Ve } and the sub-loops stopping criteria can be set to
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Algorithm 2 Single-loop Tuning-Free Bilevel Optimizer (S-TFBO)
1: Imput: initialization xo, Yo, vo, 2o > 1, Bo > 0, vo > 0, number of iteration rounds 7'
2: fort=0,1,2,...,T — 1do
32 B =B+ IVyg(ae, vo)lI?

4 A =% + IVeR(@e, ye, ve) |2

5: Pre1 = mQaX{ﬁt_H,’YtH} )

6: Qip1 = o + Hlvf(xhmet)H

T Y1 = Yt — mvyg(«’ft,yt)

8: Vt41 = UVt — ﬁVvR(xt,yt, Ut)

9: Tt4+1 = Tt — mvf(mﬁyhvt)
10: end for

{cy/T, c,/T}, where {ny,ny, N, Cy, ¢y } are configurable hyperparameters that are independent of
the problem parameters such as strong-convexity and Lipschitzness parameters.

3.4 SINGLE-LOOP TUNING-FREE BILEVEL OPTIMIZATION- S-TFBO

The two sub-loops in D-TFBO may complicate the implementation, and increase the number of
iterations to meet the stopping criterion. In this section, we propose a much simpler fully single-loop
tuning-free bilevel optimization method named S-TFBO, as described in Algorithm 2]

The design of stepsizes in Algorithm [2] follows a similar idea in Algorithm [I] In each iteration ¢,

we update o, B¢, ¢ as accumulations of gradient norms of V f, Vg, and V, R from the previous

t — 1 iterations. We then update variables y;, v; and x; simultaneously with adaptive stepsizes

{ﬂi, — {}3 , L } However, the stepsizes for v and x are not straightforward and
¢ ¢, vt} apmax{Be,ve}

require careful designs guided by our theoretical analysis, as elaborated below.

. . . . 1 . 1. 1
Design of stepsize for v;. Instead of simply using oo we introduce o0 T madAoT S the

stepsize. This adjustment is necessary because V, R(x¢, y:, v;) involves the approximation error

llye — y*(z¢)||?. Since this error is proportional to ||V, g(x, y¢)||?, using % helps control this error

and prevents it from exploding after accumulation, as validated in our theoretical analysis later.

1

QtPt

Design of stepsize for ;. Similarly, we use as the stepsize for updating =, where the coupled
factor é is introduced to mitigate the approximation errors from the y; and v; updates, leading to a
more stable convergence.

Remark 2 (Extension to a tunable version with problem-parameter-free tuning coefficients.). Sim-
ilarly to Remark[l} Algorithm 2] can extend to a tunable version with the same convergence rate
and gradient complexity. The stepsizes for {x,y, v} can be set as {ny/c.oi, My /B, M/ o1}, where
{Nz, My, v} are configurable hyperparameters that are independent of the problem parameters.

4 THEORETICAL ANALYSIS

4.1 TECHNICAL CHALLENGES

Compared to existing single-level tuning-free approaches, fully tuning-free bilevel optimization poses
unique challenges that have not been addressed well.

» Compared to single-level problems, bilevel problems involve interdependent variable updates,
resulting in more complex and interconnected stepsize designs.

» The stages for analyzing each stepsize interact with those of other stepsizes, leading to inter-
twined multi-stage dynamics across various variables.

* The optimization error of each variable can accumulate (hyper)gradient norms from previous
iterations due to the adaptive stepsize designs, complicating the error analysis.

In Sectiond.2] we introduce the standard definitions and assumptions. Next, in Sectiond.3]and [4.4]
we provide a detailed convergence analysis, explaining how we address the above challenges.
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4.2 ASSUMPTIONS AND DEFINITIONS

We make the following definitions and assumptions for outer- and inner-objective functions, as also
adopted by |Ghadimi & Wang (2018));/Chen et al.|(2022)); Khanduri et al.| (2021]).

Definition 1. A mapping f is L-Lipschitz continuous if || f (x1) — f(x2)|| < L|jz1 — x2|| for Va1, x2.
Since the outer objective function ®(z) is non-convex, we aim to find an e-accurate stationary point,
as defined below.

Definition 2. An output T of an algorithm is the e-accurate stationary point of the objective function
O(x) if |[VO(2)|? < ¢ where e € (0,1).

Assumption 1. Functions f(x,y) and g(x,y) are twice continuously differentiable and g(x,y) is p
strongly convex w.rt. y, for ¢ € R%, y € R%.

The following assumption imposes the Lipschitz continuity on the outer and inner functions and their
derivatives.

Assumption 2. Function f(x,y) is Ly o-Lipschitz continuous; the gradients V f (x,y) and Vg(x,y)
are Ly 1 and L 1-Lipschitz continuous, respectively; the second-order gradients VNV yg(x,y) and
VyVyg(z,y) are Ly o-Lipschitz continuous.

Rather than directly using the Lipschitz continuity parameters as bounds on gradients-which can
cause dimensional inconsistencies during logarithmic operations-we offer the following remark:
Remark 3. Assumption|2|indicates that there exist parameters Cy_, C Tty ngy and ngv such that
IVaf(z,y)ll < Cr. IV f(29)]l < C, IVaVyg(@,y)|| < Cy,, and ||V Vyg(z,y)| < C,
Assumption 3. There exists m € R such that inf, ®(z) > m.

Guy*

Next, we present the main convergence theorems for Algorithm[I]and Algorithm [2] along with key
propositions that provide insights into these theorems. A proof sketch is provided in Appendix[C}

4.3 CONVERGENCE AND COMPLEXITY ANALYSIS FOR ALGORITHM[I]

Firstly, we explain the two-stage framework used in our analysis.

Proposition 1. Suppose the iteration rounds to update {x,y,v} are {T1,T>,T5} and {ay, B, v}
are generated by Algorithmor@ For any Co > o, Cg > Bo, Cy > 7o, we have

(a) either oy < C,, for any t <11, or 3ky < T such that o, < Co, gy +1 > Co;
(b) either By < Cg forany t < I, or Iky < T such that By, < Cg, Br,+1 > Cg;

(c) either v, < C for any t < T3, or 3ks < T3 such that v, < Cy, Yr,41 > C,,.

The analysis for each stepsize is divided into two cases. Let us take (a) as an illustration example.
Case 1: the accumulation o of gradient norms is bounded by a constant C,, before the end of the
iteration. In this case, the average gradient norm square can be bound as C—‘f* which decreases with
T;. Case 2: the accumulation o, exceeds C,, and hence oy experiences two stages: in stage 1,
ay < C,, and in stage 2, oy > C,,. The error analysis for stage 1 is similar to that of case 1. In stage
2, the stepsizes are small enough to show the gradient norm decreases via a descent lemma.

Proposition 2. Recall that for t, iteration, the sub-loops in Algorithmaim to find yf ' and v;°*
such that |V g (s, y*)||? < €, and |V, R(xs, yi*, 02|12 < e, UnderAssumptions we have

1 C2 5 L2 max — C
), < Og( ,6/50)2 + ﬂmwc 10g ( g,l(ﬁ ,6))’
log(1 + Ey/cﬁ) Iz €y
log(c2/v2) max c; ('Ymax -C )
Qe < —702 i log (gyy—v)7
10g(1 + EU/C'y) o €y

where {C3, Cy}, Buax Ymax are denied in eq. , eq. (22), eq. in the Appendix, respectively.
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Proposition[2]provides upper bounds on P; and (), which correspond to the total numbers of iterations
of the two sub-loops. This result is the same as that of the standard AdaGrad-Norm in the strongly
convex setting |Xie et al.|(2020). For the sub-loop for y, in Case 1 above, the loop terminates within
log(C3/65)/10g(1 + €,/C3) steps; and in Case 2, it takes at most log(C3/f5)/log(1 + €, /C3)

steps for stage 1 and at most % 10g(L2 1 (Bmax — C)/ey) for stage 2. For €, small enough, it can

be seen that P, takes an order of 1/¢,,, which is typically larger than those obtained with well-tuned
stepsizes. Based on this proposition, we can derive the following convergence results.

Theorem 1. Suppose Assumptions are satisfied. By setting ¢, = 1/T and €, = 1/T, the
iterates generated by Algorithm/[l] satisfy

T-1
1 2 Cl((11-+-201) 1
_ < N T _
7 2 IVl < = o(7).

where C,, and ¢y are constants defined in eq. (3) and eq. (37), respectively.

Corollary 1. Under the same setting Theorem([l] to achieve an e-accurate stationary point, Algo-
rithm[l|needs T = O(1/¢), {P;, Q¢ } = O(1/¢), and the gradient complexity (i.e., the number of
gradient evaluations) is Ge(e) = O(1/€?).

Theorem|[I] shows that the convergence rate of Algorithm [I|matches that of the standard double-loop
bilevel algorithms (Ji et al., 2021} 2022). According to Proposition the sub-loops for updating
y and v require O(1/¢,) iterations to ensure an €,-level approximation accuracy, which is worse
than the O(1) results achieved by well-tuned bilevel optimization methods. This is because more
iterations are needed to ensure high accuracy in both sub-loops, due to the lack of information about
the Lipschitz parameters and strong convexity parameters. Consequently, the gradient complexity of
our D-TFBO method is worse than those of well-tuned double-loop methods by an order of 1/e.

4.4 CONVERGENCE AND COMPLEXITY ANALYSIS FOR ALGORITHM [2]

Differently from D-TFBO that uses sub-loops to achieve high-accurate y and v iterates, the main
challenge for analyzing S-TFBO lies in dealing with the accumulated approximations errors for
updating all variables over iterations. In the following propositions, we will show how we upper-
bound such cumulative approximation errors and lower-bound the adaptive stepsizes.

First, we present a descent result for the objective function ().

Proposition 3. Under Assumptions|[l| 2} for Algorithm[2] suppose the total iteration number is T.
No matter ky in Proposition xists or not, we always have

1 2 1 L<I> — 2
O(x —P(r) < — —————||VD(x — (1— )V T, Yt, Vt
(@) = (1) < = g V(0| = g (1= 2 )9 e, w0
? 2 (Lg2Cy, 2 Hvyg(ﬂﬁt,yt)”Q L? |VoR(ze, ye, v0) |2
+ 2 7( — + Lf,l) + — .
2p 1% H Qi p1Pt+1 I Ot 41Pt+1

If in addition, ki in Propositionexists, then for t > k1, we further have

1 2 1 — 2
P(x —P(xy) <— ———||VP(x — — ||V f(z, ye,v
(@) = 0(w0) € = 5o VO — o [T (@ ve,)]
[2 Ly2C 21 IVyg(aze, y)|I° L2 ||[VoR(ze, ye, ve) ||
N L2 [1 22( 9,205, +L“) } [Vyg(@e,ye)|] N L2 I (e, ye, ve) |
21 W W Q1P Jos Qp41Pt41

where L := max {2(Cj2cyL§,2/u2 + Lil)%, V2C,, 1.

It can be seen from Proposition|[I] that we derive two distinct forms of descent results for the objective
function based on the relationship between a;1; and C, (whose form is specified in eq. (@#I)) in
the appendix). Their key difference is that the second inequality is tighter for the case ¢ > k; by

eliminating a term of ﬁ |V f(x¢, yt, v¢)||>. Both upper bounds consist of two parts: (i) the
t+1Pt+1

approximation errors O(||Vyg(2t, y:)||* + || Vo R(2t, yt, v¢)||?) /(@e+10:+1) induced by the updates on
y and v; (ii) the descent term —||V® () ||?/(as+10¢+1). It can be seen that there exists a trade-off: a
smaller a;¢; leads to a more notable descent, but larger approximation errors. However, due to the
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lack of information about the problem parameters, the value of o remains unknown, making it
infeasible to determine the optimal trade-off. Instead, we adjust this trade-off based on an overall
bound on the descent and approximation errors, derived by telescoping all descent inequalities.

Next, we investigate the upper bounds on the summations of the positive error terms in Proposition 3]

Proposition 4. Under Assumptions [I| 2] for any 0 < ko < t, for the positive error terms in
Proposition[3] we have the upper bounds in terms of logarithmic functions as

v, , Vo R(2k, Yk,
Z 1Vyg(ar, ye)l1? < aslog(t + 1) Z | (r, Yy, vr) I? < azlog(t +1) + by,
= Pen k=Fo Pk

where as, ba, a3, by are defined in eq. in the Appendix.

Proposition 5. Under Assumptions|]] suppose the total iteration rounds is T'. For any case in
Proposition[I] we have the upper-bound of p, and o in Algorithm[2]as

or < aqlog(t) + b1, ap <Co + (a4 log(t) + by + 4(P(z) — ir;f@(x)))cpt,
where a1, by are defined in eq. and ag, by are defined in eq. in the Appendix.

Proposition 4] provides the upper bounds on the accumulated positive error terms in Proposition[3] and
Proposition [5|shows that the cumulative gradient norms for all variables increase only logarithmically.
By rearranging the terms and taking the average, we have the upper bound for the average squared

hypergradient norm = Z ' |V® ()2, establishing the final convergence rate of Algorlthml as
shown in the following theorern and corollary.

Theorem 2. Suppose Assumptions[l|2|3|are satisfied. The iterates generated by Algorithm[2| satisfy
1 2
— Z||v<1> (@)l? < 5= [(a4 log(T) + by + 4(® (o) — int @(x))) (a1 log(T) + by )

+ Ca (a41og(T) + by + 4(®(a0) — inf @(x))) (ar log(T) + bl)} _ @(bg‘l#)?

where {Cl, a1, b1, ag, by} = O(1) are defined in eq. (41)), eq. (63), eq. in the Appendix.
Corollary 2. Under the same setting Theorem2] to achteve an e-accurate statwnary point, Algo-
rlthm@needs T=0(% log* (1)) and the gradient complexity is Ge(e) = O(2 log* (1)).

Theorem 2| shows that the proposed Algorithm [2|achieves a convergence rate of (’)(log4(T) /T) and a

gradient complexity of O(2log*(1)), both of which nearly match the results in Ji et al.{(2022) of
the standard well-tuned bilevel optimization methods up to polylogarithmic factors.

Remark 4. Note that the difference of % in gradient complexity between double-loop and single-loop
methods has not been observed in previous works on well-tuned bilevel optimization. This difference
stems from the design of the sub-loops. In previous double-loop works, carefully selected stepsizes
are used to ensure that the iterates of each sub-loop converge linearly, up to an approximation error
caused by the shift in x. However, due to the precise control of stepsizes, tuning-free approaches can
only guarantee a sub-linear convergence for each sub-loop (as shown in Proposition 2)).

5 EXPERIMENTS

In this section, we evaluate the effectiveness of our proposed algorithm on practical applications
including regularization selection, data hyper-cleaning (Franceschi et al.,2017), and coreset selection
for continual learning (Hao et al.l[2024). Our implementation is based on the benchmark provided in
Dagréou et al.|(2022) and Hao et al.|(2024), respectively. Please refer to Appendix[B|for more details
about practical implementation, experiment configurations, and additional plots.

5.1 REGULARIZATION SELECTION

The selection of regularization can be framed as a bilevel optimization problem, where the inner objec-
tive focuses on optimizing the model parameters 6 on the training set Sy = {(di" ", ytr¥™)} 1 <icp,

while the outer objective aims to determine the best regularization term A on the validation set
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Sy = {(d;‘”7 y;’“l)}lg j<m- Denote the model parameters by § € RP and regularization term by
A € RP| then the outer and inner problems can be formulated as

Zz (dve,y2e),0); g(0,)) = %Zl((d?“”,yfr“m) 0) +R(0,)),
i=1

where the loss l((di7 yi), 0) =log(1 + exp(—y;d; 0), and R(6, ) = 3 S°1_, exp(\y,)63 represents
the regularization, where each element 6}, is regularized with strength exp(\x). We compare our
proposed algorithm with benchmark bilevel algorithms including AmIGO (Arbel & Mairall, 2022),
BSA (Ghadimi & Wang] |2018)), FSLA (Li et al.} 2022), MRBO (Yang et al.,[2021)), SOBA (Dagréou
et al.| 2022)), StocBiO (Ji et al.,2021), SUSTAIN (Khanduri et al., [2021), TTSA (Hong et al.,[2023b),
VRBO (Yang et al.,[2021) on the Covtype dataset. More details are provided in Appendix@
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Figure 1: Comparison with other bilevel methods. (a) Regularization selection on Covtype dataset.
(b) Data hyper-cleaning on MNIST dataset.

As shown in Figure [Ta] our D-TFBO achieves the fastest convergence rate, while S-TFBO converges
slightly more slowly but remains comparable to other well-tuned methods.

5.2 DATA HYPER-CLEANING

The training set Sy = {(d"*", yir@™)}; -, <, have been corrupted in this scenario, where the label
of a data sample could be replaced by a random label with a certain probability p. It is important
to note that we do not have prior knowledge about which data samples have been corrupted. The
objective is to develop a model that can effectively fit the corrupted training set while performing
well on the clean validation set Sy = {(d}’“l, y;’“l)}lg j<m- We conduct experiments on the MNIST
dataset, where we aim to learn a set of weights A, one for each training sample, in addition to the
model parameters 6. Hence, the outer and inner problems are

Zl (2, y2eh), 0); Z L((dfrem, yirei™), 0) + C10]%,

where o(+) is s1gm01d function, C' is a regularization constant, and loss function I((d;,y;),0) =
1/(1 + exp(—y;d; 0)). Ideally, we would like the weights to be O for the corrupted sample and 1 for
the clean sample. More details can be found in Appendix [B] We compare the performance with other
bilevel optimization methods including AmIGO (Arbel & Mairal,[2022), BSA (Ghadimi & Wang,
2018)), FSLA (Li et al.,[2022), MRBO (Yang et al.| 2021), SOBA (Dagréou et al.|[2022), StocBiO (Ji
et al.| 2021), SUSTAIN (Khanduri et al.;,[2021)), VRBO (Yang et al.,[2021). The results presented in
Figure [Ib|demonstrate that our algorithms achieve a convergence rate comparable to other baselines.

5.3 CORESET SELECTION FOR CONTINUAL LEARNING

Coreset selection aims to improve training efficiency by selecting a subset of the most informative
data samples, which can be used as an approximation of the entire dataset. Thus, the model that
minimizes the loss on the coreset can also minimize the loss on the entire dataset. Following the
design in |Hao et al|(2024), we apply the proposed algorithms to coreset selection for continual
learning. The inner problem learns model parameters 6, and the outer problem determines the
distribution A (0 < A¢;) < 1 and H)\Hl = 1) over the entire dataset

Zz ) + CR(A ZA()Z
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Table 1: Results on Split CIFAR100. The best and second best results are in bold and underlined.

Balanced Imbalanced
Ar FGTr Ar FGTr

k-means features 57.82£0.69 0.070£0.003  45.44+0.76  0.037£0.002
k-means embedding  59.77+0.24  0.061£0.001  43.91+£0.15  0.04440.001
Uniform Sampling 58.99£0.54 0.074£0.004 44.73£0.11  0.033£0.007

Method

iCaRL 60.74£0.09 0.044£0.026 44.25+2.04 0.042+0.019
Grad Matching 59.17£0.38  0.067£0.003  45.44£0.64 0.038+0.001
GCR 58.73£0.43  0.073£0.013  44.48+0.05 0.035+0.005
Greedy Coreset 59.39£0.16  0.066£0.017  43.80£0.01  0.039£0.007
PBCS 55.64£2.26  0.062+£0.001 39.87+£1.12 0.076+0.011
BCSR 61.60+£0.14 0.051£0.015 47.30+0.57 0.022+0.005
S-TFBO 58.90£0.75 0.046£0.009 45.78+0.70  0.036=0.005
D-TFBO 59.54£0.45 0.041£0.005 46.68+0.72  0.029£0.002

Table 2: Experiment results of sensitivity analysis on Split CIFAR100. The initial values refer to the
constant learning rates in BCSR or ay,5p,7o in S-TFBO and D-TFBO.

Method  initial =2 initial =4 initial =6 initial =8  Relative Average Change

BCSR 59.42 56.25 58.75 57.55 5.8%
S-TFBO 58.85 58.55 58.69 58.47 0.4%
D-TFBO 59.71 59.62 59.11 59.08 0.3%

where n is the sample size, C' is a constant, \(;) is the i-th entry. R(\) = — Zfil E(X + 62)(
denotes the smoothed top- K regularizer, where ¢ is a constant and z ~ N(0, 1), Af; is the i-th largest
component. The regularizer encourages the distribution to have K non-zero entries, corresponding to
the size of the selected coreset. Following|Zhou et al.[(2022)), we use the Split CIFAR100 dataset and
conduct experiments in the balanced and imbalanced scenarios. We compare the proposed algorithms
with various methods, including k-means features (Nguyen et al., 2018)), k-means embedding (Sener
& Savaresel [2018), Uniform Sampling, iCaRL (Rebuffi et al.,|2017)), Grad Matching (Campbell &
Broderick, 2019), GCR (Tiwari et al.|, [2022), Greedy Coreset (Borsos et al.,2020), PBCS (Zhou et al.,
2022), and BCSR (Hao et al.| [2024), with the last three being bilevel optimization-based methods.
We evaluate the performance using the average accuracy and forgetting measure across all tasks after
learning task 7'. The former is defined as Ay = % 2?21 ar,;, where ar ; is the test accuracy of the -

th task after learning task 7. The latter is defined as FGTr = £ ST maxjer... 7o1(aji —ar,)).
The results are shown in Table[I] Each experiment is repeated three times and the average is reported.
It can be observed that our D-TFBO achieves the best F'GTp under the balanced setting and the
second-best performance under the imbalanced setting.

Sensitivity analysis w.r.t. different initial learning rates. The tuning-free design provides another
benefit. The proposed algorithms demonstrate more robustness compared to the Hao et al.| (2024).
We conduct a simple sensitivity analysis under the balanced setting, regarding the learning rates in
the inner and outer loops. Specifically, we set the initial learning rates in|[Hao et al.|(2024) and «ay, 5o,
~o in S-TFBO and D-TFBO for the inner and outer loops to {2, 4, 6, 8}, where the original values are
set to 5. We run one experiment for each learning rate. Further, we compare the changes in average
accuracy Ap. We also compute the average and report the relative change compared to the results
presented in Table[T]

6 CONCLUSION

We introduce two fully tuning-free bilevel optimization algorithms, D-TFBO and S-TFBO. Both
methods adaptively update stepsizes without requiring prior knowledge of problem parameters, while
achieving convergence rates comparable to their well-tuned counterparts. The experimental results
show that our tuning-free design performs comparably to existing well-tuned methods and is more
robust to initial stepsizes. We anticipate that the proposed algorithms and the developed analysis can
be extended to the stochastic setting, and the proposed algorithms may be applied to other applications
such as meta-learning, few-shot learning, and fair machine learning.

10
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Supplementary material

A ADDITIONAL DISCUSSION ON RELATED WORK

A.1 COMPARISON WITH THE EXISTING BILEVEL METHODS

We compare the proposed D-TFBO and S-TFBO with standard bilevel methods in Table [3| Notably,
both D-TFBO and S-TFBO achieve a (nearly) equivalent convergence rate to other methods without
requiring additional tuning.

Algorithm Sub-loop K Corllq\;eég;nce Cgrrrfll;ili:;?itt , Hypetl(‘)p%rlfﬁreleters
AID-BiO (Ji et al.[2021) 0(1) o) o(L) 5
ITD-BiO (i et al.[ 2021} O(log(2)) o) O(Llog(1)) 3
SOBA (Dagréou et al.[[2022) o) o) o) 3
D-TFBO (this paper) o) oL 0(%) 0
S-TFBO (this paper) O(1) O(L1og'(1)) | O(Llog*(1)) 0

Table 3: Comparison of the proposed tuning-free methods with existing standard bilevel optimization
methods.

A.2 THE NECESSITY OF THE ITERATION NUMBER T’

It is possible to eliminate the dependence on the knowledge of iteration 7" in S-TFBO. In detail, we
can modify the "for" loop in S-TFBO (Algorithm[2)) to a "repeat until convergence" structure, as in
Marumo & Takeda|(2024]), and this allows S-TFBO to converge to any targeted e-stationary point
without the knowledge of total iteration number 7. However, D-TFBO (Algorithm (1)) requires the
sub-loop stopping criteria to be set as €, = O(%), €, = O(), which depends on prior knowledge
of T'. Thus, D-TFBO may not be feasible.

A.3 SUPPLEMENTARY RELATED WORK ON BILEVEL OPTIMIZATION

Initially introduced by Bracken & McGill| (1973), bilevel optimization has been extensively studied
for decades. Early works (Hansen et al., [1992; Shi et al.| 2005} |Gould et al., |2016; [Sinha et al., 2017)
solved the bilevel problem from a constrained optimization perspective. More recently, gradient-based
bilevel methods have gained significant attention for their efficiency and effectiveness in addressing
machine learning problems. Among them, approaches based on Approximate Implicit Differentiation
(AID) (Domke} 2012} [Liao et al.l 2018} |Pedregosal [2016; [Lorraine et al., [2020; |(Grazzi et al.| [2020;
Ji et all 2021} |Arbel & Mairal, [2022; Hong et al., |2023b)) exploit the implicit derivation of the
hypergradient, approximating it by solving a linear system.

On the other hand, approaches based on Iterative Differentiation (ITD) (Maclaurin et al., 2015}
Franceschi et al.l 2017 [Finn et al., 2017; [Shaban et al., [2019; |(Grazzi et al., |2020) estimate the
hypergradient by employing automatic differentiation, utilizing either forward or reverse mode.

A series of stochastic bilevel approaches has been developed and analyzed recently, utilizing Neumann
series (Chen et al., [2022} Ji et al., [2021} |Arbel & Mairall, |2022)), recursive momentum (Yang et al.,
2021}, Huang & Huang, 2021; |(Guo & Yang, 2021)), and variance reduction (Yang et al.l 2021}
Dagréou et al.| 2022), etc. For the lower-level problem with multiple solutions, several approaches
were proposed based on upper- and lower-level gradient aggregation (Sabach & Shtern| 2017 Liu
et al.}2020; [Li et al.| 2020), barrier types of regularization (Liu et al.,|2021a; 2022), penalty-based
formulations (Shen & Chen, [2023)), primal-dual techniques (Sow et al., 2022), and dynamic system-
based methods (Liu et al.,|2021b). Another class of approaches formulated the lower-level problem
as a value-function-based constraint (Kwon et al., 2023} [Wang et al., 2023)) to solve bilevel problems
without second-order gradients.
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B  SPECIFICATIONS OF EXPERIMENTS

B.1 PRACTICAL GUIDELINE

In practice, D-TFBO ensures higher accuracy, as shown in most of our experiments but is harder to
implement and the sub-loops cause the waiting time to update z; S-TFBO achieves slightly worse
performance but it has advantages such as simple implementation and no waiting time for updating z.

As practical guidance for practitioners, D-TFBO is well-suited for scenarios requiring high accuracy,
while S-TFBO is preferable for its simpler implementation and no waiting time when updating the
objective variable.

B.2 PRACTICAL IMPLEMENTATION

For regularization selection and data hyper-cleaning, we use the benchmark provided in[Dagréou et al/|
(2022). For coreset selection, we use the codebase from [Hao et al.|(2024). We implement D-TFBO

using “for loops™ as an approximation, since the magnitude of ||V, R(z,y,v)|| in Algorithm [T] varies

across different experiments. Specifically, the number of loops for updating y and v in regularization

selection and data hyper-cleaning are both set to 10, while the numbers of loops for updating y and v

in coreset selection are 5 and 3, respectively.

0.90

—— AMIGO —— AMIGO
0.60 = BSA 0.89 = BSA
— A = FSLA
0.55 == MRBO 0.88 == MRBO
= SOBA = SOBA
n 050 —— StocBiO " 0.87 —— StocBiO
%) %)
O 0.45 SUSTAIN o 0.86 SUSTAIN
= e TTSA — === \/RBO
0.40 VRBO 0.85 STFBO
=== S-TFBO 0.84 === D-TFBO
0.35 === D-TFBO
0.83
0.30
0.82
0 5 10 15 20 25 30 35 40 0 20 40 60 80 100
Time [sec] Time [sec]
(a) Covtype (b) MNIST

Figure 2: Comparison of running time on regularization selection and data hyper-cleaning.

B.3 CONFIGURATION

We adopt the default configuration for regularization selection and data hyper-cleaning. The batch
size is 64. The maximum iterations are 2048 and 512, respectively. The data corruption ratio in
hyper-cleaning is 0.1. For coreset selection, we also use the default configuration except for the
leaning rates, due to the tuning-free design. The «y, By, and vy values are set to 5.

250 250
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2.25 —— STFBO 2.25 —— STFBO
2.00 —— DATFBO 2.00 —— D-TFBO
N1s N1s
o o
1.50 1.50
g [ A\L/ 0 M | \ g
125 | 125
g W " T s
1.00 WAL ML | il I ’ il “ il 1.00
I AN " ML | A i
L \ )
0.75 i W‘J ‘ ly“ | “k‘r ,"\ [l " 075
0.50 i 0.50
13 5 7 9 11 13 15 17 19 0 1000 2000 3000 4000 5000 6000 7000 8000
Task Time [sec]
(a) Task (b) Running time

Figure 3: The upper loss of coreset selection.
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B.4 ADDITIONAL RESULTS

For regularization and data hyper-cleaning, we also present the loss curves regarding running time
in Figure[2] Our methods exhibit a faster running time than other baselines on the Covtype dataset.
For coreset selection, we adopt the default settings of initial values, such as the constant learning
rates in BCSR and «g, By, 79 in S-TFBO and D-TFBO, all set to 5. We re-ran the methods on
Split-CIFAR100 under the balanced scenarios and recorded the loss and running time. The loss
curves regarding task and running time are shown in Figure[3] Following[Hao et al.|(2024), we plot
the loss value every 5 mini-batches. The loss decreases gradually but increases when a new task is
encountered. Additionally, S-TFBO converges faster than BCSR (Hao et al.}[2024), while D-TFBO
performs comparably to BCSR (Hao et al.,[2024).

C PROOF SKETCH

The proofs of Propositions I [2} [3] ] and [5] can be found in Lemma [} [ [TT] [T5|[T7] respectively.
In this section, we present a high level proof sketch that outlines the convergence and gradient

complexity analysis of Algorithm [I] and Algorithm [2] emphasizing the key challenges and our
technical innovations.

Proof sketch of Algorithm I}

Step 1: We first discuss the two-stage framework in our problem in Lemma@]and we develop two
forms of descent lemma of the objective function in Lemma [/| based on the two stages of oy in
Lemma [l

Step 2: We developed upper bounds of «; under the two stages in Lemma 4]

Step 3: We provide the maximum iteration numbers for the sub-loops approximating y*(x;) and
v*(xy).

Step 4: Combining the results in Step 1 and Step 2, we telescope and take the average of the
inequalities in the descent lemma of the objective function, then we obtain the convergence rate.

Step 5: Combining the maximum iteration numbers in Step 3 and convergence rate in Step 4, we
obtain the gradient computation complexity to find e-stationary point. Then the proof is complete.

Proof sketch of Algorithm

Step 1: We first discuss the two-stage framework in our problem in Lemma f]and we develop two
forms of descent lemma of the objective function in Lemma [TT] based on the two stages of «; in
Lemma @]

Step 2: We develop a rough upper bound of two important components in the descent lemma in
2 2

Lemma |11} 37, W and 3, W, where ko, and k; represents the

second stage in Lemma

Step 3: Following the results in Step 2 and the upper bound of v; in Lemma|[I0} we obtain a two-way

H@f(wkéykwk)l\Z

relationship between ;41 and ZZ:O , which further indicates the logarithmic upper

X1

bounds of both terms in Lemma [I5|and Lemma 6] respectively.

Step 4: Incorporating the results from Step 3 into the rough bounds from Step 2, we can also obtain

T 2 2,
the logarithmic upper bounds of Y~} _ ks W and Y1 _ ks W in Lemma

Step 5: We rearrange the terms in Lemma I T|and incorporate in the results in Step 4, we obtain two
forms of the upper bound of ¢ in Lemma|[I7]

Step 6: Combining the results in Steps 3, 4, 5, we telescope and take the average of the inequalities
in the descent lemma of the objective function, then we obtain the convergence rate.

Step 7: Without sub-loops, via the convergence rate in Step 6, we can directly obtain the gradient
computation complexity to find e-stationary point. Then the proof is complete.
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D PROOFS OF PRELIMINARY LEMMAS

Lemma 1 (Ward et al.|(2020) Lemma 3.2). For any non-negative a1, ..., ar, and a1 > 1, we have

T T
Z;SM‘%(ZW)*FL (@]

1=1 2vi=1% =1

Lemma 2. Under Assumptions[I} 2} we have basic properties as follows:

2
(a) ®(x) is Lo-smooth w.r.t x, where Lg := (Lﬁl + Lg,r;ny ) (1 + Cg;”) ;

ngy .

(b) y*(x) is Ly-Lipschitz continuous w.r.t. x, where L, = et

(c) the gradient estimator ¥V f(x,y,v) is (Lgo||v|| + L¢.1) -Lipschitz continuous w.r.t. (z,y),
and L 1-Lipschitz continuous w.r.t. v;

(d) ¥V f(z,y,v) can be bounded as ||V f(xz,y,v)|| < Cy,, [|v]| + Cy,.

Proof. The proof of (a) and (b) can refer to/Ghadimi & Wang|(2018)). For (c), under Assumpti0n|2|,
we have
IV f(z1,91,0) = V (22,42, 0) || <[IVaVyg(z1,91) = VaVyg(za, o)l - [[v]|
+ | Vaf(z1,91) — Vaf (22, 52) ||
<(Lgzlloll + Lya)(llzr — 2|l + [lyr — w2ll)
IVf(z,y,01) =V fz,y,02)|| <[[VaVyg(z,y)
By Assumption2]and Remark 3] we can easily prove (d) as

IV £y, ) < VaVygla, )l - vl + [ Vaf (@, 9)] < C

Gay

U1 — V2| & Lg1||V1 — V2.
|-l [ < Ll [

[l + Cf, -
Then the proof is complete. O

Lemma 3. Under Assumptions[I} 2] we have basic properties of linear system function R in eq. [2)
as follows:

(a) R(x,y,v) is p-strongly convex and Cy, -smooth w.r.t. v;
(b) VyR(x,y,v) is (Lg2||v|| + L 1)-Lipschitz continuous w.r.t. (z,y);
(¢) VyR(z,y,v) can be bounded as ||V ,R(x,y,v)|| < C4

v+ Cy,s

vy
Cry
m

(d) v*(x)in eq. li can be bounded as ||v*(x)| <

also be bounded as ||0*(x,y)|| < %;

, and v*(z,y) := argmin, R(x,y,v) can

(e) v*(x) is L,-Lipschitz continuous w.r.t. x and v*(z,y) is L,-Lipschitz continuous w.r.t. v,

L Cy,Lg, F . Ly Cy, Lg,
where L, = (%—&—7“;2 2)(1+Ly)andLv .—#—1—7“;2 =

Proof. First of all, since V,V,R(z,y,v) = V,Vyg(z,y), we know pul < V,V,g(z,y). Thus,
according to Assumption [T|2] we have

VoV R(z,y,01) = VoV R(x, y, 02)[| < [V Vyg(a, y)[[llor = val < Cy,, [lor — 2.
Then (a) is proved. Next, by using Lipschitz continuity in Assumption 2} we have

[VoR(21,y1,0) = VoR(22,92,0)|| <[V Vyg(1,91) — Vy Vyg(@2, y2)| - [Jv]]
+ ||vyf($17yl) - Vyf(l‘z,yg)H
<(Lgz2lvll + Ly (llzr — 22/ + lyr — v2l))-
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Then (b) is proved. By Assumption 2] we can easily prove (c) as
IVoR(z, y, )| < IV Vyg (@, o) - llvll + [Vy f (2, )l < C

Gyy

[oll + Cs, -

Next, for *(x,y), we have

VUR(xvya ’LA}*(LE, y)) = vyvyg(xa y)’lA/*(‘T, y) - vyf(x7y) = 07
which indicates that
o -1 -1 Cy,

5% (@, )| =||[Vy Vya(z,9)] Vyf(@ )| < ||[VyVya(z9)] | - 1V f(z,9))] < Tf
Since v* () is a special case as v*(z) = 9*(x, y*(x)), (d) is proved. The proof of the first part of (e)
can refer to Lemma 4 in|Yang et al.|(2024); for the second part, we have

197 (2, y1) — 0" (2, y2) |

=Yy Vug(e,y)] " Vo f (@, 91) = [Vy Vg (@, 42)] 7'V, f(2,52)|

<VyVugla,y)] ™ (Vo f (@, 91) = Vi f(z,92)) |
+ (Vo Vig(a,y)) ™" = [Vy Vig(a,y2)] ™) Vo f (2, 2) |

L _ _
< [j lyr — yall + Cr, | ((Vy Vg (@, 1)~ (Vy Vyg(@,32) — VyVyg(z, v1)) [V Vyg(z,32)] )|

L Cy,Lg2
S(ﬂ + fyif)\lyl — 2.
I I

Thus, the second part of (e) is proved and the proof of Lemma [3]is complete. O

Lemma 4. Suppose the iteration rounds to update {x,y,v} are {T1,T5, T3} and {ay, Be, i} are
generated by Algorithmor@ For any Co > g, Cg > Bo, Cy > 70, we have

(a) either oy < C,, for any t < T, or Iky < Ty such that o, < Co, gy +1 > Cho;
(b) either By < Cpg for any t < T5, or 3ky < T such that By, < Cg, Br,+1 > Cp;

(c) either v, < C for any t < T3, or Fks < T3 such that v, < Cy, Y41 > C,,.
Proof. The proof resembles the Lemma 4.1 inWard et al.|(2020). Here we only prove part (a), and
the other two are similar. Note that if a, > C,,, then there must exist k; < 73 such that ag, < C,,

ag,+1 > Cq, because Cy, > oy and the sequence {«y } is monotonically increasing. Otherwise, we
have oy < o, < C,, for any ¢t < T7. This completes the proof of part (a). O
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E PROOF OF THEOREM ]

We define some notation for convenience before proving Theorem T}

E.1 NOTATION
Here, we define the following constants as thresholds for parameters ﬁp, Yg> Q¢ In Algorithm|I| as
Cy = max{?Lq),ao} Cp := max {Lgﬂ,ﬂo} C max{C’gw,'yo}. 5)
E.2 PROOFS OF PRELIMINARY LEMMAS
Lemma 5. Under Assumptions[1}[2] for any t > 0 in Algorithml we have
ot =y G@lP < 25 ol = 0" <

where €, and €, are sub-loop stopping criteria in Algortthmm

Proof. For the k;, iteration, according to the stop criteria of the sub-loops, we have

Hvyg(xt,ytpt)HQ < €y, HVUR(xt,yt avt )H2 < €.
By using Assumptions T2} we have

1
Iyl = y*(z0)|2 < ﬂ!vyg(xt,yff) —Vyg(ze @) < ;

Hvt ! —ﬁ*(l‘t,yft)H = Hv R xtvyt ?UtQt) -V R(xtvyt U (xt,yt ))H2 < %7
since |V, g(z¢, y* (2¢))[|2 = 0and ||V, R (2, 3, 0" (24,97 1)) ||2 = 0. Thus, the proof is complete.

O

Lemma 6. Under Assumptions for anyt > 0in Algorithm we have ||V f (¢, yt, v2*)||? <
202 ¢, 4C2 (C2

C?, where Cr:= ooy Toay iy 4 g2

f 7,

Nl=

u? u?

Proof. For the kyj, iteration, we have

IV f (@i, of )||
<[V (o, 5 0®) = T (e yl 07 e,y ™)) P+ 2 9 F (90" (el ) |
=2||VaVyg(ae,u) (07" = 0" (@) ||* + 21V Vog(en v )0" @ ul") = Vo (e, v
<2 Vo Vyg(ae, yl )| 08t = 0 (e, yl I + 20 Ve Vyg(@e, v )" (e, y ) = Vo f (20,90

<>20§w e  4C3,,Cj, 2
2y S +4ny’
2 w

where (a) uses Assumption [I] Remark [3] Lemma [3|and Lemmal[5] Then, the proof is complete. [

E.3 DESCENT IN OBJECTIVE FUNCTION

Lemma 7. Under Assumptions|I}[2] for Algorithm[I} suppose the total iteration number is T. No
matter ki in Lemma [ exists or not, we always have

1 1 Lq> — ¢
> <®(1;) — —— ||V 2—7(1— )V yP 24 .
(@) <B(e) = o [V — 5o (1= 1 )Tl o) 4+ 5
(6)
If in addition, k1 in Lemmaexists, then for t > k1, we further have
1 9 1 = 2, ¢
P(wp41) <P(21) — 7|\V‘P(mt)ll - 7|\Vf(xt,yt PP+ ——, (7

20044 4o 20041

L?
where € := 15 (ey—|—ev)andL := max {2( f” a7 +C3, L2) V2C, ).
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Proof. From Lemma we have ®(x) is Lg-smooth. So we can apply the descent lemma to ® as

L
D(i41) <P(we) + <V‘I)(33t)733t+1 —x) + intH - fﬂt||2

—B(z,) — —(VB(r), T (e 02)) 4 [V f (e 0 |

2
Ot+1 20044

=0(r) - 5o VO - ﬁuwwt,yt o)

+

[V®(x,) = V(@ yl, @) + 5o [V (@ v 22 ®

2at+1 t+1
where the approximatlon error
qu)(.’ﬁt Vf Tt, Y, 7Ut ”
:”?f(wt’y (It) v (l' )) - Vf(mtvyt 7vt )H
Sszf(mh ( ) ( )) vf(wt?yt , U xt H2
+2|Vf (e, 5" 0" (20)) = Vi (2,97, 0" H
<4HV Vug($t7 ( t) *
+4||V f Tty Y t)
(%)4(ny 92
<4(

@4(0@ 9.2
= 12

w(ze) =V, Vug(xt:yz H
) Vi f( Ihyt H +2||VyVyg(xt,yft)(v*(mt)—UtQt)H

+ L7 )l =y (@)l® + 205, v — o (@)

)
)

2 L)y — ()| + 4C2

Jyy

[lo* *U*(fﬂt’yt )” +4C,

P, 2
vy o 107 (@, 57 ) = 0™ ()|

LI, 4 CE L )Wﬁ-ﬂﬁ@dW+ACiJwt—ﬁ7mwﬁﬂf

<L (Il =" (@0 + i = 0" (e, 5" (e)]1%), ©

where (a) uses Assumption | Remark [3} I and Lemma |3} I; (b) uses v*(z;) = 0*(w¢,y*(x¢)) and
Lemma[3] By using Lemma 5[ we have

L
[V&(x:) - VH%%7QﬁHsMJ@+m:fC (10)

By plugging eq. (T0) into eq. (8), we obtain (6).

Now if in addition, k1 in Lemma[d]exists, then for ¢ > &, we have a1 > C, > 2Lg. From (6) we
can immediately obtain (7). Thus, the proof is complete. O

E.4 THE BOUND OF oy

Lemma 8. Under Assumptions|I| B} 3] suppose the number of total iteration rounds in Algorithm|I|
is T. If there exists k1 < T described in Lemma we have

ay <Cy, t < ki;
2te’
o <Co 200+ =, t2hy,
Qg
where we define
LyC?

co = 2(®(mo) — igf ®(z)) + (11)

202
When such k1 does not exist, we have ay < Cy, foranyt < T.
Proof. According to Lemmaf] the proof can be split into the following three cases.

Case 1: if ar < C,, for any ¢ < T, we have the upper bound of ay41 as a1 < Cy.
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Case 2: if ar > C,,, there exists k1 < T described in Lemma@ Then we have the upper bound of
a1 as apyp < Cy forany ¢ < ky.

Case 3: in the remaining proof, we only consider and explore the case k1 < ¢t < T when ap > C,,.

From Lemmal[7] for k > k1, we have

6/

1 1 _
D(xpy1) <O(x1) — 5—— IV (2)||* — 47”vf(xk’yk L oh)|? +
Q41

20041 26%-&-1’
which indicates that
VS (e o2 2¢'
< 4(P(xp) — P(xp + .
Q1 ( (=) ( +1)) k41
By taking summation over k = k1, ..., t, we have
IV f eyl o2, ¢ - 2
> <4 (®(an) = Orrs) Z
=k Qk+1 =k —ry kAL
t ¢
=4(P 12
(®(2ky) — P(w141)) Zk i (12)
For ®(xy, ), by telescoping (6), we get
ol ol
®(ar,) <®(x0) + IV f ey, o2 + . (13)
! kZ:O 40&%+1 k k Z 20{k+
Plugging eq. (13) into eq. (I2Z), we obtain
v , , 2 k1—1 t 2%’
Z IV f(zk yk Uk @l <4(<I>(xo) qu) + Z |Vf xlﬁyk 7% )H n €
k=Fk1 k1 per j=o k1
t

Lo Sito' 197 ey, o) | 2¢
2

<4(P(z0) — ir;f P(z)) + o2

[
=0 k+1

Lao? ,
<A(B(zo) — inf B(x)) + T + 2t + 1)e

ao [671)
2 /
<4((z0) — inf (a)) + L2la | 20F Ve (14)
x aO [670]
Inspired by Ward et al.| (2020) and using telescoping, we have
VI (@, ylt, 02|12
Qi1 :at+|| f( tyt )l
Q1 + Oét
<oy + ||vf(l”t»yt 7Ut III?
Q41
P
\V4 2
Sak1+ Z || kaay]g 7vk )H
e A+1
) LoC?  2(t+1)¢
<Co + 4(®(x0) — inf ®(z)) + Zz <+ ( " )
x 0 0
Thus, the proof is complete. O
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E.5 CONVERGENCE ANALYSIS OF SUB-LOOPS

Lemma 9. Recall that for the ty, iteration, the sub- loops in Algorlthmlalm to find y tand vt
such that |V yg (2, y )12 < €, and |V, R(zy, yI*, 02 |2 < €,. Here we prove that

IOg(C/%/ﬁg) Bmax 3,1(/87”% - Cﬁ)

L
P, <P .= I 15
r < Tog(1 + ¢,/C2) + p og ( & ), (15a)
lOg(C’Z/’Yg) 7 cz ('Vmax - C’Y)
< / — Y maxl Jyy 1
Q< Q= m e ey R (=) (15b)

2 C2
where Bpa = Cg + Lg,l(zey + g” L +21og(Cs/Bo) + 1) and Yyax = Cy + C’gw( +

p?2

8C7%,
4+ 210g(Cy /70) + 1),

Proof. The proof is split into the following two parts.

Part I: maximum number for convergence of g(z, y/").

Inspired by Xie et al.|(2020), we split the analysis into the following two cases.

Case 1: k3 does not exist before we find P;. This indicates Sp, < Cg. Referring to Lemma 2 in Xie

O, 2 2 . .
et al.|(2020), we have P, < % and therefore the desired upper bound for P; holds. This
Yy B

2 2
can be proved as follows. If P, > Lo(C5/50)

Z Tog(ite,/C) we have the following result.

P—1
B, =B, -1 + IVyg(ze, |12

Vg, yl )|
:5{7 14
2 ( o )
P;—1
2 [Vyg(ae,y?)|?
- 1 (1 ISt
p=0
2 €y \ 2
2/30(1+C—-§) >l (16)

This contradicts Sp, < Cg.
Case 2: k; exists and P; > k. Here we have 8, < Cg and i, 11 > Cp.

N 2 2
Firstly, we prove ko < %. Similar to Case 1, if ko > h)l;gl(ff /;38)2), following eq. .by
y/“p y

replacing P; with ko, we have
€y \ F2
B2, 253(1+C—%) > C3,

which contradicts 55, < Cj.

Secondly, referring to Lemma 3 in Xie et al. (2020), we have the bound of [|y*2 — y* (x,)||? as

k *
lye* — y* (@) ||

2

_ Vy,9(xy, ko—1
:‘ny 1—%—y*(u)
2
2 ka—1
T Vyg(x 27
7Hyk2 1 *( ||2 H yg tayt )H 2<yé€2 1 y*(xt), yg( ty Yt )>
B
(@) 0o — * g x ay “H|IP 2 — * 2
<yt =yt @)l + H wo@ey” )| Vg (e, yi2 ™) = Vyg(ze,y* () |
/BkQLg,l
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Vy9(x ykr1 2
<Hyk2 1 y*(xt)||2+ ” Y ( ;Zt )”
ko
Vyg( xt,y )|I?
<l — v (o)lI” + Z I
P+1

ko—1
P, \% Ty,
<Hy t— 1 _ -Tt ||2+ Z H yg t yt)” /50

_oIVya (e, )12/ B3

Py * 2 * * 2 (= Hng(xtyyf)HQ

<2IIy —y (@ )IP + 2y (@) =y (@) |P +log | Y g 7 +1
p=0 0

d 202 |V P Qi-1y2 ka—1 2
(<)2€y n G IV f(ze—1, 9277 02y )|| (Z ||Vy9 xt,yt )l )+1
= p? o
(e)2 202 (%
< % —2o L 1 210g(Cs/fo) + 1, (17)

where (a) uses Assumptions |12} (b) refers to the warm start of yt ; (c) uses Lemma l (d) uses
Lemmas [2]and[3}, (e) follows from Lemma6and S, < Cs.

Last, following Xie et al.|(2020), for all P > ko, we have the bound of ||y — y*(z¢)|? as
, 1 IVyg@eyt DI? 20w "~y (@), Vyg(eeyy )
0 =5 @) =l — o ()2 + 1Y@ DI 2 syt )

ﬂp BP
_ N 1 Ly, _ y _

<l ™ =y @Ol = 5o (2= )6 =y (@), Vg s )
@ by 1, oy -
<yt =yt (@) - pr<ytp Y=y (@), Vyg(enyl 7))
®

<(1- )t =y @l
©
<e MR Br |y 0 (3,)]|2
(@) %, 202 (2
< e~n(P—k2)/Bp &+L2f+210g(cﬁ/ﬂo)+l ’ (18)

I pag

where (a) uses Bp > Cg > Ly 1; (b) uses Assumptlon' 1} (c) follows from Bp > Cg > Ly1 >
and 1 —m < e ™ for 0 < m < 1; (d) refers to eq. ( . Inspired by Lemma 4 in Xie et al. (2020),
we have the upper-bound of Bp as

|| ;yg(xtayt ||2 Z || ;yg xtayt H
r Pt BP BP 1 - p=ks 6p+1 ( )

To further bound the last term of the right-hand side of eq. (I9), using Assumption 2] we have the
following result:

ly” =y (o) II?

I\ CON o] 2(y; '~y (@), Vyg(en )

* 2
= —y*(z
@ e 2o Vs y DI 20Vyg(@ny ) = Vyg(an y* (@)l
< ly; y* (@)l + 5
BP ﬂPL%l

® P IVyg(eeyl I
< P-1 _ % 2 Y ) It
<l y* ()l m

Vg, yt)|?
S yk2 _ * 2 || HWYyI\~e It J11 , (20)

ok = v )P - Z v
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where (a) uses Assumptions|T[2]; (b) refers to fp > Cjs > L, 1. By rearranging eq. (20) and using
eq. (T7), we have

||v.gxtay || k * *
Z 0T <Loa (lyf? — v (o)l = lyd — ™ (@0)]?)

p=k2 6p+1

<Lgallys® =y (z0)lI?

261/ QC!?N 02
<Lga( 22+ =20 4 210g(Cs/Bo) + 1 1)
w g
Plugging eq. into eq. (19), we obtain the upper-bound of Sp as
2674 203“10?
Bp < Cg+Lgn 2 + T +21og(Cs/Bo) + 1| =: Bumax- (22)
ag

Then, by plugging eq. into eq. , we have the upper bound of ||y — y*(x,)]|? as

. B B % 2021 2
luf =y (@)l < e ’“”/ﬁ"’“(s’ + — 5+ 210g(Cy/ o) + 1). (23)
K By
2 2
Recall we have the upper bound ko < %. Note that P’ defined in (T3a) satisfies
v/C
Pl>k2+%10g< glﬁmax_ )/ey)

By replacing P with P’ in eq. , we have

IVyg(ze, yl P < L2yl — y* (@) ||? < et k) /Bun 2 (B — C) < e

Therefore, P; < P’ and this completes the proof of (I3a).
Part II: maximum number for convergence of R(z,y!", v2").
Similarly to Part I, we split the analysis into the following two cases.

Case 1: k3 does not exist before we find ();. This indicates 7o, < C,. Then we have @Q; <

log(C2 /v3)

W Otherwise, if (); > M, we have the following result.

log(1+e€,/C2

'Yét :'Vggt—l + HVUR(xtayt 7U?t_1)||2

2 (1+ ”vvR(ft,yt »UtQt 1)H2)

=7Q¢-1 ’YQ )
-
Q:—1 1
o2 ﬂ (1.4 VRl S iy
0,1

>70 (1 + 02)Qt > C’,%.

This contradicts g, < C,.

Case 2: k3 exists and (), > k3. Here we have v, < C,, and vy, 41 > C,.

. 2 2 o 2 2 .
Firstly, we have k3 < M. Similar to Case 1, if k3 > L”/%)z, following eq. (16), by
log(1+e.,/C2) log(1+e,/C2)

replacing @); with k3, we have

€y

k3
71%3 > 73(1 + @) > 03,
vy

which contradicts v, < Cl.
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Secondly, referring to Lemma 3 in [Xie et al.| (2020), we have the bound of [|[vf? — v*(z,)||? as
following:
2

_{)*(xtayft>

ks—1
ks—1 VUR(xtayt 7’Ut3 )
! Vks

o5 — 6 (a5 =] .

vvR(Ih yt ) ’Ufs 1)
Vks

ot = G+ |

2
— (v = 0" (@), Vo R, yy o)

2
Vo R(ze,ylt vp )

Vi3

Lot = i)+

2

*%THVUR(%% Y VR (el 6 (2, uE) |
3 9yy

’vvR(CChyt 7053 1)
Vks

\ R(xtayt avt)
Vks

VoR(zt,y; t v
SHUt . xt,yt + Z I t yt t)” /’Yg
Zk OHV R(xt,yt avt)” /'YO

q=0

5”“5371 - @*(xt,yft)HQ +

k}g 1
§||U?*ﬁ*(xt;yt 4 Z
q=0
ks—1

2

©_ p_,

<2foy = 0" e,y 3| + 2010 e ) = 0 G I

ks—1
¢ log ( S IR ul b)) /wO)
q=0

<2Hva Y — 0% (g 17yff11 ||2+4H{’*(It—17y211)”2

kg—1
T log ( S IV R,y o) /vo)

q=0
(d) 2¢ 8C?
SE+ —Jv 4 2108(C, f0) + 1, 24)

where (a) uses Lemmaand VUR(xt, ytPt , 0% (g, ytp‘ )) = 0; (b) refers to the warm start of v¥; (c)
uses Lemmal(T} (d) follows from Lemma [3[5]and vz, < C.,.

o (e, )|

Last, similar to Part I, for all Q > ks, we explore the bound of [|v® — v*(a)||2 as
o 112
vaiv (xtvytp)
Q-1 Ak P, ||v R(ajhyt U Q 1)H2
=l =" @y +
g
200 =0 (), Vo R @y 0P )
Q
(a) . 2 1 Cyyo 1 -
<H —-v (xt,yft)H _7<2_L)<US f-d (xhyft)avvR(xtaytPtﬂth 1>>
7Q 7Q
® o1 . _
SH”tQ b (xtayt H _7<Ut ft,yt ), VﬂR(xtayftath 1)>
(‘3 2
s A ]
(d)

Se*H(Q*ks)/’YQ ||Uf‘°’ — @*(xtvytPt)||2
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e %, 8C%
< e n@ks)/a (/7; =+ 2108(Cy/0) + 1), (25)
where (a) uses Lemma (b) follows from vq > C,, > Cy, ; (c) uses V, R(act7 y; b 0% (xe, yp )) =0
and Lemma (d) follows fromyg > C, > C, > pand1 —m < e”™ for 0 < m < 1; (e) uses
eq. (24). Similar to eq. (T9), we have the upper-bound of yg as

I

IV, R(z¢, yt ,Ut )Hz < Yy + Z IV, R(z¢, yt ¢ vd)

(26)
YQ +7g-1 Vg+1

Q = YQ-1+
q=ks

To further bound the last term on the right-hand side of eq. (26), we can have the following result:

VoR(xy, 7v 2
2+|| ( tyt t )H

[0 = 5 o,y |F =" = )|

7%
_2<U?_@*($t7yt ), Vo RR(2y, yt » U Q 1)>
7Q
(@) - % v R ) , U 2
<ot -0 (l'tayft)H Il (: yt Dl
g0
_ 2||V11R(‘rt7ytptuth ) v R(-Tbyt , U (xhyt ))H2
’yQngy
® 0 o . Vo Rz, yP, 0@
e
Q-1 P, q\||2
<||pks — p* , P[22 HVUR(xt’yt ’Ut)H , 27
<|Jvy® — 0% (ze, 1 )| Zk:s Yor1Cor 27)

where (a) uses Lemma([3} (b) refers to 7o > C, > Cy, . By rearranging eq. (27) and using eq. (24),
we have

Z HV quyt aUt)HQ

chyy(Hvllf% - ’[)*(xtayft)Hz - ||’U? 'Tfayt || )
Yq+1

q=ks3
2

) 8C
<C,,, (:;’ T T; + 210g(C,y /0) + 1). (28)

Plugging eq. (23] into eq. (20), we obtain the upper-bound of ¢ as

262/ 8CJ%y
Y9 < Cy+Cy,, 2 + 2 +210g(Cy/v) + 1) = Ymax- (29)

Then, we have the upper bound of ||v? — &% (z, y!*)||? as

2

s 2 _ _ 2¢, 8C Y
||UtQ _% (I,t’yft)H < e H(Qr=ks)/ Y (’u; + T; + 2log(C,/v0) + 1>. (30)

O, 2 2 . .
Recall we have the upper bound k3 < %. Note that Q' defined in (I3b) satisfies
Q = ks + M‘*log (C2, (max — Cy)/€).-

By replacing @ with @’ in eq. (30) , we have

”VvR(xtayt a”t )”2 < ngw thl — 0" (@, 1y Pf H e @ kg)/wm('y max — C ) < €.
Therefore, Q; < @’ and this completes the proof of (I5b). Thus, the proof is complete. O
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E.6 PROOF OF THEOREMIII

Here we suppose the total iteration round is T'. According to Lemmal] the proof can be split into the
following two cases.

Case 1: k; does not exist. Based on LemmaE[ we have ar < C\. Then by Lemmawe have

V@ ()] = 2, ¢
— <2(? - —|V Y S
o S 20 = @) + 59yl oI+
where ¢’ is defined in Lemma By taking the average, we have
T—1

HV(D Z‘t H2 2 Lq> 1 2 1 6/

<—(® - V£( U =
2 S <2 (@) - Bler) + 5 QTZH ol o+ 5 3 o

S;(Q(q)(xo) _ Hifq)(aj)) i L@C > ¢ 0 e

R 31
203 + ag T + oo’ (b
where c is defined by eq. (IT) in Lemmalg]

Case 2: k; exists. For ¢ < kq, according to Lemma we still have

Vo(x,)|? €
VR g (aa) ~ @) + gt TSl @+ G2
Q41 t+1 (7]
For ¢t > k1, we have oy > C,. Using Lemma we have
Vo(x,)|? e
IV < 5 (@(ay) - @) + - (33)
Q1 Aty
By merging eq. (32) and eq. (33), and taking an average from ¢ = 0, ...,T — 1, we have
ki—1
Z IVe(@y)|* 12: IVE(a)|* ||2 Z Ve (x)|I*
Q41 o Q41 0‘t+1
| Rl T-1
2 2 1 ¢
Sf(‘b(zo) *(I)(IT 2 2T Z ||Vf Itayt a”t )H + T Qe

. L@Cg € Co €
Sf <2(<I>(x0) - 12f<1>(:1:)) + 202 ) — ==+ —, (34)

(67)) T (7))
where ¢ is defined in Lemmal(8] This result is the same as eq. (31). Thus, for both Case 1 and Case
2, we have

V@ (@)]* H2 V@ ()]* H2 , LgC2 ¢
TZ < TZ T 2(@(z0)—1gf¢(x))+ 2 5 |+ —,

ar (672N} g (&%)

which indicates that

0 0

S

1= 1 Ly C2 ¢
2 : Pl
T ; (IV®(z:)]|” < [T (2(@(3@0) — 12f¢(m)) + 502 ) + a} ar
(@)1

IN

3C? Te
LC’)+’]

2
Qg

= [(2(@(z0) —inf@(2)) +

Qo
L@Cﬁ QTE/
2 + ’
g (%))

X {C’a + 4(®(z0) — igffb(x)) + (35)

where (a) uses Lemmal[8] To achieve the O(1/T') convergence rate, we need ¢’ = O(1/T) in eq. (35).
This can be guaranteed by taking €, = 1/7 and €, = 1/T, which implies (see Lemma 7)
2L?

/_1 2 Ly2Cy, 2 72
¢ = [(HQ( u +Lpa) + 1)L, L | (36)
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For symbol convenience, here we define

1[/2 LgoC 212
a ;c0+[(2( 921y +Lf1)+1>L21L2+} (37)
oo [\p I I

where ¢ is defined in eq. (IT)). Thus, we can obtain

T-1
1 2 Cl(Ca + 201) - 1
7 2 Vel < 257 = o(7).

Thus, Theoremﬂ] is proved.

E.7 COMPLEXITY ANALYSIS OF ALGORITHM [I] (PROOF OF COROLLARY [I))

Recall in Theorem we take €, = 1/T, ¢, = 1/T, and we obtain
Co+2
. Z (V@2 < Aot 2]

To achieve e-accurate stationary point, we need

= Z [V (x,)|* < w <e ie, T=0(/e). (38)

Recall in Lemmal[9] we have

log(C% /B2 L2 (Buax — C,
), < Og( [3/50)2 + 6max 10g ( g,l(ﬂ B)>
log(1 +¢€,/C3) L €y

log(cg/ﬁg) 6max TLQ,l(ﬂmax - Cﬁ) _ 1 ]-
S1og(1+1/C§T) o, s (T )O(log(1+e) +log (e)>

When e is sufficiently small, we have

1 1 1 1
Similarly, we have
=0 _ 1 L =0 L 1 L =0(1 40
Q= (1og<1+e)+°g(e)>— (ﬁ"g(J)— (1/€). 40

We denote Ge(e) as the gradient complexity, then we have
Ge(e) =T - mtaX{Pt +Qi} = 0(1/6).

Therefore Corollary [T]is proved.
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F PROOF OF THEOREM

We define some notation for convenience before proving Theorem [2]

F.1 NOTATION

Below, we define several preset constants for notational convenience at their first use. We first define
some Lipschitzness parameters for ®(z) as

L,-C C 2
Lo ::(Lf’l + 29278y ) (1 + 7‘%1/)
M Y
_ Cc? 2 L
L :=max {2<fyTg,2 + L%l) ‘) \/ngyy }
Next, we define the following constants as thresholds for parameters [y, i, o as
2L
C, :=max {—@7 ozo}7
®o

2uL
Flgl 75076460(2)a1}7

C ::max{ + Ly, ——2—
B K g,1 /L+Lg,1

pCy 2
C ::maX{Q(u +Cy,. ), —— ,64a5,1,Cy },
vy 9yy /~L+ngy Gyy
C, :=Cg + C,, 41
where the constant o is defined as

4(p+ ng)Q Lg2Cy 2 1 (p+ Lg 1)2L2
= W+ 8 ~—Y 4+ L =4+ 1) 2

@ (( 1Cq,, ) 2 ) p? ) plg1Cp

+ 4(N+ng?’y)(u+L971)Lz2/ (LQ,Qny +Lf71)2 + 4(/’L+ngy)2L3

wLg10 1Cgyy Y0

F.2 A ROUGH BOUND OF v,

Lemma 10. Under Assumptions for anyt > 0in Algorithm we have ||v¢| < %@t+1 —+
LI,

Proof. By strong convexity of ¢ in Assumption[I} we have

t t
Dol <Y1V Vg (an, ye)vel®
k=1 k=1

t t
< 20V Vyg(@n, y)ve — Vo f (@i v 12+ D 20V f (@, ye) 12

k=1 =1
t t
=> 2V R, yi, )12+ D 20V f(@n, v 1P
k=1 k=1

327252—}-1 + QtCJ%ya
which indicates that for any ¢ > 0, ||v¢|| can be bounded as
(2242 +2003)7 (20041 +2007)° _ v2(pr + ViCY,)
I - I - I '
Then the proof is complete. O

[oe]l <

(42)

31



Published as a conference paper at ICLR 2025

F.3 DESCENT IN OBJECTIVE FUNCTION

Lemma 11. Under Assumptions(I} 2] for Algorithm 2} suppose the total iteration number is T. No
matter k1 in Lemmaexists or not, we always have

1 1 Lo _
P(x <P(xy) — ———||[VD(2¢)]|* — (1— )V Ty, Ye, vg) ||
(T141) <P(x) Soriivin V@ (2)]] SRR P IV f (@, ye, ve) |
_ 2 _ 2
L? 2 /L,2C 21 ||V ; L? ||V R(xt, s
T 2{1+ 7( 9.2V ¢, +L‘f71) } H 9 (T yt)” += || vR(zt, s Ut)” '
2p H % Q4 1Pt+1 7 Q19841
43)
If in addition, ki in Lemmaexists, then for t > k1, we further have
1 1 _
d(z <P(xy) — ———||VO(z)||? — ————— ||V f (@, ye, v1) ||
(z141) <P(z¢) ST [V (x| Tomom IV f (e, ye, ve) |
_ 2 - 2
n LQ[ E(Lg,chy LI )2] 1Vyg(ze, )| n JZ Vo R (s, ye, ve) |
2u? w2 1 I Q4 1P1+1 ©? Q19841
(44)

. c? L? 1
where L := max {2( '%29’2 + L?)l) 2, \@ngy }
Proof. From Lemma we have ®(x) is Lg-smooth. So we can apply the descent lemma to P as

L
D(ar1) SO(ar) + (VR(22), T = 1) + o [wear — ]|

1 _ Ls
=0 (x;) — ————(V(21), VI (@e, 41, 00)) + 55— IV (@2, ye, v0) |12
Qt4+1Pt+1 2a t+1%0t+1
1 1 _
=P(xy) — ——|[VO)||? — ———— ||V T, Yi, U 2
(@) = o V@)~ G |V 1)
1 _ Lo _ 9
————[V®(x1) = VI (e, y0, v) | + 55— IV f (xe, ye, v) I, (45)
200110841 20‘%+1S"?+1

and the approximation error
[VE(xe) — ?f(l‘t,yt, Ut)||2
=[|Vf (20 y" 1)) = V(@ ye, v1) H2
<2||Vf(z1,y ( ) ( D) = VI @e e o™ @) |* + 2V (e e, v () = Vg, v
<4[|Vy Vyg (@, y™ (z0))v" (21) = Vy Vyg(e, ye)v” xt)HZ
4|V f (2,57 (20) = Vo @, v ||° + 2| Vy Vg, ve) (v (20) — v ||

C’fy[/?77 * 2 2 * 2
§4<T + L% >||yt =y (@) "+ 265, llor — o™ ()|

Jyy
<L?(llye =y (@o)lI” + [Joe — v* () ]|?), (46)
where the third inequality used results from Lemma 3] By plugging eq. (#6) into eq. (@3], we have
1 1 Lo )
P(x <P(xy) — ———||[VD(z4)]|*> — (1— )V Ty, Ye, vg) ||
(@e41) <P(1) 2at+1%+1” (@) SorP P IV f (e, e, ve) |
L’ 2 2
P E— —y*(z + [|vy — v* (2 . (47)
s (I = 9" @)+ o =" (@) )

Note that g(z,y) is p-strongly convex in y and R(z,y,v) is p-strongly convex in v. So here
we can bound the approximation gaps ||y: — y* (x¢)||> + ||ve — v*(z4)]|? by [|Vyg(zs, y¢)||? and
Vo R(2t, ye, vr)||? as

lye=y™ (@e)l? + lloe = v ()|
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(a) 1 1
2 Hvyg T, yt) V’ng('rhy*(xt)) H2 + EHVUR(xtaytavt) - VUR<$t,ytaU*($t)) H2

(b) 1 2
QHvyg xtayt)H PvaR(mt,ytvvt)”z

2 VR ) = VR s @)

© 1 ) 2 (Ly2Cy, 2 .
gﬁuvyg(:ct,yau +EHVUR(xt,yt,vt)||2+ /ﬂ(gu /i +Lf,1> lye — y* ()|

(D1 2 rLg2Cy 2 2 2 2
< [/ﬂ + E(Ty + Lf,l) ||Vyg(fft,yt)|| + EHVUR(xtvytavt)H ) (43)
where (a) and (d) use the strong convexity; (b) and (d) result from Vyg(m,y*(x)) = 0 and
VU%, y*(z),v*(x)) = 0; (c) uses Lemma By plugging eq. into eq. , we obtain

eq.

Now if in addition, k; in Lemma || exists, then for ¢ > k;, we have ay 1 > Cy > 2Lg /o. From
(@3) we can immediately obtain (#4). Thus, the proof is complete. O

Note that to further explore the bounds of the right-hand side of eq. (3)) and eq. (#4) in the above
f HvygB(M,yt)HZ nd Vo R(xe,ye,00) |12
[

lemma, we next show the (summed) bounds o

Pt+1
Lemma 12. Under Assumptlonsm 2} for Algorzthm|2| suppose the total iteration rounds is T'. If ko
in Lemmal extsts within T iterations, for all integer t € |k, T, we have

t

Z [Vyg(ar, yn)l® _ (B +Lo1)C3 | (n+ Lgn)°Ly | (u+ Lg1)’Ly Z IV£( mk,yk,vk)l\
Br+1 - w2 wLga¢0 plga QG Pkt

k=ko

Proof. For ko <t < T, we have 8, < Cg and ;1 > Cgs. For any positive scalar Ai41, using
Young’s inequality, we have

* 1 * *
lest =" sl < 0+ Sl =y @)l + (1 5 )l o) =" @) (49
For the first term on the right hand side of eq. (49), we have
Y1 =y (20)]”
1 . 2
=|lye — 7Vyg(:vt,yt) =y ()
ﬁt+1
* 2 *
=llye =y @) + Z5—IVyg(@e yo) I — (v — v (@), Vyg(ze, ye))
5t+ Bti1
() 2uLg > 1 < 1 2 )
<(1— et Ny — oyt ()| + —~ Vyg(ze, y)l?
(- e Y= @ + 5= (5 — o ) st
(b) 2uL, 1 ) 1
<(1-—2Fel —y ()| — ————— |V gz, ) |I? (50)
(1 e Yl = v 0P~ Gy st

where (a) uses Lemma 3.11 in Bubeck et al.| (2015); (b) follows from 3;11 > Cg > + Ly 1. By
plugging eq. (30) into eq. [@9), we have
[ye+1 — v (o) ||

- Q/J,L 1 ey 1
<(I+A 1-—- g’) -y 2o (14X — ||V ) 2
<4 3 (1= g Yl = 5l = (14 Aen) gt g
+(1+At My (@) = " @esa) |2 (51)

By rearranging the terms in eq. (51)), we have

(I4+X¢41) ) IVyg(@e, ye) |2

1
Bes1(p+ Ly
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3 2pLg 2 2
<1+ (1—9’) —y(z)|? — —y*(x
( t+1) 5t+1(,u+Lg,1) lye — 4™ (@) lyer1 — vy (zeg1)ll
(1 1)l @) = o )P
t+
We take A1 := #ﬁgl) Since Bi41 > Cp > 31%’911 in eq. , we have A\, < 1. Then
we have
\% , 2 < \% , 2
[Vyg(@e, o) §(1+At+1)” y9(ze, ye) |
Bt+1 Brs1
<+ Lo ) (lye — v (@)1? = lyerr — y* (@er1)]?)
20+ Lga), o .
+ %Hy (z¢) =y (zeg1) P
t+1
=+ Lg1) (lyr — v* @)l = lyesr — v (@e1)]%)
(M+L ,1)25t+1 * *
O P () — () P
Hlg
(@) * 2 * 2
<+ L) (lye =y (@o)lI? = lyesr — v (@e32)I°)
(L+ Lg1)?L2 B4
+ ! . s =z |?,
/”'Lg,l
where (a) uses Lemma 2] Summing the above inequality over k = ks, ..., ¢, we have
Z ||Vy9 T, Yi) |2
= Br+1

t

<y [Vustoml?

it Br+1

(14 Lon)’Ly &
Wt LoV By S~ gk — 2 2

<+ Lo ) lyks—1 — ¥ (@re—1)* + 7
P, k=ka—1

(@) L
MHVM (Tho—1,Yko—1) — Vyg(xkz—lay*(x’w—l))HQ

t

(4 + Lga)? 5k 1 _
+ Lg Z IV )P
Hlga oo 1P

.
2+ (n+ Lg1)*Ly IV @k, yie, ve) |12
Pl k=kz—1 O 1 Ph1

pt Lga
_TgHVyg(% 15 Yky—1)

®) (1 + Ly 1)C3 +(/«LJFL91)2L2 zt: IV f (e, yr, vi) |2

< 3 2

M ULg, k—ky—1 Qpy1Pk+1
© (1 + Ly, VCE (4 Lgn)?LE (4 Ly 1)’ LY S |V (e, g, on) |12 (52)
I #Lg 100 plor S %P

where (a) uses Assumption [} (b) results from ||V, g(zk,—1,yk,—1)[|* < B, < C3; (c) denotes
o = max{fo, o0} Then, the proof is complete. O

Lemma 13. Under Assumptions|I| 2] for Algorithm[2} suppose the total iteration rounds is T. If ks
in Lemmalexlsts within T iterations, for all integer t € ks, T'), we have

Z Vo R(x, i, o) |1

k—ks Ph+1
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4(p+ 0y, )C? 2y 2
S (:u+ gyy) ,3<L$]a20fy +Lf,1) (/j’—'_cgyy)C’Y

wt - I
LAt Gy, )+ L)L (Lg,chy +Lf1)2 POAACES]
12 Lg1p0 H A St A1
A(n+Cy,, ) L2 Z IV f (ks i, v0) |12
MngyC’Y k=ks—1 a%-’rl
Ap+C, )2 Ly2C 21 K Vg yn)|?
+< (1n+Cq,,) +8)< 9207, JrLfJ) L3 Z I1Vyg(xr, yr)ll .
1C,, H f—kg—1 Br+1

Proof. For ks <t < T, we have ;1 > C,. For any positive scalar ;\t+1, using Young’s inequality,
we have

A 1
loers =" @een)P < (U o) o = v @l 4+ (1 = )" () =" (o) 7. 53)
t+1

For the first term on the right hand side of eq. (53)), we have

041 — v* ()2
1 2
:’ Vg — VoR(xe, ye,ve) — v* (24)
Pt+1
1 2
=t = v* @)|* + —— Vo R(wes g, v)|* = ——(vr = v*(20), Vo R(we, g1, v0)). - (54)
Pit+1 Pr+1

For the last term of the right-hand side of eq. (54), we have

— (v — v (z), VUR(xtvyt»'Ut»
= — (v — 0" (1), VoR(xe, ys,v) — Vo R(4, ye, 0" (21)))
— (v — v*(xt),VvR(xt,yt,v*(xt)) — VUR(mt,y*(xt),v*(xt)»

(a) C
< - ,u—l—lC’gyvavR(xt’yt’Ut) - V’L)R(xtaytav*(xt)) ||2 - #giy””t - U*(ft)HQ
+C yy * * *
K fu1 VUR(-rhyhv (‘rt)) - V’UR(ZL‘hy (Z’t),v (xt))HZ
QHCny
:ucgyy * 2
——||lvy — v (x
e AL
< VRGP + e VR g, @)
2(p+ ngy) W+ ngy
M+O vy * * *
+ 7g||vuR('xt7ytaU (xt)) - VUR(:z:t,y (.Tt),’U (xt))||2
2uCy,,
_ 'U’ngy o 2
2(,U, ¥ ngy) ||Ut v (‘rt>||
(¢) 1 2 MC(] * 2
S — v TR _ M9 gy,
2(u+ngy)” (@t, ye, ve) | 2(u+ng)”Ut 0" ()|
1 pu+Cy ) 2
+ YW Ve R (2, yg, 0™ (21)) — Vo R(2e, y" (24), 0™ (2
(e + e ) I (@) = V(o))
(d) 1 uC
< _ V. R Ut 2 _ Jyy ¥ 2
= 2(,“ + ngy) || (xt Yt Ut)” 2(M + ngy) ”Ut v (.’L't)H
1 1+ Gy, 2 2
vy L * L _a*
+ (e + ) (el @l + Lyl = )
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(e) 1 uC
< _ VUR , , 2 Gyy a0k 2
N 2(:“‘ + ngy) || <xt v Ut)H 2(” + ngy) ||Ut ! <xt)H

1 12 + Cg Lg QCf )2 9
—+ + vy ) y + L % : 55
<'u’ + Ogyy 2uc’gyy ) ( K b ||yt Y ((Et)” ( )

where (a) follows from Lemma 3.11 in Bubeck et al[(2015); (b) uses —[la — b]|? < —1|a||* + ||b]|?
since [la — b+ b||? < 2||la — b[|* + 2[[b]|%; (¢) uses V., R (x4, y* (1), v* (2¢)) = 0; (d) and (e) follow
from Lemma[3] Plugging eq. (33) into eq. (54), we have

[

uCl ) | ( 1 1 ) ,
: T e, e vt U + - V’UR Tty Yt, U
( (14 Gy )41 I (@)l Per1 \prr1 p+Cy, | (@, e, v1) |

2 p+Cy,, Y\ ( Lg2C ‘1 .
+< n gw)( 9.2~ fy +Lpr ) —— e —y* (o)
Pt+1

||Ut+1 - U*(ﬂft)

ot Ogyy 'U'Ogyy K
(a) uCy ) 5 1 ,
S\1= a5 e =" (@)” = g (Ve R (e, yes v
( (1 +Cy,, )1 I (@)l 2(u+ Cy,, ) pe+1 H ( )H
2 p+ Gy ) (Lg 20 )2 1 )
+ + vy =+ Leq | — |y — v (2 ’ (56)
([L + Ogyy /U‘ng,y M f Ori1 H t ( t)”

where (a) follows from ¢, 11 > Y41 > Cy > 2(u + Cy, ). Combining eq. with eq. (53), we
have
[ve41 = v* (e[|

N MCC] > * 2
<1+)\ 1-— V¢ — U X
e e e rved L

—(1+5\t+1)2 HVUR(xtayt7vt)H2

(n+ Cy,, )t

A 2 p+Cy L,2C; * 1 )
=) ) (2025 ) -y )
" H + ngy lu’ngy K 4 Pt+1

1
(1 ;m)””*@t) — " (o). (57)

By rearranging the terms in eq. (57), we have

N 2
14+ Mp1)————— IV R(zs, s, v
( t+1)2(,u+C'gyy)90t+1H ( s Yt t)”
3 1Cy * 2 * 2
<14+ 1—-— — - —
<+ Ae) (1= G ) o= o @Ol = s = (o)
N 2 p+Cy ><L9Ach )2 1 )
+(1+A ( + o — 4+ L — |y —y"(x
( t+1) p+Cy. 1uCy,. [ fi1 <Pt+1Hyt y* ()l
1 * *
(1 ) I ) = )| (58)
At41
We now take 5\t+1 = Wrgfﬁ Since Y41 > Y41 = Cy > :fé:? in eq. || we have

5\t+1 < 1. Then we get

VUR ) ) 2 3 VUR ) ) 2
IVoRG@y el 5, IVeREoye vl
Pt+1 Pt+1

(a) * 2 * 2
<2(p+ Coyy ) (llve = 0™ (@)1 = llves — v (@40 [I°)

2 p+Cy ><L9,2Cf >2|yt —y (x|
+4(p+ Cy, + - “+L
(/"L gJy)(M_"_C ,U/C I fi1 Vi1

Jyy Jyy
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(1 + Cqg,, ) pts1
N‘ngy

(b) N X
<2(u+ Gy, ) (e = 0™ (@)|I” = llvesr = 0" (@e41) )

4 C, )2 Ly2C s — o 2
+( (1 + Cqy,) +8)( .20, +Lf71) lly: — y* (o)l
wC. I P41

Jyy

20+ Cop,) (14 )22l - g

4(p+ Cy,, )2 Loprin

J’_
lu’ngy

|2e — zega ||, (59)

where (a) multiplies both sides of eq. by 2(u + C’gmy) and uses ;\t+1 < 1; (b) uses pyy1 >

C, .
Vi1 > Cy 2> % Take summation of eq. 1i and we have
Jyy

i Vo R, i, vi) |2
ks Pr+1

t

> Vo R(zk, yi, i) |
k=kz—1 Pht1

4(:u’+ ngy)2Lg :

<2(p + Cg,, Mvkg—1 = 0" (g 1) |I* + C > ernllee — e

Jyy k=kz—1
4(u+ Cy,,)? Lg2C R —y 2
(At Gl (BaaCn ) 5 ey
N‘Cny H k=kz—1 Phi1
. A+ Coy )Ly = IV (@ e 000 ||
<2(p+ Coy, ) lvks—1 — 0" (whs 1) [|* + = —
Iyy 3 3 uC,, kszS_l QG Pt
4(pu+ Cy,,)? Lg2C i —y 2
+( (u+Cy,,) +8)( 920y, +Lf,1) 3 lye — y" (zx)ll
Mcgyy K k=ks—1 P+l

. A+ Cyy )2 L2 SN IV (s v, i) |12
<2+ CpyMokg 1 — v (rg )2+ 2 Com ) Lo~ IV (i, v, v

’LLngy k=ks—1 ai+1ﬂﬁk+1
4 O ’ 2 L C 2 t % 2
+< (1+Cyy,) +8>( 920, +Lf’1> S lye — y" (zn)|l
/“LCny K k=k3—1 Bk""l

@ A+ Coy )Ly = IV S (@, e, 000 ||
<2+ Cyy vk —1 — v (@ry—1)|]> + 2y E =
yy || 3 3 ‘ ,ungy kg1 ai_HsOk-H

4(:“‘ + Cg?/?/)z > (Lg,Qqu/ )2 1 . Hvyg(xkv yk) - Vyg(ﬂﬁk, y*(xk)) H2
+ we o 48 Y L) —
( e I n 2 Br+1

2
Jyy k=k3z—1

A(p +Cy,, )’ L3 i IV £ (@, yi, i) I
HClyy k=kg—1 g1 Pk 1

A+ Cy, ) ) (Lq 20y, ) 1 IVygzr vl
+ + 8 s Y + Ls _ N YYI\TRy IRJIT
( e jz ) e 2 Br+1

Iyy k=k3—1

®) .
<2(u+ Cy,, ks —1 — v (@rg—1)[|* +

@2(n+ C «
< w"vv}%(mk‘g—lyykg—l,vk3—l) - VUR(-’Ek3—17yk3—1:U (xk3—1))H2

. _
4(/~L+ngy)2[”12/ Z va(:rlﬁy/ka)"z
1Cy,, kg —1 O 41 Pk+1

Ap+ Cy,,)? Ly,2Cy, 1 G IV, ye)l?
Yy ’ 2 L il Y )
+ ( uC +8 . + Lysa 2 E

Jyy k=kz—1 BkJ“l

+

D4(u + C . . .
<7(H 2 gyy)HVvR(xkrl,y (@hy—1), V" (Ths—1)) — VoR(Th—1, Yky—1,0 (:rks,l))H2
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4(p+ C " *
+ 7@ 2 04,) ||VUR($k3—17yk3—17’Uk3—1) — VUR(xk?,,l,y (Thg—1),v (xk3,1))||2
+ 4(M+ngy)2L% i H@f(mkaykavk)l‘z
HClyy k=hg—1 A1 Ph41
Ap+Cy, )2 Lg2Cy, 21 &V Lyl
+< (n . 9yy) +8>( 9207, +Lf,1> s IVyg(@k, yi)ll
Jyy K H k=ks—1 ﬂk"’l
©4(u+ Cy,,) [ Ly2Ch, 2 .
QA Do) (202500 4 11 g =0 o)
j o
4(p+C Adpu+Cy VL2 \V Y, 2
+ 7@ 5 gyy)HVUR(mkgfhykg*h'Uk371)”2+ —(U ngy) Z I f(fk i, v |
M HCgyy kehg 1 Q1 Ph+1
+C Ly 2Cy R - 2
+< (:u‘ gyy) +8>< 9.2% fy +Lf,1> — Z ||vyg(mkyyk)” , (60)
1Cy, 1 i Br+1

where (a) uses Assumption (b) results from Vg (x, y* (1:)) = 0; (c) uses the strong convexity in
Lemma (d) uses VUR(x, y*(x),v* (x)) = 0; (e) follows from Lemma

Our next step is bounding ||yk;—1 — y* (x;—1)||* on the right hand side of eq. in two cases. The
first case is 8, < Cjg. In this case, by using strong convexity of g and the definition of j3;,, we can
easily have

1
”ykg—l - y*($k3_1)|‘2 SEHvyg(xks—laykg—l) - Vyg($k3_1,y*(1’k3_1))||2

B, _C3
I? <= ,—5. (61)

1
=—|IVyg(Ths—1, Yrs—1
MQH 9 (T, 5—1)) 2=

The second case is 3;, > Cgz. This indicates that k; exists and k3 > ko based on LemmaEl By

plugging A\, 1 := % into eq. || and noting A\, 1 < 1, we have

(p+ Lg,l)/Bksfl

ks -1 — ¥* (@rs—0)I1? <lYks—2 — " (Thy—2)||* + Iy (ks —2) — ¥* (Thz 1)

1Lg
@ X (p+ Lg1)L2Bry—1
<lyrs—2 — " (zrs—2) I + ZL 1y S kg2 — my ||
9,
T (1 + Lo )Ly Brs 1 [V f (g —2, Yrg—2, Vg —2) ||
: : plig a%371€0i371
(B4 Lga) Ly ||V f (Ths -2, Yy —2, ks —2) |
< - * T 2+ 3 Yy 3 ’ 3 ? 3
_||yk3 2—Y ( k3 2)” fiLga O‘ig__l‘ﬁkrl
. (14 Lo, )Ly IV f (@32, ks —2, ks —2) 1
yks—2 — ¥ (Trs—2)|1* + : oo
: : pLg100 O‘i371
Lo )L2 %2 I8 2
S”ykg—l o y*(l’kg—l)Hz + (/‘l’+ gvl) Yy va(mk;yk7vk)“
#Lg, 100 k—hg 1 Qi
2 k3 —2
(?%4_ (b + Lg) L BZ I\Vf(xk,yk,vk)ll ©2)
o #Lgipo | 4=, aj g

where (a) uses Lemmal 2} (b) uses eq. (61) by replacing k3 by ky since B, < Cj (see Lemmalé-_ll) By
combining eq. (61) and eq. (62), we obtain a general upper bound of ||yx,—1 — y* (Trs—1)]|* as

C3 | (ntLg)Li 2|V ?

. 2 5, (p+Lga)Ly f (e, v, o)l

Yks—1 — Y (Trg—1)||” < — + ) ; (63)
(7 (hs—1)l 2 pLoipo | 4=~ az,
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where we define Y, I, = 0 for any m > n and non-negative sequence {l), }. By plugging eq.
into eq. and using ||V R(Zk, 1, Yks—1, Vks—1) I* < 77, < C2, we have

i Vo R(zk, yi, vi) ||

k=k Ph+1
—R3
4p+Cy )C? [/ L, 5C 2 4p+c, )C?
S (H' 4gyy) [3< 9,2%Y fy +Lf,1> + ('u ;yy) Y
ju p
ko — _
+4(N+ngy)(u+Lg,1)L§ (Lw?cfy + Ly )2 3222 IV f (ks g, ve) |12
1
1?Lg 10 K k=ks—1 1
4(p+ Cy,, L3 Z IV £ (@r, g, v |12
/’l’cgyyc"‘/ k=ks—1 ai-‘rl
dpu+C, )2 Lg2C 21 & IVeg(@h v
+< (1 = gyy) +8)< 9,20 £, +ij1) - Z IVyg(xr, yr)ll .
HCg,, H P a1 Br+1
Then, the proof is complete. O

Supported by Lemma [12]and Lemma[I3] we derive upper bounds of /3; and ¢;.

Lemma 14. Suppose the total iteration rounds of Algorithm[2]is T. Under Assumptions[I} 2} if k2 in
Lemma [ exists within T iterations, we have

Be+1 <Cp, t < k2;

Buir <(Cg+ (b +Lg1)Ch (M+Lg,1)2LZ) (b4 Lga)’Ly zt: IV f (ks yr, vn) ||
< e uLg 140 uLg1Cs ol aiJrl )

t > ko.

When such ko does not exist, Bi11 < Cg holds for any t < T.

Proof. According to Lemma] the proof can be split into the following three cases.

Case 1: k> does not exist: In this case, based on LemmaE[, we have 7 < C, and hence 3;41 < Cj
for any ¢ < T because /3; is non-decreasing with ¢.

Case 2: k- exists and ¢ < ky: In this case, based on LemmaEI, we have ;11 < Cg.
Case 3: k; exists and ¢t > ko: Inspired by Ward et al.|(2020) and using telescoping, we have
[Vyg(@e, ye)|?
R
t+1 =Pt Bio1 + By
I?

<B; + ||Vy9($t, yf,)
ﬁt+1

t
Vyg(, yr) |I?
§%+Z£ﬂLi&
= Br+1

(Z) (C I (ﬂJFLg,l)Cg (n+ Lg,1)2L33> (n+ Lg,l)QLZ i ||?f($k7ykavk)H2
’ I fLlg 10 plgaCs = ST

)

(64)
where (a) uses lemma([I2] Thus, the proof is complete. O

Lemma 15. Under Assumptions(I} 2} suppose the total iteration rounds of Algorithm]is T If at
least one of ko and k3 in Lemma | exists, we denote ky,;, := min{ks, ks}. Then we have the upper
bound of p; as

Pt Sctpa t S kmin;
©t <aq IOg(t) + bl, t> kminy
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where a1, by are defined as

Cy, b+ Cy, +a
ay = 6(7,()7 bl = 4a0 IOg (1 + Ioy C J; 0) + 4aO IOg(ngyd) =+ 4a0 + 2b07 (65)
Gy
in which we define constants
V2 - V2C;,
H b N M b
4 Cy,. )2 Ly2C Lg1)%L?
ao ::(( (1 + Cayy) +8>( 9.2 fy 1 — + ) gt gl e
l’(‘ngy ,LL l’(‘Lq 1CB
4(H+ngy)(ﬂ+Lg I)L ( 92ny ) l‘+cg )
+ - +L
w3Lg 140 Mcgyy’YO
4(p+ Cy,,)C3 C ? Cy,,)C3
bo :=Cs + Cy + 2 F Cow) B( 222y 4 g, ) 2 G )
I I 1
4(N+ngy)2 Ly ,2Cy, 21 Cg
+ ( 1Coys +8)( " +Lf,1) F(% *BO)
4(p + ngy)2 Lg2C, 21 :| ((M + Lg 1)05 (M + Ly 1)2L2)
+|(——2—+8)(——~+L —+1 . + Y ). (66
{( nCg,, )( Iz f’l) w2 I #Lg10 (66)

When such ko and k3 do not exist, we have ¢, < Cy, forallt <T.
Proof. To begin with, we first show the following result as the first two lines of eq. (64): since 3, and
~: are positive and increasing monotonically with ¢, we can easily have
0 S min{ﬁt2+1?’7t2+1} - mln{ﬁt27 71&2}
=(B211 + i —max{B7 1,7 }) —
(@)
= (B + i) — (B +7) — (9311 — #0),
where (a) uses the definition ¢; := max{f;, y; }. Similar to eq. , we have

(B +~7 — max{B},77})

wi— i <821 — BD) + (i — 7)) = IVyg(@e, y) I + Vo R, ye, ve) |17,
which indicates that
\Y% T, 2 V'UR Tty Yt, U 2
o <o [Tt P | VRG]
Pr+1 + Ot Pr+1 + ot
<o+ IVyg(ze, y)ll? | IVeR(@e, ye,v0)|?
a Bet1 + Bt Ptr1
V(e y:)|)? VoR(xe, ye, v0)]|?
<y + H yg( t yt)” + || (T4, Y t)H . (67)
Be+1 Pt+1

Note that, to simplify the proof, we define Y. k=m

li, = 0 for any m > n and non-negative sequence

{li}. According to the definitions of ko and k3 in Lemma' the proof can be split into the following

four cases.

Case 1: neither k; nor k3 exists: for any ¢ € (0,T), we can easily have ¢; = max{f;, 1} <

max{Cg,C,} < C,.

Case 2: k- exists but k3 does not: by using the third line of eq. , forany ¢t € (0,7T), we have

1Vyg(zie,ye)l®

t
where we take Zk:lm Bri1

40

Vg (e ye) |12
ks Uk
Oi41 < Big1 41 < Cp + E Y

k=ko

+C,, (68)

Br+1

=0 forany ¢ < ks.



Published as a conference paper at ICLR 2025

Case 3: k3 exists but k; does not: from the second line of eq. , for any ¢ € (0,7"), we have

(a) 2 9
D1 %wt + ||vyg($tayt)|| + ||V'L)R(xtayt7vt)”
ﬂt+1 +,8t §0t+1
<<P + Z ||Vyg Z‘kvyk ||2 Z ||V R(xkaykavk)H
Bk+1 +ﬁk k=k- Pr+1
3
IVyg(@r, yi)ll? Vo R(zk, yi, vi)||?
<Pk, + U TANLITLYSI I
ﬂks 7163 Z ﬁkJrl +Bk kaZg Okt1
b VoR(xk, yi,v
(:)5t+1+’7k3+ Z [ (2k, yr, vr)|?
k=ks Pr+1
<Bt+1 +C + Z ||V R(mkaylﬁvk)H
k—ks Ph+1
Scﬂ_’_c’y_;'_ Z ||V R(xkvykavk)n , (69)
k=Fks Pk+1

where (a) uses the second line of eq. li and we take 22: s W =0 forany t < ks;
(b) uses the first line of eq. (64).

Case 4: both ko and k3 exist: from the third line of eq. (69| , for any t € (0,T), we have

t
Vy9(ze, i)l VoR(xg, Y, vk
JRPPRRUR S\ A SO Y e

= Br+1 = Ph+1
ks—1
<ﬂ 4 32: [Vyg(zk, ye)l? Lo+ Z Vyg( l‘myk)HQ Z Vo R(x, vk, o) ||
Br+1 Br+1 Oh41
k=ks + k=ks + k=ks +
t
IVyg (e, yi)|| IV R(x, y, vr) ||
—Cy+Cy 4 S ST VT : (70)
o k:zkg Br1 kzk Phtl
where (a) uses the third line of eq. lb and we take kS kl W = 0 when ky > k3,
Zk_ ks ”vygigzi’lyk)u = 0 for any ¢ < k2 and Zk:ks vaR(::ﬁk’W)”% = 0foranyt < ks. Itis

easy to see that the upper bound of ¢, in eq. (70) is the largest among all cases. Thus, in the
remaining proof, we only explore the upper bound of ¢, in Case 4.

To further explore the bound of ¢, we need to use some auxiliary results and bounds. So we split
them into three parts as follows.

Part I: an auxiliary bound of M
k+1
HVf(ﬂClmyk o)1?
ot

To further explore Case 4, we begin with a common term 22: for any kg < t.

Recall in Lemma[T0} we have

\/5 \/QC y = A
H’Uk” S 7(,0k+1 + ,U, /. \/E = a@k+1 + b\/E,
where @ and b refer to eq. (66) . According to Lemma since g > 1, for any integer ¢ > 0, we have

Z IV f( iﬂk,yk,vk)ﬂ Z IV f( zkvykavk)|‘

k=ko aj P iy

t
<tog (3019 el +a3) +1

k=0
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(a) !
< log <Z Co.apr41 + Co, W+ Cp)" + %) +1
k=0

-+

<log <(chzya90k+1 + Cy,, 0V + Cy, + a0)2> 1

k=0

t
=2log ( Cy.,0Prt1 + ngybf+ Cy, + a0> +1
=0

<2log <(t +1)(Cy,, a0t 41 + glyb\[+ Cy, + ao)) +1

=2log(t + 1) + 2log (Cy,,aptr1 + Cy, bVt + Cy, + o) + 1
<2log(t + 1) + 2log ((Cy,,ape+1 + Cy, b+ Cp, + ao)Vt) + 1
<3log(t + 1) + 2log(Cy, ,api1 + Cy,, b+ Cy, + ) +1, (71

where (a) follows from Remark [3] and Lemma [I0] Therefore, we obtain the upper bound of
Zzzko IV vev)l® for any ko < tin eq. . Part I is completed.

ak+1

Part I1: a more general bound of > W.

In Lemma. we show the bound of Z ek W when k,, exists. In Part I, we further

provide a rough bound of Z W for any potential E<T. Firstly, if k> ko, itis easy
to have

Z HVyg Tk, Yk) ||2 Z ||Vy9 Tk, Yk || .

Br+1 Br+1 ’
secondly, if k< ko, we have
2 ka—1l 2
Z IVyg(@e, yi)l® < Z 1Vyg(@r, yi)ll® n Z IVyg(@r, yw)l?

Br+1 Br+1 Br+1

k: -1
Z 2 ||Vyg mkvyk ||2 Z ||vyg Tk, Yk ”
Bo

Br1

»Bkz Z IVyg(@r, yi)l* )|I?

el Brt1

Brt1

50 Z ||Vyg mkayk)H
- ﬂo

z IVyg(@r, yu)l?

Br+1

Combining these two situations, since CB > Bo, for any k < t, we have

Z IVyg(er, y)I* B+ Z IVyg(@r, yu)l?
Br+1 Br+1
(a) C? L,1)C L,1)%L?
D% _ 0+(H+ gl) g+(ﬂ+ 9.1)" Ly
Bo % uLg 100
+Lg1)2 L2 < 2
+ (/1’ 9’1) Z ||vf xlﬁylﬁvk)” , (72)
plg 1 1Pt
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where (a) uses Lemma[I2] Thus, Part II is completed.
Part I1I: the bound of ¢, in Case 4.
Here, we explore the upper bound of ¢, in Case 4. Recalling eq. (70), we have

t
V,9(x, 2 Vo R(zr, yr, vi) ||
i1 <C3+Cy+ 3 IVyg(@e, yi) | Z | o Yoo Vi) | _C,i0, =,

k=kso Bre+1 Ph+1
for t < kin := min{ko, k3}. For ¢ > Ky, we have
: 2
Vyg(zk, Vo R(k, Yr, v
P11 <Cs+Cy+ 3 IVyg (e yol* Z Vo R(zk, i, i)
k=ko /Bk+1 K—hy Pk+1
(a) t 2
SO+ Y IVyg (e, i)l
k=ks Prt1
4(/“L + ngy)cg L972ny : 4(/-// + ng'y)cg
1 +Lysa + —
H I u
k3—2 =
+ 4(H + ng)(u + Lg,1)L§ (Lg*chy + Ly 1)2 i: M
w3 Lg 100 n ’ e 0‘%4—1

.
+4(M+ngy)2L12) 3 IV f (@k, yu, ve)|®

pCl,, Cy ka1 T
t
N <4(M+ngy)2 +8> (Lg,chy +Lf1)21 IVyg(r, yi)ll®
iu‘cgyy H 7 ,LLQ k=kz—1 ﬁk_H
g{( (n+Cq,,)° +8)(Lg,20fy b L ) i } Z IVyg(@w, y)ll®
'u’ngy H ,u ﬂk+1
4 C,, )C2 C C C
Y54+ Cy+ (u+ fyy) [3( 9,2 fy ) 4(p+ 2gyy)
J I I
A(p+ Cy,,)° Ly ,2Cf, C
(B ) (01 (G )
1Cl,, ) 1 fl B
2t =
N 4(p+ ng;yg(#‘FLg,l)Li (Lngny +Lf71) 3 ||Vf($k72yk7vk)\|2
M= Lg, 10 H kg1 X1
+ 4(/1‘ + Ogyy)2 12) : ”?f(xk7yk7vk)“2
#Clyy Cy k=kz—1 aiﬂ
<<C)<(4(M+ngy)2 + 8) (L9720fy +Lf 1)2i + 1) (M—FLg’ L2 Z va xkvyk,vk)HZ
- nCgy, JZ A pLg,1 Of 1Pkt

+

4(p+ Cgy, )+ Lga) Ly (Lg,chy+Lf1)2 zt: ||@f(1?k7yk,vk)\|2
13 Lg,1¢0 H 7 k=ko—1 4

t

A(p+ Cy,, )’ L3 Z IV £k, yr, ve) ||

+
ngyc k=ks—1 ai+1
+C,, )C% ([ L,2Cy, 2 4 C,. C?
Lo o+ A ‘1”) B( 9.2 fy+Lf,1) 1 At Cou)C 5”) .
pt j j
4(# + ng) LngCf?/ C/B
+(e +8)( i) (G- m)
4(u+C L, 2C 2 Lg1)C3 Lg1)%L2
[( N"‘ gyy +8)( 9,2 nyrLf,l) %+1:|((/1+ gx) +(M+ gl) y)
gyy H 12 nLg 100
{((4(M+ng) +8) (Lﬂcfy + Ly 1)2i n 1) (4 Lgn)*Ly
1Cgy, Iz T plg1Cp
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. _
4(H+ngy)(M+Lg,1)L§(Lg,icfy+Lf!1)2] 3 IV S (ke i, vr) I

13Lg 10 kg1 i
" 4(p + Cy,,)°L i IV f(zw, yr, ve) ||
1Cgyy Y0 kg1 %
+Cy, )C% [ Ly2C, 2 A(u+Cy,,)CE
+Cs+Cy+ Au qyy) B( 92 fy +Lf,1) -1—4(1L ngy) .
I I
4(H+ng) Lgﬂcfy 21 C/B
(g s (T L) (5 - )
A(p+C,, )2 L,2C 21 + Lg1)C5 + Lg1)%L?
+[( (n+Cy,,) +8)( 9.2 fy+Lf,1) 72+1}((M gl) +(M a.1) y)
pCg,, Iz 1% pLg 1o
t = 2
d v 7 b
@ o 3 I f(wkzyk well” | g
k=min{ko—1,k3—1} F+1

t — 2
<o Y IV f (@, yr, ve)l + a0+ bo

2
@
k=min{ka,ks} k41

Cy., b+ Cp, + a0
C

9zy

(e)
<ao [3 log(t+ 1) + 2log (nptH + ) +2log(Cy,,a) + 1} +ao+bo, (73)

a

where (a) uses Lemma [13f (b) uses the first line in eq. lb by replacing k with ks — 1; (c)
results from eq. . (d) refers to eq . (e) uses eq. (71). Since min{ksy, ks} < T, we have
¢i+1 > min{Cs, C,} > max{64a3, 1}, which indicate that

(1) if 8ag < 1, we have

log(pi41) Pt+1
< < :
9 =5 = Pt4+15

4ag log(pr+1) <
(i) if 8ag > 1, we have

@r1 — 4aglog(er1) = iy — 8aolog(y/@rr1) > 8ao (v/@rr1 — log(v/pir1)) > 0.

Combining (i) and (ii), we have 4ag log(v:+1) < @i+1. Then we obtain

Cgmyl; =+ Cfm —+ o
Cy,,a
ngyz_) + Cr, + a0
—  _a

Gzxy

wi+1 <aog {3 log(t+ 1) + 2log (gaH.l + ) + 2log(Cy,,a) + 1} +ao+bo

<ao {3 log(t + 1) + 2log(pt+1) + 2log (1 + ) + 2log(Cy,,a) + 1] + aop + bo
Cy,,b+Cr, + 0
C

Gy

1
— i1 + ao [3 log(t + 1) + 21log (1 +

2 ) +2log(Cy,,a) + 1] + ao + bo,

a
which indicates that

Cgmyl_) -+ Cfr =+ (67}
Cgmyﬁ’

wry1 <6aglog(t+ 1) + 4ag log (1 + ) + 4ag log(Cy,,a) + 4ag + 2bg

(:a):al log(t+ 1) + by, (74)

where (a) refers to eq. (63). Thus, Part III is completed and the proof of this lemma is completed. []

Lemma 16. Under Assumptions for any integer ko € [0,t), we have the upper bounds in terms
of logarithmic functions as

2
Z IV £( xk,yk,vk)\l < 5log(t + 1) + ca,

k=ko ak:+1

\Y% )
Z TG Dl iy < aglog(t+1) + b,
= Br+1
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Z Vo R(zk, yi, vi)||?

< aglog(t+ 1) + bs,
Py Ph+1
0

where referring to eq. (63), eq. (66), ca, as, ba, as, bs are defined as
¢z :=2log (Cy,,aa1 + Cy,,abs + Cy,, b+ Cy, + o) —|— 1,
5(p+ Lg,l)QL?;

2 L 2
az = ) b2::7(u+Lg’l) Ly 2+( - Bo +(M+ gl)c i+ Lga)" Ly)
pLg1Cg pLgaCp Bo % pLg 10
_720(M+C9yy)(N+Lg,1)L§ Lg,Qny 2 (M+ngy)2 12;
as = ! +Lp | Rl Y
13 Lg 100 7 uCs,, Cy
Ap+ Cy,,)° Lg2Cy 2 02
+ vl 4 8) (= )2,
( 11Cqy, | I ) p?
c? 4(u+Cy,,)0% LyoC 4(p+ Cy,,)C2
e (v W‘QW) i 9’2 )+ (w ujyy) v
4 (4(.“+ ngy)(ﬂ+ Lg,l)Li (Lgﬂcfy YL 1)2 4 4(#+ng)2 g)@
3 Lg 10 % ’ pCg,, Cy
4(p+ Cy )2 Lg2Cy 2 ba
+ 48 Y+ L) - (75)
( uCy,. )( m f 1) 12

Proof. Based on the logarithmic-function form bound in Lemma [I3] we can further have the
logarithmic-function form bounds of the components in Lemma [TT]as the following 3 parts.

Part I: the bound of > M in terms of logarithmic function.
k+1

Firstly, we bound Zzzk M for arbitrary kg < t. Back to eq. Ii by plugging in
k41
eq. (74), we have

Z IV f( $k,yk7vk)||

k=ko ak+1
<3log(t + 1) + 210g(Cy,, a1 + Cg, b+ Cj, + ag) + 1
(a) -
<3log(t + 1) + 2log (Cy,,aay log(t + 1) + Cy, ,ab1 + Cy, b+ Cy, + ag) + 1
<3log(t + 1) + 2log (Cy,,aa1 (t + 1) + Cy, aby + Cy, b+ Cy, + ag) + 1
<3log(t + 1) + 2log ((Cy,,aa1 + Cy, ab1 + Cy, b+ Cp, +ao)(t +1)) +1
<5log(t + 1) + 2log (Cy,,aar + Cy, by + Cy, b+ Cy, + ag) + 1
::5 log(t+ 1) + ca, (76)

where (a) results from eq. (74); (b) refers to eq. (73).
Part II: the bound of W in terms of logarithmic function.

2
Secondly, we bound Z};: ko W. We split this part into two cases using Lemma
Case 1: If 3,11 < Cg, we have
t
Z IVyg(r, yr) |2 < Zk:ko ||vyg($kvyk)||2 < 5t2+1 - 5130 < CE; -5 . 05

Brt1 - Bo - Bo = B B Bo < ba.

Case 2: If 8,1 > Cj, we have ky < t, where k, refers to Lemma[d] Then we can use eq. (72),
which indicates

Z 1V yg(zn, yu) I

el Brt1
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<(C‘%—B +(u+L91)C’ (b + Lg,1) Lg) (n+ Lgn)°L} Z IV£( xk,yk,vk)H
~\ Bo w2 puLg 10 puLg1Cps h—fs O‘k+1
5(u+ Lg,1) Lf,lg(t+1)+(u+Lg,1)2L§CQ+(i_ﬂO (t+ Lg1)C5 (4 Lgn) L§>
plg1Cp plg1Cp Bo IS pLg1p0
@ log(t + 1) + b, N

where the second inequality uses (76)), and (a) refers to eq. (7). Since the upper bound of Case 2 is
larger, we take eq. (77) as our final result.

Part III: the bound of ) ”V“R(z’;—y’“”’“)” in terms of logarithmic function.

2
Last, we bound Z’;Zko W. We split this part into two cases using Lemma

Case 1: If v, 1 < C,, we have

t
Z Vo R(zk, yi, vr) |2 < > k=ko VR (zk, yr, vi)||? Cz -% Cj — o < bs.
Pt Pk41 - Yo T % T %
Case 2: If ;11 > C,, we have k3 < t, where k3 refers to LemmaEl
Z Vo R(zg, yr, vi) ||?
k—ko Pl+1
ks—1
(@) 32: VoR(2k, Yk, vk ) ||2 Z Vo R(x, yr, vi) |2
_k o Pk+1 Pl Pk+1
() C2 4u+C, YC? /L, 5C 2 Au+C, )C?
QG g4 2L O 5( o +Lf71> & 2F Con)Cy
Yo 7 1 n
4(M+Ogya/)(#+L9,1)L32/ L9’2ny = ”vf(xkaykyvk)HQ
+ 3 +Lysq Z 5
> Lg 1o 7 k1 ity
4(p+ Cy,,)°L zt: IV f(@k, yr, vi)|?
ngyC'Y k=ks—1 ai+1
+C Ly2C 21 < 2
+( (n+Cy,,)? +8>( 0.2C7, +Lf,1> 1 Z 1Vyg(zrk, yi)l)
1Cy,, i it Brt1
() C2 4u+C,y, )C3 (L, C 2 A(p+Cy, )C?
20, X f“) ’3( 9221y +Lf,1> b 2t Gon)C 29“’) -
Yo 1% % o
Ap+Cy,, )+ Lga) L C 2 A(p+C, )2L2
+ ( (v Z;JL)O;PO 2.1 ( q’i Ty +Lf,1> + —(M uC qyé,) )(5log(t+ 1) +c2)
9, Gyy
A+ Cy, )2 L, 2Cy >
a4 8 ’ L+ L — log(t +1 b
+< nCpy ol ) g (alos(t+ 1)+ b2)
(d)
=tagzlog(t+ 1) + bs, (78)

where (a) allows de ! M = 0 when ko > k3; (b) uses C, > ¢ and Lemma ()

follows from eq. (76) and eq. . (d) refers to eq. (73). Since the upper bound of Case 2 is Targer,
we take eq. (78) as our final result.

Thus, the proof is complete. O

Next, we show the upper bound of .
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Lemma 17 (The upper bound of ;). Under Assumptions suppose the number of total
iteration rounds in Algorithm[2)is T If there exists k1 < T described in Lemma] we have

(673 SCO“ t S kl;
oy <Cq + (a4 log(t) + by + 4(®(xo) — ir;f@(x)))got, t >k,

where a4, by are defined as

2E2a2 2 Lg72cf 2 4I7a3

e, [ AR |+ u2Co
2L 2 LyoC 21, 4L%; 2Ly C2

by = 202{ | 9:2% £y +Lg) } 203 2Lo Yo (79)
1eCq M M =0 QDO Qg

and the upper bound of ¢y := max{f;, v} refers to Lemma When such ki does not exist, we
have ay < Cy, foranyt <T.

Proof. According to Lemmad] the proof can be split into the following three cases.

Case 1: if ap < C,, for any ¢ < T', we have the upper bound of a1 as a1 < Cy.

Case 2: if ap > C,,, there exists k1 < T described in Lemma@ Then we have the upper bound of
g1 as a1 < Cy forany ¢ < ky.

Case 3: in the remaining proof, we only consider and explore the case k; < ¢t < T when ar > C,.

From Lemmal([TT] for & > k1, we have

1 1 _
O(zps1) <B(zp) — ———|[V(z)||2 = ———— IV F(@h, yios 1) |2
(@2) <O(r) = oo [ VRan) | — o [V F i 1)
_ 2 _
L2 2 (L,2C 2] ||V yg(as, L* || Vo R(zk, yr, vi) ||
+[1+2( 0.2C}, +ij1> ]H il +72|| (@h Yo v |
2p2 1 1 U 1Pk+1 2 Qe 1Pk+1
which indicates that
V(xr, vk, ve)|?
Ck4+1Pk+1
_ 2 _
2L? 2 /L, 2C 2] |V, 9(xk, 402 |V R(zg, yi, vi) ||
+2[1+2( 9.2 fy+Lf,1) }H v9(@k, ur)| +72H (@, ey V) I°
o o 2 Ot1Pk41 1% Ot1Pk41
By taking summation, we have
Z IV £ (@, yr, vi) |12
e Ok+1Pk+1
2I2 2 s L,2Cy V., 9z,
<A(0(on) = inf 0() + S |14 (2 )}Z” s v
@ wCa 7 Iz = k41
412 N || Vo Rk, yi, vi) |2
. Z H ( ks Yk k:)” . (80)
wCa = Pr+1
For ®(x, ), by telescoping eq. (#3) in Lemmal[T1] we get
k?l 1 2
L \Y
Oy, < Lo Z VS l'fayhvt)”
aF 197
L? 2 sL,2C MY, g(a,
+2[1+2( 222l 4 )]ZH vt H
21 J iz Qi 1Pt41
% |V R,y vr)|)2
2 H wR(ze, ye, v . (81)

A +1Pt+1
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By plugging eq. (1) into eq. (80), we have

Z ||Vf xkvykvvk)”

Qp+1Pk+1
212 2 (L QCf HV 9(Tk, Yk H
<4(®(xo) — inf B(x)) + 1+—( 9271y )} v
(0a0) ~ inf 8(2) + S |1+ 5 (722 Z o
4 ||V1JR Ikyykvvk)” 2L¢' Cg
Z T
M s P41 Yo o
212 { 2 (Lg2Cy, ||Vy9 Tk, Yk ||
<4(P(z0) — inf B(z +—1+—(M )}
(20) — inf ®(2)) + -5 |1+ -5 (22 Z o
4L2 |VoR(@k, yi,vi) [I> 2L C2
+ 2C Z + 2 2
wla = Pk+1 Yo X
(a) 2 C 2
§4(<I>(x0) —iI;f(I) { E Ly fu +Lf)1) }(ag log(t+1) +b2)
4E2 ¢C
+ ——(aglog(t + 1) + b3) + —
b
(:):a4log(t+1)+b4+4(<1>(xo)—igfq)( ) (82)

where (a) plugs in eq. (77) and eq. (78); (b) refers to eq. (79). This immediately implies

Z REACTS TE0] (a4log(t+1)—|—b4+4(<1>(z0)—inffl)(x)))cptH. (83)
e Ot1 z

Similarly, we can have the upper bound of ay; as

Z IV f (ks yio, vk |2

a1 <og; +
e Qf+1
<C, + <a4 log(t + 1) + by + 4(@(wo) — inf @(x)))%H. (84)
Then the upper bound of ;1 is proved. O

F.4 PROOF OF THEOREM[Z]

Here we still assume the total iteration rounds of Algorithm2]is 7". According to Lemma[] the proof
can be split into the following two cases.

Case 1: If a1 < C,, then by Lemma|[TT]and Lemma[I7} we have
L

[V (x)] o e 2
T L2(D(xy) — P(rpa1)) + ——IV S (@, ye, ve) ]|
O 1Pt+1 ( M ) at2+199%+1
_ 2 _
L? 2 /L, 5C 2] ||V , 2L? ||V R(me, ye, v1) |2
L e 2 9,2% fy + Ly H yg(l‘t yt)H i H (@4, ye,v1)||
2 2 s 2
2 K K Q4+1Pt+1 K Q141041
By taking the average, we have
T-1
[V®(z)|? 2 Lq> 1 _ 9
—(D(xg) — P(x + — Vf(x, ye, v
T;amwljmu><ﬂ) T;Hﬂtwm
L? 2 sL,2C — T¢,
D[ 2t s g, 5 [l
K K w Q10141
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2L2 Z HV R J)t ytvvt)”Q

A 1Pt+1

(0a0) ~ B(or)) + 15

L? 2 Lg2Cy ] Hvyg Tt, Yt H
I |y T (‘A
T PagT [ T ( I ) Z B+

Hv R xt7yt7ut)||2
,u aoT Z Pr1

(@) 2 . L@Cﬁ
< T (®(z0) — H;f ®(z)) + Ta2s2

<

N

L? 2 (L, 2CY, 2
FaT [1 + 2 (%fy + Lf,l) ] (azlog(T) + by)
T2

_|_

+ ,uzaoT (a3 log(T) + bg)

1 .
- (a4 log(T) + bs + 4(®(zo) — int q)(x))), (85)
where (a) uses Lemma|[T6 with ko = 0.

Case 2: If ap > C,, by Lemma@, there exists k1 < T such that ag, < Cyp, g, 41 > Ca.
Then for ¢t < ky when ar > C,, from Lemma[T1] we have
[V (z,)|? Lo

<2(®(x4) — D(zp41)) + 7\\Vf(xt,yt,vt)ll
Q19141 t+1‘Pt+1
_ 2 -
L2 2 /L, 5C v , 2L2 ||V R(zy, ys, ve)||?
4+ = [1 + 72( 9.2% fy —|—ij1) :|Hyg(mtyt)|‘ + — H (:Et Yt ’Ut)H .
I Ot +1Pt+1 Iz Qi 4-1Pt+1

For t > k; when ar > C,, from Lemmal[T1] we have

Ve ()| <2(P(xy) — P(wr41))

Qg 1Pt+1
_ 2 _
L2 2 /L,oC 21 ||V g(xe, 212 |V R(ze, ye, ve) |2
+ 2[1 72( g9,2% fy +Lf,1> :| H yg( t yt)” + — || ( t Yt t)” .
K H H Qi +1Pt41 H Qi +1Pt+1
By taking the average, we can merge ¢t < k; and ¢ > k; as

k1—1
Z IVe(@|® 1 lz: IV (zy)|* ||2 Z IVe()?
—o Q+1Pt+1 =g Q1P+l Q1P +1
k1—1
2 Loy 1
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2L2 Z HV R .’L‘t,yt,Ut)HQ

A p1Pt+1
ki—1
2 . Ly 1 = 2
ST((I)(;E()) — lgfq)(l‘)) + WT Z va(xt;yhvt)”

+ E |:]_ + 3(L972ny ) ] Z Hvyg Z't,yt ’
w? p? 7 Q419141
2E2 Z Vo R(@e, ye, v |12

Q141Pt+1
) _
<7 (®(20) —inf b)) + 75 Z IV £ (e, g, v0) |1
=0

L L2 |:].+ 2 ( g,Qny ; ) ]Z Hvyg T, Yt) ’

w2agT 2 7 Pt+1
Z HV R xtuytvvt)HQ
,u aoT Pi+1
(a) 2 L@CQ
<= — i <
< T(q)(xo) 12f<I>(at)) + ToZe?
.Z/2 2 Lg720fy 2

+ W |:]. + ? (T + Lf,l) (a2 log(T) + b2)

2L?

+ ZodT (a3 log(T) + bg)

1

=57 (a4 log(T) + by + 4(®(20) — iI;f <I>(:c))), (86)

where (a) uses Lemma|[T6]by plugging in ko = 0.
Note that Case 1 and Case 2 indicate the same result. Thus, we have
T Z [V (x,)|* < <— <a4 log(T) + bg + 4(®(z0) — ir;f @(x)))aTgoT

(%)% |:(a4 log(T') + by + 4(®(wo) — inf cp(x))ﬁp%

+ C, (a4 log(T) + by + 4(®(z0) — irgﬂlf@(:r)))goT}

—~

b 1

=o7 [(“4 log(T) + by + 4(®(x0) — il;lf‘l’(w))>2 (ar log(T) + b1)

. ((14 log(T) + by + 4(® (o) — in @(x))) (a1 log(T) + bl)]
o <1og4<T> )
T
where (a) follows from Lemmalﬂl; (b) results from Lemma@ Thus, the proof is finished.

F.5 COMPLEXITY ANALYSIS OF ALGORITHM 2] (PROOF OF COROLLARY [2))

Recall in Theorem 2} we know that there exist a constant M such that

! Z Vo)l < Mbg Mlog (T)
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When we set the iteration number 1" = @ log4(%) and assume the constant N = 124, we have

Mlogh(T) Mlog" (N log* (1))

T M Jog* (A1)
_ [log(N) + log (%) + 4log(log(*¢))]" .
- N10g4(%)

(%) (log(Nz + 210g(1\€4)>4 . (%) 7
N7 log(2)
where (a) follows from the inequality log(log(#)) < § log(%) for sufficiently small €; (b) holds
because log(N) + 2log(#) < Ni log(X) for N = 12* and € is sufficiently small. Thus, to
achieve e-accurate stationary point, we require 7' = 2 1og* () = O(L1og"(1)), and the gradient
complexity is given by Ge(e) = Q(T) = O(L1og*(1)).
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