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Abstract

Cyclical step-sizes are becoming increasingly popular in the optimization of deep
learning problems. Motivated by recent observations on the spectral gaps of
Hessians in machine learning, we show that these step-size schedules offer a
simple way to exploit them. More precisely, we develop a convergence rate
analysis for quadratic objectives that provides optimal parameters and shows that
cyclical learning rates can improve upon traditional lower complexity bounds.
We further propose a systematic approach to design optimal first order methods
for quadratic minimization with a given spectral structure. Finally, we provide a
local convergence rate analysis beyond quadratic minimization for the proposed
methods and illustrate our findings through benchmarks on least squares and
logistic regression problems.

1 Introduction

One of the most iconic methods in first order optimization is gradient descent with momentum, also
known as the heavy ball method [Polyak, 1964]. This method enjoys widespread popularity both in
its original formulation and in a stochastic variant that replaces the gradient by a stochastic estimate,
a method that is behind many of the recent breakthroughs in deep learning [Sutskever et al., 2013].

A variant of the stochastic heavy ball where the step-sizes are chosen in cyclical order has recently
come to the forefront of machine learning research, showing state-of-the art results on different deep
learning benchmarks [Loshchilov and Hutter, 2017, Smith, 2017]. Inspired by this empirical success,
we aim to study the convergence of the heavy ball algorithm where step-sizes hg, h1, . . . are not fixed
or decreasing but instead chosen in cyclical order:

Algorithm 1: Cyclical heavy ball HBg (ho, ..., hx—1;m)

Input: Initialization zo, momentum m € (0, 1), step-sizes {ho,...,hx—_1}
2 f(w0)

14+m *o

fort=1,2,...do Tip1 = T — himoa(r, k) V f () + (s — 24-1)
\

Tr1 =Ty —

end

The heavy ball method with constant step-sizes enjoys a mature theory, where it is known for example
to achieve optimal black-box worst-case complexity of quadratic convex optimization [Nemirovsky,
1992]. In stark contrast, little is known about the the convergence of the above variant with cyclical
step-sizes. Our main motivating question is

Do cyclical step-sizes improve convergence of heavy ball?
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Our main contribution provides a positive answer to this question and, more importantly, quantifies
the speedup under different assumptions. In particular, we show that for quadratic problems, whenever
Hessian’s spectrum belongs to two or more disjoint intervals, the heavy ball method with cyclical step-
sizes achieves a faster worst-case convergence rate. Recent works have shown that this assumption on
the spectrum is quite natural and occurs in many machine learning problems, including deep neural
networks [Sagun et al., 2017, Papyan, 2018, Ghorbani et al., 2019, Papyan, 2019]. More precisely,
we list our main contributions below.

* In sections 3 and 4, we provide a tight convergence rate analysis of the cyclical heavy ball method
(Theorems 3.1 and 3.2 for two step-sizes, and Theorem 4.8 for the general case). This analysis
highlights a regime under which this method achieves a faster worst-case rate than the accelerated
rate of heavy ball, a phenomenon we refer to as super-acceleration. Theorem 5.1 extends the (local)
convergence rate analysis results to non-quadratic objectives.

* As a byproduct of the convergence-rate analysis, we obtain an explicit expression for the optimal
parameters in in the case of cycles of length two (Algorithm 2) and an implicit expression in terms
of a system of K equations in the general case.

* Section 6 presents numerical benchmarks illustrating the improved convergence of the cyclical
approach on 4 problems involving quadratic and logistic losses on both synthetic and a handwritten
digits recognition dataset.

* Finally, we conclude in Section 7 with a discussion of this work’s limitations.

2 Notation and Problem Setting

Throughout the paper, we consider the problem of minimizing quadratic functions of the form

min f(x), with f € Cy £ {f: () = Yo — ) H(w = 2.) + f., Sp(H) C A}, (OPT)
S

where Cj is the class of quadratic functions whose spectrum Sp(H) is localized in A C [u, L] € Rsy.
We discuss more general settings beyond quadratic minimization in Section 5.

The condition A C [u, L] implies all quadratic functions under consideration are L-smooth and
p-strongly convex. For this function class, we define , the (inverse) condition number, and p, the
ratio between the center of A and its radius, as

R2h, prim (1) (M

Finally, for a method solving (OPT) that generates a sequence of iterates {x; }, we define its worst-case
rate r; and its asymptotic rate factor 7 as
s = 2|

r 2 sup @, 1 — 7 £ limsup /7 . 2)
zoeRd,fECA”xo —$*|| t—o0

3 Super-acceleration with Cyclical Step-sizes

Algorithm 2: Cyclical (K = 2) heavy ball with with optimal parameters

Input: Initialization zg, (11 < L < po < Lo (where L — i1 = Lo — o)
2
e o Lot _ mo—L, _ p2—R2—4/p2-1
Set'p_ LQ*IM’R_ L’z*lh’m_ ( V1-R2

x1 = x9 — 7=V f(x0)
fort=1,2,...do

hy = 1% (if t is even), hy = 1I+lfn (if t is odd)
Ti41 = Tg — htVf(l't) + m(a:t — xt—l)

end
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In this section we develop one of our main contri-
butions, a convergence rate analysis of the cyclical
heavy ball method with cycles of length 2. This analy-
sis crucially depends on the location of the Hessian’s
eigenvalues; we assume that these are contained in a
set A that is the union of 2 intervals of the same size

A = [p1, L1]U[po, Lo], Li—p1 = Ly—ps. (3)

By symmetry, this set is alternatively described by

M2 — L,

and R%
Ly —

pEp, LEL,

where R is the relative length of the gap 1o — L
with respect to the diameter L, — 141 (see Figure 1).
This parametrization will reveal very convenient as
the relative gap will play a crucial role in the conver-
gence rate analysis. Note also that the gap assumption
comes without loss of generality, as we allow R = 0.

Through a correspondence between optimization

103
Iil L, M2 Lp
Ly—n
> M2 — Ly
2
L
3101 R=L=m
i
0.0 0.5 1.0

eigenvalue magnitude

Figure 1: Hessian eigenvalue histogram for
a quadratic objective on MNIST. The outlier
eigenvalue at Ly generates a non-zero rela-
tive gap R = 0.77. Under these conditions,
the 2-cycle heavy ball method has a faster
asymptotic rate than the single-cycle one (see
Section 3.1).

methods and polynomials that we expand upon in

Section 4, we can derive a worst-case analysis for the cyclical heavy ball method. The outcome of
this analysis is in the following theorem, that provides the asymptotic convergence rate of Algorithm
1 for cycles of length two. All proofs of results in this section can be found in Appendix D.3.

Theorem 3.1 (Rate factor of HBy(hg, h1;m)). Let f € Cp and ho, hi, m > 0. The asymptotic rate
factor of Algorithm I with cycles of length two is

vm if ogup <1,
1
1-7={ ym (asup + /02, — 1) P i o € (1, 1-5;32), )
. m2
> 1 (no convergence) if 1J2rm < Osups
. - 14+ m — Mg 14+m— Ay _
with Osup = sup ‘2( NG ) ( NG ) 1‘ . (6)

ho+h
AG{Hl,L17#27L27 2913,111 }OA

This theorem gives the convergence rate for all triplets (m, hg, h1). By evaluating this expression
over a grid of step-sizes, Figure 2 shows how the rate changes as a function of both step-sizes:

10 10 10

- =
< \

g -
2 optimal parameters 0»8%
% 5 R=0.0, 7=0.48 5 R=0.4, 7=0.51 R=0.8, 7=0.63 g
2 . optimal parameters 0 6%
5 ptimal parameters _ 0e
] gptimal parameters timal parameters S,
N ©

04

5
First step-size hg

5 10

First step-size hg

5
First step-size hg

Figure 2: Asymptotic rate of cyclical (X = 2) heavy ball in terms of its step-sizes hg, hy across 3
different values of the relative gap R. In the left plot, the relative gap is zero, and so the step-sizes
with smallest rate coincide (hg = hj). For non-zero values of R (center and right), the optimal
method instead alternates between two different step-sizes. In all plots the momentum parameter m
is set according to Algorithm 2.
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From the asymptotic rate expression of Theorem 3.1 we can optimize over the parameters (hg, hi,m)
to obtain the method with smallest convergence rate. This leads to our other main contribution of this
section, the asymptotically optimal Algorithm 2. This algorithm enjoys the following rate:

LAlg. 2

Corollary 3.2. The worst-case (asymptotic) rates rflg' “and 1 — of Algorithm 2 over Cy are

22 = P (=R o1Y! a2 NPP-R—pP -1
=\ e , 1—7 =

V1—R? 1— R2

for t even.

3.1 Comparison with Polyak Heavy Ball

In the absence of eigenvalue gap (R = 0 and A = [y, L]), Algorithm 2 reduces to Polyak heavy
ball (PHB) [Polyak, 1964], whose worst-case rate is detailed in Appendix B. Since the asymptotic rate
of Algorithm 2 is monotonically decreasing in R, it is always better or equal than PHB. Furthermore,
in the ill-conditioned regime (small x), the comparison is particularly simple: the optimal 2-cycle
algorithm has a /1 — R2 relative improvement over PHB, as provided by the next proposition.
A more thorough comparison for different support sets A is discussed in Table 1.

Proposition 3.3. Let R € [0, 1). The rate factors of respectively Algorithm 2 and PHB verify

1— 7482 =,1- Ll{fp + oK), L= = 1-2Vk+o(VK). (7)
Relative gap B~ Set A Rate factor 7 Speedup 7/7HB
K _1
Re[oal) [NaM+R<L_M)]U[L_R(L_M)>L] \/% (1_R2) 2
R=1-VE/2 [up+ S U[L - 4L 1) 2% K
R=1-2yx  [p,(L+7)p]U[L -y, L] indep. of k  O(V/k)

Table 1: Case study of the convergence of Algorithm 2 as a function of R, in the regime x — 0. The
first line corresponds to the regime where R is independent of x, and we observe a constant gain
w.r.t. PHB. The second line considers a setting in which R depends on +/k, that is, the two intervals
in A are relatively small. The asymptotic rate reads (1 — 2+/x)?, beating the classical (1 — 2y/k)?
lower bound, unimprovable when R = 0. Finally, in the third line, R depends on «, the two intervals
in A are so small that the convergence becomes O(1), i.e., is independent of «.

4 A constructive Approach: Minimax Polynomials

This section presents a generic framework (Algorithm 3) that allows designing optimal momentum
and step-size cycles for given sets A and cycle length K.

Algorithm 3: Optimal momentum method with cyclical step-sizes

Input: Eigenvalue localization A, cycle length K, initialization xg.
Preprocessing:

1. Find the polynomial cff( such that it satisfies (16).

2. Set step-sizes {h,;}izo_,__” k —1 and momentum m that satisfy resp. equations (21) and (22).
Set Tr1 = Io — ho Vf(éﬂg)
fort=1,2,...do

14+m
| Tir1 = Tt — hmoa(e, k) V.f (2¢) + m(ze — 24-1)

end

We first recall classical results that link optimal first order methods on quadratics and Chebyshev
polynomials. Then, we generalize the approach by showing that optimal methods can be viewed as
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combinations of Chebyshev polynomials, and minimax polynomials o of degree K over the set A.

Finally, we show how to recover the step-size schedule from o’}\(.

4.1 First Order Methods on Quadratics and Polynomials

A key property that we will use extensively in the analysis is the following link between first order
methods and polynomials (see [Hestenes and Stiefel, 1952]).

Proposition 4.1. Let f € Cp. The iterates x, satisfy

Zer1 € xo + span{V f(xo),...,Vf(z:)}, (8)
where xg is the initial approximation of x., if and only if there exists a sequence of polynomials
(Py)ten, each of degree at most 1 more than the highest degree of all previous polynomials and Py of
degree 0 (hence the degree of P; is at most t), such that

Vit x¢—xe=P(H)(zo—xs), FP(0)=1. )

Example 4.2 (Gradient descent). Consider the gradient descent algorithm with fixed step-size h,
applied to problem (OPT). Then, after unrolling the update, we have

Topr— 1. =21, — WV f(2) = 22 — hH (2 — ) = (I — hH)"™ (2o — 2,) . (10)
In this case, the polynomial associated to gradient descent is P;(\) = (1 — hA)%.

The above proposition can be used to obtain worst-case rates for first order methods by bounding
their associated polynomials. Indeed, using the Cauchy-Schwartz inequality in (9) leads to

lxs — z«|] < sup |P(N)] ||lzo —x«]] = 1 =sup|Py(\)|, where P(0)=1. (11)
A€EA AEA

Therefore, finding the algorithm with the fastest worst-case rate can be equivalently framed as the
problem of finding the polynomial with smallest value on the eigenvalue support A, subject to the
normalization condition P;(0) = 1. Such polynomials are referred to as minimax. Throughout the
paper, we use this polynomial-based approach to find methods with optimal rates.

An important property of minimax polynomials is their equioscillation on A (see Theorem C.1 and
its proof for a formal statement).

Definition 4.3. (Equioscillation) A polynomial P; equioscillates on A if it verifies P;(0) = 1 and
there exist \g < A1 < ... < A\t € A such that

By(\) = (=1)" max |P(A)]. (12)

Example 4.4 (A is an interval). The ¢-th order Chebyshev polynomials of the first kind 77 satisfy
the equioscillation property on [—1, 1]. It follows that minimax polynomials on A = [u, L] can be
obtained by composing the Chebyshev polynomial T; with the linear transformation o{*:
A

M = argmin sup|P(\)|, with o*(\) = Low_ 2 ) (13)

Ty (‘7{\(0)) PeR,[X],P(0)=1 AEA L—py L—ypu
where o{* maps the interval [y, L] to [~1, 1]. The optimization method associated with this minimax
polynomial is the Chebyshev semi-terative method [Flanders and Shortley, 1950, Golub and Varga,
1961] (described also in Appendix B.1). This method achieves the lower complexity bound for
smooth strongly convex quadratic minimization, see for instance [Nemirovsky, 1995, Chapter 12] or
[Nemirovsky, 1992, Nesterov, 2003].

The next proposition provides the main results in this subsection, which is key for obtaining Algo-
rithm 2. It characterizes the even degree minimax polynomial in the setting of Section 3, that is,
when A is the union of 2 intervals of same size. In this case, the minimax solution is also based on
Chebyshev polynomials, but composed with a degree-two polynomial o5

Proposition 4.5. Let A = [y, L] U [po, Lo] be an union of two intervals of the same size
(L — 1 = Lo — o) and let m be as defined in Algorithm 2. Then the minimax polynomial (solution
to (12)) is, forallt = 2n, n € NSF,

T, (05 (M) A 1+m)\> A A

—————= = argmin sup|P(\)|, with o /\:2(> (1—)(1—)—1.

T, (02(0)) Pe%%t[x], AeAl W 2 2y/m L Lo
P(0)=1
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4.2 Generalization to Longer Cycles

The polynomial in Example 4.4 uses a linear link function ) to map A to [—1, 1]. In Proposition 4.5,
we see that a degree two link function o3 can be used to find the minimax polynomial when A is the
union of two intervals. This section generalizes this approach and considers higher-order polynomials
for og. We start with the following parametrization, with an arbitrary polynomial o of degree K,

o T (05 ()
T (0x(0)
As we will see in the next subsection, this parametrization allows considering cycles of step-sizes.

Our goal now is to find the o that obtains the fastest convergence rate possible. The next proposition
quantifies its impact on the asymptotic rate and its proof can be found in Appendix D.1.

Pi(X\0k) Vt = Kn,n €N . (14)

Proposition 4.6. For a given o such that supyea |0k (X)| = 1, the asymptotic rate factor 7% of
the method associated to the polynomial (14) is

1— 795 = lim ./sup|P(\;0k)| = (O’O — /o — 1)7 . withag 2 ok (0). (15)
t—o0 AEA

For a fixed K, the asymptotic rate (15) is a decreasing function of ¢. This motivates the introduction
of the “optimal” degree K polynomial 0% as the one that solves
o £ argmaxo(0) st suplo(A)]=1. (16)
cERK[X] AEA

Using the above definition, we recover the o) and ¢ from Example 4.4 and Proposition 4.5.

Finding the polynomial. Finding an exact and explicit solution for the general K and A case
is unfortunately out of reach, as it involves solving a potentially difficult system of K non-linear

equations. Here we describe an approximate approach. Let aﬁ\((:c) = ZZK:O o;xt. We propose to
discretize A into N different points {);}, then solve the linear problem

max o S “1<Y R o<1, Vi=1,...,N. (17)
To check the optimality, it suffices to verify that the polynomial o satisfies the equioscillation
property (Definition 4.3), as depicted in Figure 3.

Remark 4.7 (Relationship between optimal and minimax polynomials). For later reference, we note
that the optimal polynomial o'% is equivalent to finding a minimax polynomial on A and to rescale it.
More precisely, o4 is optimal if and only if o5 /o% (0) is minimax.

4.3 Cyclical Heavy Ball and (Non-)asymptotic Rates of Convergence

We now describe the link between a}‘( and Algorithm 3. Using the recurrence for Chebyshev
polynomials of the first kind in (14), we have Vt = Kn, n € NSL,

To1(ox (V) _ o s ) {Tn(ff%(/\))] [ T (0%(0)) } B {Tnﬂff%(/\))} {Tnl(aﬁ(U))}
Tot1 (o (0)) T ox O | [ Turi(020) ] [ Tu1(o(0)) | [Tora(ok(0) ]

=an =by,
It still remains to find an algorithm associated with this polynomial. To obtain one in the form of
Algorithm 1, one can use the stationary behavior of the recurrence. From [Scieur and Pedregosa,
20201, the coefficients a,, and b,, converge as n — 00 to their fixed-points a., and bo,. We therefore
consider here an asymptotic polynomial P;(\; 0% ), whose recurrence satisfies

P\ 08) = 20000 (NP g (N 0%) — boo Pr_arc (N 0% ) . (18)
Similarly to K = 1, where this limit recursion corresponds to PHB, this recursion corresponds to

an instance of Algorithm 3 (see Proposition 4.9 below), further motivating the cyclical heavy ball
algorithm.

The following theorem is the main result of this section and characterizes the convergence rate of
Algorithm 1 for arbitrary momentum and step-size sequences {h; };c[1,x7]- By optimizing over these
parameters, we obtain a method associated to (18), whose rate is described in Proposition 4.9. All
proofs can be found in Appendix D.2.
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Figure 3: Examples of optimal polynomials a}\( from (16), all of them verifying the equioscillation
property (Definition 4.3). The “x” symbol highlights the degree of 0?( that achieves the best
asymptotic rate 77K in (15) amongst all K (see Section 4.4). (Left) When A is an unique interval,
all 3 polynomials are equivalently optimal = =75 . (Center) When A is the union of two

intervals of the same size, the degree 2 polynomial is optimal >775 > . This is expected
given the result in Proposition 4.5. (Right) When A is the union of two unbalanced intervals, the

degree 3 polynomial instead achieves the best asymptotic rate 795> > (see Section 4.4).

Theorem 4.8. The worst-case rate of convergence of Algorithm 1 on Cp with an arbitrary momentum
m and an arbitrary sequence of step-sizes {h;} is

v, if Osup <

1
/K 14+ mK
m | Osup + /02 —1) , ifogpel|l, ——=
1—7— f( up sup sup ( Q(m)K> , (19)

> 1 (no convergence) if oqup >

4L

where gy, = suplo(A;{h;},m)|, and o(X; {h;}, m) is the K-degree polynomial
AEA

1 1+m—hg_1A _1 1+m—hg_oA _1 1+m—ho) 71
J()\;{hi},m)éQTr({ VIH OH ¢1n7 0}"'[ wlﬁ OD' (20)

Proposition 4.9. Let o()\; {h;},m) be the polynomial defined by (20), and o4 be the optimal link
function of degree K defined by (16). If the momentum m and the sequence of step-sizes {h;} satisfy

oA {hit,m) = o (N), @1

then 1) the parameters are optimal, in the sense that they minimize the asymptotic rate factor from
Theorem 4.8, 2) the optimal momentum parameter is

m = (00— \/03 — 1)2/K, where oy = o (0), (22)
3) the iterates from Algo. 3 with parameters {h;} and m form a polynomial with recurrence (13),

and 4) Algorithm 3 achieves the worst-case rate rflg' 7 and the asymptotic rate factor 1 — T

t/K 1/K
r.;\lg.30<t<0_0 0371) )’ 177Alg.3:(00, 0871) . (23)

Alg. 3

Solving the system (21) The system is constructed by identification of the coefficients in both
polynomials o4 and o ()\; {h;}, m), which can be solved using a naive grid-search for instance. We
are not aware of any efficient algorithm to solve this system exactly, although it is possible to use
iterative methods such as steepest descent or Newton’s method.
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4.4 Best Achievables Worst-case Guarantees on C

This section discusses the (asymptotic) optimality of Algorithm 3. In Section 4.2, the polynomial
Pi(-;0%) was written as a composition of Chebyshev polynomials with %, defined in (16). The
best K is chosen as follows: we solve (16) for several values of K, then pick the smallest X among
the minimizers of (15). However, following such steps does not guarantee that the polynomial Pt{\K

is minimarx, as it is not guaranteed to minimize the worst-case rate supyc, |P:(A)| (see (11)).

We give here an optimality certificate, linked to a generalized version of equioscillation. In short, if
we can find K non overlapping intervals (more formally, whose interiors are disjoint) A; in A such
that o (A;) = [—1, 1] then P/, is minimax for all t = nK, n € NJ. The detailed result is provided
by Theorem C.2. A direct consequence of this result is the asymptotic optimality of Algorithm 3, i.e.,
there exists no first order algorithm with a better asymptotic rate 1 — 7 for the function class Cy.

It is possible that such 0'/[\< does not exist for a given A. A complete characterization of the set A for

which there exists such o is out of the scope of this paper. A partial answer is given in [Fischer,
2011] when A is the union of two intervals. However, the problem remains open in the general case.

5 Local Convergence for Non-Quadratic Functions

When f is twice-differentiable, it is possible to show local convergence rates when g is close
enough to x,. [Polyak, 1964]. We give here a similar result that applies to Algorithm 1 (see proof in
Appendix E). Those results are only local, as it is possible to find pathological counter-examples for
which even PHB does not converge globally, for some specific initialization [Lessard et al., 2016].

Theorem 5.1 (Local convergence). Let f : R? — R be a (potentially non-quadratic) twice continu-
ously differentiable function, x. a local minimizer, and H be the Hessian of f at x, with Sp(H) C A.
Let x4 denote the result of running Algorithm 1 with parameters hy, ha,--- ,hi, m, and let 1 — T be
the linear convergence rate on the quadratic objective (OPT). Then we have

Ve > 0,3 openset V. : 29, 7. € Vo = ||zy — 24| = O((1 — 7 + &)%) ||wo — 2.4]|- (24)

In short, when Algorithm 1 is guaranteed to converge at rate 1 — 7 on (OPT), then the convergence
rate on a nonlinear functions can be arbitrary close to 1 — 7 when z, is sufficiently close to z..

6 Experiments

In this section we present an empirical comparison of the cyclical heavy ball method for different
length cycles across 4 different problems. We consider two different problems, quadratic and logistic
regression, each applied on two datasets, the MNIST handwritten digits [Le Cun et al., 2010] and
a synthetic dataset. The results of these experiments, together with a histogram of the Hessian’s
eigenvalues are presented in Figure 4 (see caption for a discussion).

Dataset description. The MNIST dataset consists of a data matrix A with 60000 images of hand-
written digits each one with 28 x 28 = 784 pixels. The synthetic dataset is generated according to
a spiked covariance model [Johnstone, 2001], which has been shown to be an accurate model of
covariance matrices arising for instance in spectral clustering [Couillet and Benaych-Georges, 2016]
and deep networks [Pennington and Worah, 2017, Granziol et al., 2020]. In this model, the data
matrix A = X Z is generated from a m x n random Gaussian matrix X and an m x m deterministic
matrix Z. In our case, we take n = 1000, m = 1200 and Z is the identity where the first three entries
are multiplied by 100 (this will lead to three outlier eigenvalues). We also generate an n-dimensional
target vector b as b = Ax or b = sign(Ax) for the quadratic and logistic problem respectively.

Objective function For each dataset, we consider a quadratic and a logistic regression problem,
leading to 4 different problems. All problems are of the form min,eps £ 37 | €(A] z,b;) + A2,
where / is a quadratic or logistic loss, A is the data matrix and b are the target values. We set the
regularization parameter to A = 10~2|| A||2. For logistic regression, since guarantees only hold at
a neighborhood of the solution (even for the 1-cycle algorithm), we initialize the first iterate as the
result of 100 iteration of gradient descent. In the case of logistic regression, the Hessian eigenvalues

are computed at the optimum.
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Figure 4: Hessian Eigenvalue histogram (top row) and Benchmarks (bottom row). The top row shows
the Hessian eigenvalue histogram at optimum for the 4 problems consider, together with the interval
boundaries p1; < L < p15 < Lo for the two-interval split of the eigenvalue support described in
Section 3. In all cases, there’s a non-zero gap radius R. This is shown in the bottom row, where we
compare the suboptimality in terms of gradient norm as a function of the number of iterations. As
predicted by the theory, the non-zero gap radius translates into a faster convergence of the cyclical
approach, compared to PHB in all cases. The improvement is observed on both quadratic and logistic
regression problems, even through the theory for the latter is limited to local convergence.

7 Conclusion

This work is motivated by two recent observations from the optimization practice of machine learning.
First, cyclical step-sizes have been shown to enjoy excellent empirical convergence [Loshchilov and
Hutter, 2017, Smith, 2017]. Second, spectral gaps are pervasive in the Hessian spectrum of deep
learning models [Sagun et al., 2017, Papyan, 2018, Ghorbani et al., 2019, Papyan, 2019]. Based on
the simpler context of quadratic convex minimization, we develop a convergence-rate analysis and
optimal parameters for the heavy ball method with cyclical step-sizes. This analysis highlights the
regimes under which cyclical step-sizes have faster rates than classical accelerated methods. Finally,
we illustrate these findings through numerical benchmarks.

Main Limitations. In Section 3 we gave explicit formulas for the optimal parameters in the case
of the 2-cycle heavy ball algorithm. These formulas depend not only on extremal eigenvalues—as is
usual for accelerated methods—but also on the spectral gap R. The gap can sometimes be computed
after computed the top eigenvalues (e.g. top-2 eigenvalue for MNIST). However, in general, there
is no guarantee on how many eigenvalues are needed to estimate it. Moreover, global convergence
result rely heavily on the quadratic assumption.

Another limitation regards long cycles. For cycles longer than 2, we have only given an implicit
formula to set the optimal parameters (Proposition 4.9). This involves solving a set of non-linear
equations whose complexity increases with the cycle length. That being said, cyclical step-sizes
might significantly enhance convergence speeds both in terms of worst-case rates and empirically,
and this work advocates that new tuning practices involving different cycle lengths might be relevant.

Broader Impact. This work is mostly theoretical, and as such we believe it does not present direct
societal consequences. However, the methods described in this paper can be used to train machine
learning models which could themselves have societal consequences. For example, the deployment
of machine learning models in decision-making has been shown to suffer from gender and racial bias
and to amplify existing inequalities, see for instance [Hutchinson and Mitchell, 2019, Barocas et al.,
2017, Obermeyer et al., 2019].
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Organization of the appendix

The appendix contains all proofs that were not presented in the main core of the paper. We also detail
all examples, and provide some complementary elements.

Appendix A details the existing link between first order methods and family of “residual polynomials”.
This term refers in all the appendix to the polynomials which value in 0 is 1.

In Appendix B, we recall some well known optimal methods for L-smooth p-strongly convex
quadratic minimization (i.e., when the spectrum is contained in a single interval A = [y, L]). Its
purpose is exclusively to recall well-known foundation of optimization that are those algorithms and
their construction.

In Appendix C, we recall the polynomial formulation of the optimal method design problem, as well
as a fundamental property, called “equioscillation”, to characterize the solution of this problem.

In Appendix D, we provide all proofs related to cyclic step sizes. In particular,
* In Appendix D.1, we derive the optimal algorithm in a case where A is the union of 2

intervals of the same size (See (3)). This leads to the use of alternating step-sizes. The
resulting algorithm has a stationary form which is Algorithm 1.

* Therefore, in Appendix D.2, we study the heavy ball with cycling step sizes (Algorithm 1).

* In Appendix D.3 and Appendix D.4, we use our results to design methods with cycles of
lengths K = 2 and K = 3. For those cases, we provide a more elegant formulation of the
results.

In Appendix E, we provide a proof of Theorem 5.1 (local behavior beyond quadratics).

Finally, in Appendix F, we provide some information about the code we used for the experiments.
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B.1 Chebyshev semi-iterative method . . . . . . . ... ... ... oL 16
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D.4 Example: 3cycling Step SiZeS . . . . . . v . oo e 34
E Beyond quadratic objective: local convergence of cycling methods 37
F Experimental setup 38

A Relationship between first order methods and polynomials

In this section we prove some results on the relationship between polynomials and first order methods
for quadratic minimization, which is the starting point for our theoretical framework. This relationship
is classical and was exploited by Rutishauser [1959], Nemirovsky [1992, 1995]), to name a few. The
following proposition makes this relationship precise:

Proposition 4.1. Ler f € Cp. The iterates x, satisfy
Zer1 € xo + span{V f(xo),...,Vf(z:)}, (8)

where xg is the initial approximation of x., if and only if there exists a sequence of polynomials
(Py)ten, each of degree at most 1 more than the highest degree of all previous polynomials and Py of
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degree 0 (hence the degree of P; is at most t), such that

Vit x—x.=P(H)(xo—zs), P(0)=1. )

Proof. We successively prove both directions of the equivalence.

(=) Given a first order method, we can find a sequence of polynomials (P;)ien such that, for a
given quadratic function f of Hessian H and a given starting point x, the iterates x verify

xy —xx = P(H) (g — x4).
Moreover, The polynomials sequence (Py)ien verifies the relations

deg(Py11) < max deg(Py) +1 and P,(0)=1.

We proceed by induction:

Initial case. Lett = 0. Then for any first order method we have the trivial relationship
xo — xx = Py(H)(zg —xs) with Py=1.

This proves the implication for ¢ = 0, as Py is a degree 0 polynomial satisfying Py(0) = 1.

Recursion. Let¢ € N. We assume the following statement true,

Vk<t ap—x.=P,(H)(xo—x.) with Pp(0)=1.

We now prove this statement is also true for ¢ + 1. Since x141 € 2o + span{V f(xq),..., Vf(z:)},
there exists a family (7¢41,%)refo,q such that
Tey1 = To = V41,0V S (@0) = - = Vg1, VI (). (25)
Then, by the induction hypothesis we have:
Ti41 — Tx =T — Tx — ’Yt+1,0H($o - CE*) — ’Yt+1,tH($t - l*)
=20 — Tx — ’Yt+1,0HR)(H)(CU0 - CU*) — ’Yt+1,tHPt(H)(9Co - CU*)

2 Prp1(H) (w0 — ) -

We observe that the latest polynomial has a degree at most 1 plus the highest degree of (Py)x<; and
that P;11(0) = 1 (since P, is defined as 1 plus some polynomial multiple of the polynomial X),
which concludes the proof.

(<=): From a family of polynomials (P;)icn, with
deg(Py1) < max deg(Py)+1 and P,(0) =1, (26)
<t
we can obtain a first order method such that, for any quadratic f (and its Hessian H) and any
starting point xq, we verify

Vi e N,oy —zy = Po(H) (o — x4).

Let the sequence (P;):cn verifies (26) for all t € N. Let
d= Itr}%fdeg(Pt/)'

A gap in the sequence of degrees would stand in contradiction with our assumptions.

Since, there is no gap in degree, for any d’ < d there exists ¢ < t such that deg(P;) = d’, and
therefore Span((Py)r<¢) = Rq[X].

Moreover, we know P,y has a degree at most d 4+ 1 and P;11(0) = 1, so %“(X) € Ry[X].
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This proves the existence of (7¢41,k)ke[o,q Such that

1-P (X

%() = 741,00 (X) + -+ + Y16 P (X). @7
Then, defining

Tir1 =20 — V1,0V (@0) =+ — Y41V (@) , 8
we have

Tpp1 — Tw =20 — Tu — H (Ye41,0(T0 — T4) + -+ + Yg1,6(T — 24)) 29)
= (1 =X (ye41,0Po(X) + - + 741, P(X))) (H)(xo — 24) (30)
— Poi(H) (o — ). Gh

Defining z; for all ¢ according to (28) gives an algorithm that has as associated residual polynomials
(Pr)ten.

The above proposition can be used to obtain worst-case rates for first order methods by bounding
their associated polynomials. Indeed, using the Cauchy-Schwartz inequality in (9) leads to

|z — zi]| < sup |Pe(AN)] ||lxo — z4]] == 1 =sup|P(N)|, where P(0)=1. (32)
AEA AEA

Therefore, finding the algorithm with the fastest worst-case rate can be equivalently framed as the
problem of finding the residual polynomial with smallest value on the eigenvalue support A.

Then, finding the fastest algorithm is equivalent of finding, for each ¢ > 0, the polynomial of degree ¢
that reaches the smallest infinite norm on the set A. Therefore we introduce the notion of minimax
polynomial (Definition A.1) over a set A as the one that reaches the smallest maximal value over A
among a set of polynomial of fixed degree and P(0) = 1.

Definition A.1 (Minimax polynomial of degree ¢ over A). For any, ¢ > 0, and any relatively compact
(i.e. bounded) set A C R, the minimax polynomial of degree t over A, written Z}, is defined as

ZM & argmin  sup|P()\)|, subjectto P(0)=1. (33)
PeR:[X] XeA

B Optimal methods for strongly convex and smooth quadratic objective

In this section, for sake of completness, we revisit some classical methods, described in e.g. [Polyak,
1964, Goh, 2017, Pedregosa, 2020, 2021], that are optimal when the Hessian eigenvalues are contained
in a single interval of the form A = [u, L]. To make this setup explicit, we will denote the optimal

polynomials ¢ and ZtA (respectively defined in Equation (16) and Equation (33)) by ag“ ’L], and

zH,
As mentioned in Example 4.4, the minimax polynomial Zt[” Ll g

T (0" (\)

(1, L]
Zt (>‘) = 5
Ty(o1""(0))

where T} denotes the ' Chebyshev polynomial (See e.g. Chebyshev [1853]) and UE“ L] the affine

function \ — é—fﬁ - LL_#/\ that maps [p, L] onto [—1, 1]. This can be seen a consequence of the

more general equioscillation discussed in Appendix C. The next section presents one method which

has Zg“ L) as associated residual polynomial. This method is known as the Chebyshev semi-iterative
method.
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B.1 Chebyshev semi-iterative method

The algorithm follows the three terms pattern from Equation (13) to iteratively form Z{, ..., ZtA.

Algorithm 4: Chebyshev semi-iterative method [Golub and Varga, 1961]
Input: x(

Initialize: wy = 2

Tr1 =Ty — LLWVf(xO),

fort=1,... do

1
Wiyl = —

()
Tyl = Tt — %ﬂthf(xt) + (wt — 1)(I’f — xt—l) 5
end

Theorem B.1. The iterates produced by the Chebyshev semi-iterative method verify

Ti(oy"" (1))

——— 2 (xp —x«) forall teN. 34)
Tt o)

Tt — Ty =

Furthermore, this method enjoys a worst-case rate of the form

1 B 1- v\
lo: — 2. < m“lﬁo—x*n =0 ((1+\/E> > . (3%5)

Proof. Consider first an algorithm whose iterates verify (34). Then using the Cauchy-Schwartz
inequality and known bounds of Chebyshev polynomials, we can show the following rate

sup |Ty(o" (M)

A€[p,L]
s — .| < B
Ti(o7(0))
1
= fﬂxo A since sup |Ti(x)] =1
T, (J—:) z€[-1,1]

gg(iﬁ) 2o — 2. snceTy(z) > EHEVE 1) V;_l),vxgz (=1,1).

It remains to prove that Algorithm 4 is the one that achieves the property (34). Using the recursion
verified by Chebyshev polynomials

Tiv1(x) = 22T (x) — Tyi—1(x), (36)
we have
Lin("H) -
Ty (0°(0)) )
20 )Ty (o} (H)) (w0 — 22) = Ti—1(0}"M (1)) (w0 — @)
Tiga(ot""(0))

Ti41 — Tk

200 H )T (0 (0)) (21— 2,y — Tmale? (@)
o naeMPoy T ma e o)

20" (O) 7,01 (0)) (1_ 2
Tia(ot""(0)) Ltp
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20l 0y T, (ol
Tyy1 (o7 (0))

. With this notation we can write the above identity more compactly as

. A
Let’s introduce w; =

9) Then wp = 2 and by Chebyshev recursion (Equation (36)),

1= Do)
Tyg1 (o™ (0))

2
Tpi1 — Tw = Wy (I— L—|—,uH> (s — x4) — (we — D) (=1 — )

thf(JJt) + (wt - 1)(1‘15 — xt—l) .

:xt—

L+p

It remains to find a recursion on w; to make its use tractable. Using one more time the Chebyshev
recursion Equation (36),

o Ta(e0)

b gt <>Tt<o£“’”<o>>

20 (0) T3 (0" (0)) — Ti—1 (1" (0))
20 “L<> T,(o""(0))

ot 20T (o P (0)
L L
4o’ ]<o> Ty(oy""(0))
1 1
=1- —Fwi1,
101" (0)?
which can finally be written as
1
Wil = TN
-4 (1) w
and we recognize the Chebyshev semi-iterative method described in Algorithm 4. O

This method, unlike the Polyak heavy ball (PHB) method, uses a different step-size and momentum
at each iteration. However, both are related, as taking the limit of w; as ¢ — oo in Algorithm 4 we

1-V~E
1+Vk

2
obtain wo, = 1+ m withm = ( ) . This correspond to the parameters of PHB.

B.2 Polyak heavy ball method

Algorithm 5: Polyak Heavy ball
Input: z,
Set: m = (;ﬁf and h = 2%117).
T =20 — 1+me(930)
fort=1,... do
| @1 =2 — AV () +m(zy —201)
end

Theorem B.2. The iterates of the heavy ball algorithm verify
xy —xy = Py (H)(xg — xs) forall t €N,
with Py defined as

P2 (i)' | 2

Furthermore, this method enjoys a worst-case rate of the form

||xtx*||0<t<g+1)t>. (38)
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Proof. From the update defined in Algorithm 5, we identify

Py(\) =1
PN\ =1-— I—FLm)\
Pt+1(>\) = (1 +m — hA)Pt()\) —mPt_l()\).

Introducing P; £ —£ we have

(vm)"’
Py(\) =1
~ _1—|—m—h)\_ 2 [, L]
A= A+m)yym T+m ! )
Aoy =1 g 00 B

vm
= 20N B(A) = P_1 ().
This is a second order recurrence, with 2 initializations. It allows us to identify uniquely the family

5 2m [1,L] L—m . (L]
= HmUt(ol (A)- (39)

where U, denotes the second order Tchebyshev polynomial of degree ¢. While both 7} and U, verify
the same recursion as P, and Ty = Uy = Py = 1, the difference between 7" and U comes when
T1(X) = X and U;(X) = 2X. This is how P; ends being a linear combination of the 7} and Us.
Finally,
t 1—-m

P\ = (vim) [mo&“’”(x)) R 10 <A>>} . (40)
Since by definition o ([, L]) = [-1,1), T,(c"H (\)) < 1 and Uy (e (\)) <t +1,vt e N.
Hence, VA € [u, L],

B\ < (vm)' [1+ 1;24 < (2v/mt+1) (;g)t (41)

and
|2 — 2] = O (t(ﬁ;i)j (42)
O

C Minimax Polynomials and Equioscillation Property

Appendix B dealt with optimal methods when A = [, L]. Those methods could be derived since the

]

minimax polynomial (Definition A.1) Zt[“’L is known.

In this section we consider the problem of finding minimax polynomials in a more general setting.
We provide a characterization of the minimax polynomial defined in definition A.1. For the sake of
simplicity, we actually focus on the polynomial Ué\ solution of (16). We can easily adapt the result to
Z leveraging Remark 4.7. We prove the following theorem.

Theorem C.1. Letr P, be a degree t polynomial verifying P;(A) C [—1,1]. Then P, is the unique
solution o of eq. (16) if and only if there exists a sorted family (M)icoqg € (K)H_l (where A is the
closure of ) such that Vi € [0,t], P,(\;) = (—1)%

The following proof is technical and requires to introduce several new notations. Hence we first
briefly describe the intuition before giving the actual complete proof.

(<=): Assume P, “oscillates” ¢ 4 1 times between 1 and —1. Since P; has a degree ¢, it is completely
determined by its values on those ¢ + 1 points, using the Lagrange interpolation representation. We
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530

prove that P; is optimal because any other polynomial ()¢, having different values on those ¢ + 1
points would achieve a smaller value Q);(0) at 0.

(=): We use a proof by contraposition. We assume that P doesn’t oscillate £ 4+ 1 times between 1
and —1, and prove that P;(0) is not optimal. To do so, we build a small perturbation £Q); such that
P, + Q) is a polynomial of degree ¢, which values on A are all in [—1; 1], and with an higher value
at 0.

(Uniqueness) We reuse the Lagrange interpolation representation to justify that 2 optimal polynomials
must “oscillate” on the same points, therefore are equal.

Proof. We prove successively both directions:
(<==): Assume I\g < A1 < -+ < A\ such that

Vi € [0,t], Pi(\) = (—=1)" and P,(A) C [-1,1]. (43)
We aim to prove that Py is the unique solution oi* of eq. (16), that is for any other polynomial Q; of
degree t verifying Q:(A) C [-1,1], P.(0) > Q+(0).
We introduce such a polynomial @, of degree ¢ and bounded in absolute value by 1 on A. Let’s define,
for all ¢ € [0, t],

vi £ Qi(\i) € [-1,1]. (44)

These t+ 1 values characterize @Q; (of degree t), and we can decompose it over Lagrange interpolation
polynomials. We have

t
X — )\
Qi =Y Ly, where Ly (X)=2 iy 7;' . (45)
i=0 AL J

The value at O can be computed as

t t
Qi(0) = wily,(0)=> v ]] AjA_j - (46)
i=0 j#i

i=0 v

Maximizing this linear function of (v;);e[o, ) over the I ball Boo (1) £ {(vi)ieo, 47, Vi, —1 < v; <
x A . t Aj
1} leads to, for v* = arg min,ep__ (1 Y ico Vi Hj# N

vf =sgn 1;[ vl (=1)" 47
YE]

where sgn is the sign function (which maps 0 to 0, Ry to —1, and R+ to 1). Finally,
P;(0) > Q:(0) (48)

which concludes the proof.

(=): Assume P, alternates s < t + 1 times between —1 and 1 on A. We want to show that P; is not
optimal in the sense described above. To do so, we construct a perturbation of P; that increases its
value in 0 while still satisfying the constraint P;(A) C [—1,1].

Let’s define

AV <o) A A o 2D\ (49)
such that _ _

POY) = (=1) and VAeR, (H(i,j)|)\ =29 or |P,(\)] < 1) . (50)

In short, ()\gj )) ) describes all the extremal points of P; in A. The indices change when the sign
i,j

changes, while the exponents are used to express the possible consecutive repetitions of the same

value (—1 or 1).
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Set (7;)ic[o,s] as any set of positive numbers satisfying:

0<ro<inf(A) < AV <Al <r <o <rg <A < AE0) cqup(A) < v, (51
By definition, each interval [r;, r;41], i € [0, s — 1], contains )\Ej ) for all j, but no other extremal
points of P; in A. Hence, P;([r;,7i4+1]NA) doesn’t contain (—1)""". Since, U, . ; even[Tis it 1] NA

is compact, and by continuity of P;, P, (UZ <s.i evenlTis Tit1] N K) is compact. Therefore,

Je_1 > 0|P; U [ri,rica] VA | C [=1+¢e_1,1]. (52)

1<s,t even

Similarly, we obtain

Je1 > 0[P | | [ririn] A C -1 1—e]. (53)
i<s,i odd

We are now equipped to build the aforementioned perturbation. Let
Qx)2 I ri-X). (54)
i€[0,s—1]

Note that @); has a degree s < ¢ and satisfies
Q1 U [ri,rip1 ] NA ) CRT and @y U [ri,ria] VA | CRT. (55)
1< 8,1 even 1<s,i odd

Moreover, those sets are compact , by continuity of );, and consequently bounded. We can therefore
choose a small enough € > 0 such that

emin Q U [ri,riz1 ) NA | > —e_1 and emaxQ, U [ri,rivci ) NA | <eg.

1< 8,1 even 1<s,i odd
This leads to
(P +eQ¢)(A) C [-1,1]. (56)
And as by definition, Q;(0) > 0,
(P 4+ £Q:)(0) > P(0). (57)
Finally (P; + £Q:) € R;[X]. This proves that P; is not optimal.

(Uniqueness) Here, we prove that the optimal polynomial is necessarily unique. To do so, we introduce
2 optimal polynomials and show there must actually be identical.

Let P; an optimal polynomial and (X;);efo,¢] € A1 a family on which P; interpolates alternatively
1 and —1. Let any other feasible polynomial Q; and (v;);c[o,] its values on (A;)ic[o,]:

t
Qi =) viln,. (58)
=0

We have showed in the first point of this proof that the optimal values of v; are alternatively 1 and

—1. Consequently, if @, is also optimal,
Qi(Ni) = Pi(Ni) (59)
for all ¢ € [0, ¢], which characterizes polynomials of degree ¢. Then
Qr=F (60)
which shows that the optimal polynomial is unique. O
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We now give the formal statement and the proof of the second result, used in Subsection 4.4.

Theorem C.2. T,,(0k) is optimal for all n if and only v if o verifies the equioscillation property
(Definition 4.3, hence oy = o by Theorem C.1) and A = o' ([~1,1]), i.e. the inverse mapping
oy transforms the interval [—1,1] into exactly A.

Before providing the proof, we first highlight that the property
VYA e A ox(N) €[-1,1] (61)
can equivalently be written -
A c o (-1,1)). (62)

In other words, we are interested in the case where the reverse inclusion holds as well. This means
that

ox(\) € [-1,1] = A€ A. (63)
This corresponds to a stronger form of optimality of o it “fully” uses the available assumption
related to A, in the sense that no point can be added to A without breaking the condition o (A) C
[—1;1]. For example, on Figure 3, 04 does not satisfy the later property on the center graph, but

satisfies it on the right graph. Here, we show that under this condition, T}, (0 x ) = T},(c'%) is optimal
(in the sense of (16)) for all n € N.

In Section 4.4, we give another view of this condition for 7}, (o ) to be optimal for all n. We can
decompose A as the union of K intervals A; such that they have disjoint interiors and they are all
mapped to [—1, 1] by 0. Hence, 0 maps A to [—1, 1] exactly K times.

Proof. From Theorem C.1, T, (0 k) is optimal for all n if and only if, for all n, there exist a sorted
family of (X\;);efo,nk7 such that, T), (o x (Ni)) = (—1)".
Let n € N. We observe that by definition of T,,
To(ox(\) =1 ifandonlyif 3j € [0,n]|ox(\) = cos 22 (64)
n

We successively treat both directions: (<=) we assume o oscillates and A = o' ([—1,1]). We
aim to prove that T,, (o) is optimal for all n € N.

By equioscillation property, we know that there exists A, such that
ox(N) = (=1)". (65)

By the intermediate value theorem, we know that for any i € [0; K], between the pair A}, A7, ;, there
exist sorted (44 )ni<j<(nt1); Such that forall j € [ni + 1; (n + 1)i — 1],

oxc(pl) = cos 2= (66)
n
We identify A,,; = A} and \; = u{j /n for all j not multiple of n. Then, for all £ € [0, nK]:

To(ox(Ne)) = (=1)". (67)
By Theorem C.1, we conclude that T, (0 ) is optimal for all n € N.

(=) We assume T, (o) is optimal for all n € N. Clearly, ok is optimal (n = 1), and then
equioscillates. We prove that moreover

A=oi'([-1,1). (68)

On the one hand, for any j € [0, n], there exist at most K different A that verifies o (\) = cos %
since ok has a degree K and is not constant. Therefore, there exist at most (n + 1)K different A

such that 35 € [0,n]|ox (\) = cos L=, and by Eq.(64), there thus exist at most (n + 1)K different A
such that T}, (o (\) = 1.

On the other hand, the optimality of T}, (o) implies the existence of af least nK + 1 such \in A.
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Hence all but at most K — 1 values \ such that o (\) € {cos 2%, j € [0,n]} belong to A.

This holds for all n. Therefore for n large enough, all = such that o(x) € [—1, 1] are as close as we
want to some A € A. Since A is a closed set, then all = such that o(z) € [—1, 1] are actually in A.

‘We conclude
A Dot ([-1,1]). (69)

O

D Cycling step-sizes

In this appendix, we provide an analysis of momentum methods with cyclical step-sizes and derive
some non-asymptotically optimal variants.

D.1 Derivation of optimal algorithm with K = 2 alternating step sizes

In this section, we consider the case where A is the union of 2 intervals of same size (see (3)).

We start by introducing the following algorithm, and we will prove later that this algorithm is optimal
(Theorem D.1)

Algorithm 6: Optimal momentum method with alternating step-sizes (i = 2)

Input: Initialization zg, p1 < Ly < po < Lo (where L| — 11 = Lo — o)
. _ Lo+ _ uo—L _ 2 R2

Set: p= T R= T = c= \ T

wo = 2

x1 = x0 — £V f(0)
fort=1,2,...do

1 ~1
wp = (1- T2t

hy =4t (iftiseven),  hy = (iftisodd)
Ti41 = Tt — htVf(l't) + (wt - 1)($t - xtfl)

end

Theorem D.1. Let f € Cp and xo € RY. Assume A defined as in (3). The iterates of Algorithm 6
verifies the condition

T, (Ué\(H))
T, (05(0))

and this is the optimal convergence rate over Cy.

(o — x4) (70)

Ton — Tx =

Proof. We begin by showing the optimality of the algorithm. Using Proposition D.2, the polynomial
in (70) equioscillates on A, which makes it optimal by Theorem C.1. By optimal, this means this is
the optimal convergence rate any first order algorithm can reach (See (11)). We invite the reader to
read Appendix D.3, where we study in details the properties of the alternating steps sizes strategy
(.e., K =2).

As in Appendix B.1, we derive here the constructive approach that leads us to this algorithm.
We now start showing that the iterates of Algorithm 6 follow (70). From eq. (70), projecting onto the
eigenspace of eigenvalue A\,

T (o (A
Top — Ty = 1—,71((;_’2\(0))(3:0_33*)' (71)
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Then, we find a recursion definition for the subsequence (2, )nen. Letn > 1.
Thaq (N

= Loilob ) ), (72)
T+1(05(0))

A A — ol
_ 202 ()\) Tn(O'Q ()\)) Tn—l( 2 ()‘)) (IO _ I*), (73)

Tos1(02(0))
208 (N) T (05 (0) T-1(02(0))
Th+1(02(0))

- (xQn - .13*) -
Tos1(02(0))
Note that if 4 (\) were a degree 1 polynomial in ), then we would recognize a momentum update.
Here, o5 () is actually a degree 2 polynomial in \. We will then try to identify 2 steps of momentum.
From here, let

05;((0K(0)+W)1/2+(0K(0) UK(0)21)1/2> = % (75)

be the unique positive real number ¢ verifying T (c) = 2¢? — 1 = o, (0). We end up with

Lo(n+1) — Tx

(xZ(nfl) - J)*) (74)

(
203 (A) Ton(c) Ton-1)(¢)
To(n41) = Tx =~ (Tan = Tu) — 7o~ (Ta(n—1) — T)- (76)
(1) T2(n+1)(0) T2(n+1)(0) (n=1)
Note, the above equation suggests to introduce the sequence z; = Tj(c)(z; — ). Indeed, the above

equality simplifies
2a(nr1) = 205 (X) 220 = Za(n—1).- (77
Let’s look for 2 steps of momentum that are together equivalent to (76). We look for an algorithm of
the form
Tn— 1 (C)

Tn+1(6) (xn - xn—l) ) (78)

i.e, projecting again onto the eigenspace of eigenvalue A, we obtain

Vn > van+1 =Tn — hnvf(xn) +

T,i(c) ) T, 1(c)
Yn>0,2,01 — 2z =1+ — hp XA | (), — xy) — Tp 1 — Ty) - 79
>0t == (14 22T d) 0 —20) = Z2G s =) 09
Here we introduce the notation
T (o) Ti(c)
wé<1+” ):20 , 80)
l Tiie)) ~ a0 (
and the change of variable
~ A h
Ly (81)
wy
We rewrite (79) in terms of the sequence z and using the sequence h,
T,
vn > 07 An+l1 = Tn+1(c) (1 + - 1(6) - hn)\> (xn - .’13*) — Zn-1 (82)
Tn+1(c)
- <2¢:Tn(c)(1 - ﬁnx)) (T — 2) — 2Zn1 (83)
- (2c(1 - BnA)) T — 2ot (84)
We now need to find the right sequence h., such that we recover eq. (77). Combining the 2 following
zantt = (2001 = han))) 220 — 2201 (85)
Zont2 = (26(1 — hant1 )\)) Zon+1 — Z2n (86)

by isolating the odd index in the second equation and plugging it in the first one, we get

26(1 — iLgn+1>\) B 20(1 — ilQnJrl)\)
26(1 — ilgn_l)\) " 26(1 — ilgn_l/\)

2n—2-

(87)

2on4+2 = <4CQ<1 — ilgn)\)(]. — ;Lgn_._l)\) —1-
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We need to identify

2c(1 — hany1))

208(\) = 4*(1 = hopA\)(1 — hopiiA) — 1 — . ,
2 (V) (1= h2pA)(1 = hany1}) 21— o)

(88)

1 = 26(1 — ﬁ2n+1)\)

= = . 89
26(1 - hgnfl)\) ( )

Hence, we conclude from the second equation that B2n+1 = Bgn,l = Bl is independent of n. And
the first equation then becomes

208 (\) = 42 (1 — hap A)(1 — hyX) — 2 (90)

leading also to hon independent of n. We observe an alternating strategy of the “pseudo-step-sizes”
hg and h;. Finally, we must fix them to

o) =2¢2(1 — hoA)(1 — hi\) — 1. 91)

Note this is possible because the equation above is valid for A = 0 for any choice of ho and hy and
the polynomial o + 1 can be defined by its value in 0 and its roots that are exactly ﬁi and ’% And
0 1

from (155), those values are /2 and L, which gives the values hy = ,% and hy = “i

We now sum up what we have so far. Setting c, izo and izl as described above, the iterations

Tn_ 1 (C)
Thia (C)

Tn_l(C)
Tn—O—l(C)

Vn Z 17xn+1 =Tn — (1 + ) ﬁmod(n,Z)Vf(xn) + (wn - xnfl) (92)

lead to the recursion (77).

Let define z1 = 29 — BOVf(a:O), and from the above

1 ~ 1
To = X1 — <1 + 202_1> hl)\(ilil — I*) + ﬁ(xl — Zo) (93)
2¢? ~ 1
— Ty = 1—hiA —Ty) — — T 94
v = = iy (1= ) (1 =0 = oo =) ©4)
2 (1 P )\) (1 h )\) ( ) —L ¢ ) 95)
= — N1 — No To — Tx Ty — Tk
a3(0) a5 (0)
A
o5 ()
= (o — x) (96)
03 (0)
z = 0()) (97)
Finally, the sequence zs,, is defined by
zo =1, (98)
2 =0y (N), (99)
Zani1) =209 (A) 220 — Za(n-1)- (100)

. A TR
which defines exactly T}, (05 (\)). We conclude zo, — 2, = T (0)) (o — ).
n{0y

We sum up the algorithm used to reach the above equality:

x1 = x0 — hoV f(20), (101)
Yn>0,Tpe1 = Tp — wnﬁan(xn) + (wn = 1) (B, — Tp—1) - (102)
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with w,, = (1 + T"*l(c)) — 2¢Tul9) Note the recursion

Trt1(c) Tny1(c)”
_ Tht1(c)
1 n+1
— 103
“n 2¢T(c) (103)
2¢T,(¢) = Th-1(c)
= 104
2T, (0) (104)
Tn—l (C)
=1- 105
2¢T,,(c) (105)
1 2¢T,—1(c)
—1_ — 4 106
42 Ty(c) (106)
1
Finally, the sequence w can be computed online using the recursion
1
Wp=—"-—"—"— (108)
1-— @wn,1
with wp = 2. O
In this appendix, as well as in Appendix B, we end up with some equality of the form
T, (oK (H))
—Zu|| = ———=+ — x| - 109

The next theorem explains how to derive the rate factor from it.

Proposition 4.6. For a given o such that supyc |0k ()| = 1, the asymptotic rate factor 7% of
the method associated to the polynomial (14) is

1
1—77% = lim ./sup|P:(\;oK)| = (ao —\/od — 1) : . withag = ok(0). (15)
t—o00 AEA

Proof. We observe that the rate factor of the method is upper bounded by

Ty (0 (V) 1 .
= fs A)| = 1. 110
Tyicloo) |\ Tm o] TR (110)

Since op > 1, and by using the explicit formula of Chebyshev polynomials, we have that

t/K t/K t/K
(00+\/O'(2)71) +<00— 0(2)—1) (JOJr\/Jg—l)
~J 2 .

2 t—o0

([sup|Z{H ()] = | sup
AEA AEA

T,/ (00) = (111)

Taking the limit gives
li 1 1 % < 2 1) % (1 12)
im = =|0o0—1/05 — .
t=oo \[ |Ty/k (00) | oo+ /o3 — 1 0

D.2 Derivation of heavy ball with K step sizes cycle

In this section, we consider heavy ball algorithm with a cycle of K different step sizes. For
convenience, we restate Algorithm 1 below.

We first recall the convergence theorem 4.8 stated in Section 4.3.
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Algorithm 7: Cyclical heavy ball HBg (ho, ..., hx—1;m)

Input: Initialization xg, momentum m € (0, 1), step-sizes {ho, ..., hx_1}
— ho
T1 = o 1+mvf($0)

fort=1,2,...do Tit1 = Tt — hmod(t, k) V f(T4) + M2t — 24-1)
\
end

Theorem 4.8. The worst-case rate of convergence of Algorithm 1 on Cp with an arbitrary momentum
m and an arbitrary sequence of step-sizes {h;} is

vm, if ogup <1
/K 1+mX
vm (Jsup + Js2up - 1) ;i osep € (1, +7mK
1-7= 20ym~) . a9
1 K
> 1 (no convergence) if ogup > tm 7
2(y/m)

where o4y, = sup|o(\; {hi}, m)|, and o(\; {hi}, m) is the K-degree polynomial
AEA

R 1 1+m—hg 1\ 1 1+m—hg_2A 1 1+7\r}l}LOA -1
s hdom 2 g (| LT ) e

h
Proof. Note a first trick. Let’s define z_; = zy — ﬁVf(xo). This way, x;y1 = z; —
m

Poact, 5y V f () +m(x¢ — x4_1) holds for any ¢ > 0 (including ¢ = 0).

Now, let’s introduce the polynomials P; defined by Proposition 4.1 as x; — z, = P(H)(xg — x4).
From now, in order to highlight the K -cyclic behavior, we introduce the indexation t = nK + r, with
r e [0, K —1].

We verify the following:

P\ =1- , (113)

Py(A) =1, (114)
vn 2 077’ € IIO,K - ].]], PnK+T+1()\) = (]. +m — hr)\)PnK+r(>\) - mPnK+r71()\). (115)

In order to get rid of the last occurrence of m in equation above, we introduce P;(\) £ —L P,(\).

G}
This way, the above can be written
~ ho/\ 2m

P_ = 1-— = 11
) = Vi (1= ) = 2, e
B\ =1, (117)

~ 1+m—h\ = ~

Vn > 0,7’ € [O,K — ].H, PnK+T+1()\) = 7PHK+T(>\) — PnK+'r‘71()\)~ (118)

Jm

In the following, we want to determine a formulation for the polynomials P, . In order to do so, we
introduce the following operator:

ane T vm o e T vm

1+m—hrg_ 1A 1+ m — ho)
A
1 0 1 0 (

as well as the scalar valued function
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o(X: {hi},m) & LTr(A(N)). (120)

This operator comes naturally in

~ 14+m—hg_1A ~
Poine N\ [ —————=2 <1\ (Posnr—1(\)
(PJ%&(A)) - ( v 0 ) (Pinlii_m) (20
1+m7hK_1)\ 1+m7h0>\ ~
N Y. = (L™
(122)
= A\ (;:ZK(IX)) . (123)

Looking K steps at a time makes the analysis much easier as the process applying K steps is then
homogeneous (we apply A and A doesn’t depend on the index of the iterate).
Priyg(N) = a(N)Pac(N) + b(A) Pag—1(N), (124)

Pinyyg—1(A) = c(A)Purc(N) +d(N) Pk —1(A)- (125)

Combining the two above equations (First one with incremented n + b() times the second one - d(\)
times the first one) leads to

Py (V) = (@A) +dA) Py (A) = (@(N)d(A) = b(N)e(N) Pa (X)) (126)

=20(X; {hi},m) Pyny(A) — Pak (M) (127)
where the second inequality is deduced after we recognize
a(A) +d(A) = Tr(A(N)) = 20(X;{hi}, m) (128)
and
a(N)d(N\) —b(A)e(N) = Det(A(N)) =1 (129)

(A(X) is the product of matrices of determinant 1).

In equation (127) we recognize the recursion verified by e.g. (T, (c(A;{hi},m)))nen, or
(Un(o(X;{hi},m)))nen, where T,, (resp. U,) denotes the first (resp. second) type Tchebyshev
polynomial of degree n.

Moreover we verify the initialization

Py(N) =1, (130)
Pre(A) = a(N)Po(A) +bA)P_1(N) (131)
:a()\)+b()\)1fm1+%ho)\. (132)

‘We also notice that

Un(o(h: {hi},m)) + (b(A)

m 14+ m— hgA
1+m vm

verifies the same recursion of order 2 than IBKn as well as the same 2 initial terms.

- d(/\)) Un—1(c(X; {hi},m)) (133)

Finally, we conclude
m 14+m— hgA
1+m vm

Puic(N) = Un(o (A (i}, m)) + (bm - d(A)) Unor(o (X (i}, m)

(134)

and
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Pux(N) = (V)" Puxc(N). (135)

Now we have the full expression of the polynomials associated to algorithm 1. Then we can study
it’s rate of convergence.

Note for any r € [0, K — 1], we can have a similar expression of the form
nkK
Parcir) = (Vi)™ (QXAUa(o s {hi}om)) + Q2N s (o {hi},m))  (136)

with Q! and Q? some fixed polynomials. This is the consequence of the fact that all sequences
Pk (X) verify the same recursion formula. Only initialization are different.

In order to study the factor rate of this algorithm, let’s first introduce M an upper bound of all the
|QZ%|. For instance, let M defined as follow.

M = “N)]. 137
reﬂo,KIFﬁlﬁe{l,z}iléR'Q’”( ) (137)

Then,
[ze — 2| < sup|P(A)|[|lzo — 2| (138)
AEA

< 01 (Vi) (suplUa o (1)) + suplUa o id ) ) o .
(139)
withn = [ £].

Set ogup = sup|o(A; {hi}, m)|. The worst-case rate verifies
AEA
If Gy < 1, then 7y < M (Vi)' (n+14+n) = O (¢ (Vim)"). (140)

n
If 7y > 1, then o — O ((m)t Ry ) | (141)

The first case analysis comes from the fact that U,, is bounded by n + 1 on [—1, 1], while the second
cases analysis comes from the fact that U,,(z) grows exponentially fast outside of [—1, 1] at a rate

T+ V2 —1.

Then the factor rate verifies
fogp <1,1 -7 = Vm. (142)

1/K
If ogup > 1,1 — 7 = \/m (asup + /02, — 1) . (143)

k

. . 1/K . . 1+m
It remains to notice that \/m <asup + /02 — 1) < lis equivalent to og,p < 2 )
vm

% -

From this factor rate analysis, we can state Proposition 4.9 of Section 4.3.

Proposition 4.9. Let o()\; {h;},m) be the polynomial defined by (20), and o% be the optimal link
Sunction of degree K defined by (16). If the momentum m and the sequence of step-sizes {h;} satisfy

oA {hit,m) = o (), 1)

then 1) the parameters are optimal, in the sense that they minimize the asymptotic rate factor from
Theorem 4.8, 2) the optimal momentum parameter is

m = (00 — o2 — 1)/, where oo = o (0), (22)

3) the iterates from Algo. 3 with parameters {h;} and m form a polynomial with recurrence (18),

and 4) Algorithm 3 achieves the worst-case rate T?Zg' 7 and the asymptotic rate factor 1 — 7483

t/K 1K
53— 0 <t (ao — /ot — 1) ) , 1— 73 = (0’0 —\/od — 1) ) (23)
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Proof. Fornow we don’t assume assumption 21 yet. Set oo = o(0; {h;}, m). Then, by definition (20)
of a(X; {h;}, m),

1 Lm 7K 1+m 1+ mK
aO—QTrqxlf 0} >_TK(2\/E>_2(\/E)K' (144)

Hence, reversing this equality,
1
K
vm = (00 — /o3 — 1) . (145)

From Theorem 4.8, we therefore know

==

Ifosupgl,l—T:(ao— 08—1) . (146)

1/K
(asup + /02, — 1) . (147)

A=

Ifogp>1,1—-7= (00 O'%].)

But, one can check that

<ao—,/a§—1)}{ (osupﬂ/agup—l)l/Kz % _ (00 )2—1 (148)

Osup Osup

which shows that a tuning generating the polynomial

M would lead to a better convergence
sur

rate. Hence, we should look for polynomials o (\; {h;}, m) )verifying Osup < 1. And then,

17-@-(00 0(2)1> . (149)

which explain we aim at maximizing o subject to og,, < 1 ((16)).

Finally, we proved 1): if o(\; {h;},m) = 0% ()\), then the tuning is optimal in the sense that this is
the one that minimizes the asymptotic rate factor among all K steps-sizes based tuning.

From now, we assume
o(X; {hi},m) = oi (). (150)
Therefore,
o0 = o5 (0) (151)
and 2) is already proven above.
3) follows directly from the definition of o5 (\).

Finally, since og,, < 1, we know

1/K
17@(00 031) (152)

which proves part of 4).

To prove the expression of the worst-case rate r;, we need to apply the intermediate result (140)
instead of Theorem 4.8.

O

D.3 Example: alternating step sizes (K = 2)

Proposition D.2. The strategy with 2 step sizes is optimal on the union of two intervals if and only if
they have the same length.

29



726
727

728

729
730

731

732
733
734

735

737
738

739

740

741

742

743
744

Proof. This i 1s a direct consequence of Theorem C.2. Indeed, it implies o' (z¢1) = o5 (L) = 1 and
03 (12) = 08 (L1) = —1.

This is feasible if and only if L, — 25 = L; — 1, since o is a degree 2 polynomial.

Indeed, set o4 (z) = a(x—b)?+c. Then, o (111) = o (L>) implies a(z; —b)2+c = a(La—b)? +c,
then |14, — b| = | L, — b| and finally b = % Similarly, 04 (122) = 04 (L) implies b = “2E5t.

Weconclude%l”:" L and Lo — o = Ly — . O

Proposition 4.5. Let A = [py, L] U [,u/-_>, L) be an union of two intervals of the same size
(L1 — 1 = Lo — o) and let m be as defined in Algorithm 2. Then the minimax polynomial (solution
to (12)) is, forall t = 2n, n € N{,

T (03 (X)) N 14+ m\2 N \
———=— L — argmin sup|P()\)|, with o /\2(> <1>(1)1.
T, (02(0)) Pe%et[x], )\eA| 9l 2(Y) 2/m L,

P(0)

Proof. From Theorem C.2,

o (1) =1, (153)
oy (L1) =—1, (154)
o (12) = -1, (155)
oM (Ly) =1, (156)
A
and this implies that % is optimal.

0)

In particular, I, and /., are roots of o + 1. Therefore, we know there exists a constant ¢ such that

ob(\) = c(1 — —)(1 - /T) — 1. Moreover, evaluating this in 11, gives o4 (z11) = ¢(1 — 2 -

L
£y —1=1,50
2

2
¢ = 1 1 (157)
(1= -5)
2L1/l/-_>
= (158)
(L1 — pa) (2 — 1)
(H1J2rL2>2 _ R2 (L25H1)2
=92 e (159)
) (L2 - “1)2
2 2
_ G R
-2t (160)
Then, ) )
A p°—R A A
o5 (N) =2 1-— 1-— -1 161
which can be written
2
1+m A A
Ay =2(—= 1- =) (1-=2) -1 162
. m 2 /02— R2—+/02—1
with (;*W) = p1 Flnally,m = ( £ WP ) O

Theorem 3.1 (Rate factor of HBy(hg, h1;m)). Let f € Cp and ho, hi, m > 0. The asymptotic rate
factor of Algorithm I with cycles of length two is

NGD if ogup < 1,
1
1-r={ m (asup + o2, — 1) P i o € (17 1;;;12), (5)
> 1 (no convergence) if 1'5:;2 < Osup,
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1+mf)\ho) (1+mf)\h1> 71’

2¢/m 2ym ©)

with Osup = sup ‘2 (
h h
)\E{H17L17H27L27 A }”A

Proof. From Theorem 4.8 applied to K = 2, we immediately have the above result with

2 1—|—m—/\h0 1—|—m—)\h1 _1
o /m 2/m

In order to conclude the proof, we therefore need to prove that the optimal value of \a§\| can only be

o =30

reached on { w1, Ly, peo, Loy (1 4+m) hothy } Indeed, aé\ being convex, its maximal value can only

2hohy
be reached on {1, Lo }. Its minimal value over R is reached on (1 + m) g;’;}rgf

hothi if the latest belongs to A. Otherwise, its

2h0h1
minimal value is reached to the closest point in A to (1 4+ m) g%j}?f , namely, it can be any point of

{p1, L1, po, Lo} O

Proposition D.3 (A nice formulation of the reached polynomial in the robust region). Assuming
O’é\()\) > —1, VA € A, the polynomial associated to heavy ball algorithm with alternating step

sizes is exactly
2m T 14+m — Ahg 14+m — Ahg
L4m " 2y/m 2y/m

1—m 14+m — Ahyg 14+m — Ahyg
+1+mU2”<\/< ) (o ))] (169

Remark D.4. The assumption o2(A) > —1, VA € A is verified in the robust region, and is useful

1+m—>hg | (1l4m=Xhg ) ; 1+02(N) .
2/ ) ( 2/ ) is equal to and must be positive to make

. Therefore, over

A, the minimal value of o2 is reached on (1 4 m)

Py (\) = (vim)™"

2
the above expression well defined. Otherwise the result can hold replacing the square root with some
complex number, but it brings no value when we derive the convergence rate from it.

here because the term (

Proof. This proof reuses elements of the proof of Theorem (4.8), especially Equation (127). For sake
of completeness and simplicity, we prove this result again directly in the special case K = 2.

We first recall the recursion of Algorithm 1 for K = 2. For sake of simplicity, we directly projet it
onto the eigenspace associated to the eigenvalue ) of the Hessian of the objective function.

Tont1 — T = (L+m — hoA)(zan — zs) — m(Top—1 — T4). (164)
Topt2 — s = (L+m— ) (22n41 — T4) — m(@2n — T4).

Identifying ; — 2, = P,(\)(z0 — 2,) and P,(\) = (vm)' P,(\),

p2n+1()‘) = %pZﬂ()‘) - anfl()‘)7 (165)
Papy2(N) = HEEAPy, 1(A) = Pan(N).

Multiplying the first equation by w and replacing %IE’Q”H (M) and %IE’%_ 1(N)

m
accordingly to the second equation leads to

Popio(N) + Pop(N\) = s ﬂ\}n—; hoA 1+ % h1)\]52n(>\) - <p2n()‘) + 152n—2(>\)> (166)
which can be written as in equation (127)
Pania()) = (1 T hoA L+ u A 2) Pon(X) = Pon2(N). (167)
Moreover,
-z =(1- 1T;n)\)(x0 — Ty), (168)
o —xx = (L+m—hN)(r1 —x) —m(zo — Ts),
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leading to the initialization

PN = == RO, (169)
By(n) = Bmehidp () - By(y).
hence,
~ B 1 1+m—hoAl+m—hiA
Py(\) = (1 T Jm Jm 1) (170)
and recall ~
Py(\) =1 (171)

It remains to notice that
2m T 1+m—)\h0 1—|—m—)\h0
T+m " 2/m 2/m
1-m 14+m — Ahg 1+m — Mhg
—Uap 172
T (\/( 2 /m >< 2 /m )) (172)

verifies the same recursion as well as the same initialization for n = 0 and n = 1. This allows us to
identify the 2 sequences of polynomials

Byn() = %TQH (\/(1 —i—;n\/—%)\ho) <1 —|—;n\/—7n)\ho>>

1—-m 14+m — Ahg 1+ m — Ahg
+1+mU2"<\/< 2/m )( 2/m )) (173)

which concludes the proof.

O

Corollary 3.2. The worst-case (asymptotic) rates rflg' 2and 1 — 74182 of Algorithm 2 over Cy are

A2 _ (1 g [P V=R /[ 1\ 1—TA18-2:‘/’)2_7R2_”22_1 for t even
! L Vi—R? ’ VI—R? '

Proof. From Proposition 4.5, Algorithm 2’s parameter make o (\; {h;},m) = o2 In particular, by

definition,
1+m—)\h0 1—|—m—/\h1
—-1<2 —-1<1. 174
<2 (M) (M) s (7
and then
1+m—)\ho 1+m—)\h0
< <1. 17
O—V( s ) (T ) < (7

And we know that Vo < 1, T, () < land U,(z) <n+ 1.
Therefore, using optimal parameters, and from Proposition D.3

1—-m 1—-m

~ m
Pop(A) < 2 1 =1+2 176
2N < Ty F @t D = e (176)
And the worst-case rate is then upper bounded
1-m t
=(1+4+1¢ 177
= (102 (v a7
for all ¢ even.
It remains to plug m expression into the above to conclude. O
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786 The next theorem sums up the results of Proposition 3.3 and Table 1.

787 Theorem D.5 (Asymptotic speedup of HB with alternating step sizes).

2K
788 1. Let R € [0,1) be a fixed number, then \/m = NHO Ry + o(\/kK).
789 2. Let
VL VL
Riw) = 1- Y5 oV, ie, Amfuut Yo - YEL )
K—0 2 4 4
790 then \/m = 1 —2¥k + o({/k), therefore leasing to a new square root acceleration.
K—
791 3. Let
R(r) = 1=2vs+o(r),  ie, A=l (1+7)p]U[L—=p, L],

/ 1
792 then /m — \/7 ), therefore leading to a constant complexity.
7

793 This is summed up in the Table 2.

Relative gap R~ Set A Rate factor 7 Speedup 7/7FHE
Re0,1) [+ R(L— )] UL — R(L — ), L] AL (1-R?)~%
R=1-VE/2 [up+SEU[L - 4L 1) 25 ko
R=1-2yk [, T+ 7)) UL —yp, L] indep. of & O(Vk)

Table 2: Case study of the convergence of Algorithm 2 as a function of R, in the regime where x — 0.
The first line corresponds to a situation where R is independent of x, and we observe a constant

gain w.r.t. heavy ball. The second line study a setting in which R depends on +/k, meaning the two
intervals in A are relatively small. The asymptotic rate reads (1 — 2/k)?, beating the (1 — 2y/k)*
lower bound. Finally, in the third line, R depends on x, the two intervals in A are so small that the

convergence becomes O(1), i.e., is independent of .

794  Proof.

795 1. Let R € [0, 1). The momentum m satisfies

1+ 0(k) — R? — \/4k 4+ O(r?)
S0 JiRme
VI -R240(k) — 2k + O(k)
0 V1-R2
2yk

niO 1-— 7@ + O(K)

796 2. Let R(k) = 1— ~— + o(v/k). The momentum m verifies

|
+
—_
\




797

798

799

800

801

802

803

805

806

808
809

We first focus on

(%) -1 4k + O(k?)
1-R2 w0 \/k+o(y/R)
= AVE+o(VE).

Then,

2 2

() -1 ()
SN I N/ (Y I i A,

vm —m e

= 1+ 4V +o(VR) — \/1VE + ol VR)
=, 1+ 2Vt o(VR) =2V +o(VR)
ni() 1- 2%+ O(%).

3. Let R(k) =, 1 — 2vk + o(k). The momentum m verifies
K—r
2 2
() -# ()
m =

14k
(i)

1—R? 1— R?

I
+
—

[

We first focus on

2
14K
(1%) -1 4k +O(k*) 1+o(/<;)
1—R2 k>0 dvk + o(k) k=0 ol ’

Then,

D.4 Example: 3 cycling step sizes

Proposition D.6. The strategy with 3 step sizes is optimal on the union of two intervals if and only if
they are of the form

{u,uﬂL—u) (;—§+1R2)]U[L—(L—u) <1—R—1R2),L},

4 2 2 4
for some R € [0,1].

Proof. From Theorem C.2, we know that T,,(o3) is optimal for all n if and only if, A is the
union of 3 different intervals that are mapped on [—1,1]. Since, we are looking for A being the
union of 2 intervals, we know 2 of the 3 intervals A is composed of share an extremity. Recall
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A = [p1, L1] U [u2, L2]. By symmetry, we can assume without loss of generality that [, Lq] is
mapped to [—1, 1] twice, and [u2, Lo] once. Let’s then introduce « € (11, L1) and say:

o3(pr) =1, (178)
oz(x) = —1, (179)
o3(L1) =1, (180)
o3(p2) =1, (181)
o3(La) = —1. (182)

Note we also know that z is a local minima of o3, leading to o%(z) = 0. We now know 3 roots of
o3 + 1 and 3 roots of o35 — 1, leading to:

03(A) =1 = (A= p1)(A = L1) (A — p2), (183)
o3(N) +1 =c(A—2)*(\ — L), (184)

for some non-zero constant c. Here, we want to remove the dependency in x or c¢. Using the two
equalities above,

2
(A=2)?(A = L) = (A =)A= Li)(A = pa) = = (185)
Matching the coefficients of the above polynomial leads to
20+ Ly = py + Ly + o (186)
and (187)
2£CL2 —+ (E2 = ,U,lLl + 12 + L1/1,2. (188)
We plug the expression of = we get from the first equality into the second one,
+ Ly +po — L \*
Lo(p1 + L1+ p2 — La) + (Ml - 5 e 2) = p1Ly + pap2 + Lipo. (189)
From here, for simplicity, we define
Li — i
A 2 k3 .
r 2 , fori e {1,2}. (190)
Ly — 11 1.2}

Replacing Ly and s by their expression using p1, Lo, 71 and ro leads to
r1 = 24/rg — To. (191)

The reciprocal holds and we can find x using Equation (186) or (188). Note if Equation (191) holds,
we can directly express o3 as the unique polynomial verifying

0'3(/1,1) = 1, (192)
O'3(L1) = 1, (193)
o3(pe) =1, (194)
o3(Ly) = —1. (195)

‘We can therefore conclude

(A —p1) (A = Ly) (A — p2)

s\ = = 2 S = 1) (e — )

(196)

From the new notations ry, 79, 4 = p1, L = Lo, we know T, (O’é\) is optimal for all n if and only if

A=[u,p+r(L—pw]U[L—reo(L —p), L] (197)

Let R be I
p=t2—"1 (198)

Ly — s
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as in the 2 step sizes setting. Here, we have R = 1 — r; — ro and we assume r; = 2,/79 — 7a.
Combining those 2 equalities gives:

1 R 1-R?
- _ 1
n=g-5t (199)
1 R 1-R?
- _ 2
r2=3 3 1 (200)
leading to the desired result, i.e.,
1 R 1-R? 1 R 1-R?
A= L—p)(z—— L—(L—p)(z——=— L.
s p+ (L= ) (5 =5 TR e A R Dl Gt L
O

Theorem D.7 (Asymptotic speedup of heavy ball when cycling over 3 step-sizes). Let R € [0, 1) be
a fixed number, then

1-R?/9
vm = 1-2Vk + o(Vk). (201)
r—0 1 —R2
Proof. From Equation (145),
_ (W M) ()2 P with o™ (o) — pLapis
m= oy (0) —1\/oy '(0)2—1 with o3 7(0) =142 .
\/7 ( 3 ( ) 3 ( ) > 3 ( ) (LQ_Ml)(LQ_Ll)(LQ_MQ)
Using the previous notations,
wo=p, (202)
L = L, (203)
"
== 204
k=T (204)
a Li—p .
r; = , fori € {1,2}, (205)
P— {1,2}
we can write oéA) as
o) =1+2 palagen , (206)
(L2 — p1)(L2 — L) (L2 — p2)
kk+r1(1—k))(1—7re(1 —k))
=1+2 207
* (1—£)3(1—ry)r (207)
1—
TP Gl (208)
K (1 —7“1)7“2,
_p2 _p2
142 (l_§+14R)(%+§_14R> (209)
= K —R2 2N
G+s+55)G-3-55)
9 —10R* + R*
ST R R 10
142 (1-R) (9 F) @211)
= K )
(1—-R?)
9— R?
=1+ 2n71 ol (212)
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i ' - A L9-R’
Then introducing briefly € = k=73 et 0,

1
3

anGﬁmw—o@wV—Q, (213)
:(1+2g—\/1+4s+4s2—1)§, (214)

Plugging ¢ expression into the latest gives

1- R2/9

\/5:01_2\/E 1—R?

K—>

+ o(V/K). (216)

E Beyond quadratic objective: local convergence of cycling methods

In this section, we prove a result of local convergence of the cyclical heavy ball method out of
quadratic setting. We first recall the Theorem 5.1 stated in Section 5:

Theorem 5.1 (Local convergence). Let f : R? — R be a (potentially non-quadratic) twice continu-
ously differentiable function, x, a local minimizer, and H be the Hessian of f at x. with Sp(H) C A.
Let x; denote the result of running Algorithm 1 with parameters hyi, hs,--- ,hg,m, and let 1 — T be
the linear convergence rate on the quadratic objective (OPT). Then we have

Ve > 0,3 openset V. : 29, 7. € Vo = ||zy — 24| = O((1 — 7 +¢)")||wo — 2.]|- (24)
Proof. For any k multiple of K, consider S, the operator applying & steps of cycling Heavy Ball on
the iterates x; and z;_1 (note since k is a multiple of K, Algorithm 1 consists in repeating the operator

S}.). Namely Sy, is an operator on R24 verifying Sy, ((x¢, 1)) = (241, Tt+x_1). This operator is
a composition of gradients of f and affine functions, and so it is continuously differentiable.

Applying the mean value theorem along each coordinate of .Sj, we have that there exists a matrix-
valued function M (vy,vs) for all vy, v in the domain of Sy, such that

Sk(v1) — Sk(ve) = M(v1,v2)(v1 — v2), 217)

where the it rows of M (v1, v2) is the gradient of the ith output of Sy evaluated at a vector on the
segment between v, and vs.

V(Sk)1(wi)"

: (Sk): denotes the ith coordinate of Sj.
M(vi,v9) = | V(Sp)i(w;)T | whereVi € [1,2d],
: w; is a point on the segment v, va].

V()2 (w2a)”
(218)

By continuity of those gradients, taking v; and vo sufficiently close to (., z.), M (v1,v2) can be
chosen arbitrarily close to the Jacobian of Sy, in (., ) denoted by JS -

Since by assumption the algorithm converges on the quadratic form induced by H at the rate 1 — 7,
we conclude that the spectral radius of J.S; is upper bounded by 1 — 7.

From the previous point, we can find a small enough neighborhood of (., x,) such that M (vy,vs)
has a spectral radius arbitrarily close to 1 — 7, in particular smaller than 1.

Furthermore, it’s known for any € > 0, there exists an operator norm ||.|| such that || M (vq, v2)]| <
1 — 7+ . (see e.g. [Bertsekas, 1997, Proposition A.15]).

Hence, for any ¢ > 0, there exists a neighborhood V' of (z.,z.) and an operator norm ||.|| as
described above such that Sy, is a (1 — 7 4 ¢)-contraction on V' for the norm ||.|.
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This leads to convergence to the only fixed point (., . ) with a convergence rate smaller than any
l—-7+4e¢.

Moreover, the first step of the Algorithm 1 is continuous with respect to xo. Hence, for any V' € R4
neighborhood of (., x.), there exists W € R4 a neighborhood of z,, such that

g € W = (.131,%‘0) eV. 219)

Finally, for any € > 0, there exists W a neighborhood of x,. such that the Algorithm 1 converges to
x, with a rate smaller than 1 — 7 + €.

O

F Experimental setup

Benchmarks we run using a Google colab public instance with a single CPU. Producing the results
of Figure 4 took 50 minutes with this setup. The code to reproduce this figure is attached with the
supplementary material in the jupyter notebook benchmarks.ipynb .
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