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Abstract

The generalization mystery of overparametrized deep nets has motivated efforts
to understand how gradient descent (GD) converges to low-loss solutions that
generalize well. Real-life neural networks are initialized from small random values
and trained with cross-entropy loss for classification (unlike the "lazy" or "NTK"
regime of training where analysis was more successful), and a recent sequence of
results (Lyu and Li, 2020; Chizat and Bach, 2020; Ji and Telgarsky, 2020a) provide
theoretical evidence that GD may converge to the "max-margin" solution with zero
loss, which presumably generalizes well. However, the global optimality of margin
is proved only in some settings where neural nets are infinitely or exponentially
wide. The current paper is able to establish this global optimality for two-layer
Leaky ReLU nets trained with gradient flow on linearly separable and symmetric
data, regardless of the width. The analysis also gives some theoretical justification
for recent empirical findings (Kalimeris et al., 2019) on the so-called simplicity
bias of GD towards linear or other "simple" classes of solutions, especially early in
training. On the pessimistic side, the paper suggests that such results are fragile.
A simple data manipulation can make gradient flow converge to a linear classifier
with suboptimal margin.

1 Introduction

One major mystery in deep learning is why deep neural networks generalize despite overparameteri-
zation (Zhang et al., 2017). To tackle this issue, many recent works turn to study the implicit bias
of gradient descent (GD) — what kind of theoretical characterization can we give for the low-loss
solution found by GD?

The seminal works by Soudry et al. (2018a,b) revealed an interesting connection between GD and
margin maximization: for linear logistic regression on linearly separable data, there can be multiple
linear classifiers that perfectly fit the data, but GD with any initialization always converges to the max-
margin (hard-margin SVM) solution, even when there is no explicit regularization. Thus the solution
found by GD has the same margin-based generalization bounds as hard-margin SVM. Subsequent
works on linear models have extended this theoretical understanding of GD to SGD (Nacson et al.,
2019b), other gradient-based methods (Gunasekar et al., 2018a), other loss functions with certain
poly-exponential tails (Nacson et al., 2019a), linearly non-separable data (Ji and Telgarsky, 2018,
2019b), deep linear nets (Ji and Telgarsky, 2019a; Gunasekar et al., 2018b).
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Given the above results, a natural question to ask is whether GD has the same implicit bias towards
max-margin solutions for machine learning models in general. Lyu and Li (2020) studied the
relationship between GD and margin maximization on deep homogeneous neural network, i.e., neural
network whose output function is (positively) homogeneous with respect to its parameters. For
homogeneous neural networks, only the direction of parameter matters for classification tasks. For
logistic and exponential loss, Lyu and Li (2020) assumed that GD decreases the loss to a small value
and achieves full training accuracy at some time point, and then provided an analysis for the training
dynamics after this time point (Theorem 3.1), which we refer to as late phase analysis. It is shown that
GD decreases the loss to 0 in the end and converges to a direction satisfying the Karush-Kuhn-Tucker
(KKT) conditions of a constrained optimization problem (P) on margin maximization.

However, given the non-convex nature of neural networks, KKT conditions do not imply global
optimality for margins. Several attempts are made to prove the global optimality specifically for
two-layer nets. Chizat and Bach (2020) provided a mean-field analysis for infinitely wide two-layer
Squared ReLLU nets showing that gradient flow converges to the solution with global max margin,
which also corresponds to the max-margin classifier in some non-Hilbertian space of functions. Ji and
Telgarsky (2020a) extended the proof to finite-width neural nets, but the width needs to be exponential
in the input dimension (due to the use of a covering condition). Both works build upon late phase
analyses. Under a restrictive assumption that the data is orthogonally separable, i.e., any data point
x; can serve as a perfect linear separator, Phuong and Lampert (2021) analyzed the full trajectory of
gradient flow on two-layer ReLU nets with small initialization, and established the convergence to a
piecewise linear classifier that maximizes the margin, irrespective of network width.

In this paper, we study the implicit bias of gradient flow on two-layer neural nets with Leaky ReL.U
activation (Maas et al., 2013) and logistic loss. To avoid the lazy or Neural Tangent Kernel (NTK)
regime where the weights are initialized to large random values and do not change much during
training (Jacot et al., 2018; Chizat et al., 2019; Du et al., 2019b,a; Allen-Zhu et al., 2018, 2019; Zou
et al., 2018; Arora et al., 2019b), we use small initialization to encourage the model to learn features
actively, which is closer to real-life neural network training.

When analyzing convergence behavior of training on neural networks, one can simplify the prob-
lem and gain insights by assuming that the data distribution has a simple structure. Many works
particularly study the case where the labels are generated by an unknown teacher network that is
much smaller/simpler than the (student) neural network to be trained. Following Brutzkus et al.
(2018); Sarussi et al. (2021) and many other works, we consider the case where the dataset is linearly
separable, namely the labels are generated by a linear teacher, and study the training dynamics of
two-layer Leaky ReL.U nets on such dataset.

1.1 Our Contribution

Among all the classifiers that can be represented by the two-layer Leaky ReLLU nets, we show any
global-max-margin classifier is exactly linear under one more data assumption: the dataset is
symmetric, i.e., if x is in the training set, then so is —a. Note that such symmetry can be ensured by
simple data augmentation.

Still, little is known about what kind of classifiers neural network trained by GD learns. Though Lyu
and Li (2020) showed that gradient flow converges to a classifier along KKT-margin direction, we
note that this result is not sufficient to guarantee the global optimality since such classifier can have
nonlinear decision boundaries. See Figure 1 (left) for an example.

In this paper, we provide a multi-phase analysis for the full trajectory of gradient flow, in contrast
with previous late phase analyses which only analyzes the trajectory after achieving 100% training
accuracy. We show that gradient flow with small initialization converges to a global-max-margin
linear classifier (Theorem 4.2). The proof leverages power iteration to show that neuron weights
align in two directions in an early phase of training, inspired by Li et al. (2021). We further show
the alignment at any constant training time by associating the dynamics of wide neural net with that
of two-neuron neural net, and finally, extend the alignment to the infinite time limit by applying
Kurdyka-FLojasiewicz (KL) inquality in a similar way as Ji and Telgarsky (2020a). The alignment at
convergence implies that the convergent classifier is linear.

The above results also justify a recent line of works studying the so-called simplicity bias: GD first
learns linear functions in the early phase of training, and the complexity of the solution increases



as training goes on (Kalimeris et al., 2019; Hu et al., 2020; Shah et al., 2020). Indeed, our result
establishes a form of extreme simplicity bias of GD: if the dataset can be fitted by a linear classifier,
then GD learns a linear classifier not only in the beginning but also at convergence.

On the pessimistic side, this paper suggests that such global margin maximization result could be
fragile. Even for linearly separable data, global-max-margin classifiers may be nonlinear without
the symmetry assumption. In particular, we show that for any linearly separable dataset, gradient
flow can be led to converge to a linear classifier with suboptimal margin by adding only 3 extra
data points (Theorem 6.2). See Figure 1 (right) for an example.

2 Related Works

Generalization Aspect of Margin Maxmization. Margin often appears in the generalization
bounds for neural networks (Bartlett et al., 2017; Neyshabur et al., 2018), and larger margin leads to
smaller bounds. Jiang et al. (2020) conducted an empirical study for the causal relationships between
complexity measures and generalization errors, and showed positive results for normalized margin,
which is defined by the output margin divided by the product (or powers of the sum) of Frobenius
norms of weight matrices from each layer. On the pessimistic side, negative results are also shown if
Frobenius norm is replaced by spectral norm. In this paper, we do use the normalized margin with
Frobenius norm (see Section 3).

Learning on Linearly Separable Data. Some works studied the training dynamics of (nonlinear)
neural networks on linearly separable data (labels are generated by a linear teacher). Brutzkus
et al. (2018) showed that SGD on two-layer Leaky ReLU nets with hinge loss fits the training set
in finite steps and generalizes well. Frei et al. (2021) studied online SGD (taking a fresh sample
from the population in each step) on the two-layer Leaky ReLU nets with logistic loss. For any data
distribution, they proved that there exists a time step in the early phase such that the net has a test error
competitive with that of the best linear classifier over the distribution, and hence generalizes well on
linearly separable data. Both two papers reveal that the weight vectors in the first layer have positive
correlations with the weight of the linear teacher, but their analyses do not imply that the learned
classifier is linear. In the NTK regime, Ji and Telgarsky (2020b); Chen et al. (2021) showed that GD
on shallow/deep neural nets learns a kernel predictor with good generalization on linearly separable
data, and it suffices to have width polylogarithmic in the number of training samples. Still, they
do not imply that the learned classifier is linear. Pellegrini and Biroli (2020) provided a mean-field
analysis for two-layer ReLU net showing that training with hinge loss and infinite data leads to a
linear classifier, but their analysis requires the data distribution to be spherically symmetric (i.e., the
probability density only depends on the distance to origin), which is a more restrictive assumption
than ours. Sarussi et al. (2021) provided a late phase analysis for gradient flow on two-layer Leaky
ReLU nets with logistic loss, which establishes the convergence to linear classifier based on an
assumption called Neural Agreement Regime (NAR): starting from some time point, for any training
sample, the outputs of all the neurons have the same sign. However, it is unclear why this can happen
a priori. Comparing with our work, we analyze the full trajectory of gradient flow and establish the
convergence to linear classifier without assuming NAR. Phuong and Lampert (2021) analyzed the full
trajectory for gradient flow on orthogonally separable data, but every KKT-margin direction attains
the global max margin (see Appendix H) in their setting, which it is not necessarily true in general.
In our setting, KKT-margin direction with suboptimal margin does exist.

Simplicity Bias. Kalimeris et al. (2019) empirically observed that neural networks in the early
phase of training are learning linear classifiers, and provided evidence that SGD learns functions
of increasing complexity. Hu et al. (2020) justified this view by proving that the learning dynamics
of two-layer neural nets and simple linear classifiers are close to each other in the early phase, for
dataset drawn from a data distribution where input coordinates are independent after some linear
transformation. The aforementioned work by Frei et al. (2021) can be seen as another theoretical
justification for online SGD on aribitrary data distribution. Shah et al. (2020) pointed out that extreme
simplicity bias can lead to suboptimal generalization and negative effects on adversarial robustness.

Small Initialization. Several theoretical works studying neural network training with small initial-
ization can be connected to simplicity bias. Maennel et al. (2018) uncovered a weight quantization
effect in training two-layer nets with small initialization: gradient flow biases the weight vectors to a
certain number of directions determined by the input data (independent of neural network width). It
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Figure 1: Two-layer Leaky ReLU nets (®ticaky = 1/2) with KKT margin and global max margin on
linearly separable data. See Appendix 1.1 for detailed discussions. Left: Theorem 4.3 is not vacuous:
a symmetric dataset can have KKT directions with suboptimal margin, but our theory shows that
gradient flow from small initialization goes to global max margin. Middle: The linear classifier
(orange) is along a KKT-margin direction with a much smaller margin comparing to the (nonlinear)
global-max-margin classifier (black), but our theory suggests that gradient flow converges to the linear
classifier. Right: Adding three extra data points (marked as “x”’; see Definition 6.1) to a linearly
separable dataset makes the linear classifier (orange) has suboptimal margin but causes the neural net
to be biased to it.

is hence argued that gradient flow has a bias towards “simple” functions, but their proof is not entirely
rigorous and no clear definition of simplicity is given. This weight quantization effect has also been
studied under the names of weight clustering (Brutzkus and Globerson, 2019), condensation (Luo
etal., 2021; Xu et al., 2021). Williams et al. (2019) studied univariate regression and showed that
two-layer ReLU nets with small initialization tend to learn linear splines. For the matrix factorization
problem, which can be related to training neural networks with linear or quadratic activations, we can
measure the complexity of the learned solution by rank. A line of works showed that gradient descent
learns solutions with gradually increasing rank (Li et al., 2018; Arora et al., 2019a; Gidel et al., 2019;
Gissin et al., 2020; Li et al., 2021). Such results have been generalized to tensor factorization where
the complexity measure is replaced by tensor rank (Razin et al., 2021). Beyond small initialization of
our interest and large initialization in the lazy or NTK regime, Woodworth et al. (2020); Moroshko
et al. (2020); Mehta et al. (2021) studied feature learning when the initialization scale transitions
from small to large scale.

3 Preliminaries

We denote the set {1,...,n} by [n] and the unit sphere {Lw € Re: ||zl = 1} by S¥~1. We call
a function h : RP — R L-homogeneous if h(c8) = c'h(0) for all @ € RP and ¢ > 0. For
S C RP, conv(S) denotes the convex hull of S. For locally Lipschitz function f : RP — R, we
define Clarke’s subdifferential (Clarke, 1975; Clarke et al., 2008; Davis et al., 2020) to be 0° f(0) :=
conv {lim,,_,o Vf(8,,) : f differentiable at 8,,, lim,,_,~, 6,, = 0} (see also Appendix B.1).

3.1 Logistic Loss Minimization and Margin Maximization

For a neural net, we use fg(z) € R to denote the output logit on input € R? when the parameter is
0 € RD. We say that the neural net is L-homogeneous if fo(x) is L-homogeneous with respect to 8,
ie., foo(x) = ct fo(x) for all @ € RP and ¢ > 0. VGG-like CNNs can be made homogeneous if we
remove all the bias terms expect those in the first layer (Lyu and Li, 2020).

Throughout this paper, we restrict our attention to L-homogeneous neural nets with fg(x) definable
with respect to 8 in an o-minimal structure for all . (See Coste 2000 for reference for o-minimal
structures.) This is a technical condition needed by Theorem 3.1, and it is a mild regularity condition
as almost all modern neural networks satisfy this condition, including the two-layer Leaky ReLU
networks studied in this paper.

For a dataset S = {(x1,91), ..., (®n, yn)}, we define ¢;(0) := y; fo(x;) to be the outpur margin on
the data point (x;,y;), and qmin (0) := min;¢p,) ¢;(6) to be the output margin on the dataset S (or



margin for short). It is easy to see that ¢1(0), ..., q,(0) are L-homogeneous functions, and so is

Gmin(0). We define the normalized margin v(0) := Gmin (H 99” ) = q‘ﬁ‘;“u(f ) to be the output margin
2 2

(on the dataset) for the normalized parameter ﬁ.

We refer the problem of finding 6 that maximizes y(8) as margin maximization. Note that once we
have found an optimal solution 8* € RP, c* is also optimal for all ¢ > 0. We can put the norm
constraint on 6 to eliminate this freedom on rescaling:

Jhax, v(0). M)

Alternatively, we can also constrain the margin to have ¢n,;, > 1 and minimize the norm:
1
min 5\\0”3 st. q;(8)>1, Vie|[n] (P)

One can easily show that 8 is a global maximizer of (M) if and only if is a global

o
(amin (87))1/ 1
minimizer of (P). For convenience, we make the following convention: if T :H is a local/global
maxumzer of (M), then we say 0 is along a local-max-margin direction/global-max-margin direction;

if W satisfies the KKT conditions of (P), then we say @ is along a KKT-margin direction.

Gradient flow with logistic loss is defined by the following differential inclusion,

% € -0°L ( )a with E(B) = %Zé(qq(o))’ (1)

i=1
where £(q) := In(1 + e~?) is the logistic loss. Lyu and Li (2020); Ji and Telgarsky (2020a) showed
that 6(¢)/||@(t)||2 always converges to a KKT-margin direction. We restate the results below.

Theorem 3.1 (Lyu and Li 2020; Ji and Telgarsky 2020a). For homogeneous neural networks, if
£(6(0)) < 1“2 , then L(0(t))

direction as t —> +o0.

0(t)l2 — +oo, and % converges to a KKT-margin

3.2 Two-Layer Leaky ReLU Networks on Linearly Separable Data

Let ¢(z) = max{x, ceakyz} be Leaky ReLU, where cieaky € (0,1). Throughout the following
sections, we consider a two-layer neural net defined as below,

xT) = Z akgb(w,;ra:)
k=1

where w1, ..., w,, € R? are the weights in the first layer, aq,...,a,, € R are the weights in
the second layer, and @ = (wy, ..., w,,,ay,...,a,) € RP is the concatenation of all trainable
parameters, where D = md + m. We can verify that fg(x) is 2-homogeneous with respect to 6.

LetS := {(x1,91),--., (®n, yn)} be the training set. For simplicity, we assume that ||z;||» < 1. We
focus on linearly separable data, thus we assume that S is linearly separable throughout the paper.

Assumption 3.2 (Linear Separable). There exists a w € R such that y; (w, x;) > 1 forall i € [n].

Definition 3.3 (Max-margin Linear Separator). For the linearly separable dataset S, we say that
w* € S is the max-margin linear separator if w* maximizes min;e () Yi {(w, z;) overw € SI~1,

4 Training on Linearly Separable and Symmetric Data

In this section, we study the implicit bias of gradient flow assuming the training data is linearly
separable and symmetric. We say a dataset is symmetric if whenever « is present in the training set,
the input — is also present. By linear separability,  and —x must have different labels because
(w*, x) = — (w*, —x), where w* is the max-margin linear separator. The formal statement for this
assumption is given below.

Assumption 4.1 (Symmetric). nisevenand ©; = —; /2, ¥ = 1,Yitn/2 = —1for 1 <i <n/2.



This symmetry can be ensured via data augmentation. Given a dataset, if it is known that the ground-
truth labels are produced by an unknown linear classifier, then one can augment each data point (x, y)
by flipping the sign, i.e., replace it with two data points (x, y), (—x, —y) (and thus the dataset size is
doubled).

Our results show that gradient flow directionally converges to a global-max-margin direction for
two-layer Leaky ReLU networks, when the dataset is linearly separable and symmetric. To achieve
such result, the key insight is that any global-max-margin direction represents a linear classifier,
which we will see in Section 4.1. Then we will present our main convergence results in Section 4.2.

4.1 Global-Max-Margin Classifiers are Linear

Theorem 4.2 below characterizes the global-max-margin direction in our case by showing that margin
maximization and simplicity bias coincide with each other: a network that representing the max-
margin linear classifier (i.e., fo(x) = ¢ (w*, x) for some ¢ > 0) can simultaneously achieve the
goals of being simple and maximizing the margin.

Theorem 4.2. Under Assumptions 3.2 and 4.1, for the two-layer Leaky ReLU network with width
m > 2, any global-max-margin direction 0* € SP~1, fo- represents a linear classifier. Moreover,

1+ Qllen . .
we have fg«(x) = % (w*, ) for all z € RY, where w* is the max-margin linear separator.

The result of Theorem 4.2 is based on the observation that replacing each neuron (aj,wy) in a
network with two neurons of oppositing parameters (ay, wy,) and (—ag, —wy,) does not decrease the
normalized margin on the symmetric dataset, while making the classifier linear in function space.
Thus if any direction attains the global max margin, we can construct a new global-max-margin
direction which corresponds to a linear classifier. We can show that every weight vector wy, of this
linear classifier must be in the direction of w* or —w*. Then the original classifier must also be
linear in the same direction.

4.2 Convergence to Global-Max-Margin Directions

Though Theorem 3.1 guarantees that gradient flow directionally converges to a KKT-margin direction
if the loss is optimized successfully, we note that KKT-margin directions can be non-linear and have
complicated decision boundaries. See Figure 1 (left) for an example. Therefore, to establish the
convergence to linear classifiers, Theorem 3.1 is not enough and we need a new analysis for the
trajectory of gradient flow.

We use initialization wy, ‘=" N(0,02,,I), ar % N(0, 2,02, ), Where Cainit is a fixed constant
throughout this paper and oiy;; controls the initialization scale. We call this distribution as 8y ~
Dinit (0init ). An alternative way to generate this distribution is to first draw 8y ~ Dinit (1), and then
set @g = oinitBo. With small initialization, we can establish the following convergence result.

Theorem 4.3. Under Assumptions 3.2 and 4.1 and certain regularity conditions (see Assumptions 4.5
and 4.6 below), consider gradient flow on a Leaky ReLU network with width m > 2 and initialization
6, = OinitOo where 8y ~ Dinic(1). With probability 1 — 2=(m=1) oyer the random draw of
0o, if the initialization scale is sufficiently small, then gradient flow directionally converges and
Fo(x) = limy o0 foqr)/|6(1)|, () represents the max-margin linear classifier. That is,

~ Pr o[B8 > 08t Vou < ol Vo € RY f%(z) = C (w*,z)] > 1-27 ("D,
00~Dinit (1)

1+ age . .
where C' 1= —— is a scaling factor.

Combining Theorem 4.2 and Theorem 4.3, we can conclude that gradient flow achieves the global
max margin in our case.

Corollary 4.4. In the settings of Theorem 4.3, gradient flow on linearly separable and symmetric
data directionally converges to the global-max-margin direction with probability 1 — 2~ (=1,

4.3 Additional Notations and Assumptions

yiw,] x; > 1. Let i := £

Let p := 1 5™ | y;@;, which is non-zero since (p, w,) = % > Tl

n

We use ¢(6p,t) € RY to the value of € at time ¢ for (0) = 6.

i€[n]



We make the following technical assumption, which holds if we are allowed to add a slight perturbation
to the training set.

Assumption 4.5. Forall i € [n], (p, x;) # 0.

Another technical issue we face is that the gradient flow may not be unique due to non-smoothness. It
is possible that (89, t) is not well-defined as the solution of (1) may not be unique. See Appendix 1.2
for more discussions. In this case, we assign (8, - ) to be an arbitrary gradient flow trajectory
starting from 6. In the case where (6y, t) has only one possible value for all ¢ > 0, we say that 0
is a non-branching starting point. We assume the following technical assumption.

Assumption 4.6. For any m > 2, there exist r,e¢ > 0 such that 8 is a non-branching starting
point if its neurons can be partitioned into two groups: in the first group, ax = |lw|]2 € (0,7)
and all wy, point to the same direction wt € S?! with ||w* — || < ¢ in the second group,
—ay, = ||wy||2 € (0,7) and all wy, point to the same direction w~ € S~ with ||[w™ + fi]|s < e.

5 Proof Sketch for the Symmetric Case

In this section, we provide a proof sketch for Theorem 4.3. Our proof uses a multi-phase analysis,
which divides the training process into 3 phases, from small initialization to the final convergence.
We will now elaborate the analyses for them one by one.

5.1 Phase I: Dynamics Near Zero

Gradient flow starts with small initialization. In Phase I, we analyze the dynamics when gradient
flow does not go far away from zero. Inspired by Li et al. (2021), we relate such dynamics to power
iterations and show that every weight vector wy, in the first layer moves towards the directions of
either &1 or — 1. To see this, the first step is to note that fg(x;) ~ 0 when 8 is close to 0. Applying
Taylor expansion on £(y; fo(x;)),

1 1
= > Uyifo(m)) =~ - D (00) + £ (0)yi fo(w:)) - 2)
i€[n] i€[n]
Expanding fo(x;) and reorganizing the terms, we have

LY 0+ Y00 Y pasw]e) = 0) + 2 Z yiard(w] z;)

zG[n i€[n] ke[m]

where G-function (Maennel et al., 2018) is defined below:

G(w) '76, > i w'w) = o~ Zwaow ;).

1€[n] zE (n]

This means gradient flow optimizes each —a;, G(wy,) separately near origin.

Wk 0p0° dar
a ar0°G(wy), a = G(wy). 3)

In the case where Assumption 4.1 holds, we can pair each x; with —z; and use the identity ¢(z) —
¢(—2) = max{z, Qeaky 2} — max{—z, —eakyz} = (1 + Qeaky)z to show that G(w) is linear:

1 1
G(w) = o Z (pw'z;) — p(—w ' a;)) = o Z (1 + eaky)w ' @; = (w, f1)
i€[n/2] i€[n/2]

14+0aqeaky 14+eaky

where 1 := S = — e Zie[n} y;x;. Substituting this formula for G into (3) reveals that
the dynamics of two-layer neural nets near zero has a close relationship to power iteration (or matrix
exponentiation) of a matrix M € R(4+1)>x(d+1) that only depends on data.

d fwg| wy, _ 10 p
dt|:ak:| ~ Mg {ak , where M = AR




Simple linear algebra shows that Ao := ||f/|2, — (u, ) € R4 are the unique top eigenvalue

and eigenvector of M, which suggests that (wk (t) ax(t)) € R aligns to this top eigenvector
direction if the approximation (3) holds for a sufficiently long time. With small initialization, this can
indeed be true and we obtain the following lemma.

Definition 5.1 (M-norm). For parameter vector 8§ = (ws,...,Wy,a1,...,a0,), we define the
M-norm to be [|0||m = maxyep,) {max{|ws2, [ax|}}.

Lemma 5.2. Let v > 0 be a small value. With probability 1 over the random draw of 8y =

(w1,..., Wy, (‘111, ooy Q) ~ Dinig(1), if we take oy < m, then any neuron (wg, a) at
time Ty (r) := - In T ool can be decomposed into
wy(Ti(r)) = rbgit + Awy, ap(T1(r)) = rby + Aay,
i W, [4)+a o :
where by, == W and the error term A@ .= (Aws, ..., Aw,,, Aay, ..., Aay,) is bounded

3
by ||AG||m < %for some universal constant C.

5.2 Phase II: Near-Two-Neuron Dynamics

By Lemma 5.2, we know that at time 73 (r) we have wy,(T1(r)) ~ by and ax(Ty(r)) = rby,
where b € R? is some fixed vector. This motivates us to couple the training dynamics of 8(t) =
(wi(t), ..., wn(t),a1(t),...,an(t)) after the time 77 (r) with another gradient flow starting from
the point (rby i, . . ., rbym i, b1, . . ., 7by, ). Interestingly, the latter dynamic can be seen as a dynamic
of two neurons “embedded” into the m-neuron neural net, and we will show that 6(¢) is close to this
“embedded” two-neuron dynamic for a long time. Now we first introduce our idea of embedding a
two-neuron network into an m-neuron network.

Embedding. For any b € R™, we say that b is a good embedding vector if it has at least one
positive entry and one negative entry, and all the entries are non-zero. For a good embedding vector b,

weuse by == /> 1 Lip,>0) bz andb_ := — > ieim) Lib;<0] b7 to denote the root-sum-squared
of the positive entries and the negative root-sum-squared of the negative entries. For parameter
0 := (w1, Wa, 41, G2) of a two-neuron neural net with a; > 0 and @2 < 0, we define the embedding

from two-neuron into m-neuron neural nets as mp (W1, Wa, d1,G2) = (W1,..., W, A1, ..., 0m),
where
b Eqy, ifby >0 ;;kual, ifb, >0
ar = b . N Wwp = b . .
Fag, if b, <0 b’“wg, if b, <0
Itis easy to check that fg(z) = f,, ) (z) by the homogeneity of the activation (¢(cz) = c¢(z) for
c> 0):
fen@y (@) = > ard(wlz) + > ard(w] x)
b >0 b <0
b; - AT . - T
= Z b7111¢ Z b2 a2¢ s @) = G1p(W] T) + dap(wby T) = fo(@).
bp>0 T be<0  —

Moreover, by takmg the chain rule, we can obtain the following lemma showing that the trajectories
starting from 6 and 771,(0) are essentially the same.

Lemma 5.3. Given 0 := (W1, Wa, a1,a2) with a1 > 0 and a2 < 0, if both 0 and wb(é) are
non-branching starting points, then p(my(0),t) = mp(¢(0,1)) for all t > 0.

Approximate Embedding. Back to our analysis for Phase II, b is a good embedding vector with
high probability (see lemma below). Let 6 : = (b4, b+ fa,b-,b_f1). By Lemma 5.2, T5(r@) =
(rbyfy - . ., by iy by, . .., 7by) & O(Ty(r)), which means r@ — O(Ty(r)) is approximately an
embeddmg. Suppose that the approximation happens to be exact, namely 75 (r0) = O(Ty(r)),

then O(Ty(r) + t) = m5((r6,t)) by Lemma 5.3. Inspired by this, we consider the case where
Oinit — 0,7 — 0 so that the approximate embedding is infinitely close to the exact one, and prove
the following lemma. We shift the training time by T5(r) to avoid trivial limits (such as 0).



Lemma 5.4. Follow the notations in Lemma 5.2 and take oip; <

then Tyo := T1(r) + Ta(r) = )\%)1

73 — L1 nl
W(}HM. Let TQ(T’) = % In o

1 . .
n —————— regardless the choice of r. For width m > 2,

VMG init 90||M 8 f -
with probability 1 — 2=(m=1) oyer the random draw of 0y ~ Dinit(1), the vector b € R™ is a
good embedding vector, and for the two-neuron dynamics starting with rescaled initialization in the

direction of 0 := (b, by fi,b_,b_f1), the following limit exists for all t,

o(t) := }i_rgap (rO,TQ(r) + t) #0, 4)
and moreover; for the m-neuron dynamics of 0(t), the following holds for all t,
a;,l,lifgo 0 (T2 +t) = 71'5(0(15)). &)

5.3 Phase III: Dynamics near Global-Max-Margin Direction

With some efforts, we have the following characterization for the two-neuron dynamics.

Theorem 5.5. Form = 2, ifinitially a1 = ||w1]|2, a2 = —||wz||2, (w1, w*) > 0and (ws, w*) < 0,
then 6(t) directionally converges to the following global-max-margin direction,
o) 1

li = —(w*, —w*,1,—1
15050 11002 g w11,

where w* is the max-margin linear separator.

It is not hard to verify that 0(¢) satisfies the conditions required by Theorem 5.5. Given this result, a
first attempt to establish the convergence of 8(t) to global-max-margin direction is to take ¢ — 400
on both sides of (5). However, this only proves that 8 (T} + t) directionally converges to the global-
max-margin direction if we take the limit oy,;; — O first then take ¢ — +oo, while we are interested
in the convergent solution when ¢ — +-o0 first then oi,;; — 0 (i.e., solution gradient flow converges
to with infinite training time, if it starts from sufficiently small initialization). These two double limits
are not equivalent because the order of limits cannot be exchanged without extra conditions.

To overcome this issue, we follow a similar proof strategy as Ji and Telgarsky (2020a) to prove local
convergence near a local-max-margin direction, as formally stated below. Theorem 5.6 holds for
L-homogeneous neural networks in general and we believe is of independent interest.

Theorem 5.6. Consider any L-homogeneous neural networks with logistic loss. Given a local-max-
margin direction * € SP~ and any § > 0, there exists ey > 0 and py > 1 such that for any 6y with

norm ||0g||2 > po and direction H”;ﬁ -6 H < €, gradient flow starting with 6y directionally
2

converges to some direction @ with the same normalized margin ~y as 6%, and |0 — 6*||o < 4.

Using Theorem 5.6, we can finish the proof for Theorem 4.3 as follows. First we note that the two-
neuron global-max-margin direction i(w*, —w*, 1, —1) after embedding is a global-max-margin
direction for m-neurons, and we can prove that any direction with distance no more than a small
constant § > 0 is still a global-max-margin direction. Then we can take ¢ to be large enough so that

75(0(t)) satisfies the conditions in Theorem 5.6. According to (5), we can also make the conditions
hold for 0 (T3 + t) by taking oiy,¢ and r to be sufficiently small. Finally, applying Theorem 5.6
finishes the proof.

6 Non-symmetric Data Complicates the Picture

Now we turn to study the case without assuming symmetry and the question is whether the implicit
bias to global-max-margin solution still holds. Unfortunately, it turns out the convergence to global-
max-margin classifier is very fragile — for any linearly separable dataset, we can add 3 extra
data points so that every linear classifier has suboptimal margin but still gradient flow with small
initialization converges to a linear classifier.> See Definition 6.1 for the construction and Figure 1
(right) for an example.

3Here linear classifier refers to a classifier whose decision boundary is linear.



Unlike the symmetric case, we use balanced Gaussian initialization instead of purely random Gaussian
initialization: wy, ~ N (0,02, I), ar = sg||wk]|2, where s ~ unif{1}. We call this distribution
as 0y ~ Dipit (oinit)- This adaptation can greatly simplify our analysis since it ensures that ay (t) =
skllwg(t)||2 for all ¢ > 0 (Corollary B.18). Similar as the symmetric case, an alternative way to
generate this distribution is to first draw 0y ~ f)init(l), and then set 8y = it Oo.

Definition 6.1 ((H, K €, w_ )-Hinted Dataset). Given a linearly separable dataset S with max-margin
linear separator w*, for constants H, K, ¢ > 0 and unit vector w, € S?~! perpendicular to w*, we
define the (H, K, ¢, w )-hinted dataset S’ by the dataset containing all the data points in S and
the following 3 data points (numbered by 1, 2, 3) that can serve as hints to the max-margin linear
separator w*:

(mlay1> = (H’UI*7 l)a (m2792) = (GW* + K'LUL, l)a (w37y3) = (611)* - Kva 1)

Theorem 6.2. Given a linearly separable dataset S and a unit vector w, € S*' perpendicular
to the max-margin linear separator w*, for any sufficiently large H > 0, K > 0 and sufficiently
small € > 0, the following statement holds for the (H, K, ¢, w, )-Hinted Dataset S'. Under a
regularity assumption for gradient flow (see Assumption A.6), consider gradient flow on a Leaky
ReLU network with width m > 1 and initialization 0y = Oinit@o where 0y ~ binit(l). With
probability 1 — 27 over the draw of 0y, if the initialization scale is sufficiently small, then gradient
flow directionally converges and f>(x) := lim; 1 fow)/|0(t)|.(T) represents the one-Leaky-

ReLU classifier 1¢((w*, x)) with linear decision boundary. That is,

1
~ Pr oA > 0 5.8, Vo < o, Vo € R f(x) = —¢((w*,x))| > 1 — 4.
00~Dinit (1) 2

Moreover, the convergent classifier only attains a suboptimal margin.

Theorem 6.2 is actually a simple corollary general theorem under data assumptions that hold for
a broader class of linearly separable data. From a high-level perspective, we only require two
assumptions: (1). There is a direction such that data points have large inner products with this
direction on average; (2). The support vectors for the max-margin linear separator w™ have nearly the
same labels. The first hint data point is for the first condition and the second and third data point is for
the second condition. We defer formal statements of the assumptions and theorems to Appendix A.

7 Conclusions and Future Works

We study the implicit bias of gradient flow in training two-layer Leaky ReLU networks on linearly
separable datasets. When the dataset is symmetric, we show any global-max-margin classifier is
exactly linear and gradient flow converges to a global-max-margin direction. On the pessimistic side,
we show such margin maximization result is fragile — for any linearly separable dataset, we can lead
gradient flow to converge to a linear classifier with suboptimal margin by adding only 3 extra data
points. A critical assumption for our convergence analysis is the linear separability of data. We left it
as a future work to study simplicity bias and global margin maximization without assuming linear
separability.
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A Theorem Statements for the Non-symmetric Case

A.1 Assumptions and Main Theorems

For every ;, define =7 := x; if y; = 1 and ] = Qeaky@; if y; = —1. Similarly, we define
T; = Meaky®; if y; = 1 and m:r := x; if y; = —1. Then we define u™ to be the mean vector of
yi:cj, and ™~ to be the mean vector of y;x;, that is,
R D IR (©)
" iem] " iet)

Theorem 6.2 is indeed a simple corollary of Theorem A.7 below which holds for a broader class of
datasets. Now we illustrate the assumptions one by one.

We first make the following assumption saying that there is a principal direction w® € S~! such that
data points on average have much larger inner products with w? than any other direction perpendicular
to w®. This ensures at small initialization, the moving direction of each neurons lies in a small
cone around the the direction of +w?, and thus will converge to that cone eventually. The opening

angle of this small cone is 2 arcsin , which ensures the sign pattern inside the cone

7
max;cn [|:|l2
{{w,x;)}!_, is unique and indeed equal to {y; }?_,, and thus all neurons converge to two directions,
pT and p~ (defined in (6)).

Assumption A.1 (Existence of Principal Direction). There exists a unit-norm vector w? such that

7¢ = minep) yi (w°, ;) > 0 and

%Zie[n] ||P<>miH2 '70
Qleaky <l'l’> w0> maX;e(n] ||13<>:‘ciH27

where P° := I — w®w® ' is the projection matrix onto the space perpendicular to w?®, and p :=
% Zie[n] y;x; is the mean vector of y;x;.

Indeed, our main theorem is based on a weaker assumption than Assumption A.1, which is Assump-
tion A.2 below, but the geometric meaning of Assumption A.2 is not as clear as Assumption A.1. We
will show in Lemma G.1 that Assumption A.1 implies Assumption A.2.

Assumption A.2. For all i € [n], we have

1 — qeax
(m,yiwi) > ——— Z max{—(y;xi, y;z;),0}.
N+ Qleaky i€ln]

In general, the norms ||+ ||2 and ||~ ||2 should not be equal: for any given dataset S, we can make
[le™ ]2 # ||o~ ||2 by adding arbitrarily small perturbations to the data points. This motivates us to
assume that |[p™ |2 # || ||2. Without loss of generality, we can assume that || ||2 > ||~ ||2 for
convenience (Assumption A.3). When the reverse is true, i.e., |7 ||2 < ||#~||2, we can change the
direction of the inequality by flipping all the labels in the dataset so that our theorems can apply. We
include the theorem statements for this reversed case in Appendix A.3.

Assumption A.3. The norm of p™ is strictly larger than p—, i.e., [T |l2 > ||~ |2

Now we define w™ to be the max-margin linear separator of the dataset consisting of (wjr, i), where
i € [n], and define v to be this max margin. That is,

w' = arg max minyi<w,w:“> , 4T = max minyi<w7m;r> .
wesd—1 | i€[n] ) weSd—1 | i€[n]

The reason that we care about w™ and ™ is because that it can be related to margin maximization
on one-neuron Leaky ReL.U nets. The following lemma is easy to prove.

Lemma A4. Form = 1, if 0 = (wy,a1) € SP~1 is a KKT-margin direction and a; > 0, then

0= (%w*, %), and it attains the global max margin %7*.
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The third assumption we made is that this margin cannot be obtained when all a; are negative,
regardless of the width. This assumption holds when all the support vectors :cj have positive labels,
i.e., y; = 1. Conceptually, this assumption is about whether nearly all the support vectors have
positive labels (or negative labels in the reversed case where |||z < ||~ []2).

Assumption A.5. Forany m > 1 and any 8 = (wy, ..., Wy, ay,-..,a,) € RP,if ak < 0 for all
k € [m], then the normalized margin v(6) on the dataset {(z;, ;) : i € [n],y;(w*, z) =~} is
less than .

Similar to Assumption 4.6 in the symmetric case, we need Assumption A.6 on non-branching starting
point due to the technical difficulty for the potential non-uniqueness of gradient flow trajectory.

Assumption A.6. For any m > 1, there exist r, ¢ > 0 such that 6 is a non-branching starting point if
ay = Hwng € (0,7) holds for all k£ € [m], and all wy, point to the same direction v € S~ with

E.
H |m+u

Now we are ready to state our theorem, and we defer the proofs to Appendix G.

Theorem A.7. Under Assumptions 3.2, A.2, A.3, A.5 and A.6, consider gradient flow on a Leaky
ReLU network with width m > 1 and initialization 6y = 0,100 where 6y ~ ﬁinit(l). With
probability 1 — 2™ over the draw of 0y, if the initialization scale is sufficiently small, then gradient
flow directionally converges and f>(x) := lim; 1 fo)/|0(1)|.(T) represents the one-Leaky-

ReLU classifier $¢((w™, x)) with linear decision boundary. That is,
1

_ Pr o > 0 5.0, Voin < ol Vo € RY f2(x) = —¢((wh, )| >1-27".
00~Dinit (1) 2

A.2 Applying Theorem A.7 to prove Theorem 6.2

We give a proof of Theorem 6.2 here given the result of Theorem A.7.

Proof. With a (H, K €, w, )-Hinted Dataset (Definition 6.1) with proper H, K, €, we only need
to show that Assumptions A.2, A.3 and A.5 hold for Theorem 6.2. Specifically, we choose the
parameters such that

« K >0;
* € < Qeaky Ming>3 y; (W*, x;);

e H > max{e, Hy,n||p" ||, + || Z]>1 y;jz] 2}, where
Hy = M 1P el S [P el o

T Qeaky Min;>1(yi®i,w*)
projection matrix onto the orthogonal space of w*.

* yix;) and P* = I — w*w* ' is the

Notice that Hy is indepenent of H as the data point &1 has projection || P*z1||2 = 0. For Assump-
tion A.1, w® = w* is a valid principal direction in this case, as

1

= ; POCB'Q 1
maxHPO:cng"Zle["]” ill2 _ HO+Z i) < (p,w®) .
i€[n] Meaky Y =

Then Assumption A.2 follows from Assumption A.1 by Lemma G.1. Since H > n||p" |, +
I Zj>1 yjmj_HQ’

1 1

o]y > —H — gzijj

j>1 9
and thus Assumption A.3 holds. Furthermore, with € < Qjeaxy min;s3y; (w*, x;) and H > ¢,
(x2,y2) = (ew* + Kw,,1) and (x3,y3) = (ew* — Kw,, 1) are the only support vectors for
the linear margin problem on {(z;,y;)} and that on {(z;,;)} as well. Then w* = w* and
v+ = e. For a neuron with aj, < 0, the total output margin on the hints (z2,y2) and (x3,ys3) is
arp(w)] T2) + arpd(w)] T3) < 20eaky€lar||wi|2 < aleakye(ai + ||lwg|3). Thus the normalized
margin for multiple such neurons is at most al‘“ky < 5, so Assumption A.5 will also be true.  [J
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A.3 Results in the Reversed Case

In a reversed case where || ||2 < |7 ||2, we can apply Theorem A.7 by flipping the labels in the
dataset. Below we state the assumptions and the theorem in the reversed case.

Assumption A8. ||utl2 < [[p ||2-

Now similarly we define w™ and v~

w~ :=argmax< miny; (w,x” ) ¢, T = max {miny;(w,T; ).
rgmos { i (e ) o9 e { ()|
Assumption A.9. Forany m > 1l and any 8 = (w1,..., W, a1,...,ay,) € RP, if a;, < 0 for all

k € [m], then the normalized margin (@) on the dataset {(x;,v;) : 7 € [n],y;(w™,x; ) =" }1is
less than 37~

Theorem A.10. Under Assumptions 3.2, A.2, A.6, A.8 and A.9, consider gradient flow on a Leaky
ReLU network with width m > 1 and initialization 6y = 0,100 where 6y ~ ﬁinit(l). With
probability 1 — 27™ over the draw of 0y, there is an sufficiently small initialization scale, such
that gradient flow directionally converges and f*°(x) := lim 1 o fo(t)/|6(t)||» (T) represents the
one-Leaky-ReLU classifier —1¢(— (w™,x)) with linear decision boundary. That is,

1
_ Pr JolaX > (0 5.1, Vo < o8 Ve € R f°(x) = ——¢(—(w ™, )| >1-2"™.
09~Dinit (1) 2

B Additional Preliminaries and Lemmas

In this section, we will introduce additional notations and give some preliminary results for the
dynamics of the two-layer Leaky ReLU network. The only assumption we will use for the results
in the section is that the input norm is bounded max;c [y ||#;||, < 1 and we do not assume other
properties of the dataset (such as symmetry) except we assume it explicitly.

B.1 Additional Notations

For notational convenience for calculation with subgradients, we generalize the following notations
for vectors to vector sets. More specifically, we define

* VANBCRLA+B:={x+y:x€ A,yc Byand A— B := A+ (-B);

s VACRLAER, M :={\x:xc A},

e Let|| - || be any norm on RY, VA C RY, || A := {||z|| : 2 € A} C R;

s VACRYandy € RY, (y, A) = (A, y) == {{x,y) : & € A};

» We use dist(x,y) := || — y||» to denote the L2-distance between = € R? and y € R,
dist(A,y) := infzea || — y||2 to denote the minimum L>2-distance between any « € A

and y € R?, and dist(A, B) := infzea,yep || — y|2 to denote the minimum L>-distance
between any « € A and any y € B.

By Rademacher theorem, any real-valued locally Lipschitz function on R? is differentiable almost
everywhere (a.e.) in the sense of Lebesgue measure. For a locally Lipschitz function £ : R — R,
we use VL(0) € RP to denote the usual gradient (if £ is differentiable at 8) and 9°L(0) C RP
to denote Clarke’s subdifferential. The definition of Clarke’s subdifferential is given by (7): for
any sequence of differentiable points converging to 8, we collect convergent gradients from such
sequences and take the convex hull as the Clarke’s subdifferential at 6.

0°L(0) = conv{ lim VL£(0,) : £ differentiable at 8,,, lim 8, = 0} . )
n—o0

n—0o0

For any full measure set 2 C R? that does not contain any non-differentiable points, (7) also has the
following equivalent form:

n—oo

0°L(0) = conv{ lim VL(6,) : 0, € Q forall n and ILm 0, = 9} . (8)
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The Clarke’s subdifferential 9°£(0) is convex compact if £ is locally Lipschitz, and it is upper-
semicontinuous with respect to @ (or equivalently it has closed graph) if £ is definable. We use
0°L(0) € RP to denote the min-norm gradient vector in the Clarke’s subdifferential at 0, i.e.,
0°L(0) := argmingego (o) [|gl|2. If L is continuously differentiable at 0, then 9°L(0) = {VL(0)}
and 0°L(0) = VL().

aa(a)

If O can be written as @ = (01, 60,) € RD 1 x RP2_ then we use € RP1 to denote the usual

(

partial derivatives (partial gradient) and Z£9) C RP1 to denote the partlal subderivatives (partial

subgradient) in the sense of Clarke.

Furthermore, we use the following notations to denote the radial and spherical components of 9°£(8)
(which will be used in analyzing Phase III):

007
16113

00"

0°L(O) =
1613

6°£(9), 07 L(0) := (I ) 0°L(0).
For univariate function f : R — R, we use f'(z) € R to denote the usual derivative (if f is
differentiable at z) and f°(z) C R to denote the Clarke’s subdifferential.

The logistic loss is defined by ¢(q) = In(1 4+ e~ %), which satisfies £(0) = In2, ¢/(0) = —1/2,
1¢'(q) (¢)] < 1. Given a dataset S = {(z1,¥1),--.,(Zn,yn)}, we consider gradient
flow on two-layer Leaky ReLU network with output function fg(;) and logistic loss £(0) :=
1 > it £(qi(0)), where g;(8) := y; fo(x;). Following Davis et al. (2020); Lyu and Li (2020), we
say that a function z(t) € RP on an interval [ is an arc if z is absolutely continuous on any compact
subinterval of I. An arc 0(t) is a trajectory of gradient flow on L if 8(t) satisfies the following
gradient inclusion for a.e. ¢ > 0:

do(t)
——= € —0°L(6(1)).
§ (0(1)
Let Qs be the set of parameter vectors @ = (w1, ..., W, a1, ..., ay) so that (wg, x;) # 0 for all
€ [n], k € [m], i.e., no activation function has zero input. For any 8 € Qgs, fo(x;) and £(0) are
continuously differentiable at 8, and the gradients are given by

Ofe(x) Jfe(x)

dwr axd (w] x;)z;, “oan p(w, ;). )
9L06) 1 — , 9LO) 1 —
815%) = z[;]g (¢:(0))yiand' (w] )z, %k) = ig[;]f (4:(0))yip(w) x;). (10)

Then the Clarke’s subdifferential for any 8 can be computed from (8) with {2 = Qs if needed.
Recall that G-function (Section 5.1) is defined by

G(w) : _g Z Yi9( w' x;) = Z yid( w' x;).

1€[n] lE [n]

Define £(0) to the linear approximation of £(8):

L(6) :=£(0) = Y arG(wy).

ke[m]

For every 8y € RP, we define ¢ (8, ) to be the value of 8(t) for gradient flow on £(6) starting
with 8(0) = 6. For every 90 € RP, we define (8o, t) to be the value of 8(t) for gradient flow on
L(6) starting with (0 )= 6o. In the case where the gradient flow trajectory may not be unique, we
assign (6, -) (or <p(90, )) by an arbitrary trajectory of gradient flow on £ (or L) starting from 6y
(OI' 90)

B.2 Gronwall’s Inequality

We frequently use Gronwall’s inequality in our analysis.
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Lemma B.1 (Gronwall’s Inequality). Let v, 3, u be real-valued functions defined on [a, b). Suppose
that f3,u are continuous and min{«, 0} is integrable on every compact subinterval of [a,b). If § > 0
and u satisfies the following inequality for all t € [a,b):

u(t) < aft) + / B(r)u(r)dr,

then for all t € [a, b],

u(t) < alt) + /  a()B(r) exp < /T t ,B(T’)df') dr. (11

a

Furthermore, if o is non-decreasing, then for all t € [a,b),
t
u(t) < at) exp </ ﬂ(T)dT) . (12)

B.3 Homogeneous Functions

For L > 0, we say that a function f : R — R is (positively) L-homogeneous if f(c8) = c” f(8) for
all ¢ > 0 and @ € R?. The proof for the following two theorems can be found in Lyu and Li (2020,
Theorem B.2) and Ji and Telgarsky (2020a, Lemma C.1) respectively.

Theorem B.2. For locally Lipschitz and L-homogeneous function f : R® — R, we have
°f(cO) = c“71o° £(8).

forall 6 € RY,

Theorem B.3 (Euler’s homogeneous function theorem). For locally Lipschitz and L-homogeneous
Sfunction f : R = R, we have

Vged°f(0): (g,0)=Lf(0),
forall 6 € R%.

For the maximizer of a homogeneous function on S¢~!, we have the following useful lemma.

Lemma B.4. For locally Lipschitz and L-homogeneous function f : R* — R, if@ € S* isa
local/global maximizer of f(0) on S~ and f is differentiable at 0, then V f(0) = Lf(6)6.

Proof. Since 6 is a local/global maximizer of f(0) on S~! and f is differentiable at 8, V f(0) is
parallel to 0, i.e., V f(0) = 0 for some ¢ € R. By Theorem B.3 we know that (V f(6),0) = Lf(8).
Soc=Lf(0).

O

The following is a direct corollary of Lemma B.4.

Lemma B.5. If w € S attains the maximum of |G(w)| on S¥=1 and G(w) is differentiable at w,
then VG(w) = G(w)w.

Proof. Note that G(w) is 1-homogeneous. If w attains the maximum of |G (w)| on S~ 1, then w is
either a maximizer of G(w) or —G(w). Applying Lemma B.4 gives VG(w) = G(w)w. O

B.4 Karush-Kuhn-Tucker Conditions for Margin Maximization

Definition B.6 (Feasible Point and KKT Point, Dutta et al. 2013; Lyu and Li 2020). Let f, g1,...,9n :
RP — R be locally Lipschitz functions. Consider the following constrained optimization problem
for € RP:

min  f(0)
st gi(0) <0, Vi € [n].

We say that  is a feasible point if g;(0) < 0 for all i € [n]. A feasible point 6 is a KKT point if it
satisfies Karush-Kuhn-Tucker Conditions: there exist Ay, ..., A, > 0 such that
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1. 0€0°f(0) + X icp, Mi0°9:(0);
2. Vi€ n]: Ngi(0) =0.

Recall that we say that a parameter vector @ € R” of a L-homogeneous network is along a KKT-

margin direction if W is a KKT point of (P), where f(6) = 1/|6|3 and g;(6) = 1 — ¢;(8).

Alternatively, we can use the following equivalent definition.

Definition B.7 (KKT-margin Direction for Homogeneous Network, Lyu and Li 2020). For a pa-
rameter vector @ € RP of a homogeneous network, we say 8 is along a KKT-margin direction if
qi(@) > 0 for all ¢ € [n] and there exist Ay, ..., A, > 0 such that

1. 0 S Zie[n] )\zaoqi(e),
2. For all i € [n],if ¢;(0) # qmin(@) then A; = 0.

For two-layer Leaky ReLU network, () := ;i 3 e ard(w] z;). Then the KKT-margin
direction is defined as follows.

Definition B.8 (KKT-margin Direction for Two-layer Leaky ReLU Network). For a parameter vector
0 = (wi,...,Wn,a1,...,a,) € RP of a two-layer Leaky ReLU network, we say  is along a
KKT-margin direction if ¢; (@) > 0 for all ¢ € [n] and there exist Ay, ..., A,, > 0 such that

1. Forall k € [m], wi € 37,c(,) Aiyiand® (W) @;)@;;
2. Forallk € [m], ar, = 3¢y Aiyip(w] ;);
3. Forall i € [n],if ¢;(0) # qmin(@) then A; = 0.

For 0 along a KKT-margin direction of two-layer Leaky ReLU network, Lemma B.9 below shows
that |ay| = ||wg]|2 for all k € [m)].

Lemma B.9. If0 = (wy,..., Wy, a1,...,a,) € RP is along a KKT-margin direction of a two-
layer Leaky ReLU network, then |ay| = ||wy||2 for all k € [m].

Proof. By Definition B.§ and Theorem B.3, we have

lwill € <wk7 > Aiyiak¢o<w;$i)wi> =8> Aviarp(w ;) o

i€[n] i€[n]

|ax|? = a - Z Niyid(wyg i) = Z Aiyiard(wy i)
]

i€[n i€([n]
Therefore ||wy||3 = |ax|?. O
B.5 Lemmas for Perturbation Bounds

Recall that ||@]]p is defined in Definition 5.1.

LemmaB.10. For ||z < 1,|fo(x)| < m|6]3;, fo(x)—f5(x)| < ml|0—0]|x (II0||M + HéllM)-

Proof. The proof is straightforward by definition of fg(a) and ||@||n. For the first inequality,

m m m
T T
[fo(@)] <D land(wi@)| <Y lax| - fwiz <Y lax| - llwillz < m6]I3;.
k=1 k=1

= k=1
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For the second inequality,

NE

|fo(z) — fa(z)] <

lard(w] x) — ard(w, )|

E
I

—

<
3
S

IN

|arp(wy, @) — apd(wy )| + |ard(wy, @) — drd(w, x)|

>
Il
—

NE

lak| - [|lwr, — Wk ll2 + ar — axl - [[wk |2

B
Il
_

<m

16— 611t (1101 + 161151

which completes the proof.

We have the following bound for the difference between 9°L£(8) and 9°L(8).

Lemma B.11. Assume that ||x;||2 < 1 forall i € [n]. Forany 0 = (wy,..., Wm,a1,...,0n) €

RP, we have the following bounds for the partial derivatives of L(0) — L(0):

0°(L(6) — L(9)) O(L(0) — L(6))
owy, Oay,

forall k € [m)].

- (_Oovm‘w”id'ak” )
2

< ml|0] Rl we -

Proof. We only need to prove the following bounds for gradients at any 8 € Qs, i.e., (wg, ;) # 0
for all i € [n], k € [m]. For the general case where 8 can be non-differentiable, we can prove the
same bounds for Clarke’s sub-differential at every point @ € R” by taking limits in Qs through (8).

KO —LO| _ iopfar,  |2EO=LO)| oy

8’wk 5 aak
By Taylor expansion, we have
, yifo (i) .
Uyifo(e:)) = £(0) + £/(0)yifo(x:) + / " (2)(yifo () — 2)dz.
0

Taking average over i € [n] gives

yifo (i)
£6) =0+ X COmo@) + 1 Y [ ) mfolw) - 24

i€[n) i€[n]
~ 1 yifo(x:) .
= L(6) + - Z /0 0(2)(yifo(xs) — 2)dz.
i€[n]
By Leibniz integral rule,
~ 1 yifo(®:) .
Vo (.c(e) - 1.3(0)) =Vo | > / (2)(yifo(xi) — 2)dz
i€[n] ¥ 0
1 yifo(x:) "
— e [ Tt
0
i1€[n]
1 yzfe(mi)
- / 0" (z)dz | yiVe(fo(x:)).
i€[n] \’9

Since ¢”(z) < 1, there exists d; € [—|fo(xs)|, | fo(x:)|] forall i € [n] such that

Vo (£(6) ~ £0)) = - 3 6:Vo(folw1).

i€[n]
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Writing the formula with respect to wy, ag, we have

O(L(6) — L(O afg (x:)
LO-LON <23 js) | 2eted E]h@ laxd (o, 22l
k 2 i€[n] ze n]
O(L(6) — L(0 dfe(xi)
M(g%(”ng\wh <72mwz o (werz)].
i€[n]
By Lemma B.10, | fo(x;)| < m||@|%;. Since Leaky ReLU is 1-Lipschitz and ||z;||2 < 1, we have
llard’ ((w, i) @ill, < |a], [6((wk, 2:))| < [[wg|2- Then we have
L(6
H@w(» < S 01 an] = mlBl - ol
2 i€[n]

9(L(0) - L(9))

1
Bar <= > mll0lR - llwillz = mllO]Rs - flwillz,

i€[n]

which completes the proof for @ € {25 and thus the same bounds hold for the general case. O

Lemma B.11 is a lemma for bounding the partial subderivatives. For the full subgradient, we have
the following lemma.

Lemma B.12. Assume that ||x;|2 < 1 forall i € [n]. For any 6 € R, we have

vg e (L©O)~L£©): gl < mlol:

Proof. Note that |a;| < ||0]|m and ||wk||2 < ||@]|m. Combining this with Lemma B.11 gives
19°L£(8)|lm S (—o0,m]|0][3]. H

When £(8) is smooth, we have the following direct corollary.
Corollary B.13. Assume that ||z;|lo < 1 forall i € [n]. If L is continuously differentiable at
0 € RP, then we have

vg e (0°£0) ~VL®)): gy < mll6J:

Note that 3°(£(8) — L(8)) # 0°L(9) — VL(8) because the exact sum rule does not hold for

Clarke’s subdifferential when £(8) is not smooth. In the non-smooth case, we have the following
lemma:

Lemma B.14. Assume that ||x;|2 < 1 forall i € [n]. For any e > 0 and ||0||; < /55, we have

Wy 2n
=1

Yk € [m], 8;£(9) - { h Z(l + &)y s oy € ¢°(w) x;), € € [—€, €], Vi € [n]} .

Proof. If 0 € Qg, by (13), there exists §; € [—\fg(a:i)| | fo(zx;)|] for all i € [n] such that

VL(O) =VL(O Z 3;Ve(fo(zi))-

ze [n]

Writing it with respect to wy,, we have

0L __, 00 | 15~ Oo(x)
8wk 8wk icm a’wk
ag 1
= —% yz¢ (w,;rwl)a:l + E Z (Siak(b’(wl;rwi)iﬂz
i€[n] i€[n]
ag
= —% < ]yz(l — 2y,5l)¢)’(w;mz)mz
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Regarding Clarke’s subdifferential at a point @ € R”, we can take limits in a neighborhood of 6 in
Qs through (8), then

0°L
Do - —;% .ez[:] yi(l+ &), - o € ¢6°(wy m), € € [=2| folas)], 2| fo(ws)]], Vi € [n]
We conclude the proof by noticing that [—2|fe(x;)|, 2| fo(x;)|] C [—¢, €] by Lemma B.10. O

B.6 Basic Properties of Gradient Flow

The following lemma is a simple corollary from Davis et al. (2020).
Lemma B.15. For gradient flow 6(t) on a two-layer Leaky ReLU network with logistic loss, we have

de(t) dco) _ Hd@(t) 2

a — OLew), dt dt

2
fora.e. t > 0.

The following lemma is from Du et al. (2018). We provide a simple proof here for completeness.
Lemma B.16. For gradient flow 6(t) = (w1(t), ..., wn(t),a1(t),...,amn(t)) onatwo-layer Leaky
ReLU network with logistic loss, the following holds for all t > 0,
Ldlwell}  Ldaf®
2 dt 2 dt

1 n
n Zgl((h(e))yiakﬂwljxi)a
i=1
where q;(0) := y; fo(x;). Therefore, ;—t(HwkH% — |ag|?) = 0 forall t > 0.

Proof. By (9), we have the following for any 8 € Qs,

a - 8{907(;) = ard(wy, T;), <wk, 6%01(7:)> = ar¢ (w] T;)wj @;.

By 1-homogeneity of ¢ and Theorem B.3, we have ¢/ (w] z;)w; x; = ¢(w, x;), which implies
that <w;c M> = ak¢>(w,;rwi).

) Qwy
For any 8 € RP, we can take limits in 25 through (8) to show that the same equation holds in
general.
9°fo(x) 9° fo(x)
ay * Tzk = { Wk, ka = {ak(b('w;wi)} .
By chain rule, for a.e. ¢ > 0 we have

Lo day 0 fola)

I,
i IUC N

Ld[jwg|3  /dwy 1, /0% fe(zxi)
5= ar \q W)€ n;ﬂql(e))yz e W)

Therefore we have

dax? _ 1w 3
2 dt 2 dt

= _% > 0(q:(0))yiard(w) ),
i=1

for a.e. t > 0. Note that — 1 3" | #/(¢;(0))y;ar¢(w/ x;) is continuous in 6 and thus continuous in
time ¢. This means we can further deduce that this equation holds for all ¢ > 0. This automatically
proves that & (||wg |3 — |ax|?) = 0. O

The following lemma shows that if a neuron has zero weights, then it stays with zero weights forever.
Conversely, this also implies that the weights stay non-zero if they are initially non-zero.
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Lemma B.17. If ai(to) = 0 and wy,(to) = 0 at some time to > 0, then ay(t) = 0 and wy(t) =0
forallt > 0.

dllwellz | _

Proof. By Lemma B.16, we know that ||wy |2 = |ay| hold for all ¢ > 0. Also, we have 3 ‘ 2| =

g, where C' > 0 is some constant. Then

1
2

d|ag|?
| < O Jan w2 = Clw

t
w15 < [lwk(to)ll5 +/ 2C||wg (7)|[5d
to

By Gronwall’s inequality (12) this implies that ||wy(¢)||2 = 0 for all ¢ > t,. Similarly,

to
[wr ()15 < Hwk(to)||§+/ 20 |wy.(7)|[3d.
t

By Gronwall’s inequality (12) again, ||wg(t)||2 = 0 for all ¢ < ¢y, which completes the proof. [

A direct corollary of Lemma B.16 and Lemma B.17 is the following characterization in the case
where the weights are initially balanced.

Corollary B.18. If|a;| = ||wg||2 initially for t = 0, then this equation holds for all t > 0. Moreover,
1. If ar(0) = [Jwg(0)]|2, then ay(t) = ||wk(t)||2 for all t > 0;
2. If ar(0) = —|[lwx(0)

2, then ay(t) = —||wyg(t)||2 for all t > 0.

B.7 A Useful Theorem for Loss Convergence

In this section we prove a useful theorem for loss convergence, which will be used later in our analysis
for both symmetric and non-symmetric datasets.

Theorem B.19. Under Assumption 3.2, for any linear seprator w* of the data with positive linear

margin (e.g. y; (w*, x;) > v* > 0 forall i € [n]), if initially there exists k € [m] such that
sgn(ax(0)) (wy(0),w") >0, (wy(0),w")* > [[w(0)[5 — |ax(0)[*,

then ay(t) # 0 forallt > 0, and L(60(t)) — 0 and ||0(t)]|2 — +oc ast — +oo.

Before proving Theorem B.19, we first prove a lemma on gradient lower bounds.
Lemma B.20. Fora.e. t >0,
1 —exp(—nL)

dwk % %
<Sgn(ak)dtﬁw > > |ak‘a1eaky'7 #

Proof. By (10), there exist hgk)(t), ce h%k)(t) € [eaky, 1] such that

d'wk Q. (k)
=Y gOW)h (i

i1€[n]
where g;(0(t)) = —€'(yifot)(x:)) > 0. Then we have

d
<Sgn(ak)§;kv w*> > % ;] g,-(@(t))aleaky’y*.
Note that —¢'(q) = 1+1eq =1- 1+i*q =1 — exp(—£(q)) for all q. So we have the following lower

bound for 3, ¢, 9:(0(1)):
Y ait) =Y ~Clyifola:)) =D (1—exp(—Llyifo(x:)))
i€[n]

i€[n] i€[n]
> max (1 —exp(—L(yifo(xi))))

>1—exp <I,n?>](£(yif9($i))>
1e|n
>1—exp(—nL).
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Therefore,
dw . . l—exp(—nL
<Sgn(ak) dtk , W > Z |ak‘alcaky’7 : I:L( )a

which completes the proof. O

Proof for Theorem B.19. We only need to show that there exists to such that £(0(ty)) < 1“—2 , then

we can apply Theorem 3.1 to show that £(0(t)) — 0. Assume to the contrary that £(6(¢ )) > o2
for all t > 0. By Lemma B.20,

dw, Qleaky Y™
sgn(ak) <dt’w > > |ag| - %

Let ¢ := (wy(0), w")* — [ (0)]13 + lax (0 (0)?
for all ¢ > 0. Otherwise let ¢5 := inf{¢ : sgn(a
ak(ts) = 0. We know for ¢ € [O ts], sgn(ag(0)

> 0. First we show that sgn(ak( )) = sgn(ax(0))
t)) # sgn(a(0))}, and since ay(t) is continuous,
(wg(t),w*) >0, and

D—“D_/-\

k
)at
Jar(t)1* = lar(0)* = l[wr (03 + l[wr(ts)[13 > lar(0)* — llwi (0)[3 + (w(ts), w")

> [ax (0)* = [[wi(0)|[3 + (wy(0), w*)* = ¢ > 0.

2

This contradicts to the fact that ay(ts) = 0, and thus sgn(a(t)) does not change during all time.
Therefore for any ¢ > 0, ai(¢) # 0. Then for all ¢t > 0,

i (0] = lar(0)]* = wi(0)13 + k()13 > lar(0)|* — [[wi (0)[3 + (wn(t), w")*
> Jag(0) = [lwr (0)]3 + (wi,(0), w")” = c.

Lemma B.15 ensures that — <= = H H2 for a.e. ¢ > 0. Then we have

dwy * 2 > | |2 aleakyfy* ? > 02 aleakyfy* ?
, W a _— co - -
, TN\ dt = 2 = o

Then we can conclude that

Hd’wk

dt_

N
L(6(0)) — L(B(t)) > & (‘“;;”) t.

Integrating on ¢ from 0 to 400, we can see that the LHS is upper bounded by £(6(0)) — 22 while
the RHS is unbounded, which leads to a contradiction. Therefore, there exist time ¢y such that
L(0(to)) < 22, and thus L(6(t)) — 0as t — +oc. O

C Proofs for Linear Maximality for the Symmetric Case

For linearly separable and symmetric data, we show that all global-max-margin directions represent
linear functions in Theorem 4.2. We give a proof here.

Proof for Theorem 4.2. Let 0* = (w1,..., W, a1,...,0,) € SP~! be any global-max-margin
direction with output margin gy,in (0*) = ¥(0*). As the dataset is symmetric,

v(0%) = ifg[i?fll]{yifa* (x:), —yifor(—xi)}.

Now we define A := /> 11 a? andlet 0’ = (w},..., w),,a},...,a,,) where

w) E apwy, wh = —w) ay = A ay = —a
1= ) 2 — % 1 — ) 2 — Y1
fA V2

ke[m]
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and ), = 0, w), = 0 for k > 2. We claim that ~v(0") > ~(6*). First we prove that ¢;(6") > ~v(6*)
by repeatedly applying ¢(z) — ¢(—2) = (1 + eaky)?-

4i(0") = yifor (z:) = yi (@) d((w], i) + ard((wy, 4)))
= yz(]- + aleaky)a/l <w/1a w7,>

=% kz[j] (1 + teary Jarwr, )
em

= % Z (ak(b(wk—rwi) — (lk(b(_wk-rwi))

ke[m]
]‘ *
= 5 Wifo- (i) = yifo- (—zi)) = 7(67).
Meanwhile, by the Cauchy-Schwarz inequality,

0113 = A% Z Bg| <47+ 3 (%)Y Jul3 = A% Z w3 = 116 3.

ke[m] ke[m]

Thus v(0') = qT‘“;‘,(HGQ,) > ~v(0*). As 0* is already a global-max-margin direction, equalities should
hold in all the inequalities above, so
2
. * ag
min{yifo- (z:) ~ yifo- (@)} =20(07), || 30wl = 3 (% ) 3 Jlw.
kelm] o k€M ke[m]

Then we know the following:

e There is ¢ € R? that wy, = ac for all k;
* Thereis j € [n] that y; fo- (z,;) = —y; for (—x;) = v(0%).

Note that ¢(z) + ¢(—2z) = (1 — Qeaky)|#|. Then we have

0= fo-(x;)+ fo- (—x;) = Z ar (¢p(are z;) + ¢(—arc’ z;)) Z (1—Qeaky)ak|laxe " ;).

ke[m] k=1

Certainly ¢" x; # 0 as otherwise the margin would be zero. Then 3, c(,.; ax|ax| = 0, which means

2 2 142
Zk:akZO a; = Zk:ak@ aj, = 5 A®, and therefore

for(x Z arpd(are’ ) Z arlax|d(sgn(ag)e’ )
k=1
L2 T T L2 T
=54 (¢p(c ) —d(—c x)) = 74 (1 + ajeaky)c’
is a linear function in x.
Finally, let v+ = min;ep,) y; (w*, ;) be the maximum linear margin, where w* € S*~! is the

max-margin linear separator. As H9*||§ =1=(1+ ||¢:H§)A2
1 . 1
v(0%) = 5142(1 + Meaky) Hel[m] yic'm; < 5142(1 + Qeaky) [lell5 Yoo+

el 1
= 7(1 + Qeak )’yw* < *(1 + Qeak )’Vw* .
201+ felly) ’ 4 ’
By choosing ¢ = w* with A = 7 the network is able to attain the margin 7 L1 4 Qleaky ) Yaw* - AS

0* is already a global-max-margin direction, we know again that the equalities must hold. Therefore
we know
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* mine[y) yic i = el Yo

° HCHQ _ 1

Itflell = 2°

Then we know ¢ = w* due to the uniqueness of the max-margin linear separator, and thus A = -1

o9

Therefore the function is fg«(x) = Hoﬂ% (w*, x).

D Proofs for Phase I

In the subsequent sections we first show the proofs for the symmetric datasets under Assumption 4.1.
Additional proofs for the non-symmetric counterparts are provided in Appendix G.

As we have illustrated in Section 5.1, we have G(w) = (w, i) under Assumption 4.1. Then we have

L(6) = £(0) = Y apG(wy) =£(0) = Y ay (wy, fz).

ke[m] ke[m]

This means the dynamics of @(t) = (Wy(t), ..., Wn(t),a1(t),...,am(t)) = @(Bg,t) can be de-
scribed by linear ODE:

dwy, N dag -

a M Ta
Lemma D.1. Let 6(t) = 3(0o,t). Then

19(t)[In < exp(to)]|60]nr-
Proof. By definition and Cauchy-Schwartz inequality,
dwy,
dt

m < |y 1] < Aol |2

< laxfall2 < Aolaxl,
2

So we have [|0()|lx < |60l + fot Ao||@(7)||md7. Then we can finish the proof by Grénwall’s
inequality (11). O

Lemma D.2. For initial point 6y # 0, we have

. 4m||6, |3

16(t) — 360, 1)y < 210N e 300),
1 V/Ao/4

forallt S xlnm

Proof. Let 6(t) = $(6p, t). By Corollary B.13, the following holds for a.e. t > 0,
o déo

¢ dt

< sup {||<s —VLO) |0 € 305(0)} FIVE(B) — VL(O)||lw
M
<m)|0(t)|[3; + Aoll0 — O]]n.

Taking integral, we have

16(t) = 6t) s < / (I8P + Aoll6(T) — 6(7)nr) dr.

Let to := inf{t > 0 : ||0(¢)||m > 2||60||m exp(Aot)}. Then for all 0 < ¢ < ¢, (or for all ¢ > 0 if
to = +00),

10() = (1)l < / (8m180i exp(38r07) + 0[10(7) — (7)) d

_ S8l

t
< exp(3of) + Ao / 16(r) — 6(r) adr.
3)\0 0
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By Gronwall’s inequality (12),

-~ 0 3 t
10(t) — 0(t)||m < 78mi|))|>\0”M (exp(S)\ot) + /\0/ exp(3Ao7) exp(Ao(t — T))dT)
0 0
0,13 1 4m||6y]|3
= 8mi|))|+”M (exp(S)\ot) + 3 exp(3/\0t)) = 4m/6olls exp(3Aot),
0 0

1 1y Ao
Ifty < o In 4m|\00\|§4’then

4m||6o|[3
Ao

4m||6o||3x
Ao

< [|0()[[m + [[60[[m exp(Aot).

10(t) It < 116(t) In + exp(3Aot)

< [10(t)lIm + exp(2Xoto) - |60 [n1 exp(Aot)

By Lemma D.1, [|0(t)||a < [|60]la exp(Aot). So [|0()||m < 2||00]/m exp(Aot) for all 0 < t < ¢,

. . .. 1 Ao _ 1 A/ )\0/4
which contradicts to the definition of ¢¢. Therefore, t; > o In Tml65TZ = 2o In NGICYE O

Proof for Lemma 5.2. Let O(t) = (w1 (t), ..., W (t),a1(t),...,am(t)) = @(6o,t). Then

[y (t), @r(t)] " = exp(T1(r) M) g (0), ax(0)] " = exp(Ti(r) Mp)[0inic W, Oinitdr] ',

where M is defined in Section 5.1,

0 p
1

Let pio := 75 [f1,1]T be the top eigenvector of M, &> Which is associated with eigenvalue \g. All the
other eigenvalues of M are no greater than 0. Note that

_ init W r Oinit , _ T _ _ _ T - 7 T
exp(Ty(r)Xo) fBafly [‘;n:taﬂ = NI ( ﬁt (" wy + ak)) fio = \/2rbyfia = by, {ﬂ )

So we have

{mk(Tl((T)))} — by {H} _

= || (T30 M) = exp(Ta(r)do) iy ) [C’“’ﬂ

Oinit Ok
Wy,
ag

With probability 1, 8y # 0. For r < \/A/4, we have Ti(r) = 3-In NG
Then by Lemma D.2,

2

< Oinit

’ < \/§Uin1t||é0||M-
2

\/)\0/4
Vm|@ollnm

< In

1
Ao

10(T3(r)) = 6Ty (M) e < 22000 3oy (1) = 21

By triangle inequality, we have

o] =mlt]| <[ Ei)) - (oG, + | [eien] -t
< )\:57—” + V20t || o|v < 3:—27

. . . 3
for some universal constant C, where the last step is due to our choice of oj,it < \/mﬂién'
0
M
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E Proofs for Phase 11

E.1 Proof for Exact Embedding

To prove Lemma 5.3, we start from the following lemma.

Lemma E.1. Given 0y := (1, Ws, a1, az) with 4y > 0 and ay < 0, then 8(t) = mp(p(00,1)) is a
gradient flow trajectory on L(80) starting from 6(0) = 7p(6).

First we notice the following fact.

Lemma E.2. Forany 0 and g € 0°L(9), mp(g) € 0°L(m(0)).

Below we use 75 (S) = {mp(s) : s € S} to denote the embedding of a parameter set.

Proof. For every 0 = (w1, W, a1,a42) € Qs (i.e., no activation function has Z€ero input), let
0 = 1(0) = (wi,..., Wy, a1,...,an), and clearly @ € Qs. Then 9°L(0) = {VL(H)} and
0°L(0) = {VL(0)} are the usual d1fferent1als In this case, we can apply the chain rule as

)= 1 i syta 20,

00
0)=— il (yi i .
VL) =~ %j]y (v fo (i) =5
Notice that the embedding preserves the function value,
m b2 . b2 R .
(zi) = Zaﬂ(w;wi) = Z b—gdlaﬁ(wfazi) + Z b%a2¢(w;$i)
j=1 jib;>0 jib;<0

= a1 d(W] ;) + a2d(wy ;) = fy(i);
and the also preserves the gradient

Ofe(x:) ., 1 B g—idlgb/(wfwi)wi ifby, >0
dwy, k0 (Wi @)D = o (] @) ifby <0
Ofo(@s) _ (0yTay — (] @) if by >0
day, ke p(w] x;)  ifby <0

) %E:i) = Tp (af%igci)) Then from the chain rule above we can see VL(8) = m(VL(H)), and
we proved the lemma in this case.

In the general case, by the definition of Clarke’s subdifferential,
0°L(0) = conv{ lim VL£(0,) : £ differentiable at 8,,, lim 6, = 9} .
n— 00 n—o0

For any 6,, — 0 with 6,, € Qs, m(0,,) — m(8), and
Tim VL(m(0,)) = lim m(VL(0,)) = ( lim w:(én)).

n—oo

Taking the convex hull, it follows that 7 (9°£(8)) C 8°L(7(8)), and we finished the proof. [

Prooffor Lemma E.I. For notations we write 6(t) := (6o, t) and 8(t) = m(0(t)). Then %é(t) €
—0°L(O(t)) for ace. t. At these t, $O(t) = 7rb( o(t )) € 7rb( 9°L(6(t))). From Lemma E.2 we

d g

> dt dt
) € —0°L(0(t)) for a.e. t, and therefore 6(t) is
O

know 7 (0°L(0(t))) C 8°L((t)). Then £6(t
indeed a gradient flow trajectory.

Proof for Lemma 5.3. By Lemma E.1, m(0(80, 1)) is indeed a gradient flow trajectory. Then, as

m5(©(60,0)) = m(6o), as well as the fact that 6 and () are non-branching starting points, the
gradient flow trajectory is unique and therefore 7y, (0 (609, t)) = (7 (6o),t) for all ¢ > 0. O
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E.2 A General Theorem for Limiting Trajectory Near Zero

Before analyzing Phase II, we first give a characterization for gradient flow on Leaky ReL.U networks
with logistic loss, starting near 7, where 6 is a well- -aligned parameter vector defined below. We only
assume that the inputs are bounded ||z;||2 < 1 and \ := max{|G(w)| : w € S~} > 0. Theorems
in the section will be used again in the non-symmetric case.

Definition E.3 (Well-aligned Parameter Vector). We say that 6 := (Wi, ..., Wy, a1,...,0,)1sa
well-aligned parameter vector if it satisfies the following for some 1 < p < m:
1. Forl <k <p, W attains the maximum value of |G(w)| on S~ 1, i.e., G(H;Uﬁ) =\

2. For1 < k <p, ax = sgn(G(wyg))||wk||2;
For1 <k < p, (wg,x;) # 0foralli € [n];
4, Forp+1<k<m,w,=0,a, =0.

et

Our analysis for Phase I shows that weight vectors approximately align to either of & or —p, and
both of them are maximizers of |G (w)|. Therefore, gradient flow goes near a well-aligned parameter
vector (with p = m) at the end of Phase I.

The following is the main theorem of this subsection.

Theorem E.4. Let 0 be a well-aligned parameter vector. Let A := mingey],iefn] |<1ﬁ’g|"mi>‘ >
’ M
Define Ty (1) := % In % and let to be the following time constant
1 AA
to = —1In A~ - (14)
2A - 16m|0]3,

Then for all t € (—o0, to|, the following is true:

1. lim,_,9 go(ré,Tg (r) + t) exists. This limit is independent of the choice of ¢ when the
gradient flow may not be unique.

2. lim,_0 (18, To(r) + t) lies near e :

‘ 4m||9Hio\’/[€3>\t
M A '

IA

lim ¢ (7"0 To(r) + ) — Mo

r—0

3. Let 01,05, ... be a series of parameters converging to 0, 11,72, . .. be a series of positive
real numbers converging to 0. If ||0s — 70||2 < Crit” for some C > 0,k > 0, then

lim (0, To(ry) + 1) = lim o(r6, To(r) +1).

Now we prove Theorem E.4. Throughout this subsection, we fix a well-aligned parameter vector

0 := (W, ..., Wy, a1, ...,a,) with constant p € [m]. We also use to and T5(r) to denote the same
constant t( defined by (14) and the same function T5(r) := % In % as in Theorem E 4.

For any parameter 6 = (wy,..., Wy, a1,...,a4my), we use ||0]|p, ||@||r to denote the following
semi-norms respectively,

10]]p = glax{maX{HwkHzJakH}a [0[|r ;= max {max{|wg|lz2,|ar|}}-
€lp] p<k<m

The M-norm can be expressed in terms of P-norm and R-norm: ||0||y; = max{]|0||p, [|0]lr}. Also
note that Condition 4 in Definition E.3 is now equivalent to ||@||gr = 0.

For k € [p], define W = {w e R4 : (b, x;) - (w, x;) > 0,Vi € [n]} to be the set of weights that
share the same activation pattern as wy.

Lemma E.5. Ifr > 0 is small enough and the initial point 8 of gradient flow satisfies |0y — ré”M <
Crite for some C > 0,k > 0, then for any —Ty(r) < t < to, the following four properties hold:
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~

Forall k € [p), wi(Ta(r) +t) € Wy

2. |l¢(80, Ta(r) +)|Im < 2616,

3 00, To (1) + 1) — eMO||p < Crie)t 4m|\é|\§463>\t’.
® 0, 5

4. ||¢ (B0, To(r) +t) — e O||r < 2077,

Proof. Let O(t) := ©(6y, t) be gradient flow on £ starting from 6, and 0(t) := re 6. Let t1, ty be
the following time constants and define ¢,y := min{to, t1,¢2}:

ty :=inf{t > 0: 3k € [p], wi(t) € Wi} — Ta(r)
ty = 1inf{t > 0: [|0(t)[lm > 2re*(0]lm} — To(r).

A AN 1/k
We also define 7.5 := (WEL'%A) . We only consider the dynamics for r < ryax, t < To(r) +

tmax. Our goal is to show that

Hg(t) é(t)” <C 1+k At 4m||0||§4 3 3\t 0 1+K At

— p < CrmheM + N rent, 10(t) — 0(t)||r < 2Cr " e

within the time interval [0, T5(r) + ¢max) (and thus it also holds for [0, T2(7) + tmax] by continuity),
and to show that ¢, is actually equal to ty,ax, 1.€., to is the minimum among ¢, ¢1, t2. It is easy to

see that proving these suffice to deduce the original lemma statement, given the translation of time
ATo(r) _ 1
e = .
T

For k € [m], by Lemma B.11 we have

dw oG da
|5 orctn| < CocmlplRiall. |G - Glon| < m6lRuwnle. (9
2
For (t), a simple calculus shows that for all ¢ > 0,
dwy, _ Wy day < wy, ~ >
Vkelp: Sk gk Sk Yk ). 16
P T @ M el (1o
Vp<k<m: |ag| = |lwkll2 = 0. (17)

Bounding ||0(t) — (¢ t)lp. For k € [p], 0°G(wy) = {VG(wy)} = {VG(wy)}. Also note
that VG(wy) = VG( = A%~ by Lemma B.5. Then a;,0°G(wy) = {)‘a’fl\gﬁ} and

[ETAE
Glwg) = A <H$’ﬁ, k> Combining these with (15) gives

: AN —w < m||6|3,. (18)
5 Ty " 1011x
([ |2

Taking the integral gives ||6(t) — 0(t)||p < ||9(o)—6(0)||P+fg(m||0(7)\|§4+x|\e(7)—é(T)Hp)dT
Note that ¢,,,x < t5. Then

|\wk\|2)

S
max
dt k||wk||2

Then by (16) we have

Wi

[ ]2

do de

atat|| Ak — ax)

< ol + e
ke(p]

9
2

< ml|0|}; + A6 — 0]p.

16() = 6(0)le < 16(0) = 60)lp+ [ (Smr*e 6]+ Al6(r) - 6(r)lr) dr

8 ; ' j
<Ort s 0+ [ 10(r) = 00
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By Gronwall’s inequality (11), we have

t
16(t) —6(t)||p < Critr + %mr?’eg)‘tHOHi’/I +/ <Cr1+“ + 38/\mr363’\70||§4> AT dr
0

At

. ] .
mr3e 013 + —mr® - = (e = 1)]|0]13,

8
< CritrE 4 orttreM — 1) + — ) 5 —(

3\
8 .
< Orttret 4 ?T)\mrgeg)‘t(l +1/2)||0]13;.

Therefore we can conclude that

~ 4m101I3
Ha( ) 0( )HP < C,rl—i-fce)\t_'_ m||)\0||Mr363)\t. (19)

Bounding ||0(t) — 6(t)||r. For p < k < m, we can combine Theorem B.3 and (15) to give the
following bound for the norm growth:

Ldfwell5 _ 1d|ax|?

S = JSE < anGlawn) + o] mll61 w2

This implies

1 d|ak|2 1dek||§ 2 2
- == <16 A+ ml@ . 20
5 dt 5 @ o [10][R (A +m|6]]5) (20)

Taking the integral gives ||0(¢)[|3 < [|0(0) ||R—i—f0 2/|0(7)||& (A +m||0(7)|12;)dT. Note that sy <
to and ||@(0)||r < Cr*~. Then

t
10l < C*r?0+) + / 20017 (1 + dmr*e?716])dr
By Gronwall’s inequality (12), we have

t
10()[|% < C?r20+%) exp (/0 2(A + 4m7’262”|9||§4)d7>

4112
< O272148) oy (2/\15 + 4m||)\0||M7,262)\t> .

Taking the square root gives
2m||6]2
10(t)||r < Crit*exp ()xt + 7mH/\ ||M7"262M> .
For t < T(r) + tmax < T(r) + to, we can use the the definition (14) of ¢ to deduce that
%T%”‘t < %62’\“’ = A/8 < 1/8. Therefore, we have

10(t) — 6() [ = [|8(t)|[n < CritreMH/8 & CpltrAHIn2 _ 9oy ltrht @1

Bounding ¢,,,x. To prove the lemma, now we only need to show that ¢,,,,, = t9. Combining (19)
and (21), we have for t < T5(r) 4 tmax,

. 4m||6|3
||0(t) o O(t)”M < QCrlJrne)\t + m”}\ HMT,SGS)\t.

~ ~ a3 a3
Since 7 < rmax, 2C7% < 1]|6]|MA. By definition (14) of ¢, %7262/\:& < %ezm0 <
1118mA. Then we have 2Cr" + 4m”0HM r2e? < 1|y A and thus

. 4m||6|3 1 o
10(t) — 6(t)||n < re <2CT‘” + m”)\”N[Tzez)‘t) < Qre)‘tHQHMA. (22)
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For all time 0 < ¢ < T5(r) + tmax, We can use (22) to deduce

sgn((wy, wi)) (w(t), ;) > sgn((dr, ;) (re by, ;) — %Te”llé’HMA

A L A
= e ()]~ 5101

> reM||6] A /2 > 0,
which implies t1 > tax.

For norm growth, we can again use (22) to deduce
~ 1 A " A 1,4, =
160t < 16 s + g7 18hu =™ (1811 + 3101104 )

3 . .
< §re>‘t|\9||M < 2reM||0HM,
which implies to > tyax-

Now we have t1 > tmax,t2 > tmax. Recall that ¢y, = min{tg,t1,t2} by definition. Then
tmax = to must hold, which completes the proof. O

Lemma E.6. Ifr > 0 is small enough and the initial point 0 of gradient flow satisfies ||6o — 10|\ <
Cr'*® for some C > 0,k > 0, then for all t € [—Tx(r), to],

l (B0, Ta(r) + ) — (10, To(r) + 1) m < 4Cr=e.

Proof. Let O(t) := ¢(8y,t) and O(t) := (r6,t) be gradient flows starting from 6, and 0. For
notation simplicity, let hy; = yzqﬁ’(ﬁ);a)l) Let g; := —'(yifo(x:)), §i := —'(yif5(xs)).

By Lemma E.5, we can make 7 to be small enough so that the four properties hold for both 6(T5(r)+t)
and (T (r) + t) when t < t.

Bounding the Difference for 1 < k < p. Forall t < tq and k € [p], we know that ¢/ (w x;) =
¢ (w, ;) = hyi, and thus for wy, Wy, we have

dwk d’lI)k Q. 2 dk n -
‘ dt dt ) n ;gz kidq n l_zlgz kilq ,
1< 1<
< lay — a| - Hn Zgihkimi +ag| - ||n Z(gi = Gi)hkiz
=1 2 =1 2

A(t) A(t)
: A(t) . |ak — dkl + |ak| . A(t)

and for ay, a; we have

da,  dag 1 & T 1 e T
‘ @ @, |n Zgi¢(wk x;) — - Zgi¢(wk ;)
=1 i=1
1< T 1., 1
~n Zgihkiwk Ti— n Zgihkiwk T;
i=1 i=1
1 ¢ 1 ¢
= [lwr — w2 - Hn Zgihkimi + [Jwgl2 - Hn Z(gi = Gi)hwii
=1 2 =1 2
= A@) - [Jwy, — wl2 + [lwgll2 - A).
Therefore, % - % . < A(t) - |0 — 0]|x + [|0]|m - At). Now we turn to bound A(t) and A(t).

By Lipschitzness of ¢’ and Lemma B.10, we have

—(0) = il < ml6l3, g — il < ml6 — Ol (6l + 6]n)
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For A(t), by triangle inequality and Lemma B.5 we have

£ Z hrix;
i=1

n

At) < +ml|0]I3; = [IVG(aby) 2 +m|6]R; = A+ m|6]3s,

2

For A(t), we use triangle inequality again to give the following bound:
1< ~ ~ ~
A®) < — Y lgi = Gil <m0 = 6l (1101 + 16]]5r)
i=1

Therefore, we can conclude that

do do

| < O mll3) 10— 8l + 10l - mll6 — 8l (16l + 1))

P

< (A + 3mmax{|6]1u, 16]n}2) 16 Bl
< (A+ 12m02eM 013, ) 16 = B,

where the last inequality uses the 2nd property in Lemma E.5. Note that |8y — r8||p < Crit*. So
we can write it into the integral form:

t
16(t) — 0(t)||p < Critr +/ ()\ + 12mr2e2“||é||§4) 10(7) — 6(7)||mdr. (23)
0

Bounding the Difference for p < k& < m. By Lemma B.17, ||§(t)|[g = 0 for all t > 0, so
|6 — O||r = ||8]||r- By the 4th property in Lemma E.5, we then have

10(t) = 61l = [16(t)lIr = 6(t) — reXO][r < 2Cr! e,

So we can verify that [|(t) — 6(t)||r satisfies the following inequality:
¢
lo(t) — 8(t)[[r < 207" +/ A6(7) — 8(7)|[rdr. (24)
0

Bounding the Difference for All. Combining Lemma E.5 and Lemma E.5, we have the following
inequality for ||@(t) — 6(t)]||m:

t
16(t) — 6(t)[|ns < 201+ +/ (X -+ 12227011, ) 118(7) — 6(7) e
0
By Gronwall’s inequality (12),
t
10(t) — 6(t)||n < 2CT < exp (/ ()\ + 12mr2e2>‘7||0AH§4) d7>
0

6m) 6|2
< 20ritr exp (/\t + m||)\|Mr262)‘t> .

By definition (14) of t,, we have %r%”t < %62/\% = 38A < 3/8 < In 2. Therefore we
have the following bound for ||@(t) — O(t)||u:

[0(t) — 8(t)||p < 20T FRAFINZ — yOpltreAt,
At time Ty (r) +t € [0, T (r) + to]. this bound can be rewritten as
16(To(r) + ) — O(Ta(r) + t)||u < 4CT~eM,

which completes the proof. O
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Proof for Theorem E.4. First we show that lim,_,o p(r0, T5(r) + t) exists. We consider the case of
7 < Tmax, Where rax 1S chosen to be small enough so that the properties in Lemma E.5 hold. For
any r’ < r, by Lemma E.5 we have

. 1 .
Hcp <T'/9,T2(T’/) + X ln7’> —r0

3

where ¢/ = las , k' = 2. Applying Lemma E.6, we then have

H < (TOTQ h”’)vT?(THt)w(ré,Tg(r)H)H < 4C"r M.

M

A113
< 4m||)\0”1\/1r3 < C”rlJr“',

M

Note that T5(r') 4+ + In7 + To(r) 4+ t = To(r") + t. So this proves
('8, To (") + 1) = @(rf, To(r) + t) | < 407" .

For any fixed ¢ < ¢, the RHS converges to 0 as » — 0, which implies Cauchy convergence of the

limit lim,._,¢ cp(ré, T5(r) + t) and thus the limit exists. By the 1st property in Lemma E.5, we know
that there is no activation pattern switch in the time interval ¢ € [0, T»(r) + to] if 7 is small enough.

This means L is locally smooth near the trajectory of ¢(r6,T»(r) + t) and thus the trajectory is
unique. Therefore, the limit lim,_,o (10, To(r) + ) is uniquely defined.
By Lemma E.5,
4mHé”§/IeS>\t
5 .
Taking 7 — 0 on both sides gives the range of the limit lim,_,o (10, To(r) + t):

(0. To(r) + ) = 6]l <

. X 4m||6]3
lim ¢ (10, To(r) +t) — O ‘ < MeS)‘t.
r—0 M

A
For s — 0o, by Lemma E.6, we have
i o (07 +0) i (0,100 1), =0
S0 lim,_s00 (0, To(rs) + t) = lim,_,0 (18, Ty (r) + t) is proved. O

E.3 Proof for Approximate Embedding

To analyze Phase II, we need to deal with approximate embedding instead of the exact one. For
this, we further divide Phase II into Phase II.1 and I1.2 and analyze them in order. At the end of this
subsection we will prove Lemma 5.4.

E.3.1 Proofs for Phase I1.1

Given the discussions in the previous sections, we are ready to present proofs for the phase II
dynamics (Lemma 5.4) here.

We subdivide the dynamics of Phase II into Phase II.1 and Phase I1.2. At the end of Phase I, we show
that the parameters grow to norm O(r) in time 77 (r). In Phase II.1, we extend the dynamic to time
T, (r) + T»(r) so that the parameters grow into constant norms (irrelevant to r and 7y, ). Then, when
the initialization scale becomes sufficiently small, at the end of Phase II.1 the parameters become
sufficiently close to the embedded parameters from two neurons at constant norms, so the subsequent
dynamics is a good approximate embedding until the norm of the parameters grow sufficiently large
to ensure directional convergence in Phase III. Here we show the results in Phase II.1.

Lemma E.7. For m > 2, with probability 1 — 2~ =Y over the random draw of 6y ~ Dinit (1), the
(W, 1) +ay

7 m . . 7 R
vector b € R™ with entries by, := 2ol

defined as in Lemma 5.2 is a good embedding vector.

Proof. Note that b is a good embedding vector iff b’ = 2./m||0o||\b is a good embedding vector.
Recall that wy, "~ N(0, I), @, "~ N(0, 2, ). By the property of Gaussian variables,

bk = <1I)k7u’> + ak ~ N(Ov 1 + Ciinit)'
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Thus &' ~ N(0, (1 + c%,;,)I). Since it is a continuous probability distribution, b’ # 0 with
probability 1. By symmetry and independence, we know that Pr[Vk € [m] : b, > 0] = 2=™ and
Pr[Vk € [m] : b), < 0] = 27™. So ¥’ is a good embedding vector with probability 1 —2~™ — 2™ =
1—2-0n=1) andsois b. O

Lemma E.8. Ler Th(r) := )\LO Ini, then Tiy := Ti(r) + Ta(r) = /\LD In ﬁné(’” regardless
init M

the choice of r. For random draw of 8y ~ Dinit(1), if b € R™ defined as in Lemma 5.2 is a good
embedding vector, then there exists to € R such that the following holds:

1. For the two-neuron dynamics starting with rescaled initialization in the direction of 0:=
(by, by, b_,b_p), forallt € (—oo,to), the limit O(t) := lim,_,o (10, To(r) + t) exists

and lies near e*'0:

Hé(t) — erté < %63)‘0t — 0(63)‘07:)_
M Ao

2. For the m-neuron dynamics 0(t), the following holds for all t € (—oo, to),

lim @ (Tio +1t) = 75(0(t)).

Tinit —

Proof. Under Assumptions 4.1 and 4.5, the maximum value of |G(w)| on S¢~! is \q and is attained

at 1. Given a good embedding vector b, both 6 and 6, := wl;(é) are well-aligned parameter
vectors (Definition E.3) for width-2 and width-m Leaky ReLU nets respectively. By Theorem E.4,
there exists ty € R such that the following two limits exist for all t € (—o0, to]:

0(t) := }%(p (Té7T2(T) + t) , 0-(t) :=lim ¢ (réW,Tg(r) + t) .

r—0

Note that by Lemma E.1, we have 75 ((r8, To(r) + t)) is a trajectory of gradient flow starting from
r0. The uniqueness of 6, (t) (for all possible choices of ) shows that

m5(6(t)) = lim (go (ré,Tz(T) + t)) = 0,.(t).

—0
By Lemma 5.2, for oy,;¢ small enough, if we choose r so that o,y = W, then for some
0
universal constant C' we have "
6(Ti(r)) — 7l < E
r))—r —.
1 || M > \/m

Applying Theorem E.4 proves the following for all ¢ € (—o0, to:

lim @(0(T1i(r)), To(r) +t) = 0.(t).

Oinit—0

Therefore lim,, , 08 (Tha +t) = 75(8(t)). O

E.4 Proofs for Phase II.2
Next, at the end of Phase II.1, 8(T12 + to) has a constant norm. Then we show the trajectory
convergence with respect to the initialization scale in Phase I1.2.

Lemma E.9. If 3(6(to)) is non-branching and lim,. .. 00 (T2 +to) = m3(0(to)) for some
constant to, then for all t > to, lim,, .00 (T2 +t) = m5(0(1)).

We first start with a simple lemma on gradient upper bounds, and then show that the trajectory of
gradient flow is Lipschitz with time.

Lemma E.10. Forevery 0 ¢ RD,

glla < ||0]|2 for all g € 5°L(0).

36



Proof. Note that [¢'(q)| < 1,|¢'(2)] <1 ||zsl2 < 1, |ys| < 1. Forevery 8 € Qs (i.e., no activation
function has zero input), by the chain rule (10), we have

L(8) 1
H wr, |, |n Z '(:(6))yiard (wy )z || < n Z |ak| = |ax],
2 16 n) ) i
0L(0) )
H 6% ) = ||— Z gl Qz wk 5137,) < E Z |’lU]1—£EZ| < ||wkH2
2 ZE[H]
So ||[VL(0)|2 < ||8||2. We can finish the proof for any 8 € R by taking limits in 5. -

Lemma E.11. The gradient flow trajectory (T2 + t),in the interval t € [to, ts] for any ts > to, is
Lipschitz in t with Lipschitz constant ||@(Tya + to) ||, e(=~*0).

0T +1)||, < [6(Tio + ), So WEEEA= < [0(T1s + 1),
By Gronwall s 1nequahty (12) 10(T12 + 1), < ||0(Th2 + to)HQet to, Then Hdt (T2 +1)]|, <

10(T12 +t)l, < [lutheta(Tiz + to)[|2e™0.
Now we are ready to prove Lemma E.O.

Proof of Lemma E.9. When o,y — 0, as 0(T12 + to) — Fb(é(to)) we can select a countable
sequence (oinit); — 0 and trajectories 8; (772 + t) with initialization scale (ot );. We show that for

every t > to, there must be 0; (Tho+1) = ©(0;(Thia+to), t—to) — m5(0(t)) = (75 (0(to)), t—to).

If this does not hold for some ¢ = T, then there must be a limit point g7 of points in {¢(6;(T12 +
to), T —t0)}$2, such that g # o(75(0(t0)), T — to) and a converging subsequence in {¢(0;(T12 +
to), T — t9)}52, to gr. Thus WLOG we assume that the sequence is chosen so that

lim (0i(Th +10), T —to) = qr # ¢ (m5(0(t0)), T — to).

We then show that there is a trajectory of the gradient flow that starts from 75 (8(to)) and reaches qr
at time T" — t(, thereby causing a contradiction to our assumption that 73 (6 (¢¢)) is non-branching.

For any pair of Lg-Lipschitz continuous functions f, g : [to, T] — R, define the L>°-distance to
be || f — glloc = supy¢ fto. T 1 11£(t) — g()|2. Note that the space of Lo-Lipschitz functions with
bounded function values is compact under L*°-distance, and therefore any sequence of functions in
this space has a converging subsequence whose limit is also Ly-Lipschitz.

Let O := sup,{||0:(Ti2 + to)||,}, then as {0;(Th2 + to)} is converging to 73 (8(to)) # oo, C' < 0.
By Lemma E.11 we know each trajectory 6;(T}2 + t) is (CeT ~t)-Lipschitz for t € [to, T]. This
means we can find a subsequence 1 < i; < 4o < 23 < --- that the trajectory {Oij (Tha +t)}
L®°-converges on [to, T as j — oo. Then the pointwise limit q(t) := lim;_, 0;,(T12 + t) exists
forevery t € [to, T]. q(to) = 75(6(t0)), q(T) = qr.

Finally we show that g(t) is indeed a valid gradient flow trajectory. Notice that g(t) is (Ce? ~t0)-

Lipschitz, then by Rademacher theorem for g(¢) is differentiable for a.e. ¢ € [to,T]. We are left to
show ¢’ (t) € 9°L(q(t)) whenever q is differentiable at ¢.

For any € > 0 that [t,t + €] C [to,T], we investigate the behaviour of g(t) in the e-neighborhood of
t. Let €2 be the set of 7 € [to, T] so that £6;, (T12 + 7) € —0°L(8;, (T12 + 7)). By definition of
differential inclusion, €2; has full measure 1n [t0, T]. Define B; . be the following closed convex hull:

d
B =COHV{d0ik(T12 +7): k>4, [tt+¢ mﬂj}.
T

It is easy to see that B; . is monotonic with respect to j. Then we know that for any j,

0i,(Tio+t+e)—60;(Tia+1) 1

€ €

t+e
/t EOZ] (T12 + T)dT S Bjﬁe,
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Then taking the limits j — oo, as all B; . are closed, we know M € lim;_, Bj..

Now let C} , C. be the following closed convex hull of subgradients:

Cj,e = conv U 9°L(0;, (T2 +7)) |, Cc=rconv U 0°L(q(Th2 + 7))

k> TE[t,t+€]
TE[t,t+€]

Then we know B; . € —C) . for all j > 1 and € > 0. Notice that C; . and C, are also monotonic
with respect to j and e respectively so we can take the respective limit. As for 7 € [t,t + €],
lim; o 0, (T12 +7) = q(T12 + 7), by the upper-semicontinuity of 9°L, lim; o, Cj,c € C. Then

attea)=alt) ¢ iy Bj. C 11m CJEQC

€ j—00

When ¢ € [to,T) and q(t) is differential at ¢, we can take the limit ¢ — 0, and by the upper-
semicontinuity of 0°L again, we have

q(t) e lim Ce Ceonv(—0°L(q(T12 + 1)) = —0°L(q(Th2 + 1))
as 0°L(q(T12+1)) is closed convex for any ¢. Therefore g(t) is indeed a gradient flow trajectory. [
Proof for Lemma 5.4. We can prove Lemma 5.4 by combining Lemmas E.7 to E.9 together. For

—o0 < t < tg, by Lemma E.8, Hé(t) — e)‘(’téH < %‘:Hiie%ot. With 6 := (by,bia,b_,b_f1),
M
by choosing a threshold ¢5 < ¢y small enough, we can have for any ¢ < ¢,

- T am|| 0|3
. a1(t) > ertb+ _ mﬂol\M e3Not 0;

_ YE
. dg(t) < e)\otb_ + 4m,ﬂ\gHM eSAot < O;

~ T _ am||6||3 8m||0]3

. <’LU1 (t), w*> > e)\othr <N7UJ*> _ !\OHM e3>\0t > !U [Ixg 63)\015 > 0;
~ . 4m||0|13 sml|6]I3

. (wg(t),w*> < eNoth <H7W*> + m!\OHM e3rot WH\OHM g3t (.

Then 6(t) # 0 forall t < t,. Fort > t,, we know 6(t) # 0 by applying Theorem B.19. Finally by
Lemmas E.8 and E.9 we know lim,, ,, .0 0 (Th2 + t) = 73(0(t)) for all . O

F Proofs for Phase I11

F.1 Two Neuron Case: Margin Maximization
In this subsection we prove Theorem 5.5 for the symmetric datasets. By Theorem B.19 and Theo-
rem 3.1, we know that gradient flow must converge in a KKT-margin direction of width-2 two-layer

Leaky ReLU network (Definition B.8). Thus we first give some characterizations for KKT-margin
directions by proving Lemma F.1 and Lemma F.2.

Lemma F.1. Given ui,us € RY, ify;(¢((uy, x;)) — ¢(—(ua, x;))) > 1 forall i € [n], then
yi(hl(l)(Uz,iBi) + P (ug, @) > 1,

for all Clarke’s sub-differentials h ) e ¢°((uq, ), h§2) € ¢°(—(uz, x;)).

Proof. We prove by cases for any fixed ¢ € [n]. By Assumption 4.1 we have

yi(o((ur, i) — ¢(—(uz, @;))) > 1, —yi(p(—(u1, z;)) — ¢((uz,x;))) > 1.
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Case 1. Suppose that (u1,x;) # 0, (us, ;) # 0. Then we have h§1)7h§2) € {aieaky, 1}. If
B = ) then b (us, 22) = —(— (s, ), A iy, :) = 6({uur, 2:)). and thus we have

= yi(—o(—(uz,x;)) + d((u1, x:)))
= yi(p((ur, i) — d(—(ug, x;))) > 1.

Otherwise, hgl) # hz@), then we have h§1)<u2, x;) = ¢({ug, x;)), h§2) (uy, ;) = —p(—(uy, x;)),
and thus

yi (W (g, ) + B (uy, 2))

yi(h) (ug, @) + b (ug, 24)) = y; (6((uz, 2:)) — S(— (w1, 2,)))
= —yi (O(—(u1,2;)) — o((u2, x4))) > 1.

Case 2. Suppose that (u1, ;) = 0 or (uz, ;) = 0. WLOG we assume that (u;, x;) = 0 (the case
of (ug, x;) = 0 can be proved similarly). Then we have

—yip(—(u2,x;))) > 1, yid((uz, x;))) > 1.
If (ug,z;) = 0, then the feasibility cannot be satisfied. So we must have (uq,z;) # 0 and
hz(?) € {eaky, 1}. This implies that y; (us, x;) > L

— Qleaky
(1

i

Since (uq, ;) = 0, we have h; "’ € [®eaky, 1]. Therefore,

yi(h§1)<u27$i> + h§2) (ur, ;) = yih(1)<u27-’£z‘> > YiQleaky (W2, ;) > 1,

which completes the proof. O

Lemma F.2. If (w1, ws, a1, as) is along a KKT-margin direction of width-2 two-layer Leaky ReLU
network and ay > 0, a3 < 0, then w1 = —wsy, a1 = —az = ||Jwq||2.

Proof. WLOG we assume that ¢,,;,(6) = 1. By Definition B.8 and Lemma B.9, there exist
Moo An > 0and BV Y e R R € R such that (Y € ¢°((wy, ;). h{Y €
¢°((wa, x;)), and the following conditions hold:

. wy=a; Zie[n] /\iyqzhgl)mi, W = ag Zie[n] /\iyihl@)mi;
2. a1 = [Jwil2, a2 = —|lwall2;

3. Foralli € [n],if ¢;(0) # 1 then A\; = 0.

Let u; = a;w; and ug = —asws. Let 4y 1= ”;‘ﬁ, Uy 1= —H;‘ﬁ. Then the following conditions
hold for all i € [n]:

U — Z /\ihgl)yiwi =0, (25)
i=1
U — Z )\ihEQ)yiiBz' =0, (26)
i—1
Ai(1 = yi(o({ur, ®:)) — d(—(ug, ®;)))) = 0. 27)

By homogeneity, b - (w1, 2;) = ¢((ur, ), hi? - (uz, ;) = —¢(—(up, ;). Left-multiplying
(u1) " or (uz) T on both sides of (25), we have

luill2 — Z Aiyid((u, ;) =0, (28)
=1

(u, wo)fuzll2 = D AihiVyi(uz, @) = 0. (29)
=1
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Similarly, we have

luzll2 + i)\iyﬂ(—@im ;) =0, (30)
(1, Ua)lus |2 — z": APy (u, ;) = 0. 3D
Combining (28) and (30), we have -
uillz + [Juzll2 = i Aiyid((ur, ) — _nzl)\iyiéf’(wzv ;) (32)
= z”; Aiyi (w1, i) — o(—(u2, %)) (33)

“Y o (34)
i=1

where the last equality is due to (27).
Combining (29) and (31), we have

(@, i) (|2 + luzllz) = > Nibtyi(ug, i) + 3 Xibi Py (us, ;) (35)
=1 =1
= Z AiYi (h51)<u2, ;) + b (ua, mz>) (36)
1=1

>

v

Il
_

i (37)

K2

where the last inequality is due to Lemma F.1. Since we have deduced that ||uy |2+ | usll2 = >y Ais
we further have

(@, w2)([|url2 + fluzllz) = [Jull2 + [Juzl2.
Combining this with (@1, @2) < ||a1]|2||wz|]2 < 1,wehave 1 < (@, us) < 1. So all the inequalities
become equalities, and thus w; = uo. (36) also equals to (37), so

vi (h§”<u2, ;) + h'? (uy, mi>) =1, (38)
whenever \; # 0.

By (27), we have y; (h,gl) (w1, ;) + h,EQ) (ug, a:z>) = 1 whenever \; # 0. Combining this with (38),

we have 1) 4@ m o
pilhi) = B G, i) = (g = ) (wa, ).
Then we prove that (w1, x;) = (us, ;) by discussing two cases:

1. If (uy,x;) = 0, then (us, ;) = 0 since @) = Us;

2. Otherwise, we have (hl(-l)7 h§2)) = (1, (eaky) OF ((Meaky, 1) by symmetry, so hl(-l) + hl(-Q)
and thus (uy, ;) = (ua, ;).

This means u; and uy have the same projection onto the linear space spanned by {x; : A\; # 0}. By
(25) and (26), u; and wuy are in the span of {x; : i € [n], \; # 0}. Therefore, u; = us and we can
easily deduce that w1 = —ws, a1 = —ag = ||wi||2- O

Lemma F.3. If0 = (w1, ws, a1, as) is along a KKT-margin direction of width-2 two-layer Leaky
ReLU network and ||0||, = 1, a1 > 0 and ay < 0, then one of the following three cases is true:

1.6 =1i(w,—w* 1,-1);
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2. 0= L(w*,0,1,0);
3.0 =5(0,—w*,0,-1).
Proof. Suppose a; > 0 and as < 0, then by Lemma F.2, we know w; = —ws, a; = —as = ||wi||2.

Since ¢;(0) > 0,Vi, we know (wy,x;) # 0,Vi, which implies ¢;(0) is differentiable at 6. Let
0’ = (wy,a1) and [0'; —0'] = (w1, —w1, a1, —aq), we know 6’ is along the KKT direction of the
following optimization problem:

min (10 —0)
s.t. gi([0';-0']) <0, Vi € [n],

where f(16';~0']) = [|[6";—'][5 = 2|wi |3 + 24}, and g;([6'; —6']) = 1 — q;([6'; ~6']) =
yia; (o({wy, x;)) — P(— <w17 x;))) = a1(1+ ucaky) (w1, y;x;). With a standard analysis, we know
w1 be in the direction of the max-margin classifier of the original problem, w*.

Next we discuss the case where as = 0 (a3 = 0 follows the same analysis). When as = 0, since
q:(0) > 0 for all 4, we know ayy; (x;,x1) > 0 for all <. Thus ¢;(0) > qi+%(0) = eakyqi(0),
which means only the second half constraints might be active. This reduces the optimization problem
to a standard linear-max-margin problem, and w; will be aligned with w*. O

Proof for Theorem 5.5. By Theorem B.19 and Theorem 3.1, we know lim;_, 4 o % must be
along a KKT-margin direction. By Lemma F.3, we know that there are only 3 KKT-margin directions:

*('U]*, _w*a 17 _1)7

1
0, —w*,0,—1).
2 (7w’7 )

7 v
Thus it suffices to show lim;_, HG(t) # (w 0,1,0). (limy— 400 G ((t))‘ # f(w 0,1,0)
would hold for the same reason.)

(w*,0,1,0),

For convenience, we define ¢/ := i +n/2if1 <i <n/2andi :=i—n/2ifn/2 < i < n. By
Assumption 4.1 we know that ¢;; = —x; and y» = —y;.

We first define the angle between w* and w; (¢) as 81 (¢) := arccos W and angle between

—w* and wy(t) as Ba(t) := arccos S¥-%2t) Gince (w*, w1 (0)) > 0 and (—w*, w,(0)) > 0,

lwa (t) ]2

by Lemma B.20 we know that 1 (¢), 82(t) € [0,7/2) forall t > 0.

We also define € := min;c(, {arcsin % } which can be understood as the angle between x;

and the decision boundary determined by the linear separator w*.

Below we will prove by contradiction. Suppose lim;_, 4 oo H&(tt))\l \}E(w*, 0,1,0) =: O, holds.
2

Then (3 (t) — 0 and % — 0 ast — +oo. Thus there must exist 77 > 0 such that 5 (¢) < ¢/2.

Note that fg_(x;) = $¢({z;,w*)) forall i € [n]. By symmetry, for i € [n/2] we have

01(0) — 00(00) = fa_ (@) — fa_(~20) = 5w, w) — D lwiw’) = T (s w') > 0.
By Theorem B.19, we also know ||0(%)|| 00,80 ¢;(0) — i (0) = |0(1)|2(¢i(0) — gi' (00)) —
). Then

+oo forall ¢ € [n/2]. Let g;(0) := )E )
9:(0(t))  exp(=g:(6(1))
gv(0(8) "~ exp(—gi(8(2)

0

Thus there must exist 75 > 0 such that gl((e((tt)))) < max {w, 1} forall i € [n/2] and
Qleaky COS €
t> .

2 —
"(q:(6
i(6

)) _ (00 =au (0(1) _,

We will use these to show that % is non-decreasing for ¢t > T := max{T}, T}, which

further implies Hgfg t;”; is lower bounded by some constant. Thus it contradicts with the assumption

of convergence.
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By Corollary B.18, we know that a; (t) = ||w1(t)||2 and az2(t) = —||wz(t)]||2 for all £ > 0. Then for
all ¢ € [n], we have

fo(m:) = a1p(w] @;) + azp(w, @;) = |lwi]l20(w; @;) — [|wa|l20(w; ;).

By (10), if w1 (t), wa(t) € Qs then we have

dw; _ [Jwi2 o T dwy  |lwz2 roT
dt - n ez[:] gl(0)¢ (wl wz)ylmlv dt - n Gz[:] gl(e)é ('UJQ wz)yﬂ:l.

By symmetry, we can rewrite them as

dwi(t)  [wi®)]2 1) dws(t) _ [Jwz(b)]l2 (2)
e | Z o, (t)z;, 4 = - | Z o, (t)x;. (39)
i€[n/2] i€[n/2]

where o) (1) 1= g;(0(t))¢' (w)] (t)a;) + g (8(£))&' (—w] (t)x;). Note that this only holds for
wy(t) € Q. By taking limits through (8), we know that for a.e. ¢t > 0, there exists ai(k) (t) such that
(39) holds and

i {gi(e) + Oqcakygi/(a)} if w,l—mi > 0;
oM (1) € { {Meay i (0) + gi+(0)} ifw]@; <0;  (40)
{)\91(0) + (1 + aleaky — )\)gl/(O) . Oéleaky S )\ S 1} if w,j:cl = 0

By chain rule, for a.e. ¢ > 0 we have:

4 (g, —wt) (2wt (S )

dt (w1, w*) (wa, —w*) (w1, w*)
wal2 1 2) . Jwill2 1 (1) «
= . — o e, w") — —— - — o, {x;,w
—— Z 3 ) fawy, w") Z ( )
i€[n/2) 1€[n/2]
1 o!? oM
“n ie%ﬂ cos By cos B (@i, w").
Now we are ready to prove 517 In % > 0 fort > T. For this, we only need to show that
2 (1 '
= 7 > . 57 in two cases.

Case 1. When (31 < (s, it suffices to show Ufl) < 052). By our choice of 77, we have 51 < €/2,
which implies w{ z; > 0 and 01(1) = ¢;(0) + ucakygir(0) for all i € [n/2]. Note that
9:(0)) < g,/(8) according to our choice of T5. Then for any A € [®eaky, 1] we have
0-2(1) = 91(0) + Qleakydi’ (0) S /\g'L(e) + (1 + Qleaky — )‘)gz’ (0)
OIe)

7 %

By (40), we therefore have o

Case 2. If 51 > [, then by our choice of T} we have ¢/2 > 31 > (2. Then for all i € [n/2],
wq x; < 0. So we have

(1) (0 (0 9:(9) + Qeak t
01(2) = 9i(0) + Geaiy g () — 929 ) Y < cose < cospi(t) < cos fu(t) )
o! Qeaky i (0) + g7 (6) Qtleaky 579y T 1 cos fa(t)
o® o
Thus co; B2 — CO; B1°
Now we have shown that <1<11)31(8)_$*>> > <?z’31({:r))_ww;> =: rg, where 7y is a constant (ratio at time 7).
Sofort > 1T,
lw2(D)llz _ {wa(t), —w")cos fi(t) | {walt), —w™)cose rocos e, @
[wi@)llz2 (wi(t), w*) cos B2(t) (wi(t), w*)
. . . . . O(t) 1 *
is lower bounded, which contradicts with lim;_, 4 o, oL = ﬁ(w ,0,1,0). O
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F.2 Directional Convergence of L-homogeneous Neural Nets

In this section we consider general L-homogeneous neural nets with logistic loss following the settings
introduced in Section 3.1. We define «(80) and 5(8) to be smoothed margin and its normalized version
following Lyu and Li (2020).

0
a(6) = L)), (6) = L0,

1612
Define ((t) fo L i :((TT)nz dr to be the length of the trajectory swept by 6/]|0]|2 from time 0
to t. Define /3(¢) to be the cosine of the angle between (t) and de(t).

do
< o0 6(1) )
, fora.e. t > 0.

F.2.1 Lemmas from Previous Works

, 10l

We leverage the following two lemmas from Ji and Telgarsky (2020a) on desingularizing function.
Formally, we say that ¥ : [0,v) is a desingularizing function if ¥ is continuous on [0, ) with
¥(0) = 0 and continuously differentiable on (0, v) with ¥" > 0.

Lemma F.4 (Lemma 3.6, Ji and Telgarsky 2020a). Given a locally Lipschitz definable function f
with an open domain D C {0 : ||0||2 > 1}, for any ¢,n > 0, there exists v > 0 and a definable
desingularizing function U on [0, v) such that

'(f(6)) - 110ll2 [|0°F(O)]|, = 1

whenever f(0) € (0,v) and |03 f(6)|], > |03 ||0¢ f(6)]|,-

Lemma F.5 (Corollary of Lemma 3.7, Ji and Telgarsky 2020a). Given a locally Lipschitz definable
function f with an open domain D C {0 : ||0||2 > 1}, for any A\ > 0, there exists v > 0 and a
definable desingularizing function U on [0, v) such that

V'(£(6)) - 16117 [|0°£(6)

(=
whenever f(0) € (0,v).

For 4(0), we have the following decomposition lemma from Ji and Telgarsky (2020a).

Lemma F.6 (Lemma 3.4, Ji and Telgarsky 2020a). If L(0(t)) < £(0)/n at time t = t, it holds for
a.e. t > tg that

BOW) _ 05000, 102

dt + o581, |05 Lot

Il Nl

For a € R U {+00, —o0}, we say that v is an asymptotic Clarke critical value of a locally Lipschitz
function f : RP — R if there exists a sequence of (8;,g;), where 8; € RP and g; € 9° f(0;), such
that lim, oo £(6;) = v and lim, 4o (1 + [ 0,]12){lg; 2 = 0.

Lemma F.7 (Corollary of Lemma B.10, Ji and Telgarsky 2020a). ¥(6) only has finitely many
asymptotic Clarke critical values.
For 3(0), we have the following lemma from Lyu and Li (2020).

Lemma F.8 (Lemma C.12, Lyu and Li 2020). If L(0(t)) < é( )/n at time t = tq, then there exists
a sequence ty,ts, ... such thatt; — 4+o0 and 3(t;) — 1 as j — +oc.

F.2.2 Characterizing Margin Maximization with Asymptotic Clarke Critical Value

Before proving Theorem 5.6, we first prove the following theorem that characterizes margin maxi-
mization using asymptotic Clarke critical value.

Theorem F.9. For homogeneous nets, if £L(0(0)) < £(0)/n, then H;((tt))\lz converges to some direction
0 and v(0) is an asymptotic Clarke critical value of 7.
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Proof. Note that Theorem 3.1 already implies that % converges to some direction 6. We only
need to show that (8) is an asymptotic Clarke critical value of 7.

By Lemma F.8 and definition of 3, there exists a sequence of (8;, h;), where h; € —9°L(6;), such
~ n 9]‘ n h7‘,9]‘ . :

that (0;) — v(0), [|0,l2 — +o0, o 0, I\hg\l'z\lej\lz — 1as j — +o0. By chain rule, we

know that

0°a(0)  La(@) . n(t~V)(nL(0)3°LO)  La(6)

9°7(0) = + 0=
el jefs+* 1% 161152
_necL(e)  La(d)
e3¢ (a(8))  Jl6]5"?
This means g; := HLGC“J‘;’QZ 0; HG'HLTZL(L(O-)) € 9°7(0). By definition of asymptotic Clarke critical
J 2 J

value, it suffices to show that ||6;||2 - ||g;]|2 — 0 as j — +o0.

By Lemma C.5 in (Ji and Telgarsky, “,hi(:;) — 0(0)‘ <2Inn+1. So
, n(—h;,6,) 3 1 | n(-h;,6))
lim 2 —3(6;)| = —a(8;)| =0,
j—>+°°‘L'||9j|I§Z’(04(9')) Pl sk E [T (e (0 ) !
which implies that lim;_, m = lim; 100 7(0;) = v(6). Now for the radial
J

component of g; we have

0; n{h;, 0;) La(6,)
9,”2.‘<g, > = _nth8) | Lab,
! 771651l 10;115¢ ((85)) 655

And for the tangential component we have

16 %9, " (=28,
g, = — —
I\ Teiz I, 165157 e (a(6,)) ;13 ) ™

— —Ly(0) + Ly(0) =

2

kgl [ 05.hy)
6,15 00\ T 13T, T3
__nl=hy,0) hslsl6sle [ (65,8,
[0,150(00,)) (~hy, 05\~ T6;13Th,13

— Ly(0)-1-0=0.

Combining these proves that ||0;||2 - ||g;||2 — 0. O

F.2.3 Proof for Theorem 5.6

Given Lemmas F.4 and E.5 from Ji and Telgarsky (2020a), we have the following inequality around
any direction.

Lemma F.10. Given any parameter direction 0* € SP~1, for any k € (L/2, L), there exists v > 0
and a definable desingularizing function U on [0, v) such that the following holds.

1. Forany 0, if v(6*) —7(0) € (0,v) and

52366, = 1oL ol 3:3(6)] @)
then
'(4(6%) - 7(0)) - |6]]2|0°7(8)|[, > 1 (43)
2. Forany 0, if v(6*) —5(0) € (0,v),
V' (y(6%) —7(8)) - |15 [|°5(6) ||, > 1 (44)
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Proof. Applying Lemma F.4 with f(8) = 7(0*) — 5(0),c = %, 17 = L — K, we know that

there exists 1 > 0 and a definable desingularizing function ¥, on [0, 1) such that Item 1 holds for
‘1/1 , i.e.,

V(v = 4(0)) - 18]z [|0°7(0)]|, = 1.
whenever (42) holds.
Applying Lemma F.5 with f(0) = ~(6*) — 7(0), A\ = 2k — L, we know that there exists v5 > 0 and
a definable desingularizing function W5 on [0, v2) such that Item 2 holds for ¥, i.e.,

W(1(6%) —5(0)) - 0]3 =+ |

°3(0)|, = 1.

Since ¥/ (x) — W5 (x) is definable, there exists a sufficiently small constant v > 0 such that either
V) (z) — ¥4H(x) > 0 holds for all x € [0,v), or ¥} (z) — ¥4(x) < 0 holds for all € [0,v).
This means either ¥} (z) > U,H(z) for all z € [0,v) or ¥h(z) > W)(x) for all z € [0,v). Let
U(z) = Uy (z) in the former case and ¥(z) = ¥(x) in the latter case. Then ¥/(z) > ¥/ (x) and
U’/(x) > Wh(x), and thus both Items 1 and 2 hold. O

Now we prove the following lemma, which will directly lead to Theorem 5.6. The core idea of the
proof is essentially the same as that for Lemma 3.3 in Ji and Telgarsky (2020a). The key difference
here is that the desingularizing function W in their lemma has dependence on the initial point, while
our lemma does not have such dependence.

Lemma F.11. Consider any L-homogeneous neural networks with definable output fg(x;) and
logistic loss. Given a local-max-margin direction 0* € SP~1, there is a desingularizing function on
[0, v) and two constants €y > 0, pg > 1 such that for any 0y with norm ||0||2 > po and direction

H Heeﬁ -6 H < €, the gradient flow 0(t) starting with 8 satisfies
2

de@®) _ 7Cd\P(v(0_*) —5(6(1)))
dt — dt ’

where T := inf{t > 0: 7(0(t)) > v(0*)} € RU {+oc}.

forae tc|0,T),

Proof. Fix an arbitrary x € (L/2, L). Let ¥ be the desingularizing function on [0, ) obtained from
Lemma F.10. WLOG, we can make v < (6*)/2.

Let Jint (p, €) be the following lower bound for the initial smoothed margin 5(6y):
=
—— —0"|| <e€p. (45)
1012 2
We set py to be sufficiently large and € to be sufficiently small so that Fi,¢(po, €9) > %7(9*) and

PETF > (41nn + 2)/v(0*). By chain rule, it suffices to prove
HO() 1 a()

dt = ew(3(07) —5(0() dt

Sint (s €) = in {w) 6]l > p.

forae.t € [0,7T), (46)

é*
where ¢ = max {2, 21&”421 }

We consider two cases, where assume (42) is true in Case 1 and (42) is not true in Case 2. According

to our choice of py and the monotonicity of ||6(t)||2, we have [|@(t)||5 ™" > p&" > 4#‘23352 , and
thus 4159;;)2 0(t)||5~" > 1. This means
o730, + [[017(6M)|l, < 2[|73(0(E)], (47)
in Case 1, and
[o30)|, + |07 78], < L‘7’*)”9(75)”“” [or3(6(t)]] (48)
' 2 + 2 " 2Inn+1 2 ' 2

in Case 2.
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Casel. Foranyt > 0, if d%tt) —0°L(6(t)) and (42) hold for §(t). By Lemma F.6, we have the

following lower bound for w.
dy(6(t s - -
GO~ arsom)], |02 c@w)]),- (49)
By triangle inequality and (47),
10°5(0@))ll2 < 977(8(t))ll2 + 107 7(8(1) |2 < 2|07 7(8(1)) ], -
So Hé ¥ H2 > 1]18°%(6(t))|2. Combining this with (49) and noting that %(tt) =
”9 ||8° ))H2 we have
d7(0(1) 1) 5= d¢(t)
> ol (1 =)
Applying (43) gives
GO . 1 a1 (1)
dt T 20(y(6%) —3(8(t))) dt T cW(y(6%) —(0(t))) dt
Case 2. Foranyt > 0, if de(t) = —0°L(0(t)) and (42) does not hold for O(t), i.e
_ (6% —k || Ao~
oo, < & jowiE oo, (50)
By Lemma F.6, we have the following lower bound for da(gt(t)).
d/y o(t o x a0
OO Jigeacown]l, oz cowl,. 61

We lower bound ||927(6(t)) ||2 and ||92L(6(t)) ||2 respectively in order to apply KL inequality (44).

Bounding ||077(6(t))||, in Case 2. By triangle inequality and (48),

10°5(8(t))ll2 < 1077(B(1) 12 + 19T 7(8(1)) 2

7(0_*) L—k || 0~
Sy O] R (CICIOM [P
which can be restated as

2Inn+1

[o:7(6Ell, > =Gy~ 18Iz [[2°7 (6], - (52)
6(t))||, in Case 2. By Lemma C.3 in Ji and Telgarsky (2020a),
- L-(2lnn+1)
[or30(t)]], < eI
Combining this with (50),
A0 7(0_*) L—x L- (2 Inn+ 1) (0*) —(14k)
[023CW < g5 10O = = T Lol .
which can be rewritten as
L~(6* _ .
WO s, e 53
By the chain rule and Lemma C.5 in Ji and Telgarsky (2020a),
5 L-(0(t),0°a(0(t)) _ La(6(t)) _ . L1
°a(0(t = > = LA(0(t))]|0(t . 4
H@ra( ())Hz |\6(t)||2 = ||9(t)||2 F(0(t))]| ()”2 54
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By the monotonicity of 7(6(t)) during training, 7(6(¢)) > 4(6(0)). Also note that

30(0)) 2 70 > 31(6),

where the first inequality is by definition of 7, and the second inequality is due to our choice of
Po, €0- So we can replace 7(6(t)) with +(6*) in the RHS of (54) and obtain

oza(o)]], > “10 oy

Combining this with (53) and noting that éia(ﬁ(t)) = |\0(t)||2L 957(6(t)), we have
[0p0D))]], = 16() 15" 937 (O], = l18(2)]15 ]|D3 (6

I, =

Ol 69

Recall that «(0) = ¢~1(£(8)). By chain rule, 9°«() is equal to the subgradient 9°L(8) rescaled
by some factor. Thus (55) implies

|07L(6(t))|, > [16(t) @), - (56)
Applying (44) for Case 2. Putting (51), (52) and (56) together gives
d~ 0 t 21 + 1 o~ K || Qo
1RO > (2ol 1736l - (6l [oz.cce)])
dt 7(6%)
2Inn 41 _ _
> %Hex o1l DI, - 132 ce,
2Inn+ 1 e _ d¢(t)
= WW@)H% bt | 0 V(H(t))Hg T
where the last equality is due to (t) ”6 e ||8 i )H2 Applying (44) gives
dy(0(t)) S 2lnn+1 . 1 d¢(t) S 1 dq(t)
dt T 4(0%)  W(y(67) - 5(6(1) dt T cW(v(0%) —F(0(t)) dt

Final Proof Step. Fora.e.t > 0, 6(¢) lies in either Case 1 or Case 2, so (46) holds, and we can
rewrite it as

c\p'(y(é*)w(o()))dV(dt“) di(t), for ace. t € [0, 7).

By chain rule, the LHS is equal to & (c¥(v(6*) — 4(8(t)))), which completes the proof. O

Proof for Theorem 5.6. By Lemma F.11, we can choose €, po such that

ac(r) __ d607) = 5(0(0)

forae.t € 10,7),

e — dt
where T':= inf{t > 0:5(6(t)) > v(6*)} € RU {+o0}. Then forall t € (0,T),
¢(t) < c¥(v(8") —7(80)) < d(co, po) = c¥(v(8") — Fint (po, €0)), (57)

where i, is defined in (45). We can choose ¢( small enough and pg large enough so that d(eg, pg) > 0
is as small as we want.

If T' = 400, then (57) implies that H9(( ))‘ converges to some 6 as t — 400, and ||@ — 0%, < § if
6(€0, po) < 6.
If T is finite, then by triangle inequality we have H % -0 H < €o + 6(eg, po). Since 0* is
2 _
a local-max-margin direction, when ¢y and d(eq, pp) are sufficiently small, 7(6) < v(0) < v(6*)
holds for any 6 satisfying H ﬁ -6 H < 2(eo + (€0, po))- The definition of T' then implies that
2

F(O(T)) = v(8(T)) = v(6*). By Lemma B.1 from Lyu and Li (2020), (6(t)) is non-decreasing
over time, and if it stops increasing at some value, then the time derivative of % must be zero.
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Thus we have 3(0(t)) = v(0*) and & \I&Eﬁg)l\z = Oforall ¢ > T, which implies that HH(t))H converges
6(T)

to @ := Tacr, At — +oc. This again proves that 16 — 6%||2 < 6.

Now we only need to show that v(8) = ~(8*). In the case where T is finite, we have v(8) =
vy (%) = ~(6*). In the case where T' = 400, 7(0) is a asymptotic Clarke critical value of ¥

by Theorem F.9. Since there are only finitely many asymptotic Clarke critical values (Lemma F.7),
we can make d(eg, po) to be small enough so that the only asymptotic Clarke critical value that can
be achieved near * is (") itself. O

F.3 Proof for Theorem 4.3

Proof. By Lemma 5.4, lim,,, 00 (Tia +t) = m3(8(t)). Using Lemma E.§ and noting that
(p,w*) = }Lzle{ ]<ylwi,w*> > 0, we know that there exists ¢ < ?¢ such that 8(t) =

(14 (), 3(t), 1 (), 82(1)) satisfies a1 (t) = 1 (8) 2, aa(t) = —[[ @2l {11 (£),07) > 0
and (w»(t), w > < 0. Then by Theorem 5.5,
ot 1

lim — = Z(w*,—w*,1,-1) =: O,
ot |0(1)]2 2

which also implies that

lim  lim 6T tt) li m —7r,;< lim (1) ) = 75(000 ).

= 11m — =
t=too om0 |0 (Tha + 1) [l tooc ||y (B(1))2

Jimlim (16(Tio + 1) 2 = Jim_lmp(8(2) 2 = +oo.
This means that for any ¢ > 0 and p > 0, we can choose a time ¢; € R such that
O(Ti2+t1)
10(T12+t1)]2

rem 4.2, 75(0) is a global-max-margin direction. Then Theorem 5.6 shows that there exists /2

init

such that for all gini < oI, T — 8, where 7(8) = 7(m5(6o0)) and [0 — m5(Boc)|2 < 0.

Therefore, 0 is a global-max-margin direction and f>°(z) = Hoﬂ% (w*, ) by Theorem 4.2. O

— 7p( éoo H < eand ||0(T12 +t1)|, > p for any oini¢ small enough. By Theo-

G Trajectory-based Analysis for Non-symmetric Case

The proofs for the non-symmetric case follow similar manners from phase I to phase IIl. The
high-level idea is to show the following in the 3 phases:

1. In Phase I, every weight vector wj, in the first layer moves towards the direction of either
pt or —p~. At the end of Phase I the weight vectors towards — g~ have much smaller
norms than those towards p, thereby becoming negligible.

2. In Phase II, we show that the dynamics of 8(¢) is close to a one-neuron dynamic (after
embedding) for a long time.

3. In Phase III, we show that the one-neuron classifier converges to the max-margin solution
among one-neuron neural nets (while the embedded classifier may have suboptimal margin
among m-neuron neural nets), and the gradient flow 6(¢) on the m-neuron neural net gets
stuck at a KKT-direction near this embedded classifier.

G.1 Additional Notations

In this section we highlight the additional notations that allow us to adapt the results from previous
sections. For § > 0, define C° to be the convex cone containing all the unit weight vectors that have §
margin over the dataset { (2, i) }ie[n]-

o= {Aw : (w,y;z;) > 6,w € SN >0,Vi e [n]},
C:=C" = {w eR?:w #0, (w,y;x;) >0,Vi € [n}}
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For 0 < € < 1, we define

€ 1 .
HE = o Z (14 €)ouyix; : o € [Mleaky, 1], € € [—€,€],Vi € [n] »,
i€[n]
H:=H = 1 Z QYT ¢ G € [Qeaky, 1], Vi € [n]
2n o Y

By Lemma B.14 we know —w C apHe if ||0||m < /5. Further we define

Wi, -

K= JM and K:=K"= [ JI°

A>0 A>0

Then 78;#(5) C sgn(ay)Ke. For a set S, we will use S to denote the interior of S.

w
Recall in Appendix A, for every x;, we define acj =g, ify; = 1 and x;" = Qeaky®; if y; = —1.
Similarly, we define =, := qjeaxy®; if y; = 1 and wj' := x; if y; = —1. Then we define u™ to be

the mean vector of ylaz;F and p~ to be the mean vector of y;;, that is,

1 _ 1 _
pt = - Z viz;, poo= Yy .
i€[n] i€[n]
+ - o -
Weuse 7 := HF’L‘W, n o= m to denote ™+, pu~ after normalization. Similar to K¢, we define

M and M€ as the perturbed versions of ™ and g™ in the sense that M := {Au™ : A > 0} and
M_={ p” A >0}

. A + .
M5 = %.Z(1+ei)yiwi t6 € [—e,e,A>00,
i€[n]
ME = iZ(l_y_e) T, 1€ €[—€, e/, A >0
_ = 2n€[] i)Yik; € s €y

G.2 More about Our Assumptions

The following lemma shows that Assumption A.1 is a weaker assumption than Assumption A.2.

Lemma G.1. Assumption A.I implies Assumption A.2.

Proof. Let w® be the principal direction defined in Assumption A.1. We can decompose p =
@1 + py, where p is the along the direction of w® and g is orthogonal to w®. Assumption A.1
implies that for all 7, j € [n],
—(yizi, yiz;) = —(yizs, w°) - (y;a;,w) — (P°(yiz:), P°(y;2;))
< [Py |a | PO,

Then for all i € [n], we have

1 1
-~ > max{—(y;z;, y;x;), 0} < - > 1P |2]| Poa;2
JjE[n] J€[n]
,y<>
S ||P<>£B7;||2 * Oleaky <[L,’UJ<>>

max ;e || Pox;]|2

S aleaky <Na ’LU<>> ’Yo'
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On the other hand, recall that v := min;c[,,) ¥; (w®, x;), then we have
(s yizs) = (p,w®) (yizi, w) + (P°p, P°(y;;))

> (pw?) (giwiw®) — 3 [ PP o] P
j€[n]
%) "
max el | Pox;]|2

> (p,w) 7 = [Pi2 - deary (11, w
> (1 - Oéleaky) <IJ'7 'w<>> ’Yo-

Combining these proves that (g, y;x;) > 1;;%;‘; > jem max{—(yiz;, y;z;), 0}. O

Lemma G.2 gives the main property we will use from Assumption A.2,i.e. K C C.

Lemma G.2. For linearly separable dataset {(;,y;) }ic[n] and cicary € (0, 1], Assumption A.2 is
equivalent to K C C.

Proof. By definition, we know

C={wecR:w#0, (w,yx;) > 0,Vi € [n]},
C ={weR: (w,yx;) >0,Vi € [n]}.

and K = {)\ Zie[n] QYT t G € [Meaky, 1], A > 0}. For any i € [n], we have

1-— leaky

max{— (¥; T;, Y; ;) , 0
R > max{— (yizi,y;x;) , 0}

j€ln]

(W, yiz;) >

— (Veak .
= = Z ( Y min{(y; @i, y;x;),0} + (yiwi7ijj>) >0

leaky

— Z aleaky mln{<yzwza ijj> 0} + Uleaky <yiwi; yja:j>) >0

Ay

Note that A;; = MiNg € fany 1] (ysxi, oy ;). So

Z A= Z min  (yix;, ay;¢;) =  min <yiwi, Z ajyja:j>.

h h o Elaeaky,1 o€ |aleaky1]™ h
jem] s 9 Slotensy [ocatey 1] jem]

Therefore we have the following equivalence:

Assumption A.2 <= Vi€ [n]: min <yi.7:i, Z ajyjasj> >0 (58)
a€[eaky,1] jem]

— VYweK,Vie|n]: (yixz;,w) >0 (59)

— KcC. (60)

which completes the proof. O

Lemma G.2 shows that every direction in K has non-zero margin. Below we let the ¢ be the minimum
of the margin of unit-norm linear separators in /C:

0:= min min (y;x;, w).
wekNSd—1i€n]

By (58) we have § > 0, and thus C C C°.
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G.3 Phasel

The overall result we will prove for phase I in the non-symmetric case is Lemma G.5. Compared to
the symmetric case, even G function is not linear anymore Recall G is defined as below:

—'(0)
G( : Zyz w EBZ Zyz(bw mz
i€[n] 16 [n]
It holds that Vw € R%, 9°G(w) C K. Moreover, we have w € ¢ —> 0°G(w) = {u*} and
w € —C = 0°G(w) = {p~ }. Thanks to Assumption A.2, we can show each neuron wy,(t) will
eventually converge to areas with fixed sign pattern +C%/3 and thus G will become linear. Lemma G.3

states this idea more formally. Its proof is a simpliciation to the realistic case, Lemma G.4, and thus
omitted. We will not use Lemma G.3 in the future.

Lemma G.3. For any dataset {(x;,y;)}icn) satisfying Assumption A.2, suppose w(0) #

A", YA > 0, and it holds that
dw o
@ € wll, - 0°G(w), (61)

then there exists Ty > 0, such that w(Tp) € C%/2.

However, in the realistic setting, each wy, is not following gradient flow of GG exactly — there are tiny
correlations between different wy. And we will control those correlations by setting initialization
very small. This yields Lemma G.4.

Lemma G.4. Under Assumption A.2, if @ = (W, ..., Wy, a1, ... ,0ny) satisfies the following three
conditions:

1. Forallk € [m], |ax| = ||wgl|2 # O,
2. Ifay, > 0, then wy, # A~ forany \ > 0;
3. Ifay <O, then wy, # —A\u™ forany X > 0;

then there exist Ty, o8 > 0, such that for any oiniy < 0N, the gradient flow 0(t) =

(wi(t), ..., wn(t),a1(t),...,am(t)) = (om0, t) satisfies the following at time Tp,

co3, ifay, >0,
'wk(TO) € {—66/3, lfak < 0. (62)

Moreover, there are constants A, B > 0 such that Acinis < ||wi(To)ll; < BOinit.

It is easy to see that the three conditions in Lemma G.4 hold with probability 1 over the random
draw of 6, ~ Dinit(1). Then after time Tp, all the neurons wy, are either in C%/3 or —C%/3, and
will not leave it until T';. ., which implies the sign patterns sgn((z;, wy(t))) = spy; is fixed for
t € [Ty, Ty, .. ]. Thus similar to the symmetric case, 6(t) evolves approximately under power iteration
and yields the following lemma.

Lemma G.5. Suppose that Assumptions A.2 and A.3 hold. Let Ty (0init, r) := A%r In \/WZ —. With
o 3
probability 1 over the random draw of Oy = (W1, ..., Wy, A1, - - ., Gm) ~ Dinit(1), the prerequisites

of Lemma G.4 are satisfied. In this case, there exists a vector b(oinis) € R™ for any ot > 0 such
that the following statements hold:

1. There exist constants C; > 0,Cy > 0,7y > 0, 7max > 0such that forr € (0, Tmax), Oinit €
(0, C173), any neuron (wy, ay,) at time Ty + T4 (0init, ) can be decomposed into
Ifap > 0: wi(Ty + T1(Gimie, 7)) = rbe(oimie) a7 + Awy,
ax(To + T1(init, 7)) = b (0init) + Aay,
Ifa, <0: wi(To+ Ti(Oinie, 7)) = 1" b (Oinie) 2~ + Awy,
ax(To + T1(Oimie, 7)) = r' b (oimit) + Aag,
where the error term AQ := (Aws,...,Aw,,,Aay,...,Aay,) is upper bounded by

|AB||\m < Cord and k is the gap 1 — HZ;Hi > 0.
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2. There exist constants A, B > 0 such that |by(cini)| € [A, B] whenever a; > 0 and
b (Tinit)| € [0F, A, ok, B] whenever aj, < 0.

» Yinit

As oinit — 0, |bg(oinit)| — 0 for neurons with @, < 0, while |bg(oinit)| € [A, B] remains for
neurons with a; > 0. This means when the initialization scale is small, only the neurons with a; > 0
remain effective and the others become negligible. Those effective neurons move their weight vectors
towards the direction of &7, until the error term A becomes large.

G.3.1 Proof of Lemma G.4

Proof of Lemma G.4. Let s, = sgn(c‘zk) By Corollary B.18, ai(t) = sg|lw(t)]2 for all
t > 0. Define T¢, ~:= inf {t > 0:[|0(t)||y; = /5 }. By Lemma B.14, we have V¢ < T¢

Oinit’

_wg(Tek(t)) C ap(t)He C spK€. Since K C C°, there exists ; > 0, such that for all € < ¢,
K¢ C C?%/3. The high-level idea of the proof is that suppose —%i(t)) C 5,C%/3 holds for

sufficiently long time Ty , wy, (t) will eventually end up in a cone s,C%/ slightly wider than s;,C2%/3,
as long as the total distance traveled is sufficiently long. On the other hand, we can make o/ha*

init
sufficiently small, such that TEin > Ty for all oy < of".

By Lemma B.16 and Lipschitzness of ¢,

1d Wi 1 -
’2 I ”2 _ Zg/ (q:(0 yzakd)(w;wi) < - Z‘ak‘ Nlwgll2 < ||'wkH§
=1
Then we have
< TS Jw®le € JlwxO)]le™, [we(0) ") (©3)
Thus for any TO > O if Oinit < e_TO ||\g[ we have TO < Té]mt

In order to lower bound the total travel distance for each wy, (), it turns out that it suffices to lower
bound the infycjg e 1 |lwi(t)|2 by Doinie, where D > 0 is some constant. We will first show that
Tinit

we can guarantee the existence of such constant D by picking sufficiently small e. Then we will
formally prove the original claim of Lemma G .4.

Existence of D. By definitions of M, and M_, it holds that Vk € [m],
_ MJr, ifa, < 0;
wy ¢ {—M_, if @y, > 0.

In other words

d:= min{ min _dist(wy — M_,0), klpino dist(wy, + M _, 0)} > 0.
ap>

k:ar <0

By the continuity of the distance function, there exists €2 > 0 such that Ve € (0, €3), it holds that

Nl 2

min{ min _dist(wy, — M,0), min dist(wy + ./\/15_,0)} >
:ap <0 k:ap>0

Now we take € = min{e;, €2 }. We will first show the existence of such D for k € [m] with a > 0.
And the same argument holds for k with negative aj,. Let ¢;, := sup{t < T, : wy(t) € —C°/3}.
We note that wy,(t) € —C%/3 for all t < t;,. Otherwise, wy(t') ¢ —C%/> for some t' < tj. On the
one hand, we have wy,(tx) € wi(t') + K¢ C w(t) + C2%/3; on the other hand, we also know that
wy, () € —C%/3 by continuity of the trajectory of wy, (). This implies —C%/3N(C?/3 4wy (t')) # @,
and thus wy, (') € —C%/3 — €?%/3 C —¢%/3 — ¢%/3 C —C?/3. Contradiction.

Now we have wy,(t) € —C%/3 for all t < t;, and this implies that (wy,(t), x;) < 0 for all i € [n].
Then dwcft(t = —Vu,L(0(t)) € M. Therefore we have infyc(o ] [|wr(t)[2 = dist(wx(0) +
M| ) e ainitdlst(wk + M€, 0) > %
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Below we show the norm lower bound for any ¢ such that t € [t, TS ]. Let d’ be the minimum
distance between any point in —C2%/3 and any point on unit sphere but not in —C%/2, that s,

d = dist(ST1\ (=C%/2), —C?/3)
We claim that @’ > 0. Otherwise there is a sequence of {w;} with unit norm and w; ¢ —C%?
satisfying that lim,,_, dist (wy,, —C?%/3) = 0. Let w be a limit point, then w € —C?%/3 since
—C2%/3 is closed. Since —C29/3 C —(%/2, we further have w € —C%/2, which contradicts with the
definition of limit point.

By the continuity of wy,(£), we know wy, (t;) ¢ —C°/2. Thus forany ¢ € [ty, T, ], wehave wy(t) €

wy,(t,) +C?/% and infiepe, e llwe(t)]ly > dist(0, wy (1) +C29/3) = dist(—C?/3 wy,(ty)) =
llwp (t1) |, dist(—C29/3, %) > ||lwg(ty)||2 - d' > 94gmit. We can apply the same argument
for those k with a5, < 0, and finally we can conclude that ||wy,(t)||l, > Doy forall ¢ € [0, 7% ]

and k € [m], where D := max{l,cf/}%_.

Convergence to C*/3.  Forc > 0and i € [n] define ['¢(w) := (w, y;z;) — ¢ ||w||,. Forall k € [m]
and t < Ty, itholds that

dri/ (skwr) <de;5kyi$i> (6/3 )<de wy, >

dt dt [lwll
ol ol “onl 2],
2
where the inequality is because 9= C a,H¢ C a;C?%/% and (d8k Wi _ ’ d“”“ ||
k k dt ”'wkH2 = 2’
Let hmin = inwa'Hs ||w||2 = minweq{e ’LU||2 > (. Note that |ak( )| = H’UJ}C(t)H2 > DUinit~

Using dz‘;"" C arH® again we have

403" (51wi (1)) Shunin Do

dt - 3
Thus if we pick
3 5/3
To = I; 0
0 max{(;hmmD - ] { (spwg)}, }
and set " < e~ To ”\4 then it holds that To < T, . for all oj,i5 < oyt and that
5hminD ini T
DY (spwn(Th)) = 0 4 D (s (0)
Ohmin DT : _
> Ginit (30 + Ff“(é’k“’k@)))
>0,

which implies (62).

Finally, by (63), it suffices to pick A = e~ " minge ) || Wi, and B = e’ maxye ) [|w,. O

G.3.2 Proof of Lemma G.5
Note that G(w) = (w, u) for w € €3 and G(w) = (w, u~) forw € —C%/3. Similar to the

first-phase analysis to the symmetric case, we use P(6g, t) to denote the trajectory of gradient flow

on L:
L(0) :=0(0) + Y arG(wy).
ke[m]
Throughout this subsection, we will set 7j and € as defined in the proof of Lemma G.4, and therefore
by Lemma G.4, we know there is 022 > 0, s.t. ay(To)w(Ty) € C%/2 for all oy, < 02X, This

init init
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means the dynamics of 8(t) = (w1 (t), ..., Wm(t),a1(t),...,am(t)) = @(O(Ty),t — Ty) can be
described by linear ODE for Ty <t < T

If a, > 0: % =app’, % = (W, pt);
If @ < O: % = app, %’“: (pe, 7).
Let M, := {(“E)T “OJF] and M_ := {(HO)T “0] The largest eigenvalues for M and M _
are \¢ := ||u"||, and Ay := |||, respectively. Then the above linear ODE can be solved as
If a, > 0: [Z’:((%if))} = exp(tM,) {';’:((%))} ; (64)
If @y < O: [?:((YT,(?:;))} — exp(tM_) [1;’:((%)} . (65)

Lemma G.6. Let (t) = G(0(Ty),t — Tp). Then for all Ty < t < Ty, ., it holds that
10(t)lIn < exp((t = To)AT)1O(To) -
Proof. By Assumption A.3, we have \j > \; . By definition and Cauchy-Schwartz inequality,

dwy,
dt

dt

<A lal,
2

< AG [kl

So we have [|0(t)||xn < [|0(To)||m + fgﬂ”‘“‘“ AJ16(7)||mdr. Then we can finish the proof by
Gronwall’s inequality (12). O

Lemma G.7. For 0(Ty) with |ay,(Ty)| = ||wi(To) ||, and ay(To)wi(To) € C/3, we have

4m||6(To) |13

18(t) — G(O(To)st — o)y < T
0

exp(3)\0 (t — To)),

1 g, Vmin{eA]}
forallTy <t < N In Vam||6(To) Im

Proof. Let 0(t) = (6(Tp),t — Tp). Let
to = min{T<_inf{t > T : [0(t)|lm > 2]10(To) |l exp(Ad (£ — To))}-

and it holds that VT, < t < t, all neurons of 6(t), @(t) are either in C°/3 or —C%/3, thus 6(t), O(t)
are in the same differentiable region of £. By Corollary B.13, the following holds for a.e. ¢t > 0,

de0 do

7~ 3| <5 {18 VL) :8 € 07LO)} +[VLEO) — VLO) |

M
<m0} + A5 16 — 0.

Then we can argue as the proof for Lemma D.2 to show that

~ Am||0(Ty)||3
0) —6t)|lm < W exp(3A\d (t — Tp))
min )\+,e
forall t € [Ty, tol. If fo < Ty + 53 In m then for all Ty < ¢ < to, we have
min{\{, e}
10l < N0 To)llsa (| — o
4m [|0(To) I
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which implies that tg < T’ by definition of T}, . Moreover,
4m||6(To) I3
Ad
5 4m||0(To) 1}
< 600 + T
0

< [16(®)ll + 118(To) Il exp(AS (t — To)).-

10() It < 10(t) Ina + xp(3Ag (t — T))

xp(22g (to — To)) - 0(To)[Im exp(Ag (t — To))

By Lemma G.6, [|8(¢)[[m < [|0(To)|lm exp(Ag (t = To))- So [|0(1)[lm < 2[[0(To)lln exp(Ag (¢ —
Tp)) for all Ty < t < tg, which contradicts to the definition of ¢y. Therefore, ty >

1 In mm{ex\ } _ 1 1 \/mm{e)\ } O
25 7 Aam6(To) % VAm||6(To)|lm
[ F
Proof for Lemma G.5. Let rmax = M and C} := oinit7moy. We only need to prove the

statements for all oy, < 002 = Cyr3

We fix a pair of oinit < ojpii and 7 < rmax satisfying oinis < C,r3. For convenience, we use b Ty
to denote b(0init ), T1 (Tinit, ) for short.

1n1t max-*

Let O(t) = p(0oinitOo,1). It is easy to see that the prerequisites of Lemma G.4 are satisfied with
probability 1. Below we only focus on the case where the prerequisites of Lemma G.4 are satisfied.

Let Ty, o"2%, A, B be the constants from Lemma G.4. Let 6(t) = ¢(8(Ty),t — Tp).

1n1t ’

For a;, > 0, we define
5 (wi(To). a7 + ai(To)
e 2y/M0init ’

and for a;, < 0, we define
b (wy(To), p~) + ar(To)
b 2(y/moinie) 1 *

max
init *

7 < Tmax and ot < 0]

Proof for Item 1. By Lemma G.7, we have

5 4m||0(To) |34 410(To) (13 5
0Ty +Ty) — (1o + T < ———e¢ 3)\+T . 66
10(To + T1) — 6(To + T1)|m < M xp( ) = Nod " (66)
Now we turn to characterize (T + T1). Note that fi] := Z5lAT, 1] and fi; = Tslem 17

are the top eigenvectors of M and M_ respectively. Let k := 1 — HZ HQ Recall that T} :=
1 111

\ﬁam,t Then for a; > 0, we have

where the last equality is by definition of b. Similarly for @, > 0, we have
11—k
— T |wi(To) | _ r o T | wK(To)| _ 1wy (BT
exp(TiAg )iy (f3) |:ak(TO):| = (\/%) By (R3) |:ak(TO) =7""by 1|
Combining these with (64) and (65), then for a;, > 0 we have

|2tz ] - [’ﬂ

(exp(TyMy) — exp(TiA) ) ;(IJJ;)T) [a’“(TO)

wk TO
a(To)

< \fH@(To)IIM-
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and for a; < 0 we have

-l

(eXp(T1M ) — exp(TlAS)ﬁg(ﬁg)T) [ak(To)

Wg T()
Q. TO
< f||0(To)HM.
Then by definition of A@ and (66), we have

A 2||6(T
a8l < S5 1 vajo(ro)

Applying the upper bound ||wy,(Th)||, < Boinit from Lemma G.4, we then have

1A0|| 433(’13““ 8 1 V2B +V2B
M Oinit = T Tinit,
)\+ V 1n1t >\+ \/
Finally, recalling that oy,;; < C172, we can conclude that || A8y < Car?3, where Cy := Afsﬁ +
) m

V2BC;.

Item 2. Now it only remains to lower and upper bound |b;|. By Lemma G.4, a, (T )wy (Tp) € C%/3.
Then sgn(ag (To)){(wk(Ty), @+) > 0 and thus

ifag > 0: (wr(To), p*) + ar(To) € [[lwi(To)ll2, 2 - [w(To)ll2] S [Aoinit, 2B0init];
ifar <0: (wi(To), 2~) + ar(To) € [ — 2 [[wi(To)ll2, —lwk (To)ll2] S [~2B0init, — Adinit)-

Then for every by,

- To), ™ T A B
if&k>0: |bk‘: ‘<wk( O)vp' >+ak( ())| € ,—;
2\/Mm0init 2y/m’ /m
. o g Kwn(To), p7) + ax(To)| Thicd _ohiB
ifap <0: b | = 2(\/50111&)1_” Im1=r)/27 (1—k)/2
Letting A := W and B := ﬁ completes the proof. O

G.4 Phasell

As shown in our analysis for Phase I, if the intialization scale is small, the weight vectors of neurons
with @ > 0 move towards the direction of i&T, and all the other neurons are negligible. Now we
show that the dynamic of 6(t) is close to that of a one-neuron dynamic in a similar manner as we do
for the symmetric case.

First we slightly extend the definition of embedding. For 0 = (w1, s, a1, d2) and an embedding
vector b € R™, we say that b is compatible with 8 if the following holds:

1. Ifb+ = 0, then ||’li}1||2 = |€L1| = 0;
2. If b_ = 0, then H'H}QHQ = ‘dg‘ =0.

When b is compatible with 6, we define the (exact) embedding from two-neuron into m-neuron

neural nets as Wb(é) = (W1,..., Wy, a1,...,a0y), where
gy, ifby >0 f;—jwl if by, > 0
ar = g, ifby <0, wy, = by, ifby <O0.
0, if by = 0 0, if by = 0

One can easily show that Lemma 5.3 continue to hold when b is compatible with 6.
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Lemma G.8. Let b(cini) be the same vector as in the statement of Lemma G.5. Let Ty2(0init) =
To + )\% In —— and Ty(r) := /\% In % For width m > 1, the following statements hold with
0 (0]

MO0Tinit

probability 1 — 2~™ over the random draw of Oy = (W1, ..., Wy, a1, --,0m) ~ Dinit(1). Let
01,09,... be any sequence of initialization scales so that o; converges to 0 as j — 400 and the
limit b := lim;_, { o b(o;) exists.

1. l;+ > 0andb_ = 0;

2. For the two-neuron dynamics starting with rescaled initialization in the direction of 6 :=
(byfa™,0,by,0), the following limit exists for all t > 0,

6(t) = lim (ré,Tg(T) n t) £0; 67)

3. For the m-neuron dynamics of 0;(t) with initialization scale oinix = 0j, the following holds
forallt > 0,

Jim 6, (T12(0) + 1) = m (0(1)- (68)

Proof. The proof is similar to Lemma 5.4 for the symmetric case. Apply Theorem E.4 and then the
lemma is straightforward. O

G.5 PhaseIII

In Phase III, we show that the dynamic of 8(¢) converges to the same classifier as the one-neuron
dynamic.

Let ST := argmin;g {yitw", zf)} C [n]. Let A"t = {p e R": Yiem Pi =1,pi = 1} be

the probability simplex. Let AT := {A € A"71: \; =0,Vi ¢ ST}.
The theorem below characterizes the solution found by the one-neuron dynamic.

Theorem G.9. Under Assumption 3.2, for m = 1, if initially a; = ||w1||2, (w1, w*) > 0, then 6(t)

directionally converges to the following global-max-margin direction,
o(t) 1
lim =—(w",1).
A oo~ v Y

Proof. By Theorem B.19, £(6(¢)) — 0. Then by Theorem 3.1, % converges along a KKT-

margin direction. Combining this with Lemma B.17, we know that this direction must has the form
%(ﬁh 1) for some w € S¢1.

By Definition B.8, y; - £¢((w,x;)) > 0 and w can be expressed by a convex combination of
;¢ ((w, z;))@; among i € argmin{3¢((w, z;))}. Equivalently. we know that y;(w, z;") and w
can be expressed by a convex combination of yZa::r among i € ST. Then the only possibility is
w=w".

Now we turn to analyze the trajectory of 6(¢) on m-neuron neural net. First we prove the following
lemma, then we prove Theorem G.11 for local-max-margin directions.

Lemma G.10. Let ©_ := {6 = (wy,..., W, a1,...,am) : m > 1,ap < 0}. Then we have

the following characterization for the global maximum of the normalized margin on the dataset
{(xi,y;) i€ ST}

{miics O _ g sup 35 3 Aanou.)
16]2 2

sup
AEAT d—1
u€s i€[n]

6co_

Proof. The proof is inspired by Chizat and Bach (2020, Proposition 12). By Lemma B.9, the
maximum normalized margin is attained when |ax| = ||wg||2 for all k € [m]. Note that we can
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rewrite each neuron output ay¢((wy, x;)) as —ai ¢({(wy/||wel|2, z;)) for any such solution, and it
is easy to see )y cp a? = 216]3. Let V be the set of probability distributions supported on finitely

many points of S?~!. Then

min, e s+ ¢;(0) } 1
Miliest i\7) | _ sup min ¢ —-y; prd((uk, ;)
{ 16013 m>1,peAm—1 1€5F 2 kg[;ﬂ

1
UL, U €547

1
= sup min Eq, [_yi(b«uv w2>>:| :
vey ieSt 2

sup
0co_

By minimax theorem, we can swap the order between sup and min in the following way:

1
sup min E, ., {leqﬁ((u,a:l))} =sup inf E,-, l Z Aiyid((u, x; )]

veyieSt veEY AEAT z€S+
= inf supEy~, E Aiyid({u, ;)
AeAt ey zeS*
= inf sup { E Aiyid((u, x; )},
+
AEA ueSd ! ZGSJr
which proves the claim. ]

Theorem G.11. Let 0 := (-
SDfl_.

wT, %, 0,0) and P be a non-empty subset of [m]. Let Q be the

S

following subset of
Q:={0=(wy,...,wn,a,...,am) €SP ap > 0forallk € Pand a), < 0 otherwise}.
For any embedding vect b be an embedding vector satisfying the following:
e b is compatible with é;
* by >0forallk € P;
* by, =0forallk ¢ P;
the following statements are true under Assumption A.5,
1. 7(0) is a local maximizer of v(8) among 0 € Q;
2. If € Q has the same normalized margin as 7y (0) and  is sufficiently close to y(0), then

fo(x) = fg(x) forall x € R<,

Proof. It is easy to see that 73 (6) is a KKT-margin direction with y(m(8)) = v(0) = 177t Also,
arg minie[n]{qi(ﬂ'b(é))} = arg min, e, {qi(6)} = S*. Let € > 0 be a small constant such that the
following holds whenever ||6 — 7, (0) ||\ < €

1. sgn({wy,z;)) = sgn({w™, x;)) forall i € [n] and forall k € P;
2. argminge, {g:(0)} € ST.

Let 6 € Q be any parameter satisfying || — 7p(6)|[p < e. We can decompose 6 into & + 6~

where 01 = (w, ..., w,af,... a}), 0 = (w],...,w,,a7,...,a,),and
wi = lpepwr, af = Lepar, wy = lpgpwi, ap = Liggpiak-
Let v, = [|@F]2 and 7_ = ||@~||2. Define 8 and 6~ to be two unit-norm parameters so that

0" =r,07,0" =r_0. Then we have

7(6) = min{q:(6)} = min {¢:(6") +¢:(67)} = min {riai(6") +r2q:(67)}
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Note that ri + 72 = 1. By minimax theorem (similar to Lemma G.10),

min {r3¢;(6") +r%¢;(07)} < min max{ Z iqi(07), Z )\iqi(B_)}.

ieSt AeAT
€St i€ST

By definition of w™ and KKT conditions, we can find A* € AT so that -, ¢, Mfz™ = yTw™.
Letting A = A* for the above inequality, we can obtain

7(8) < maX{ > Na@h), Y /\?qi(é)}

€St €St

We only need to prove that both -, . g+ A7 ¢;(67) and 3", g+ A7q;(6~) are no more than 3. Note
that combining Assumption A.5 and Lemma G.10 directly implies that Y, g+ Afq;(07) < 277.
Now we focus on 3, g+ A7 qi(67).

According to our choice of €, we have apd((wy, @;)) = (arwy, z;). For >, o Afq;(07), we
have

STNGO) =D Ny > lapw,wl) = ax <’wk, > Ny >

i€ST €St keP keP ieSt
=Y a (wi,yTwh).
kepP

By Cauchy-Schwartz inequality,

1 1
> ar (wryTwt) < > a2 Y (wp,ytwt)? < _\f 7 =5

keP keP keP

This proves that ", g+ A\f¢;(01) < 34*, and thus 7(8) < 14* = y(8). Therefore Item 1 is true.
) <

For Item 2, we only need to note that the equality in (0 Jy* only holds if »_ = 0 and
wy, = apw™ forall k € P, so fg represents the same function as f4. O

For proving Theorem A.7, we only need to show this:

Theorem G.12. For any sequence of 01,02, . .. converging to 0, there is a subsequence oy, , 0p,, . . .

max max
and a constant o{5* such that Theorem A.7 holds for oin3 = o), as long as o, < o5~

Proof for Theorem A.7. Assume to the contrary that Theorem A.7 does not hold. Then there exists

x € R? and a sequence of initialization scales oy, 05,... converging to 0 such that f>(x) #
1¢((w™, x)) for any o;. However, by Theorem G.12, we can find a subsequence o, , 0, ... and a
constant o2 such that $¢({w™, )) holds for o, as long as o, < o, contradiction. O

Proof for Theorem G.12. With probability 1 over the random draw of 8y ~ Diy;¢ (1), by Lemma G.5,
the prerequisites of Lemma G.4 hold and we can find a subsequence of initialization scales

Opy»Opsy, - - - SO that the limit b= lim;_, 400 b(0p, ) exists.
Let 6;(t) = ¢(0p,60,t). By Lemma G.8, with probability 1 — 27™, lim;_, 6;(T12(0p,) + t) =

wé(é(t)). By Theorem G.9, lim;_, | ﬁ = %(w*, 0,1,0) =: . Then we can argue in a
2
similar way as Theorem 4.3 to show that for any ¢ > 0 and p > 0, we can choose a time ¢; € R such
0, (T Op, )+t1)
that Hm (000)H2 and ||0; (T12(0p,) + t1)||, > p for o, small enough.

By Corollary B.18, the trajectory of gradient flow starting with o, 0y lies in the set Q := {6 :
arar > Oforall k € [m]} for all j > 1, that is, every a; has the same sign as its initial value
during training. By a variant of Theorem 5.6, there exists o{i* such that for all o, < ofni*

init init °
I\G((t))l\ — 6 € Q, where v(0) = 7(77,;(0 )) and ||@ — 75(0 OO)HQ < §. Applying Theorem G.11
proves that f>(z) = $¢((w*, x)) for Op; < Oinit - O
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H Proofs for the Orthogonally Separable Case

In this section, we revisit the orthogonally separable setting considered by Phuong and Lampert
(2021). Suprisingly, in this setting, all KKT points which contains at least one positive neuron and
negative neuron are indeed global-max-margin directions and unique in function space. This means it
is possible to prove the global optimality of margin in Phuong and Lampert (2021)’s setting even
without a trajectory-based analysis.

Definition H.1 (Orthogonally Separable Data, Phuong and Lampert 2021). A binary classification
dataset {(x1,91), .- -, (@n,yn)} is called orthogonally separable if for all i, j € [n], if z/ z; > 0
whenever y; = y; and a:l-Tscj < 0 whenever y; = —y;.

Let = (wq,..., Wy, a1,...,a4,) € RP and fo(z) := > 1" a;¢({x, w;)) where ¢ is ReLU,
i.e., ¢(r) = max{0,z}. The following theorem shows that for orthogonally separable data, all
KKT-margin directions are global-max-margin directions.

Theorem H.2. Suppose the dataset is orthogonally separable, for all KKT-margin directions 6 € SP,
their corresponding functions fg are the same and thus they are all global-max-margin directions.

The Theorem H.2 is a simple corollary of the following lemma Lemma H.3.

and
P jia;an>0 a?) Yk s the global minimizer of the followzng optimization problem (Q)
min 3 H'w||§ st (w,x;) > 1, foralli € [n] withy; = sgn(ay). Q

In other words, all the non-zero ai, wy, can be split into 2 groups according to the sign of ay, where
in each group, ';’—: is the same.

Proof of Theorem H.2. By Lemma H.3, we know for any 6 satisfying the KKT condition of (P),
-1

wg = Z a? akwsg”(“’“), (69)

jrajar>0

where w®e"(@) (w* or w™) are the unique global minimzer of the constrained convex optimization

of (Q).

Thus 0|2 = Picim (il + [lzl|3) = 237 cp lail* = lw™ |2 + [[w |2 is the same for all @
satisfying the condition in the theorem statement. Here the last equality uses (69) and |ax| = ||wk]|,-

Next we check the uniqueness of fg. For any x, we have

S [ B )
| () +o((mu),

which completes the proof. O

Proof of Lemma H.3. By KKT conditions (Definition B.8), there exist Ay, ... A, > 0, such that for

each k € [m], there are h(lk), ..., b € R such that for all i € [n], hgk) € ¢°((wy, x;)), and the
following conditions hold:

wy = ay Y Nb Py, a = > Aiid(w] x,),

i€ln) i€[n]

and \; = 0 whenever y; fo(x;) > 1. By Lemma B.9, ||wy||2 = |ax|.

We claim that for all ¢ € [n] so that /\ihl(»k) > 0, it holds that y; = sgn(ay) and (wy, ;) > 0. Let
€ [n] be any index so that /\ihgk) > 0. Then hz(.k) > 0. By KKT conditions,

(wy, @;) = <ak Z Aj h( )y]mg,w1> = ary; Z Aj h( Ny, yis) (70)

J€[n]
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Since ¢(x) = max{z, 0}, it holds that (wy, x;) > 0; otherwise hgk) € ¢°({(wyg, x;)) = {0}, which
(k) > 0. Then (70) implies that the product of ay; and Zje["] Aj h;k) (yjx;, yix;) 18

contradicts to h,
non-negative. By orthogonal separability, (y,;x;, y;x;) > 0 and thus Zje[n] Aj hgk) (yjxj, yixi) >
)\ihl(-k)Hyia:iH% > 0. Then we can conclude that a;y; > 0 and thus y; = sgn(ax). Since y; =
sgn(ax) and ar # 0, indeed we have ary; > 0. Now using (70) again, we obtain (wy,x;) >
aryi - b yis]|2 > 0if A% > 0.

Furthermore, for any a, # 0, since ||wy||2 = |ax| > 0, there is at least one index j. € [n] such that

Aj. hgf) > 0 (otherwise wy, = 0 by KKT conditions). For all i € [n], again by (70), it holds that

k k
sgn(an)yi(wi, ) = lae] Y N (g, yiws) > |alh, S (.2, yiws) > 0,
Jj€ln]
where the last inequality is from the assumption of orthogonally separability. This further implies
k n
hz(. ) = L1y,—sgn(ay)] and thus wy, = ax D, Ly —sen(a,) Niyixi for all k € [m].

Therefore we can split the neurons with non-zero ay, into two parts: K+ = {k € [m] : a > 0},
K~ ={k € [m]:a, <0}. Every k € K satisfies the following:

ar = [lwg2, (7D
W = Qg Z ]l[yizl])\iwi. (72)
i=1
This implies Vk € K, %: = ”,L”ﬁ =3 Ty, =1jAix;. Define w := >, _ ;1 apwy, then
n
w = ( > ai) IR IREIPNE
keK+ 1=1

Recall that \; = 0 whenever y; fo(x;) > 1. When y; = 1, fg(a;) can be rewritten as

f@(wz) = Z ak]]-[sgn(ak)=1] <wkaw7.> = <$Z,w> .
ke[m]

So we can verify that w satisfies the KKT conditions of the following constrained convex optimization
problem:

min w3 (73)
s.t.(w,xz;) > 1, foralli € [n] withy; = 1. (74)
By convexity, w is the unique minimizer of the above problem. The negative part K ~ can be analyzed

in the same way. O

I Additional Discussions

I.1 Tllustrations for Figure 1

In this section we further illustrate the the relationship between KKT-margin and max-margin
directions, as the examples have showed in Figure 1.

L1.1 Left: Symmetric Data

Example. For some symmetric data, there are KKT-margin directions with non-linear decision
boundary (and thus by Theorem 4.2 are not global-max-margin directions).

Let \; be the dual variable for (z;, y;), then the KKT conditions (Definition B.8 and Lemma B.9) ask
L. forallk € [m], wi, € 32,c;, \iyiard® (w) @)z
2. forall k € [m],

ag| = [Jwg|l2;
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3. foralli € [n], if ¢;(0) # qmin(0) then \; = 0 (recall that ¢;(0) = y; fo(x;)).

For aveaky = 0, the example is simpler. Consider the following case: the data points are 1 = (1, —1),
x2 = (1,0), z3 = (1, 1) with label 1 and the symmetric counterpart 4 = (—1,1), 5 = (—1,0),
xg = (—1,—1) with label —1. As we have proved, the global-max-margin solution is a linear
function and in this case w* = (1,0). On the other hand, for hidden neurons m > 3, one KKT-
margin direction is as follows:

ap =274 w, = 231/4(171)

az =274 wy = 2 (1,-1)

as = —1 w3 = (—1,0)

ar =0 w =0 for all £ > 3.

In this case, all the data points x; share the same output margin ¢;(80), so they are all support

vectors. A possible choice of dual variables is A = (%, 0, %, 0,1,0). It is easy to verify that this

KKT-margin direction does not have linear decision boundary and is thus not global-max-margin.
For ajeaky > 0, we can adapt the above case to construct a KKT point. Let 3 be a solution to the

equation
(2sin? B + cos ﬂ)afeaky — (14 cos B)ueaky + cos23 = 0.

Let the data be 1 = (1, cot 8), x5 = (1,0), x5 = (1, — cot B) with label 1 and the corresponding
opposites x4 = (=1, — cot 8), x5 = (—1,0), zg = (—1, cot B) with label —1. Then we can have a

. . o2
KKT point with A = (—=S2 0 __si®8 3 2aeansin §_ gy apg

cos f(1—ceaky)’ ' cos B(1—aueaky)’ (1—aieaky) cos 37
a1 = (2(1 + Aeaky) COSB)_l/2 wy = ay sin B(cot 3, 1)
ag = a1 wo :agsinﬂ(cotﬂ,fl)
az = —(1 + Qleaky) /2 w3 = —az(—1,0)
ar =0 w =0 for all £ > 3.
When cos23 = 0 we already have solution ey = 0, and it is easy to verify that for any

Qleaky € [0, 1) there is a solution § that satisfy the KKT conditions. Thus in the leaky ReLU case we
are considering in the previous chapters, there are also KKT-margin directions that have non-linear
decision boundaries and therefore have sub-optimal margin.

I.1.2 Middle and Right: Non-symmetric Data

In Figure 1 we further show two examples of non-symmetric data that gradient flow from small
initialization converges to a linear-boundary classifier that has a suboptimal margin.

The idea of the middle plot dataset comes from Shah et al. (2020). In the middle subplot, we exhibit
a data example that is linear separable in the first dimension x but not linear separable in the second
dimension y. The data is distributed on (A, 1) and (A, —1) with label 1 and on (—A./,0) with
label —1 (here A, = [c, 00) is an interval in one dimension). We add identical entries c to all the data
in the third dimension z so in the x — y plane with z = c the two-layer ReLU network can represent
decision patterns with bias.

To apply Theorem A.7 on this dataset, we need to make ¢ smaller than € and €/’ < Qlleaky» SO
that the points at (¢, 1) and (e, —1) becomes the support vectors for the one-neuron function. Also
we can control the principal direction by taking more data points from the positive class, and then
gradient flow will converge to the one-neuron max-margin solution as predicted by Theorem A.7.
This solution cannot be global max-margin when ¢ < 1, as a two-neuron network can express a
function where these two support vectors have much larger distances to the decision boundary (and
possess larger output margins).

In the right plot, we add three hints to a linear separable dataset so that gradient flow converges
to the solution with a linear decision boundary and suboptimal margin. The result follows from
Theorem 6.2.

L.1.3 Experimental Results

We run gradient descent with small learning rate and 0.001 times the He intialization (He et al., 2015)
on the two-layer LeakyReL.U network for the examples in Figure 1. The contours of the neural net

62



outputs are displayed in Figure 2. In the three settings the neural nets actually converge to linear
classifiers.

2-Layer NN output
2-Layer NN output

(a) LEFT (b) MIDDLE (c) RIGHT

Figure 2: Two-layer Leaky ReLU neural nets converge to functions with linear decision boundary for
the examples in Figure 1. The output contours are displayed in colors, and lighter colors mean higher
outputs.

L2 On the Non-branching Starting Point Assumptions

In the proofs of the main theorems we make assumptions regarding the starting point of gradient
flow trajectories being non-branching (Assumption 4.6 for the symmetric case and Assumption A.6
for the non-symmetric case). The assumptions address a technical difficulty due to the potential
non-uniqueness of gradient flow trajectories on general non-smooth loss functions. The motivations
for these assumptions are explained below.

L.2.1 The non-uniqueness of gradient flow trajectories

Gradient flow trajectories are unique on smooth loss functions by the classic theory of ordinary
differential equations. In this case, for trajectory defined by % = —VL(8), at any point Oy, if both
VL(0y) and V2L (6y) are continuous, then the trajectory is unique as long as it exists.

For the non-smooth case with differential inclusion 49 € —9°£(0), when L is continuous and

convex, the Clarke subdifferentials agree with the subdifferentials for convex functions, and gradient
flow trajectory is also unique (for instance see Bolte et al. 2010). However, on loss functions that
are non-smooth and non-convex, gradient flow may not be unique and the trajectory may branch at
non-differentiable points (see Figure 3). When a non-differentiable point is atop a “ridge”, a gradient
flow reaching it may go down different slopes next. Then any starting points wherefrom gradient
flow can reach such on-the-ridge points are not non-branching starting points as the trajectory is
not unique. For instance, with £(0) = —[(0, w)|, then the trajectory with 8(¢) = 0 for ¢ < ¢5 and
0(t) = +(t — ts)w for t > ¢ is a valid gradient flow trajectory for any ¢; > 0. On the other hand,
when the point is either at the bottom of a “valley” or at a “refraction edge”, the trajectory would not
split. Figure 3 sketches in red the possible gradient flow trajectories in different circumstances.

In the case of two-layer Leaky ReLU network dynamics, there are settings where Assumption 4.6
or Assumption A.6 holds. When data points are orthogonally separable (Definition H.1), all start-
ing points are non-branching. In this case, the output of each Leaky ReLLU neuron will change
monotonically. By the chain rule, for any neuron k& € [m], on any data sample ¢ € [n],

<d:lvth> © _(;kg:[n] (4;(0))y;0° ((wy, &) (i, z;) .

Then as y;y; (x;, ;) > 0 by the orthogonally separability, the sign of RHS is controlled by
sgn(ary;). With Theorem B.19, we know each aj, does not change its sign along the gradient
flow trajectory, and therefore (wy, z;) changes monotonically. Then following the arguements of the
classic theory of ordinary differential equation, by applying Gronwall’s inequality to both intervals
{t : (wg(t), ;) > 0} and {¢ : (wi(t),2;) < 0} we know the trajectory is unique. In this setting all
the non-differentiable landscapes resemble the “refraction edges”.
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Figure 3: Gradient flow trajectories behave differently in different landscapes. The trajectory may be
non-unique only after arriving at a point on the "ridge".

In the general cases, it is a future research direction to find other analyses that can replace the non-
branching starting point assumptions, and doing so may deepen our understanding in the trajectory
behaviors in non-smooth settings.

J Additional Experiments

We conducted several additional experiments on synthetic datasets. The goal is to show that 2-layer
Leaky ReLU networks actually converges to the max-margin linear classifiers in different settings
with moderately small initialization. The results are summarized in Table 1 and Figure 4.

Dataset size | SVM test error | 2-Layer neural net test error
10 30.2% 30.5 %
20 19.7% 18.9%
30 17.6% 15.6%
40 8.0% 7.1%
50 6.4% 5.9%
60 6.3% 5.1%
70 7.6% 6.5%
80 3.9% 3.1%
90 6.1% 5.2%
100 2.9% 2.9%

Table 1: Test errors for SVM max-margin linear classifiers and 2-Layer ReL.U neural networks are
nearly the same across different data size.

Data. n = 10,20,---,100 data points are randomly sampled from the standard gaussian distribu-
tion A/(0, I) in the space of dimension d = 50, and are classified with a linear classifier through zero.
Then the points are translated mildly away from the classifier to make a small nonzero margin that
assists learning.

Model and Training. We used the two-layer leaky ReLU network with hidden layer width m =
100 and with bias terms. In out setting the bias term is equivalent to adding an extra dimension of
value 0.1 to all the data points. We trained our model with the gradient descent method from 0.001
times the He initialization (He et al., 2015) and initial learning rate 0.01. The learning rate is raised
after interpolation to boost margin increase.

We compare the neural network output with the max-margin linear classfier produced by the support
vector machine (SVM) on hinge loss. In Table 1, the test errors are calculated from 10000 test
points from the same distribution. In Figure 4, we drawn the decision boundaries for both the SVM
max-margin linear classifier and the neural network restricted to a plane passing 0. The results show
that the neural network classifier converges to the max-margin linear classfier in our setting.
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2-Layer NN output
2-Layer NN output
2-Layer NN output

2-Layer NN output
2-Layer NN output
2-Layer NN output

2-Layer NN output
2-Layer NN output

2-Layer NN output
2-Layer NN output

(i)n =90 (G)n =100

Figure 4: Two-layer Leaky ReLU neural net converges in direction to the SVM max-margin linear
classifier. Red and Blue Dots: two classes of data points. Red Lines: the decision boundaries of
the SVM max-margin linear classifiers. Background: the contours of two-layer leaky-ReLU neural

network outputs. Lighter colors mean higher outputs. The underlying true separator is the vertical
line through zero.
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