686

687

688

689

690

691

693

694

695

696

697

698

699

700

701

702

704

705

707

708

709

710

711

712

713

714

715

Appendix

[A_Deferred Proofs 17
A.1 Equivalence of ‘Corbltal( ) and ££rglta|( )l ...................... 17
.................................. 18

A3 Proofof Theoreml2| . . . . . . . ... .. ... .. 18

B~ On Implementation| 18
.1 Implementation of Sanger’s Variant| . . . . .. ... ... ... .......... 18
.................. 19

|C  Details on Experimental Setups and Additional Results| 20
C.1 Laplacian Representation Learning for Reinforcement Learning| . . . . . . . . .. 20
C.2  Solving Schrodinger Equation| . . . . .. ... ... ... ... ... ... ... 20
C.3  Self-Supervised Contrastive Representation Learning| . . . . . . ... ... .. .. 21
C.3.1 Representation Learning for Images| . . . . . . ... ... ... ... ... 21

C.3.2 Representation Learning with Graph Data . . . . . . . ... ... ... .. 22

[DOn the Benefit of Higher-Order OMM]| 23

List of Typos and Corrections

We have found the following typos that need to be corrected from the main text after the submission.
We will update the manuscript accordingly.

e Inline 223, “...1in the numerical linear algebra literature, ..."”.
e Inline 338, “p € {1,2}".
e Below line 203, £ (f, g) should be replaced with £  (f).

orbltal orbital
e Below line 214, £ (f; a) should be replaced with ‘Corbltal( ).

orbltal

A Deferred Proofs
A.1 Equivalence of ‘Corbltal( ) and Eo’r’glta,( V)

To establish the equivalence between the original proposal [’orb|tal (V) in Eq. (@) and our derivation
£ (V) in Eq. (3), we need to show that

orbital
—tr(Q,VTAV) = tr((I4 — VVT)Q”A) —tr(A),
where we recall

2p—1
Q=Y (I = VTV)"
i=0
To show this, we first note that we can write
2p—1
Q=D (k=5 =S"(Ix = (Il = S)*),
i=0

by letting S := VTV. Hence, we have
—tr(Q,VTAV) = —tr(s—1(|,c — (I — S)QP)VTAV>
= —tr(STIVTAV) + tr(s*ak - S)QPVTAV)
= —tr(STIVTAV) + tr(STIVTAV) + tr((ld - VVT)2PA) —tr(A)
- tr((ld - VVT)QI’A> —tr(A).

This concludes the proof. O
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A.2  Proof of Theorem

Proof of Theorem([l] Since VVT is of rank at most k and PSD, the optimization can be reparam-
eterized based on the reduced SVD of VVT = PXPT, where P := [py,...,px] € R¥* and
¥ := diag(p1, . . ., ux) € RF¥F such that PTP = I and y; > ... > p > 0. For a given orthog-
onal matrix P € R%¥* Jet P, € R%*(d=k) denote a matrix whose columns form an orthonormal
basis of the orthogonal complement of the column subspace of P. Note PPT + P, PT = |, and
PTP = O(d—k)xk by construction, so that we can write
(la — VVT)? = (P(l}, — Z)PT + P, PT)%
=P(l — £)*PT + P, PT.
Hence, the objective function can be lower bounded as
tr((ly — VVT)?A) = tr(P(l}, — )*PTA) + tr(PTAP )

(@)
> tr(PTAP )

Here, (a) follows since P(l;, —X)?’PT and A are both PSD and the inner product of two PSD matrices
is always nonnegative. Further, (b) follows since tr(P] AP ) is minimized as Zzl:k 41 A\¢ when
optimized over an orthogonal matrix P, € R%*(¢=%)_We now consider the equality condition. First,
(b) holds with equality if and only if P consists of a bottom-(d — k) eigenbasis of A, or equivalently
P can be written as P = VQT by an orthogonal matrix Q € R***_ Given that, we can write
tr(P(l — )?PPTA) = tr((I, — )’ QVTAVQT)
= tr((l — )P QA14QT)

k
= > (1= pe)P M-
=1

This implies that (a) holds with equality if and only if 1, = 1 forall £ € [k A r]. O

A.3 Proof of Theorem 2|

Proof of Theorem 2] The global minima of the jointly nested objective £ V;a) =

orbital
Zle aiﬁgﬁzita, (V1) is achieved if and only if ,cf){’gita,(vl:i) is minimized for each ¢ € [k]. Hence, if

the V* € R%** achieves the global minima, then by the optimality condition from £® (V). it

. orbital
must satisfy
i i
* [k T
D VT wiw]
Jj=1 Jj=1
for each i € [k]. By telescoping, this leads to v; = w; for each i. O

B On Implementation

B.1 Implementation of Sanger’s Variant

Similar to the implementation of the sequential nesting by the following partially stop-gradient-ed
objective

L3591 (£) = —2tr(MSSI[F, T£]) + tr(MSI[F] M9 F, TF]),

orbital

we can implement the Sanger variant by auto-differentiating the following objective
L2E(F) == =2tr(M, [, Tf]) + tr(M79[f]sg[M, [f, Tf]]).

orbital

With the appropriate stop-gradient operation, its gradient implements the Sanger variant.
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742 B.2 Pseudocode for Nested Orbital Minimization Loss

743 Here, we include a unified PyTorch [37] implementation of various versions of OMM-1, i.e., OMM-1
744 without any nesting (when nesting is None), OMM-1 with the joint nesting (when nesting is jnt),
745 OMM-1 with the sequential nesting (when nesting is seq), and OMM-1 with the Sanger variant
746 (when nesting is sanger).

747 1 class NestedOrbitallLoss:

748 2 def __init__(

749 3 self,

750 4 nesting=None,

751 5 n_modes=None,

752 6 ):

753 7 assert nesting in [None, 'jnt', 'seq', 'sanger']

754 8 self.nesting = nesting

755 9 if self.nesting == 'jnt':

756 10 assert n_modes is not None

757 11 self.vec_mask, self.mat_mask = get_joint_nesting_masks(weights=np.ones(
758 n_modes) / n_modes)

759 12 else:

760 13 self.vec_mask, self.mat_mask = None, None

761 14

762 15 def __call__(self, f: torch.Tensor, Tf: torch.Tensor):

763 16 # f: [b, k]

764 17 # Tf: [b, kI

765 18 if self.nesting == 'jnt':

766 19 M_f = compute_second_moment(f)

767 20 M_f_Tf = compute_second_moment(f, Tf)

768 21 operator_term = -2 x (torch.diag(self.vec_mask.to(f.device)) » M_f_Tf).mean
769 (0).sum()

770 22 metric_term = (self.mat_mask.to(f.device) * M_f_Tf %= M_f).sum()
771 23 else: # if self.nesting in [None, 'seq', 'sanger']:

772 24 M_f = compute_second_moment(f, seq_nesting=self.nesting in ['seq', 'sanger'
773 D

774 25 M_f_Tf = compute_second_moment(f, Tf, seq_nesting=self.nesting == 'seq')
775 26 if self.nesting == 'sanger':

776 27 M_f_Tf = M_f_Tf.detach()

777 28 operator_term = -2 x torch.trace(M_f_Tf)

778 29 metric_term = (M_f_Tf %= M_f).sum()

779 30

780 31 return operator_term + metric_term

781 3

782 33

783 34 def compute_second_moment(

784 35 f: torch.Tensor,

785 36 g: torch.Tensor = None,

786 37 seq_nesting: bool = False

787 38 ) -> torch.Tensor:

788 39 e

789 40 compute (optionally sequentially nested) second-moment matrix
790 41 M_ij = <f_i, g_j>

791 42 with partial stop-gradient handling when seq_nesting is True.
792 43

793 44 args

794 45 ----

795 46 f : (n, k) tensor

796 47 g : (n, k) tensor or None

797 48 seq_nesting : bool

798 49 e

799 50 if g is None:

800 51 g =f

801 52 n = f.shapelo]

802 53 if not seq_nesting:

803 54 return (f.T@ g) / n

804 55 else:
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56 # apply partial stop-gradient

57 # lower-triangular: <f_i, sgl[g_jl> for i > j

58 lower = torch.tril(f.T @ g.detach(), diagonal=-1)
59 # upper-triangular: <sg[f_i], g_j> for i < j

60 upper = torch.triu(f.detach().T @ g, diagonal=+1)
61 # diagonal: <f_i, g i> (no stop-grad)
) diag = torch.diag((f * g).sum(dim=0))

63 return (lower + diag + upper) / n

66 def get_joint_nesting_masks(weights: np.ndarray):

67 vector_mask = list(np.cumsum(list(weights)[::-1]1)[::-1])

68 vector_mask = torch.tensor(np.array(vector_mask)).float()
69 matrix_mask = torch.minimum(

70 vector_mask.unsqueeze(1), vector_mask.unsqueeze(1).T

71 ).float()

72 return vector_mask, matrix_mask

C Details on Experimental Setups and Additional Results

In this section, we describe the detail experiment setups. All codebases to reproduce the experiments
will be made public upon acceptance of the paper. All experiments were conducted on a single GPU,
either a NVIDIA GeForce RTX 3090 (24GB) or a NVIDIA RTX A6ecoe (48GB).

C.1 Laplacian Representation Learning for Reinforcement Learning

We followed the experiment setup in [[13] closely. Our implementation was built upon the codebase
of Gomez et al. [13]E] We visualize the RL environments in Figure

o Data generation: For each experiment, we generated N = 106 transition samples from
a uniform random policy and uniform initial state distribution. The (z,y) coordinates are
given to a neural network as inputs.

o Architecture: We used a fully connected neural network with 3 hidden layers of 256
units with ReLLU activations, with an output layer of £ = 11 to learn the top-k Laplacian
eigenfunction representation.

e Optimization: We trained for 80, 000 epochs using the Adam optimizer with a learning rate
of 10~3. Additionally, we reproduce the ALLO training with identical number of transition
samples, epochs, and optimizer, with the suggested initial barrier coefficient b = 2.0 and
Qparrier = 0.01 reported in [13]. We trained with NestedOMM for four random runs, and
ALLO with 10 runs. Since the smallest eigenvalue of each Laplacian matrix can be negative
in this case, but being bounded below by —1 (by the Gershgorin circle theorem), we add the
Laplacian matrix by the identity matrix to shift the spectrum.

o Performance metric: The performance is measured by the average of cosine similarities of
each mode, where degenerate spaces are handled by an oracle knowing the degeneracy.

C.2 Solving Schriodinger Equation

We followed the setup in [41]] closely, implementing our code based on top of their codebaseE] Exactly
same configurations were used for both the Sanger variant and LoRA with sequential nesting. Since
the configuration is almost same as [41, Appendix E.1.1], we note the setup succinctly, and refer an
interested reader to therein for the detailed setup.

e Data generation: We opted to use a Gaussian distribution A (0, 16l5) as a sampling distri-
bution, and generated new minibatch sample of size 512.

3Githubrepository:https://github.com/tarod13/1aplacian_dual_dynamics
4Githubrepository:https://github.com/jongharyu/neural-svd
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Figure 4: Summary of the 2D hydrogen experiment. The shaded region indicates £ standard deviations.

e Architecture: We used 16 separate fully connected neural networks with 3 hidden layers of
128 units with the softplus activation. We also used the multi-scale Fourier features.

o Optimization: We trained the neural networks for 10° iterations. To enable a direct
comparison between OMM and LoRA under consistent computational settings, we used five
times fewer iterations than in [41]. While longer training may improve performance, our
choice facilitates a controlled evaluation of relative efficacy. We note that we used Adam
optimizer [21] with learning rate 10~% with the cosine learning rate scheduler, instead of
RMSprop, which we found to perform worse than Adam. We multiplied the operator by
100, but did not shift it by a multiple of identity.

e Performance metric: Following [41]], we report the relative errors in eigenvalue estimates,
angle distances for each mode (also similar to the Laplacian representation learning for RL),
and subspace distances within each degenerate subspace. For each metric, we followed
the same procedure defined in [41]. We ran 10 different training runs for each method and
report average values with standard deviations.

The numerical comparisons are summarized in Fi gure[ﬂ First, we note that the OMM,, diverged
quickly without any additional identity shift, as we alluded to earlier. The Sanger variant is comparable
to or sometimes even better than LoRAgq (i.e., NeuralSVDq) in terms of different metrics. Since
LoRA.q was the strongest method from [41]], this result suggests that OMM can be also alternatively
used in place of LoORA when we wish to decompose a PSD operator. As alluded to earlier, however,
OMM cannot deal with unbounded differential operators (such as harmonic oscillators) inherently,
while LoRA is capable of that.

C.3 Self-Supervised Contrastive Representation Learning

In this section, we describe the experiment setup for the image experiment in the main text, as well as
an additional graph experiment.

C.3.1 Representation Learning for Images

For this experiment, we used the solo-learn codebase of da Costa et al. [4]

>Github repository: https://github.com/vturrisi/solo-learn
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e Data generation: We used the default augmentation for CIFAR-100 in the codebase. The
exact configurations to reproduce the results will be shared upon acceptance.

e Architecture: We used ResNet-18 [17] as our backbone model and adopted two
different feature encoding strategies: (1) we used a nonlinear projector of shape
Linear(feature_dim,2048)-BatchNormiD-RelLU-Linear(2048,2048)-BatchNormiD
-ReLU-Linear(2048,256); (2) similar to DirectCLR [20], we removed the projector and
simply train the top £ = 64 dimensions of the ResNet-18 feature as the top-k eigenfunctions
using the OMM objective. In both cases, each feature vector is normalized by its £3-norm
following the standard convention.

e Optimization: We used the default optimization configuration of the codebaseE] we used
LARS optimizer [51]] with weight decay set to 0, initial learning rate of 0.3 governed by a
cosine decay schedule, batch size 256, and 1000 epochs.

o Evaluation: We evaluate the representation based on the linear probe accuracy on the test
split, trained by SGD with learning rate 0.1, batch size 256, and 100 epochs.

C.3.2 Representation Learning with Graph Data

Table 2: Summary of OGBN-products experiment (%). The model was trained once for each method, but
the linear probe were trained for 10 different times for each case. The £’s indicate the standard deviations.
“Representation” refers to the linear probe accuracy based on the output of the MLP backbone, and “Embedding”
refers to that based on the output of the projector, which is trained to fit the underlying eigenfunctions. The
LoRA objective failed to yield convergent training dynamics.

Finetuning Correct & Smooth [19]
representation embedding representation embedding
LoRA [41] N/A N/A N/A N/A
Neural Eigenmaps [6]] 74.05+1.71 50.76+0.72 82.40+091 80.90+0.20

OMM (ours) 73.66+1.38 74.17 +019 82.06+1.03 84.11+012

We can apply the orbital minimization principle to a graph data. Suppose that we are given an
adjacency matrix A € RY*N  where A;; encodes the connectivity between nodes ¢ and j. In the
spectral graph theory [43]], it is well known that the lowest eigenvectors of (symmetrically normalized)
graph Laplacian Lgyy := | — D~1/2AD~1/2 encodes important properties of the underlying graph.

When the graph is large and when each node ¢ € [N] is associated with a feature vector x;, computing
the eigenvectors numerically might be cumbersome and extrapolation to new points is nontrivial.
Hence, in this case, it is natural to learn eigenfunctions f(x) of the graph Laplacian as a function of
the feature vector x. In this section, we show the applicability of OMM in this scenario, and assess
the quality of the learned eigenfunctions of the graph Laplacian in the node classification task.

We closely followed the experiment setup in the Neural Eigenmaps paper [6], implementing our
code based on the codebase of Deng et al. [6][?] Neural Eigenmaps was proposed as a method to find
eigenfunctions of a PSD operator similar to OMM, but it is a regularization-based approach and thus
does not have the sharp global optimality that OMM enjoys. A practitioner also needs to tune the
regularization parameter « in the framework, while OMM is hyperparameter-free.

e Data: We used the ogbn-products dataset [|18]], where the feature vector has 100 dimensions
and the classification task has 47 classes. It is a large-scale node property prediction
benchmark, and the accompanied graph consists of 2,449,029 nodes and 61,859,140 edges.
The density of this graph is 2.06 x 1072, suggesting that the underlying graph is extremely
sparse.

e Architecture: We parameterize the eigenfunctions by an 11-layer MLP encoder with a
width of 2048 and residual connections [17], followed by the projector of same architecture

SWe refer the reader to the configuration for SimCLR pretraining: https://github.com/vturrisi/
solo-learn/blob/main/scripts/pretrain/cifar/simclr.yaml.
'Github repository: https://github.com/thudzj/NEigenmaps
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for the image experiment. We used 8192-4096 hidden units for OMM and LoRA, and
8192-8192 for Neural Eigenmaps. We note that, with OMM, we did not require the feature
normalization by ¢5-norm. In contrast, Neural Eigenmaps quickly diverged without the
f>-norm normalization and thus used the normalization so that the feature has ¢5-norm 10.
Even worse, we also trained a model with LoRA [41] (i.e., NeuralSVD without nesting), but
the training dynamics was unstable and diverged as well regardless of /5-normalization.

e Optimization: Training was conducted over 20 epochs on the full set of nodes using the
LARS optimizer [51] with a batch size of 16384, weight decay set to 0, and an initial learning
rate of 0.3 with a cosine learning rate scheduler. We used the default hyperparameter o = 0.3
for Neural Eigenmaps as suggested in the paper [6], which was selected based on linear
probe accuracy on the validation set.

e Evaluation: Similar to the image experiment, we evaluate the representation based on
the linear probe accuracy on the test split, trained by SGD with learning rate 0.01 and
weight decay 1072, batch size 256, and 100 epochs. We consider two evaluation strategies.
The first is to train a linear classifier directly on the original training labels. The second
follows the Correct & Smooth (C&S) method of Huang et al. [19], which enhances node
classification by first correcting the training labels using a graph-based error estimation and
then smoothing the corrected labels via feature propagation. This procedure produces a
refined supervision signal for training, often leading to improved downstream performance.
We used the default configuration in the Neural Eigenmaps codebase for C&S.

Results. We summarize our result in Table 21

e First, unlike the standard image contrastive representation learning setting and Neural
Eigenmaps, we found that OMM was capable of training the final embedding trained to
fit the eigenfunctions to become highly performant on the classification task. That is,
remarkably, the linear probe performance from the embedding is better than the intermediate
feature, which is the output of the MLP. We note that the drastic performance drop in Neural
Eigenmaps from ~ 74% (representation) to ~ 50% (embedding) is a typical behavior.
This implies, on the one hand, that while Neural Eigenmaps might provide a signal for the
intermediate feature to capture relevant information about each node, the embedding might
not be truly trained to fit the eigenfunctions and thus worse discriminative power. On the
other hand, the good embedding performance of embedding (even better than representation)
of OMM suggests that the OMM objective may behave better than the competitors.

e Second, we observe that the C&S postprocessing boosts the classification accuracy for all
cases. Nonetheless, even after the application of C&S, we find that the performance of the
OMM embedding is clearly the best.

D On the Benefit of Higher-Order OMM

In the self-supervised representation learning experiment, we observe sharp increase in the down-

stream task performance by using the OMM-2 objective £

orbital
mixed objective Lg}gim(V) + Efjgital (V). In this section, we provide a theoretical argument on the

practical benefit of the higher-order OMM based on a gradient analysis.

(V), and even better by using the

We analyze the gradient for the finite-dimensional case for simplicity, but the same argument is
readily extended to the function case. Let R := |; — VVT. Then, we can show, by chain rule, that the
gradient of the OMM-p objective is
VLY (V) = Vutr((la — VVT)A)
= Vgtr(R*A)VyR

2p—1
= —2(2 RiAR2p1i>V
=0

= —2(R* A+ R¥2AR + ... + RAR?™2 4 AR~ 1)V,
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For the purpose of our analysis, we restrict our attention to the case where R = VVT is idempotent,
i.e., R> = R. Then the gradient expression simplifies to

VLB (V) = —2(RA + AR + (2p — 2)RAR)V
= vvLl (V) — 4(p — 1)RARV.

orbital

Hence, if we consider the Frobenius norm of the gradient,

IVVLE (V12 = (VL (V12 + A,

where we let

A :=16(p — 1)2|RARV| — 8(p — 1)tr(v\,£§}gita,(V)TRARv).
This shows that when p > 1 is sufficiently large, the gradient norm can be made strictly larger than the

(€))

norm of Vy L (V). This can improve convergence speed at a near convergence, especially when

orbital
[Nz — VTV||r is close to 0, since the gradient norm of the original OMM gradient ||VV£$gita|(V) lr
becomes small proportional to ||l — VTV||r. In practical optimization, the flat minima may cause a
too immature convergence, and the additional gradient signal from p > 1 can help escape the flat

minima.
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