A  Proofs

A.1 Nonconvex stochastic optimization

We give proofs of the theorems in section 3]

From Assumption for the mini-batch gradient fs, (x) = rle > ics, fe(xk), where ny, = | S|,
we have
E[V fs, (z)|xi] = V f(xr), (26a)
2
g

B[V /s (@) = Vi @e)llex] < - (26b)

Note that the update of SAM (E[) can be written as xy41 = xp + Hyrg, where 1, = =V fs, (21),
Hy = 8ol and for k > 1,
-1

Hy, = Bl — (ar Xy, + B Ri) (RE Ry, + 61X Xi) ~ RE. (27)
Theorems [T}f3] state the same convergence and complexity results as the ones proved in [60]. To prove
these theorems, the critical points are (i) the positive definiteness of the approximate Hessian I} and
(ii) an adequate suppression of the noise in the gradient estimation.
We first give some lemmas.
Lemma 1. Suppose that {x},} is generated by SAM. If iy, > 0, Bj, > 0,3, > 0, then for any v;, € RY,
we have

[ Hyorll3 < 2 (67 (1+20% — 2a5) +agd ) [|vell3. (28)

Proof. The result clearly holds when & = 0 as Hy = Byl. For k > 1,

Hyvp = Bror — (ax Xk + apfrRi)k, (29)
where

Ty = min vy — ReT[|3 + 6% | X T13. (30)
Taking I' = 0, we have

o = BTk ll3 + 0kl| Xk Trl5 < [Jogll5- €2

Therefore,
[ Hror 3

= ||Brvr — (o Xk + aBrRi)Tk )3

= |8k (vk — xRk Tk) — X3 T3

= [|Br(1 — ar)vk + Brar(ve — Rel'x) — 041«5;;%5;§kak\|3

< (B —aw)? + Biag + ooy ) - (loell3 + llox — RiTell3 + 0xl| Xk Tx|13)

< (8% (1+2a3 —2a5) + a3 (vell3 + [loxl2)

=2 (85 (14 20 — 205) + i) [lgll3. (32)
In the above, the first inequality uses the inequality

n n 2 n n
1ol < () < (30a2) (). o
i=1 i=1 i=1 i=1
where a; € R, z; € R%. The second inequality is based on inequality . O

Lemma 2. Suppose that Assumption 2| holds for {xy} generated by SAM. In addition, if B >
0,6, > 0, and o, > 0 and satisfies (14)), then

0[2 2
Es, (Il Hurs 2] < 2 (5;:’ (14202 — 20,) + 5:) ' (nwuk)n% 4 Zk) . G4

1035, " + B o

, 34b
5 Bt " (34b)

Vf(x) " Es, [Hir] < _%Bku||vf(xk)||§ +
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where > 0 is the constant introduced in (13). If further assuming Hy, is independent of Sy, a better
upper bound can be obtained:

Vf(zk) " Es, [Hirr] < —Bep||V f (i) [[3- (35)

Proof. (i) From Lemmal[I] we have

042
Es, [ Herr 3] < 2 (513 (1+20% — 200) + 5:) Es, [llr]13]- (36)

From Assumption 2] we have
Es, [I7xl3] = Es,[llre — Es, [re]ll3] + [Es, [re]ll3 < [V f (@)l + 0® /re. (37)

With (36), (37), we obtain (34a).

(ii) Recalling that Hy = Sol, the result holds for k = 0. Define ¢, = V fs, (zr) — Vf(zx) =
—rry — Vf(z), then Hyry = Hi (—ex — Vf(zy)). Since oy, satisfies (14), we can ensure
Amin (3 (He + HY)) = Bip. Thus

1
Vf(xr) " HiV f () = §Vf($/c)T (Hi + H) Vf(xr) > Beul|V f ()13,

which implies

Es, [V f (1) HiV f ()] > Brepl|V f (1) 13- (38)
Let My, = oy, (Xj, + BiRy) (RE Ry, + (S;CXEX;Q)Jr RT, then Hy, = 8.1 — M. With the assumption
(262), i.e. Eg, [ex] = 0, we have

Es. [Vf(zx)" Heer] = Es, [V f(2r)" (Beer — Mey)]
= BV f(xx) Es, [er] — Es, [V f (1) Myex] = —Es, [V f(zx)T Myex).

Using the Cauchy-Schwarz inequality with expectations, we obtain

[Es, [V (24) " Hier]| = [Es, [V £ () Mier]| < \/Es, [19 £ 03]/ Es, [ Mex 3
< |V f(zr)ll2y/Es, [ Mrer||3]- (39
We now bound || Mye||3. For brevity, let Z, = R} Ry, + 6 X} X, and Ny = XkZ;;Rg,NQ =
BrRiZ}RY, then
[Mkll2 = [l (N1 4+ N2) ||z < o ([[N1l|2 + [[Nz]2) - (40)

Clearly, X ,;r X, RER;c and Zj are symmetric positive semidefinite. Also, we have §; X kT X, <

Zi, RERk = Zj, where the notation “=<" denotes the Loewner partial order, i.e., A =< B with
A, B € R™*™ means that B — A is positive semidefinite.

First we point out that
Zh = lim 22 (22 + 1) ' 22 41
k t;fél+k(k+) ko 4D
where t > 0, which can be verified as follows:

Since Zj, is symmetric positive semidefinite, we have the eigenvalue decomposition: Z, = U AU,
where UUT = I,0 < A = diag{/A1,0} € R™*™ and A; is diagonal and nonsingular. Hence

3 13 3 -1, AN+ 0
ZE(ZR+tl) " ZF =U A2 (A +t) /\2UT=U<1(1O ) o)UT~

1 41
It follows that lim, o+ Z2 (Z} 4+ tI) ! 77 = U A U7, where AT = diag{A]",0}. From the
definition of Penrose-Moore inverse, we know Equation (1)) holds.

Since 5kXEXk = Z, RER;C = Zj, we have

3vT 3 2 2 3 pT 3 2 2
SWZPXT X ZP < Z2 = Z2+t1, ZPRYRuZ7 < Z2 < 72 + 1. 42)
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Hence, we have
24t 6,22 X X 22 (Z2 4+ 41)"3 <1, (Z2 +t) 3 Z2RT Ry Z2 (22 +t1)~% < I
(Zi + )72 0uZg Xp Xp Z3 (Z)s + 1) 72 20, (2 + D)7 2 Z2 Ry R Z (Z;; + t1) 72 =2
which implies

)

1

1
(25 +t1) ™2 2 (X, Xi)
1
(22 + D722 (Ri Re)
With Equation (&), we also have

1 — 1
Ny = lim Ny(t) := X, Z7 (Z2 +tI)" ' Z2 R},
t—0+

|

3072 1 -1
Zp(Z + )2 |2 <6,
1
ZHZE+H) Al < 1.

1 — 1
Ny = lim No(t) := BxRiZ7 (Z2 + 1) ZF R},

t—0t+
Therefore,

”Nl(t)”% = Amaz

—~

Ni(&)N (5)T)
XiZE (Z2+t1) " ZERY - Ry 2} (2 +tI)*1Z,§XkT)

= )\maa:

- /\max

—~

ZEXTXZE (2R +tD) 7 20 RERZ (23 +1) )
2 ~1,5%T 52 —1
= )‘maa:((Zk +tI) 2Zk Xk Xka (Zk: +t]) 3
(ZE 432 RERGZP (22 + 1)~ F)
<22+ t1) 222 XT X, 22 (22 + tI)~*
(ZRA D) BZERERCZE (2R +41) )3
1 L 1 1
< (Z¢ + tI)y"27; XkTXka2 (Z2 +t1)" 2|5
(2R + D)2 ZE RERRZE (27 + )7 7)o < 6
1 1 1
[IN2(t)ll2 = BrAmaa (RkZ,f (ZZ+t1)" 27 R}f)
= 6k)\maz (Z]%RERICZE (Z]? + tI)il)
_1 1 1 1
= BrAmax ((Z,f +tI) 2 ZZ Ry RpZ2 (Z7 +1t) 2) < B,
which implies || Ny |3 <@1 and || Nz2||2 < B from the continuity of singular value (e.g. Theo-

rem 2.6.4 in [23])). With , we have
_1
[Mpll2 < ax (0, > + Br)- (43)
1
Then || Myer||2 < ax (0, > + Br)l| €k |2, which implies
_1 _1 o?
Es, [[IMiexll3] < 02 (6 2 + Br)*Es, [llexll3] < o (5, 2 + Bk)Qn?’ (44)

where the last inequality is due to (26b). Now we can obtain the bound of [Eg, [V f(x1)T Hy.e]| as
follows (cf. (39)):
[Es, [V f(2x) " Hyer]|

< IV £ (@) |/ B [ Myex|2]
< a(0 * + BV F(@n) o/ Es, [lex 12

s%wﬁ+ﬂn§§Wﬂuwz

B oGP+ B) o
= VBl V £ (1) 2 NG

16300, + 60 o

. 45
2 Bt ny )

< SV +
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With the inequality (38) and (@3), we obtain
V[ (xx) Es [Hir]
= —Vf(x1)" Es, [H (ex + V(1))
= —Es, [V (x1) HiV f(21)] = Es, [V f (1) Hyer]
< —Es, [Vf(xp) " HyV f(21)] + [Es, [Vf(21) " Hyer)|
1@%(5;% +B)? o?

1 o
_ 2 - 2
P9 @l + A9l + 5= R
__1 . 102060,% +62 o
= 5BV )l + 5 R (46)
If Hy, is independent of Sy, then
Esk [Vf($k)THk€k] = Vf(xk)THkEsk [Ek] =0.
Thus V f(zx) " Es, [Here] < —BepllV f(xr)l3- 0

By imposing more restrictions to «y, S, 0k, wWe can obtain a convenient corollary:
Corollary 1. Suppose that Assumptton@holds SJor{zy} generated by SAM. C > 0 is a constant. If
Br > 0,0, > CB,. 7, 2,0 < ap < min{1, ,Bk } and satisfies , then

2
B, [|Hrell2) < 262 (14 C-1) - (nww% ; Zk) , “72)

1 2
V(o) Es, [Hird < 58l VF@l3 + 62 p (40T T @)

g
Proof. The first result (47a)) is easy to obtain by con51der1ng (34a) and noticing that 1+2a3 —2ay, < 1

when a4, € [0, 1] and 6_ < C~'p2. Since o, < ka 0 > CB % and (14 C~ 2)2 < 2(14C1)
we have

10}(8° + 81 o® _1B(C7 2B+ Br)” o

2 B 2 B Nk
| 240 O
= - O 2 1 p—
o ( +1)°B;; "
2, -1 1,0
<BepT 1+C7)—
ng
Substituting it into (34b), we obtain (#7D). O

Using Corollary [T| we obtain the descent property of SAM:
Lemma 3. Suppose that Assumpttonsland@ hold for {xk} generated by SAM. C' > 0 is a constant.
If0 < B < m,ék > C’Bk ,0 < o < min{l, Bk } and satisfies , then

2

Es,[f (1)) < flan) - iﬁkuHVf(mk)II% FR(L+pHa+ o) @)

Proof. According to Assumption [I] we have
L
flena) < flaw) + VIer) " (@r - l‘k) + 5 Ik — 23

= f(zx) + VI (ar) " Hyrr + = ||Hk7“k\|2 (49)
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Taking expectation with respect to the mini-batch Sy, on both sides of (@9) and using Corollary [T| we
obtain

Eg, [f(zk+1)]
< far) + V() "Es, [Hire] + gESk | Hyre |13

2 2
< flon) - 3l VI + 8 1+ 0D 4 0+ 07 (Il + )

1 _ _ NG
= 1w~ (3u = BLO+ O ) IV + FE+a 1+ 50
Then (50) combined with the assumption 8y < g7 7=ry implies . O

Following the proofs in [60], we introduce the definition of a supermartingale.

Definition 1. Let {F.} be an increasing sequence of o-algebras. If { X} is a stochastic process
satisfying (i) E[| X|] < oo, (ii) Xy € Fy, for all k, and (iii) B[ Xy 11| Fx] < Xy for all k, then {X},}
is called a supermartingale.

Proposition 1 (Supermartingale convergence theorem, see, e.g., Theorem 4.2.12 in [13]]). If { X} is
a nonnegative supermartingale, then limy,_, o X, — X almost surely and E[X]| < E[Xj].

Now, we prove our theorems.

I~’r020fofTheorem|ZI Define (i := 25|V f(ax) |3 and L :== (L + p~ ") (L + C 1),y == flaw) +
L2 Sooo k. B2 Let Fy, be the o-algebra measuring (., vx, and . From we know that for any k&,

~ 2 >
Elyi1|Fi] = Bl (o) Fi] + L7 >

1 o2 &
< flae) - ZﬁkﬂHVf(fEk)Hg + L% DB = = G (5D
i=k

which implies that B[y 11 — £ Fx] < % — f*°% — (i Since ¢ > 0, we have 0 < E[y;, — flov] <
70 — fl°% < +o00. As the diminishing condition (18a) holds, we obtain . According to
Deﬁnition {yx — f'°*} is a supermartingale. Therefore, Propositionindicates that there exists
a «y such that limy_, o 5 = - with probability 1, and E[y] < E[v,]. Note that from we have
E[¢k] < Elvk] — E[vk+1]. Thus,

E lz C’f] < (Blye] - Elygs1]) < +oo,
k=0 k=0

which further yields that

oo oo
Y G= % 3" BllV £ (@)lI3 < +oo with probability 1. (52)
k=0 k=0

Since > po, B = 400, it follows that (19) holds. O

Proof of Theorem[2] For any give ¢ > 0, according to (T9), there exist infinitely many iterates xy,
such that ||V f(zx)]]2 < e. Then if does not hold, there must exist two infinite sequences of
indices {s;}, {t;} with ¢; > s;, such thatfori = 0,1,...,k=s; + 1,...,t — 1,

IVF(@s)lle = 26, [V (i)l < & IV f(zx)]l2 > e (53)
Then from (52) it follows that
oo too t;—1 oo t;—1
+00 > > Bl V(@3 =D D BellVF@e)ll3 = €Y > By with probability 1,
k=0 i=0 k=s; i=0 k=s;
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which implies that
t;—1
>~ B — 0 with probability 1,as i — +oc. (54)

According to (37) and (32), we have

Ell|zrt1 — oxll2|ze]
= E[|Herk|l2]x]

< \/2(82 (1 + 202 — 200) + 026, ) El i ]
< Bev2(1+ CHE[[|rxll2]we]

< Bry/2(1 + C ) (B[ |13|z) %
< Bey/2(1+C Mg, (55)

where the last inequalities are due to Cauchy-Schwarz inequality and (ZI). Then it follows from (33)
that

ti—1
Elllze, — s,]l2] < V2L +C1)Mg Y B,
k):Si

which together with implies that ||z;, — x4, ||2 — 0 with probability 1, as i — +o0o. Hence,
from the Lipschitz continuity of V £, it follows that |V f(z:,) — V f(xs,)||2 — 0 with probability 1
as i — +o0. However, this contradicts (53). Therefore, the assumption that (22) does not hold is not
true. O]

Proof of Theorem[3] Define L := (L + 1~ ')(1 + C~'). Taking expectation on both sides of
and summing over k = 0,1,..., N — 1 yields

1 N-1
T 2 ElVEe)l]
k=0

e 1 5 9 N—1
< @(E[f(l'k)] —E[f(zrp)) + L= > Br

k=0 P

1 = 1 1 1 2 N—1
=5l T2 (ﬂk - ﬁk_l) Bl o) — o Bl o) + 25 3 6

% N—l(l_ 1 )_flou) ~O_72N—1
< B + My 2 \B. " B B + L kzzoﬁk

Mf _ flow "OE N-1
- Bna L n kZ:O B

4L(1 + Cil)(Mf _ flow) . (H + L71)0'2 o
< 1 N" + an(l—7) (N —r),

which results in (23), where the second inequality is due to @g and the last inequality is due to the

choice of B;. Then for a give € > 0, to guarantee that 4 Zk;()l E||Vf(zx)|3 < e, it suffices to
require that

16L(1L+C~ (Mg — f'ov) oy | A+ L' h)o?
N e —
p? (L=7)n

Since r € (0.5, 1), it follows that the number of iterations N needed is at most O(e‘ﬁ ). O

(N7"—rN Y <e
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Proof of Theorem[d] According to in Lemma|[3] we have

Zﬁk( = BRLL+ €7 ) BV £an) I

2

< flo) = o+ 3 BA(L+pH( +C*1>Z—k, (56)
0

>
Il

where the expectation is taken with respect to {S;}7". Define

1, —1
Prob{R =k} = B (3t = L1+ C71) k=0,....N—1, (57

Yo B (=LA +C71)

def

Pr(k) =

then
Sao B (i — BeL(1+ C ) E [V f (1))
Yo B (=B <1+C*1>)
< Dp+o*(L+p )1+ C” ) Yho B2/
ZjvolﬂJ(Qlu BiL(1+C~ )) .

If we choose 8, = 3 := m and nj = n, then the definition of Pg simplifies to Pr(k) =
1/N and we have

E[IVf(zr)l3] =

(58)

Dy +o*(L+p (1 +C1)NE
InNB
_ 4Dy AL+ p (1 +CNo2E
uNp J
_16D;L(1+C) N (L+p1)o?
Npy? nL ’

E[IVf(zr)3] <

(39
Let N be the total number of SFO-calls needed to calculate stochastic gradients in SAM. Then the
number of iterations of SAM is at most N = [N /n]. Obviously, N > N/(2n).

For a given accuracy tolerance ¢ > 0, we assume that

2 2
szax{c;l+402, ”~}, (60)
€ € L2D

where D o1 DI o1

32 1 - = 32 1 -
ML CNT e B ey BRLAECT)
u2\/5 H

where D is a problem-independent positive constant. Moreover, we assume that the batch size

satisfies
- IN
nEg =n:= |min<{ N,max < 1, 7 ) . (62)

The we can prove E [||V f(zz)||3] < € as follows.

Ci =

~

From (59) we have that
32D;L(1+C~Yn L+ puto?
E 2] < 2SI T 7
O e
< 32D;L(1+C71) 1L N N L+u! o o2 oLV D
= —4 = X< —
- 2N L\ D L N VN
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Equation (60) implies that
2

o o o \/B o O’L\/B

-2 .~ <D =22 (64)
N VN VN VN VN
Then from (63 and (61)), we have
32D, L(1 + C) o [N\ L+ulolVD O G
E 2] < 22 1+ 242 L b2
IV iGrle] < =55 AN A,y

To ensure E ||V f(zr)||3] < € itis sufficient to let the upper bound < o £ < ¢, which implies
\/ﬁ > \/6’12 + 4C%¢ + C’l.
2e
This is guaranteed by Condition (60) since

VN > VC? + 4C5¢ S VC? +4Cs¢ + Cy
= € = 2¢ '

O

To prove Theorem 3} we first prove the following lemma.
Lemma 4. Suppose that Assumptions and hold. C > 0 is a constant. BF > 0,6F > C(BF)~2,
0 < af < min{l, (,Btk)%} and satisfies (14). For any n, > 0, set

2
ch = by (1 28fm a0+ 0 2t a0 )

k)2 pt 217
B L+ )+ 0T
Then
VIR [V f(zD)]3] < ®F — ®F4, (66)

where ®f = E [f(af) + cf |lof — Zx3] and U} = 58 n—2cfy, Bfn (1+C71) = 2L(BF)* (1 +
C™h) —def, (BF)P(1+C7).
(Note: Here and in the following proof of Theoreml 5| the definition of notation cf has no relation
with ¢y, ¢ in (T6) of AdaSAM.)
Proof. Define ¢f = —rF — Vf(xF), M} = BFI — HF. Then
[Vf(xt)THtk t] = [Vf(xt) ( tet Mk )] =-E [f(xf)TMtkef] .

According to Lemma for any v, € R,

1HFoxl3 <2 ((8)° (1 +2(af)? = 2a5) + (af)*(5) ™) llukll < 2087)*(1 + C ) |loklf3-

(67)
We also have
V(=) E [Hfrf]
= —Vf(aH)TH/V f(zf) —E [Vf(xf)THf e}
< B UV IESIE + E [V ()T Me] |
< BRIV F@) B + IV ) o JE [[MFeE 2]
< BRIV £+ ok (05)F + 8OV A ) oy JE [1612]  (cf. @)
k((§k)~% 4 gk
= BV FEE Bl Vs - %* B0 [ TIek 3]
| 1 (b)2((6%)3 + B
< - Ltutv g + 3 OO L P g [
< — 3BV IE)IE + (820 + B3 (68)
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Hence, with Assumption |I| we obtain

E [f($f+1)}
[ L
<E [ feh) 4 VA ks o) + Flat — 1B

L
— B |af) + V(e b + SIS

<E|f(af) — %ﬁuHVf(fﬂff)llg +(B7)°u (1 + CTHEller |13 + LB (1 + O lI3 ] -
) (69)

Next, we give a bound of (z¥ — 7;)T Hfrk. Since
—(@f = 3R) THEV f(2f) = =BF - (B5) 7 (af — ) THEV f(2})
< BEllaf — @l (B))  HEV £ ()l
= Bfnt ek — alla - ng PNBE) T HEV £ ()2
< 58 (mllat — &l + (5D 2N HEV FEDIR)

1 i _ -
< B¢ (mellet = 2ell3 + 20 (L4 CTHIVEEDIE)

and
—E[(zF — 23)THFeF] = —E[(2F — 2)T(BFT — MF)ek]
= E[(x} — &x) " M/ €]
< |laf — dxll2 - \/E[| MFek|3]
~ ak (5k)—1/2+ﬁk)
= \/Bmlat — - 2L R LT
t 1t
1 o LD (@R 2+ by
< §Bfmlle — &5+ By : tﬁfm LK€ |13
1 - _ _
< §ﬁfm||xf — Zll5 +m; 1 (BF)? (1 + CTHE|ef|I3,
we obtain

El(zf — @) Hiry]
= E[—(af — @) "Hf V f(x}) — (af — @) " Hf e}
< E[Brn (L + CTYIVF @3 + Beneller — &xll3 + 0 (B8)* (1 + C~HE| ef13).
Hence, we have
Ellzi ) — &kll3)
= Efllzgyy — 2713 + oy — Zll3 + 2(2F — 30) " (afyy — )]
= E[||HrflI3) + llaf — 23 + 2(2f — &) T Hfry]
<SER(B) A+ Ol + llzr — 23
+ 2880 (L+ CHIVF @3 + 2680l — 2313 + 20 1 (B7)* (1 + O~ HE|ef[13). (70)
Also, the following inequalities hold:
E [lefl3] = E IV fi(zy) = Vfic(@x) + VI (@r) = Vf(ar)l]3]
=E [IIVfic(z}) = Vfic(@r) — E [Vic(a}) = V(@) |3]

= B [IVfileh) ~ Vi) ~ E [Vilak) — V@] ]

1 L?
< E[|Vfiat) = VE@)IE] < —E [ll27 - axll3] (1)

n
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E It 3] =E [llef + V£ =)l3]
< E 23 + 2V £ (21)3]

L2
< 2E[|V£(=r)l3] + —E [t — Zxl3] - (72)
Combining (69), (70), (71) and (72) yields that
OF, ) = E[f(ef1) + cfpa oty — ll3]

< E[f(eh) — S BuI VA + (50 (1 + IR + L(5E (1 + 0 k1B
ek 20857 O3 + ebyllat — 3l + e 280 (1 + OV ) B
+ et 28 mellat — @3 + a2 (B (1 + O HE|€]3]

= Blf(eb) ~ (5BFu — chy28m (1 + OV A3
LB+ 07 + 20857+ )3

+ (Ci€+1 + Cﬂﬂﬂf%)”ﬁ - Zkl3
+ (B 1+ O + o 2088)°m (1 + C7 ) [ler [13]

< E[f(ah) — (5860 — k280 (1 + O IV AR

2
+ (LB +C7Y) + ety 2087)° (L + O™ ) IV F (1) |3 + %wa — @13

+ (Cf+1 + Cf+125f77t)||$ic - %3
_ _ _ L? .
(BT A+ O + 2080 n A+ C ))*Hl’f—kaQ]

= BI@h) + (a1 4+ 280m + 408920 + 0D w0 oD

3 2
¥ (65)2(1 FO I (2 0+ 0 ok -l
( 5:&# 20t+1ﬂt77 (1+C ) 2L(5f)2(1+071)

- 4Ct+1(5t) (L+C™ NIV F()3] = oF — CEE[|IV f(5)]3],
which further implies (66). O

Proof of Theorem[3] Let 1, = n = L(1+T017;31)1/2 Denote 0 = 26n + 46%(1 + C~Y)L?/n +
2827~ 1(1 + C~1)L? /n. It then follows that

2uon | 4pdn 2ugn
T T3 T L+ C)2

< Hon 210 Hon 2 LN
24+4 - T )<= - | =1=(d
T (+ Ho+ <1+01>1/2) T (“ <1+01>1/2> T

which implies (1 + 0)? < e. Let cf; = ¢4 := 0, then for any £ > 0, we have

0:

—1 2
i 2L (14+0)7-1
i <=+ Lo LT
_2n(L+ B ) (L4 0)1 = 1) 2uB(L+ E)(L+0)7 1)
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Therefore, it follows that
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As a result, we have

-1

2

B (17 /(eb)lg) < 202 _ U@ = [(Enr)

P in, Uk min; ¥
which yields that
N-1 1 ow ow
1Ny flao) = f1 _ T*PL(f(x0) — ')
E[[IVf(2) E [[IVf(=})II3] < < .
q == gN min,; ¥ qNnv

To achieve E ||V £(x)]|3] < e, the outer iteration number N of Algorithm [2]should be in the order of
0 (T2/S) =0 ( :/ ) which is due to the fact that gn = O(T'). As as result, the total number of

gqne

SFO-callsis T + (T +2qn) N (taking the first iteration into account), which is O(T 4+ T2/3 /¢). O

A.2 Relationship with GMRES

Although the previous worst-case analysis shows that Anderson mixing has similar convergence rate
as SGD, Anderson mixing usually performs much better in practice. To explain this phenomenon, we
briefly discuss the relationship of Anderson mixing with GMRES [46] for deterministic quadratic
optimization since a twice continuously differentiable objective function can be approximated by a
quadratic model in a local region, thus leading to a quadratic optimization. An optimization method
that performs well in quadratic optimization is likely to have good convergence property as well in
general nonlinear optimization.

We consider the following strongly convex quadratic objective function:

f(z) = %xTAx — b, (73)

where A € R4¥¢ is symmetric positive definite, b € R%. Solving is equivalent to solving linear
system
Az = b. (74)

In this case, Vf(z) = Az — b, V2f(x) = A, r, = b — Axy is the residual. Hence the quadratic
approximation in AM is always exact, i.e. R, = —AX; = —V2f(x},) Xg.

When neither regularization nor damping is used, i.e. J; = 0 and o, = 1, SAM is identical to AM
to accelerate fixed-point iteration g(x) = (I — A)x + b. It has been proved in [59] that in exact
arithmetic, AA is essentially equivalent to GMRES when starting from the same initial point and no
stagnation occurs. We restate the main result here.

Let 2,7 &y Az denote the k-th GMRES iterate and residual, respectively, and K (4, v) &

span{v, Av, ..., A*=1y} denotes the k-th Krylov subspace generated by A and v. Define e’ &f

(1,1,...,1)T € RJ for j > 1. For brevity, let span(X) denote the linear space spanned by the
columns of X . Besides, {z}} are the iterates generated by AM (SAM), and {Z, } are the intermediate
iterates generated by (@a). We have
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Proposition 2. To minimize (T3), suppose that for SAM, 6, = 0,4, = B, = 1,m =k > 1. If
zo = x§ and rank(Ry) = m, then &y, = z¥.

Proof. Since R, = —AX} and A is nonsingular, we have rank(Xy) = m. We first show
span(X},) = Ki(A,r§) by induction. We abbreviate K (A, ) as Ky, in this proof.

First, Axg = rg = rg. If £ = 1, then the proof is complete. Then, suppose that £ > 1 and, as an
inductive hypothesis, that span(Xx_1) = Kg—1. With (@) and noting that ay, = B = 1, we have
Axp_1 = ap — T—1

=7h—1 — (Xp—1 + Rp—1)li1

=b—Arp_1 — (Xpo1 — AXp—1)Tis

=b- A(SEO + Azg+ -+ Al’kfg) — (Xk,1 — Akal)kal

=rg— AXj_1e" ! — (Xpo1 — AXp_1)Tgo1. (75)
Since 19 € Kj_1, and by the inductive hypothesis span(Xy_1) C Kg_1 which also implies
span(AXy_1) C Kg, we know Axg_1 € Ky, which implies span(Xy) C K. Since we assume
rank(Xy) = m = k which implies dim(span(Xy)) = dim(Ky), we have span(Xy) = Ky, thus
completing the induction.
Recalling that to determine I'y, we solve the least squares problem @) and R, = —AX, we have

Ty = argmin ||ry, + AXT|2. (76)
IeR™

Since rank(AXy) = rank(Xy) = m, has a unique solution. Also, since r, = b — Az =
b— A(J?Q + Xkek) =T — AXkek, we have r, + AX ' =rg — AXkek + AX,I' =rg — AX,T,
where ' = e¥ — T". So T', solves if and only if 'y, = e¥ — T}, solves
min ||rg — AXT|, (77)
Ferm

which is the GMRES minimization problem. Since the solution of (77) is also unique, we have
T =x — X'y = o — Xk(ek - fk) =xy+ X]Cf‘k = LL'S

If Ry, is rank deficient, then a stagnation occur in AM (SAM).
Proposition 3. To minimize (T3), suppose that for SAM, 6, = 0,y = B, = 1,m =k > 1. If
rank(Ry) = k holds for 1 < k < s while failing to hold for k = s, where s > 1, then Ts = Ts_1.

such that Azs_1 = X, 1. Partitioning I' € R® in (77) as I = (771,772)T € R®, where n; €

Proof. The rank deficiency of X, implies Az,_1 € span(Xs_1). Therefore, there exists v, € Rs—1
(77
R~ ny € R, we have

&fzuylxng@g

= Xo_1(m +7sm2),
which implies
ro — AXD = 1o — AX 1 (m + Ys72)-

Hence
min [lro — AX,I|2 (78a)
[eRs
= min [lro = AXs—1(m + vsm2)]|2- (78b)
meRs—1 neR

§ince AX,_; has full rank, ['s_; = M + Ysn2 is the unique solution to minimize ID and
Iy = (n1,7n2)" minimizes |i while being not unique. Therefore, from the equivalence of || and
, we conclude that

Ts = T+ Xsfs =x9+ X571(771 + ’75772)

=xo+ Xeal's1 =2, 1.
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When the stagnation happens, further iterations of AM cannot make any improvement. This is a
potential numerical weakness of AM relative to GMRES, which does not break down upon stagnation
before the solution has been found. At this point, switching to applying several fixed-point iteration
Zg+1 = g(x) may help jump out of the stagnation [42].

In Section we introduce the preconditioned mixing strategy. This form of preconditioning for

AM is new as far as we know. We reveal its relationship with right preconditioned GMRES [47]]

here. Let RS, 7RG denote the k-th right preconditioned GMRES iterate and residual. According to

Proposition 9.1 in [47]], with a fixed preconditioner M, then x%o in the right preconditioned GMRES
minimize residual in the affine subspace ¢ + Kx{M 1t A, M~ 1rRC1.

Proposition 4. To minimize (73), suppose that for preconditioned SAM (cf. (I7)), 6 = 0, =

r=1m=%k>1an B = where M is nonsingular. If xo = x> and ran ) = m, then
1 k> 1and M, M where M i ingular. I %G d k(R h

T = QTII:G.

Proof. Since R = —AX}, and A is nonsingular, we have rank(Xy) = m. We first show that
span(Xy) = Kr(M~*A, M~'r8S) by induction. We abbreviate Ky (M 1A, M ~1rRS) as Ky in
this proof.

First, Azg = M ~'rg = M~1rRC. If k = 1, then the proof is complete. Then, suppose that k > 1
and, as an inductive hypothesis, that span(Xx_1) = Kr—1. With and noting that oy, = B = 1,
we have

Axp_1 =2 — Tp—1
=M rp_1 — (Xpo1 + M R 1)Thy
= M_l(b - Axk_l) — (Xk—l — M_lAXk_l)Fk_l
=M — M Az + Azg+ -+ Azg—) — (Xp—1 — M TAX_1)Th1
=M lrg— M7YAX;_1eF 7 — (Xpoy — MYAXG )iy, (79)
where I';;_; minimizes () since d;—1 = 0.
Since M ~'rq € Kx_1, and by the inductive hypothesis span(Xy_1) C Ki_1 which also implies
span(M~1AX}_1) C Ky, we know Az, € Ki, which implies span(X;) C Ki. Since we
assume rank(Xy) = m = k which implies dim(span (X)) = dim(Ky), we have span(Xy) = K,
thus completing the induction.
Recalling that to determine I', we solve the least squares problem () and R, = —AX},, we have
Ty, = argmin ||ry + AXT|2. (80)
TeR™

Since rank(AXy) = rank(Xy) = m, has a unique solution. Also, since 7, = b — Axj, =
b— A(.’L‘o + Xk)ek:) =T — AXkek, we have r, + AX [ =rg — AXkek + AXI' =rg — AX,T,
where I' = e — T". So ', solves if and only if I'y, = e® — T, solves

min [rg — AX;T2, (81)

[eRrm
which is the right preconditioned GMRES minimization problem. Since the solution of (§T)) is also
unique, we have

T =T — Xl = 2 — Xk(ek — fk) = X9+ kak = :L'IIEG.
O

For preconditioned SAM, the preconditioner M}, can vary from step to step, while the minimal
residual property still holds, i.e. Ty = argminge,, 4 panx,} 16 — Az|l2.

Remark 4. When the objective function is only approximately convex quadratic in a local region
around the minimum, the relation between SAM and GMRES can only approximately hold. Nonethe-
less, SAM can often show superior behaviour in practice.

B Implementation of AdaSAM/pAdaSAM

In this section, we give the implementation details of our methods AdaSAM and pAdaSAM, including
the pseudocodes and the discussion of the extra computational cost.
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Algorithm 3 AdaSAM, namely our proposed SAM with §;, chosen as (I6). optim(zy, gi) is an
optimizer which updates x;, given stochastic gradient g.

Input: 2o € R4, m = 10,05, = 1,8, = 1,¢1 = 1072, p = 1,7 = 0.9, ¢ = 1078, maz_iter > 0,
optimizer optim.
Output: = € R?

. A.’%OZO,AfOZO

1
2: fork=0,1,--- ;max_iter do
3: e = —V fs, (l‘k)
4. if k£ > 0 then
5: my, = min{m, k}
6: Az =7 - AZp_1+ (1 — 7) Az
7: Afp =~ Afp_1+ (1 —7)  Arg_q
8: X = [Ab gy 41, Ak, - Ay
9: Ry = [Afk—mk.—&-la Afk—?nk-i—Qv T 7Afk']
10:  end if
11: if £k > 0and k mod p =0 then
2 b = eallrel/ (18243 +e)
13: Ax = Bere — ay (Xk + ﬁkék) (RER}C + 5kaTXk)T Rgrk
14: if (Al‘k)T?”k > ( then
15: Tpt1 = T + Azy
16: else
17: Tt1 = optim(xg, —rg)
18: end if
19:  else
20: g1 = optim(z, —Tk)
21:  endif
22:  Apply learning rate schedule of ay, Ok
23: end for

24: return xj

B.1 Pseudocode for AdaSAM/pAdaSAM

Algorithm [3] gives the pseudocode for AdaSAM. Based on the prototype Algorithm [T} we incor-
porate sanity check of the positive definiteness, alternating iteration and moving average in our
implementation of AdaSAM:

1. Sanity check of the positive definiteness. Besides calculating the largest eigenvalue to

check Condition |i , arule of thumb is checking a necessary condition T{H k7L > 0, 1.e. the
searching direction Az = Hyry, is a descent direction with respect to the stochastic gradient
Vfs, (xr). If this condition is violated, we switch to updating xj, via optim. Although
such rule of thumb is not theoretically justified, it causes no difficulty of convergence in our
practice. (Line 14-17 in Algorithm[3])

2. Moving average. In mini-batch training, moving average can be used to incorporate

information from the past and reduce the variability. Specifically, we maintain the moving
averages of Xy, Ry by X, Ry respectively. Here X = [AZk—mt1, A g—miya, -, Adg],
Ri = [Afg_mi1, Afg_mya, -, Afy], where Ady, = - Adgp_y + (1 — ) - Azg_1,
Afp =7 A1+ (1 —7) - Arg_1, AZg = 0, A7y = 0 and v € [0, 1). For deterministic
quadratic optimization, Ry, = —V2f(21,) X, still holds. (Line 6-9 in Algorithm )

3. Alternating iteration. To amortize the computational cost of SAM, it is reasonable to apply

a form of alternating iteration like [42]]. In each cycle, we iterate with optim for (p — 1)
steps and update X}, R simultaneously, then apply SAM in the p-th step, the result of
which is the starting point of the next cycle. (Line 11,19 in Algorithm[3])

We point out that these three techniques are not required in our theoretical analysis in Section [3]
Nonetheless, they may have positive effects in practice.
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Algorithm 4 pAdaSAM, namely the preconditioned AdaSAM. optim(zy, gi) is an optimizer which
updates x, given stochastic gradient gg.

Input: 29 € R*, m = 10,0, = 1,¢; = 1072,p = 1,7 = 0.9, ¢ = 10~8, max_iter > 0, optimizer
optim.

Output: = € R?

. A.’IA?O :O,Afo =0

1
2: fork=0,1,--- ,max_iter do
3: e = —Vfs, (l‘k)
4: if £ > 0 then
5: my, = min{m, k}
6: Az =7 -AZp_1+ (1 — 7) Az
7: Afp =~ Afp_1+ (1 —7)  Arg_y
8: X = [AZk—mp+1, A g—myt2, -, Adg]
9: Ry = [Afk—mk.—&-la Afk—?nk-i—Qv T 7Afk']
10:  end if
11: if k> 0and k mod p =0 then
12: 3k = crllrell3/ (1AZx 3 + €)
PN AriA T A
13: I, = (RERk + 5kaTXk) RET}C
14: T = T — Oék;(krk
15: Tr =1 — ap Ry
16: Axy, = optim(Ty, — ) — Tk
17: if (Al‘k)T?”k > ( then
18: Tpt1 = T + Azy
19: else
20: Trt1 = optim(xg, —rg)
21: end if
22:  else
23: Tp+1 = optim(zy, —Tk)
24:  end if
25:  Apply learning rate schedule of ay, Ok
26: end for

27: return xj

Our implementation of the RAM method, i.e. using constant regularization (cf. (I0)),
differs from AdaSAM by replacing Line 13 in Algorithm with Az, = [Brry —

. N PN T
o (X k+ BkRk) (RER;C + 61 ) Rgrk. In other words, we also incorporate the damped projection

into the constant-regularized AM. Therefore, the comparison between AdaSAM and RAM can show
the effect of adaptive regularization with d;, chosen as (T6).

We give the pseudocode of pAdaSAM in Algorithm [4] which is the preconditioned version of
AdaSAM. (See Section @) The effect of the preconditioner optim is reflected in Line 16 in
Algorithm[4]

Remark 5. In our implementations, we introduce several extra hyper-parameters to the prototype
Algorithm[l] However, we will show in the additional experiments that the only hyper-parameter
needed to be tuned is still the regularization parameter c1, while setting the other hyper-parameters as
default is proper. We also omit the second term ca[3;; Zin (T6), which we will justify in Appendix m

B.2 Additional computational complexity of SAM

In Remark 2] we claim that the additional computational complexity of SAM compared with SGD
is O(m?2d) + O(m?), which accounts for the matrix multiplications (R™*9 x R?*™) and matrix
decomposition of a small R™*™ matrix. In fact, the computational complexity can be further reduced
to O(md) + O(m?) as the matrix multiplications X' X}, R{ Ry, need not be calculated from scratch
because we can reuse the submatrice of X ,}llX k—1, Rgile_l calculated in the last iteration. To
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see this, consider X,;ka(k > m). By column partitioning X = ((Xx)1:m—1 (Xk)m ), where we
use (A);. ; to denote the submatrix formed by the 4 to j columns of matrix A, we have

XT X, = ((Xk)lT;m1(Xk)1:m1 (Xk)lT:m1<X’€)m>

(Xk);l;z(Xk)lim—l (Xk);l;L(Xk)m
_ ((Xkl)%;m(Xkl)Qim (Xk:hT:ml(Xk)m)
(Xk)a(Xk)lzm—l (Xk)EL(Xk>m ’

Hence, the submatrix (Xj_1)3.,,,(Xx—1)2:m can be reused, and only XkT(Xk.)m needs to be calcu-

lated. R} Ry, can be similarly calculated. Thus, if we reuse the matrix multiplication as explained
above, the additional computational time can be further reduced.

C Experimental details

Our codes were written in PyTorchl .4.(ﬂ and one GeForce RTX 2080 Ti GPU is used for each test.
Our methods are AdaSAM and its preconditioned variant pAdaSAM. The RAM method serves as
an ablation study for the regularization. Before describing the experimental details, we explain the
hyperparameter setting of AdaSAM/pAdaSAM/RAM.

C.1 Hyperparameter setting of AdaSAM/pAdaSAM/RAM

Since these methods are all the variants of AM with minor differences, their hyperparameter setting
are similar. The only hyperparameter that needs to be carefully tuned is the regularization parameter,
i.e. ¢; for AdaSAM/pAdaSAM, and 6 for RAM. We explain reasons of the default setting of other
hyperparamters:

e oy = 1. Setting ayg = 1 corresponds to using no damping, which means that the minimal
residual procedure is exact for AM in deterministic quadratic optimization. This setting
follows the same philosophy of setting initial learning rate as 1 in Newton’s method.

e [y = 1. Setting the mixing parameter Sy = 1 is a standard setting in AM. (See e.g. [59].)
Tuning [, may be of help [41} [14]], but we abandon this possibility to reduce the work of
hyperparameter tuning.

e m = 10. Since the extra space is 2md and the extra computational cost is O(m?2d) +O(m?),
using small m is preferred. m = 10 or 20 is also the default setting in restarted GMRES
[47]. Moreover, large m, say, m = 100, can cause the solution of I'j; less stable as we solve
the normal equation directly.

e p = 1. By default, no alternating iteration is used. When the extra computational cost (e.g.
Line 13 in Algorithm 3)) dominates the computation, this option can be helpful to alleviate
the cost.

e ¢ = 1078, ¢ only serves as the safe-guard to prevent the denominator in (T6)) from being
zero. It does not have meaning like the constant regularization 4 in RAM. Only when
| Az |3 = €, the effect of € becomes obvious, but zy, is supposed to converge at this point.

e v = 0.9. This is a default setting for moving average [55} 29].

C.2 Experiments on MNIST

Since SAM is expected to behave like the minimal residual method in deterministic quadratic
optimization, this group of experiments focused on large mini-batch training where the variance of
noise is relatively small, thus the curvature of the objective function rather than noise dominates the
optimization. Moreover, using constant learning rate is proper in this situation.

The baselines are SGDM, Adam and SALBFGS. For SGDM and Adam, we used the built-in PyTorch
implementations. For SALBFGS, in addition to the initial proposal [60], the Hessian is always

* Information about this framework is referred to https://pytorch.org.
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initialized with the identity matrix and the calculated descent direction is normalized because such
modifications were found to be more effective for SALBFGS in our experiments.

We tuned the learning rates of the baseline optimizers by log-scale grid-searches from 103 to 100.
The learning rates of SGDM, Adam and SALBFGS were 0.1, 0.001 and 0.1, respectively. The
historical lengths for SALBFGS, RAM and AdaSAM were set as 20. § = 10~¢ for RAM and
c1 = 107% for AdaSAM. The optim in Algorithmis optim(xy, gr) = x — 0.1 * gy.

For the preconditioned AdaSAM, i.e. Adagrad-AdaSAM and RMSprop-AdaSAM, the learning rates
of Adagrad and RMSprop were 0.01, 0.001, respectively.

For all the tests, the model was trained for 100 epochs.

In the main paper, we only report training loss. Here, we report both the training loss and the squared
norm of the gradient (SNG) in Figure ] By comparing the training loss and SNG, it can be observed
that a smaller SNG typically indicates a smaller training loss, which confirms the way to minimize
E||V f(x)||3. Since AM is closely related to the minimal residual method, where the term “residual"
is actually the negative gradient in optimization, AM is expected to achieve small SNG when the
quadratic approximation of the objective function is accurate enough. From the experiments, we find
the behaviour of AdaSAM is rather stable even in mini-batch training.

- Adagrad
o

10 RMSprop
IR — Adagrad-AdasaM
10 RMSprop-AdaSAM

751 -~ AdaSAM: n=2K
AdaSAM: n=4K

—— AdaSAM-VR: n=2K 10
AdaSAM-VR: n=4K

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 8 100 0 20 40 60 80 100
epochs epochs epochs epochs

Train Loss

Train Loss

Train Loss
5

(a) Batchsize=6K (b) Batchsize=3K (¢) Variance reduction (d) Preconditioning

=== AdaSAM: n=2K o i ---- Adagrad
AdaSAM: n=4K § 10 RMSprop
n=6K 3 —— Adagrad-AdaSAM
n=2K. 5101\ RMSprop-AdaSAM
AdaSAM-VR: n=4K 5 R\
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Figure 4: Experiments on MNIST. Train Loss: (a) Batchsize = 6K; (b) Batchsize = 3K; (c) AdaSAM
with variance reduction; (d) Preconditioned AdaSAM with batchsize = 3K. Square norm of the gradi-
ent: (e) Batchsize = 6K; (f) Batchsize = 3K; (g) AdaSAM with variance reduction; (h) Preconditioned
AdaSAM with batchsize = 3K.

C.3 Experiments on CIFAR

For this group of experiments, we followed the same setting of training ResNet in [21]. The batchsize
was 128 as commonly suggested. When training for [V iterations, the learning rate was decayed at the
(L% ])-th and the (|2 ])-th iterations. For AdlaSSAM/RAM, the learning rate decay means decaying
Q, B simultaneously. The results in Table[I|come from repeated tests with 3 random seeds.

The baseline optimizers were SGDM, Adam, AdaBelief [66], Lookahead [65], RNA [52], AdaHessian
[63]. AdaBelief is a recently proposed adaptive learning rate method to improve Adam. Lookahead
is a k-step method, which can be seen as a simple sequence interpolation method. In each cycle,
Lookahead iterates with an inner-optimizer optim for k steps and then interpolates the first and the
last iterates to give the starting point of the next cycle. RNA is also an extrapolation method but based
on the minimal polynomial extrapolation approach [5]. AdaHessian is a second-order optimizer
which uses Hessian-vector products to approximate the diagonal of the Hessian.

We tuned the hyperparameters through experiments on CIFAR-10/ResNet20. For AdaSAM/RAM,
we only tuned the regularization parameter as explained in Section[C.1] For each optimizer, the hy-
perparameter setting that has the best final test accuracy on CIFAR-10/ResNet20 was kept unchanged
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and used for the other tests. We list the hyperparameters of all the tested optimizers here. (Learning
rate is abbreviated as Ir.)

e SGDM: Ir = 0.1, momentum = 0.9, weight-decay = 5 x 1074, Ir-decay = 0.1.
e Adam: Ir = 0.001, (31, B2) = (0.9,0.999), weight-decay = 5 x 10~%, Ir-decay = 0.1.

o AdaBelief: Ir = 0.001, (31, B2) = (0.9,0.999), eps = 1 x 1078, weight-decay =5 x 1074,
Ir-decay = 0.1.

o Lookahead: optim: SGDM (Ir = 0.1, momentum = 0.9, weight-decay = 1 x 1073), & = 0.8,
steps = 10, Ir-decay = 0.1.

e AdaHessian: Ir = 0.15, (31, 32) = (0.9,0.999), eps=1 x 10~%, hessian-power: 1, weight-
decay: 5 x 107%/0.15, Ir-decay: 0.1.

e RNA: Ir = 0.1, momentum = 0.9, A = 0.1, hist-length = 10, weight-decay = 5 x 1074,
Ir-decay = 0.1.

e RAM: optim: SGDM (Ir = 0.1, momentum = 0, weight-decay = 1.5 x 1073), oy, =
1.0, = 1.0,8 = 0.1, p = 1,m = 10, weight-decay = 1.5 x 1073, Ir-decay = 0.06.

o AdaSAM: optem: SGDM (Ir = 0.1, momentum = 0, weight-decay = 1.5 x 1079), ap, =
1.0, Bx = 1.0, ¢; = 0.01, p = 1,m = 10, weight-decay = 1.5 x 1073, Ir-decay = 0.06.
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Figure 5: Test accuracy of ResNet18/WideResNet16-4 on CIFAR-10 and ResNeXt50/DenseNet121
on CIFAR-100.

Figure 5] shows the test accuracy of different optimizers for training ResNet18/WideResNet16-4 on
CIFAR-10 and ResNeXt50/DenseNet121 on CIFAR-100. The full results of final test accuracy are
listed in Table[I]in the main paper. From Figure[5] we find that the convergence behaviour of AdaSAM
is rather erratic during the first 120 epochs. However, it always climbs up and stabilizes to the highest
accuracy in the final 40 epochs. This phenomenon is due to the fact that AdaSAM uses a large weight-
decay (1.5 x 1073 vs. 5 x 10~* of SGDM) and large mixing parameter (3, = 1 ). We verify this
claim by doing tests on CIFAR-10/ResNet20. In Figure 6] we fixed other hyperparameters and tested
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the effect of different weight-decays of AdaSAM. It is clear that a smaller weight-decay can lead to
faster convergence on the training dataset, but often cause poorer generalization on the test dataset.
In Figurem we only changed 3y while fixing other hyperparameters (weight-decay=1.5 x 10~2). We
can see a smaller 5, can lead to faster and more stable convergence at the beginning, but the final test
accuracy is suboptimal. This phenomenon coincides with the results in [34].

100
10° 920
ES
>
m g 80
S 5
- 70
< $
g . c 60 —— SGDM
10 AdaSAM: wd=0.0001 © AdaSAM: wd=0.0001
—— AdaSAM: wd=0.0005 _ F 50 —— AdaSAM: wd=0.0005
—— AdaSAM: wd=0.0010 - —— AdaSAM: wd=0.0010
—— AdaSAM: wd=0.0015 N 40 —— AdaSAM: wd=0.0015
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
epochs epochs
(a) Train Loss (b) Train Accuracy
920
X 80
9
w100
3 o
- 3 70
2 3
7]
14} <
[ o
& 60 : wd=0.0001
= —— AdaSAM: wd=0.0005
50 —— AdaSAM: wd=0.0010
—— AdaSAM: wd=0.0015
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
epochs epochs
(c) Test Loss (d) Test Accuracy

Figure 6: Experiments on CIFAR-10/ResNet20 with different weight-decay (abbreviated as wd in the
legends). The weight-decay of SGDM is 0.0005.
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Figure 8: Training deep neural networks for 80,120,160 epochs. We report the final test accuracy of

AdaSAM for training 80,120,160 epochs at nearby point in the nested figure. The final test accuracy
of SGDM for training 160 epochs is also reported for comparison.
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Since AdaSAM requires additional matrix computation in each iteration, it consumes more time if
training for the same number of epochs as SGDM. Nonetheless, AdaSAM can achieve comparable test
accuracy if decaying the learning rate earlier and stopping the training earlier. As indicated in Table[T}
SGDM and Lookahead can serve as the strong baselines, so we conducted tests of comparisons
between AdaSAM and SGDM/Lookahead to see the effectiveness of AdaSAM when training with
fewer epochs. Results in Figure[§|show that the final test accuracy of AdaSAM for training 80 or 120
epochs can match or even surpass the test accuracy of SGDM for training 160 epochs. Therefore, the
generalization benefit from AdaSAM pays for its additional cost.

In Table [2]in Section[d] we report the memory, per-epoch running time, and total running time of
AdaSAM compared with SGDM. Here, we give more comprehensive results in Table[5] including the
epochs and final test accuracy (AdaHessian ran out of memory in our device for training ResNeXt50
and DenseNet121). It shows that except for ResNet18, by using SGD as the baseline, AdaSAM
can achieve a comparable solution within fewer training epochs and save computation time. Also,
AdaSAM is far more efficient than the second-order optimizer AdaHessian.

Remark 6. Since all the methods and neural networks were implemented and tested with the Python
language, the measured memory and time may not exactly reflect the actual performance of each
optimizer. Nonetheless, the observed results indicate that our method is efficient even though we did
not do code optimization. Besides, we point out that the per-epoch running time of AdaSAM can be
reduced by reusing matrix multiplications as discussed in Section|B.2)]

Table 5: The cost and final test accuracy compared with SGDM. Memory, per-epoch time, to-
" e n “t”’ K n

tal training epochs, total running time, and accuracy are abbreviated as “m",“t/e", “‘e", a",
respectively.

Cost (x SGDM) CIFAR10/ResNet18 CIFAR10/ResNet20

& accuracy m t/e e t a(%) m t/e e t a(%)
SGDM 1.00 1.00 1.00 1.00 94.82 1.00 1.00 1.00 1.00 92.03
AdaHessian 233 578 1.00 578 9436 1.78 359 1.00 3.59 9192
AdaSAM 1.73 178 056 1.00 9481 1.14 134 0.63 0.83 92.01
Cost (x SGDM) CIFAR10/ResNet32 CIFAR10/ResNet44

& accuracy m t/e e t a(%) m t/e e t a(%)
SGDM 1.00 1.00 1.00 1.00 9286 1.00 1.00 1.00 1.00 93.10
AdaHessian 201 410 1.00 4.10 92.18 2.15 466 1.00 4.66 92.74
AdaSAM .12 1.17 069 0.80 9289 1.12 122 063 0.76 93.13
Cost (x SGDM) CIFAR10/ResNet56 CIFAR10/WideResNet16-4

& accuracy m t/e e t a(%) m t/e e t a(%)
SGDM 1.00 1.00 1.00 1.00 9347 1.00 1.00 1.00 1.00 94.90
AdaHessian 232 535 1.00 535 9240 235 597 1.00 597 94.04
AdaSAM 1.21 135 0.63 0.84 9347 126 128 0.63 0.80 9494
Cost (x SGDM) CIFAR100/ResNet18 CIFAR100/ResNeXt50

& accuracy m t/e e t a(%) m t/e e t a(%)
SGDM 1.00 1.00 1.00 1.00 7727 1.00 1.00 1.00 1.00 78.41
AdaHessian 256 587 1.00 5.87 7659 >1.6 - - - -
AdaSAM 1.85 179 056 1.00 77.33 130 1.16 050 0.58 78.37
Cost (x SGDM) CIFAR100/DenseNet121

& accuracy m t/e e t a(%)

SGDM 1.00 1.00 1.00 1.00 78.49

AdaHessian >1.8 - - - -

AdaSAM 1.16 1.19 050 0.60 78.84

C.4 Experiments on Penn Treebank

Our experimental setting on training LSTM models on Penn Treebank dataset was based on the
official implementation of AdaBelief [66]. Results in Table 3] were measured across 3 repeated runs
with independent initialization. The parameter setting of the LSTM models are the same as that
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of AdaBelief. The baseline optimizers are SGDM, Adam, AdaBelief and Lookahead. We tuned
hyperparameters on the validation dataset for each optimizer.

For SGDM, we tuned the learning rate (abbr. Ir) via grid-search in {1, 10, 30, 100} and found that
Ir=10 performs best on 2,3-layer LSTM. For 1-layer LSTM, we set Ir=30 and momentum=0 as that in
AdaBelief because we found such setting is better.

For Adam, we tuned the learning rate via grid-search in {1x10723,2x1073,5x1073,8x 1073, 1 x
1072,2 x 1072} and found 5 x 10~ performs best.

For AdaBelief, we tuned the learning rate and found 5 x 102 is better than 1 x 10~2 used in [66].

For Lookahead, as suggested by the authors in [65], Adam with best hyperparameter setting is set as
the inner optimizer, then the interpolation parameter v = 0.5 and steps = 5.

The batch size is 20. We trained for 200 epochs and decayed the learning rate by 0.1 at the 100th and
150th epoch. For pAdaSAM, since the learning rate decay has been applied to the inner optimizer,
we did not apply decay to o, i.e. ap = 1 is kept unchanged during the training.

Table 6: Test perplexity on Penn Treebank for 1,2,3-layer LSTM. Lower is better. AdaSAM* denotes
AdaSAM with 5y = 100.

Method 1-Layer 2-Layer 3-Layer
SGDM 85.21+£.36 67.12+.14 61.56+.14
Adam 80.88£.15 64.54+.18 60.34+.22

AdaBelief  82.41+.46 65.07£.02 60.64+.14
Lookahead  82.01+£.07 66.43+.33 61.80+.10
AdaSAM 155.38+.35 159.07+£1.58 163.60+.81
AdaSAM*  91.23+.69 68.53+.13 63.74+.09
pAdaSAM  79.34+.09 63.18+.22 59.47+.08

Our method is pAdaSAM, which set optim = Adam in Algorithm [d] where Adam is the tuned
baseline. AdaSAM with the default setting is not suitable for this task. To give a full view of the
vanilla AdaSAM, we also report the results of AdaSAM with default setting and the tuned AdaSAM
(Bp = 100) in Table[6}
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(a) 1-Layer LSTM (b) 2-Layer LSTM (c) 3-Layer LSTM

Figure 9: Experiments on Penn Treebank. Validation perplexity of training 1,2,3-Layer LSTM.

We think the scaling of the model’s parameters is important for this problem. Since the batch size is
very small, the gradient estimation is too noisy to capture the curvature information of the objective
function. Hence the quadratic approximation in AdaSAM is rather inaccurate and further scaling by
By is required. For pAdaSAM, the scaling of the stochastic gradient is done by the inner optimizer
Adam, so o, can be set as default.

D Additional experiments

This section is about the techniques and hyperparameters used in our method. The computational
costs with different batch sizes are also reported in the end.
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D.1 Check of positive definiteness

In Algorithm [3] we simplify the check of positive definiteness of Hj, described in Section2.2]b
(Azy,)Tr, > 0. To see the effect of such simplification, we first give the pseudocode in Algorithm
that faithfully follows the procedure of checking positive definiteness in Section[2.2] We designate it
as AdaSAMO. Note that the check of is reflected in Line 17 in Algorithm 5

We compared AdaSAM (Algorithm [3) with AdaSAMO via experiments on MNIST and CIFAR-
10/ResNet20. The experimental setting was the same as that in Section[C]

The results on MNIST are shown in Figure We trained 100 epochs with full-batch (batch-
size=12K) and mini-batch (batchsize=3K). The evolution of «y, in Figure [I0[c) implies that the
Hessian approximation Hy in AdaSAM ( oy = S = 1) is hardly positive definite. So AdaSAMO
reduces o, to ensure Condition @ holds. However, in full-batch training, there exists no noise
in gradient evaluations, so r,?H kT > 0 is suffice to ensure Hyry is a descent direction. In other
words, Condition (T3) may be too stringent to prevent the acceleration effect of AdaSAM. We also
find that even running without checking of positive definiteness, the result is comparable. The result
of AdaSAMO with i = 0.9 suggests that the optimization is trapped in a local minima. In mini-batch
training, Condition [I3|is violated more frequently if using v, = 1, which can be inferred from the
evolution of ay, of AdaSAM. Switching to optim when (Axk)Trk < 0 is better than ignoring the
violation of the positive definiteness. For AdaSAMO, we find using small y is proper.

The results on CIFAR-10/ResNet20 are shown in Figure We tested AdaSAMO with different
selections of ;1. We see smaller p is better. We also find that the value of )y is restrictive in training
ResNet20. For p = 0, the Condition (T4) is seldom violated during training, which means «y, is not
need to be reduced to a smaller value to make H, positive definite. Therefore, AdaSAMO with . = 0
has nearly the same behaviour as AdaSAM.

With these tests, we confirm that using the sanity check of positive definiteness of Hj, in Algorithm [3]
does not lead to any deterioration.

Algorithm 5 AdaSAMO. AdaSAM with the check of (T3)

Input: 2o € R m = 10,0, = 1,6y = 0.1,5, = 1(k > 1),y = 09,u = 1078 ¢ =
10’8,max_iter > 0.
Output: » € R?
: AZg=0,A7 =0
for k=0,1,...,maz_iter do
r = =V fs, (zx)
if £ = 0 then
Tp1 = g + BTk
else
my = min{m, k}
Az =~ A% 1+ (1 —7)  Azgy

AN A R

9: Afﬁk =y- ATA]C,1 + (1 — ’y) . A’r‘k,1

10: )gk = [A-i'k—karl’ Ai‘}g,kar% <. ,Ai’k]
11: Rk = [A?ﬁk,mk+1, A’f’k,karQ, s ,A?ﬁk]
12: o = cillrell3/ (I1AZx3 + €)

13: Y. = Xk + ﬁkRk, Zy = RkTRk + 5kX,;ka

y,T . 0 Z
14: Compute A\, = Anaz (( K ) Y. Ry ( k).
RT (Vi By zl o

15: ap = g

16: if Ay > 0 then

17: ap = min{ak, Qﬂk(l - /L)/)\k}
18: end if .

19: Ti41 = Tk + Brry — dekZ,iRErk
20:  end if

21:  Apply learning rate schedule of ay, Ok
22: end for

23: return x;
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Figure 10: Experiments on MNIST. Training loss, squared norm of gradient (abbr. SNG) and o, for
batch size = 12K, 3K.
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Figure 11: Experiments on CIFAT-10/ResNet20. Training with AdaSAMO with p = 0, 0.2, 0.4, 0.6,

0.8, 1. (c) and (d) show the evolutions of Ay and «g, in AdaSAMO during training.

D.2 Effect of damped projection

Damped projection is introduced to overcome the weakness of the potential indefiniteness of Hy, in
Anderson mixing. Its necessity has been justified in theory in Section[3] In practice, though we always
initially set a, = 1 in AdaSAM, using damped projection can help improve the effectiveness. As
shown in Figure temporarily setting o, = 0 when (Az,)Try, < 0 did improve convergence com-
pared with the way of keeping o, = 1 unchanged. We also conducted tests on CIFAR-10/ResNet20,
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where the learning rate decay of v, was forbidden during training. The result is shown in Figure[T2]
We see the learning rate decay of ay, improves generalization.

—— AdaSAM w/o damped projection
—— AdaSAM w damped projection

—— AdaSAM w/o damped projection
—— AdaSAM w damped projection

Train Loss
Train Accuracy %
Test Loss

—— AdaSAM w/o damped projection
“0 —— AdaSAM w damped projection

% w0 b0 1 T % 4w 8 0 1m0 10 10 T % 4 w0 % 10 1m0 10 10
epochs epochs epochs

(a) Train Loss (b) Train Accuracy (c) Test Loss

Test Accuracy %

—— AdaSAM w/o damped projection
—— AdaSAM w damped projection

T % 4w @ w0 Do 10 10
epochs

(d) Test Accuracy

Figure 12: Experiments on CIFAT-10/ResNet20. Training with/without damped projection.

D.3 Effect of adaptive regularization

AdaSAM is a special case of SAM with selection of &, as (I6). Note that in our implementation
Algorithm |3| we omit the term c(3;; 2. In fact, such special choice is important for SAM to be
effective since it can roughly capture the curvature information. The comparison between AdaSAM
and RAM in experiments on MNIST and CIFARSs confirms the superiority of the regularization term
of AdaSAM. Here, we further compare the choice of (T6) with two other choices:

0 =90, (Option 1),
o, = 0B, %,  (Option II),

We designate SAM with 6;, chosen as Option I (Option IT) as SAMT (SAM?).

Table 7: Test accuracy on training CIFAR-10/ResNet20. The number on the first row are the
regularization parameter Js.
103 102 10t 1 1071 1072 1073
SAMT  91.574+.17 91.28+.27 91.40+.03 91.63+.01 91.65+24 91.60+.24 91.67 +.31
SAM?  91.484.23 91.64+.30 91.74+20 91.914+.19 91.62+.11 91.68+.34 91.48+.29

Experimental results on MNIST when training CNN with batch size of 12K, 3K are reported in
Figure Note that ¢; = 10~* was unchanged across two tests of different batch sizes. We see
AdaSAM adaptively adjusts dj, during training and always achieves the best result. On the contrary,
the proper & for SAMT is dependent on the batch size.

For the tests on CIFAR-10/ResNet20, we made considerable efforts to tune & in SAMT/SAM?. The
results corresponding to different ds are shown in Table We also plot related curves of SAM? and
AdaSAM in Figure [T4] from which we see the ), determined in Line 12 in Algorithm [3]roughly
matches the scheme of SAMY, i.e. 6, > C Br 2 for some constant C' > 0 , thus conforming our
heuristic analysis about the convergence of AdaSAM in Section [3] Observed from Figure [I4]c), we
set § = 0.5 in SAMY to roughly match the evolution of 6 in AdaSAM and obtain a slightly better
test accuracy 92.05%. These results demonstrate the effectiveness of our choice of d;, in AdaSAM.
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Figure 13: Experiments on MNIST. SAM' with 6 = 1072, 107%,10¢,10~® and AdaSAM. Training
loss, training accuracy, squared norm of gradient (abbr. SNG) and §;, with batchsize (abbr. b) of 12K,
3K are reported.
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Figure 14: Experiments on CIFAT-10/ResNet20. Training with SAM?* with 6 = 0.1, 1, 10. (c) shows
the evolution of &, in SAM* and AdaSAM during training.

D.4 Moving average

For our implementation Algorithm 3]and Algorithm 4] we incorporate moving average as an option.
In deterministic quadratic optimization, the minimal residual property still holds since the relation
Ry, = —V f(xx) X} is maintained. In general stochastic optimization, We find moving average may
enhance the robustness to noise or generalization ability.
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Figure 15: Experiments on MNIST. (a)(b) Training loss and square norm of gradient (abbr. SNG) of
AdaSAM with/without moving average (abbr. MA). (c)(d) Training loss and SNG of AdaSAM-VR
with/without MA. Batch size n =2K, 4K, 6K.

In Figure[I5] we report AdaSAM/AdaSAM-VR with/without moving average for mini-batch training

on MNIST. Figure[I5]a) indicates that AdaSAM without moving average stagnates when batchsize is
2K due to noise in gradient estimates. By incorporating variance reduction, AdaSAM-VR without
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moving average recovers the fast convergence rate. From this example, we conclude that moving
average may help reduce the variability in gradient estimates and improve convergence.

We also reran the experiments on CIFAR-10/CIFAR-100 to see the effect of moving average. Results
are reported in Table[§]and plotted in Figure[T6] There seems to be no significant differences judging
from final test accuracy, while AdaSAM without moving average can be faster at the beginning as
indicated from Figure[T6]

We reran the experiments on Penn Treebank. Results are shown in Table §]and Figure[T7] Similar to
the phenomenon on CIFARs, pAdaSAM without moving average converges faster at the beginning.
However, its final validation perplexity and test perplexity is slightly suboptimal compared with
pAdaSAM with moving average.

With these experimental results, we think although moving average is not needed in our theoretical
analysis, it may be beneficial in stabilizing the training or improving generalization ability.

Table 8: Experiments on CIFAR10/CIFAR100. WideResNet is abbreviated as WResNet.
CIFARI10 CIFAR100
ResNetl8  ResNet20  ResNet32  ResNet44  ResNet56 ~ WResNet  ResNetl8 ResNeXt  DenseNet

AdaSAM w MA 95.17+.10  92.43+.19 93.22+.32 93.57+.14 93.77+.12 95234+.07 78.13+.14 79.31+£.27 80.09+.52
AdaSAM w/o MA  95.224+.13  92.524+.09 93.08+.22 93.62+.05 93.89+.16 95.16+.04 78.09+.27 79.57+21 80.03+.25

Method
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Figure 16: Experiments on CIFARs. Training CIFAR-10/ResNet18, CIFAR-10/WideResNet16-4,
CIFAR-100/ResNeXt50, and CIFAR-100/DenseNet121 using AdaSAM with moving average (abbr.
MA) or AdaSAM without moving average. Curves of training accuracy and test accuracy are reported.
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Figure 17: Experiments on Penn Treebank. Validation perplexity of training 1,2,3-Layer LSTM.
Comparison between pAdaSAM with moving average (abbr. MA) and pAdaSAM without MA.
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Table 9: Test perplexity on Penn Treebank for 1,2,3-layer LSTM. Comparison between pAdaSAM
with moving average (abbr. MA) and pAdaSAM without MA.

Method 1-Layer 2-Layer 3-Layer

pAdaSAM w/o MA  80.27+.09 64.74+.02 59.72+.05
pAdaSAM w MA 79.34+.09 63.18+.22 59.47+.08

D.5 Alternating iteration

Alternating iteration is incorporated in Algorithm [3|and Algorithm[@d} given an optimizer optim , in
each cycle, we iterate with optim for (p — 1) steps and then apply AdaSAM in the p-th step, the
result of which is the starting point of the next cycle.

This option can be helpful to save per-iteration computational cost. We also tested this option in the
experiments on CIFAR. We give some results here.

We tested vanilla SGD (momentum = () alternated with AdaSAM, and Adam alternated with
AdaSAM, which are denoted as AdaSAM-SGD and AdaSAM-Adam respectively. The number of
steps of one cycle is 5, i.e. p = 5. Results listed at the bottom of Table [I0]show AdaSAM-Adam
gives a thorough improvement over Adam. AdaSAM-SGD can even beat AdaSAM on CIFAR-
100/ResNeXt50, and exceed the test accuracy of SGDM by 1.06%. Hence alternating iteration can
reduce computational overhead while achieving comparable test accuracy.

Table 10: Final TOP1 test accuracy (%) on CIFAR10/CIFAR100. Alternating iterations are AdaSAM-
SGD and AdaSAM-Adam.

Method CIFAR10 CIFAR100

ResNetl8  ResNet20  ResNet32  ResNet44  ResNet56 ~ WResNet  ResNetl8 ResNeXt  DenseNet
SGDM 94.82+.15 92.03£.16 92.86+.15 93.10+.23 93.47+£.28 94.90+.09 77.27+.09 78.41+.54 78.49+.12
Adam 93.03+.07 91.17+.13  92.03+.28 92.28+.62 92.39+.23 9245+.11 7241+.17 73.57+.17 70.80+.23
AdaSAM 95.17+.10 92.43+.19 93.22+.32 93.57+.14 93.77+.12 95.23+.07 78.13+.14 79.31+.27 80.09+.52

AdaSAM-SGD  95.044+.22  92.26+.10 92.92+.28 93.01+.15 93.71+.15 94.99+.19 77.81+.12 79.47+.44 79.58+.39
AdaSAM-Adam  93.86+.23 9227+29 92.67+.09 92.94+30 93.22+.12 93.88+20 74.46+.51 7534+20 7521+.49

D.6 Additional experiments on MNIST

We provide some additional experiments on MNIST that is omitted in the main paper.

Diminishing stepsize ~Our theoretical analysis of SAM in Section [3|takes the diminishing condi-
tion as an assumption of 3; in Theorems Nonetheless, using constant stepsize and
decaying after several epochs is a common way in practice. To test the diminishing condition, we set
the ¢-th epoch learning rate for SGD/Adam/SALBFGS and the ¢-th epoch mixing parameter (3 for
RAM/AdaSAM as 1, = no(1 + |t/20])~*, where ¢ denotes the number of epochs, 7 is tuned for
each optimizer. For SGD, Adam and SALBFGS, 7y is 0.2, 0.001, 0.1, respectively. For RAM and
AdaSAM, 7 is 2. The results of training with batch sizes of 3K and 6K are reported in Figure[I8]
AdaSAM still shows the better convergence rate.
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Figure 18: Experiments on MNIST (with diminishing stepsize). (a)(b) Training loss and square norm
of gradient (abbr. SNG) using batchsize n= 6K; (c)(d) Training loss and SNG using n= 3K.
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Figure 19: Experiments on MNIST (with variance reduction). (a)(b) Training loss and square norm
of gradient (abbr. SNG) using batchsize n= 2K; (c)(d) Training loss and SNG using n=4K.

Comparisons with SVRG and SALBFGS-VR  We also compared with SVRG and SALBFGS-VR
[6Q]. The learning rates for SVRG and SALBFGS-VR are 0.2 and 0.1. Results of training with batch
sizes of 2K and 4K are shown in Figure[I9] We find that AdaSAM-VR is more effective compared
with the other two variance reduced optimizers.

D.7 Discussion about the hyperparameters

As explained in Section[C.] though at first glance AdaSAM has several hyperparameters to tune,
we actually only need to individually tune the regularization parameter c; besides other common
hyperparameter such as weight-decay in almost all the cases. For example, setting ¢; = 10~2 is fairly
robust in our experiments in image classification on CIFARs and language model on Penn Treebank.
We tested various deep neural networks on CIFAR-10 and CIFAR-100, while the hyperparameters
were kept unchanged across different tests.

We conducted tests to see the effect of the historical length m in AdaSAM and pAdaSAM. As pointed
in [7] that the quasi-Newton updating is inherently an overwriting process rather than an average
process, large noise in gradient estimates can make a secant method rather unstable. On the contrary,
since AM is identified as a multisecant method, it leverages more secant conditions in one update
which may alleviate the negative impact of a noisy secant condition. Hence, AM may be more
tolerant to noise. The historical length m determines how many secant conditions are taken into
consideration at one time, so a larger m is supposed to make AdaSAM more tolerant to noise.

— AdasaM: m=10 100 — AdasAM: m=10
AdaSAM: m=20 AdaSAM: m=20
AdasaM: m=30 | AdasAM: m=30
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Figure 20: Experiments on MNIST. Training loss and square norm of gradient (abbr. SNG) using
batchsize n=2K. AdaSAM without moving average and m = 10, 20, 30, 40.

We set m = 20 in the experiments on MNIST. In Figure @a) and (b), we find AdaSAM without
moving average stagnates when training with batchsize = 2K. We set m to 10,30,40 to see if any
difference happens. The result is shown in Figure 20} from which we see using a larger m = 30 did
help convergence. Further increasing m = 40 does not lead to lower training loss, which may be due
to the potential numerical weakness in solving with directly.

The results related to different m in CIFAR-10/ResNet20 and 3-layer LSTM on Penn Treebank are
reported in Figure[21] A larger m seems to be beneficial to generalization ability. m = 5 or 10 is
proper for these tests.

D.8 Computational efficiency

The additional per-iteration computational cost of AdaSAM/pAdaSAM compared with SGD is mainly
due to computing (T2). The cost is a potential limitation of our method. Fortunately, this part of
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Figure 21: (a)(b) Experiments on CIFAR-10/ResNet20. AdaSAM with m = 1,5,10,20. (c)(d)
Experiments on training a 3-layer LSTM on Penn Treebank. pAdaSAM with m = 2, 3, 5, 10.

computation is parallel-friendly since the main operation is dense matrix multiplications. Therefore,
when the cost of function evaluations and gradient evaluations dominates the computation, the extra
overhead incurred by AdaSAM is negligible. In high performance computing, we expect that the
matrix computation in AdaSAM can be further optimized.
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Figure 22: (a) Running time of one epoch of training CIFAR-10/ResNet20; (b) Running time of one
epoch of training CIFAR-10/ResNet56. Batch size = 128, 256, 512, 1024. The numbers marked
beside the curve of AdaSAM show the computational time of AdaSAM vs. SGDM.

Figure 22]reports the running time of one epoch of training ResNet20 and ResNet56 on CIFAR-10
with batch size of 128, 256, 512, 1024. Optimizers are SGDM, Adam, SALBFGS and AdaSAM.
It can be observed that the additional overhead of AdaSAM gradually becomes marginal with the
increment of batch size. Therefore, AdaSAM is expected to be more computationally efficient in
large mini-batch training. Also, AdaSAM is more efficient than the stochastic quasi-Newton method
SALBFGS, which is reasonable since SALBFGS incurs 2x cost of gradient evaluations compared
with AdaSAM, as discussed in Section[5] Finally, as confirmed by the experiments (Figure 8] and
Table [5), AdaSAM can achieve comparable solutions while using fewer training epochs, which
can save computation time. The proposed alternating iteration scheme can also serve as a trade-off
between computational cost and final accuracy or loss.

44



