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Abstract

This paper deals with stochastic optimization problems involving Markovian
noise with a zero-order oracle. We present and analyze a novel derivative-
free method for solving such problems in strongly convex smooth and
non-smooth settings with both one-point and two-point feedback oracles.
Using a randomized batching scheme, we show that when mixing time 7 of
the underlying noise sequence is less than the dimension of the problem d, the
convergence estimates of our method do not depend on 7. This observation
provides an efficient way to interact with Markovian stochasticity: instead
of invoking the expensive first-order oracle, one should use the zero-order
oracle. Finally, we complement our upper bounds with the corresponding
lower bounds. This confirms the optimality of our results.

1 Introduction

Stochasticity is a fundamental aspect of many optimization problems, naturally arising
in the field of machine learning [48, 28]. Stochastic gradient descent (SGD) [45] and its
accelerated variants [38, 25] have become a de facto optimizers for modern large models
training. Theoretical properties of SGD have been extensively studied under various statistical
frameworks [36, 24, 10, 56|, often relying on the assumption that noise is independent
and identically distributed (i.i.d.). However, in many real-world applications — including
reinforcement learning (RL) [6, 16], distributed optimization [35, 31], and bandit problems
[3] — noise is not i.i.d., instead exhibiting correlations or Markovian structure.

For instance, in the mentioned growing field of RL, sequential interactions with the environ-
ment induce state-dependent structure of the noise, creating a need for non-i.i.d. noise aware
algorithms. Although several gradient-based methods for Markovian stochastic oracles have
been studied in the past decade [14, 18], policy optimization in RL is based solely on reward
feedback, making traditional methods inapplicable, since there is no access to first-order
information [46, 9, 19]. Zero-order optimization (ZOO) methods are specifically developed
to address such problems, and are used in scenarios where gradients are unavailable or
prohibitively expensive to compute. Apart from RL, ZOO techniques are widely employed in
adversarial attack generation [8], hyperparameter tuning [47, 57], continuous bandits [7, 49]
and other applications [54, 33]. While the literature on ZOO is extensive, this work is, to
our knowledge, the first study of optimization problem with both zero-order information and
Markovian noise, aimed at developing an optimal algorithm for a large family of problems
from the intersection of these two areas.

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not
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1.1 Related works

¢ Zero-order methods is one of the key and oldest areas of optimization. There are various
zero-order approaches, here we can briefly highlight, e.g., one-dimensional methods [32, 42]
or their high-dimensional analogues [41], ellipsoid algorithms [58] and searches along random
directions [4]. Currently, the most popular and most studied mechanism behind ZOO
methods is the finite-difference approximation of the gradient described in [43, 20, 40]. The
idea is simple: querying two sufficiently close points is essentially equivalent to finding a
value of the directional derivative of the function:

(Vf(2),e) ~ f(w—Het) —f@) _ f(x+te)2—tf(3; _te), "

where e is a random direction. It can be a random coordinate, a vector from the Euclidean
sphere or a sample of the Gaussian distribution. The approximation (1) in turn leads back to
the gradient methods or coordinate algorithms of Nesterov [39]. There are, however, several
differences:

e First, to get full gradient information, the algorithm would need d queries instead of one
gradient oracle call (here d is the dimension of x).

e Second, if the ZO oracle is inexact, i.e. only noisy values of function are available, then
finite difference schemes can fail if noise components do not cancel out.

The setting of the second point, when function evaluations experience zero-mean additive
perturbations, is called Stochastic ZOO. The stochasticity, as noted before, is abundant in
the modern optimization world. To tackle this issue, additional assumptions about the noise
structure are required. Here we briefly discuss two main ideas adopted in the literature, and
refer the reader to Section 2 for precise definitions.

In the case of two-point feedback, we assume that for a fixed value of the noise variable one
can call the stochastic zero-order oracle at least twice. It means that we can compute the
finite difference approximation of the following form:

f(z +te, &) ;tf(z —108) (VL f @ 6)e) @)

Such approximation produces an estimate for the directional derivative of a noisy realization
f (-, &) of the function f. As mentioned before, the approximation (2) can be used instead of
the (stochastic) gradient in first-order methods. In the case of independent randomness, a
large number of works are based on this idea. There are results for both non-smooth and
smooth convex problems built on classical and accelerated gradient methods of Nesterov and
Spokoiny [40]. In the scope of our paper, we are interested in the results for smooth strongly
convex problems from [17], namely estimates on zero-order oracle calls to achieve e-solution

p(z, € e) =

2
in terms of ||z — z*||: O(%). Here o5 is introduced as the variance of the gradient, i.e. it is
assumed that E¢V f(x, &) = Vf(z) and E¢||V f(z,£) — Vf(z)|?> < 03. The main limitation
of two-point approach is that several evaluations with the same noise variable are required,
which is well suited for problems like empirical risk optimization [34], but can be a major

barrier for RL or online optimization.

In the one-point feedback setting, a more general stochasticity is assumed. In this case, each
call to the zero-order oracle generates a new randomness. Now the approximation (1) looks

as follows N B
p(x,{i,e):f(x—i—te’f )Z_tf(x_tevg ) (3)

Using different £+ and ¢~ in (3) renders any conditions on the properties of V f (-, &) useless.
Instead, it is assumed that E¢ f(z,£) = f(x) and E¢|f(x, &) — f(2)|*> < o}. With one-point
feedback, the major problem is choosing the right shift ¢ for the finite difference scheme.
Picking it too small results in an amplification of the additive noise, and taking ¢ too big
leads to a poor gradient estimate. Because of this variance trade-off, the optimal rate for
methods with one-point approximation is worse than for two-point feedback. In particular,
for smooth strongly convex problems we have the following estimate on zero-order oracle

calls [23]: O(LZ).
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Although zero-order gradient approximation schemes suffer from high variance, there is a
surprising property that makes them superior in non-smooth optimization [22, 44, 49]. The
idea goes back to the 70s and utilizes the fact that

Ele - p(z, ™), e)] = 1V fi(x), where f; is a smoothed function, defined as
fi(x) =R, [f(z + tr)] with 7 ~ RBS

In fact, it can be shown that f; is @—smooth if f is G-Lipschitz. This makes zero-order
approximation a suitable candidate for a stochastic gradient of f;. Optimizing this function
with a first-order method produces some solution, but it may not be the optima of f [22].
From this point, there is a game — for small ¢ the functions f and f; are closer and for big ¢

the function f; is easier to optimize as it gets smoother.

In more recent works, there have been many improvements in theoretical understanding of
Z0 methods. The authors consider higher-order smoothness of the underlying function [2],
tackle non-convex non-smooth problems [44], take arbitrary Bregman geometry to benefit
in terms of oracle complexity [49, 29], and come up with sharp information-theoretic lower
bounds to understand computational limits [15, 1]. But none of them consider Markovian
stochasticity.

o Markovian first-order methods. While the literature on stochastic optimization with
i.i.d. noise is extensive, research addressing the Markovian setting remains relatively sparse.
In our paper, we focus on the most "friendly" type of uniformly geometrically ergodic Markov
chains (see Section 2 for precise definitions).

Duchi et al. [14] conducted pioneering work on non-i.i.d. noise, investigating the Ergodic
Mirror Descent algorithm and establishing optimal convergence rates for non-smooth convex
problems. For smooth problems there were different attempts to get record-breaking estimates
on the first-order oracle [12, 11, 59, 18]. Finally, the optimal results were obtained for both
convex and non-convex problems in the works of Beznosikov et al. [5], Solodkin et al. [52]. In
particular, for smooth strongl;; convex objectives under Markovian noise the authors give the
complexity of the form: O(%), where 7 is defined as the mixing time of the corresponding
Markov chain (see Section 2). Note that these works utilize Multilevel Monte Carlo (MLMC)
batching technique, which helps to effectively interact with Markovian noise. We will need
this approach as well. Note that it was first considered in Markovian gradient optimization
by Dorfman and Levy [13] for automatic adaptation to unknown 7.

o Hypothesis. The complexity estimate for strongly convex first-order stochastic meth-
2
ods is (’)(%) [36, 37]. Lower bounds for the same class of problems and methods

show that the result is unimprovable [58]. As mentioned before, the transition from
i.i.d. stochasticity to Markovian stochasticity increases the estimate by 7 times. This
result is also optimal as shown by Beznosikov et al. [5]. At the same time, going
from gradient oracle to zero-order methods adds a multiplier d in the two-point feed-
back and 9°/e in the one-point case. And this estimate is unimprovable as well [1, 15].

The hypothesis arises that the transition to zero-

order Markov optimization adds two multipliers F(Z) Z0 22P

at once: dr and 4°7/e for two- and one-point. Itis  TID T2 d d- 2z

illustrated in the following diagram for two-point nee nee

feedback: . 2 ?

1.2 Ouwur contribution 2 2
Mark. 7- % ? dr - %

Our main contribution is the answer to the hy-
pothesis above: surprisingly, it is not true. In more detail:

o Accelerated SGD. We present the first analysis of Zero-Order Accelerated SGD under
Markovian noise, considering both two-point and one-point feedback. Contrary to the
expected multiplicative scaling of convergence rates with both dimensionality and mixing
time, our analysis reveals a significant acceleration, as presented in Figure 1. It turns out
that if 7 is smaller than d, our results do not differ at all from the gradient-free methods



140
141
142
143
144
145

146
147
148
149

151
152

153
154

155
156

157
158

159

161

with independent stochasticity. The key technique behind this acceleration is described in
Section 2.1. The theory is also numerically validated in Section 3.

Figure 1: Summary of upper bounds. For notation, see Table 1

¢ Non-smooth problems. We

. Smooth Non- th
also consider non-smooth problems o e Markow. oo e ov.
with Markovian noise. Using the = 2 ) )

. . G G 1
smoothing technique we come up  FO 3 [45] T3 [8] % 150] TG [14]
with a corresponding upper bounds 4 = . o2 P o . o2
in this case, as shown in Figure 1. 2P e B0 (d+7)2e, 2o (22 (d+7)5;
The details of these bounds are pre- 2o o2 Lo? o2G2 02G2

. . d> =15 (22 d(d+ 7) X d? =L [23]  d(d+ T)=L
sented in Appendix B.2. 1P nie? nie? nted nies

o Computational efficiency. First, as noted above, our method gives the same oracle
complexity for any 7 < d. Moreover, if we assume that calling a zero-order oracle is d times
cheaper than computing the corresponding gradient, then the gradient method with Markov
noise will require resources proportionally to d - 7 — the cost of one oracle call is d and
the complexity scales as 7 for the first-order method from Figure 1. At the same time, the
resource complexity of our zero-order method is proportional to d + 7.

¢ Lower bounds. In Section 2.3 we establish the first information-theoretic lower bounds
for solving Markovian optimization problems with one-point and two-point feedback. Our
results match the convergence guarantee of our algorithm up to logarithmic factors, showing
that the analysis is accurate and no further improvement is possible.

Table 1: Notations & Definitions

Sym. Definition Sym. Definition

-1 ¢ ) Norm, dot product, assumed Euclidean by default € |z — z*|2

Z, Z Complete separable metric space, its Borel o-algebra d Problem dimension

Q Markov kernel on Z X Z L Gradient’s Lipshitz constant
Pe, Ee Probability, Expectation under initial distribution 53 w Strong convexity constant
{Zi} Canonical process with kernel Q G Function’s Lipshitz constant
RBZ, RS  Uniform distribution on unit a £3-ball, -sphere ol |F(x, Z) — f(z)|*> < 02

e Random direction, e ~ RSzd og |VF(x,Z) — Vf(x)”2 < ag
an S by Jc € R (problem-independent): a, < cb, for all n T Mixing time of Z

an ™~ by an S by and by, < ap g, § Gradient estimators

T =0O(S) T < poly(log S) - S ase — 0 fi(x) E, [f(x+tr)],r ~ RBg

2 Main results

We are now ready for a more formal presentation. In this paper, we study the minimization
problem

;IGI%R% f({I,‘) =Ezen [F(xv Z)] ) (4)

where 7 is an unknown distribution and access to the function f (not to its gradient Vf) is
available through a stochastic one-point or two-point oracle F'(z, Z).

In our analysis, we will use a set of assumptions on the underlying function f and its oracle,
starting with smoothness and convexity:

Assumption 1. The function f is L-smooth on R? with L > 0, i.e., it is differentiable and
there is a constant L > 0 such that the following inequality holds for all x,y € R%:

IVf(z) = VIl < Lz -yl
In the two-point feedback setting, we require the following generalization:
Assumption 1'. For all Z € Z the function F(-,Z) is L-smooth on R?.

Note that the uniform 1’ implies 1.

!The authors consider general convex case. Using standard restart technique, we get the
corresponding bound in the strongly convex case.

2The noise is assumed to be point-independent.

3By construction, for any A € Z, we have P¢(Zy € A | Zy—1) = Q(Zk-1,4), Pe-as.
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Assumption 2. The function f is u-strongly convex on R?, i.e., it is continuously dif-
ferentiable and there is a constant p > 0 such that the following inequality holds for all
z,y € R%:

Sl =yl < £@) = F) = (V). x — ), (5)

We now turn to assumptions on the sequence of noise states {Z;}°,. Specifically, we
consider the case where {Z;}32, forms a time-homogeneous Markov chain. Let Q denote the
corresponding Markov kernel. We impose the following assumption on Q to characterize its
mixing properties:

Assumption 3. {Z,;}°, is a stationary Markov chain on (Z, Z) with Markov kernel Q and
unique invariant distribution w. Moreover, Q is uniformly geometrically ergodic with mizing
time 7 € N, i.e., for every k € N,

AQ) = s (1/2)][Q4z) ~ Q4 )y < 1/ ©)

Assumption 3 is common in the literature on Markovian stochasticity [14, 12, 13, 5, 52]. It
includes, for instance, irreducible aperiodic finite Markov chains [18]. The mixing time 7
reflects how quickly the distribution of the chain approaches stationarity, providing a natural
measure of the temporal dependence in the data.

Next, we specify our assumptions on the oracle. As discussed in Section 1.1, these assumptions
differ based on the type of feedback.
Assumption 4 (for one-point). For all x € R it holds that E,[F(x, Z)] = f(x). Moreover,
for all Z € Z and x € R? it holds that

|F(I7Z) - f(x)‘z < O—%a

Assumption 4’ (for two-point). For all x € R? it holds that E;[VF(z,Z)] = Vf(x).
Moreover, for all Z € Z and x € R? it holds that

IVF(z,Z) - Vf(z)|* < o3.

Recent works on stochastic ZOO methods have considered milder assumptions, such as
bounded variance (see Section 1.1). However, the uniform boundedness assumed in Assump-
tions 4 and 4', is standard in analyses under Markovian noise [14, 12, 13, 5, 52]. These
assumptions can be relaxed under stronger conditions, e.g., uniform convexity and smoothness
of F(-,Z) [18].

Assumptions 3 and 4 allow us to reduce the variance of the noise via batching, similarly the
to i.i.d. setting. This is captured in the following technical lemma:

Lemma 1. Let Assumptions 3 and 4(4') hold. Then for any n > 1 and x € R? and any
initial distribution £ on (Z,Z), we have

Eq iZF(x,z»—f(x)] S

2.1 Batching technique

In this section, we describe the main tools used to establish the (d + 7)-type scaling of the
error rate. We will focus on reducing the variance and bias of gradient estimators using a
specialized batching approach.

We begin by fixing a common building block of our gradient estimators at a point x for both
one-point and two-point feedback, as introduced in Section 1.1:

dF(x +te,Zt) — Flx —te, Z7)

i(z, ZF) ) =d- Z@E e).e=e- 2t
9z, e) p(@, e)e=e dF(x—Fte, Z)— F(x —te,7)
2t

These estimators exhibit a twofold randomness that affects how rapidly they concentrate
around the true gradient, as we will discuss below.

(one-point),

(two-point).
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For clarity, we focus our discussion on the one-point case, although our conclusions extend
to the two-point case as well.

A widely used variance reduction technique is mini-batching, where one computes F(x, Z;)
over a batch of noise variables {Z;}?_;. The mini-batch gradient estimator is given by:

Pmb

Jmp (T ngZ —e-d( z:pri >

Let us estimate the scaling of its variance E.Ez||gmy — V.f]|> with the noise level 02, As

EzGmp =~ d% ~ d(V f,e) we would like to estimate the following for any fixed
direction e:

2 d? 1 & 4 2 (1) d*r o}
Ez[d- pmp(z) — d(V f,e)] "~ t—QEZ [ni_le($+te7Zi )—f(:z:—&—te)} N (7)
With that, we bound the variance:
N . . . (1) d*to?
BBz lgmb = VII* 2 BBz llgmb = Ezgms|* ~ BBz lgms = AV fe)|* = — 7+ (8)

Can the mini-batching scheme be improved?

This subsection explores an unexpected source of improvement that contradicts our initial
hypothesis. Specifically, we identify an inefficiency in the current use of samples Z;, which
becomes evident from two perspectives. Equation (8) shows the variance scales as T. If
we could reduce 7 by a factor of k, we would need k-times fewer samples to maintain
the same variance. This leads us to the idea of sparsified sampling. We partition the
Markov noise chain {Z;} into k subchains {Zj.;4,} for r = 0...k — 1. This corresponds to a
mixing time of [ 7] for each subchain (see (3)), effectively reducing temporal correlation - a
natural consequence of sampling every k-th element of the original chain. Thus, sampling
from any single subchain could yield a min(k, 7)-fold reduction in the number of samples
needed (although such procedure would still require all intermediate oracle calls, yielding no
computational speedup).

For a concrete illustration of that inefficiency, consider a lazy Markov chain that remains
in the same state for (an average of) 7 steps before transitioning uniformly at random. In
such a case, all oracle queries F'(z, Z) for a fixed x return the same value for 7 consecutive
steps. Therefore, retaining only every 7-th estimate § would yield a mini-batch of equivalent
quality.

In summary, we observe that the mini-batching scheme could, in principle, operate just as
effectively by retaining only every k-th sample and discarding the rest. This might suggest
that better utilization of the samples is possible. First order methods, nevertheless, are
unable to exploit this redundancy (as shown by [5]’s lower bound) and are effectively forced
to wait out the 7-step mixing window. In contrast, we can exploit this structure by querying
finite differences along different directions to estimate the gradient better. Specifically, we
construct d subchains, and use the sample from the r-th subchain Z;.;, to estimate r-th

F(x+te,,Z)—F(x—te,,Z)
2t

partial derivative , effectively restoring the full gradient coordinate-wise.

Let us estimate the resulting variance reduction. First, we achieve a d-fold reduction by
reconstructing all d gradient coordinates. Second, each coordinate now operates on a chain
with mixing time [7%], yielding an additional factor of min(d, 7). However, because batches
are now split across d coordinates, each batch is d times smaller than before, introducing
a factor of d loss. The net variance reduction is therefore min(d, 7), and the final scaling
becomes d - —9T— = d - max(d, ) ~ d(d + 7).

min(d,T)

Random directions
This insight can be extended to a simpler yet equally effective method. Instead of assigning
directions deterministically, we associate each sample with a random direction e € RSY,
forming the estimator:

3\)—‘

grd[]-TZe

n
§ (z, Zi, €;).

=}
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While the above discussion was intuitive, we now outline a more formal approach (see
Lemma 5 for details). As lazy Markov chain is effectively equivalent to stochastic i.i.d.
7-point feedback setting, we follow Corollary 2 of [15], who decompose the total variance
into two terms:

Ellgra = VS (@)|* < 2Egra — Ecfrall® + 2El[Ecgra — V£ ()]
Each of the two terms individually eliminates one factor from the d>7 dependence.
The first term:

n

]E”L(A]rd*Eegrd”Q = Z €, Zuez 7E€7‘,§(x7 Ziaei)]
=1

Ec[]=0, independent w.r.t. e

N, R
ﬁ ZEHQ(:E,ZZ,GJ - Eeig(x’ Zivei)”Q
=1

is independent of 7 since Assumption 4 bounds each term directly.

For the second term we observe that E.g,q = E.gmnmp, and thus the bound involves
IEHEegmb —Vf(x || Thlb is crucially different from the d27' dependence that appeared in

the mini-batch case, when we considered EH Gmp — Vf(x || Intuitively, the expectation
over directions helps recover the full gradient rather than a directional component, thereby
reducing variance with respect to d.

Multilevel Monte Carlo

The estimator §,q is not our final construction. While it controls variance, the temporal
correlation in noise may introduce significant bias. A well-established approach to mitigating
this is MLMC, widely used in the statistical literature [27, 26], and more recently in gradient
optimization [13, 5]. Here is our interpretation.

With parameters J,1, M, B from Table 2, {Z;} - 271 samples from Z and {e;} - random
directions we introduce MLMC estimator:

Gmt(x) = gralll(2) + {2" [6ra[271] (2) = Gra[2”~10] (2)], it27 <M

0, otherwise

Jmy s our final gradient estimator, with the following guarantees:
Lemma 2 (for one-point). Let Assumptions 1, 3 and 4 hold. For any initial distribution' &
on (Z, Z) the gradient estimates Gy satisfy E[gmi] = E[Gra [2U°g2 M| 1]]. Moreover,
< dIV( x)|” d2L2t2 N d(d+7)o?

B B Bt? ’
dro?
t2BM

E(Vfi(z) — gmu(@)|® S

IV fu(x) = Elgm(@)]II* S

One can note that although §,,; requires, on average, E[Q‘] lB] = logg M - B oracle calls, the
variance is only reduced by a factor of B. In contrast, the bias is reduced significantly - by a
factor of BM.

2.2 Algorithm

We now present the full version of Algorithm 1, which incorporates the gradient estimators
discussed in the previous section and uses a slightly modified variant of Nesterov’s Accelerated
Gradient Descent at its core.

While technically we prove four separate upper bounds covering both one- and two-point
feedback under smooth and non-smooth assumptions, they follow the same scheme which we
will illustrate in the one-point smooth case.

'Note that §m: (specifically Z1) indirectly depends on the chain’s initial distribution. As our
algorithm is going to repeatedly call §,,;, next iteration’s initial distribution is current iteration’s
final distribution. This fact makes the estimates correlated. We sidestep this problem by assuming
any initial distribution.
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Table 2: Parameters of Algorithm 1

Hyperparameters Momentums Batch hidden parameters

v Stepsize, € (0; 7] B/ W% 271 Batch size. If 271 > M, then 0
t Approximation step n 225 == % J Random, J ~ Geom(1/2)

B Batch size multiplier 0 Bpp"n__llill M  Batch size limit, M = % + %
N Number of iterations p See Appendix l ([logy M) +1)-B

Lemma 4 establishes key properties
of the smoothed objective function.
Lemma 5 provides bounds on the bias 1: Initialization: xg)c = .170; see Table 2.
and variance of the baseline estima- 2: for k=0,1,2,...,N —1do

tor grg. Lemma 2 then quantifies 3. af = 93:’; + (1 —0)z*

how the MLMC scheme amplifies or

Algorithm 1 Randomized Accelerated Z0 GD

. ‘ k ()

reduces these statistics. Finally, in Ap- 4 Sample J, {ei}, {F(xg +tes, Z; )}
pendix D.4, we combine the results of 5:  Calculate §* = g, (x’;)
these lemmas to prove the first part of . k+1 _ & _ py*
Theorem 1, bounding Algorithm 1’s er- s g

7. Ik+1 _ xk'H + ( o )xk+
ror. By tuning the parameters appropri- ’ =Ny pP=mn)xy
ately, we obtain the following iteration +(1-p)(1=PB)z*+(1- p)Bw’;
complexity bound: 8: end for

Theorem 1. Let Assumptions 1 to 4 hold, and consider problem (4) solved by Algorithm 1.
Then, for any target accuracy € and batch size multiplier B (see Tables 1 and 2 for notation),
and for a suitable choice of v,t,p, the number of oracle calls required to ensure E||z?Y —x*||? <
€ s bounded by

~ dy |L 1 Ld(d 2
B - O | max [1, —] —log — + w one-point oracle calls.
Bl\ u € Bu3e?

Theorem 1'. Let Assumptions 1’ to 4’ hold, and consider problem (4) solved by Algorithm 1.
Then, for any target accuracy € and batch size multiplier B (see Tables 1 and 2 for notation),
and for a suitable choice of v,t,p, the number of oracle calls required to ensure E|z™N —x*||? <
€ 1s bounded by

~ dy /L., 1 (d 2
B - 0O | max {1, —} —log — + ﬂ two-point oracle calls.
Bl\lu “e Bu?e

Remark. The iteration complezity of the algorithm, i.e., the number of iterates z* generated
(equal to the oracle complexity divided by B), is bound by @) (\/% log %) as the batch size

multiplier B goes to infinity. This matches the optimal convergence rates for optimization
with ezact gradients [38].

2.3 Lower bounds

Here we present theorems demonstrating that no algorithm can asymptotically outperform
Algorithm 1 in the smooth, strongly convex setting with either one- or two-point feedback.

Theorem 2. (Lower bounds) For any (possibly randomized) algorithm that solves the problem
(4), there exists a function f that satisfies Assumptions 1 to 4 (1' to 4'), s.t. in order to
achieve e-approzimate solution in expectation E||z™ — x*||? < ¢, the algorithm needs at least

d(d + 7)o} d+7)o3
0 ((;2';2)‘71> one-point or <(:2T6)02) two-point oracle calls.

Remark. These results assume bounded second moments rather than uniform noise bounds.
We explain how to adapt them to our setting, incurring only logarithmic overheads, in
Appendix F.2.

Discussion. We now compare our results to existing work. Akhavan et al. [2] analyze a
special case of the one-point setting where the noise is independent of the query points. This
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aligns with our one-point oracle model and allows i.i.d. sampling as a Markov chain with
fixed mixing time 7 = 1. The only factor they do not consider is 0%, which, however, appears
in their proof with additional u? factor if used with scaled Gaussian noise. We discuss this
further in Appendix F.

In the work of Beznosikov et al. [5], a first-order Markovian oracle is considered, but the
hard instance problem is a one-dimensional quadratic function, which makes first-order and
zero-order information equivalent. Their result therefore corresponds to the d = 1 case in the
two-point regime. Duchi et al. [15] provide tight lower bounds for general convex functions
under two-point feedback. Their techniques can be extended to the strongly convex case
by incorporating a shared quadratic component across the hard instances, as detailed in
Appendix F, Theorem 10, yielding the bound we state for the two-point oracle with 7 = 1.

Our novel contribution lies in establishing a lower bound that scales as d7 in the one-
point regime for large 7; see Theorem 8. While our analysis relies on classical tools such
as multidimensional hypothesis testing, the Markovian structure requires new bound on
distances between joint distributions and the use of clipping. Detailed proofs, discussions,
and further remarks on clipping appear in Appendix F.

3 Experiments

This section empirically supports our theoretical convergence rates and lower bounds, with
particular focus on the stochastic component where we claim linear scaling in d 4+ 7 instead
of dr.

Setup. Our setup repeats the problem we used to prove the lower bounds (see Appendix F
and [51]). We consider a quadratic objective f(z) = %||J:||2 and a two-point Markovian oracle
F(z,Z) = f(z) 4+ (x,Z). The noise sequence {Z;} is a lazily updated standard Gaussian
vector with variance 3. Figure 2 illustrates how the optimization error of Algorithm 1 scales
with mixing time, problem dimension, and different values of o3.

03 =10"3 o3 =10"1* 03 =10"°

Figure 2: Optimization error € = ||z — 2*||? after N = 10% iterations. Starting point error
|zo — 2*||* = 1072. Stepsize v = 1073, t = 10~°. The results are averaged over 10* runs.

Discussion. The results confirm the linear dependence of the error on both the problem
dimension d and the mixing time 7. The noise parameter o controls the influence of the
stochastic part. In Fig. (a), where 03 = 1073, the stochastic component dominates, while
in Fig. (c), with 02 = 107, it is negligible. Fig. (b) shows an intermediate regime that
smoothly interpolates between the two, yet maintains the linear scaling. The deterministic
part (c) shows no dependence on mixing time, but grows linearly with d, which aligns with
our theory (Theorem 1’). The stochastic part (a) scales as (d + 7), also matching the bound
from the Theorem 1.
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A Appendix overview

In this section, the overall structure of the technical appendices is presented.

In Appendix B, we introduce the additional adversarial robustness of the Algorithm 1 and
present a formal statements for our results in the non-smooth case.

In Appendix C, we define the shorthanded notation used in the proof of upper bounds.

In Appendices D and E, we gradually introduce all lemmas and proofs of our theorems in
one-point and two-point setting respectively, for both smooth and non-smooth problems.

In Appendix F we present our lower bounds and provide a more detailed overview of the
related results.

Finally, in Appendix G, we formally state the common-knowledge facts that we use.

B Additional results

B.1 Adversarial noise

In addition to the main results that show optimal scaling with the stochastic noise, we also
prove a robustness of our algorithm. Precisely, the oracle F' considered in this paper may
return its values with an additive, non-random, potentially adversarial error A(z) < A.

A

F(z,Z) = F(z,Z) + A(x). (9)

We will prove that this have no effect of the convergence guarantees of our algorithm for any
A within a tolerable threshold. This threshold varies between smooth and non-smooth case,
but not between one-point and two-point settings. The precise bounds are presented in the
theorems in Appendices D and E.

B.2 Non-smooth

In the non-smooth case, we consider a similar set of assumptions, however f is no longer
necessarily smooth of even differentiable.

Assumption 5. The function f is p-strongly convez on R?, i.e., there is a constant u > 0
such that the following inequality holds for all x,y € R* and X\ € [0;1]:

f@w+O—AM%SV@%Hl—Mﬂw—AO—M%W—yW

Assumption 6. The function f is G-Lipschitz on R?, i.e., there is a constant G > 0 such
that the following inequality holds for all x,y € R%:

|f(z) = f)] < Gllz —yll.

Again, for the two-point case, we need the generalization:
Assumption 6'. For all Z € Z the function F(-,Z) is G-Lipschitz on R%.

Regarding the noise levels, we keep Assumption 4 for the one-point case.

For the two-point case, however, we cannot keep Assumption 4/, as f is no longer differentiable.
Instead, we will also use function unbiasedness. In that case, we will not use any additional
assumptions on noise variance, as gradient of the smoothed function is already bounded by
G as it is Lipschitz and differentiable.

Assumption 7. For all x € R? it holds that E,.F(z,Z) = f().

Theorem 3. Let Assumptions 3, 4, 5 and 6 hold, and consider problem (4) solved by
Algorithm 1. Then, for any target accuracy € and batch size multiplier B (see Tables 1 and 2
for notation), and for a suitable choice of v,t,p, the number of oracle calls required to ensure
E|zN — 2*||? < € is bounded by

~ [ [VdG? 1 d(d IG*  dG?
B-O \/H;E log - + ( ;—;4);1 + Bule one-point oracle calls.
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We present the following theorems.

Theorem 3'. Assume Assumption 5, ¢/, 3 and 7 hold, and consider problem (4) solved by
Algorithm 1. Then, for any target accuracy € and batch size multiplier B (see Tables 1 and 2
for notation), and for a suitable choice of v,t,p, the number of oracle calls required to ensure
E|zN — 2*||2 < € is bounded by

~ dG? 1 d G?
B-O v log — + & two-point oracle calls.
u2e 5 Bu?e

As we can see, there is no dependence on the mixing time as long as it is less then the
dimension of the problem. Our results coincide with previous work under i.i.d. noise when
applied with 7 = 1, as previously claimed in Figure 1.

C Notations and definitions.
In this section we define the shorthanded notation used in the proof of upper bounds. For
general notations and definitions, see Tables 1 and 2.
Markovian error:

h(z,Z) = F(z, Z) — f(x) (10)
Single sample gradient estimators:
dﬁ'(z + te;, Zi(+)) - F(x — te;, Zi(_))

Flz+te, Z77) — Fla — te;, 27
giimalErtenZ )= Flo—te 2 ) (12)
2t
(10) df(x +te;) + h(x + te;, ZZ-(—H) — f(z —te;) — h(x — tey, Zi(_)) 4
- 2t “
te;) — fx — te;
gi:de(x—i_ e)2tf($ e)ei (13)
Batched gradient estimators:
1 271
i = 0,q[20] = — Y 14
g = gral2l] 21 29 (14)
(Not to be confused with G*, which is gy, calculated on k-th iteration)
5= S i 15
g = 91 . 9i (15)
=1
1 271
J.— i 16
7 =5 ;g (16)
Directional gradients:
Ve, f(wo) == d(V f(20), e:)e; (17)
Ve, Fi :=d(VF(x,Z;),e)e; (18)
Misc:
E. := Eel,eg ..... €g4; (19)
Eyz = E217Z2,~~-7Z2j17 where Z; ~ £ - arbitrary initial distribution on (Z, Z)
E:=EzE,
Fr:=o(xt,2?, ... z") - sigma algebra of first k iterations
Ex[] := E[| k]
1 N w112
r = ;(f(wﬁvv) — f@) +[JaN — 2 (20)

15



581

582

583
584

585

586
587

588

589

590

591

592
593
594
595

596

597

598

599

D Proofs of one-point results

D.1 Markov variance reduction

Lemma 3 (Extended version of Lemma 1). Let Assumptions & and 4(4') hold. Then for
anyn > 1 and x € R? and any initial distribution & on (Z, Z), we have

B 2
1 & T o
Ez <n i:E 1 Eei [h(.’l? + te;, Zi)ei]> 5 %0‘1, (21)
- X . 9
T 2
Ez |\l ;:1 VE(2,Z;) = V()| | < ~02 (22)

Proof. The proof of (22) can be found in Lemma 1 of Beznosikov et al. [5].

The proof under Assumption 4 relies on the fact that aforementioned Lemma 1 requires just
the two following conditions from the stochastic realizations VF(x, Z;):

{]ETFVF(x,Z) f(x)
IVF(z, Zi) = V f(a)]* <

Denote hi(z, Z;) := Ee [h(z + te, Z) e],e ~ RS4(1).
n E hi(zx,Z;) =0
(7112 ) N%%f@ ' )2 o?
=1 e (, Z)II” S 3

Let’s prove both of these equations, starting with unbiasedness:

Thus (21) & Eyz

B hi(z, Z;) = ExE, [b(x + te, Z:)e] = EoEx [h(z + te, Z;)e] 2L B0 = 0

Ihe(z, Z)I? = |Ee [A(x + te, Zi)e]||”
(Ee [h(z + te, Z;)e] , hi(x, Z;))

E. [h(z +te, Z;) - (e, hy(x, Z;))]

e

IN®

\/Ehx+teZ \/IE (e, hi(x, Z;))

& JEh(z + te, Z) ,/7||ht (z, Z:)
Vot Ao 2o

where @ holds since h;(x, Z;) does not depend on e, and @ is a Cauchy-Shwartz inequality
for the following dot product: (z(e),y(e)) := E. [z - y].
To conclude the proof we square the inequality we got:

\/0'2 0'2
e, Z)|* < \/gl Ahe(@, Z0)|1? = |lhe(x, Zi)|* < j~

D.2 Properties of smoothed function

The following lemma establishes key properties of the lo-ball smoothed function

Lemma 4. Assume f is convex. Then the following holds for all x € R?

If f is L-smooth / G-Lipschitz / p-strongly convex [Assumptions 1, 2 and 6], (23)
then fi from (1) is also L-smooth / G-Lipschitz / u-strongly conver.
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600

601

602

603

604

605

606

607

608
609

610

611

612

613
614

615

616

617
618

Vii(z) = Ec [g(z)],
fi(z) = f(z),
If f is additionally G-Lipschitz:
fi(w) < f(x) + Gt,

VdG

ft is L-smooth with L = e
If f is additionally L-smooth:
fe(@) < f(z) + L,
IVf(2) = VIi(@)||” < L7,
IV fe(@)| > 3IVF()|° - L22.
Proof. Proving (23), we start with G-Lipschitzness:
|fe(x) = fe() = [Er [f(z +tr) — f(y +tr)] |
(80)
< Elf(a+tr) = fly +tr)|

(6)
< EGllz -yl = Gllz -yl

Next, L-smoothness is analogous. Finally, y-strong convexity of f, (24), (25) and (28) are

proven in Lemmas A2-A3 of [1].

(26) and (27) can be seen in section 4.1 of Gasnikov et al. [21].
We prove the rest of inequalities in order.

Proof of (29):

IVf(@) = V(@) = IV f (@) = BV f(x+tr)]?

= ||E, [Vf(z) = Vf(z +tr)]|?
L ENVF@) - Vi + )

(1) 242 242
< E, L% = L2

Proof of (30):
IVf(@) + [V o) = V@)

%IIW(I)II2 — Vi) = Vf (@)

IV fo()II?

Ve

(29) 1
2 s -
where @ uses that |la + b]|> > 1/2||al/? — ||b]|2.

D.3 Inequalities for gradient approximation

Lemma 5. Assume Assumption 1, Assumption 8 and Assumption 4. Then the following

inequalities hold for any initial distribution & on (Z, Z) and for all x € R%:

)

g - < £

E|g; — gil* < £,
E||E. [§7 - 9] |* < %S5t |
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619

620

621

27r2,2
Elgi — Ve, f|* < 5+,
- 2 252 272,42
Ellg ~Eed|* < o |55 + S5+l Vi)

12

~i P12 « d(d+1)of | a2r%2 | d|VFl?
EHQJ*EeQJH S t22jl1+ 51 T T

i 2 o 2A2 | dd+m)e | g2r22 | d|VSIP
E|§ = V| £ 5+ ot + S+ T

Eg7 — V1|)* < 2642 1 2iCuret

Proof. We prove all estimates one by one, starting with (31):

271 2
i a2 (14),(15) 1 .
¥ -7 = ﬁZ[Qi_gi]
i=1
271
an,a2) d? | 1 A A _
= YT EZ[F(x—i—tei,Z;r)—F(x—tei,Zi )
i=1
2
—F(z+te;, Z) + F(x — tei, Z7 )es
211 271 :
)
= =l D A +ter) — Az —te;)] e
i=1
m @ Z
< o LA+ te) — Al — ten)] e
i=1
=1 @ & 2
= MZ\A@—H@) — Az — te;)]
i=1
9) 2
< Ly
42
d?A?
Proof of (32):
2
- (12),(13) h(z +tes, Z;7) — hiz —tes, Z)
E P — G 2 22 E d K3 7 i
19: = gil o
€i||= d2
lecl=1 PIE [h(z + te;, Z;) — h(z — te;, Zi_)]2
(77)7(4) d20'%
< POt
Proof of (33):
— . 2
E|E. [¢/ - o]
291 + — 2
(12),(16) 1 Z]E dh(x +te;, Z;7) — h(x — te;, Z; )64
2i] £ ¢ 2t '
_ d—Q]E lilE h(z + te;, Z; )e; — h(z — tei, Z; )e; i
B 27200 = 2

18



. 2 . 2
™ 421 1 N 1 _
< 73 E o] ;Ee [h(z +te;, Z)e;]|| +E QTl;Ee (h(x —te;, Z; e
) dCiro?
- 2271
622 Proof of (34):
]E”gl - veif |2
2
(13),(17) ]Ede(x + te;) 2—tf(a: - te’)ei A (), e)es
_ g |fltte) - f@) + f(@) ~ [z te;) = 2(V(2).en) |
2t
— PFE [z +tei) — f(x) = (Vf(z), tei) n (@) = f& —te;) + (Vf (), —tes) |
2t 2t
e 2d* L*t* L%
< gt
d?L*t?
= 4 5
623 where @ uses Assumption 1, (74) and (77).
624 Proof of (35):
2
; 2 (15) 1< d
El|§ ~ E.| = EzEe| 5 > [0~ Eedi]
=1
o 1 271
. 2
= ]EZEEWE 19 — Be, gl
(78) 1 2! .
< ST ;EZ]EeHQiHQ
(77) 3 291 i
< mELE [15: = gill* + llgs = T fI2 + 19, £12]

(32,3061 3 d*o?  d*L2t?
= 21 | 2 4

+alvee]
625 where @ holds, since §; are independent w.r.t. e; and E. [§; — E,, [§:]] = 0.
626 Proof of (36):

y e (D) o y -
gy B E [P B+ I - E ]

2 2 271242 2
S {sz [dt;fl L d Z t +d”vf”2] N d(j;;cﬂ
. dd+n)et  PL N d|v e
~ 1227 271 271
627 Proof of (37):
(77)

N 2 A = ||2 i j
By -vrl" < 2 [lg =g+ 1 - B ]
(31)é36) d?A?  d(d+T)o?  dPL*? d||VfH2
~ 2 129i] 271 271

19



628 Proof of (38):

By —Vh|> < 2|[E¢ —EF |’ +2IEF — V1|
@ 9Ey —EF| +2|ELE.G — E.g’|?
(80)

< 2|EQ —EF| + 2Bz ||Eed ~ EeIP

(31.(33)  2d2A2  2dCyro?

2 + 1227]

629 O

630 Lemma 6. Assume Assumption 6, Assumption 2, Assumption 4. Then the following
631 inequalities hold for any initial distribution & on (Z, Z) and for all v € R%:

Elg:||* < dG?, (40)
2 2
E|lg - Bl < 2 |55 +d6?], (41)
T (7'2
E||j — Eegl|?® < 49ldtner 4 407 (42)
2
Ellg— V£|* S 85 + S2G0PT + 4o (43)
632 Proof.
633 Proof of (40):
a1y  d?
Elgil* = ZEIf(x+te) - fla —teo)]’
(17) {2 2 2
< ﬁE |f(z+te;) — Ee, f(x +te;)|” + |Ee, f(z + te;) — fx — te;)] }

© g? 9
< Ef(ette) —Ee, f(z +tei)

@
S dG?

63¢ where @ uses that the distribution of e; is symmetric, and
635 @ uses the fact that for f which is G-Lipshitz and e € RS$(1) it holds that

a6 E[f(e) —Ecf(e)]’ < %2 [same reasoning as [49], Lemma 9].
637 Proof of (41):

i _in2 @ 1 2 L2
E|7 - Ecd|| < o D EzEelldl
=1
77) 271

2 N 2
< o B |15 — gl + llgil?
i=1

(322(40) 2 [d%%

2
o |+ ac?].

638 where @ is analogous to (35).
630 Proof of (42):

y N () P y -
Elg ~Eo’|” < E[|F B+ |ES ~Ee |

(41),(33) 262 2
3 2[2 [d01+ng]+dClral]

- 20 | 12 227
< dd+71)o? dG?
~ 12271 201"
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640

641

642
643

644

645

646
647

648

649

Proof of (43):

(77)

Bl -vAI s [ -7+ IR - VAP

(B1,(42)  2A%  d(d+T1)o?  dG?
< + Ly
~ 12 12271 271

O

Lemma 7 (Lemma 2). Let Assumptions 8 and 4 hold. For any initial distribution & on
(Z,2) the gradient estimates Gp satisfy E[gn] = E[gra[21°82 M11]]. Moreover,

. d2A? dro?
195:@) — Blgmill* § S5 + 570 (44)
Moreover, under assumption Assumption 1
d’A%  d(d+71)o?  dPL*?  d
A 2 < 1 el 2
E[IV/(2) - gmill®] S g + ST+ S+ SV (45)
While under assumption Assumption 6
d’A?  d(d+71)0?  dG?
L2 1

4
Proof. Recall that g, is a sum of a baseline estimate g.q[l] (L §° and a refining term

27[§7 — §7~1]. To show that E[§,,] = Egli°s2 M) then, we use the law of total expectation:
[logy M| ] ] ]
E[gmi] = E[Eslgml] =E[" + Y P{J=j} 2E[g/ —¢'"] (47)
j=1

Ung M| ) ]
=E[g°|+ Y  E[g’ — ¢! =Egll=M.
j=1
This immediately helps us prove the statement (44):

<
12 t22lloga M|~ 42 t2MB’

. o 2 (38) 2d2A2%2  2dCito? 2B A% dro?
IV f:(@) = Egull® = |V i) — E[g= ] | < - .

Proving the statement of (45) we also start with total expectation:

E[|Vf(2) = mll’]

V@)~ 5+ 2 g — 1

= Vi@ - 2 Y R = g g -

= V@ -2 Y R - g

2 wml|vi) - 2 Rl -

i) -+ (B R+ EIE - )
< (|9 - 1+ 163 Y Ry - g

(37),(36) ) A2 d(d+7)0?  d2L%2

d 2

N
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650

651

652

653

654

655
656

657
658

659

660

661

662

663

664
665

d 2 2122 4 2
16 ZLlog2MJ (tjijz)UlJr 2jlt N HQVlefll
T [ A PUE L L ] +
d(d 2 d2L%? d|Vf?
o[ 2ot L A
SRS o L L

, since ¢/ — ¢ ) Ggt—g

The proof of (46) is exactly the same, replacing (37) and (36) with (43) and (42).
d’A%?  d(d+T1)0?  dG?
t2 t?B B

1

where @ uses that 7 —§7 1 =g/ — 57! -1

E[|Vf(@) = gmill®] <

D.4 Proof of Theorem 1

The proof of Theorem 1 requires two technical Lemmas.

Lemma 8. Assume Assumptions 1 and 2. Then for the iterates of Algorithm 1 with
0= pnt-1)/Bpnt—=1),0>0,1n>1,p>0 and arbitrary a > 0 it holds that

Eul]|2** — &[] <1+ apyn)(1 — B)||a* —27||° + (1 + apym)Bllat — 27|
+ (1+ apyn) (82 = B)||=* — <% ||” + p*n*+Ba || *||"]
=20V f(x}), af + (pn~" — Dy —n~'pz*)
+ 20| [94] - Vb (48)

Lemma 9. Assume Assumptions 1 and 2. Let problem (4) be solved by Algorithm 1. Then
for any u € R, we get

E[f(f™)] <f) = (VH@h),u—ab) = Elu—ab]* = TIVF@EhI?

R o
+ B o] - VD + B 101,

These are proven in Beznosikov et al. [5] as Lemmas 5 and 6, with a slightly different notation:
f corresponds to f and § to g.

Lemma 10 (stepsize tuning). Given an optimization error after N iterations bounded by
N < exp(—NTa)r® +Tb

and an upper bound on stepsize I' < % there exists a constant stepsize I'g < %, such that

~ N
=0 (exp (_ua> 0+ aI])V)

Equivalently, the number of iterations to get r™N < e:

N = (9( Ine™ 1—|—b> (49)

age

Proof. This setup is a simpler version of the one considered in Section 4 of Stich [53] and so
we will tune I' similarly to their Lemma 2:

0
I — min (lnmax(Z,ar N/b) 1)

aN T

22



666

667

668

669
670
671

672
673
674

675

676

677

678

679

1 In max(2,ar’ N/b) 1
If P < I ) then F =

—-N b i\ bln(... ~ N b
rV <exp ¢ 0+ = <exp - ™+ n(..) =0 |exp e 4+ —
U u U alN u alN

Otherwise % <landrI:= W, with Tb = O(-%;) immediately.
1

max(2,ar"N/b)

exp(—NTa)r’ = exp(—Inmax(2,ar’ N/b)) =

If ar®N/b > 2, we also get O(=h), else 2 < —L and we get O(-%) as well.

To conclude the proof we should mitigate the fact that the stepsize currently depends on the
number of iterations. This can easily be done via a restart procedure which would run the
algorithm for N =1,2,4,... iterations with a stepsize I'(V). O

Theorem 4 (Theorem 1). Let Assumptions 1 to 4 hold, and consider problem (4) solved by
Algorithm 1. Then, for a suitable choice of hidden parameters (with p ~ BL;d) and arbitrary
choice of free parameters (see Table 2), it holds that:

2 2 2 72 272 2
N PPAN?\ o PV [ pd(d+T) | LA AP Lt
Er® < exp (—ﬁ)?‘ + A [01 ag - tU |t peTe +7

Moreover, for arbitrary € 2 d}%‘/f and an appropriate choice of t and vy, the number of oracle

calls required to ensure r < e is bounded by

~ d L 1 Ld(d 2
B -0 | max [1, —] —log — + w one-point oracle calls.
Bl\ u 5 Bu3e?

Proof. Applying Lemma 9 with v = z* (for arbitrary z*) and u = x’} to fi, we get:
* * /J‘ * 2 Py
B[ £i(f™)] <hila®) = (Vhilah).a® —ab) = Sl — b = BV AGHIZ (50)

. Lp*~? .
+ 2[5 - VD + R 1617,

2 p

B[ filaf)| <hileh) = (Vhilah)af —ab) = Bk — b - BLIVAGEDIZ  (51)
Lp2’72

2
Combining 2pyn - (50) + 2yn(n — p) - (51) + (48) we get:
* 2y f(ah )

w2 *
<1+ apyn)(1 = p)||a" — 2*||” + (1 + apyn)Bll=f — =*||?
2 — — *
+ (L+apyn)(8% = B)||z* — 2§ ||” — 20°v(V fi(z}), 2 + (o' — D)as —n~'pa®)
2, P R
+ 2P El]l3 )+ BB [5] - VAl

+ 2y fula®) = (Vfulah),a” —ab) = 5|

+ B ma [94] - Ve |+ LR 16412).

Ekka-‘rl —x*

o —ap|* = BV b))
py N ky (|2 Lp*~? Ak (2
+ DI 3] - VAGH T+ 5B 15512

+29n(n = p) (fula}) = (Vfilah). 2§ — ab) = Sl —ab|* = BLIV AP

L 2.2
+ I [6"] - VA P+ 25 B 61
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—(1 + apyn)(1 — B)||a* — 2*||* + 2vn (n — p) fo(@h) + 2pm fi(2™)
+ (1 + apyn)B — pynp) ||2% — 2|
+ (L4 apyn) (8% - B)||z* — =E||” — py2n? ||V i (=) ||
n (pn’y vy 2) [Ex[3"] — Vi H + (P12 + p*7*nL) Ex[[|3% 7]

76)

< (L+apym) (1 = B)||a* — a*||* + 2vm (n — p) fu(=h) + 20 fi(a”)
+ (14 apyn)B — pynp) ||k — 2*
+ (1+ apyn)(B® - 6)!!%’“ — w’“Hz -y 2vat k H2

+ 207092 (L+ 4L By | |V (=) .
—_——
x’;e}'k

80 Choosing o = =2— gives:
& 2pny g

B = \4p*uy/ 3 < \/p u/L <1,
ram-0=(1+5)a-n<(1-5).

B? B<1 (38 puyN=36/2
(L + apny)B — puyn) = (B + e | < 5 e 0.

681 Thus:

Ek |:ka+1 —z*

* 2P (k)]
<(1 = B/2)||z* = 2*||” + 2vn (n — p) ft(ﬂcfv) + 2pynfi(az”)
+ Py (1+2p/8) |[Ex [3¥] = V()|
+ 2% (1 L) B |13 = Ve[|
—py*n? (1= 2p(1 + L))V ()|
62 Subtracting 2y f(z*) from both sides, we get:
Ex[||lo"+! —o*|* + 2007 (fu(a} ) = £ia"))]
<(1—B/2) ||e* —a*|* + (1 —p/n) - 27772(ft($l})—ft(33*))
+ oy (1 +2p/8) |[Ex [8*] — V fi(2h)||”
+ 2927292 (1 + 4L) Ek[Hg — V(b)) }
— v (1= 2p(1 +L))||V fulh) |
2 B2 [l — 2 |P 4+ 20mP (flah) — fula))]
+ P (1+2p/8) |[Ex [3*] = V(b))
+ 22292 (1 + L) Ek[ng — V(b)) }

—pV*n? (1 = 2p(1 + L)) ||V fi( afg)” :
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683 Applying Lemma 7, one can obtain:
Ex[||e*+! —o*|* + 207 (fula ™) - fila"))]

S = 8/2) [o* = 2*|” + 29m2(f(wh) — fula™))]
d’A%?  dro? }

2 B

A2 d(d+7)0?  d2L*
2 2B B
I

+ ¥ (1+2p/B) - {

d
PP D) | + v st

— pV*n*(1 = 2p(1 + 7L)) ||V fu(2h)

/M (1+2p/B)” /

= (1= 8/2) [|o* = |* + 29m* (i wh) — ("))
9 9 9 {dQAQM dTU%:|

+pnyT 2 "‘th

2N d(d+7)0?  d2L*
2 "7 e B
I

PP (D) | el
—pV°n* (1 = 2p(1 + 7 L)) ||V fe(a})

(30) 2
< (1= 5/2) [|o* = & |* + 2972 (fulh) - fulz™))]

D 77272d2M—|—p2 2 2(1+’}/L)d :|
t2

+ A?. [

+ |V ) {P2772W2(1 + vL)i —py*n*(1—2p(1 + vL))}

5 {pgn V2T + pPnPy 2(1+WL)d(d+T)}

o 2B
2

+ E p*n?y? (1 4+ yL)L*(d* + d)

vt ko2 2 k x
S (1=8/2) [[[a* = o + 29 (fula) - fula®))]
_— [ 2d(d+7) o L2 +A2d2M}

+pnyT 2B B

IV 2o 1D (14 5 )

=0 for p:BL;d
pny=3B/(2p) 9 k *
< -2 (fila}) = fula™))]
B [ pdd+7) DR GdPM]
L t A
+ 2 o1 2B + B + 2
684 Finally, we perform the recursion and substitute g = p2uy/3, n = ,/%,
%2 *
o5 T = HJUN -z + i(ft(l‘;v) — fe(x*)):
> N
Erév < <1 — P#’Y) r?
~ 3
Jé] Zd(d+71) 5 L2d? Zd*M
. t A
+ 2 Sy + B + 2
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2~ N2
< exp <_1 /mg) 0

pyA [ Ld(d+7)  LLA?  d*M
M3/2[01 rg U g TA e

® 2, N2
o P

|2Vl d(d+T) L2d?
},//; ' [0% 2 +¢?

I t°B B
A%d?

u2t2 ’

_|_

_|_

686 where@usesthath%(lJr\/%)éMp\ﬁf:\ﬁJr#gﬁJrﬁ

6s7 Recall that a* is arbitrary. Therefore by setting «* = argmin f(z), we may bound the error
ess for non-smoothed f:

TN: HZ'N—Z‘*

2 g xN _ *
+ﬂ(f(f) f(x")

— ™ — 2P+ (V) - R —F) + fula) + S (uad) - £ia)
o— N~ —— H
<0 (28) <Lt% (28)

Lt?
< 46—
n
6s9 Thus we get

2, N2
ErY <exp (—\/ pM;) 70

VY [ od(d+T) +t2L2d2]

wr | s B
LN L
P2 p

600 To finish the analysis we need to define ¢ and -, as well as the tolerable level of noise A.
601 Currently we are left with an expression of form:

Er"Y < exp(=NTa)r® +Tb +¢,I' <

S

692 with

T=y7

u=~VL
a~py/u
b od(d+T) o L2d?
b=sn | e TR
A2d? n Lt?
c=——+—
P2 p
603 To get ¢ < e we have to bound t:
dA <t< e
g VL
694 Thus we bound the adversarial noise ¢ 2 dlj‘;/@ <A S E;;/;.
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696
697

698
699

700

701

702
703
704

705

706

707

709

Applying Lemma 10, to get 7"V < ¢ one would need N iterations:

~(1 L. 1 d [(d+7)0o} 2,2
N = —4/— log — L 2
O(p”,uo’ge—i_B/ﬂs{ e + L7t°d (52)

as well as setting ¢ to its upper bound, we get the total number of

- dl /L. 1 Ld(d+71)o?

Finally, as noted in Section 2.1, each §,,; uses O(B) oracle calls, thus the oracle complexity

is:
~ d L 1 Ld(d 2
B - 0O | max [1, —] —log — + w one-point oracle calls.
Bl\l n € Bpu3e?

Recalling p ~

_B_
. . B+d>
iterations:

D.5 Proof of Theorem 3
Theorem 5 (Theorem 3). Let Assumptions 2 to 4 and 6 hold, and consider problem (4)

solved by Algorithm 1. Then, for a suitable choice of hidden parameters (with p ~ 1) and
arbitrary choice of free parameters (see Table 2), it holds that:

N [pyN2Y\ o VA ,dCy (d+7)  G*d]  A?d*> Gt
Er 5exp<— 3>7" +M3/2' 91T 2R t 5 +u2t2+7

2/3
Moreover, for arbitrary e 2 [dﬁ—f} and an appropriate choice of t and vy, the number of

oracle calls required to ensure rN < e is bounded by

dG? 1 d(d 2G2 G3d
va log — + (d+7)oy + one-point oracle calls.

B-O
p2e € u*e3B Bu?e

Proof. The proof is almost identical to the smooth case. The difference is we use (46) instead

of (45). With that p ~ 1 is enough, as the term with HVf(xZ) H no longer exists. Additionally,
L%, dG?
B

5 . Finally, we may use Lemma 9 as smoothed function is indeed smooth (27).

2~ N2
ErY <exp (—\/ pi,u;/ ) 0

Val {2dCl(d+7) GQd]

er | B B
A%q? N Gt
P2
~—
(26)

p1 pYN?Y
~ exp | — 3 T

N VI U2d01(d+7) G*d
p32 |71 2B B
N A%2d% Gt

prt?
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710

711

712

713

714
715

716

717

718

719
720

721

722
723

Applying Lemma 10 with:

r=.7
u:\/f(g)\/—\/?G

a=\/p

b 1 0_2d01(d+7) G72d
sz 'Y 2B B

We get that »V < ¢ takes N iterations:

~[ |VdG . 1 d [(d+7)0}
N = " log = 2
o ” 0g + B { 2 —|—G]

To get ¢ < & we have to bound ¢:

QU
B
&

<< HE
~Y NG

S

I

3/2,,2
dG

2/3
Thus we bound the adversarial noise ¢ 2 {dﬁff} sA<E

Substituting L = @, as well as setting t to its upper bound, we get the total number of

iterations:

~ VdG2 . 1 d(d+71)0}G?*  G2d
N=0|/*5—1log=
© e %8 ¢ + u*es B + BuZ2e

And the oracle complexity:

~ [ [VdG? 1 d(d 2G2 2d
B-O \L;C; logg+ ( ;1;);1(; I §M2€ one-point oracle calls.

E Proofs of two-point results

The proofs for one- and two- point feedback will functionally differ only in Lemma 5 and

Lemma 7, while the rest of the machinery will be reused.

E.1 Inequalities for gradient approximation

Lemma 5. Assume Assumption 1, Assumption 3 and Assumption 4. Then the following

inequalities hold for any initial distribution & on (Z, Z) and for all x € R%:

~ L2422
Elllg: — Ve, Fill?] < £45,
EHveiFi - vez‘fHQ < dO’% ’
Eg - B’ || < 3 [2L2/4+ doj + |V 1],

Ez||Eei — VF|* S 502,
B3~ Al S 28 + 703,

~ t2
. 2 2,272 2
E||§7 — V|| S T + o3 + 4 IVF”.
N 2 2 A2 2,272 2
El|¢7 — V| £ 5 + 45 + U703 + L|IVSIT.

53
54

55

57
58

(53)
(54)
(55)
(56)
(57)
(58)
(59)
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728
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Proof.
We prove all estimates one by one, starting with (53):

E[l|gi — Ve, Fil|*]
‘ F(x +te;, Z;) — F(x — te;, Z;)

2t
AN+(74)  L2d%2
= 4

(12):,(18) d2E

ei — (VF(x,7Z;),e;)e;

21

Proof of (54):

@)
YLD GBIV E — V2 < do?.

E|Ve Fi — Ve fI* = BB, [ Ve, F — Ve, £
Proof of (55):
1 2.7[ o
W ;]EH%H

291

77) 3 i )
= 92 ]2 2—31 lE[HEh — Ve, Fill”| +

E[|Ve,Fi = Ve, fI] +1E[|Veif||2}]

Bl -EgF

M SRR a4 do} + d|V ).
Proof of (56):
271

. 1
BB - VA" 2 Ez|B.| 56| - Vi
i=1

. 2
(24) 1 2

< Eyu ﬁ;vn(x, Z;) — Vfi(z)
@ T

< 2

~27

where @ uses (22) for VF;, V f;. Let us verify that Assumption 4’ holds:

Unbiasedness:
E . VE(2,Z) =EV[EF(z+tr,Z)] =
E.E.VF(x+tr,Z) =E,E.VF(x+1tr,Z) =E.Vf(z+tr) = Vf(z).
Variance:
9 9 (80)
IVE(z, 2) = Vfi(@)|” = |EVF (2 +tr, 2) = Vf(z +tr)||” <
4"
E,.|VF(z+tr,Z) = Vf(z+tr)]> < E.02 =03
Proof of (57):

aF 2 ™ ~i _asil|2 =7 2
|EG — V£ < 2By —EF || 4 2|EF — Vil

(80) L, B ,
< 2Ey —E§F|| 4+ 2Ez||E.§’ — Vi
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(31),(56) 2 A2
o d*A T

2
Proof of (58):
» 2 (77) i ) " 2
El|g’ — Vf| < 2]EHgJ —E.g||” 4 2E|[Eeg’ — V £
(55),(56) -
< 2,272 o2
S 5 [d 202 1 do? + d||V S| } 50
PRI d+T
< oz 524 ||V
~ oi1 T ol 231” 717
Proof of (59):
B s (D) — B )
El|g’ - V| < 2E[§ - g +2E||¢’ - Vft||
(B1,(8)  2A2 42422 d
< + T v

~ t2 271 2711 2J l
O

Lemma 11. Assume Assumption 0, Assumption 2, Assumption 7. Then the following
inequalities hold for any initial distribution & on (Z, Z) and for all x € R%:

|G| < dG?, (60)
_ _ 2
]EHg] _Eeg]H < dQCJ;l ) (61)
E||E.§’ — V| < 496" (62)
s 2 A2 T
IEg" — V1 < 8%+ 557, (63)
i 2 A2 T 2
Elg/ - V£ < &+% (64)
Proof.
Proof of (60):
2 like (40)
Elgi|* 2 EIF (@ +ten Z) — Fla—te, Z) S dG2
Proof of (61):
. olike3s) ] 2 ) dG?
iR A
EHQ Eeg || S 22]12 ZEZ]E ||g’L|| — 2]l
Proof of (62):
277 2
» 2 (15) 1 -
]EHEeg] - vft” = E Ee a7 gi| — Vft
291 P
- 2791 2
(24) 1
=’ E|E. ﬁZVFt(x,Zi) ~Vf
i=1
@ 401’1’G2
< —
- 271

722 where @ uses (22) with 03 = 4G?. Let us verify that Assumption 4’ holds:

743

Unbiasedness:

F(x—l—te,Z)—F(x—te,Z)e

24
E,[VF,(z,2)] & EE. |d =
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750
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752

753

754

755

756

757

=EE, {d

(;)Ee[df(az—&-te)—
2t

F(zx+te,Z)— F(x —te,Z)
ot e]
f(z —te) ] (29)

Vfi(@).

®
Variance: ||VFi(x,Z) — V fi(z )H 2||VF,5(:E Z)H +2|Vfi(x )H2 < 4G?,

where @ uses that from Lemma 4 the smoothed f; and F; are differentiable, G-Lipshitz and
thus have norm of their gradients bounded by G.

Proof of (63):

. (77),(80) . ) .
[eg? ~vil* < 2[E)@ - &+ EalBd ~ VA

(31),(61) 2 A2 2
o d“A TG

~ ERSTE
Proof of (64):
i 2 (77) i 12 s ~in2 ) 2
Blg -val® < SE[§ -+ 15 — B 1P + B - VI
(31),(61),(62) 2 A2 2
o A% (d+7)G?
~ t2 271

O

Lemma 7'. Let Assumptions 8 and 4’ hold. For any initial distribution & on (Z,Z) the
following inequalities hold:

Under Assumption 1:

PN L T,

L2
BV @) — gl § To + T+ ot 4 Lyvy (65)
. d?A? T
IV £i(@) = Elgmall|* £ —5— + 3755 (66)
Under Assumption 6:
. d>A? d+7)G?
B[V fu(@) - gual) 5 L5 + & %} - (67)
d2A2
< o 2

Proof. The proof is almost identical to Lemma 7, so we will leave the calculations only.
Proof of (66):

(47) o 2
IV fe(@) = Elgml > = || Vila) — E[glios ]|
(57) d2A2 -
< o= 4 2
S 2 + MBU2'
Proof of (68):
47 o 2
IV £:(2) = Elguul] I L>HVM@_Ebu&mH
(63) d2A2
< e’y

Proof of (65):
E[|IV fi(x) = Gmill”]
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759

760

761
762
763

764

765

766

767

768

769

770

< V@ -2 -
< VA - PP+ Y @19 - V@RI i) -5 )
< (VA - 1+ 1630w PRV A - 5 P)
. d;N + ngLQ + d;TJS + %IIWIIQ.
Proof of (67):
B[V fu(e) — gmall?] & 27 4 DG

t2 271

E.2 Proof of Theorem 1’

Theorem 1'. Let Assumptions 1’ to 4 hold, and consider problem (4) solved by Algorithm 1.
Then, for a suitable choice of hidden parameters (with p ~ Bijrd) and arbitrary choice of free
parameters (see Table 2), it holds that:

2 2 2 72 272 2
N [p2uyN2\ o p/Y | od+T L% A2d® Lt
Er gexp<— 3 )’F +u3/2-[02 5 +1 5 +u2t2 —&-7

Moreover, for arbitrary e 2 dﬁqf/f and an appropriate choice of t and vy, the number of oracle

calls required to ensure r < e is bounded by

~ d L 1 d 2
B - O | max [1, —} —log — + m two-point oracle calls.
Bl\lu “e Bu?e
Proof. Replacing Lemma 7 with Lemma 7’ in the proof of Theorem 1, we get:

2 ,~ N2
ErN <exp (—\/ pfﬂ; ) 0

P { pd 4T HQL%P}

+ u3/2 72 B B
A?d?  Lt?
P2
Applying Lemma 10 with:
L=~
u~L
a >~/
2 72
b~ M§/2 . [U%d;T +t2LBd ]

We get that rV < ¢ takes N iterations:

~ (1 |L 1 1
Bounds on A, t and p are inherited: ¢ 2 dﬁ;‘/f <A< 2“;/;, t~ ‘/\/“L?, P~ B%d' Thus the
total number of iterations is:

~ d L. 1 (d+7)o3
0<|:1+B:| \/;log€+BM2€
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Finally, the oracle complexity is:

- 'L 1 2
B~(9<max{1,d} —log*-l-M
Bl u € nee

B 2

E.3 Proof of Theorem 3’

) two-point oracle calls.

Theorem 3'. Let Assumptions 1’ to 4 hold, and consider problem (4) solved by Algorithm 1.
Then, for a suitable choice of hidden parameters (with p ~ 1) and arbitrary choice of free
parameters (see Table 2), it holds that:

2~ N2
ErNY < exp (—\/ pi,u; ) r0 +

Moreover, for arbitrary € 2

dAVL

32

calls required to ensure rN < ¢ is bounded by

_ VdG?

p2e

B-O

log — +

3 Bu?e

pﬂG2d+T

A?d?

11372

1 (d+7)G?

B

N2t2

Gt

I

and an appropriate choice of t and vy, the number of oracle

two-point oracle calls.

Proof. Replacing (65) and (66) with (67) and (68) in the proof of the smooth case we get:

2, N2
Er™ <exp (\/ PM;) 70

Applying Lemma 10 with:

pﬁ 2d+ T
+ GP
N A%d? Gt

P2

=5

w~ \/Z Lem&na 4 \/fG

a ™ py/p
b~

;LB/ZB

71 We get that rV < ¢ takes N iterations:

N=0 Uﬁlog
th

_pld+ 7)G?

1

3

(d+7)G?

Bu?e

2/3
72 Bounds on A, t and p are inherited: & 2> [dﬁ—f} <A<

783

total number of iterations is:

O

[ VdG?
5— log
nie

1

9
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(d+7)G?

Bu?e

3/2,2

dG

t

~ HE
~ 2

p =~ 1. Thus the
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Finally, the oracle complexity is:

~ dG? 1 d 2
B-O vda log — + ﬂ two-point oracle calls.
e € Bu?e

F Lower Bounds

F.1 Main theorems

First, we introduce the results that confirm the optimality of our analysis with a second
moment bounds. By this we mean that we check

Eq|F(z,2) - f(2)* < of
instead of Assumption 4 and
E+|[VF(z, 2) = Vf(@)|* < o}
instead of Assumption 4.

Then, we show how to use clipping technique in the construction of the hard instance
problems to preserve the lower bounds up to logarithmic factors.

Our main results here are the following two theorems. They show theoretical optimality of
our method and analysis in both one-point and two-point regimes.

Theorem 6 (one-point feedback). For any (possibly randomized) algorithm that solves the
problem (4), there exists a function f that satisfies Assumptions 1 to 4, s.t.

d(d 2
Eléy —a*|* > Vdld+ 7)ot as N — oo.

~ w/N

Consequently, to get to the e-neighborhood of the solution with one-point feedback the algorithm
needs at least

2
N=Q (d(d+T)O’1

55 ) one-point oracle calls.
u?e

Theorem 7 (two-point feedback). For any (possibly randomized) algorithm that solves the
problem (4), there exists a function f that satisfies Assumptions 1' to /', s.t.

d 2
L

RN as N — oo.

Consequently, to get to the e-neighborhood of the solution with two-point feedback one needs
at least

2
N=Q ((d—;;;)%) two-point oracle calls.

We note that due to the two-part structure of the optimal rates, it is natural to prove both
parts separately in a regime where the part becomes dominant. We introduce those regimes:

e 7 > d — high-correlation regime

e 7 < d — high-dimensional regime

Next, we summarize the lower bounds that we claim to hold in each regime:
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812
813

814
815
816
817
818
819
820
821
822
823

824
825

826
827

828

829
830

831

832

833

834
835

Table 3: Strongly convex case, lower bounds

high-correlation high-dimensional
. dro? d*0?  Akhavan et al. [2]
ZO 1-point e (New, Theorem 8) 2% (our Theorem 9)
ZO 2-point 703 Beznosikov et al. [5] do3  Duchi et al. [15]

e (even for FO) p2e  (our Theorem 10)

It becomes obvious that only 1 out of 4 bounds depend on dimension and mixing time
simultaneously. For other cases, we can use existing constructions which deal with mixing
and zero-order information separately and adapt them to our assumptions. Combining all
four bounds, we come up with tight lower bounds in both one-point and two-point settings.
Let us discuss the important related results.

Akhavan et al. [2] work with a special case of one-point feedback when noise variables do
not depend on query points — this makes their lower bound applicable to our case. The
only factor they do not consider is o2, which, however, appears from their proof if used with
scaled Gaussian noise, as well as additional 2 factor; see our Theorem 9 for the result. In the
work of Beznosikov et al. [5], a first-order oracle is considered, but the hard instance problem
is a 1-dimensional quadratic problem, which makes first-order and zero-order information
equivalent. Duchi et al. [15] consider a general convex case of a two-point setting and provide
a tight lower bound. However, their proof can be translated for strongly convex problems
using the trick of adding a common quadratic part to each of the linear functions from the
hard-to-distinguish family. For a more formal reduction, see Theorem 10.

Finally, we provide a, to the best of our knowledge, novel lower bound in one-point feedback
and high-correlation regime.

Theorem 8 (one-point, high-correlation). Under the conditions of Theorem 6 the following

bound holds:
d 2
Ellzy —2*|* 2 Y2
uv N

Proof. Let’s consider family of functions
1
Jolz) = §HJU||2 + (S(z),w)

with w € {£1}% and S : R? — R? to be chosen later. For the same values of w, consider
zeroth order oracles

Fy(z,2) = ngEII2 +(S(2), Z + w) = fu(z) + (S(2), 2)
and discrete-time Markov process with transition probabilities determined by the formula

Juos = {§t+1, w.p. 1/7,
Zy, w.p. 1—=1/7
where {&:}5°, are independent and
& ~m=N(0,5°14).
With such pick of Z; it is clear that Assumption 3 is satisfied and
E.F,(z,2) = f,(x).

Now, we will prove that all algorithms fail at distinguishing between f,, in a short amount of
time. First, note that

12 = 2%|1* = Zllal — %) (69)

1
4
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We will later bound ||z¥, — x| using Hamming distance

where w’ = arg mln [

p(w',w). But ﬁrst we bound the distance itself.
Applying Assouad’s Lemma [55] we get
d
max E, p(w',w) > = (1 — min ||P,, — Pw2|TV) (70)
w 2 p(wy,wz)=1
where P, denotes joint distribution of outputs of F,, on sequential queries produced by the
algorithm. And Z is the output of the algorithm after NV steps. Now we bound the total
variation between neighbouring distributions. First, we use Pinsker’s inequality:
201Puy = Puyliy < Dicr (Law({wr + Zi}), Law({ws + Zi}[1) =

Then, using law of total probability, we consider a conditional K L-divergence for a fixed set
of indices that introduce new samples. The one step KL equals 0 if it is known that the
chain’s state did not change. On other steps it equals to the KL between Gaussians with
mean wy and we. We group the terms by the number of state switches k.

N
= ZDKL(L&W({N(W17SQI)}?:1)7LaW({N(WQ,SQI)}Z D)P{1<t<N: Z, =&} =k)

k=0

Using p(wy,ws) = 1, we simplify

= ZDKL (N1, 8%0), N(—L L)) P({1<t<N: Z, =&} =k) =

N
4k 4
Zs P({L<t<N: Zi =&} =k) = —QZ ({1<t<N: Z =&} =k =
k=0 0
4 1 Y AN
—E({1<t<N: Z; = =Y E(lz,—¢,) = —.
({1<t< L =43 = 2; (Iz-¢) = -
Choosing s 8N we get
4NT 1
P, — P, < =_. 1

Now we claim that there exists such pick of S(x), that satisfies Assumptions 1 to 4 and

2
ﬁr]- 1 2
VO ww) = — YT
VA2dN

p(w', w). (72)

DN | =

2
s — 2l =

Combining (69), (72), (70), (71), we conclude

” 1 d\/O’lT dTJ%
to = 48 \/u2dN 48 /N

Now we should introduce S(x) and check (72) and Assumptions 1 to 4.

max E, || —
w

Denote § = 2dN Let S(x) be separable and
20x;, 0<z; <46,
S(x); = %s(wi) = % <4382 — (z; — 26)%, &<z <26,
362, 20 S ZTi.

And s(x;) is symmetric around zero. It is straightforward to verify that s(z;) is 2-smooth.
To check strong convexity and smoothness of f,, we note that

V) = g+ V(S(x),w) = pz + VS(x) O w,
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where ® is a coordinate-wise product. The Lipschitz constant of the second term is bounded

IVS(z) ©w = VS(y) ©w|| = [[VS(z) = VS| < gllx =yl

It means that the strong convexity constant p and gradient Lipschitz constant L of the

function f,, are in range [§; 37“] Therefore, for a completely rigorous bound, we use 2y in
(72) instead of p.
It is also straightforward to verify by stationarity condition that x, = —%wé and (72) follows.

Here we also note that ||z = $d6% < 1 for big enough N, therefore the minimizer of the
function lies in the standard unit ball when the desired accuracy is small enough.

Lastly, we need to check the bounded noise assumption (4). With our current setup we can
guarantee bounded variance with respect to stationary distribution

9s?u?dé* 9N of7

2 2 2 2 2

= = < = < .
E hé(z,Z) =E.(S(z), Z) SIS @) < 16 5 NS 907 (73)
Therefore, for a completely rigorous bound, we use 2/9 in (72) instead of o?. And a proper
uniform bound is achieved via clipping, see Appendix F.2. O

F.2 Remarks on clipping

There is, however, another problem we have to deal with — for now there is only a second-
moment bound on the noise, just as in other lower bounds used that work with i.i.d. noise
instead of Markovian. Tackling uniform boundness of an i.i.d. noise is straightforward —
since the noise distribution is Gaussian, we can use tail bounds to clip the noise within
[0 log N;olog N] for all querying points with probability 1 — o(1/N). It gives the desired
bounds up to logarithmic factors for Theorems 9 and 10.

However, in the settings of Theorem 8, this trick will not work as the algorithm can
deliberately call the oracle at a point that would produce high noise on the next step. To
deal with this, we clip the oracle rather then noise.

For some t > 1 (¢ is going to be logarithmic in N) we introduce

A

F(z,Z) = max (min fu(z) —to, min(F(z,Z), max f,(z)+ to)) .
w w
By construction

\F(x,Z) — ErF(x, Z2)|? < 2t0? + 2| max f,,(x) — min f,(z)> =

8d%o%T
N

2607 + 2|[S(z) ||} < 2to? + 8d%u6* = 2607 +

Note that for big enough N, the second term becomes negligible. Now, the clipping introduces
bias of the form

‘EWF(:E’ Z) _Eﬂ'ﬁ('rv Z)‘ < ‘Eﬂ'h(ajaz)jh(w,z)>ta| <

oo oo
_% 2 22 2 2
< [ze *1dx=o07 | ze” Tdr=o07e Z.

to t

Choosing t ~ log N makes this bias superpolinomially small in N i.e. < poly(%), making it

/
within an admissible level of adversarial bias A < E‘sz. This last step, which introduces a

bias, can be avoided through a careful adjustments of the Gaussian distributions used in the
proof so that the mutual truncation would not result in a change of expected value. This is
possible since the total probability mass that is affected by the truncation is exponentially
small, therefore the total variation distance remains large after any transformations with
this mass.
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F.3 One-point high dimensional regime

An ii.d. one-point setup is covered by Akhavan et al. [1], where authors considered a more
general case of high-order smoothness of the objective and provided a lower bound for any
distribution of the additive noise. Our point of view is different — we work with usual
smooth functions, consider a limiting behavior when N — oo and are free to choose the
noise structure. However, we also claim stronger result - our bound shows additional p?0?
scaling and is asymptotically tight, according to the Theorem 1.

Theorem 9 (one-point, high-dimensional). Under the conditions of Theorem 6 the following

bound holds:
N w12 \/ dQO'%
Ellzn — 2" 2 :
uv N
Proof. Under closer consideration, the proof repeats, simplifies and extends the construction

of Akhavan et al. [1], using our assumptions. But it will be easier for presentation to build
on our own notation from Theorem 8.

We consider the same family of functions f,,, but the noise is i.i.d. and point-independent

Gaussian with variance o%. This requires redefining § and revising (71) and (72). With

this noise, we use bound on the KL divergence between neighboring distributions similar to
Akhavan et al. [1, Theorem 6.1]. We also use that [y = # for Gaussian distributions. We
1

get
Np26*
203

N
DKL(Pwlanz) S Qwal - fw2||go <
207

2
1

Redefining § = /-2

we check that (71) holds. The (72) then transforms into

N
* * (12 1 0-% /
wa’ 71’0‘)” Z 5 4M2Np(w ’w)'
Combining (69), (72), (70), (71), we conclude
1 dy/o?
max Ey || — 2% |2 > — —YIL
w 16 MQN

F.4 Two-point high dimensional regime

Theorem 10 below shows a reduction from the lower bound by Duchi et al. [15] to a strongly
convex objectives. Coupled with the clipping technique discussed above, it concludes all the
proofs of the section.

Theorem 10 (two-point, high-dimensional). Under the conditions of Theorem 7 the following
bound holds:

do3
Elin —z*|* > 2.
I — = 2

Proof. Let’s consider family of functions for v € {£1}¢

fulw) = Sl + 6a.v)

and corresponding oracles
H 2
F,(x,Z) = §Hx|| + (z,6v + Z).
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The noise sequence Z; is not given any Markovianity, instead we choose it to be i.i.d.
~ N(0,s%1;). This family readily satisfies Assumptions 1’ to 4’ with the parameter o3 >

2 . . :
E||Z|” = ds®. Again, here we consider only a second moment bound, as discussed above.

This construction is similar to the one used in a proof by Duchi et al. [15, Proposition 1],
but here we add a deterministic quadratic part, as we work with a strongly convex problems.
Therefore, there is always a global minimizer of the function

0

xy = argmin f,(z) = ——wv.

As usual, we can bound distance to the optima with the Hamming distance between the
signs of the estimate and the optima

A P R o
max By — o 2 75 3 P(sign(aly) £ —sign(v")).
=1

Duchi et al. [15] prove a lower bound on the sum of such probabilities

d
Z]P’(sign(ﬁv) # —sign(v')) > d (1 - @) :

i=1

This inequality also applies to our set of functions as they differ only by a common deter-
ministic function. Therefore, we get

ds? 2N§2

2 2
Choosing s* = % and 6% = 7% gives the desired result

2
Eléy — o[ 2 22
O
G Basic Facts
Lemma 12. If f is L-smooth in R%, then for any x,y € R?
f@) = fly) = (Vf(y),z —y) < ng—yHQ. (74)

Lemma 13 (Cauchy Schwartz inequality). For any a,b,z1,...,x, € R? and ¢ > 0 the
following inequalities hold:

2
2(a.0) < 1 ¢ efof?, (75)
1
o817 < (142 ) ol + (L ol (76)

2 n
<n- Yyl (77)
=1

n
D i
i=1
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Lemma 14. For a random variable & with a finite second moment:
E|l¢ — E¢|* < Ell¢]. (78)

Lemma 15 (Jensen’s inequality). If f is a convex function, then for any n € N* and
x1,..., 2, € R? the following inequality holds:

/ (; Z:m) <3 f). (79)
i=1 =1

Probabilistic form:

J(E[X]) < E[f(X)].
Applied to f(X) = || X|*:
IE X)) < E[1X)7). (80)

Lemma 16 (Norm of random projection). For e ~ RS4(1) the following equality holds:
Eo(v,e)? = |[o] - 1/d. (s1)
Proof.
E(v,€)? = [u|*Efo/[[o],)* = [o]*E((1,0,....,0),8)2 = ol E &) < lo]> - 1/d,

where @ uses ), E [E>=1and E[e,> =E[6]* = ... O
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NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately
reflect the paper’s contributions and scope?

Answer: [Yes]

Justification: main contributions of this paper are described accurately in a dedicated
subsection (Section 1.2) of the introduction.

Guidelines:

e The answer NA means that the abstract and introduction do not include the
claims made in the paper.

o The abstract and/or introduction should clearly state the claims made, including
the contributions made in the paper and important assumptions and limitations.
A No or NA answer to this question will not be perceived well by the reviewers.

e The claims made should match theoretical and experimental results, and reflect
how much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that
these goals are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the
authors?

Answer: [Yes]

Justification: assumptions we use to prove the main results are presented in Section 2.
The motivation for these assumptions as well their limitations are also described
there.

Guidelines:

e The answer NA means that the paper has no limitation while the answer No
means that the paper has limitations, but those are not discussed in the paper.

e The authors are encouraged to create a separate "Limitations" section in their
paper.

e The paper should point out any strong assumptions and how robust the results
are to violations of these assumptions (e.g., independence assumptions, noiseless
settings, model well-specification, asymptotic approximations only holding
locally). The authors should reflect on how these assumptions might be violated
in practice and what the implications would be.

e The authors should reflect on the scope of the claims made, e.g., if the approach
was only tested on a few datasets or with a few runs. In general, empirical
results often depend on implicit assumptions, which should be articulated.

e The authors should reflect on the factors that influence the performance of the
approach. For example, a facial recognition algorithm may perform poorly when
image resolution is low or images are taken in low lighting. Or a speech-to-text
system might not be used reliably to provide closed captions for online lectures
because it fails to handle technical jargon.

e The authors should discuss the computational efficiency of the proposed algo-
rithms and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach
to address problems of privacy and fairness.

o While the authors might fear that complete honesty about limitations might
be used by reviewers as grounds for rejection, a worse outcome might be that
reviewers discover limitations that aren’t acknowledged in the paper. The
authors should use their best judgment and recognize that individual actions in
favor of transparency play an important role in developing norms that preserve
the integrity of the community. Reviewers will be specifically instructed to not
penalize honesty concerning limitations.
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903 3. Theory assumptions and proofs

994 Question: For each theoretical result, does the paper provide the full set of assump-
995 tions and a complete (and correct) proof?

996 Answer: [Yes]

997 Justification: all assumptions and definitions are carefully stated. The complete
998 proofs appear in the supplemental material and are properly referenced in the main
999 part.

1000 Guidelines:

1001 e The answer NA means that the paper does not include theoretical results.

1002 o All the theorems, formulas, and proofs in the paper should be numbered and
1003 cross-referenced.

1004 e All assumptions should be clearly stated or referenced in the statement of any
1005 theorems.

1006 e The proofs can either appear in the main paper or the supplemental material,
1007 but if they appear in the supplemental material, the authors are encouraged to
1008 provide a short proof sketch to provide intuition.

1009 e Inversely, any informal proof provided in the core of the paper should be
1010 complemented by formal proofs provided in appendix or supplemental material.
1011 e Theorems and Lemmas that the proof relies upon should be properly referenced.
1012 4. Experimental result reproducibility

1013 Question: Does the paper fully disclose all the information needed to reproduce
1014 the main experimental results of the paper to the extent that it affects the main
1015 claims and/or conclusions of the paper (regardless of whether the code and data are
1016 provided or not)?

1017 Answer: [Yes]

1018 Justification: see Section 3. The setup is fully disclosed.

1019 Guidelines:

1020 o The answer NA means that the paper does not include experiments.

1021 o If the paper includes experiments, a No answer to this question will not be
1022 perceived well by the reviewers: Making the paper reproducible is important,
1023 regardless of whether the code and data are provided or not.

1024 o If the contribution is a dataset and/or model, the authors should describe the
1025 steps taken to make their results reproducible or verifiable.

1026 e Depending on the contribution, reproducibility can be accomplished in various
1027 ways. For example, if the contribution is a novel architecture, describing the
1028 architecture fully might suffice, or if the contribution is a specific model and
1029 empirical evaluation, it may be necessary to either make it possible for others
1030 to replicate the model with the same dataset, or provide access to the model. In
1031 general. releasing code and data is often one good way to accomplish this, but
1032 reproducibility can also be provided via detailed instructions for how to replicate
1033 the results, access to a hosted model (e.g., in the case of a large language model),
1034 releasing of a model checkpoint, or other means that are appropriate to the
1035 research performed.

1036 e While NeurIPS does not require releasing code, the conference does require all
1037 submissions to provide some reasonable avenue for reproducibility, which may
1038 depend on the nature of the contribution. For example

1039 (a) If the contribution is primarily a new algorithm, the paper should make it
1040 clear how to reproduce that algorithm.

1041 (b) If the contribution is primarily a new model architecture, the paper should
1042 describe the architecture clearly and fully.

1043 (c) If the contribution is a new model (e.g., a large language model), then there
1044 should either be a way to access this model for reproducing the results or a
1045 way to reproduce the model (e.g., with an open-source dataset or instructions
1046 for how to construct the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which
case authors are welcome to describe the particular way they provide for
reproducibility. In the case of closed-source models, it may be that access to
the model is limited in some way (e.g., to registered users), but it should be
possible for other researchers to have some path to reproducing or verifying
the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?

Answer:

Justification: our experiments are rather a practical confirmation of theoretical
results, and these experiments can be easily reproduced.

Guidelines:

e The answer NA means that paper does not include experiments requiring code.

o Please see the NeurIPS code and data submission guidelines (https://nips.
cc/public/guides/CodeSubmissionPolicy) for more details.

o While we encourage the release of code and data, we understand that this might
not be possible, so “No” is an acceptable answer. Papers cannot be rejected
simply for not including code, unless this is central to the contribution (e.g., for
a new open-source benchmark).

e The instructions should contain the exact command and environment needed
to run to reproduce the results. See the NeurIPS code and data submis-
sion guidelines (https://nips.cc/public/guides/CodeSubmissionPolicy)
for more details.

e The authors should provide instructions on data access and preparation, in-
cluding how to access the raw data, preprocessed data, intermediate data, and
generated data, etc.

e The authors should provide scripts to reproduce all experimental results for
the new proposed method and baselines. If only a subset of experiments are
reproducible, they should state which ones are omitted from the script and why.

e At submission time, to preserve anonymity, the authors should release
anonymized versions (if applicable).

o Providing as much information as possible in supplemental material (appended
to the paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to
understand the results?

Answer: [Yes|
Justification: see Section 3, all parameters are described there.
Guidelines:

e The answer NA means that the paper does not include experiments.

e The experimental setting should be presented in the core of the paper to a level
of detail that is necessary to appreciate the results and make sense of them.

e The full details can be provided either with the code, in appendix, or as
supplemental material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other
appropriate information about the statistical significance of the experiments?

Answer:
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Justification: we use experiments to verify the theoretical rates and have no statistical
effects associated with running the experiments.

Guidelines:

e The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars,
confidence intervals, or statistical significance tests, at least for the experiments
that support the main claims of the paper.

e The factors of variability that the error bars are capturing should be clearly
stated (for example, train/test split, initialization, random drawing of some
parameter, or overall run with given experimental conditions).

e The method for calculating the error bars should be explained (closed form
formula, call to a library function, bootstrap, etc.)

o The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard
error of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors
should preferably report a 2-sigma error bar than state that they have a 96%
CI, if the hypothesis of Normality of errors is not verified.

e For asymmetric distributions, the authors should be careful not to show in
tables or figures symmetric error bars that would yield results that are out of
range (e.g. negative error rates).

o If error bars are reported in tables or plots, The authors should explain in the
text how they were calculated and reference the corresponding figures or tables
in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed
to reproduce the experiments?

Answer:

Justification: the experiments performed are not computationally heavy and can be
reproduced on an average machine in a fairly reasonable amount of time.
Guidelines:
e The answer NA means that the paper does not include experiments.
e The paper should indicate the type of compute workers CPU or GPU, internal
cluster, or cloud provider, including relevant memory and storage.
e The paper should provide the amount of compute required for each of the
individual experimental runs as well as estimate the total compute.
e The paper should disclose whether the full research project required more
compute than the experiments reported in the paper (e.g., preliminary or failed
experiments that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with
the NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: the research follows the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code
of Ethics.

e If the authors answer No, they should explain the special circumstances that
require a deviation from the Code of Ethics.

o The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
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10.

11.

12.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and
negative societal impacts of the work performed?

Answer: [NA]

Justification: there is no societal impact of the work performed — we only develop
the theoretical understanding of Optimization.

Guidelines:

e The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no
societal impact or why the paper does not address societal impact.

o Examples of negative societal impacts include potential malicious or unintended
uses (e.g., disinformation, generating fake profiles, surveillance), fairness consid-
erations (e.g., deployment of technologies that could make decisions that unfairly
impact specific groups), privacy considerations, and security considerations.

e The conference expects that many papers will be foundational research and
not tied to particular applications, let alone deployments. However, if there
is a direct path to any negative applications, the authors should point it out.
For example, it is legitimate to point out that an improvement in the quality
of generative models could be used to generate deepfakes for disinformation.
On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate
Deepfakes faster.

e The authors should consider possible harms that could arise when the technology
is being used as intended and functioning correctly, harms that could arise when
the technology is being used as intended but gives incorrect results, and harms
following from (intentional or unintentional) misuse of the technology.

o If there are negative societal impacts, the authors could also discuss possible
mitigation strategies (e.g., gated release of models, providing defenses in addition
to attacks, mechanisms for monitoring misuse, mechanisms to monitor how a

system learns from feedback over time, improving the efficiency and accessibility
of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for
responsible release of data or models that have a high risk for misuse (e.g., pretrained
language models, image generators, or scraped datasets)?

Answer: [NA]
Justification: the paper poses no such risks.
Guidelines:
e The answer NA means that the paper poses no such risks.

o Released models that have a high risk for misuse or dual-use should be released
with necessary safeguards to allow for controlled use of the model, for example
by requiring that users adhere to usage guidelines or restrictions to access the
model or implementing safety filters.

o Datasets that have been scraped from the Internet could pose safety risks. The
authors should describe how they avoided releasing unsafe images.

o We recognize that providing effective safeguards is challenging, and many papers
do not require this, but we encourage authors to take this into account and
make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models),
used in the paper, properly credited and are the license and terms of use explicitly
mentioned and properly respected?

Answer: [NA]
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13.

14.

15.

Justification: the paper does not use existing assets.
Guidelines:

e The answer NA means that the paper does not use existing assets.

e The authors should cite the original paper that produced the code package or
dataset.

e The authors should state which version of the asset is used and, if possible,
include a URL.

o The name of the license (e.g., CC-BY 4.0) should be included for each asset.

o For scraped data from a particular source (e.g., website), the copyright and
terms of service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in
the package should be provided. For popular datasets, paperswithcode.com/
datasets has curated licenses for some datasets. Their licensing guide can help
determine the license of a dataset.

o For existing datasets that are re-packaged, both the original license and the
license of the derived asset (if it has changed) should be provided.

o If this information is not available online, the authors are encouraged to reach
out to the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the
documentation provided alongside the assets?

Answer: [NA]
Justification: the paper does not propose new assets.
Guidelines:

e The answer NA means that the paper does not release new assets.

o Researchers should communicate the details of the dataset/code/model as part
of their submissions via structured templates. This includes details about
training, license, limitations, etc.

e The paper should discuss whether and how consent was obtained from people
whose asset is used.

o At submission time, remember to anonymize your assets (if applicable). You
can either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does
the paper include the full text of instructions given to participants and screenshots,
if applicable, as well as details about compensation (if any)?

Answer: [NA]

Justification: the paper does not involve crowdsourcing nor research with human
subjects.

Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor
research with human subjects.

e Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as
possible should be included in the main paper.

e According to the NeurIPS Code of Ethics, workers involved in data collection,
curation, or other labor should be paid at least the minimum wage in the
country of the data collector.

Institutional review board (IRB) approvals or equivalent for research
with human subjects
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16.

Question: Does the paper describe potential risks incurred by study participants,
whether such risks were disclosed to the subjects, and whether Institutional Review
Board (IRB) approvals (or an equivalent approval/review based on the requirements
of your country or institution) were obtained?

Answer: [NA]

Justification: the paper does not involve crowdsourcing nor research with human
subjects.

Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor
research with human subjects.

o Depending on the country in which research is conducted, IRB approval (or
equivalent) may be required for any human subjects research. If you obtained
IRB approval, you should clearly state this in the paper.

o We recognize that the procedures for this may vary significantly between insti-
tutions and locations, and we expect authors to adhere to the NeurIPS Code of
Ethics and the guidelines for their institution.

e For initial submissions, do not include any information that would break
anonymity (if applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original,
or non-standard component of the core methods in this research? Note that if
the LLM is used only for writing, editing, or formatting purposes and does not
impact the core methodology, scientific rigorousness, or originality of the research,
declaration is not required.

Answer: [NA]
Justification: LLMs were used only for editing.
Guidelines:

e The answer NA means that the core method development in this research does
not involve LLMs as any important, original, or non-standard components.

o Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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