Community Detection for Hypergraph Networks via Regularized

Tensor Power Iteration

Abstract

To date, social network analysis has largely focused on pairwise interactions. In con-
trast, the study of higher-order interactions through hypergraph representations offers new
insights. In this work, we investigate community detection in such settings. A natural base-
line approach is to project the hypergraph onto a standard graph and then apply existing
community detection methods; however, we show that this projection can lead to substantial
information loss. To address this issue, we propose a new method that operates directly on
the hypergraph structure. At the core of our approach is a regularized higher-order orthogo-
nal iteration (reg-HOOI) algorithm, which computes an approximate low-rank decomposition
of the adjacency tensor associated with the hypergraph. Compared to existing tensor de-
composition methods, such as HOSVD and the vanilla HOOI algorithm, reg-HOOI achieves
improved performance, particularly in sparse settings. Building on this decomposition, we
further extend the SCORE method (Jin, 2015) from graph-based networks to hypergraphs,
resulting in a new procedure that we term Tensor-SCORE.

On the theoretical side, we introduce a degree-corrected block model for hypergraphs
(hDCBM) and show that Tensor-SCORE achieves consistent community detection across a
wide range of network sparsity levels and degree heterogeneity. As a byproduct, we establish
convergence rates for estimating the principal subspace using reg-HOOI under different ini-
tialization schemes, including two new initialization methods we propose: a diagonal-removed
HOSVD and a randomized graph projection.

We apply our method to both a legislator hypergraph and a disease hypergraph, obtaining
encouraging results. These findings suggest that modeling higher-order interactions captures

information that is not preserved in standard graph-based representations.
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1 Introduction

Social networks is a standard tool for representing complex social relations. Conventional social
networks are graph networks which only represent pairwise interactions. However, many social
relationships involve more than two subjects, and hypergraph networks become natural represen-
tations. A hypergraph consists of a set of nodes V and a set of hyperedges E. Each hyperedge

is a subset of V; if this subset contains m nodes, it is called an order-m hyperedge. A graph can



Table 1: Hypergraph network data sets analyzed in this paper.

Dataset Node Hyperedge #Nodes | #Hyperedges
Legislator | legislator | bill (multiple sponsors) 120 802
MEDLINE | disease paper (multiple diseases mentioned) | 190 9,351

be viewed as a special hypergraph with only order-2 hyperedges. There are many examples of
hypergraph networks, and Table 1 lists the two datasets we will analyze in this paper.

It is believed that, going beyond pairwise interactions, the study of higher-order social inter-
actions is useful to bring new insight of underlying social connections (Benson et al., 2016). For
example, higher-order interactions of species are found to be a possible mechanism for main-
taining a stable coexistence of diverse competitors (Grilli et al., 2017). In this paper, we are
interested in utilizing a hypergraph network for community detection, that is, to cluster nodes
into socially similar groups (“communities").

A natural baseline for analyzing hypergraph networks is to project them onto graphs and
apply existing methods designed for graph networks. In many cases, this projection is performed
implicitly during data preprocessing. For example, many network datasets were originally hy-
pergraphs but have been converted into graphs by replacing each order-m hyperedge with an
m-clique. Examples include the academic collaboration networks (Grossman, 2002; Newman,
2001; Ji and Jin, 2017), which are converted from coauthorship hypergraphs, and the congress
voting networks (Fowler, 2006; Lee et al., 2016), which originate from co-sponsorship hyper-
graphs. Even when the hypergraph representation is retained, the subsequent statistical analysis
often involves an implicit projection to a graph. A notable example is the use of hypergraph
Laplacian (Zhou et al., 2007; Ghoshdastidar and Dukkipati, 2017; Chien et al., 2018; Kim et al.,
2018), which actually transforms the hypergraph into a weighted graph, where the edge weight
between two nodes is proportional to the counts of hyperedges that involve both nodes.

However, the projection-to-graph approach can lead to substantial information loss. This
phenomenon is illustrated in the Legislator dataset. In Figure 1, we compare the spectral embed-
dings (see Section 5.2 for details) obtained from the projected graph and the original hypergraph.
The nodes (i.e., legislators) are known to belong to seven parties. In the projected graph, the
parties are largely indistinguishable, whereas in the original hypergraph they are clearly separa-
ble. This loss of information can also be characterized theoretically. In Section 3.4, we present
an example showing that some nonzero population “eigenvalues' of the hypergraph become zero
after projection to a graph. This observation motivates our development of community detection
methods that operate directly on hypergraphs.

A hypergraph is represented by an adjacency tensor. Let H = (V, E) denote a hypergraph
with n nodes, where V' = {1,2,...,n}. When each hyperedge e € E has an order m, we call H
an m-uniform hypergraph. We focus primarily on uniform hypergraphs throughout this paper,
and extend our methodology to non-uniform hypergraphs in Section 3.5. The adjacency tensor

of an m-uniform hypergraph is an m-way array A € R™", where, for all 1 <iy,... i, <n,

1, if {i1,...,4n} is a hyperedge,

0, otherwise.
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Figure 1: Projecting a hypergraph onto a graph leads to substantial information loss (dataset: Legislator).
Left: spectral embedding of the projected graph. Right: spectral embedding of the original hypergraph.
Colors indicate party afflictions in the Peruvian Congress. The separation of parties is much clearer in
the right panel, leading to improved recovery of the true communities (clustering error: 48.3% on the left
versus 11.7% on the right).

By convention, we exclude self-hyperedges, so A(i1, ..., i) = 0 when any of i1, . .., i,, are equal.

Our methodology involves applying a Tucker decomposition (Tucker, 1966) on .A. The Tucker
decomposition is a form of higher order PCA, and it outputs a factor matrix whose columns will
be used as “eigenvectors” of the tensor. Popular methods for computing the Tucker decomposi-
tion include higher-order singular value decomposition (HOSVD) (De Lathauwer et al., 2000a)
and higher-order orthogonal iteration (HOOI) (De Lathauwer et al., 2000b). HOSVD unfolds
the tensor to a huge rectangular matrix and conducts singular value decomposition. HOOI starts
with an initial solution and runs power iteration. Statistical properties of these methods have
been studied primarily under the assumption that the data tensor has Gaussian entries. For
example, it was shown that HOSVD is statistically sub-optimal (Richard and Montanari, 2014)
and that HOOI can significantly improve HOSVD and attain statistical optimality (Zhang and
Xia, 2018). In this paper, we show that similar insight holds when the data tensor is a hyper-
graph adjacency matrix. Different from the Gaussian setting in Richard and Montanari (2014);
Zhang and Xia (2018); Xia and Zhou (2019), the adjacency tensor can be extremely sparse, so
we have to carefully modify the HOOI algorithm. We propose a regularized HOOI (reg-HOOI),
where at each power iteration, we truncate large entries of the factor matrix to control its £°°-
norm. Our method can reliably compute the Tucker decomposition of a hypergraph adjacency
tensor, even when it is very sparse.

The Tucker decomposition produces a factor matrix = e RXK , where K is the pre-specified
Tucker rank, which we set equal to the number of communities. Let fl, e ,é x € R™ denote
the columns of =. These vectors can be viewed as “eigenvectors” of A, and we use them for
community detection. A straightforward approach is to apply k-means clustering to rows of é,
but it performs unsatisfactorily because él, ceey é  are heavily influenced by degree heterogeneity.
A similar phenomenon has been observed for standard graph networks, and Jin (2015) introduced
an operation for removing the effects of degree heterogeneity from eigenvectors, referred to as
scale-invariant mapping. Let h : RX — R, be a homogeneous function, i.e., satisfying h(azx) =
ah(z) for all z € RE and a > 0). The scale-invariant mapping is a row-wise normalization on =X

1

P = m:ﬁi, where #; € RX is the i-th row of é, 1<i<n. (1.1)
T



There are many possible choices of h; a particularly common special case is h(x) equal to the
first coordinate of &, which corresponds to the SCORE normalization (Jin, 2015). Whether such
scale-invariant mappings are useful for hypergraphs is not immediate, since the = in our setting
arises from a Tucker decomposition of a tensor rather than a spectral decomposition of a matrix.
Under a degree-corrected block model for hypergraphs, we generalize the insight of Jin (2015)
and show that the SCORE normalization remains valid.

Combining the above results, we propose our method, tensor-SCORE, a two-step algorithm
for community detection in hypergraph networks. In the first step, we apply the newly developed
reg-HOOI algorithm to obtain Z. In the second step, we compute 71, . . ., 7, using (1.1) and then

perform k-means clustering on these vectors.

1.1 Related works

There is a relatively small literature on spectral methods for hypergraph community detection.
One approach projects the hypergraph onto a weighted graph and performs standard spectral
clustering, either based on the adjacency matrix (Ghoshdastidar and Dukkipati, 2015a) or the
Laplacian (Zhou et al., 2007; Ghoshdastidar and Dukkipati, 2017). Another approach directly
performs HOSVD on the adjacency tensor and clusters nodes using the resultant factor matrix
(Ghoshdastidar and Dukkipati, 2014, 2015b).

Our method has major differences from the above ones. First, we use tensor power iteration
to obtain the spectral decomposition of a hypergraph. This is significantly different from the
projection-to-graph approach (Ghoshdastidar and Dukkipati, 2015a; Zhou et al., 2007; Ghosh-
dastidar and Dukkipati, 2017) and the HOSVD approach (Ghoshdastidar and Dukkipati, 2014,
2015b). The projection-to-graph approach could result in information loss (see Section 3.4) in
certain settings and hence, its success requires additional conditions on the spectrum of the
projected graph and these conditions are hard to check in practice. The HOSVD approach
faces no such issue, but it yields a slower rate of convergence than that of ours (see Section 4).
Second, the existing methods rely on a relatively ideal assumption of no degree heterogeneity. In
contrast, we consider a much more realistic setting where we allow for (potentially severe) degree
heterogeneity. To our best knowledge, there are no existing methods for hypergraph community
detection that allow for degree heterogeneity.

Another line of works studied statistical limits of community detection in hypergraphs (An-
gelini et al., 2015; Ahn et al., 2017; Lin et al., 2017; Chien et al., 2018; Kim et al., 2018). These
works are primarily interested in extremely sparse networks where the average node degree is
bounded. To get sharp minimax rate (Lin et al., 2017; Chien et al., 2018) or phase transition
threshold (Ahn et al., 2017; Kim et al., 2018), they have to restrict to a relatively narrow model
where the network has no degree heterogeneity and satisfies particular symmetry conditions
(e.g., equal probability for cross-community hyperedges, equal-size communities, etc.). In com-
parison, our focus is to develop practical algorithms for real networks, and it is crucial to work
on a realistic model that allows degree heterogeneity and does not need symmetry conditions.
We also note that our method applies to a wide range of sparsity levels such that the average
node degree can grow with n slowly at a logarithmic rate.

A key component of our method is the regularized power iteration algorithm applied to the



network adjacency tensor. This is connected to recent interests in applying power iteration for
tensor decomposition and tensor completion (Richard and Montanari, 2014; Hopkins et al., 2015;
Xia et al., 2021; Liu et al., 2022; Zhang and Xia, 2018). These works assume the data tensor has
Gaussian entries, so the results are not applicable here. We recognize that the standard power
iteration is unsatisfactory in our setting, especially when the adjacency tensor is very sparse. We
introduce a regularized version of power iteration and show that it yields the desired accuracy on
the output factor matrix. In particular, we prove that power iteration can significantly improve
HOSVD, generalizing the conclusion of Richard and Montanari (2014); Zhang and Xia (2018)
from Gaussian settings to network settings.

Another key component of our method is the SCORE normalization (1.1) on the factor matrix
from power iteration. This is connected to existing works on community detection for graph
networks (e.g., Bickel and Chen (2009); Rohe et al. (2011)), especially those that accommodate
degree heterogeneity (Jin, 2015; Qin and Rohe, 2013; Zhang et al., 2020; Gao et al., 2018).
The approach of normalizing eigenvectors to remove degree effects has been well understood in
community detection for graph networks, but its extension to hypergraph networks is yet to be
attempted. We show that similar ideas continue to work for hypergraph networks.

After our manuscript first appeared on arXiv, a number of interesting works on tensor and
hypergraph analysis have emerged. While related to our work, these papers differ from ours
in several important aspects. Some focus on alternative but related models. For example, Hu
and Wang (2022) extends hDCBM to non-binary hypergraphs, Agterberg and Zhang (2025) goes
beyond community detection to study mixed-membership estimation, and Zhen and Wang (2023)
considers a more general formulation of degree heterogeneity. Other works develop alternative
algorithms for community detection. In particular, Yu and Zhu (2025) proposes likelihood-based
methods, while Wang et al. (2023) develops a projected tensor power iteration algorithm. There
is also a growing literature on statistical inference problems. For example, Yuan et al. (2022)
develops delicate testing procedures for detecting the existence of communities, and Jin et al.
(2021) establishes sharp information-theoretic lower bounds. Another active direction concerns
temporal dependence. For instance, Zhu and Yao (2026) introduces an autoregressive model
for hypergraphs, and Han et al. (2024) studies matrix time series that are modeled through
low-rank tensors. Despite these exciting developments, our work continues to play an important
role in the literature. In particular, our model, methodology, and theoretical analysis provide a

useful foundation for several of these subsequent developments.

1.2 Our contributions

e We propose Tensor-SCORE as a new method for hypergraph community detection. This
is the first method that uses tensor power iteration technique for community detection and

also the first method that accommodates degree heterogeneity.

o We introduce a degree-corrected block model for hypergraphs (hDCBM), which generalizes
the stochastic block model for hypergraphs (hSBM) by permitting degree heterogeneity.
Under hDCBM, we show that our method achieves consistent community detection for a
wide range of sparsity and degree heterogeneity. In the special case of hSBM, the error

rate of our method is faster than those of HOSVD-based methods and compares favorably



with the best known rate of spectral methods.

e A key component of our method is a regularized power iteration algorithm for computing
the Tucker decomposition of a hypergraph adjacency tensor. Our theory provides the first
theoretical guarantee of power iteration on hypergragh tensors, which complements the

known results for Gaussian tensors.

e We apply our method to two real hypergraph datasets. The results provide clear evidence
that modeling higher-order interactions captures information that is not accessible through

pairwise interactions alone.

The remainder of this paper is organized as follows. In Section 2, we review the background
of tensor decomposition and introduce necessary terminologies. Readers who are familiar with
these materials can skip this section. In Section 3, we describe our method, Tensor-SCORE, and
explain its rationale. Section 4 contains the main theoretical results, where we conduct sharp
spectral analysis of power iteration and present the rate of convergence of Tensor-SCORE.
Section 5 contains simulations and real data results. Discussions can be found in Section 6, and

proofs are relegated to the appendix.

2 Some background of tensor decomposition

We review some terminology of tensors that will be repeatedly used in this paper. We also
review the standard tensor decomposition methods, such as HOSVD and HOOI. Readers who

are familiar with these materials can skip this section.

We call X = {X(i1,...,im)} <iy,...im<n an m-way tensor of dimension n. A tensor X
is supersymmetric if X (i1,...,4,) = X(j1,...,Jm) whenever (ji,...,Jm) is a permutation of
(i1, . ,im). Let T™(R™) denote the set of all m-way tensors of dimension n, and let S™(R")

be the subset of supersymmetric tensors.

Definition 2.1 (Diagonal of a tensor). For any tensor X € T™(R™), diag(X') is the tensor whose
(i1,...,1m) element is equal to the corresponding element of X if some indices of i1, ..., iy are

identical, and is equal to 0 otherwise.

Our definition of diag(X) is different from the conventional one (e.g., in Kolda and Bader (2009)).
We use this definition for its convenience in dealing with self-edges.

Matricization is the operation of re-arranging a tensor X € T™(R") into an n x n™ !
matrix. In this paper, we are primarily interested in the mode-1 matricization, denoted as
M (X), where the (i1, ..., i;)-th element of X is mapped to the (i1, 1+ 31 (ip — 1)n*~2)-th
element of the matrix. It is more convenient to define matricization using slices of a tensor.
A slice of a tensor is a matrix by fixing (m — 2) of the indices. Let X(3-im) ¢ R? be a
slice of X' by fixing the last (m — 2) indices, and there are a total of n™~2 such slices. Then,
the matricization of X is formed by placing these slices together. For example, for m = 4,
My (X) = [xOD) x(2)  x(n)] ¢ Roxn®

We can multiply a tensor by one matrix or multiple matrices. For a tensor X € T™(R"),
a matrix U € REX" and an integer 1 < j < m, the j-mode product X x; U is an m-

way tensor with only n™ 1K entries, where the j-th index only ranges from 1 to K and the



(i1, -y i1, K, ij41, .., im)-th element of X x; U equals to >0 _; X(i1,...,1m)U(k,1;). We
can multiply X x; U by U again on another mode k£ # j. In this paper, we often use two
forms of multiplications: X xo U X3 --- X, U, which is an n x K x --- x K tensor, and
X x1 U X9 -+ Xy, U, which is an m-way tensor of dimension K. The spectral norm of X

‘o _ T T
is defined as || X|| = maxy,  p,,crri|jhy =1 X X1 Ry X2 Xop By,

Definition 2.2 (Tucker decomposition). For a tensor X € T™(R"), if there exists C € T™(RK)
and By, ..., By € R™K such that, X = C x1 Bi X2 -+ X Bm, or equivalently, for all 1 <
ila"wim Sn}

X(ity. .. im) = o Clkr, .o k) [] BiGG5, k),
j=1

1<k, km <K

then we write X = [C; By, ..., By] and call it a rank-K Tucker decomposition of X, where C is

called a core tensor and By, ..., B, are called factor matrices.

The Tucker decomposition is not unique. For example, for an orthogonal matrix O € RE*K
let C* = C x1 0 X3+ X, O and B}, = B, O". It is easy to see that [C;Bi,...,Bn] =
[C*; By, ..., B} ]. Therefore, what we care is the column space of the factor matrices.

Given K > 1 and a supersymmetric tensor X € S™(R"), it is interesting to find its ap-
proximate rank-K Tucker decomposition, i.e., to find C € S™(R¥) and B € R"*X such that
X = [C;B,...,B]. The factor matrix of B is of particular interest. We review two common meth-
ods for extracting B. One is higher-order singular value decomposition (HOSVD) (De Lathauwer
et al., 2000a). It conducts SVD on the mode-1 matricization M1 (X) € R™" " and takes the
first K left singular vectors to form B. The other is higher-order orthogonal iteration (HOOI)
(De Lathauwer et al., 2000b). It starts from an initial solution B(®) and iteratively updates B*)
to B*+1) as follows: Obtain G®) = My (X xo (BM)T x5 x,, (B*¥)T) € R™K™ Conduct
SVD on G*) and take the first K left singular vectors to form B®*+1),

3 Tensor-SCORE for hypergraph community detection

We first introduce a degree-corrected block model for hypergraphs in Section 3.1. Next, in
Section 3.2, we consider an oracle case where the probability of all hyperedges are known, so
that a “signal" tensor is available. We study the output of tensor decomposition and explain
the rationale of the normalization (1.1) in our setting. In Section 3.3, we introduce our method,
Tensor-SCORE, where the key behind it is a regularized HOOI algorithm for reliably extracting
a factor matrix from A. Last, in Section 3.4, we compare our method with the approach of
projecting a hypergraph to a graph, and in Section 3.5, we discuss the extension to non-uniform

hypergraphs.

3.1 The hDCBM model and its tensor form

Recall that we have an m-uniform hypergraph H = (V, E), where V = {1,2,...,n}. We assume
that the nodes in the network consist of K > 2 disjoint communities V = ViU Vo U--- U Vg.
Let 6; > 0 be the degree heterogeneity parameter associated with node ¢, 1 < i < n. Let

P € S™(RX) be a nonnegative symmetric tensor. We further assume that each entry of the



adjacency tensor A is a Bernoulli random variable, independent of others, i.e.,
{A(i1, ... im) 1 1 <1y <ig <...<ipm <n} are independent. (3.1)

‘We model that

P(A(i1, ... im) = 1) = Plkr, ..., km) [] 65, ifij € Vi, 1<j<m. (3.2)
j=1

We call (3.1)-(3.2) the hypergraph degree-corrected block model (hDCBM).

In hDCBM, the low-dimensional tensor P characterizes the difference across communities
and the parameters 0; > 0 capture the individual degree heterogeneity. When m = 2, hDCBM
reduces to DCBM for a typical graph (Karrer and Newman, 2011). When all the 6;’s are equal,
hDCBM reduces to the stochastic block model for hypergraphs (hSBM) (Ghoshdastidar and
Dukkipati, 2014).

We now introduce a tensor form of hDCBM. For each 1 < i < n, we define a membership
vector m; € RE such that m;(k) = 1{i € V4}, 1 <k < K. Then, the right handside of (3.2) can
be equivalently written as 3> <p o g <k P(k1, ... km) [T72; 0i;mi;(kj). This has almost the
same form as in Definition 2.2, except for the case where some indices in (i1, ...,%,) are equal.
Write II = |7y, ..., m,) and © = diag(6s,...,0,). We introduce a tensor Q € S™(R") by

Q = [P;ell,...,el. (3.3)

Then, Q and E[A] are the same except for the diagonal entries (Definition 2.1). We write
A= Q—diag(Q) + (A—E[A]). We view Q as the “signal" part and view (A — Q) as the “noise’

part. The “signal" tensor admits a rank-K Tucker decomposition.

3.2 The oracle approach

We consider an oracle case where the “signal" tensor Q is observable. We study the output of
conducting tensor decomposition on Q and investigate how to use it to recover II. The insight
gained in the oracle case can be easily extend to the real case where A is observed.

First, we apply HOSVD to Q. Recall that M;(Q) is the mode-1 matricization of ). The
rank of this matrix is < K. Let \; > Ay > ... > Ag be the singular values of M;(Q), and let
£1,82,...,&k € R™ be the associated left singular vectors. Write = = [£1,...,£k]|. Then, = is
the factor matrix output by HOSVD.

Lemma 3.1 (HOSVD on Q). Consider the hDCBM where Q = [P;OIl,...,OIl]. Let d € R¥
be the vector such that dj, = [|0]| 71 (Xiey, 02)1/2 for 1 < k < K and let D = diag(d) be the
K x K diagonal matriz whose diagonal entries come from d. Define a K x K™ ' matriz
G = Mi(P x1D xg -+ Xpy, D). We assume G has a rank K. Let k1 > ko > ... > kg and

U, U, ..., ug € RE be the singular values and left singular vectors of G. Then,
Me = mellO)™, & = [|0]| T OIID Ty, 1<k<K.

Next, we apply HOOI to Q. Suppose this algorithm is initialized by = = [51, L€ x| and let



[1]

) = [ 1 , .. ,SK | be the output after j-th power iteration. By the design of the algorithm,

=0) contains the first K left singular vectors of M;(Q x9 = 20-DT xqitx,, E(j_l)T).

Lemma 3.2 (HOOI on Q). Consider the hDCBM where Q = [P;O11,...,01II]. Let G be the
same as in Lemma 3.1, and assume G has a rank K. Let = be the factor matrix from HOSVD.
We assume the initialization 2 of HOOI satisfies |22 — E2/|| < 1.

o After the first power iteration, 2V has the same column space as that of the HOSVD

factor matriz, i.e., 21 = 20, where O € RE*E s an orthogonal matriz.

o Starting from the second power iteration, the solution remains unchanged, i.e., 20) = =21,
for all j > 2.

o If it is initialized by HOSVD, the output is always the same as HOSVD, no matter how

many iterations have been run; i.e., if = = =, then EU) = 2, for all j > 1.

The above results show that the output of HOSVD and HOOI have similar forms: By
Lemma 3.1, we can write Z = OIIV, where V = ||0|| 1D~ uy, ..., ux] € REXK
the output of HOOI is only different from that of HOSVD by an orthogonal matrix O; it leads

to = = OIl - VO. Therefore, we can write the factor matrix from both tensor decomposition

. By Lemma 3.2,

methods via a universal form:

= = OlIlB, for some K x K matrix B. (3.4)
Last, we use (3.4) to obtain a community detection method. Let z1,...,z, € RX be the
rows of =, and let by,...,bxg € RE be the rows of B. It is not hard to see that z; = 6; -

bi,for alli € Vi, 1 < k < K. In the case of no degree heterogeneity, 6;’s are equal. Hence,
{z;}_, take only K distinct values, corresponding to K communities. Therefore, we can apply
k-means clustering to rows of = and exactly recover the community membership. Unfortunately,
in the presence of degree heterogeneity, the rows of = no longer have such a nice property. We

now adopt the idea of SCORE in (1.1). Given any homogeneous function h : RX — R, define

L
h(x;)

By property of a homogeneous function, h(6;bx) = 0; - h(by). It follows that

Ty = i, 1<i<n. (3.5)

h(@b ﬁ/h ka—m bi, for i € Vj,.

We see that, even though 6;’s are unknown, the above operation can automatically remove the
effects of 0;’s without estimating them. Now, {r;}*; only take K distinct values, and so we can
apply k-means clustering to r;’s to exactly recover the community memberships. This idea was
introduced in Jin (2015). In the appendix of that paper, the author suggested two choices of h:
The first is h(x) = x(1), i.e., each z; is divided by its first coordinate. It can be shown that,
under mild conditions, the first coordinate of z; is always positive, so that r; is well-defined.
This operation is commonly called the SCORE normalization. The second is h(z) = ||z||4,

i.e., each x; is normalized by its ¢9-norm; the special case of ¢ = 2 coincides with a heuristic



normalization step in spectral clustering (Ng et al., 2002). In our problem, these is no essential
difference among choices of h. We use the SCORE normalization. For this choice of h, the
first coordinate of r; is always equal to 1; for convenience, we re-define r; by removing its first
coordinate. Write R = [r1,ro,...,1,] € R (K=1) Tt follows that

R(i.k) = & ()/&1(i),  1<i<n 1<k<K—1 (3.6)

These insights motivate an approach to recovering Il from Q, which we call Oracle Tensor-
SCORE:

(1) Apply either HOSVD or HOOI to Q. Let = be the resulting factor matrix.
(2) Obtain the matrix R as in (3.6). Apply k-means clustering to rows of R.

It is easy to see that Oracle Tensor-SCORE exactly recovers the communities.

3.3 Tensor-SCORE

We now extend Oracle Tensor-SCORE to the real case where A, instead of Q, is observed.
Similar to the oracle case, the first step is to conduct tensor decomposition on A to obtain a
factor matrix = € R™ X In the oracle case, this is done by HOSVD or HOOI; in fact, the two
algorithms give exactly the same =, provided that HOOIL is initialized by HOSVD. Now, in the
real case, our hope is that the column space of E is close to the column space of Z. We measure
the loss by d(Z,2) = |22’ — Z=/||. In Figure 2 (left panel), we plot the evolution of d(Z, Z) in
a simulation example, where we start from HOSVD and iteratively conduct power iteration (to
be described below). It suggests that power iteration significantly improves the accuracy. This
phenomenon can be justified in theory: In Section 4.3, we show that power iteration yields a
satisfactory rate of convergence on d(é,E), which cannot be attained by HOSVD. Note that
this has been very different from the oracle case, where power iteration starting from HOSVD
does not change the solution at all (Lemma 3.2).

The next question is how to conduct power iteration properly. In Section 2, we have reviewed
the standard HOOL Given Z°4, it obtains =" by extracting the first K left singular vectors
of M1(A xg (BT x5 xp (29 T) € R™*E™ " In the theoretical analysis, we find out that
this vanilla HOOI does not give the desired rate, due to that the maximum row-wise ¢?>-norm
of = is not well controlled during the iteration. We propose a regularized HOOI (reg-HOOI),
where we “regulate” the maximum row-wise ¢?>-norm of 2 at each iteration. In detail, for any
§ € (0,1], define O** = {U € R™K . UTU = I, Maxe|p] ||e;-rUH < ¢}. For any matrix
= € R™K | its “projection” to @?XK is defined by ((Keshavan et al., 2010, Remark 6.2))

~ ., min{J, |E(z,)||}

Pgnxx (Z) = left singular vectors of =, where Z(i,:) = 2(i,:) |_(| T
5 =(1,:

(3.7)

ld we first compute Z7°* using the vanilla HOOI, then we project Z¢% to (O)SLXK to

Given 2°
obtain =% This gives the reg-HOOI algorithm.

We then introduce an empirical counterpart of the matrix R in (3.6). Let Z be the factor
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Figure 2: A simulation example. (m, K,n) = (3,2 5061) P(k,l,s) =03+03-1{k= ( = s}, and 6;’s are
iid drawn from 1/[7 x Unif(0,1) + 1]/\[ Left: Evolution of d(u, E) in reg-HOOI, where the initialization
is HOSVD. Middle: Plot of rows of = € R™*2. Right: Plot of rows of R € R versus node index. The
colors correspond to true communities.

matrix from reg-HOOI and let 7' > 0 be a threshold. Define R € R"*(K-1) 1y

E(i’:):R*(i’:)min{T,HJ:E*(Z',:)H}’ where  R*(i.k) = €1 (1)

1R (@, )]l 310

1<k<K-1  (3.8)

We are ready to formally introduce Tensor-SCORE:

Tensor-SCORE (Input: adjacency tensor A, number of communities K, an initial factor matrix
éi”it, and tuning parameters § € (0,1) and 7" > 0. Output: community labels):
1. Reg-HOOI: Initialize 20 = Zinit For t = 1,2,
o (Regularization). Obtain g = P@nxK(é(t_l)) using (3.7).
5

« (HOOI). Conduct SVD on M; (A X3 (i(kt_l))T X3 X (i(kt_l))T). Let 2() be the

matrix consisting of the first K left singular vectors.
Let = = [él, . ,éK] denote the output.
2. SCORE: Obtain the matrix R € R™*(5~1 a5 in (3.8)

3. Clustering: Apply k-means clustering on rows of R to get community labels.

The method has two tuning parameters § and T. Let L; = > 1<, <, A(i,42,...,im) be
the degree of node i, for 1 <i <n. We set (0,7) as follows:

6 =2VK - (max L;) ZLQ 1/2 T = \/log(n). (3.9)

1<i<n
The method also requires an initial estimate Zinit of the factor matrix. By our theory in

Section 4, this initial estimate only needs to satisfy a mild condition, that is d(= Sinit ,2) < e, for

a constant €y € (0,1/4). Below, we propose two initializations:

o Initialization 1: Diagonal-removed HOSVD. Obtain G = M;(A)[M1(A4)]" € R™*"™, where
M;i(A) is the mode-1 matricization of A. Let 2t he the matrix consisting of the first K
left singular vectors of [G — diag(G)].
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o Initialization 2: Randomized graph projection. Given € € (0, 1), generate a random vector
n € R" by d Unif(1 — €e,1 + ¢€). Let 2t he the matrix consisting of the first K

eigenvectors of (A x3n' x4+ X' ) € RPX™,

Initialization 1 is a modification of HOSVD. In fact, if we conduct SVD on G instead of [G —
diag(G)], it reduces to the standard HOSVD. The purpose of removing the diagonal of G is to
improve the performance on sparse networks. Initialization 2 can be viewed as a generalization
of the graph projection to be discussed in Section 3.4. In fact, when ¢ = 0 (so that n, = 1,),
it reduces to the standard graph projection. The purpose of randomly perturbing 1, in a
local neighborhood is to avoid potential information loss. We analyze both initializations in
Section 4.2.

Figure 2 illustrates the use of Tensor-SCORE. The left panel shows that reg-HOOI reliably
estimates the principal subspace. In the middle panel, we plot the rows of Z. Due to severe
degree heterogeneity, a direct application of k-means clustering yields unsatisfactory results. In
the right panel, we plot the rows of R (since K = 2, ReR"isa vector; for better visualization,
we add an x-axis which is node index). The two communities are well separated in this plot,
suggesting that the SCORE normalization successfully removes the effects of nuisance degree
parameters.

Remark (Complexity). The main computational cost of Tensor-SCORE comes from the reg-
HOOI algorithm. The per-iteration complexity of reg-HOOI is O(mKn™ +n?K™~1), where the
two terms are contributed by computing the tensor multiplication and the SVD. In Section 4.3,
we show that reg-HOOI has linear convergence, so that the number of iterations needed is
only a logarithmic function of the required accuracy. The complexity of the two initializations is
O(n™*) and O(n™*!4n3), respectively. As a result, when (m, K) are bounded, Tensor-SCORE
is a polynomial-time algorithm.

Remark (The case of unknown K ). Our method assumes the number of communities is
given. When K is unknown, we can estimate it from data. Fixing an integer r that is an upper
bound of K, we run reg-HOOI with K = r to obtain = € R, Let 61 > 69 > +++ > &, be the

first r singular values of M1(A X3 ET x4 Xom éT) Let
K =max{2 <k <7r:63/5,_1 < log(log(n))}. (3.10)
In the rare case that &y, /5,1 > log(log(n)) for all 2 < k < r, we simply let K = r.

3.4 Comparison with projection-to-graph

We compare our tensor decomposition approach with the approach of projecting a hypergraph
to a graph. Given the adjacency tensor A of an m-uniform hypergraph H = (V, E), define a
weighted graph G = (V, E’), where its adjacency matrix A is such that

A(i,j) = > A(iyjois, i),  1<i#j<n.

1§7'57’L477Zm§n
(4,7,i3,-+-,im ) are distinct

In this projected graph, the weighted edge between two nodes equals to the total count of
hyperedges involving both nodes.
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x=0.3, z=0

Figure 3: The information loss caused by projecting a hypergraph to a graph (setting: the 3-uniform
hDCBM with 2 communities, parametrized by (z,y,z)). In all three plots, we fix (z, 2), let y range in
[0,1], and plot IF} (red line) and IF, (blue line). When the blue line hits zero, it indicates unwanted
information loss

In hDCBM, Q is the “signal" part of A (see Section 3.1). We can similarly define the “signal"
part of A by Q=9 x31,) x4 %y 1] € R™™, Let spax(-) and spin(-) denote the maximum

and minimum singular value of a matrix, respectively. Introduce two quantities

_ Smin(Mi(Q)) _ smn()
1F, = o (M1 (D)) IF, s ()

They are both properly scaled. When IF' = 0, the minimum singular value of the “signal" matrix
is zero, indicating unwanted “information loss." In this case, some leading empirical eigenvectors
are extremely noisy, and spectral methods will yield unsatisfactory performance. Therefore, the
larger IF', the better.

Our observation is that, projection-to-graph has the risk of dragging IFy to zero. We illus-
trate it with an example.

Example (3-uniform hDCBM with 2 communities): Consider an hDCBM with m = 3
and K = 2. Fixing z,y,z € [0, 1], the core tensor P is such that P(1,1,1) = P(2,2,2) = =,
P(1,2,2) =y and P(1,1,2) = z, where other entries follow by symmetry. Let V; and V5 be the
two communities. The degree parameters satisfy that Yoy 07 = 3 ;cy, 62,

In Figure 3, we plot IFj,, and IF, for a variety of (z,y,z). It is seen that IF} never hits
zero, but IF, can be zero or get close to zero. By elementary linear algebra, I'F, becomes zero
if and only if (z + y)(z + 2) — (y + 2)? = 0. There are infinitely many such solutions. Hence, the
projection-to-graph approach has the risk of losing information. The success of methods based
on projection-to-graph typically requires additional conditions (Zhou et al., 2007; Ghoshdastidar
and Dukkipati, 2017; Chien et al., 2018; Kim et al., 2018), such as no degree heterogeneity and
symmetry conditions on P (e.g., y = z in this example). However, such conditions are hard to
check in practice. It is thus valuable to develop community detection methods that operate on
the hypergraph directly.

Remark (The induced graph by HOSVD). HOSVD is equivalent to conducting PCA on the

matrix A* = M;(A)[M1(A)]. Viewing A* as an adjacency matrix, it gives rise to an induced
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(weighted) graph G*. It is interesting to compare G* with the graph G above. By definition,

A*(i,5) = > A(iyig, ..y im) A, 02,y im).

1<ig,...,im<n,
(i2,...,im ) are distinct
{i,}n{iz,....im }=0
We define a “hyper-triangle" as i-S-j, where S is a subset containing (m — 1) indices such that
{i} U S and {j} U S are both hyper-edges (for m = 2, it reduces to the usual definition of a
triangle in a graph). Then, in G*, the weighted edge between two nodes equals to the count of

“hyper-triangles" that link two nodes. This graph is different from G.

3.5 Extension to non-uniform hypergraphs

So far, we have been focusing on uniform hypergraphs. We now discuss two extensions of
Tensor-SCORE to non-uniform hypergraphs. Let V' = {1,2,...,n} be the set of nodes and
suppose V = V1 U...UVf is a partition to true communities. Let H = (V, E') be a non-uniform
hypergraph, where the size of hyperedges ranges from 2 to my.

In the first extension, we represent H by a collection of uniform hypergraphs H(™ =
(V, E(m)), where E(™) is the set of order-m hyperedges, 2 < m < mg. We apply the first
two steps of Tensor-SCORE to obtain R(™ e R™*(K~1) for each uniform hypergraph. Then, we
apply k-means clustering to rows of the matrix R= [R(Q), R(3), e f{(mo)]'

The rationale behind this approach is to impose an hDCBM for each H(™), where these
models share the same membership matrix II but have their individual (™) ¢ RY and pm) ¢
Sm(]RK ). Under this model, we can apply k-means to each ]:E(m), but stacking them together
combines information in hyperedges of different sizes. This idea has the same spirit as the
extension of SCORE to directed graphs (Ji and Jin, 2017).

In the second extension, we introduce a set of dummy nodes indexed by —3 to —mgy. We

create an mo-uniform hypergraph with nodes V., = {—my,...,—3,1,2,...,n}. For any hyper-
edge {i1,...,im} with m < mg, we fill in the dummy node to make it a size-mg hyperedge
{i1, .. yim,—(m+1),...,—mg}. Then, we apply the first two steps of Tensor-SCORE to obtain

R(tmo=2)xK 1 the Jast step, we throw away the rows of R associated with the dummy nodes
and apply k-means clustering to the remaining rows.

The rationale behind this approach is to start from an hDCBM for order-mg hyperedges and
induce a model for lower-order hyperedges. Consider an hDCBM for mg-uniform hypergraphs,
with the membership matrix II and parameters § € R? and P € S™(RX). We now add

the dummy nodes —(m + 1),..., —mg with degree parameters W_(m41)s---»W—mo and let their
membership vectors be 7_p, 1) = ... = T, = (%, cel %) Then, for a lower-order hyperedge

{i1,...,im} such that i; € Vk;, by adding the dummy node to make it an order-mg hyper-edge,

we obtain an induced model
IP’(A(il, cesim,—(m+1),...,—mg) = 1) = (w,(mH) . -w_mo)*l -Pim)(kl, coiskm) - 0i o605

where P{™ = = [P X(m+1) Lk X(m42) -+ Xmp 1x] € S™(RF) is a “projection’ of P €

S™0(RX). In this induced model, the w’s serve as an inflation factor for lower-order edges: If
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W_(m41) " W—m < 1, then lower-order edges have higher probabilities.

4 Statistical properties

Let H = (V, E) be an m-uniform hypergraph that satisfies hDCBM model in Section 3.1. The
hDCBM is not identifiable: For any positive diagonal matrix D € RE*¥ if we change (8, P) to
(D_IH, Px1DXg X [)), the distribution of A remains unchanged. To ensure identifiability,
we assume P(k,k, k) =1, for 1 < k < K. As a result, the network sparsity is captured by the
degree parameters 6;.

Let V =V U...U Vg be the partition of nodes into communities. We assume

< C'mi 2 < i 2. :
max [Vie| < kam [Vl 1I§I}€a§XK Z 0; < Clg’lglgnK Z 0; (4.1)
1€Vy 1€V

Introduce a diagonal matrix D = diag(dy,da, ..., dx), where dp = [|0]| 7" (X ;e 02)1/2 for 1 <
k < K. Define G = M (Px1D X3 Xy, D) € REXE™ ! Tet ky,..., kK be the singular values

of G, arranged in the descending order. Let uq,...,ux € RE be the associated left singular

vectors. As n — oo, for a positive sequence ~,,, we assume

[Pllmax <€, min{k1 — K2, KK} > Yo (4.2)

We also assume
i iti t tisfyi k) <C i k). 4.3
uq is a positive vector satisfying IISI}CaéXK ui(k) < 123& ui(k) (4.3)

Let Opax and O, be the maximum and minimum of 6;’s. Define

VK205 10]1 1og(n) + (VE B /10])™ log(n) K62

max

+ .
\/ﬁeminue”m_l \/ﬁemlnHHH

erry, =

We assume
K~ %err? log(n) — 0. (4.4)

n

These conditions are mild. Condition (4.1) requires that that the degree distributions are
balanced across communities. Condition (4.2) is mild, since the matrix G is properly scaled.
Condition (4.3) is satisfied when all entries of P are lower bounded by a constant and maxy, dj, =<
ming dg. Regarding Condition (4.4), when K = O(1), Opax < Omin and 7y, =< 1, it becomes
n™19™ > log?(n), where @ is the average of #;. Since n™ '™ is the order of average node
degree, our theory indeed covers a wide range of sparsity.

Tensor-SCORE plugs in an initial estimate =%, We impose a condition on 2. Recall
that O denotes the “signal" tensor in hDCBM, and = € R™*K ig the matrix of the first K left

singular vectors of M;(Q).
Condition 1 (Initialization). ||2™(EM)T — 227 || < €, for a constant e € (0,1/4).

This is a mild condition, which basically says that the column space of Zinit cannot be orthogonal
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to the column space of Z. In Section 4.2, we study when the two initializations in Section 3.3

satisfy this requirement.

4.1 Rate of convergence of Tensor-SCORE

Given the community partition by Tensor-SCORE, let I = [71, ..., 7], where #; = ey, if node

i is clustered to community k. We measure the performance by the Hamming error of clustering;:

£(1,11) = min (> 1{i € Vii ¢ Vo })- (4.5)
=1

T:a permutation on 1,2,....K ;

Let Omax, Omin, and 6 denote the maximum, minimum, and average of 8;’s. The following theorem

is proved in the appendix:

Theorem 1 (Rate of convergence of Tensor-SCORE). Fiz m > 2 and consider a sequence of
hDCBM indezed by n, where (K,11,0,P) are allowed to depend onn. Asn — oo, suppose (4.1)-
(4.4) are satisfied. We apply Tensor-SCORE for community detection, where the initial estimate
of the factor matriz satisfies Condition 1. We set T = /K log(n) and § = CovV/K6bmax/||0]|
for a properly large constant Cy > 0. In the reg-HOOI step, we run tmax iterations, with
tmax > M 10g(NOmax/]|0]). With probability 1—n =2, the estimate II from Tensor-SCORE satisfies
that

L(TI, 1) < Cny,, 2err?

ne

Furthermore, if Omax < Omin and K = o(y,\/n), then with probability 1 —n=2,

m—2
L) =n- O(Klog_(”)).
,-Y%nm—lgm

We make a few remarks.

1. Connection to average node degree. It is common to express the error rate of community
detection in terms of average node degree. For each node i, define its degree D; as the total
number of hyperedges that involves this node. Let d* = n=!>"" , E[D;] be the expected
average degree. When 0.5 < Omin, we have d* < n™=19™  Theorem 1 and condition (4.4)

translate to:

N K™ 2]
LILI) =n- O(,Y%;g(n))’ provided that d* > Km_17;2 log?(n).

When K = O(1) and v, < 1, it only requires that d* > log?(n). Hence, our method covers
a wide range of sparsity. Moreover, the clustering error is [,(f[, I <n- m = o(n), and

it yields consistent community detection.

2. Implication on graph networks. When m = 2, hDCBM reduces to the DCBM (Karrer and

Newman (2011)) for regular graph networks. When 6,ax < 0pin, Theorem 1 implies
L(IL,T) = n - O((72n62) L log(n)).
This has recovered the rate of SCORE for graph community detection (Jin, 2015).
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3. The impact of the diagonal tensor. The expression of err, has two terms, where the first
term comes from an upper bound of || A — EA||s and the second term is from the upper
bound of ||diag(Q)||. If there is no degree heterogeneity, the second term disappears,
since substracting diag(Q) from Q does not change the eigenvectors (see, for example,
Lemma 4.1 of Ghoshdastidar and Dukkipati (2017)). However, when there exists degree
heterogeneity, the second term cannot be avoided. Fortunately, this term is often negligible,
provided that 6. /0 is not too large. For example, when Opay < Omin and K = o(y,/n),
the contribution of this term to £(IL II) is o(1), which is basically zero (since clustering

error only takes integer values).

The symmetric hSBM model has been considered in a number of works (Ghoshdastidar and
Dukkipati, 2014, 2015a, 2017; Chien et al., 2018; Kim et al., 2018). It is a special case of hDCBM
that has no degree heterogeneity and satisfies particular symmetry constraints, and Theorem 1

is directly applicable.

Corollary 1 (The example of symmetric hSBM). Fix m > 2 and consider an hDCBM where
0; = a,ll/m for a, = 0, |[Vi] € [K™'n -1, K~1n] for 1 < k < K, and the core tensor satisfies
P(s1,82,...,8x) = 1 when si’s are equal and P(s1,2,...,Sx) = b otherwise, for b € (0,1).
Suppose K = o(y/n) and (1 — b)2n™ La,, > K™ log?(n). With probability 1 —n~2,

£ (11,11 zn-o( K2 log(n) )

(1-0)?nm"1a,

We compare it with existing results for symmetric hSBM. Ghoshdastidar and Dukkipati
(2014) considered an HOSVD approach. With K and «,, being fixed, they derived that E(f[, IM) =
n-O((1- b)_4n7[m72+ﬁ}). The rate has a sub-optimal dependence on n and (1 — b); moreover,
since ay, is fixed, it only applies to dense networks. Ghoshdastidar and Dukkipati (2017) studied
an approach by projecting the hypergraph to a weighted graph. The rate they obtained (Ghosh-
dastidar and Dukkipati, 2017, Corollary 5.1) is the same as ours. In comparison, our method is

applicable in broader settings such as those with degree heterogeneity and/or information loss.

4.2 Performance of two initializations

In Section 3.3, we propose two methods as initializations of Tensor-SCORE. We show that they
satisfy Condition 1 under mild conditions.

First, we consider an initialization by the diagonal removed HOSVD.

Theorem 2 (Initialization by diagonal removed HOSVD). Fix m > 2 and consider an hDCBM
where (4.1)-(4.3) hold. We apply the diagonal removed HOSVD to the adjacency tensor A to

obtain =. Suppose

) { \/H%XH@HT log(n) + log(n) 012nax } =0 (4.6)
n ’ ' '
TR Yalol?

With probability 1 — n=2, Condition 1 is satisfied for any constant ey > 0. For the case of
Omax = Omin, the requirement (4.6) reduces to v:in™#*™ > log(n).

We have a few observations:

17



1. The required network sparsity. Same as before, let d* be the expected average node degree.
Note that d* < nmflém, when Oax < Omin. As a result, the requirement in Theorem 2
becomes d* >> v, 2/n™ 21og(n). Therefore, this initialization works for networks that are

moderately dense.

2. Comparison with standard HOSVD. If we use the standard HOSVD as initialization, Con-
dition 1 is satisfied if 72nf™ > log(n) (Lemma A.1). This requirement translates to
d* > ~,2n™ 2log(n), which is much more stringent than the requirement of diagonal
removed HOSVD.

Next, we consider an initialization by randomized graph projection. Introduce P, = P X3
D xg -+ Xy, D, where D is the same diagonal matrix we have used to state Condition (4.2).
Define Amin (P, v) = Amin(Ps X3 0| Xy -+ X v )/||v]|™2, for v € RE such that ||v|| # 0. The
following proposition is proved in the appendix, where spyin(-) denotes the minimum singular

value of a matrix:
Proposition 4.1. For any v € R, Apin(Ps, v) < Smin(M1(P,)).

Let S (e) = {D7'ITOn:1—€e <n; < 1+¢,1 <i<n}, where e € (0,1) is the tuning parameter
used in the randomized graph projection. As n — oo, for a positive sequence 7,, — 0, we assume
ma Xmin Pe,v)} > Ano 4.7

UESK)((E){ ( )} Z Tn (4.7)

We recall that kg is the minimum singular value of M;(P,). Condition (4.2) ensures that

KK > Yn. It follows from Proposition 4.1 that 7, can never be larger than ~,.

Theorem 3 (Initialization by randomized graph projection). Fiz m > 2 and consider an
hDCBM where (4.1)-(4.3) hold. Additionally, assume (4.7) holds with Sk () so that ¢ <
(Fn/4m|| M1 (P|)(1 — e)™2/(1 + &)™ 3. We use the randomized graph projection to obtain

=. Suppose

1 m Orax |10]|7 L log(n) + log(n 2
(1+2) 'mm{¢ |61~ tog(n) +loa(n) 62, }%O. s

1—e nllol2lleNT = " Allel?

With probability 1 — n=2, Condition 1 is satisfied for any constant g > 0. For the case of
Omax = Omin, the requirement (4.6) reduces to 32n™ 0™ > log(n).

We have a few observations:

1. The required network sparsity. Letting d* be the expected average node degree, when
Omax < Omin, the requirement in Theorem 3 becomes d* > 7,2 log(n). If 3, > CK™ 1,
then this requirement is weaker than the requirement of network sparsity for our main
algorithm (see the first remark behind Theorem 1). In other words, this initialization

works for the whole range of sparsity of interest.

2. Comparison with standard graph projection. The standard approach to projecting a hy-
pergraph to a weighted graph (see Section 3.4) corresponds to € = 0 and 7 being fixed as
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1,,. In the condition (4.7), the left hand side increases with e. This means, by exploring a
lot of directions 1 when projecting the hypergraph, we can increase 7,, so as to increase
the range of sparsity that this initialization works. In particular, for examples in Sec-
tion 3.4 where IFy; = 0 for n = 1,, the randomization on 7 allows us to escape from the

zero-eigenvalue situation and avoid unwanted information loss.

To summarize, for sufficiently dense networks (e.g., the average degree is > - 2v/nm=2),
we recommend using the diagonal removed HOSVD as initialization, for it avoids the issue of
potential information loss. For sparser networks, we recommend using the randomized graph

projection as initialization.

4.3 Spectral decomposition by reg-HOOI

A key component of tensor-SCORE is estimating the column space of = by a tensor power
iteration algorithm. We now investigate the performance of reg-HOOI, which results are of
independent interest. To make the theory applicable to broader settings, we drop Conditions
(4.1)-(4.4); instead, we let the results depend on the unbalanceness of communities and orders
of singular values explicitly. Define 8(Q) = max;, ... i,,_, > i —1 Q(i1, - ,im). This quantity
governs the error bounds in theorems below. It is seen that 3(Q) < ||P||max - 0™ *||0]|1, but this
upper bound is often loose; hence, we prefer to express results in terms of 5(Q). Same as before,
we write dg = [|0] 71 (Ziey, 02)'/21 <k < K, and let 1, ...,k denote the singular values of
the matrix G = M1(P x1 D Xg -+ Xy, D). The following theorem establishes the contraction

property in the power iteration:

Theorem 4 (Linear convergence of reg-HOOI). Consider an hDCBM, where we apply the reg-
HOOI algorithm to A, with an initialization that satisfies Condition (1), for 9 € (0,1/4). Let

2O be the estimation at iteration t, fort > 1. Suppose

(1=320) "7 wsc61]" = Cr(m)(4) % max {/mnd?B(Q), (mlogn)“F* ™2/ [P b, 1017 nlogn},

max

for some absolute constants C1,Co > 0. Write

V(mDK™23(Q)logn + (m!)d™ tlogn + (m!)r62

a0 2/ d
ric||0]™

min

Cn(Q) =2"

Then, with probability at least 1 —n=2 for all1 <t <T —1,

S (EEINT :ETH <=

=OED)T — 227+ C36a(Q),

for some absolute constant C3 > 0. Therefore, after at most to = O(1 V mlog(n||0||/0mn.))

iterations, with probability at least 1 —n~—2,

[Et)(EtoNT — 22T < 205¢u(Q).

Theorem 4 essentially applies to any random Bernoulli tensor whose expectation has a low

rank. Unlike the study of random Gaussian tensors (e.g., Zhang and Xia (2018)), the study of
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Bernoulli tensors requires technical efforts to deal with the extreme sparsity. A typical step in
the analysis of power iteration algorithms is to derive a sharp concentration inequality for the
tensor operator norm of (A — E.A). Unfortunately, for Bernoulli tensors, even the best bound
for || A—EA| is too large to yield the desired result in Theorem 4. Alternatively, we borrow the
notion of incoherent tensor operator norm, which was initially introduced by Yuan and Zhang
(2017). Our design the reg-HOOI algorithm guarantees that it has satisfying performance as long
as the incoherent operator norm of (A—E.A) is reasonably small. Then, our main technical effort
is on deriving a sharp concentration inequality for the incoherent operator norm of (A — EA).
In detail, for any 6 € [n=Y2,1], let U;,;,(0) = {w1 @ - @ : ;]| < 1,V5; [[Wi]max < 6,5 #
j1,Jj2}. This is the set of all rank-one tensors satisfying incoherent conditions in “directions”
other than j; and js. The §-incoherent operator norm of a k-th order tensor 7T is defined by
ITNls = supxey(s) (T, X), where U() = Ui<j, < jo<k Uj1j2(6). Here, U(0) is the collection of all
rank-one tensors satisfying certain incoherence conditions in all but two directions. When § = 1,

it reduces to the regular tensor operator norm.

Theorem 5 (Concentration inequality of incoherent operator norm). Consider an hDCBM,
where || P|lmaxOma |07~ > logn. There are absolute constants C1,Cy > 0 such that for all

(m

t > (m!)2™ - max {C'l\/m5n52,8(Q) log?n, Coym(mlogn) 2 5m_2\/|]73||max0213x||9\|§"72nlog n},

P(||A—EA|s > 3t) < 2n~2

9—2m—242 3 9—(m+1)y

+ (10m?log? n) exp ( - ) + (10m?log? n) exp ( - —

8(m!)626(Q)m4logtn
Remark (Why it is crucial to use the incoherent norm): When § is appropriately small, the

incoherent norm of (A — EA) can be much smaller than its canonical operator norm. For
1/2

example, under the conditions of Theorem 5, if K, m are bounded, 0,.., < 0., and § <n~"/*, we
can show that, with high probability,

[BA[ S sallo™,  A-EAlZ L, [A=EA[s S \/[IPllna - 207
In the sparse regime, it is possible that ||EA|| = o(1). This means, if we build our analysis on

the concentration of || A — EA||, we will never be able to get any consistency results. It is thus

necessary to use the incoherent norm.

5 Experiment Results

We evaluate the performance of tensor-SCORE on a wide range of synthetic and real-world
networks. For comparison, four other popular methods for community detection on hypergraphs
are also considered here. As mentioned in Section 1, the most common approach is to project
a hypergraph to a binary graph and then use any existing community detection method for
graphs. This is our first candidate for comparison and it is referenced as “binary projection".
A variant of this approach is to weight the edges in the projected graph by the counts of
hyperedges, which we refer to as “weighted projection". In both situations we use the well-

known method SCORE for community detection. An improvement upon the ad hoc projection
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methods is developed by Ghoshdastidar and Dukkipati (2017) which constructs a normalized
Laplacian matrix from a hypergraph and applies spectral clustering on the Laplacian matrix.
This method is named NHCut. That paper does not deal with degree heterogeneity, but the
authors added an eigenvector normalization step to improve its performance. Therefore, they
were implicitly using the idea of SCORE. The last candidate is HOSVD which applies higher-
order SVD to adjacency tensors and clusters the rows of the resulting singular matrices; it
is the one most similar to our method in spirit. In all the experiments, we use the default
values suggested above for the parameters in tensor-SCORE unless otherwise stated; there are
no tuning parameters for the other methods except for the number of communities. The metric
for performance is the clustering error against ground-truth communities as defined in (4.5),
which is the percent of nodes assigned to wrong communities. Two initializations are used for

tensor-SCORE: tensor-SCORE-1 uses NHCut and tensor-SCORE-2 uses HOSVD.

5.1 Synthetic Networks

We first evaluate tensor-SCORE on a variety of synthetic networks generated by the hypergraph
degree-corrected block model (hDCBM) (Section 3). The hDCBM consists of n nodes divided
into 2 equally sized communities. The node degree parameters 6; are drawn from a power-law
distribution 6, * with smaller « corresponding to more heterogeneous degree distributions. Edge
size is fixed at m = 3 meaning that the simulated networks are 3-uniform hypergraphs. (We
will evaluate the methods on non-uniform real networks.) The likelihood for nodes from same
or different communities to form edges are controlled by the 2 x 2 x 2 core tensor P.

In the first set of experiments, we vary degree heterogeneity parameter o while keeping
other parameters fixed at n = 300, P11 = Paza = 0.3, P12 = 0.2, P112 = 0. Table 2(A)
presents the average clustering error for each method over 20 simulations (same below). Most
real networks are found with very heterogenous degree distributions (a0 € [2,3]), rendering
community detection a challenging task. But tensor-SCORE outperforms all the other methods
regardless of «, and achieves low error rate even at @ = 2. In the second set of experiments,
we gradually increase the likelihood to form edges between communities (Pi22), making the
community structure weaker (the other parameters are fixed at n = 300, P11 = Pazz = 0.3,
P12 = 0, a = 2). Table 2(B) shows the average clustering error for each method as Pjoo
increases. In general, error rate increases with P19 for all the methods; but tensor-SCORE still
outperforms the others by a big margin. As P10 approaches 0.5, the graph-based methods are
subjected to information loss (recalling Fig. 3), which is clear from their high error rates, while
tensor-SCORE still achieves a relatively low error rate. The last set of experiments adjust the
size of the hypergraphs (i.e., number of nodes n). The other parameters are fixed at P11 =
Paza = 0.3, P122 = 0.2, P112 = 0, @ = 2. and the results are shown in Table 2(C). As the graph
size grows the “structure signal" also becomes stronger and the community detection results get
better in general. NHCut achieves comparable and even lower error rate than tensor-SCORE
when n = 400 and 500. It is reasonable since this is a case with strong signals and no information
loss.

Next, we further demonstrate the power of tensor-SCORE on real-world hypergraph net-

works. In real-world data analysis, tensor-SCORE uses HOSVD as initialization to avoid po-
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Table 2: Performance of the community detection methods on synthetic hypergraphs simulated from the
hDCBM under different parameter settings: (A) varying degree heterogeneity parameter «; (B) varying
likelihood to form edges between communities Pi22; (C) varying number of nodes n. The numbers in
columuns 2 - 6 are the percent of misclassified nodes against ground truth (clustering error). Each value of
clustering error is the average over 20 simulations. Tensor-SCORE-1 uses NHCut as initialization while
Tensor-SCORE-2 uses HOSVD as initialization. The lowest clustering error under each parameter setting
is in bold face.

Binary  Weighted Tensor Tensor

@ Projection Projection NHCut  HOSVD SCORE-1 SCORE-2

(A) 2 44.8% 46.5% 5.1% 45.5% 0.3% 6.3%
3 7.9% 33.4% 4.4% 13.6% 3.1% 7.5%

4 4.6% 40.0% 2.2% 19.1% 1.3% 9.5%

5 1.1% 38.5% 0.3% 1.7% 0% 0%

Binar Weighted Tensor Tensor

P12 proiection Projegction NHCut - HOSVD - grpE1 SCORE-2

0.2 7.9% 33.4% 4.4% 13.6% 3.1% 7.5%

(B) 0.3 29.3% 40.6%  10.8% 6.5% 0.7% 0.8%
0.4 39.5% 45.7%  35.7% 1.6% 22.8% 0%

0.5 34.1% 471%  45.5% 1.5% 17.4% 0%
Binary =~ Weighted Tensor Tensor

" Projection Projection NHCut  HOSVD SCORE-1 SCORE-2

200 11.3% 34.4% 8.2% 22.5% 5.9% 16.9%

(C) 300 7.9% 33.4% 4.4% 13.6% 3.1% 7.5%
400 5.2% 30.0% 0.4% 5.9% 2.7% 4.4%

500 6.4% 40.2% 2.6% 21.1% 3.8% 15%

tential information loss.

5.2 Legislator Network

The first real-world hypergraph under consideration is a network of legislators in the Congress
of the Republic of Peru Lee et al. (2016). The legislators in the Peruvian Congress constitute
the nodes in this hypergraph network, and a group of nodes are connected by a hyperedge if
they sponsored the same bill. In total there are 130 nodes (i.e., legislators) and 3687 hyperedges
which correspond to all the bills proposed from 2006 to 2011 in the Peruvian Congress. This
is a typical example where group interactions dominate, and hence hypergraphs provide a more
faithful representation of the network than do dyadic ties. However, due to the lack of tools for
hypergraph analysis, researchers often project this kind of networks to graphs for further study,
which might result in information loss. Here we empirically demonstrate that tensor-SCORE
better captures the party affiliation of the legislators than other graph methods and even those
designed for hypergraphs. Before turning to the results, we note that the Peruvian Congress
experienced a significant amount of restructuring during 2006 to 2011 and there were frequent
shifts of the legislators’ political identities. Therefore, we only include bills proposed in the first
half of the 2006-2007 political year to construct the hypergraph when the Congress is relative
stable and there were 7 parties at that time. This leaves us with 120 nodes and 802 hyperedges.

As there are 7 parties, we set the number of communities (K) to be 7. Accordingly, the
output from tensor-SCORE is a factor matrix of K — 1 = 6 columns. We then cluster the rows

of this matrix into 7 communities using K-means clustering. To visualize the clustering result,
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we treat each row i as an embedding of node i in RS, and then project the embeddings into
R? through MDS (multidimensional scaling) for visualization. The result is shown in Figure 4A
with nodes colored by their true party affiliations. Four communities clearly stand out in the
plot which correspond to the four large parties. The 3 small parties are almost clustered together
as they are small (two of them have only two members) and often vote with others strategically.
As an illustration of how tensor-SCORE improves upon initial values and reg-HOOI result, we
also visualize the positions of the nodes in the initial factor matrix (Figure 4B) and the positions

of the nodes in the output of reg-HOOI (before normalizing the rows) (Figure 4C).

2000
1500
1000 0.2

500

-500
-1000

-1500 -0.4

-1500 -1000  —500 0 500 1000 1500 2000 -0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4

Figure 4: Clustering results from tensor-SCORE on the legislator network in the Peruvian Congress.
Each dot denotes a node and its position is determined by the corresponding row in the factor matrix
output by tensor-SCORE (A), the initial factor matrix (B), and the factor matrix output by reg-HOOI
before row normalization (C). The nodes are colored by their party affiliations.

Compared to the ground-truth party affiliation, tensor-SCORE only misclassifies 14 nodes
among 120 and achieves a low error rate of 11.7%. For comparison, clustering error from other
community detection methods is summarized in Table 3. We can see that on this dataset
tensor-SCORE outperforms all the other methods by a big margin. Its error rate is about 5
times smaller than HOSVD, 4 times smaller than binary and weighted projections, and 2 times
smaller than NHCut.

5.3 Disease network from MEDLINE

We next examine a hypergraph network of diseases extracted from the MEDLINE database. The
database contains more than 20 million papers published in biomedical sciences. Each paper
is annotated with MeSH terms which indicate what chemicals, diseases, proteins, and other
concepts are used in the paper. From the papers published in 1960 we construct a hypergraph
of diseases, where nodes are MeSH terms for diseases of two kinds: Neoplasms (C04) and Nerve
System Diseases (C10), and hyperedges are papers. The disease type will be used as the ground
truth to assess the community detection methods. There are 9351 hyperedges and 190 nodes
with 140 nodes in the Neoplasms community and 50 nodes in the other. We note that although
there are only 2 types of diseases, we set K = 6 in the implementation of reg-HOOI algorithm
to avoid information loss as the real data might not be generated from exactly a rank-2 model.
In the end, the nodes are still divided into 2 clusters in the k-means clustering.

The clustering results are visualized in Figure 5, following the format of visualization for the
legislator data. Compared to the ground-truth disease type, tensor-SCORE only misclassifies 8
cases among 190 and achieves a low error rate of 4.2%. It achieves the same error rate as NHCut

but again outperforms the other methods. The comparisons are summarized in Table 3.
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Figure 5: Clustering results from tensor-SCORE on the disease network from the MEDLINE dataset.
Each dot denotes a node and its position is determined by the corresponding row in the factor matrix
output by tensor-SCORE (A), the initial factor matrix (B), and the factor matrix output by reg-HOOI
before row normalization (C). The nodes are colored by their disease type with orange corresponding to
Nerve System Diseases (C10) and green to Neoplasms (C04).

Table 3: Performance of the community detection methods on two real-world hypergraph networks: legis-
lators and diseases. The numbers in the table are the counts of misclassified nodes with misclassification
rates in the parentheses. Tensor-SCORE uses HOSVD as initialization.

tensor Binary Weighted
SCORE projection  projection NHCut HOSVD

Legislator 14 (11.7%) 58 (48.3%) 52 (43.3%) 23 (19.2%) 67 (55.8%)
Disease 8 (4.2%) 13 (6.8%) 46 (24.2%) 8 (4.2%) 12 (6.3%)

6 Conclusion

This paper studies community detection for a hypergraph network. Existing works (e.g., Ahn
et al. (2017); Angelini et al. (2015); Chien et al. (2018); Ghoshdastidar and Dukkipati (2014,
2015b); Kim et al. (2018); Lin et al. (2017)) only focus on the settings without degree hetero-
geneity. We consider a more general and realistic setting that allows for (potentialy severe)
degree heterogeneity. We propose a spectral method, tensor-SCORE, which generalizes the
community detection method SCORE (Jin, 2015) from graph networks to hypergraph networks.
We introduce a degree-corrected block model for hypergraphs (hDCBM) and provide the rate
of convergence of the Hamming clustering error.

Our work has several innovations. The first is a precise characterization of the population
eigen-structure of hDCBM (i.e., Lemmas 3.1-3.2). It makes the connection between eigenvectors
and targeted community labels transparent, and paves the way for generalizing SCORE to hy-
pergraphs. The second is a new power iteration algorithm, reg-HOOI, for computing the spectral
decomposition of network adjacency tensor. While power iteration methods are known to have
superior performance in spectral decomposition of Gaussian tensors (Richard and Montanari,
2014; Zhang and Xia, 2018), their use in hypergraph tensors has never been investigated. In the
hypergraph literature, existing spectral decomposition methods include the HOSVD (Ghosh-
dastidar and Dukkipati, 2014) and projection-to-graph (Zhou et al., 2007; Ghoshdastidar and
Dukkipati, 2017). We discover that power iteration has the advantage of simultaneously mit-
igating information loss and achieving sharp error rate. Third, we propose two methods for
initializing power iteration. They can be respectively thought as improved versions of the stan-
dard HOSVD and the standard graph projection. These initializations per se are interesting new

spectral decomposition methods. Our last innovation is on the theoretical side. The asymptotic
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behavior of hypergraph tensors largely differs from the well-studied Gaussian tensors, and we
need to develop new technical tools. Our main technical result is a sharp concentration inequal-
ity on the incoherence norm of a sparse random tensor (Theorem 5), which is of independent
interest.

Our idea can be extended in many ways. The error rate we obtain decays polynomially
with the network size and degree parameters. By combining our method with an additional
refinement step (Chien et al., 2018), we can obtain an exponentially decaying rate. In fact,
according to the recent result of Abbe et al. (2020) which shows that spectral methods are able
to achieve exponential rates for graph network community detection, we conjecture that our
method, without refinement, already attains an exponentially fast rate. However, to prove this
conjecture is extremely challenging, since it requires sharp row-wise large-deviation bounds for
the factor matrix from tensor spectral decomposition. We leave it to future work.

The mixed membership models (Airoldi et al., 2008; Jin et al., 2024) are generalizations of
block models by allowing a node to belong to multiple communities via fractional memberships.
The tensor-SCORE can be extended to mixed membership estimation, by combining it with
the simplex vertex hunting techniques (Jin et al., 2024; Ke and Wang, 2024) used in mixed
membership learning. Another problem of great interest is the global testing (Jin et al., 2021),
where we test the null hypothesis that the hypergraph network has only one community versus
the alternative hypothesis that it contains multiple communities. The paper largely focuses on
uniform hypergraphs. We provide a dummy-node approach for applying our method on non-
uniform hypergraphs. While this approach works reasonably well in practice, it leaves much
space for improvement. How to optimally aggregate information of hyperedges of different
orders is an interesting research question.

The encouraging results on real data manifests the promise of tensor-SCORE as a hypergraph
analysis method in practice. As the research community increasingly realize the importance of
higher-order structures in systems of biology (Grilli et al., 2017), transportation and neural
networks (Benson et al., 2016), knowledge discovery (Shi et al., 2015), and many other scientific

fields, tensor-SCORE provides a new tool to tackle this complexity for novel scientific insights.
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A Proofs of results in main text

Recall from Lemma 3.1 that Q@ = C x1 E X9 - -+ X, = where the core tensor C = |6 - P x4
(UD) xg -+ X (UD) where the orthogonal matrix U has columns uys defined in Lemma 3.1.
We also denote P,.. = ||P|lmx- Let @ denote the Kronecker product. In addition, ® denotes
the tensor product so that u; @ us @ - -+ @ uyy, € R Xdm jf u; € R%. On the other hand,
U1 QU ® - - - Dy, € RNE2dm Lot o (M) > 09(M) > --- denote the singular values of M.

A.1 Bounds of Diagonal Tensor

Recall that the adjacency tensor A has expectation
EA = Q — diag(Q)

where the low-rank tensor @ admit HOSVD as claimed in Lemma 3.1. The diagonal tensor
diag(Q) is defined by

0, if iy iy e i

Q(i1, -+ ,im), otherwise .

[diag(Q)] (i1, -+, im) = {

Note that diag(Q)’s eigenspaces can be different from Q’s eigenspaces.
In this section, we investigate the size of the diagonal tensor and prove the upper bound for

||diag(Q)|| where || - || denote the tensor operator norm.

Lemma 1. The following bound holds

. m 2 g
[diag(Q)[| < <2>%19r2nax\|9|| 2

where k1 is defined as in Lemma 3.1.

Recall from Lemma 3.1 that the smallest non-zero singular value of M(Q) is kg ||0|. If
~2 = O(kg), then we simply have the relative affect from the diagonal part bounded by

min

| diag(Q)l/ox (M(Q)) = O(02,./1I0]]*)-

m2k.d

Proof of Lemma 1. For any pair (ki,ks) € {1,--- ,m} and k1 # ko, we denote a m-th order
(k1,k2)

tensor DQ whose entries are
0, if ig, # i,

D(levlﬁ)(ihzé? ) = ’ » . '
Qir, -+ vim) i ity = i

The tensor DIS”” represents the diagonal of Q restricted to iy, = ig,. We define the following
m-th order tensor Dg by

ko k
Do= Y DY
(k1,k2)€[m]

We claim that ||diag(Q)|| < [|[Dgl|- Recall that both diag(Q) and Dg have non-negative

entries. It suffices to show that diag(Q) < Do elementwisely since the operator norm of a
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non-negative tensor can always be realized by the inner product with non-negative unit-norm
vectors. Let’s consider any (i1, -+ ,in)-th entry. If iy # ig # -+ # iy, then, by the definitions
of diag(Q) and Dg, we have

dlag(Q)(’Ll’ 7’Lm) =0 and DQ(Z]_; 7Zm) =0.

On the other hand, if some indices in iy, - - - ,i,, are equal, then there exist ki, ky € [m] so that
ik, = ik,- Then,
i j - py(kke) o .
diag(Q) (i1, im) = Dg " (i1, ,im)

implying that
diag(g)(ilv T 7Zm) < DQ(ib T 7Zm)

Therefore, we conclude that diag(Q) is dominated by Dg elementwisely implying that ||diag(Q)|| <
IDo||- It suffices to prove the upper bound of ||Dg||. Clearly,

k1,k m ,2
IDell< > IS ”r\:(Q)HDS l
(k1,k2)€[m]

where the last equality is due to the symmetricity of Q. Write

n
D(QLQ) = Z(el ® 61') ® Q(Z727 PRI ?:)
i=1
where e; € R™ denotes the i-th canonical basis vector. For any unit-norm vectors i, - , Un,
we have
1,2 =
<D(Q’ ),ul R @ Upy) = Zul(i)uQ(i)<Q(i,i, e, ), U3 @t ® Upy,)
i=1
n
< mZaX |<Q(Za iv Lty Z),U‘g, K- um>’ ' Z |U1(Z)U2(Z)|
i=1
< mza‘X |<Q(Z’ Uyiy ey 2),11,3 X ® um>’ ’ HU’lH@zHu?H@z
gmaXKQ(ZaZva ,),U3® ®um>’
(]

< by Tyt )]

< max [|QGd,5, - )
Recall the definition of Q and its Tucker decomposition Q = [C; E, - - , E], we write

Q(ii,: 1) =C x1 (] E) xo (] ) X3 () X4 -+ Xy (E).
By definition of C,
92
.. T 9 .
1QG, 4,5+, < lICllle) EI? < mallOI™ - 72 < m 8710 *d -

12 @2,

min
Therefore,

1D5™1 < mpoI™ a2

max min
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and we conclude with

. m m—
||dla‘g(Q)|| S <2>K/19max||9” 2dmln’

A.2 Warm Initializations by standard HOSVD

To show the advantage of diagonal-removed HOSVD, we present the performance of spectral
initialization by the vanilla HOSVD.

Lemma A.1 (HOSVD initialization). Denote 2O the top-K left singular vectors of Mi(A).
Then, with probability at least 1 — n~2,

\/PmaxemaxHGH -1 logn + Hl\/fezaxueumizdr:i% + 1Og n

SOZOT _ =z < ¢
[ )| < Ci(m Tl

A1)

for some large enough constant C7 > 0.

Proof of Lemma A.1. Recall that
Mi(A) = M1 (Q) + Mi(A — EA) + M, (diag(Q)).
We first prove the upper bound of | M; (diag(Q))||. Similarly, as in the proof of Lemma 1,

[Mi(diag(Q))|| < [Mi(D)|| < > [[M (D5
(k1,k2)€[m]

<m?. M (DG,
<m®- max [|M(DgM)|

W.L.O.G., we prove the bound for ||M1(D(Ql’2))||. Recall that
DY =3 (e ®er) ® Qi ).
=1

We write
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where ® denotes the Kronecker product. For v € R and v € R”mjl, we have

(M(DG?)u@0) = 3 (e (vee(Qii - ,:)) e v)

n n 9
ZU612Z vec(Q(i, 4,1, ,:))®e;, v)
1=1 =1

n
SHIU’H \IZ VeC (2R ?:))®€i7v>2
i=1

Sl - s Q01,1+ )l < B Jull ol - 51 V0™ d,2
where we used the fact rank (M, (Q(4,4,:, - -+ ,:))) < K and || M, (Q(i, i, -+, )| < k162,10 2d 2.
Therefore, we conclude that
ML) < sibp, VENOI™ a2

and so that

M1 (diag(Q))[| < mim*VE - 07, 10]™2d,;.
We then prove the upper bound of ||M;(A) — EM;(A)|. Recall that

- . . - T

Mi(A) = D Al yim) - > ey (€@ Rej,,)
7‘1##7’”1 (jl:"':jm)em(ilv"'vim)
where B(i1,- - ,imy) denotes the set of all permutations of (i1, -+ ,iy,). For any (i1, ,im),
|G, i) - > e (en®- - @ej,) | < m.

(1, 3m) EP (i1, vim)

Meanwhile,
H Z EA(Zla ’ 7im)2( Z €51 (6]‘2®'”®€jm)—r)
i1 Fim (j17"'7jm)€m(ilv"‘viM)
B 5 T
( Z ejl(ej2®"'®€jm)T) H
(J15 5 dm ) EP (i1, sim)

<(m!) - max Z EA(i1, -+ im).

a€nl, st

By the definition of Q, we obtain

max Z EA(i1, - ,im) < max Z Qi1+ im)

n€lnl, 1 a€lnl, st

Spmax " Umax * ||9||§n_1
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where we used the fact Q(i1, -+ ,im) < Poa - H;”Zl 0;; and so that
S Qi im) S D P [0 < P, - 0N
j=1

i27"'7im21 i2:"'7im21

By matrix Bernstein inequality (Tropp (2012)), with probability at least 1 — #, we get

[ M (A) ~ EMi (A)]| < Cr(0m1) Prse - B [B]7 log 1+ Co(imt) logn

for some absolute constants C'1, Cy > 0. By Davis-Kahan Theorem,

| M1 (ding(Q)) | + [ M1(A) ~ EMy(A)|

EO@EMNT _=2T|| < V2
1= (ED) I < e (Mi(Q))

Together with o (M1(Q)) = kx||0]|™, with probability at least 1 —n~!, we get

Crrim?VE - 62, (|01 2d;% + Com!y/ Prafasl6]]7"~ log n + Cym!log n

min
rrc o)™

-~ - T f—
IE0ED) —E2T) <

where C1, Cs, C3 > 0 are absolute constants. ]

A.3 Proof of Lemma 3.1

By hDCBM and the definition of Tucker decomposition, we have
Q= [P;0OIl,...,0Il] = P x1 (OII) X3 -+ X, (OII).

Introduce the tensor P, = P X1 D Xg -+ X, D, where D = diag(dy,...,dx). By elementary

calculations, the above equation can be re-written as
Q="7P, x1 (OIID™Y) x5 --- x,, (BIID™)
The mode-1 matricization of Q thus has the form (see (Kolda and Bader, 2009, Page 462))

Mi(Q) = (61D - My (P,) - [(OIID H)& - - - &(OIID )] T (A.2)

m—1

where ® denotes the Kronecker product. Note that M (Ps) is the matrix G. Let ki > 0 be
the k-th largest singular value of G and let u;, € R¥ and v, € RE " be the corresponding left
and right singular vectors. Write A = diag(k1,...,kK), U = [u1,...,uxl], and V = [v1,...,vk].
Then,

My (P,) =UAVT.

We plug it into (A.2) and find that

M1(Q) = (©uD HUu -A-VT[(enD H)& .. &O1D )", (A.3)
=5 =S
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We study the matrices S; and Sp. Note that dj can be written as ||0]| />, 02 (k). It
follows that
16]2D? = 11T ©711.

Combing it with UTU = I, we obtain
SIS =UT (DM ID YU = ||0]2U U = ||6)* 1.

Moreover, since V'V = Ik, using the universal equalities of (A®B)(C®D) = (AC)&(BD) and
(A®B)"T = BT®AT, we can derive

Sy So =V [(DTHMITO D H&--- @D IO ID HV = ||0]*™ 2V TV = ||9]|*"2Ik.

m—1

Let 2 = [|0]|~'S; and H = ||0]|~(™~1S,. We plug the above equations into (A.3). It gives
Mi(Q) =Z-(|8|™A)-H",  where E'2=H"H = I. (A.4)

It is clear that (A.4) gives the SVD of M;(Q). Then, the diagonal matrix ||f||"*A contains the

singular values, and Z = ||§]|"!OIID~1U contains the left singular vectors. It implies
M=o, & =0T OID 1<k <K,
This proves the claim.

A.4 Proof of Lemma 3.2

Consider the first bullet point. Given an initialization é, the output of the first iteration, 21,

contains left singular vectors of
Mi(), where Q=Qx32 xz--- x,, 2.

Note that Q =P x; (OII) Xo - - - X, (OII). Using the formula of X x; A x; B =X x; (BA) and
X x; Axj B=X x; B x; A (see (Kolda and Bader, 2009, Page 461)), we have

Q=P x1 (OII) xg -+ Xp (OI) X B x5+ X, 2T
=P x1 (OII) x5 (ETOII) x5 - -+ X, (27 O1I)
=P, x1 (BIID™Y) x5 (ETOID ™) xg - X, (ETOID™Y),

where D = diag(dy,...,dx) and P, = P x1 D Xg- - X, D. By the matricization formula ((Kolda
and Bader, 2009, Page 462)),

Mi(Q) = 61D M(P,) - [ETenD H&.-.-&E"ennp 1)’

m—1
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where @ denotes the Kronecker product. Here, M1 (Py) is the matrix G. Same as in the proof
of Lemma 3.1, let My (P,) = UAVT be the SVD. It follows that

M (Q)=0ID'U-A-VT[(ETOeND H)&---&ETenD )T, (A.5)
St

&7

In the proof of Lemma 3.1, we have shown S; = ||#||Z, where = is the output of applying HOSVD
to Q. Since U is an orthogonal matrix, we write 2’ OIID~* = ETOID'UUT = ||9|ET=U .
Plugging it into the definition of Sy and using the formula (A®B)(C®D) = AC®BD in a

reverse way, we have

Sy =0 WVTET=UN&---&ET=UT))
=)™ VT(EE)&---&ETE) - U'®--&U]

— o) (W 5U]- (ETE)6 - BETE) V)

We plug in the expressions of S; and S5 into (A.5). It gives

[I]

~ _ T
5)&---&E='5)-V) . (A.6)

=H

Mi@) = o™ -=- A (U&---6U) - [(ET

First, the matrix 22 = Ix — (E2T2—E2"E). Our assumption |E2T —Z=T|| < 1 guarantees that
this matrix has a full rank K. By the universal equality that rank(4;® - - ®A) = rank(A;) x

.- x rank(Ay), the matrix [(ET2)&--- ®(ZTZ)] has a full rank K. Second, it is known that
the Kronecker product of orthogonal matrices is still an orthogonal matrix. Hence, the matrix
[U®---®U] is an orthogonal matrix in dimension K™~!. Third, the matrix V has orthonormal
columns. Combining the above, we conclude that the rank of H equals to K™~ L. It follows from
(A.6) that the column space of the left singular vectors of M;(2) is the same as the column

space of =, i.e.,

(1]

) = =0, for an orthogonal matrix O.

This proves the first claim.

Consider the second and third bullet points. We note that, if
nal matrix O, then 2T2 =
U&---QU]-[(ETE)& - &(
matrix H in (A.6) contains orthonormal columns, and (A.6) is indeed the SVD of M (). It
implies that

[t

= Z0 for an orthogo-

TZ0 = O is an orthogonal matrix. It follows that the matrix

—_

TZ)] is an orthogonal matrix in dimension K™~'. Therefore, the

_—
—
—
—_
—
—

= == when E = 20 for an orthogonal matrix O.

)

As a result, if we start from Z that has the same column space of Z and run one iteration of

HOOI, then we will exactly obtain Z. The last two bullet points follow immediately.
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A.5 Proof of Theorem 1

In Tensor-SCORE, the estimated community labels are obtained from running a k-means clus-
tering on rows of R (defined in (3.8)). Below, we first study the matrix R; next, we study its
population counterpart R; last, we analyze the k-means clustering algorithm and bound the

clustering error. For convenience, we introduce the notation

B2 6] 1og(n) + (VE O /10])" og(n) K62,
erry, =

+ .
o1 10112

It is seen that err2 =< [||0]|2/(n#2;,)] - err2.

In preparation, we state a useful result from Theorem 4. By condition (4.2), kg > vy
and ||P|lmax = O(1); by condition (4.1), dmpax <X dmin < 1/\/? It follows that B(Q) <
1P|l maxf@m 0Nl < COMZHIO|1 and k1 < VE™||P|lmax - | D™ = O(1). We plug them into

Theorem 4 and find that, with probability 1 — n =2,

<C\/Km*29$a}1ll9||1 log(n) + C(VK ../ [|0])™ " logn + K67, [|0]

22T — ==
Tl

< Cy,lerry

where = denotes the output of regularized-HOOI algorithm. Write =y = [£2,...,{k] and S =
[ég, . ,éK]. Note that condition (4.2) says that k1 — k2 > ,. By using a similar proof to that

of Theorem 4, we can get a stronger result, that is
I6E] — @&l | < Oy terrn,  [20=) — Z0Zg || < O, tern

By elementary linear algebra, the above imply that there exists w € {£1} and an orthogonal
matrix O € RE-DxE-1) guch that

€1 — wéi|| < Cylerrn,  ||E0—Z007 | < Cyterry.

The rank of the matrix (29 — 290") is at most 2(K — 1). Tt follows that |29 — 20" || <
V2(K —1)||20 — 2007 || < CVK~;, 'err,. We immediate have
161 —w&i|® < Cy%erry, |20 —Z00 |} < CK, %errs,. (A7)

n’ n

We now prove the claim. First, we study the matrix R. Tts population counterpart R is
defined in (3.5). Introduce R* € R™<(K-1) by

R (i, k) = &1 (i) /E1(1), 1<i<n1<k<K-—1.

Denote by riT , flT and (7 )T the i-th row of R, R and ]:3*, respectively. Then, #; is obtained by
truncating large entries of 7 when ||7f| > /K log(n). Let Ea—ﬂ- and éa—ﬂ be the i-th row of T
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and =, respectively. By definition,

" 1 - 1 _
Ti ~ . :D,iv T, = 3 :40,7,
&i(d) &1(4)
Let H = w™10. Tt follows that
1 - 1
f:( - HTi =5 ﬁEO,i - 7,050’1'
£1(1) wé1 (i)
I 2 — 1 1 72
= ~(=20s —U=04) + | 7—7 — ~ | =0,
Ak ) le(z) w&@)}
Lo - (i) — w&i (i),
= —(Z9; — OZp4) — - r;k A8
B =0 %00 =T (45)

By Lemma 3.1, & (i) = ||0]|7%0; - ;) D™ uy. First, by condition (4.3), uy is a positive vector
whose entries are all at the order of 1/v/K. Second, by condition (4.1), D~! is a diagonal matrix
whose diagonal entries are all at the order of v K. Third, 7; is a nonnegative vector that sums

to 1. Combining the above, we obtain that
CHeI e < &) <Cllo e, 1<i<n (A.9)

Similarly, by Lemma 3.1, Zg; = 6]|-16; - W;—D_lUg;K, where Us. contains the second to
K-th columns of U. It follows that ||Zo]| < C[|0]7; - [|m||[|D7 ||| U2k ||, where |7 < 1,
|D7| < CVK, and ||Us.i|| < 1. We thus have

120l < CVE|6|7Y0;, 1<i<n. (A.10)

We plug (A.9)-(A.10) into (A.8). It yields that

H il
&1(4)

\Lm—anWH\Hﬂéw—w&@D- (A.11)

175 = Hril| < & 161(6) — wér (i)

ol
< clll

Introduce a set

A~

J={1<i<n:|&() —wa()| < &0)/3, |20 — OZ04] < VK& (i)}

For any i € J, |Zioll < 1204l + [Z0s — OZ0.]l < [|Z0.ll + VK& (7). Combining this with
(A.10)-(A.11), we find out that |Zpl < CVKE& (7). At the same time, |&(i)| > 261(7)/3. It
follows that

|73 < CVK,  forallic J

In particular, such 77 will not be truncated, i.e., 7; = 77 for ¢ € J. Plugging it into (A.11) and
using #; > Opnin, we find that

alell

HIHH]

s = Hril| = 177 = Hril) < = (120, — 004l + VEI& (i) — w1 (i)]), fori € .
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We take the sum of squares over i on both sides and use the universal inequality (a + b)? <
2a? + 2b2. Tt follows that

CH9H2 = 3
D7 = Hr* < (IIF0 = 200 |[f + K1€1 — wéa]|?)
’LEJ mln
< C(101°/07n) - Ky e,
< CnKw, 2err?, (A.12)

where the second line is from (A.7) and the last line is from the connection between err, and

erry. Furthermore, we consider ¢ ¢ J. Let
h={1<i<n:|&() -wa@)] >&@)/3}, L={l<i<n:|S0;— 0=l > VK& ()}

It is seen that J¢ C I} U I. By (A.9)-(A.10), for i € Iy, |£1(i) — w€1(7)] > COuin/||0]|, and for
i €I, |20 — O, > CVEbmin/||0]|. Tt follows that

mln K mln
L) < 3 166 —wé (1)) < [[é—wéi ], L] <Y 120~ 00, ||? < [|20—E0 " ||

2 2
||9H i 1] ey

Combining them with (A.7), we immediately have

1< D pe w2 < omterst, 1l < SO 12— 207 < O Zern?

1 2 1 —w&]|® < Cny,, “erry,, 9| < Koz =2 = ny,, “err;,.
min min
It follows that
|J| < |I| + |I2| < Cny;, 2err?. (A.13)

So far, we have obtained two useful claims, (A.12) and (A.13), about the matrix R.

Next, we study the matrix R. Let the matrix U be the same as in Lemma 3.1. Define
V. = [diag(u1)]"'Us.x, where uy is the first column of U and Us.x contains the second to Kth
column of U. By Lemma 3.1,

&1(i) = 10]|710; - d tua (K), S0 = |10]710; - di tel Un., for all i € V.

It follows that

1 1
= - 'ekTUzzK = ekTV*, for all ¢ € V.

&) """ (k)

Write v} = V.le, € RE=1 for 1 < k < K. The above imply that

{r;}7_; only take K distinct values v},v3, ..., v}, (A.14)
and r; = vy for all nodes in community k, for 1 <k < K. ‘

Furthermore, observing that [1x, Vi] = [diag(u;)] 71U, we have

Tlen —e T
I T o (R A e
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Here, U is an orthogonal matrix. Additionally, by condition (4.3), all the entries of u; are at the
order of 1/v/K. It follows that ||vf — v} || = ||[diag(u1)] ™ (ex — e)|| > CVK|lex — ef]| > CV2K,
when k # £. It follows that

min _||v; —vy|| > VK, for a constant co > 0. (A.15)

1<k#l<K
Last, we analyze the output of applying k-means clustering on {#;}7* ;. Let H be the orthog-
onal matrix in (A.7). In preparation, we consider placing the K cluster centers at Hvy, ..., Hvj,
and assign all nodes in community %k to the cluster associated with v;. Let RSS* denote the

k-means objective value for this solution. Using (A.14), we have

K n
RSS™ =3 > |1f = Hf|* = 3" 17— Hral* = 3 |17 — Hral* + 3 |l — Hrl*.
i=1

k=1i€V} ieJ igJ

By definition of 7, ||| < /K log(n). At the same time, by (A.9)-(A.10), |Hr;|| = ||r:]| < CVK.
It follows that ||7; — Hr;|| < C/K log(n) for all i. As a result,

RSS* <> ||fs — Hri||” + |J°| - CK log(n) < CnK~,, *err;. log(n), (A.16)
ieJ

where we have used (A.12) and (A.13) in the last inequality.
We then consider the solution that minimizes the k-means objective, where the attained
objective value is denoted by RSS. Let ¢ be the same as in (A.15). Define

J*={ieJ:||f— Hri|| < cVEK/9},

The definition of J* implies that |J \ J*| - 2K /9% < Yieng Ifi — Hril|? < e 1 — Hril?,
where by (A.12), Yo |Ifi — Hri|?> < CnK~,%err?. It follows that

|J\ J*| < Cnyy, 2err?. (A.17)

n

Additionally, by definition of J* again,
|7 — Hof|| = ||fi — Hril| < coVEK /9,  forallie VipnJ* (A.18)

Now, suppose for some k, the k-means algorithm places no cluster center within a distance of
coVK/3 to Hv}. First, by (A.18), for any i € Vj, N J*, the distance from #; to the closest
cluster center is > covVK /3 — covV'K /9 = 2coV/K /9. Second, by (A.13) and (A.17), |V; \ J*| <
2 Since condition (4.1) implies |V}| < n/K, we must have |V, N J*| > Cn/K.

Cnny,, 2err?.
Combining the above,

RSS > C(n/K) - (2coVE /9)2 > Cn.

Comparing it with (A.16) and noting that K+, 2err2log(n) = o(1) by (4.4), we obtain a con-

tradiction. This means,

for each k, there is a cluster center within a distance cov/K /3 to Huv}. (A.19)
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By (A.15), the distance between two distinct vj; and v} is at least cov/ K. Hence, one cluster
center cannot be simultaneously within a distance c¢ov/ K /3 to two distinct vjf. Then, for each

k, the cluster center that satisfies (A.19) is unique. Denote this unique cluster center by ;. For
i€ VpynJ* by (A.18),

|7 — 0%\ < |17 — Hopl| + ||Hvf — 65| < coVK /94 coVEK /3 < 4coVEK 9.

At the same time, for ¢ # k, by (A.15), the distance between v; and Hr; = Hvj is at least
coVK — cO\/K/S = QCox/K/?). It follows that

|7 — oF|| > ||Hri — 0| — || — Hri|| > 2¢0VEK /3 — coVEK /9 > 5eoVEK /9.

By the nature of k-means, this node ¢ has to be assigned to 0;, but not other 9;. We have

proved that
for each k, all nodes in Vj, N J* are assigned to the cluster center 7;. (A.20)

Therefore, the clustering errors can only occur for nodes not in J*. Using (A.13) and (A.17),

we conclude that the number of clustering errors is bounded by
()L < [T+ [T\ T*| < Cnyy, 2erry.
This proves the claim.

A.6 Proof of Corollary 1

We study the singular values and singular vectors of GG. In this setting, the diagonal matrix D
equals to (1/v/K)Ik, hence, G = K~"/2 My (P). The core tensor can be written as

K
P:Z(l—b) X1 €k X2"'Xm€]€+bX11K Xo o X 1.
k=1

It follows from the matricization formula ((Kolda and Bader, 2009, Page 462)) that

—_—————
m—1 m—1

K
Mi(P)=(1-b)) ex(er®- @) +blx(1x®- - @1k)"
k=1 —

where ® denotes the Kronecker product. Note that 1x® - @1 = lgm-1 and e;® - - Rey
has only one nonzero entry. It follows that (e;®---®ep)' (e,®---&ep) = 1{k = £} and
(€k® cee ®€k)T(1K® cee ®1K) =1. As a result,

K K
MiP)MLP)T = (1=0)*) erey +b(1=0) D (exli +1xe)) + K™ gly
k=1 k=1
K
= (1-0)2> eref +0(1—b)(Iglj +1xlj) +V2K™ 111 f

k=1
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K
= (1-0)2> erep + [PPE™ 1 +2b(1 — b)] 1 1. (A.21)
k=1

For any y,z > 0, the eigenvalues of the matrix yszzl exel + 2z1g1) are {y + Kz,y,...,y}.
Therefore, the eigenvalues of M (P)[M1(P)]" are

(1—=0)2 +2Kb(1 —b) +b*K™, (1-b)% ... ,(1—-0b)%

Note that ky’s are the singular values of K~™/2 M (P). It follows that

o \/b2 + zm=1b(1 = b) + 7= (1= b)2, Ko == K = ﬁu —b). (A.22)

Furthermore, by (A.21), the leading eigenvector of My (P)[My(P)]" is (1/vK)1g. Hence, the
leading left singular vector of G is (1/v/K)1x. We immediately see that the conditions (4.1)-
(4.3) are all satisfied, with 7, = K~™/2(1 —b). The claim follows immediately from Theorem 1.

A.7 Proof of Theorem 2

By the definition of A, we write

(Mi(AM] (A) = diag(Mi(AM] (A)] = [Mi(QM1(Q)]

J1j2 J1j2
FIMT (M (A) - MU(QM] Q)]
for 1 < j1 # j2 < n. Denote A = My(A)M] (A) — M1(Q)M] (Q). Then,
M (A)M] (A)—diag(Mi(A)M] (A))
=M1 (QM] (Q) — diag(M1(QM] (Q)) + (A — diag(A)).

Clearly,
ox (M1(QM] (Q) = ric|16]*™

and

ldiag(M1(QQM] (Q))]| < Pr 62,1012,

max = max

It suffices to prove the bound for ||A — diag(A)]|. For 1 < js < j3 < -+ < jp, < n, denote

{]2]m = (A(la.]27 T 7,]m) - Q(LJ?v T a.]m)a e 7A(n7.727 T 7,7m> - Q(”a]?a e 7.7m))
which has independent entries with zero-means. Denote also

. . . . . . T
Qjo-+jm = (Q(la]27 a]m)v Q(27]27' c 7Jm)7"' ,Q(’I’L,jg,"' 7]771)) .
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Due to symmetricity, we have

|A — diag(A)]| < (m!)H > &S — D88 ) H
1<j2 < <jm<n
2| X it — dg(Easn ),

1< < <gm<n

where the first term usually dominates. W.L.O.G., we only prove the upper bound for the first
term. Denote the matrix Zj,...;, = 51'2"'Jm5jT2~--jm — diag(fh...jmgjz,,_jm). Clearly, the matrices
Zjy...jm are independent with all 1 < jo < --- < 4, < n. It is easy to check that EZj,...;,. Zj,...;,.

is a diagonal matrix. Meanwhile, for i € [n],

n
Zioeim)ii < Bl 2 (1) = By (1) = By ()7 D &g (1)
n#i

(EZ;

2"'jm
<Q(i, j2, 3, -+ Jm) B(Q).
As a result,

Yo (BZjyjuZipejn) iy < B(Q)  Pralae |07

1<ja < <m<n

By Bernstein inequality, for all ¢ > 0,
B3, 11 > CLB(QVE+ Cat) < e
for some absolute constants C, Cy > 0. It implies that the t¢1-norm of || Zj,...;,. || is bounded by
1Z51-5m M, < C1B(Q) + C2

for some absolute constants C1,Cy > 0. By matrix Bernstein inequality (Koltchinskii et al.
(2011)), with probability at least 1 —n~2,

1A — diag(A)]| < Co(ml) - (v B(Q)Prwcuadl |67 log n + log n)

As a result, by Davis-Kahan theorem, with probability at least 1 — n~2,

VA(Q) P [0]7 M ogn +logn  CyP2 02

max =~ max

K 0]°™ ricl10]12

(i

|EOZOT _ =2 < ¢y (m)

for some absolute constants Cq,Cy > 0.

A.8 Proof of Proposition 4.1

Fix v € RE. Write B(v) = Py x3v" X4--- X, v', which is a K x K matrix. Suppose

¢ = Amin(Ps, 0) = Amin(B@)) /| v@v @ - @0
N————

m—2
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It suffices to show that
2T My(P| > c-||lz]|,  for all 2 € RE with |z|| # 0. (A.23)
Below, we show (A.23). Introduce a collection of K x K matrices
Pis3""’sm) =Py X3 g5 X4+ Xy €5, forall 1 <es,...,e, < K.

We can write

Ml(P*> _ [ 51,1,...,1)7 PiLQ,m,l), o ,})iK,K,..A,K)].
It follows that
||$TM1(7D*)||2 _ || [$TP£1,1,...,1)’ :ET,P>£I,2,...,1)’ o priK,K,...,K)] H2
= S TRl (A.24)

1<83,..,8m <K

At the same time, we can write

B(v) = Pi.xs (i Ukeg) Xg oo Xy (i ”keg)
k=1 k=1

= X Poxa(ogel) Xao X (sl
1§537"'7SWSK

= Z (’US3 -..vsm) 'P£S37.-"Sm)'

1<s3,...,sm <K

It follows that

1Bl = | X (va) (P

1<s3,...;sm <K

2
Z |Us3 e 'Usm| : HP>£337~--,Sm)xH>

IN
—~

1<s3,...,5m <K
= ( Z |vs3"'U5m‘2)'( Z Hp>s(<537""8m)$H2)
1§837'”7SMSK 1§33’~~-75m§K
V& S eerSm) 1|2
< lod ol (3Pl (A2
m—2 1<s3,....sm <K

where @ denotes the Kronecker product. Combining (A.24) and (A.25), we have
IB(o)z]* < T My(P)|? - [|v&0& - &u .
2
e

Additionally, by definition of eigenvalues,

1B()z]* > An (B(v) - [|2]* = llz ]| - | v@v& - - & |1

min

m—2

Then, (A.23) follows immediately.
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A.9 Proof of Theorem 3
Let w = (wy,--+ ,w,) = DTMITOn € Sk(e) where 1’s entries follows uniform distribution in

[1—¢,1+¢]. We write

Axzn xq-Xmn'

=Q x50 Xg- XN+ (A—EA) x3n" xq- Xmn "

— diag(Q) x3n' X4+ Xmn .

We denote @ = D™'ITO7 € Sk (e) so that )\mm(P*, ) > An. Then, by the definition of Py, we

obtain

K(Q x3 N’ X4 Xom nT) = ok (P X1 (D7MITO)T %o (D7MITO)T x3w! x4+ X wT)
> ok Py x1 (D7HMITO)T %o (D7MITO)T X307 x4+ X cZJT)
-

—01(Pu x1 (DTITO)T 53 (DTITO) T (Xw' = X &
3 3
By the definition of 7,,, we get that
w(Q@x3n" xa-xmn") = [0PFull@ ™2 = m - MUPIO]P]lw = &l - (lll V[l ])™

Recall that w — @ = D™HITO(n — #) implying that ||w — @| < [|0]||ln — 7| < ||0]|2e/n. Then,

we obtain

ox(Qx3n" Xa- o xmn') 2 0P Full@]™ 2 = 2m/n)|6] e |My (P - (ol v [lo)™
2m/n]|0]el| M (Pl - (lw]] v \\ﬁll)m’?’)

> (|07 ]2 (1 -

Tnllf =2
e 2me|| M7 (P, 14+e\m—3
> losagal (1 2EEEN - (P2

where the last inequality is due to the definition of w = D™IIT@n and & = DI ©7. There-
fore, if

L el AP (Lt eyns
27 A(1-¢) 1—¢

, then o (Q x31T xq - Xm0 ") > 101270 )|@]™2/2. If duin X dpa < 1/VK, since 6 and 7j are

non-negative, then
K
o) = 1D~ e 2 K Z Ovier i) > (0,7)*

and as a result

ox(Qx3n’ Xa- Xmn') 2 Fn - [|0]2(0, 7)™
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We first bound the diagonal part. Following the same argument as the proof of Lemma 1,

|diag(Q) x3m" x4 xmn'|| < m2||D(Ql’2) x3m Xg Xm ||

2 . T T
<m 'maXQ(%%i,"'ﬁ)XZ%U Xg - Xy 1
(]

S7/'/1‘273"1@(931&( <6? 77>m_2 *

Now, we bound (conditioned on 1) ||(A—EA)x3n" X4+ Xm0 ||. To cope with the complicated

dependence of entries due to the symmetricity of A, we write

A= S Ay

wE permutation of [m]

where A, = Zin(l)ziﬂ—(z)z“'ziﬂ—(m) A(i1, -+ ,im). By definition, the entries of A, are independent.

For any permutation 7, denote

Ar = (A—EA;) x3 W Xy X w

T
= E : €i1 €4, 'Aﬂ,imé
11,i22>1
Le(1) 2 2l (m)

= Z 6i1€z—'|; : Z (A(Zlv 7im)_E~A(i17"' 7im))77i3"'77im'

G- o3y yim
lr(1) 2 2l (m) Lre(1) 2 2l (m)

01,19

By Bernstein inequality, for all ¢ > 0,

P(|Aﬂ'7i1,i2‘ = Ch \/Pmaxer%ax<97772>m_2t + CQt) < et

for some absolute constant C7,Cy > 0 and 72 denotes the entry-wise square of 7. Therefore,

Anr i, i, is centered sub-exponential with v¢1-norm bounded as
||A7T’i17i2 le S Clpmaxer?‘lax<9? 7]>m_2 + 02.

Meanwhile, for any i1 € [n],

ZEAi,il,ig S Z Q(il? T 71’m)n223 e ,’77«2m
iz 12, yim
< Q(in, 1) X L) X3 Xy Xy 17T < Pralae |00, 7).
Therefore,

81,82

max{max E EA?M-M-Q,maX E EAZ2 } < ClpmaxemaxHHH1<9,772>m_2-
i2 & i1 &
11 12
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By matrix Bernstein inequality (Tropp (2012); Koltchinskii et al. (2011); Koltchinskii and Xia
(2015)) and the fact A = >, A, with probability at least 1 —n=2 |

(A —EA) x3 N’ X4 Xom nTH < Cl(m!)\/PmaﬁmaxHHHl(G,nQ)m—Q logn + Ca(m!)logn

Then, by Davis Kahan Theorem, for any n and 7, with probability at least 1 — n =2,

V Pra O [01100, 7%) ™2 108 11 + Prnan iy (0, )™ % + log
TullOI211€6, 7)™ '

By the definition of 7 and 7, we obtain (1— 5)”9“1 0,m) < (1+€)]|0]l1 and (8, 7%) < (14+€)?|0]|;.
As a result, with probability at least 1 —n=2,

IEQZOT 22T < ¢1(m)

1+z—:) o )wmaxnenzn llogn+1ogn+em||e||1”*2
)" m!

IZOZOT —=z=2T| < ¢}
(1 - TullONP10117*

for some absolute constant Cy > 0.

B Proofs of tensor concentration and power iterations

B.1 Proof of Theorem 5

Let R € {+1,—1}"*"*" be a m-th order symmetric random tensor where each entry is a

Rademacher random variable, i.e.,
P(R(i1,- -+ ,im) = +1) =P(R(i1,- - ,im) = —1) =1/2.
Let ® be the Hadamard product of two tensors, i.e.,
(RO A) (i1, ,im) = R(i1, -+ ,im)A(i1, -+ ,im), Y ij €[nl],j€[m].
Recall the definition of incoherent tensor operator norm:

|A—EAls= sup (X, A—EA).
XEU(S)

By a standard symmetrization argument (see, e.g., Yuan and Zhang (2016) Giné and Zinn
(1984)), we obtain

P4-BAl 23} < max P{A-BA S o) 2 0] +4P{IR 0 Al 2 1)

for any ¢ > 0. We begin with the upper bound for (A—EA, u1 ®- - -Quyy, ). For any u; ®- - Quyy, €
U(9), write

(Aug @ @ upy) = > Alir, - im) > up (i) )uz(ih) - - upm (il,)
(ilv"' 7im)€q3(n7m) (7'/17 77'{m)€m(7:17"' 77:m)
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where the set P3(n, m) is the collection of all subsets of [n] with cardinality m so that [P(n,m)| =

() and P(i1, -, i) denotes the set of all the permutations of (i1, ,ip), ie.,

Bir, - im) = {(ir(1), in(2), = »in(m)) * 7 18 @ permutation of (1,---,m)}.

Since u1 ® - -+ @ up, € U(), we get

Y ml)ulh) )] < )6

For w1 ® -+ @ uym, € Uy 2(9), if m > 3, then
Var((A,ug @ -+ @ )
2
< > EA(1, - ,im)( 3 wr (1)) (i) -+t (i) )

(ilv"' 77:m)6m(nvm) (1/17 77;4n)€m(i17"' 7im)
<) Y B i)Y w()ual)? (i)
(ily"':iM)em(nﬂn) (i/lv'“vign)em(ilv'“vim)
S (m') . Z E.A(il, tee ,im)ul(i1)2u2(i2)2 tee um(zm)2
11FFim>1
<m0 ul(im) > EA(i1, -+ im)u1(i1)? - - -1 (im-1)?
im=1 112 2im—121

<D max N w2 BAGL i) D w(i)? et (1)

11> i — . . B
1z Ztm 16[”}“”:1 i1,y im—121

< (m!)?6°5(Q)

where §(Q) is defined by

B(Q) = max Z Qit, ++ yim).

112 2im 121 .

im=1
By Bernstein inequality, for any t > 0,
max IP’{<A—EA,U1®--'®uk>>t}<exp _—t2 —I—exp<_3t>.
11 @+ @t EU(S) - 4(m!)?625(Q) (ml) - om—2

(B.1)

We then prove the bound for P{||R ® A||s > t}. Recall the definition of || - |5 and the

symmetricity of A, we write

IR © Alls = sup (ROAu @ @ up,).
1 @ Dt €U 5(6)

Therefore,

IP’{HR@AH(;ZIS}:IP’{ . ®Supeu (6)<R®A,u1®---®um>2t}.
UL Q- Qum EUL 2
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‘We bound

P{ sup (ROA W@ @up) >t}
U1 ®-- Qum €U 2(0)

We now discretize U; 2(9) as

Z/{l 2(5) = {ul (SR ®um GZ/{LQ((S) . HUJH S 1,’11,]‘ S { :|:2ij/2/2“0gm],ij = O,‘ s ,pj}n}

)

where p; = p* = [log(n) — 1] for j = 1,2 and p; = p, = [log(6?n) — 1] for j = 3,--- ,m. For
any uj ® -+ - @ upy, € Uy 2(8), we have

up,ug € { £1,427Y2 ... 427/

and also
U3, Ugy - U € { Q—Tlog(fm/?’ :|:2—(1+f10g(572ﬂ)/2’ . 7:&2—?*/2}.

By (Yuan and Zhang, 2017, Lemma 1), we have

IP’{ sup <R®A,u1®~-'®um>2t}
U1 ®--Qum €U, 2(0)

SIP’{ sup (ROAu @ @upy) >2"™ 1. t}
U@ Qum€U1,2(8)

where the entropy of Uj 2(d) plays the key role. The main idea of proof id entropy and variance
trade-off. A simple fact (Xia et al. (2021)) is

Card (U1 2(0)) < exp(Camn)

for some absolute constant C5 > 0. Finer characterization of Ulg(é) is needed. The idea is
similar to Yuan and Zhang (2017). For any U = u; ® - - @ Uy, € U12(6), define

Ap(U) = {(in,i2) : Jur(i)ua(iz)] = 2772}, ¥V p=0,1,---,2p*

BP,Q(U) = {(i3’i4a T 7im) : (ila i2) € AP(U)7 (ig, T aim) € Q, |U3(i3) T Um(lm) = 2—q/2|}

where Q = {(i1, - ,im) : A(i1, -+ ,im) = 1}, i.e., the position of all observed edges. The
positive integer ¢ = (m — 2)[log62],--- , (m — 2)p*.
The main strategy is to exploit ’s sparsity and investigate the effective entropy of Uy 2(d).

For notational simplicity, we now write
Ulpg =u1 ®uz and Us..,;,m =u3® -+ @ Up.
Let p12 > 0 be an integer to be determined later. Then, for U € ULQ((S), we write
(ROAU)=(R®APs ,[U2) @Us,... m

(m—2)p

+ Z Z <R © A, (PAPULQ) & ('PBp,qU3,--- ,m)>

0<p<p1,2 g=(m—2)[log §—2]
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where we omit the dependence of A, and B), 4 on U. Here the set S 2 is defined by (for each
U € U1,(9))
S12 = {(i1,42) : |Ur2(i1,12)] < 2—171,2/2—1/2}'

Clearly, p1oamp* < m?log? n, then

(m—2)p*
]P’( > > max  (ROA, (Pa,U12) ® (P, Us..n)) > 2(m+1)t/2>
0<p<p1,2 g=(m—2)[log 6 2] w1 @ um€U1,2()
(m—2)p*
< > > ]P’< max_ (RO A, (Pa,Ur2) @ (Pg, Us,..m)) > 2~ "t/ (2m? log? n))
u1®-~~um€U1,2(5) '

0<p<p1,2 g=(m—2)[log 2]

< (m—2)p"p1,2 max

0<p<p1,2,(m—2)[log 6 —2]<g<(m—2)p*

XP( max (RO A, (Pa,Ur2) @ (P, ,Us..m)) > 27Dt/ (2m* log? n))
u1®

-~~um€U1,2(§)

Define the aspect ratio of Q with respect to (1, 2)-dimension as

vi2(Q) = max  Card({(i1, - ,im) € Q:iz, - ,im € [n]}).
’ i1€[n],i2€[n]

By Chernoff bound, we get

P(l/l’g(Q) > 13(Prax - G%aXHHH{”_Q + log n)) <n? (B.2)

where we used the fact that each A(i1,- - ,iy,) is a Bernoulli random variable and

P(A(’Ll, . ,'Lm) = ]_) < Pmax9i19i2 c. 92

m*

Denote
Vi g = 13(Prab2

maXHQHT_Q + log n) :
Denote & the event of (B.2) under which vy 2(2) < 17, and |By 4| < vf 5| Ap[. By the definitions
of A,, we have

4] <2,

Meanwhile, ||Us.... i |lmac < 279/2 < §m=2 Regarding to the sparsity levels of the hypergraph
networks, we consider two cases.
Case 1: P62, 11072 > logn so that v}y = 26P,a02

max max

16|72, i.e., the hypergraph is not
extremely sparse. This scenario is easy. We can simply decouple the dependence between B, ,
and A, (ignore €2) and define the set

%p(e) =
{V = (PAPULQ) ® ('PBUg,...,m) : ‘Ap| < 2p—£, ’B‘ < ViQ‘Ap’? U1,2 X Ugg,..{m S ULQ(d)}

which does not depend on ¢. Clearly, for any U € U; 2(8) and on event &,
(Pa,Ui2) ® (P, ,Us,....m) € Bp(L).
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For any p, g, we have
IP’( max_ (RO A, (Pa,Ui2) @ (PB, ,Us,....m)) = 2_(’”“)75/(27712 log? n))
u1®~~-um€U1,2(5)

< max IP’( max (R®A,V) > 2~ M/ (2m? log? n))
0<t<p  \ VEB,(0)

As shown in Yuan and Zhang (2017), log ’SBP(E)’ < 2(0=0/24p, [4v7 on logn.
To prove the bound for P{ maxycq, ) (RO A, V) > 2~ (m+1)/2¢ /9% Write

(ROAV) = > R(it, - 5 im)A(iL, - im) > V@i, i)
(ilr"' 7im)€m(n7m) (111’ ’i;n)em(il"" ’im)
which is a sum of zero-mean random variables. For V' € B, ,(/),

R, im)Alin, i) > V(i i)

< (D |V e < (m1)27P/25m2,

Moreover, if m > 3 and V = Vi ... 1 ® V,;,, then

S B X Vi)

(117717”)6(13(“77”) (2/1777‘4n)€m(11771m)

< (m)) 3 EA(i1, - ,im) 3 V(i yin,)?

(31, ytm ) EP(n,m) (@4, 580, ) EB (i1, 4im)
<(ml) > BAGL-im)V (i, im)?
P17 Fim
<m)? D Vi(im)® D BAGL i) Vi me1 (i1, ime1)?
im=1 112 2im—12>1

< (m)*8B(Q) Vi, m1[If < 27 (m)?6°5(Q).

By Bernstein inequality, log ‘%p(ﬁ)‘ < min {2(=0/2n, /4vt gnlogn, 4mn} and the union bound,

we get

of—2m—242
4(m!)2628(Q)m log* n)

(p—2m—2)/24
(p—0)/2 * _ (3/42
+ exp (2 m\/m 2(m!)6m=2m?2 log? n)

—(m+1) o
IP’( Vren%a;%z) (ROAV)>2 t/2) < exp (4mn

If
t > 16m32™(m!)y/ndé26(Q)log? n

, then 26727242 /(4m!52B(Q)m* log* n) > 8mn and as a result

25—2m—2t2

26—2m—2t2 2—2m—2t2

exp (4mn—

o1

4(m!)32B(Q)m* log” n> < exp (- 8(m!)325(Q)m* log” n) < exp (- 8(m!)023(Q)ym* log' n

).



Similarly, if

32m?
t> ;n (m!)2m5m*2,/Vfgnlognlogzn

, then 3 - 2=(m+D¢/(8m!5™2m? log? n) > 4m, /vignlogn and as a result,

3/4)20—2m=2)/2 3/4)20—2m=2)/2

(3/4) —— )gexp(— (3/4) - 2)

2(m!)om=2m?log" n 4(m!)om—2m?log”n
3 9—(m+1)¢

16 (m!)om—2m?2 loan)'

exp (2(1’4)/2771\/4(1/{72 An)nlogn —

<exp (-

Therefore, we conclude that if (recall that P,., - 02

max

16172 > logn)

3

128m

t > max {16m?2™/(m!)nd25(Q) log?n, (m!)2m6™ 2/ P, 02 lo]7~2nlog"n }

max

, then for any ¢,

2—2m—2t2
P V) > 27t/ (2m? log? n)) < -
(vrenﬁj%@ (ROAV) 2 /(2mlog®n)) < exp ( 8(m!)326(Q)m! 10g4n>
3 27(m+1)t
+exp ( 16 (m!)dm—2m2 log? n)

which proves the desired bound in Case 1.
Case 2: P03

max

[6]72 < logn so that V{9 = 26logn, the hypergraph is extremely sparse.

In this case, the above entropy control is not sharp enough to control

IP’( max_ (R® A, (Pa,Ur2) @ (Pp,,Us,..m)) > 27"t /(2m> log? n)>
u1®~--um€U1’2(5) ’

To this end, for 0 < ¢ < p, we define (2 related)
Bop,q(l) = {V = PAP(U172) ® (PBp,qU?)»"wm) | Ap| < 2p_év | Bp,ql < V1,2<Q)’Ap‘}~

To this end, we need to define the aspect ratio on each fiber (see, e.g., Xia et al. (2021)) of
Pa,(Utr2) and Pp, Us.... ;. More specifically, define

v1(Q) := max Card({(i1, - ,im)} € Qi+ ,im € [n]}).

11€[n]

Similarly, by Chernoff bound, we have
P(#1(92) > 13(Prscbuec |0]7" " +logn) ) <n 2

We then denote v = 26Pmax9max||9H7fL_1 since we assume PmaxﬁmaXHHHgn_l > logn. We denote the
above event by & so that P(1) > 1 — n~2. Basically, under the event & N &, then for any
U € Bq,pq(0), we have |Ay| < 2P~% and |B, 4| < 26logn-|A,|. In addition, it suffices to consider
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those A, and B, , satisfying the aspect ratio v7, i.e.,

v(Pa,U12) i= max max 1(Pa,Ur2)i.ill g < ¥i

and similarly,

*
6w SM

v(PBy,,Us, - m) := k=r§1,ax,m ijE[an?%eJ%m,j#k ” (PBp’qu’m ’m)ij:j?fk,i

which allows us to obtain sharper characterization of the entropy of Bq 5, 4(¢). Indeed, we define

(which overrides the previous definition of Bq ,, 4(€))

Barpa(0) = {V = Pa,(U12) & (P, Useoon) : [Ap] < 277, [ Byl < 112()14,

(Pa,Urs) < ni(9),v(Pp, Us...m) <11 (D)}

and

B4 (0) == {Pa, (Ur2) : |4y < 2774,U € U12(8), v(Pa,Ura) < 1 ()}

and

B " (0) = {Pp,,(Us..m) | Byl <01,2(Q) - 277U € TU1(6),v(Ps,,, Us,.m) < 1 (D)}

Then, Bq pq(¢) C %g”;) (0) ® %8,1;;;1,771) (¢) implying that

5 ,0= U Ba®Oc U 3700 U B8,"0.

Qv (Q)<vy Qi1 (Q)<vy Qi (Q)<vy
v1,2(Q)<eg 5 v12(Q)<vf, v1,2(Q)<eg 5
%;1,2)* %;?&,m)*

As shown in Yuan and Zhang (2016) and Xia et al. (2021), for any p, ¢ and under event & N &y,
it holds that

RO A, (PaU Po Us...m)) < RO A V).
Ue%?;((é)< ® A, (Pa,Ur2) ® (P, ,Us,...m)) ?2§v£§f(e>< © A, V)

It suffices to investigate the entropy of B (f). Clearly,
log Card(%;vq(f)) < log Card(%z(alv?)*) +log Card(iB](fé”'vm)*).

Basically, ’31(71’2)* is the set that all non-zero entries are 277/2 and there are 2°—* non-zero entries

and its aspect ratio is bounded by v{. By (Xia et al., 2021, Lemma 1),

log Card(%](gl’g)*) < (p—O)p™log4 + 2m3p™\/vr2r—Llogn

and similarly,

log Card(%ﬁ’l’" M) < (p — 0)g™ logn + 48m3q™y/vr2P—Clog nlog n
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(3, ,m)*

where we used the fact that each element in By has at most 2P~¢-26log n non-zero entries

and its aspect ratio is bounded by vj. Since p,q < mlogn, we conclude with

log Card (B}, ,(0)) < C1(mlogn)™ ! + Ca\/vi2P—t(mlogn)™ >

for some absolute constants C1,Cy > 0. Now, we can prove the bound for P( maxyess (¢) (R®
A, V) > 27(m+1)¢/2) By Bernstein inequality,

26—2m—2t2
S H( Qi og )

(3/4)2pP+a)/29—m~ 175)
2(m!)ym2log® n

—(m+1) 272 _
P(VEH%?,:}:(K) (ROAV)>2 t/(2m*log n)) < exp (4mn

+exp (C’l (mlogn)™ ! + Cy \/Vf2p_f(m logn)m+3 —

Since ¢ > (m — 2)[log d—2], we have 279/2 < §™~2. By choosing (recall that v} > logn)

C (m')
m+3 5 | 2 2 2 m—2
t> maX{C'12 \/m (mhndé?pB(Q) log” n, 3 (4mlogn) 2 \/ Vi }
for some absolute constants C,Cs > 0, then

—(m+1) 27,2
P(vergz);(@ (ROAV)>2 t/(2m* log n))

9—2m—2;2
4(m!)828(Q)m4log* n

2—m—ly )

< _
_exp( 16 2(m!)dm—2m?2 log® n

) +exp (-

By combining Case 1 and Case 2 and observing n#,., > |61, if we choose

t > (m!)2™ - max {C’l m5né23(Q) log? n, Cym(mlogn)m+1/2gm= 2\/73max<9 |0|H”72nlogn}

max |

, then we get (union bound for all 0 < ¢ < p < 3logn)

JP’( max (RO A,(Pa,Ui2) ® (PB,,Us...m)) > 2=+t /(2m? log? n))
U1 ®-um€U1,2(9)

9—2m—2;2
8(m!)623(Q)m4 log n

3 9~ (m+1)y
)

)+ Blogm)exp -~ 15 2(m)om2m? log*n /"

< (3logn)exp ( -

Now, by making the bound uniform over all pairs of (p, q), we obtain (since pj 2 < 3logn)

(m—2)p*

P( > > max (RO A, (Pa,u12) @ (Pg,,u3,.m)) > 2_(m+1)t/2)
0<p<p1,2 g=(m—2)[log §—2] 1@ um€U1,2(9)

9—2m—242 3 9—(m+1)y
< (9mlog? - log? _ 2. .
< (9mlog” n)exp ( SGr02B(Q)mi 10g4n> + (9m log” n) exp ( 16 2(m!)em—2m? log? n)
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Bounding (R ® A, Ps, ,(U1,2) ® Us,... ). Clearly, for V€ Pg, ,(U1,2) @ Us,... m,

(7/17 ,iin)Em(il,-" ,i7n)

< (MN)|V || < (m)2~(HPL2)/25m=2

Similarly, if m > 3, then

> EA(i1, - - ,im)( > V(i ,i;n)>2 < (mN)§*B(Q).

(’il,-“,im)G‘B(n,m) (illv"’vign)qu(ilv"'vim)
Then, by Bernstein inequality,

2—2m—2t2
)| =279 < dmn —
P(Ue%?;(a)’<R®A’PS“(U1’2)®U3’ mll 2 t ) —eXp( o 4(m!)526(Q))
(3/4)2—m~1¢
2(m1)5m722—(1+p1,2)/2)'

+ exp <4mn -

By choosing p; 2 = [2logn] so that 27P12/2 < =1 then if

t > max {6 - 2m L fm(m))62nB(Q), 6477”2’”“5’”_2}

, we get

( +1) 272m72t2
o) =270 2) < — 55 %
Py e (RO AP, (1) @ U] 2274 0412) S 00 (- gomsasis)

27m71

+6Xp(_16.(m!)6m7it2>'

Putting them together. By choosing (recall that P,,..0m.||0]1 > logn)

t > (m!)2™ - max {Cl m®nd23(Q) log?n, Com(mlog n)(m+7)/25m72\/77max62

max

l6]7*nlogn}

(B.3)

for some absolute constants C1,Cy > 0, we get (recall the event & and &)
IP{ sup <R®A,u1®--'®um>2t}

U1 ®-Qum €U 2(0)
SIP’{ sup (ROA U @ @) > 277! 't} <2n7?

U1 @ QUm €U, 2(0)
9—2m—242 3 9—(m+1)y

10m log? — 10m log? 2. _

+(10m log”m) exp ( 8(m!)823(Q)m* log! ~) + (10mlog® nyexp ( — 1 2(mt)om=2m?log? )
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Finally, we conclude that if ¢ is chosen as (B.3)
3 9—(m+1)¢
16 2(m!)5m—2m2 log? n>

) + (10m3log® n) exp ( -

P{||A - EA|| >3t} <2n?
9—2m—2;2
8(m!)623(Q)milog* n

+(10m3log? n) exp ( -

which concludes the proof.
B.2 Proof of Theorem 4
==T
2=

For every t > 0, we define
B = 20 (20)
As shown in the proof of Remark 6.2 of Keshavan et al. (2010), the regularization procedure

produces an output ES) so that if E} < 1/3, then
’/:\‘(t)’a(t)—r _ EETH < 1 + 3Et . Et
—\V1-3E;

|=* S

and HE(t) llomax < 08/1+ 3E; < 20 where 0 is the regularization parameter chosen in algorithm.
In addition, the warm initialization guarantees that Ey < eg < 1/4.

By the definition of HOOI, we write
m

2041 — §VD (M1 (4
k=2
and SVDg returns the

m—1

where M (+) denotes the matricization such that M;(A) € R"*"

top-K left singular vectors. Recall that
A=Q+A-Q and A-Q=(A—-EA) —diag(Q)

)

(

We write
Mi(AX (EN") = Mi(Q(R), =) + Mi((A- Q) X E))
k=2 k=2
where @ denotes the Kronecker product. Observe that top-K left singular vectors of M;(Q) (®;n:2§,(f))
span the same column space as =. Clearly,
Mi(Q) (®k:2§(t)) = EM(C) (®k:2 GTéy)))'
20)) > ox (MiO)oti (€72
SN

="

Therefore,
oK (MI(Q) (®k:2“
2 Ugigl
> (1= /(U 3B0/(0 =3B E) ™ - niclo)”

o6



where we used the fact

= \/amin(f +eT(EPEY) —2=T)E) > VR (EQ”)T — 27|

If E, < 1/4, then

ok (Mi1(Q(®, ,EY)) = (1 = 320) ™D 2 o)™

As the proof of Lemma 1 shows, the effect of diagonal tensor is bounded as

M (diag(Q)]| < m*kady, - 0,,.]101™ .

min max

Recall that

Mi((A=Q) X ENT) = M ((A-E) X ED)T)

k=2 k=2

+M ((diag(Q)) X ENT). (B.4)

We begin with bounding the first term on the right hand side of (B.4). Observe that

VIO _S0) o pIEB( S 20
S 2015 () s iz S 2

=2 k=2 k=j+1

+ X PEY
k=2

where Pz denotes the projection onto Z, i.e., Pz = Z=". Then, PEL =17 — P=. We then write

+3 Mi((A-E )(><7>.u§)T < (PREO)T( X EM)').

j=2 k=j+1

Ra

The following lemma establishes a simple connection between the tensor spectral norm and

matrix spectral norm.

Lemma 2. (Xia et al., 2021, Lemma 6) For a k-th order tensor A € R™ > *" with multilinear
ranks < (r,---,r), the following bound holds for all j =1,--- |k,

IM;(A) < [IA] - rm=272,
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We next bound ||R1]| and [|Rz]|. Clearly,

By Lemma 2,
X P20, (LB T( X 2O,

1 E
o [LesE
1—-3E;
Recall that Hé@”zmax < 26 and ||E]|max < 9. By the definition of incoherent norm, we have

80)7( X )| <m0

-1 7
|(A-EA (X P=E) x; (PEES
h=2 k=j+1

[Rall < K272 (A~ EA)(

Note the following fact

[P4EY) = | (B EP)" —==T)2Y

By Theorem 5,

[ Rzl
L, K-/ < 3| A —EA||2s

< Cr(m1)2™y/mndé?B(Q) + Co(m!)2™(mlog n)(m+3)/26m_2\/73mx92 167 2nlogn  (B.5)

max

which holds with probability at least 1 —n=2.
Next, we bound ||R1]| = [M1((A—EA) X", (P=

ENT < M1 ((A—EA) x2 ET x3--- Xpm

é&t))T) |- The following fact is obvious.

=1)].

M1 ((A—EA) x}L, (P=

Lemma 3. The following bound holds with probability at least 1 — n =2,

[Mi((A—-EA) X =N < C1y/(m) Km=25(Q) log n + Ca(m!)6™ " log .

By Davis-Kahan Theorem, then
2| Ri || + 2|/ diag(Q)|| + 2E, K™ 2/2[| A — EA||,;

.
g0+ (26+D) ' 22T <
( ) H - (1 — 360)(7”_1)/2/@[(”0”7”
2 (|| R || + [|diag(Q)I) -2z [ A—=EA||ss
+ 2B, K"
- krel|6]™ t (1= 3eo) D725 ]| 0]

Therefore, we obtain

2"||Ral + 2™ ||diag(Q) || (m—2)/2 A —EAl|2s
E < 28, K\™ .
LS k0] e (1= 3e0) ™D 2k 0]

o8



To ensure the contraction property, it requires
(1= 3e0) ™ D2k |16]™ > AK ™22 | A — EA|s. (B.6)
By Theorem 5, it requires that

(1=320) "D 2rpc 6™

zchOnD@UfV”Zme{ 7nm?ﬂ<@%<nzbgnﬂm+””5m/QvﬁmﬁeaanT‘%mbgn}

for some large enough absolute constant C'; > 0. Then, by Lemma 3,

By <o IRALEIM (i@ 1
] 2
By .y o /0D 2B(@)Togr + (mt)d™ " log n + o (m!) 6] "~262,./d2,
=g e a0
K

which proves the first claim.

Then, after at most

T:O(l\/mlogM)

max

iterations, then with probability at least 1 — 2n 72,

V(MmN K™23(Q) logn + (m!)d™ Llogn + m2k102_]|0||™2/d>,
Er < Cy2 max min
ki[O
which proves the theorem.
B.3 Proof of Lemma 3
We write
V= . . o T, oam =
Mi(A) X ET = > A(ir, -+ yim) > (ei’l)(®k:26i§§) (DrsZ) "
k=2 (7:17"' ,im)Em(n,m) (1/17 77;%1)6(']3(1'17“’ 7i’m)
where e; denotes the i-th canonical basis vector in R™. For (i1,--- ,iy,) € P(n,m), denote a
matrix

Zi1,--- Jm (A(Zlv U aZm) - EA(“’ e ?Zm)) Z (eiﬁ)(®::2ei;c)—r(®::25)—r

so that "
Mi((A-EA) X ET) = > Ziy i

k=2 (i1, ,im ) EP(n,m)

< (m!)é™~! since max; ||e] Z|| <

which is a sum of independent random matrices. Clearly, H Ziy ..

Hlm

d. In addition, we need the upper bound of ||W|| where the symmetric matrix W is defined by

W = > EZ; Z

1, 7im il,--- ,’L'm N
(i1, im) E€P(n,m)
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For any u € R™ with |Ju|| < 1, observe that

~ - . 2
<EZi1’...?imZiTh,,.7im,u®u> < Q(iy, - ,zm)H Z u12'1 (E(iy, )@ - RE(iry,, ))H
< (m)Q(in, -+ ,im) > i |[E (i, )2 [1E G, I
(1/17 77/{rn)eq3(11777/m)
e e
< (m')Q(zw T 7“%)“%@ e H;‘TQ

Then, we get
W,u@u) < (m)K™ Q...

implying that |W] < (m!)K™ 1Q,,... In a similar fashion, we can show that

H > BZ;) .. i Zir o im ’ < (mHK™253(Q).

(i1, im ) EP(n,m)

By matrix Bernstein inequality (Tropp (2012)), with probability at least 1 — n =2,

M (A~ EA) X =T) | < C1y/(m)Km=25(Q) log n + Ca(m!)5™* logn

k=2

which proves the lemma.
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