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A Langevin Convergence Between Strongly Log-concave Distributions

In this section, we study the following problem. Let p be a probability distribution on R%, and let
A € R™*4 be a matrix. For a sequence of parameters 7; > 7,1 satisfying

n? =1+,

consider two random variables y; and y; 1 defined as follows. First, draw « ~ p. Then, generate
Yir1 = Az + N(Oa771'2+11n%)7

and further perturb it by
yi = yir1 + N0, (07 — 1) Im)-
Define the score function
sit1(z) = Vylogp(z | yiv1).
We analyze the following SDE:

dazy = si1(z) dt +V2dBy,  xo ~ p(z | ). (6)

This is the ideal (no discretization, no score estimation error) version of the process (2) that we
actually run. Our goal is to establish the following lemma.

Lemma A.l. Suppose the prior distribution p(x) is a-strongly log-concave. Then, running the

process (6) for time
T—0 (m% + log(/\/a))
@

ensures that 1
Pr [TV(xr,p(x | yiy1)) <e] >1-— %

YiYi+1

A.1 y2-divergence Between Distributions

In this section, our goal is to bound x? (p(z | y;) || p(x | yi+1)). Since the posterior distributions
can be expressed as

plo | yo) = PULDP@ =

Wit | 2)p(x)
p(vi) '

P(Yiv1)

The x? divergence is

2 [ p(x|yi) ]
X~ (p(z | yi) | p( | yiv1)) = wNpIFw\yl) m -1
_ o [ oy | x) 'P(yiﬂ) 1
evp(aly) [P(Yit1 | 2)  p(vi)
) [ pyi | ) ] _P(yi+1) 1.
o~p(aly) [P(Yit1 | 2) ] p(Ys)

We bound the term E_(4(4:) [pf;ilji)] first.

Lemma A.2. We have
p(yi | ) ] -1
7) =

TyYirYit1 {p(yiﬂ | x

Proof. Let Z1 = y;+1 — Az, and let Z5 = y; — Ax. Then we have

Lyl%/+1 [M} B zl]?lz2 {igﬁ;] = //m “pzy,2,(21,22) d 21 d 2.

Note that

Pz1.2,(21,22) = pz, (21) - f(z2 — 21),
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where f is the density function for N (0, (7 — n?,1)In). Therefore,

z
//pZ2 2 le,ZQ(Zl,@)dzleQ://pzz(zz)'f(z2*Zl)dzldz?

pzl 21)
_ /pz2(22) (/f(z2 —zl)dz1> d 2.

Since f is a density function, its integral over R™ is 1. This gives that

/pZQ(ZQ) </f(22 zl)dzl) dzg = /pZQ(,zQ)dzz =1.

P(yi | 55))} _1L

T,Yi,Yit+1 |:P(?ﬁ+1 | €z

Hence,

O
Corollary A.3. Forany A > 1, we have
Pr [ E [p(yix)}<)\ 21_1'
Yi,Yi+1 |x~p(x|yi) p(yi_H ‘1‘) ] A
Proof. By Lemma A.2, we have
E [ E {p(yﬂx) ” E p(yi | ©) -1
YirYi+1 | z~p(x|ys) p(yi+1 |$L') Z,Yi,Yi+1 _p(yi+1 ‘ .’17)
Applying Markov’s inequality gives the result. O

Now we bound %. To make the lemma more self-contained, we abstract this a little bit.

Lemma A4. Let ), > 12 be two positive numbers, and let X € R be an arbitrary random
variable. Define Y1 = X + Z1 and Yo = Y1 + Zy, where Z1 ~ N(0,m31,) and Zy ~ N(0,1n31,).
Then,

(Y1)

p 1 dnj3 t2n§>>
I < cexplO =2+ —22) ).
Y1, Ya | 21| <t L?(Yz)] Pri[Zi < P ( ( oo

where p(Y1) and p(Ya) are the densities of Y1 and Ya, respectively.

Proof. First, we turn to bound

Y;
R, ) = SRR el < ¢ i)
Note that
F,(Y1,Ys) = Jisvi<e PX =9)p(V1 | X =s)ds  [o.px(s ¢n%ld(yl —s) - 1|y —s||< t]d
t 1,12) — =
JeaP(X = s)p(Ya | X = s)ds Jra Px(8)b(n2 12y, (Yo — s)d s
We have
Y —s)-1[|Y] —s|< ¢t Yi —s
Ft(Yl,Yé) S sup (bﬂf( 1 ) [| 1 |— } S sup qbnf( 1 ) '
sert  Ppmyr (Yo — ) ls=vrli<t Pz +ndyra (Y2 = 8)

Write Y7 — s = e1, and note that Yo — s = e; + Z5. Then define
bpz1,(e1)
Pznzy1a(€1 + Z2)
This gives that for any Y7, Y5, and ¢,
F,(Y1,Ys) < sup Gley).

llell<t

Gler) = leall < ¢.
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Bounding G(e;) To bound supy., | <¢ G(e1), we expand ¢ as the d-dimensional Gaussian proba-
bility density function:

d/2
_ (i3 leal | lles + 2o
Gle) = =5 exXp\ =5 5t o5 s oy )
m 27 2001 + 1)
Using the quadratic expansion |le; + Zo||?= |le1]|>+2(e1, Z2) + || Z2||?, we rewrite:
d/2
Gler) = (”f +’75) - <|e1||2 | lleal*+2(e1, 22) + ||Z2|2>
Ui 20 2(n% + n3)
Since ||e1]|< t and {(eq, Z3) < ||eq|||| Z2]|, we bound
2er, Z2) _ t 2|
5 S o
201 +mz) 0t

2 2\ d/2 2
ni +n | Z || tl Z2||
G(er) < (122> exp (2 2 nt 2]
Uh (n +n3)  mi +n3

Therefore, for any Y7, Y5, and ¢, we have

2 2\ /2 2
Ny +n | Za || t)| Za||
F(Y1,Y3) < (1 5 2) exp<2 7, o T 2,2
m (ni +m3)  mi+n3

Thus,

This gives that

{p(Yl)]
Vi, YallZ1 )<t | p(Y2)

B { F(Y1,Ys) ]
vivallzl<e | Pr(||Z:]| <t ] V1]

d/2
. 1 , (n% +n§> ! exp( 122>, 12| )
T yvivallzil<t | Pr||Zi]] <t | Y] Uk 2 +n3)  ni+n3
d/2
(it 1 1 Z,|? t)| Zs|
= 5 E - E |exp 5 =5 + =5 5 .
m vill|Z:||<t | Pr [HZ1|| <t | Yl] Zo 2(771 + 772) ny + 5

Bounding expectation over Z;. We have

AR t| Zs|| )] [ nlZ|? | el Z|
E |exp ( + = E exp + .
2 [ 2 +m3)  ni+n3 ZaN(0,14) 2 +m3)  ni+n3

We can apply results on the Gaussian moment generating functions to bound this.  Us-

2 2
. . _ 73 __ _tna _ U
ing Lemma A.10 by setting o = SR 8= prawn and v = 2

/2
E BIZIP | el ZINT 03 2(n3 + n3)
exp 2 n T 2 2 )| SXP| 53 N ) 2 .
Z~N(0,1q) 2(nf +n3)  mi+n3 ni(ni +n3) m

Finally, this gives

, we have

p(Y1) ] 1 ( (dn§ t2n3 ) )
E < cexp|O | = +—7) |-
R AIFAS’ [p(Yz) Pr{||Z:|| <] P n nt

One need to verify that

A= <
E < .
vz [Prlzil < ¢ (vl = Pzl <4

%E [F:(Y1,Y2)] < exp <O (dﬁ% + tﬁz!&)) '

Also,

2 77% n
This gives the result. O
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745 Lemma A.5. Let 17 > 1y be two positive numbers, and let X € R? be an arbitrary random
746 variable. Define Y1 = X + Zy and Yo = Yy + Zs, where Zy ~ N(0,0?14) and Zy ~ N(0,131,).
747 There exists a constant C > 0 such that for any X\ > 1,

p(Y71) dn3 1
< (22 >1-— -,
Yﬁrﬁ {p(Yg) < exp (C ( 2 +In A >1 3

748 where p(Y1) and p(Y>) are the densities of Y1 and Ys, respectively.

749 Proof. Lett = (v/d++/21In(2)))n,. By applying Laurent-Massart bounds (Lemma A.11), we have

1
Pril||Zi|| <t >1—- —.
AR ESES
750 Taking these into Lemma A.4, we have

2 2,.2 1 )\ 2
o ] 2o 04+ ) <o o222
vi,vell[Z1l<t | p(Y2) 0y m Uk

751 By applying Markov’s inequality, for a large enough constant C' > 0, we have

p(Y1) ( <(d+ln)\)77§>>] 1
<Adexp|C: | ——= >1——.
ViVl 2 <t [p(Yz) = nexp Uk - 2A

752 Cleaning up the bound a little bit, this implies that for a large enough constant C' > 0,

e e
Pr <exp|(C-|—+InA >1— —.
Y12 Zu)|<t L?(Yz) P m 2

753 Combining this with the probability that || Z|| < ¢, a union bound gives that

p(Y1) dn3 1
P < C-|—=+1InA >1—-—.
e [p(Yz) - exp( ( w o))
754 O
755 The x? divergence is
[ p(z | y:) ]
X ([ yi) [ p(x [ yi1)) = E -1

e~p(aly) [ P(T | Yit1) |
- E [ pyi | =) i p(yi+1)] -1
e~p(aly) [P(Yit1 [ 2)  p(Yi)
_ g [Pl ] Py
e~p(ely) | P(Yir1 [2) ] pys)

-1

756 Now we can bound the y2-diversity.
757 Lemma A.6. There exists a constant C > 0 such that for any X > 1,

pr [0t 10 e o) < o0 (€ (P00 ) ) 20—

YirYit1 77i+1

758 Proof. Note that

X (p@ | y:) | p(x | yigr)) = p(yi | =) } p(yin1)

zr~p(z|y:) L?(:Uiﬂ | ) p(vi)
759 By Corollary A.3, we have

Pr [ E {p(yim}gg)\]zl_l.
yiyier [z~p(zly) | P(Yig1 | )
760 By Lemma A.5, there exists a constant C' > 0 such that
Y; 2 _n? 1
o [P0 <o (0 (M0 ) 1)) 0 L
V.Y [ p(Y2) M1 2X
761 A union bound over these two implies that with probability of 1 — 1/,
, , 2_p2 2 _p2
p(yz ‘ JJ) .p(szrl)_l S 2)\'6Xp (C (m(nz 5 771+1) +1n)\)) S exp (C/ (m(nz ; anrl) +1n)\)> 7
pWit1 | ®) p(yi) Mit1 Mit1
762 where C' is a positive constant. This concludes the lemma. O
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A.2 Convergence time of Langevin dynamics

We present the following result on the convergence of Langevin dynamics:

Lemma A.7 ([Dall7]). Let p and q be probability distributions such that q is an a-strong log-
concave distribution. Consider the Langevin dynamics initialized with p as the starting distribution.
Then, for any t > 0, we have

1 —tl
TV(peq) < 5x°(p | @)1 /2e™"/2,

This implies that

Lemma A.8. Let p and q be probability distributions such that q is an a-strong log-concave distri-
bution. Consider the Langevin dynamics initialized with p as the starting distribution. By running

the diffusion for time
2
T—0 (log (1/e) +log x (pQ)> ’
a

we have TV (pr,q) < e.

Now we show that the posterior distribution is even more strongly log-concave than prior distribu-
tion.
Lemma A.9. Suppose that p(x) is a-strongly log-concave. Then, the posterior density

pla | Az + N In) = yi)

is a-strongly log-concave.

Proof. By Bayes’ rule, the posterior density can be written (up to normalization) as

p( | Az + N(RLn) = i)  p(x) exp(—5 514z yill3).

|
2n;
Define the negative log—posterior
1
plz) = ~logpla) + 55 v — il
Since p is a-strongly log-concave, its negative log—density satisfies
V2(~logp(x)) = ol.
Moreover, the Gaussian likelihood term has
1 1
2 2 T
VA5l Ar —uil) = 474 = 0

By the sum rule for Hessians,

1
V2p(x) = V3(—logp(x)) + ?ATA = aol.

K2

Hence ¢ is a-strongly convex, and the posterior density p(x | Az + N(n?1,,) = y;) o< e~ (@) is
a-strongly log-concave. O

Now we are ready to prove Lemma A.1:

Proof of Lemma A.1. By Lemma A.9, p(z | y;+1) is alpha-strongly log-concave. This allows us to
apply Lemma A.8. Therefore, to achieve € TV error in convergence, we only need to run the process

for
° T—0 <log(1/€) + 10%)(2(10&% | yi) || p(= | yi+1))) .

Taking in the result in Lemma A.6, we have with 1 — % probability over y; and ;1 1, we only need

T:O<m%+10g@/6)),

«
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790 A.3 Utility Lemmas.

791 Lemma A.10. Let Z ~ N(0,1;) be a d-dimensional standard Gaussian random vector, and let
792 «,f € R. Forany v > 0 satisfying o + v < %, we have

B _
E|osp(allZI*+121) | < exp () (1= 2+ 0) 7%
793 Proof. Forall r > 0 and any v > 0, it is easy to check that by AM-GM inequality,
2
Br<~r?+ ﬁ—
dy

74 Taking r = || Z|| and exponentiating both sides, we obtain

e (3121) < ep(11217+).

75 Multiplying both sides by exp (aHZH2> yields

o (all217+5121) < exp(L ) exp (o + IZIP).

796 This gives that
2 B 2
e (all21%+121)] < (%) E[exo (0 + 11717) |
1
797 For Z ~ N(0,1;) , when v + v < 3 we have

E{eXp((a + ’Y)”ZHQ” = (1—2(a+7))"%2,

798 Hence,
2

B _
E|osp(allZI*+121) | < exp () (1= 240~
799 O
soo Lemma A.11 (Laurent-Massart Bounds[LMOO]). Let v ~ N(0, I,;,). For any t > 0,

Prf||v]|® — m > 2Vmt +2t] < e,
801

Pr||v)|> —m < —2vmt] < et

s B Convergence Between Locally Well-Conditioned Distributions

go3 In the last section, we considered the convergence time between two posterior distributions of a
go4 globally strongly log-concave distribution. In this section, we will relax the assumption of global
gos strong log-concavity and consider the convergence time between two distributions that are locally
gos “‘well-behaved”. We give the following formal definition:

o7 Definition B.1. For§ € [0,1) and R, L,a € (0, +00], we say that a distribution p is (6,7, R, L,a)
sos mode-centered locally well-conditioned if there exists 0 such that

809 * Vlogp(0) = 0.

810 * Pryplz € BO,r) >1-04.

811 « Forz,y € B(0, R), we have that ||s(z) — s(y)||< La ||z — y].

812 e Forz,y € B(0, R), we have that (s(y) — s(z),z —y) > o ||z — y||°.
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Again, we consider the following process P, which is identical to process (6) we considered in the
last section:

n ATyi+1 - ATA.C(,‘t

2
it

dry = (s(azt) ) dt +v2dB;, o~ p(x | ys)

Our goal is to prove the following lemma:

Lemma B.2. Suppose pisa (6,7, R, E «) mode-centered locally well-conditioned distribution. Let
C > 0 be a large enough constant. We consider the process P running for time

T>C (m%‘ +log()\/5)) .
e
Suppose that
T||A
R>r+ n'l” (||A||r F i (Vi + /2 1n(1/6))) +2,/dT In(2d)9).
i1
Then xp ~ Pr satisfies that
Pr [TV(zr,p(z |yis1)) <e+ A >1—-0A).

Yi Yi+1

In this section, we will assume that p is (J,r, R, Z,a) mode-centered locally well-conditioned.
Without loss of generality, we assume that the mode of pis at 0, i.e., § = 0.

B.1 High Probability Boundness of Langevin Dynamics

We consider the process P’ defined as the process P conditioned on x; € B(0, R) for ¢ € [0,T].

Our goal is to prove the following lemma:

Lemma B.3. Suppose the following holds:

7;’|2|A” (||A||r + nip1(vVm + \/W)) +21/dT In(2d/5).

i+1

R>r+

We have that
E[TV(P, P")] < 6.

We start by decomposing the total variation distance between P and P’ as follows:
Lemma B.4. We have that

E[TV(P,P) < E [1? [Et € (0,7 : |z:||> R |0 € B(o,r)” +o.

YirYit1
Proof. Recall that the process P’ is defined as the law of P conditioned on the event
F :={x; € B(0,R) forall t € [0,T]}.
Thus, for any fixed y; we have
TV(P,P') = TV(P, P(- | ]—")) = 1- P(F) = P(F°),

where F¢ = {3t € [0,T] : ||z¢||> R}.

Let £ := {xy € B(0,7)} denote the event that the initial condition is “good.” Then, by the law of
total probability,

P(F¢) = P(F°NE)+ P(FNE) < P(F°| E) + P(E°).

Taking the expectation with respect to y; and y;41, we obtain

E[TV(P,P)] <E[P(F*| )] +E[ P(9)].
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Since
P(F°| &) = Pl’gr[EIt € [0,7] : x| = R |20 € B(0,7)],

and by the law of total probability, we have
E|P(E)] = Prlelz ) <4
it follows that
E{TV(P, P’)} < E[PI’Dr[Ht € (0,7 : |lo||> R ‘ o € B(o,r)H +4.
This completes the proof. O

e [Prp [at € (0,77 : |lze||> R ‘ o € B(Om)H. We start by
observing the following lemma for log-concave distributions.

Now we focus on bounding E,,

Lemma B.5. Let p be a log-concave distribution such that p is continuously differentiable. Suppose
the mode of p is at 0. Then, for all x € R?,

(V log p(x), z) < 0.

Proof. Since log p is concave, for any x, § € R the first-order condition for concavity yields
log p(0) <logp(x) + (Viogp(z), —).
Rearrange this inequality to obtain
(Vlogp(x), —x) > log p(#) — log p(x).
Because 6 is a mode, log p(f) > log p(z) for every x € R?; hence,
(Vlogp(x),z) < 0.

Lemma B.6. Let x; be the stochastic process
dzy = (f(x¢) + g(x)) dt +V2dBy, x0 € RY,

where By is a standard R%-valued Brownian motion and the functions f, g : R® — R¢ satisfy
If(@)||<a and (g(z),z) <0 forallz e RY,

with a > 0. Then, for any time horizon T > 0 and § € (0,1),

2d
Pr| sup ||z¢]|< ||lwol|+aT +24/Td ln((s)] >1-4.
1

telo

Proof. Define r(t) = ||a¢||. Although the Euclidean norm is not smooth at the origin, an application
of Itd’s formula yields that, for z; # 0, one has

dr(t) = {1, f(T';) ﬁrg(xt» dt + V2 (u(t),dBy) + C|lxl dt,

where u(t) = x¢/||2¢||. Using the bound || f(x;)||< a and the hypothesis (g(z), z:) < 0, it follows
by the Cauchy—Schwarz inequality that

(¢, f())

o d <$t,g($t)><0.

<a <
[EA|

Discarding the nonnegative Itd correction term ﬁlx;jl dt (which can only increase the process), we

deduce that
dr(t) < adt + V2 (u(t),dBy).
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Introduce the one-dimensional process

y(t) = lzoll+at + V2B, with B(t) = / (u(s),dB,).

Since ||u(s)||= 1 for all s, the process 3(t) is a standard one-dimensional Brownian motion with
quadratic variation (8); = t. By a standard comparison theorem for one-dimensional stochastic
differential equations, it follows that r(t) < y(¢) almost surely for all ¢ > 0; hence,

sup ||If||< lzol|+aT + V2 sup B(t).
tel0, T te[0,T]

A classical application of the reflection principle for one-dimensional Brownian motion shows that,

for any p > 0,
2

- P
Prl sy 80 2 o] =2 PH(AT) 2 p) < 203075,

To incorporate the d-dimensional nature of the noise, one may use a union bound over the d coordi-
nate processes of By, which yields that

Pr[\/i sup B(t) <24/Td ln(m)] >1-4.
te[0,T] 5

Combining the foregoing estimates, we deduce that

/ 2d
Pr| sup ||z¢]|< ||xol|[+aT +24/Td ln(—) >1-4,
te[0,T) o

which is the desired result. O

Lemma B.7. Forany 6 € (0,1) and T > 0, it holds that

ATy, / 2d
Pr [ sup ||mt||2r+T-W+2 len(—)‘xoeB(O,r)} < 0.
ze~Prlicio,T) Miv1 é

Proof. We first note that by Lemma B.5, for any x € R4, we have

AT Az 1
<s(m) - — ,x> < (s(x),x) — THAJ?”QS 0.
Nit1 i1

By Lemma B.6, we have that

i 2d
Pr | sup [¢/|> [|lzol+T - ”ﬂ +24/T'd1In ( ) <0,
ze~P | tefo,7) 7h+1 d
This gives that
Pr [ sup |lze|>r+T - 4 yz+1”—|—21/le ’xoeBOT} < 0.
ze~Prlicio,T) Nit1

Lemma B.8. Forany 6 € (0, 1), suppose

R>r+ TI” H (||A||r+ni+1(m+ \/W)) +2/dT In(2d/3).

1+1
It holds that

E Pr [ sup ||z¢[|> R|xo € B(0, 7’)} S 6.
viyit1 |ze~Plicio )
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Proof. Recall that
Yitr1 = Az +niv1z, 2~ N(0,1).

With probability at least 1 — §
z]|< vm 4+ v/21n(1/6).

Since ||z||< 7 with probability 1 — §. Thus, with probability at least 1 — 24, it follows that

i1l < NAall+nisa 1< NALr +mi2 (Vim + v/21n(179) ).
Hence, with the 1 — 2§ probability,

ATy, T Allllys T||A
T. ” y+1|| < || ”HerlH < n|2| ||(||A||7"+771+1(\/%+ 2111(1/6)))

2 2
Nit1 Nix1 i+1

T,.
R2r+T-”142¢1H+2\/len<%).
Mit1 0

In this case, Lemma B.7 guarantees that

Therefore, ensuring that

Pr [ sup ||z¢||> R|xo € B(Oﬂ”)} S
ze~Pliclo,T]

Since the probability satisfying the condition is at least 1 — 29, we have

E lPr [ sup |lz¢||> R UCOEB(OaT)H <.

YiYit1 |z~ P te[0,T]

Putting Lemma B.4 and Lemma B.8 together, we directly obtain Lemma B.3.

B.2 Concentration of Strongly Log-Concave Distributions

Before moving futher, we first prove that a strongly log-concave distribution is highly concentrated.

Lemma B.9 (Norm Bound for a-Strongly Logconcave Distributions). Let X be a random vector in
R? with density
m(z) x exp(—V(x)),

where the potential V : R — R is a-strongly convex; that is,
V2V (z) = al forall z € R%.
Denote by 1 = E[X] the mean of X. Then, for any 6 € (0, 1), with probability at least 1 — § we

have
d 2In(1/6
1X — pl< /4 4 /2200
« «

Proof. Since V is a-strongly convex, the density 7 satisfies a logarithmic Sobolev inequality with
constant 1/c. Consequently, for any 1-Lipschitz function f : RY — R and any ¢ > 0, one has the
concentration inequality (via Herbst’s argument)

at?
P(f(X) ~E[f(X)] 2 1) < exp(~ ).
Noting that the function
f(@) = [l = p
is 1-Lipschitz (by the triangle inequality), it follows that

at?
P(J1X — | ~E|X — pl|> t) < exp ().
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A standard calculation using the fact that the covariance matrix of X satisfies Cov(X) =< é[ gives

d
E|X —ull< 4/ <.
[0

. /2111(0[1/5),
P > /4 22

This completes the proof. O

Thus, setting

we obtain

Lemma B.10 ([JCP24]). Let u and 6 denote the mean and the mode of distribution p, respectively,
where p is a-strongly log-concave and univariate. Then, |pu — 0] < ﬁ

This immediately gives us the following corollary.
Corollary B.11. Let p be a a—strongly log-concave distribution on R?. Let 0 be the mode of p. For

every 0 < 6 < 1, we have
||X9§2“d+”210g(1/5)] >1-4.
o o

This also implies that every a-strongly log-concave distribution is mode-centered locally well-
conditioned.

Pr
X~p

Lemma B.12. Let p be an a-strongly log-concave distribution. Suppose the score function of p
is L-Lipschitz. Then, for any 0 < § < 1, we have that p is (9, 2\/g + 4/ 21%(1/5), 00, L/a, @)

mode-centered locally well-conditioned.

B.3 Convergence to Target Distribution

Since p is not globally strongly log-concave, we need to extend the distribution p to a globally
strongly log-concave distribution. We will use the following lemma to extend the distribution.
Lemma B.13. Suppose g : B(0, R) — R is continuously differentiable with gradient s := Vg €
C(B(0, R); R?) and satisfies

(s(y) = s(x), z —y) 2 allz—y|*,  VayeBO,R). ()
For every z € B(0, R) define

o 2

wz(x):g(z)+(s(z),:v—z>—§ Il — z||*, z € RY,

and set
9(x), lz]l < R,

g(r) = (8)

inf 2(x), > R.
Ze}gr(loﬂ)w(w) [Eal

Then the density p(x) oc €9 (*) is globally a—strongly log—concave.

Proof. For each fixed z € B(0, R) the mapping ¢, has Hessian —al4, hence is a—strongly concave
on the whole space. Because of (7) we have

o
9(z) = g(2) +(s(2), 2 = 2) = S |l — 2 = ¢u(2),  Va,z€ B(O,R),
with equality when « = z. Consequently g defined in (8) agrees with g on B(0, R).

Fix * € R? and choose z, € B(0, R) attaining the infimum in (8). Because ., touches § from
above at x, the vector
E=Vo, () =s(z) — alx — zg)
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941

belongs to dg(x). By a—strong concavity of ¢, _,

or W) S pu @+ (& y-2) -3 ly—cl®,  VyeR.
Taking the infimum over z on the left and using §(x) = ¢, (x) gives that
i) <g@) + &y —a) =5 ly—al’.  VeyeR”
hence g is globally a—strongly concave, and therefore p is a—strongly log-concave. O

Lemma B.14. Let p be a d-dimensional (6,7, R, f, «) mode-centered locally well-conditioned prob-
ability distribution with 0 < § < 1/2 and o > 0. Assume

RZQ\/E-F\/izlog(l/d).

Then there exists an o-strongly log-concave distribution p on R?® such that

TV (p,p) < 34.
Proof. Let 0 be the point in Definition B.1 and without loss of generality, we assume 6 = 0. Write
B := B(0, R) and B¢ := R\ B. By definition p(B°) < 4.

Set g := logp, and let § be the function in Lemma B.13. Then, p(z) := e9®) is a-strongly log-
concave and p = pon B. Let Z := f]Rd pand define p := p/Z.

Now we bound

Vip.p) = /\p P+ / lp—pl=: Ip + Ipe.
Corollary B.11 implies that p(B°) < §. Therefore,

1 ~
e < SIp(B7) + F(B7)] < b
Note that [, p = p(B) > 1—4dand [. p < §Z (since p(B°) < ). Thus,

1—6§Z:p(B)+/ p<1+26.

c

Since p = p/Z on B, we have

Therefore, Ig < % <46 = 26.

Combining,
V(p,p) < 26 + 6 = 36.

Now, we can consider process P defined as

<oy ATy — ATA
da; = (V log () + =~ 2 “Tt) dt +V2dB:, wo ~ plx | yi).
i+1

Then, we have the following lemma.
Lemma B.15. Suppose the following holds:

R>ri HH@mv+mﬂ¢*+va;ﬂ7)+zwﬁﬁiwi

z-l—l
We have that N
E [TV(P, P)] <.
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Proof. Let
&= { sup ||z < R} and P'=P(-|&),P =P(-|&).
t€[0,T]
Because s(z) = Vlog p(x) for every € B(0, R), the drift coefficients of P and P coincide on the
event £, and hence conditioning on £ gives P’ = P’.
Then, we have B o B
TV(P, P) < TV(P,P') + TV(P,P') = P(£°) + P(E°).
Taking expectation over (y;, y;+1) gives

E[TV(P, P)] < E[P(£°)] + E[P(£°)]. ©

Lemma B.3 implies that E[P(£°)] < §. Furthermore, the same argument also implies that
E[P(£°)] < 6. Therefore, we have
E[TV(P,P)] < 4.

Proof of Lemma B.2. We start by considering another process P* defined as

- ATy, 1 — ATA -
dxy = (V log p(x¢) + Y +;72 $t> dt + \@dBm xo ~ p(7 | yi)-
i+l

We can see that o
E[TV(P,P*)| <E[TV(p(a | ), 5w | 4:))] S 0.

Combining this with Lemma B.15, we have that
E {TV(P, ﬁ*)} <.
By Markov’s inequality, we have that

Pr [TV(P, P°) > Aa] <o,
YiYi+1
Furthermore, by Lemma A.1 and our constraint on 7', we have that
Pr {TV(ﬁ},ﬁ(m | yis1)) < g} >1-0(\Y).
Yi Yi+1

Therefore, we have that
Pr [TV(Pr,p(z | yit1)) <e+ X0 >1-00A1).

YiYi+1

Combining this with Pr [TV (p(z | yi+1),p(z | yi+1)) < Ad] > 1 — O(A™1), we conclude that for
zp ~ Pr,
Pr [TV (zp,p(z | yir1)) <e+ A6 >1- 0N ).

Yi Yi+1

C Control of Score Approximation and Discretization Errors

In this section, we consider these processes running for time 7":

e Process P:

ATy — AT A
dxy = (S(ﬂct) + Yi+1 Tt

2
Mi+1

> dt +V2dBy, w0~ plz|yi)

¢ Process ]3: Let0 =t < --- < tyy = T be the M discretization steps with step size
tj+1 — tj = h. Fort € [tj,tj+1},

ATyiJrl — ATASEt].

p)
MNit1

dy = (g(a:tj) + ) dt +V2dB,, o~ pla|yi)
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s64 Note that P is exactly the process (2) we run in Algorithm 1, except that we start from 2o ~ p(z |
965 i)

966 We have shown that the process P will converge to the target distribution p(z | y;41). We will show
967 that the process P will also converge to p(z | y;+1) with a small error

98 Lemma C.1. Letpbea (6,7, R, E, «) mode-centered locally well-conditioned. Suppose the follow-
969 ings hold for a large enough constant C' > 0:

970 L] T>C<M)

4
i

o71 o ||A||*(T?m + TR?) < (;’V?.

o72 e (|\A||r F i (Vi + /2 ln(1/§))) +2,/dT In(2d)9).

973 Then running p for time T guarantees that with probability at least 1 — 1/ over y; and y; 1, we
974 have:

~ ~ A2 ~ All? A :
TV(Pr,p(z | yis1)) Se+ A6+ AT - ((La + |772) <hLaR—|— AllAl R—;2h|| v, + \/dh) + ESCOT6>.

(2

975 In this section, we assume p is (4, 7, R, E, «) mode-centered locally well-conditioned. Without loss

976 of generality, we assume that the mode of pis at 0, i.e., # = 0. Let L := za, i.e., the Lipschitz
o77  constant inside the ball B(0, R).

978 We will also consider the following stochastic processes:
979 * Process Q:
dxy = (s(mt) +

980 * Process @' is the process @ conditioned on z; € B(0, R) for ¢ € [0,T].
081 * Process P’ is the process P conditioned on z; € B(0, R) for ¢ € [0,T].

ATy, — AT A
met> dt +v2dBy, xo ~p(x | yi)

%

982 We first note that following the same proof in Lemma B.3 that bounds TV (P, P’), we can also
983 bound TV(Q, Q).

984 Lemma C.2. Suppose the following holds:

Tl|7;4” (HAHT + 1 (vVm + \/W)) + 2\/W~

R>r+

985 We have that
E[TV(Q,Q")] <.

986 Lemma C.3. We have

2 4
T ~Q’ /

n;
Proof.
4
E, [llze — 24, 11°]
Iz ATy; — AT Az, !
B S PR
re~vQ’ t; m;
[ t 4 t T T 4 t 4
ATy, — AT Az,
S E /Ils(xs)llds + E / LU Z Tllds) |+ E /\/Est
e~ Q' t; ze~Q’ t; n; T~ Q' t

AN AY )

%

t
/ V2dB,
tj

7
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w7 Since [} V2B, ~ N(0, (t — t;)14), we have that E| [} v2dB,||*S d*(t — t;)* < dh?. This
988  gives that

n;

2 4
) fﬂAlwm+h|M|R> e

E,[m—mmﬂg<uﬂ+

989 O

4, 4
990 Lemma C.4. Suppose |A||*(T?*m + TR?) < % for a large enough constant C.
i it

dp 2
(1)
991 Proof. By Girsanov’s theorem, for any trajectory xy, .. 4,

dP’

aqQ’

992 where the Girsanov exponent M; is given by

= 0(1).

Yi,Yit1,Te~Q’

(CCO,...,t) = exp(Mt)

1t I
M;=— [ Aby(w,)-dB, —~ [ [|Aby(z,)|*du
v= 5 [ Ab(e-dB = [ 188,

993 for
ATy — AT Az, ATy, — AT Az,
77i2+1 772'2
B i ATy — 2 ATy — AT Az, (0 —n2yy)
= 2 2
i1

Aby(z,) =

9e4 Since @’ is supported in B(0, R),

A7 yir1 = nZ il +HIANP (07 — n?+1)R> o
2 .2 = Ry
Ni+1";

HNM%M§O<

995 Now, for ¢, := fot||Aby(xu)||2du, we have that M; ~ N (=3¢, 1¢,)
996 S0,

E [exp(2M;)] < exp((y/2) < exp(rit/2)

o7 Note that |[nfy;+1 — 17, ,%]|* has mean |(n? — n?;)Az|* and is subgamma with variance

2 2
2 4 4 2)2 2 4,4 2 2 Mit1 i
s m (07, m! —ntyn?)” and scale n?, n — ni  n?. Thus, for || A[2< C(n%lnﬁl) we have

Al 12 yiv1 — 2 w124+ (02 — 02 )2 Al|*R?
E [m@@A@ﬂgE{wp(ﬂllﬂmy+l mEaa il nf )4 )}
T,Yi+1,Yi 771’+1771'
< exp (2 (1ﬁ2||A||4(77;-"+17721 —ntand)?m (- n?+1)2||A||4tR2)>
- 77?4—177? 77;1+177§
e (2 <t2||A||4(77i2 —n21)*m+ (n? — n§+1)2||A||4tRQ>>
=P T 4
MM
ex <||A||4(m-2 —n?21)% (Pm+ tR2)>
= exXp 1 1
M1

+

<1

999 O
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1000 Lemma C.5. Let E be the event on y; such that TV(Q, Q') < 3. Suppose

4, 4
i Mt
5

A|NT?*m + TR?) < 4L
41 ) Cn7 —niiy)

1001 Then,
~ AT A h|lA hl| Allv/mn:
E [TV(P’,P)} §1Pr[E}+ﬁ~<<L+ . )(hLR+ Al R; IAlVmn: /g >+€>
YiYi+1 1 3

1002 Proof. Note that the bound is trivial when Pr[E] < 1/2. Therefore, we can use the fact that
1003 E[-| E] < E[] throughout the proof. We have, for any ¢ € [t;,¢;41], .

AT A 2]
AT A

E [| s(a0) = Slon )+ | 1)
- (ns(xt) =St [ - o)

YiYit+1|E IfNP/

dpP
dQ’

d P 2 4
(dQ’(xt)> ] .y?\EExtNQ/ ‘|

1004 The first term can be bounded using Lemma C.4. Now we focus on the second term. Note that

s Lw@' [lls (xt)g(xt_,»)ll“]} <U|E{ [lls (xt)s(:ctj)n‘*]} %E{ [l )g(xtj)ﬂ.

1005 Since s is L-Lipschitz in B(0, R), and using Lemma C.3, we have

Yi,Yiy1|E xe~Q’

2)
AT A

Ista0) = Stan, o+ | 5% o = )

S

YirYit+1,Tt~Q’

Te~Q’ T~ Q'

AT A 4
E — oz,
BBy (st = s(a)l4 |2 o - ) H
AT AN
<E|(L E .k
~ v < - n? ) Q! (e = 4,1
4
AT AN Ally; All?
i Yi i

T A 2 4 4
<L+A ) (hLmhnAn R+ hllAllymn: | m) .

i %

L <

IN
[\

. . . y d 1
1006 Since ()’ is a conditional measure of (), conditioned on E, we have 7 =TV (@.0)

1007 Therefore,

lston) = 56a)11)] < & T2 2, [lstor,) - 3o 1]

yi|E

S [IEQ ls(ae,) — m)ﬂ

~ i
2‘|

<el
T
(L+A A) (hLR+h”A” R+hA|fm+f>

yz|E|: ~Q!

1008 This gives that

- AT A
E E [ns(xt)—s(xtj)n%H - (z =)

Yi,Yit1|E e~ P!

score
[ 771
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1009 Thus, by Girsanov’s theorem,

M-1

Z / Jj+1
Yi Yi+1 ’ZI/’tNP’

.7

E [KL (P’ I P

YirYit1|E

N AT A
l|s<xt> —s(ztj>||2+H g

(z¢ — xt,-)

R AI* R+ Bl A|/m,
2

z %

AQ
<T- (L+| ) (hLR+

1010 By Pinsker’s inequality,

hAI* R+ hHAH\Fm
m;

R 2
E [TV(P’,P)} <VT- ((L+ ”A” ) (hLR+
YiYit1|E z

1011 Hence,

E {TV(P’,?)} <1-Pr[E]+ E

YirYit1 YiYit+1|E

{TV(P’, 13)}

hAIP R+ hHAH\Fm

T

2
+ vdh) + €2core

v dh) + E«SCOTG)

<1—Pr[E]+VT- ((L+

A 2
I 2“ ) hLR +
n; 77z

1012

1013 Then have the following as a corollary:
1014 Corollary C.6. Suppose
4,4
i M1
|A*(T?*m + TR?) < 55—
0(777:2 - 771'2+1)2
1015 Then,
E |TV(P,P)] SE[TV(P,P)]+E[TV(Q Q)
YiYi+1

2
VT <<L+ 14 ) (m hAP R+nh||A||\ﬁm

7

1016  Proof. We have that
E [TV(P,}A’)}g E [TV(P,P)+ E [TV(P',P).
YisYi41 Yi Yi+1 Yi Yi+1
1017 Furthermore,
E [TV(P,P)

YiYi+1

<Pr [TV(Q,Q» > ;] VT ((m

i 4

E[TV(Q,Q")] + VT - <(L + |1422) (hLR +

1018 where the last line follows from Markov’s inequality. The gives the result.

1019 Proof of Lemma C.1. We note that by our definition of ~;,
4 i 4 77
JAIA(T2m + TR?) < = s AT + TR?) <
Cnf = niyp)? Cv}

35

R|A|* R+ h|A ;
| Al 2H [|v/mn V7

dh) + 88607’6) )

v dh) + 65007'6) g

O

Vv dh) + 53607"6) .

A2 Al? A -
4] )(hLR—i-h' I B+ bl Al m>+>

O



1020 Then, combining Corollary C.6 with Lemmas B.3 and C.2, we have

E {TV(P, 13)} SE[TV(P, P +E[TV(Q,Q")]

YirYit1
Al b A R+ || All/mn;
+VT - <<L+”2“> <hLR+ IAV R + Rl Al +x/%> +ssm>

%

A2 h||A|* R+ h||A ;
§5+\/T.<<L+ 2” ) <hLR+ 14l R+2” [mn +\/%>+asme>

)

)

i
1021 The conditions in Lemmas B.3 and C.2 are satisfied by our assumptions, noting that 7,41 < 7;
1022 implies the bound on R holds for both processes.

1023 Applying Markov’s inequality and combining Lemma B.2 with the above, we conclude the proof.
1024 O

125 D Admissible Noise Schedule

1026 Recall that we can define process P, that converges from p(z | y;) to p(z | yi41): Let 0 = ¢, <

1027 --- < tpr = T be the M discretization steps with step size t;41 — ¢; = h. Fort € [t;,t;41],
. ATy;q — AT Ay,
oy = (s(o) + S o VBB, sop(eln) (0
i1

1028 We have already proven that we can converge the process from p(z | y;) to p(z | y;+1) with good
1029 probability, as long as some conditions are satisfied. Those conditions actually depend on the choice
1030  of the schedule of n; and T;. In this section, we will specify the schedule of n; and T;.

1031 Now we specify the schedule of 7); and T;.

1032 Definition D.1. We say a noise schedule n; > --- > ny together with running times T1,-- -, Tn_1
1033 is admissible (for a set of parameters C, o, \, A, d,e,n, R) if:

1034 “ NN =1;
1035 *m > LLAH g;
1036 s Forall v; = (n;/mis1)? — 1, we have v; < 1 and
T.>C (m’)’z‘ Jrlog()\/s)> .
«
1037 Furthermore,

4
i
A T2+ TR < .

1038 The reason we need to satisfy the last inequality is to satisfy the conditions in Lemma C.1. We
1039 formalize this in the following lemma.

1040 Lemma D.2. Let C' > 0 be a sufficiently large constant and p be a (6,r, R, E, «) mode-centered
1041 locally well-conditioned distribution. For any 6, € (0,1) and \ > 1, suppose

Rr4C <<m+1ag>f4l (141 + 1/ T Tog17R) + Wlog(d/a)(mﬂogu/s))) |

(%

1042 For any admissible schedule (n;);c|n) and (T;);e|n—-1], running the process b for time T; guaran-
1043 tees that with probability at least 1 — 1/ X over y; and y;11:

1
TV(ar, (e | genn) S 2+ 20+ 2y P 108E)

2 _ 2
. <L N ||n| ) (hLaR+h|A R+h||A||¢7nn+m>_

: (Edis + ESCO’I‘G)?

1044  where

,,72
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Proof. 1t is straightforward to verify that an admissible schedule satisfies the first two conditions of
Lemma C.1.

For the third condition regarding R, our assumption states:

R>r4C <(m+1;)g 2Al (IMITMW} \/dlog(d/d)(m—l—log()\/a)))

o

Given that T; < ™HE/E) his choice of R is sufficient to satisfy the third condition in Lemma C.1.

Therefore, applying Lemma C.1 at each step ¢, we obtain that with probability at least 1 — 1/ over
yi and yiq1:

TV(zr,,p(x | Yit1

)
1412\ (. ~ h|lA h|A ;
e A+ MT; - <<La+ | ” ><hLaR+ LAI" 2 + Bl AlLy/m, \/dh) +s>

n

Se+ A0+ A

m + log(\/e)
o (Edzs + 5score)-

We also want to prove the following two lemmas:

Lemma D.3. Let p be a d-dimensional (0,1, R, Z, «) mode-centered locally well-conditioned dis-
tribution. For any 6 € (0, 1), suppose

Then, suppose 11 > %\/g, with probability at least 1 — % over y1,
TV(p(z | 1), p(x)) S €+ A0

Lemma D.4. There exists an admissible noise such that

20 R2 m2 \[p
N S p*V/ml ra +log (242X
S prv/mlog(Ae) + vm + mlog(N/e) + aR2 8|2t

where p = %.

D.1 The Closeness Between p(x | 1) and p(z)

In this part, we prove Lemma D.3, showing that any admissible schedule has a large enough 7,
enabling us to use p(x) to approximate p(x | y1).

We have the following standard information-theoretic result.
Lemma D.5. Let X € R™ be a random variable, and Y = X + N (0,1*I,,,). Then,

1 C
I(}(;)/) f; iglog(iet <];n +_(ﬂ/()) .
n?
Lemma D.6. For any distribution p with Ey,, [z — E||?] = m3, we have
Al
2771

E[TV(p(z | y1),p(x))] <

Proof. Note that E [KL(p(z | y;) || p(x))] is exactly the mutual information between = and y;. In
addition, we have

N~

E[KL(p(x [ yi) [ p(x))] = (25 9:) < [(Az;y;) <

2
1()g df?t (:J}n + (jo‘/(fllﬁ > < ||j4|| 7712.

n7 2n7
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By Pinsker’s inequality, we have

B[V (oo | 1), p(o)) < L5172

O

Lemma D.7. Let p be a d-dimensional (6,7, R, E, «) mode-centered locally well-conditioned prob-

ability distribution. Assume

Then

Proof. Lemma B.14 provides an a-strongly log—concave density p satisfying

For an a-strongly log—concave law the Brascamp-Lieb inequality yields Cov; < a~!I,; hence

R > 2\/E+\/m.

BTV (s | ). (o)) S 212 40

Applying Lemma D.6 to p gives

Note that

TV(p(z | 1), p(x)) < TV(p(x | y1),p(x | 1)) + TV(P(z | 1), p(x)) + TV (p(2), p(2)).

TV(p,p) < 34.
mg(@ = (IE||$_IE$”2)1/2 < \/z
E[TV (e | )] < /2.

Integrating in y; and using the elementary fact

E[Tv(p(x | y1),p(x [ y1))] < TV(p,p),

together with the above calculaion, yields

Y1

1Al /d

E[TV(p(z [ y1), p(2))] < 30 + 524/ — + 30.

myva

This proves the stated bound.

Now we prove Lemma D.3.

Proof of Lemma D.3. By Lemma D.7, we have

Al /d
IyEl[TV(p(x ly1), p(2))] S 771\/;+ 6.

Since all admissible noise schedules satisfy 1; > % \/g . This implies

Consequently,

1Al 7 _
m Va = A

3

E[TV(p(x | ). p(x))] £ 5+

By Markov’s inequality, with probability at least 1 — % over y1,

which proves the lemma.

TV(p(z | y1), p(x)) S e+ A,
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D.2 Bound for N Mixing Steps

In this part, we prove Lemma D.4.
Lemma D.8. Let a,zy > 0, and let ¢ > 0. Consider the number sequence
Zit1 = (1 + min((az;)% 1))z;.
For every B > 0, let k(B) be the minimum integer i such that x; > B. Then
B
kE(B) =0 <(axo)c + log (1 + >) .
Zo
Proof. We show in two steps that the time to go from zg to 1/a, then to B. Define
ki =min{i e N: x; > 1/a},

Bound for k. We first show that k1 < (axo) €. Consider the quantities
N; =min{i € N:z; > 27},

and let j* be the smallest j such that zy, > 1 /a. If instead zy > 1/a already, then k1 = 0 and there
is nothing to prove.

Assume z¢p < 1/a. Foreach j < j* define
tj = (2ja:170)_c.
We claim that
]\]jﬁ—l — ]\Ij < tj.
Indeed, for each 5 < 57,
Nj+tj—1

TN;+t; 2 TN; H (1+(a$i)c)
i=N;

V

Nj+t;—1

Ty, H (1+(a33Nj)C) = Iy, (1—&—(@1;1\[])0))5'7.

i=Nj

Y

Since ' 1
(azn,)¢ > (a-220)" = =
we get
IN;+t; 2 (1 + tlj)tj TN, > 2an, > 27T @,
B.y monotonicity of the sequence (z;), it follows that N1 < N, +¢;. Summing over j up to j* —1
gives

-1 J -1
Nje = > (Njj1 = Nj) < > (2awe)™® < (amo) ™.
j=0 Jj=0

By definition, N;- is the first index  such that z; > 1/a, so k1 = N;- < (azg) ™
Bound to achieve B. If B < 1/a, the bound already holds. Now we analyze how many steps
Note that for every ¢ > ki,

Zit1 = (1 + min((ax;) 1))z; = 2x;.

Therefore, we have
Thy 110y () = 2052 P/ ) > B,
This proves that

B B B
k(B) < k1 + log, (1 + ) < ki + log, (1 + ) < (axo) ™ ¢ + log (1 + ) .
Ly Zo X0
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Lemma D.9. Given parameters zy,a,b > 0, consider sequence inductively defined by x;y1 =
(1 + 7;)x;, where

v =min{y; <1 : ay? + by < 2z} .
Given B, let k(B) be the minimum integer i such that x; > B. Then,

b B
k(B)§+a+1og<1+).
i) b o

Proof. We do case analysis.

Case 1: 7p > b?/a. We always choose v; = /x;/a. We can verify that

, : b2
a(ﬂ)+b ﬂé$i+\/*'$i§2$i7
a V a a

and this satisfies the requirement for ;. By applying Lemma D.8, we have that

172 B B
k(B) < (%) +log <1+xo) < % +log <1+> :

Zo

Case 2: 79 < B < b?/a. We always choose y; = min(z;/b, 1). We can verify that

a (%)2 +5b (%) <z (czx;) +x; < 2wy,

and this satisfies the requirement for ~;. By applying Lemma D.8, we have that

E(B) < (20/b)~! + log (1 + fi) .

Case 3: z( < b? /a < B. We combine the bound for the first two cases, where we first go from x
to b2 /a, then go from b2 /a to B. Then we have

B B B
k(B) < ((wo/m) +10g (14 ) 4+ (Crtog (14 2)) <2 4% s10g (14 2.
Zo b Zo Zo b Zo

O

Proof of Lemma D.4. Now we describe how we construct an admissible noise schedule. Consider
we start from 7} = 7, and for each 7, we iteratively choose 7, to be the maximum - < 1 such that

N4
LA 2 (m + fr(n)R?) < 0

— C’YQ K
and then set n;_; = /(1 4 7})(n})?. We continue this process until we reach 7}, > % \/g. It is
easy to verify that (ny, ny_1,-..,7}) is an admissible noise schedule. Now we bound the number

of iterations N.
Since for all v, we have ||A[|*(f2(v)m + fr(v)R?) < [|A|*(vmfr(v) + %)2, a sufficient
condition for [[A[[*(f3(v)m + fr(7)R?) < W is that

U

2
TR <3 = APWmE) + 5=

SN

Therefore, fixing 7;, we have that -/ is at least

2 1.5 2 2 p2 7\2
A ' o <||A| VmlogOye) , A R )7 G }

1Al (v fr(v) +

<1:
max{’y_ Jm c
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Now we look at the inductive sequence starting from z; = n?, and xiy1 = (1 4+ 7;)x;, where

2 15 2 2 p2 )
AP o <||A|| Vlog(3/e) | IAIP )W%}'

%:max{7<l :

Vm - C
By Lemma D.9, we know that for any 7¢q; > 0, we can achieve xny > ngoal within
Al /mlog(A A|? R? 2 0
v WESlogoye) | JAPRE | iy (g ),
an vmn mlog(A/e) + aR n
Taking in 14041 = % \/g , we conclude the lemma. O

E Theoretical Analysis of Algorithm 1

In this section, we analyze the algorithm presented in Algorithm 1. In Line 7, the algorithm initial-
izes by drawing a sample from the prior distribution p(x) via the diffusion SDE, which introduces
sampling error. [CCL"22] demonstrated that this diffusion sampling error is polynomially small,
with the exact magnitude depending on the discretization scheme chosen for the diffusion SDE.
Since the focus of this paper is on enabling an unconditional diffusion sampling model to perform
posterior sampling, the choice of diffusion discretization and its associated error are not not the focus
of our analysis. Consequently, we omit the diffusion sampling error in the error analysis presented
in this section. This omission does not impact the rigor of the theorems in the main paper, as the
error is polynomially small.

We start with the following lemma:

Lemma E.1. Let C > 0 be a large enough constant. Let p be a (0,7, R, Z, «) mode-centered locally
well-conditioned distribution. For every 0,& € (0,1) and A > 1, suppose

Rzr+0<(m“c‘zg 24l (IMIHWW) \/dlog(d/a)(mﬂog(A/e)))_

(&%

Then running Algorithm I will guarantee that

=

Pr

Y1, YN

log(A
TV(Xva(x | y)) g N <€+ )\5+ A m+g</g) : (Edis +€score)>‘| 2 1- X?

where

2 _ 2
Eais = <L + HZH ) (hLaRJr h Al R;:”AH\/%) JH/%)

Proof. Let e, 1= Cp | €+ A6+ A %()‘/6) - (eais + €score)), where Cj is a constant large
enough to absorb the implicit constants in Lemma D.3 and Lemma D.2.
We prove by induction that for each i € [N]:

i

Pr [TV(X“p(x | yz)) S X 5step] 2 1—-—. (11)
Yi,--Yi A

For the base case (¢ = 1), since X; ~ p(z), Lemma D.3 gives that TV (p(x), p(x | y1)) < egep With
probability at least 1 — 1/ over y;.

For the inductive step, assume the statement holds for some 7 < N. Let & be the event that
TV(Xi,p(z | yi)) <0 Egeps 50 Pr[ET] < i/

Let X ~ p(x | y;) and let X, be the result of evolving X for time T; using the SDE in
Equatlon (2). By Lemma D.2, the event F; 1 that TV (X, |, p( | yi11)) < egep has probability at
least 1 — 1/ over y;, y;+1 and the SDE path.
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By the triangle inequality and data processing inequality:
TV(Xit1,p(@ | yir1)) < TV(Xi, p(@ [ 9:)) + TV(X7 0, p( | yit1))- (12)

If both &; and F; 1 occur, then TV(X;1,p(x | yit1)) < (i + 1)egep. The probability that this
bound fails is at most:

Pr(&f UF L] S Pr[€f] + By, oy [1e, PrFo [y 06l
) 1 141
< 24
3T T
Thus, the induction holds for 7 + 1, and the lemma follows for : = N. O

Lemma E.2. Let S and So be two random variables such that
Pr [TV((SI | y17"'7yN)a(52 ‘ yla"'ayN)) S 6] Z 1-4.

Yi,--YN

Then we have 5
5}5 [TV((S1 |yn), (S2 | yn)) < 2] > 1~ -

Proof. Let E(y1,...,yn) be the event such that TV((Sy | E),p((S2 | E)) < e. Then, we have
that
TV((S1 [yn), (S2 | yn)) < PrlE | yn] + e

Since Pr[E] > 1 — 4, we apply Markov’s inequality, and have
E, [Pr[E | yn]] _ Pr[E]

Pr[Pr[E | yn] > ] < . .

<

M|

Hence, we have with probability 1 — 2 over Y,

((51 | yn), (S2 | yn)) < 2e.

Applying Lemma E.2 on Lemma E.1 gives the following corollary.

Corollary E.3. Let C > 0 be a large enough constant. Let p be a (6,7, R, E, «) mode-centered
locally well-conditioned distribution. For every 0,& € (0,1) and A > 1, suppose

RZT+C<On+?g)A|@Mh+n/m+bgﬂé) %m%umxm+bgwav_

[e%

Define Then running Algorithm 1 will guarantee that

N
Pr [TV(Xva(:L' | y)) < Ee'r‘ror] >1- s
v )‘€CTTOT
with
m + log(\/e
Eerror SN <5 + A0+ A # “(edis + 5score)> )
where

2 " 2
» (L +||;1| ) <hLaR+h|A R:ZhnAan m)

1Al
fo

~ (1 {p? ((m2p4+1)7‘2 +m3p? —i—dm) m

Lemma E.4 (Main Analysis Lemma for Algorithm 1). Let p =
exists

Forall 0 < g,0 < 1, there
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such that: suppose distribution p is a (3=,7/\/o, R, Z «) mode-centered locally well-conditioned

distribution with R > 7”1(@1, and € gcore < ”K25 ; then Algorithm 1 samples from a distribution
p(x | y) such that

Pr[TV((a | )p(o | 9) < ¢ 2 1=
Furthermore, the total iteration complexity can be bounded by

9) (K?’(KQde +m2p+m"(mp® + DAL+ p*)? + K>m?p(L + pz)) .

Proof. To distinguish the € and § in the lemma and the one in Corollary E.3, we will use €., and
Oerror to denote the € and § in our lemma statement. We need to set parameters in Corollary E.3.
For any given 0 < Serrors Eerror, W St

c— 1 5= Eerror
- ) - )
Aerror A2

and we set \ to be the minimum ) that satisfies

20 R2 m2 )\\/Ep
2 /il pra log [ 2+ 21 ) < .
p m Og()\/ﬁ) + \/m + mlog()\/e) n aR2 + log + - > Aéerrorgerror

Now we verify the correctness. Taking in the bound for NV in Lemma D.4, we have

2 2 2
p aR m \fp

1 2 — T <\ -
Jm | mlog(he) +aR2 T 0g< + > < Merror€erro

N < p*Vmlog(N/e) +

By the setting of our parameters, we have Ne < ecrror, AJ S

~ 661"7"07"7 and N//\aerror 5 567"7‘07’"
This guarantees that

m + log(A/e)

TV(Xx,p(2 | 9)) S Eerror + AN -

Pr
y

: (gdis + 6score)‘| Z 1-— 667‘7‘07"

It is easy to verify our bound on R satisfies the condition in Corollary E.3. Note that if a distribu-

tion is (0,7, R, L, o) mode-centered locally well-conditioned, then it is also (6,7, R', L ; @) mode-
centered locally well conditioned for any R’ < R. Therefore, we can set R to be the minimum R
that satisfies the condition.

~ 1 ) /)204R2 m2
=0(—7F— 1
A © (667‘7‘07‘56’!‘7‘0’!’ (p \/% + \/E + m + aR? tlog d

= 1 p? ((m2p4+1)F2+m3p2+dm) m
N O <€€TTOT6€TT‘OT ( \/ﬁ + E + logd

<K.

%0‘/5) (€dis + Escore) S Eerror- This can be satisfied when

- Va/m

error log )\/E K 687‘7”07‘

Therefore, we only need AN

Edis +5aco7e ~ 2 (5

Recall that

772

2 - 2
= (L(H 4] > (hLaR+ R A|® B+ h|| Al +\/%>
n?

<a (E + p2> (hZaR + hp*aR + hpy/ma + \/ﬁ) .

Therefore, we need to set

h=0 min{ o/m 1 }
K%Serror oL + p?)[aR(L + p?) + py/ma] K*0%popamd(L+ ) )"
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Note that the bound for the sum of N mixing times can be bounded by

N-1
S 1 g MBI o g (Kb
i=1 @ a

KmberrorEerror )
ah ’

Therefore, the total iteration complexity is bounded by 6(

6 (Kgm(z + p2)[aR(Z + p2) + p Vv moz] Vv m/asgrrorée”or + K5m2d(i + pz)zgerl‘OI‘éSrror> .
We can relax it and make the bound be
9) <K3(K2m2d + Vm3aR)(L + p*)? + K*m?p(L + p2)> :

Take in R, and we have

9] (KB(KQde +m3p+m"(mp? + DAL+ p*)? + K>m?p(L + pz)) .

E.1 Application on Strongly Log-concave Distributions

By Lemma B.12, any a-strongly log-concave distribution that has L-Lipschitz score is locally
well-conditioned distribution p is (4, 2\/g + 4/ 21%(1/6), 00, L/a, &) mode-centered locally well-
conditioned. Therefore, take this into Lemma E.4, we have the following result.

Lemma E.5. Let p(z) be an a-strongly log-concave distribution over R% with L-Lipschitz score.
Let p = %. Forall 0 < e,6 < 1, there exists

~ (1 (p?((m?*p*+m)d+m3p?) m
KSO(&:&( NG —i-g—i-logd

such that: suppose €geore < 7V]?2/5m, then Algorithm 1 samples from a distribution p(x | y) such that

PrTV(p(z | y)p(z |y) <el =21 -4
Furthermore, the total iteration complexity can be bounded by

0] (KS(KQde +m®p +m*(mp® + 1)Vd)(L/a + p*)? + K3m?p(L/a + p2)> .

To enhance clarity, we state our result in terms of expectation and established the following theorem:
Theorem E.6 (Posterior sampling with global log-cancavity). Let p(x) be an «-strongly log-

concave distribution over R? with L-Lipschitz score. Let p = %. For all 0 < ¢ < 1, there

(1 (P2 ((m2p* +m)d+m?) m

exists

Vea/m

such that: suppose € score < ~gzz—, then Algorithm 1 samples from a distribution p(x | y) such that

E[TV(p | y).p(z [y)] < e

Furthermore, the total iteration complexity can be bounded by

O (K*(K*m2d +m®p +m"*(mp* + DWA)(L/a + p*)? + K*m*p(L/a + %))
This gives Theorem 1.1.
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Theorem 1.1 (Posterior sampling with global log-concavity). Let p(x) be an «-strongly log-

concave distribution over R® with L-Lipschitz score. For any 0 < € < 1, there exists K| =
A A . .
poly(d, m, T"'—\/%, é) and Ky = poly(d, m, T‘]I—\/%, é, é) such that: if €score < ‘I/{—? then there exists

an algorithm that takes Ko iterations to sample from a distribution p(x | y) with

E[TV(@( [y),p(z | y)] <e.

Remark E.7. The analysis above is restricted to strongly log-concave distributions, where
V2logp(z) < 0. However, this directly implies that we can use our algorithm to perform pos-
terior sampling on log-concave distributions, for which V?log p(x) < 0.
Specifically, for any log-concave distribution p, we can define a distribution q(z) o~ p(z) -
2 2
exp (7%), where 0 is the mode of p and m3 is the variance of p. It is straightforward
2

to verify that TV (p,q) < e, and q is (€% /m3)-strongly log-concave. Therefore, by sampling from
q(z | y), we can approximate p(x | y), incurring an additional expected TV error of e.

E.2 Gaussian Measurement
In this section, we prove Theorem 1.2. In Algorithm 2, we describe how to make Algorithm 1 work
on the Gaussian case.

We first verify that suppose Assumption 1 holds, we can also have L*-accurate estimates for the
smoothed scores of p,,, so this satisfies the requirement of running Algorithm 1. We need to use the
following lemma, with proof deferred to Appendix E.5.

Lemma E.8. Let X, Y, and Z be random vectors in R, where Y = X + N(0, O‘%Id) and Z =
X + N(0,021,). The conditional density of Z given'Y, denoted p(Z | Y), is a multivariate normal
distribution with mean

_ 2/ 2 2\—1
pzy =03(01 +03)Y
and covariance matrix
2/ 2 2\—1 _2
Yz)y = 03(01 +03) o7

Then, the gradient of the log-likelihood log p(Z | Y') with respect to Y is given by

1 _
Vylogp(Z |Y) = = (Z—03(07 +03)7'Y).
1

Using this, we can calculate the smoothed conditional score given xg:

Lemma E.9. For any smoothing level t > 0, suppose we have score estimate Sy2 (x) of the smoothed
distributions p;2 (x) = p(x) x N'(0,21,) that satisfies

E I (@) = s (@)]] <&t

— score”
p2(z

Then we can calculate a score estimate 3, 42 () of the distribution p,, 2(z) = pg, (z)* N (0,%14)
such that

E E [”‘/S\IOJ52 (l‘) = Szq,t2 ({17)”4] < Egcore'
o pzo,tz (JC
Proof. Let () ~ p,2. Then, for any value of z(*), we have
Szq,t2 (x(t)) = vz(t) logp(l‘(t) | .’E())
= Vo log p(a™) + V0 log p(o | 217))
= S¢2 (x(t)) + Ve logp(zo | ff(t))~

Note that the second term is exactly in the form of Lemma E.8, so we can calculate this exaclty. For
the first term, we use our score estimate 5> (z(®)) for it. In this way, we have that for any z,

[820.62(2) = 80,2 (@) [= [|502(2) = s2(2) .
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Therefore,

E| E [I8502@) = swe@l]| = E [l55:2() = sue@)]*] < e

— score*
T0 | Pyg 2 () py2 ()

Applying Markov’s inequality, we have:

Corollary E.10. Suppose Assumption 1 holds for our prior distribution p. Then with 1 — § prob-
ability over xo: we have smoothed score estimates for p,, with L* error bounded by £%.,../5; in
other words, Assumption 1 holds for p,,, where €score is substituted with €score/d 1/4,

To capture the behavior of a Gaussian measurement more accurately, we first define a relaxed version
of mode-centered locally well-conditioned distribution.
Definition E.11. Foré € [0,1) and R, Lac (0, +00|, we say that a distribution p is (6,7, R, L, a)
locally well-conditioned if there exists 0 such that

* Pryplz € B(O,1)] >1-04.

« Forz,y € B(0, R), we have that ||s(z) — s(y)||< La ||z — y].

« Forz,y € B(0, R), we have that (s(y) — s(z),z —y) > o ||z — y||°.
Note that this definition can still imply that the distribution is mode-centered local well-conditioned,

due to the following fact:
Lemma E.12. Let p be a probability density on R%. Fix 0 < r < R and 6 € R? such that

Pr [z € B(8,r)] > 0.9, Vi—logp(x)) = aly (x € B(6,R)), a > 0.
z~p
If R > 4dr, then there exists 8' € B(0,4dr) with V1ogp(0') = 0.

We defer its proof to Appendix E.5. This implies the following lemma:

Lemma E.13. Let p be a (0,7, R, E, «) locally well conditioned distribution with R > 9dr and
§ < 0.1. Thenpis (0, (4d + 1)r, R — 4dr, L, &) mode-centered locally well conditioned.

This gives a version of Lemma E.4 for locally well-conditioned distributions as a corollary:
— lAl
T onva

~ (1 (p? ((m2p4 + 1) d?7? +m3p? + dm) m
< — _
K_O<56< NG +d+logd

such that: suppose distribution p is a (%, 7/v/a, R, E, «) mode-centered locally well-conditioned

distribution with R > 7”Kp\/m/a, and €seore < V;z/;)’. Then Algorithm 1 samples from a distribu-
tion p(x | y) such that

Lemma E.14. Let p . Forall0 < e, < 1, there exists

PrTV(p(z | y),p(z | y) <e] =1 -4
Furthermore, the total iteration complexity can be bounded by
O (K*(K*md+m®p+m">(mp* + D)L + p)* + K*m*p(L + %)) .

The reason we want this relaxed notion of locally well-conditioned is that, this captures the behavior
of a Gaussian measurement. First note that:

Lemma E.15. Let p be a distribution on R%. Let T = Tipye + N(0, O'QId) be a Gaussian measure-
ment of Tirye ~ p. Let pz(x) be the posterior distribution of © given T. Then, for any 6 € (0,1)
and 0" € (0, 1), with probability at least 1 — §' over T,

Pr [z € B(z,r)]>1-9¢
@~pg
forr = o(\d+ /2log ).
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Algorithm 2 Sampling from p(z | o, y) given an extra Gaussian measurement

1: function GAUSSIANSAMPLER(p : R — R, 29 € R?,y € R™, A ¢ R™*% p, 0 € R)
2: Let py, (7) := p(z | 2 + N(0,0%1,) = w0).
3: Use Algorithm 1, return

POSTERIORSAMPLER(py,, Y, A, 7).

4: end function

Again, we defer its proof to Appendix E.5. This implies the following lemma.
Lemma E.16. For § € (0, 1), suppose p is a distribution over R? such that

Pr [Va € B(z/,R): —LI; < V?logp(z) < (1?/R*)14] > 1—4.
x/~p
Given a Gaussian measurement xo = = + N(0,02%1,) of © ~ p with
o< R
~ 2Vd+ \/2log(1/6) + 21

Let xg = 2+ N(0,0%1,), where x ~ p. Then, suppose R. with probability at least 1 — 33 probability
over o, Py, is (6,0(v/d + |/4log 1), R/2,2L0? + 2, 513) locally well-conditioned.

Proof. Let us check the locally well-conditioned conditions with 8§ = xy one by one. The concen-
tration follows directly from Lemma E.15, incurring an error probability of 4.

By our choice of o, we have that
R
Pr [on —zI< 2} >1-4.

Therefore,
Pr [Va € B(xo, R/2) : —LI; < V*logp(z) = (1*/R*)14] > 1 — 26.
By direct calculation, we have that
1
—LIy 2 Vlogp(z) 2 (T°/R*)la = —(L+1/0%)Iq < Vlogp(z) = (7°/R* = —5)Ia
By our choice of o, we have that whenever —L1; < V2 logp(x) < (72/R?)1,,
1 1
2 2
—(2Lo" + 2)ﬁjd < Vlogp(z) = —ﬁld

This satisfies the Lipschitzness and the strong log-concavity condition by giving an additional error
probability of 26. O

This gives us the main lemma for our local log-concavity case:
Lemma E.17. Forany 6,e,7,0, R, L > 0, suppose p(x) is a distribution over R such that

Pr [Va € B(z/,R): —LI; < V*logp(z) = (1?/R*)14] > 1— 6.
z/~p

H’:HU. There exists

~ (1 (p*((m*p*+1)d®+m?p* +dm) m
K§O<€5< NG +E+logd :

such that: suppose R?> > (Kp—z‘/m +47)0? and € seore < m, then Algorithm 2 samples from a

Let p =

distribution p(x | xg,y) such that
D [TV(p(x | zo,),p(w [ 20,y)) < €] 21— 0(9).

Furthermore, the total iteration complexity can be bounded by

9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? 4 p* + 1)) .
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Algorithm 3 Competitive Compressed Sensing Algorithm Given a Rough Estimation

1: function COMPRESSEDSENSING(p : R? — R, 29 € RY,y € R™, A ¢ R™*4 5, R € R)
2 Leto = R/4.

3: Sample z{, = zo + N (0,0%1y).

4 Use Algorithm 2, return

GAUSSIANSAMPLER(p, x), y, A, 1, 0)

5: end function

1290 Proof. Combining Corollary E.10 with Lemma E.16 enables us to apply Lemma E.14 and proves
1201 the lemma. O

1292 Expressing this in expectation, we have the following theorem.
1263 Theorem E.18 (Posterior sampling with local log-concavity). For any e, 7, R, L > 0, suppose p(x)
1204  is a distribution over R such that

Pr [Va € B(z/,R): —LI; < V?logp(z) < (1?/R*)14] > 1 —e.

z/~p

1205 Let p= 1217 There exists

n
(1 ((m2p4+1)d3+m3p2+dm) m
K<O<€5< N +E+logd .

1206 such that: given a Gaussian measurement vy = x+N(0,021,) of v ~ p with R? > (K[;#JMIT)JQ,

1207 and €score < m then Algorithm 2 samples from a distribution p(x | xo,y) such that
E [TV | z0,),p(x [ 0, y))] S &
1208 Furthermore, the total iteration complexity can be bounded by

9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? 4 p* + 1)) .

1299 This gives us Theorem 1.2:
1300 Theorem 1.2 (Posterior sampling with local log-concavity). For any e, 7, R, L > 0, suppose p(x)
1301 is a distribution over R such that

Pr [Va € B(z/,R): —LI; < V*logp(z) X (1?/R*)14] > 1 —e.

z’~p

1302 Then, there exists K1, K3 = poly(d, m, ”‘37”0, 1) and K3 = poly(d,m, H’L;HU, 1. Lo?) such that:
1303 Given a Gaussian measurement vy = = + N(0,0%1;) of x ~ p with o < R/(Ky + 27). If
1804 Egcore < %20 then there exists an algorithm that takes K3 iterations to sample from a distribution
1305 p(x | o, y) such with

E [TV(p(z | z0,y),p(z | 20, y))] S €.

Y,To

1306 E.3 Compressed Sensing

1307 In this section, we prove Corollary 1.3. We first describe the sampling procedure in Algorithm 3.
1308 Now we verify its correctness.

1300 Lemma E.19. Forany 6,7, R, R', L > 0, suppose p(x) is a distribution over R? such that
Pr [Va € B(a',R'): —LI; < V?logp(z) = (t/R')*14] > 1—6.
x/~p

A .
I nHR. There exists

N 2 ((m2p* + 1) &3 3 2
K§O<1 (p ((m2p* + 1) d® + m?p +dm)+m+logd>>.

1310 Let p =

52 Jm d
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1311

1312

1313

1314
1315
1316

1317
1318
1319

1320
1321

1322

1328

1324
1325

1326
1327

1328

1329

1330

1331

1332

1333

1334

such that: suppose (R')? > (Kp—‘ém +47)R? and €geore < m, then conditioned on ||xg — z||<
R, Line 4 of Algorithm 3 samples from a distribution p (depending on x{, and y) such that

Pr [TV(, p(e | 2+ N(0,02L4) = 7, Az + € = y)) < 6] > 1 - O(),
oY
Furthermore, the total iteration complexity can be bounded by

9] (KB(KQdeJr m3p 4+ m'®(mp? + 1)Vd)(Lo® + p* +1)% + K3m2p(Lo? 4 p* + 1)) .

Proof. This is a direct application of Lemma E.17. The sole difference is that z{, follows o +
N(0,0%1,) instead of  + N(0,021,). Because ||zg — z||< R, x{, remains sufficiently close to =
for the local Hessian condition to hold, so the proof of Lemma E.17 carries over verbatim. O

Now we explain why we want to sample from p(z | z+N(0,0%1,) = z{, Az +£ = y). Essentially,
the extra Gaussian measurement won’t hurt the concentration of p(z | y) itself. We abstract it as the
following lemma:

Lemma E.20. Let (X,Y) be jointly distributed random variables with X € R%. Assume that for
somer >0and 0 < <1

Pr [ X-X|[<r] > 1-4
Y, X~p(X|Y)

Define Z = X + € where ¢ ~ N(0,021) is independent of (X,Y). If

o > T
- 257
thenfor)?rvp(X | Y, Z) one has
Pr [|X —X|| <] > 134

I

Proof. Fix Y and draw an auxiliary point X ~ p(X | Y). Let Z’ = X + ¢’ with & ~ N(0,021,)
independent of everything else. On the event

E={|X-X|<r},

Z and Z' are Gaussians with the same covariance ¢21; and means X and X. Pinsker’s inequality
combined with the KL divergence between the two Gaussians gives

- X - X| r
2 2y < | BTN
TV(N(X,O’ Id),N(X,O' Id)) ~ 20_ =5, = 5

Hence
TV(L(Y, X, 2),L(Y, X, Z')) < Pr[E|+6 < 25,

because Pr[E°] < § by the hypothesis on p(X | Y).

By construction,
p(X|Y)=Ezpyp(X |Y,2'),

SO
_Pr X=X <r] > 1-54.
v, 2/, R~p(X|Y,2")

For the set A = {(Y, Z, X) : | X — X|| > r} the total-variation bound gives

| Pr_[A]— Pr_[A] <25,
Y,Z,X v,z X

whence ~
Pr [|[X-X||<r] >1-6-25=1-30. O

IRk

This implies the following lemma:
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Lemma E.21. Consider the random variables in Algorithm 3. Suppose that

o Information theoretically, it is possible to recover T from y satisfying || T — x|| < r with
probability 1 — § over x ~ p and y.

e Pr{ljlzo —z|| <R} >1-4.
Then drawing sample T ~ p(z | © + N(0,0%1,) = x, Az + & = y) would give that
Pr|lz —z||< 2r] > 1 — O(9).

Proof. By [JAD"21], the first condition implies that,
Pr [z —2[|<2r] > 124

z,y,2~p(z|y)
Then by Lemma E.20, suppose we have 2/ = x + N(0,021,), then

Pr [lz —Z||< 2r] > 1 — 64.
z,y,Z~p(z|y,a+N(0,0214)=a")

Note that whenever ||z — x¢||< 7, we have

TV(2' | z,m0, 2 | ,20) <&

This proves that

Pr [lz —Z||< 2r] > 1 — 64.
z,y,2~p(z|y,z+N (0,02 14)=x()

O

Lemma E.22. Consider attempting to accurately reconstruct x from y = Ax + €. Suppose that:

* Information theoretically, it is possible to recover T from y satisfying ||T — x| < r with
probability 1 — § over x ~ p and y.

* We have access to a “naive” algorithm that recovers xq from y satisfying ||xo — z|| < R

with probability 1 — § over x ~ p and y.

A|lR

o There exists
n

~ (1 (p*((m*p"+1)d®+m3p*>+dm) m
K§O<62< NG +E+logd .

such that: suppose for R' = (R/¢) - K/}éﬁ + 47,

Pr [Vo € B(z',R'): —=LI; < V?logp(z) 2 (1/R')*14] > 1 —0.

x/~p

Let p = I

Then we give an algorithm that recovers T satisfying |T — x| < 2r with probability 1 — O(6), in
poly(d, m, %, %) time, under Assumption 1 wWith €core < W(R/é)'

Proof. By our assumption and Lemma E.19, we have that we are sampling from p(z | z +
N(0,0%1;) = z{, Az + £ = y) with § TV error with 1 — O(J) probability. By Lemma E.21,
this would recover x within distance 2r with 1 — O(0) probaility. Combining the two gives the
result. O

Setting 7 = 0 would give Corollary 1.3 as a corollary.
Corollary 1.3 (Competitive compressed sensing). Consider attempting to accurately reconstruct x
fromy = Ax + £ Suppose that:

* Information theoretically (but possibly requiring exponential time or using exact knowledge
of p(x)), it is possible to recover T from y satisfying || — x|| < r with probability 1 — ¢
over x ~ p and y.
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* We have access to a “naive” algorithm that recovers xq from y satisfying ||xo — z|| < R
with probability 1 — § over x ~ p and y.

e For R/ =R- pOly(d,m’ HA77HR7 %);

Pr [Va € B(z/,R') : —=LI; < V?logp(z) 2 0] > 1—6.

z/~p

Then we give an algorithm that recovers T satisfying || — x| < 2r wzth probability 1 — O(9), in
IAIR 1
n

poly(d, m, 5) time, under Assumption 1 with € core <

poly(d,m, “ATJ'R 1 LR2)R’

E.4 Ring example

Let w € (0,0.01) and let py be the uniform probability measure on the unit circle S* = {z € R? :
|z||= 1}. Define the circle—~Gaussian mixture

p(z) = (o NO,wh))(a) = o [ L Xp(_llx—(cose,sine)u

: Jao, weRr:

o1 o 2mw? 2w

In this section, we will verify that
Lemma E.23. For any x € R? with radius v = ||x||> 0, the Hessian of the log—density satisfies

1 1
(w—ﬁ)b, 0<r<w?
2 1 1
V- logp(a) = (o2, = 2tz w? <r <1,
0, r>1.

Proof. Rotational invariance gives p(z) = p(r) with
1 r?+1 T
p(r) = Py exp<—72w2 )I()(W)’ r > 0.

Write f(r) = logp(r) and set 2 = r/w? > 0. Using I}(2) = I;(z), we get the first and second
derivatives:

—r+I1(2)/Io(z " 1 Io(2)Ia(2) — I1(2)?
: 11(;2)/ ! )’ f (T):_ﬁ ! )w“(fg(z)2 = -

fl(r) =
For r > 0, the eigenvalues of V2 log p are

Ar(r) = f"(r),  M(r) =

The Turdn inequality I1(2)? — Io(2)I2(2) > 0 implies A-(r) < —1/w?; thus, the largest eigenvalue
is At(r).

Since I1(z)/Ip(z) < 1forall z > 0and I1(2)/Io(z) < z/2for0 < z < 1,

1 1
—— 4+ —, 0<r<uw?
Ae(r) L, 14l uf 21104
M= 4
t w? | wlr Io(z) 2t w? <r<l,
0, r>1.
O]
Lemma E.24. For every x € R2, we have
1
2
\Y% 1ng(33) = —EIQ-
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Proof. Write u = (cos,sin§) and

@) = — /27r 1 e/ g
21 Jy  2mw?

Differentiating under the integral gives

Valo) = [ (~75") gr gmame I 80 = - p(e) (o~ Bl | ),

w? /) 27 2mw?

” Bl 2]

r—Elu|x

Viogp(x) = -
Differentiating once more,
I 1
2 _ 2
Velogp(z) = 2 + EVE[U | z].
A standard score—covariance identity shows
T—u 1
VE[u|z] = Cov ya(u, ?) =3 Cov )z (u),

hence

Since Cov | (u) = 0, it follows that

1
Vilogp(z) = — —
w
as claimed. O

Lemma E.25. For any w € (0,1/2), we have that

1 1
mIIDNrp Vo € B(z',1/2) : _Eld < V?logp(z) < ﬁld > 1 — e 1/,
Proof. Note that
2
Pr [||z]|> 3/4] > 1 — e~ /),
T~p

The rest follows by combining Lemma E.23 and Lemma E.24. O

Hence, we can apply Theorem 1.2 on our ring distribution p and get the following corollary:

Corollary E.26. Let A ¢ RE*2 be a matrix for some constant C' > 0. Consider x ~ p with two
measurements given by

rog =12+ N(0,0°L) and y= Az + N(0,n°I).

Suppose ||Allw/n = O(1). Then, if 0 < cw and score < cw™" for sufficiently small constant
¢ > 0, Algorithm 2 takes a constant number of iterations to sample from a distribution p(x | xo,y)
such that

Zo,Y

E.5 Deferred Proof

Lemma E.8. Ler X, Y, and Z be random vectors in R, where Y = X + N(0,0%1,) and Z =
X + N(0,021,). The conditional density of Z given'Y, denoted p(Z | Y), is a multivariate normal
distribution with mean

pzyy = o03(07 +03)7'Y
and covariance matrix
Sz)y = 03(07 +03) o7

Then, the gradient of the log-likelihood log p(Z | Y') with respect to Y is given by

1 _
Vylogp(Z |Y) = = (Z—03(07 +03)7'Y).
1
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1419

1420
1421
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Proof. Since Z | Y ~ N (piz}y, Xz|y ). the log-likelihood function is
1 _
logp(Z |Y) = ) ((Z - NZ\Y)Tzzﬁy(Z — pz)y) +logdet(Xzy) + dlog(%)) .
To compute the gradient with respect to Y, we focus on the term involving pz[y:

—% ((Z - MZ|Y)T2§|1y(Z - MZ|Y)) .

Differentiating with respect to Y gives:
Vy [(Z - ,UZ|Y)TZE‘1y(Z - ,UZ|Y)} = —QZ}ﬁy(Z —pizyy) - Vypizy.
Since jizy = 05(0F + 03)" 'Y, we have
Vyzy =03(0f +03)7 "
Thus, the gradient becomes
Vylogp(Z |Y) = —Egﬁy(Z —fizy) - 03(0f +03) 7

Substituting the inverse of the covariance matrix Y 7|y, we get
1
-1 _ 2 2
ZZ\Y =52 (‘71 +U2) )
1
and the final expression for the gradient is

1 _
Vylogp(Z |Y) = - (Z —o03(o7 +03)7'Y).
1

Lemma E.12. Let p be a probability density on R%. Fix 0 < r < R and 6 € R? such that
Pr [z € B(#,r)] > 0.9, Vi —logp(z)) = al; (x € B(6,R)), a > 0.
z~p

If R > 4dr, then there exists 0’ € B(0,4dr) with Vlog p(6') = 0.

Proof. By Lemma B.13, there is a normalised density ¢ satisfying V1ogq = Vlogp on B(0, R)
and such that log ¢ is a-strongly concave on R?. The difference log p — log ¢ is therefore constant
on B(6, R); hence
p(z)=Cq(z)  (z € B(0,R))
for some C' > 0.
Let 4 = argmaxq; strong concavity gives Vl1ogq(x) = 0 and uniqueness of p. Assume for
contradiction that ||y — 0]|> 4dr. Set A = 2r /|| — 0||< 1/(2d) and define
T(z) = (1 =Nz + .

Then det D7 = (1 — A\)® and 7(B(6,7)) = B(¢',(1 — \)r) with ¢ = 7(6) C B(#, R). Along
any ray starting at u the function t — log g(p + t(x — p)) is strictly decreasing for ¢ > 0; hence
q(7(x)) > q(z) for every x.
A change of variables yields

Pr[B(#', (1 —\)r)] = / q(t(z))(1 = N4dx > (1= N\ Pr[B(6,r)].

4 B(6,r) q

Because A < 1/(2d), (1 — \)¢ > e~1/2 > 0.6. Multiplying by C and using p = Cqq on B(6, R)
gives

Pr[B(¢, (1 — \)r)] > 0.6 Pr[B(6,r)] > 0.54.

P P

The two balls B(6,r) and B(¢’, (1 — A\)r) are disjoint, so 1 > 0.9 + 0.54, a contradiction. Thus
[l — 0||< 4dr.

Because 4dr < R we have u € B(6, R) and here V log p = V log ¢; consequently V log p(u) = 0.
Putting 8’ = u completes the proof. O
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Lemma E.15. Let p be a distribution on R Let T = Xppye + N(0, O'2Id) be a Gaussian measure-
ment of Tirye ~ p. Let pz(x) be the posterior distribution of x given T. Then, for any 6 € (0,1)
and &' € (0, 1), with probability at least 1 — &' over I,

Pr [x € B(z,r)]>1-9¢

T~PE

forr = o(Vd+ /2log ).

Proof. Let Q(Z) = Pry~p. [||x — Z||> r]. We want to show that with probability at least 1 — ¢’ over
z, Q() < 6. This is equivalent to showing that Prz[Q(z) > 4] < ¢'.

We use Markov’s inequality. For any 6 > 0:

Pr[Q(F) > 6] < m

Thus, it suffices to show that Ez[Q(Z)] < §¢'.
Let’s compute Ez[Q(Z)]:

E[Q(#)] ~ E [ [l g)d%]
) /p(%) </nxlz|>rp(x1 | adxl) di
B / </|I1E||>Tp(x1,§)dxl> dz.

Using p(z1,%) = p(T | 21)p(z1), we can change the order of integration:

IEE[Q(E)] = /P(fl) </I~— - p(T | xl)a@) dz.

Given z1, the distribution of Z is N (z1,02%1,). Let Z = T — x1. Then Z ~ N(0,021,). The inner
integral is Pr;n(0,021,) (|| Z]|> 7]. Let W = Z/o. Then W ~ N(0, I3). The inner integral be-

comes Pg(r/o) = Priyono, 1) [IIW|> 7/0]. So, Ez[Q(Z)] = [ p(x1)Ps(r/o)dxy = Pg(r/o).

We need to show Pg(r/o) < §§’. We use the standard Gaussian concentration inequality: for
W ~ N(0,I4)and t > 0,

Pr[|W|> Vd+1t] < e /2.
We want Pg(r/o) < 66'. So we set e=t"/2 = §§'. This implies ¢2/2 = log(1/(66")), so

t = +/2log(1/(6¢")). This choice of ¢ is real and non-negative since 6,0’ € (0,1) implies
68" € (0,1), so log(1/(66")) > 0. We set r/o = V/d +t = v/d+ /21og(1/(60")). Thus, for

r=o (\/c?—f— +/2log ﬁ), we have Pg(r/o) < '
With this choice of 7, we have Ez[Q(Z)] < §¢’. By Markov’s inequality,

~ EzlQ(z)] _ 60" _
P%r[Q(a:) > 5} < f < T =

5.
This means that Prz[Q(Z) < §] > 1 — §’, which is the desired statement:

Pr| Pr[llz—-2|<r]>1-46] >1-0"

% |z~p
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F Why Standard Langevin Dynamics Fails

For a smooth density p on R? the overdamped Langevin SDE
dX, = Vlogp(X;) dt + V2 d B,
is ergodic with invariant law p. When the exact score Vlogp is replaced by an approximation,

however, the resulting dynamics can drift far from the target, because local score errors outside the
support of p are not uniformly controlled by global accuracy metrics.

Posterior target. Suppose that = ~ p is observed through the linear Gaussian channel
y = Az + MO,nL,), 0<n<oo.
The conditional (posterior) density of interest is
pu(@) = (o | A+ NO.0T0) = ) x pla) exp =55l e —l?).
A natural attempt to sample from p, is to run
X, = (Vlogp(Xt) ATy — AXt)> dt+V2dB,  Xo~p, (13)

hoping that averaging over y (i.e. over the forward model) will preserve the original law p. We now
show that this hope is unfounded even in the simplest one—dimensional Gaussian case.

A one-dimensional counter-example

Letp = N(0,1), A=1,and y = z + N (0,7?); equivalently y ~ N(0, 1+ n?). Then (13) reduces
to

dX, = (—Xt+n_2(y—Xt)>dt+\/§dBt, Xo ~ N(0,1), (14)
an OU process with drift rate
1 2
o= ;277 >1

Lemma F.1. Ler X; solve (14). Averaging over y, Xy is Gaussian with mean 0 and variance

1— 672o¢t (1 _ efat)Q

a 14 n?

Var(X;) = e 2% 4 (<1).

21n?2
at the time t* := n

I ticular Var(X;) =1 = .
n particular Var(X;) 157

_ 1
2(14n?)
Proof. Write the mild solution of (14):

t

t —at t
1—
X, = Xoefat—Hny/ e—(t=s) d5+\/§/ e~ 4B, = X067“t+%7€+\/§/ e~ =) 4 B,.
0 0 n «a 0

Because X, B are independent of y, conditional moments are

1— e—at Con 1— €—2at
E[X: |y = G-, Var(X,|y)=e 2+ ——
n a @
Applying the law of total variance with Var(y) = 1 + n? gives the stated formula. O

Thus Var(X,;) first shrinks below 1 (by a constant factor bounded away from 1 when 7 is small) be-
fore relaxing back to equilibrium. The phenomenon is harmless in one dimension but is catastrophic
in high dimension.
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1476 High-dimensional amplification
1477 Let p = N(0, I;) and again take A = I; with observation noise 7> = 0.1. By rotational symmetry,
1478 each coordinate evolves as in Lemma F.1, so at time t* the marginal law is
X MO, 0%1) 02'—1—¥<g
f O D T 2(1+01) — 3

1479 For any fixed 0 < r < 1 the likelihood ratio between the two Gaussians on the Euclidean ball
g0 B, :={z:|z|< 7‘\/&} is

B

Pronv©o1)(@ € Br)  Ellgzepye 27
Prm~N(O,Id)<x S BT) E[l{zeBr}]

il > Uﬁdexp<—%(072—1)r2d) = exp(Q(d)).

1481 Consequently:

1482 A score estimator that is exponentially inaccurate on By 1 can still achieve a small
1483 global LP error under p, but as the dynamics evolves the probability of entering
1484 By.1 grows exponentially, and the error measured against the law of X becomes
1485 exponentially large.

1486 This dimensional amplification is the precise sense in which the naive Langevin approach (13) is
1487 not robust: small local score errors that are negligible at ¢ = 0 become dominant at later times,
1488 invalidating convergence guarantees.

1489 Hence, the annealing technique we designed is necessary.

1o G Experimental Details

1491 Our experiments are performed on the FFHQ 256 [KLLA21] dataset, on 1k validation images, with
1402 the pre-trained diffusion model taken from [CKM™*23]. Forward measurement operators are spec-
1293 ified as in [CKM 23] for our three tasks — (i) for inpainting, we randomly mask out between 30%
1494 and 70% of the pixels in the image, chosen uniformly at random, (ii) for super-resolution, we down-
1495 sample the image by a factor of 4, (iii) our Gaussian blur kernel has size 61 x 61 with standard
1496 deviation of 3.0. The kernel is convolved with the ground truth images to produce the measure-
1497 ment.
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