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ABSTRACT. We investigate the sample complexity of Gaussian mixture
models (GMMs). Our results provide the optimal upper bound, in the
context of uniform spherical Gaussian mixtures. Furthermore, we high-
light the relationship between the sample complexity of GMMs and the
distribution of spacings among their means.

Gaussian Mixture Models have been extensively studied in the field of
machine learning. Let N represent the Probability Density Function (PDF)
of a multidimensional Gaussian distribution characterized by a mean p and
a covariance matrix 3. A Gaussian Mixture Model is defined as follows:

k
(0.1) D= wlN (),
=1
where ) w; = 1.
Assume that we are given a sequence of i.i.d. samples, x1,--- , x,, gener-

ated from I'. An important area of research on GMM’s is determining the
optimal number of samples required to learn the underlying mixture.

Learning the mixture can be divided into two distinct approaches. The
first approach aims to yield a distribution that closely approximates T,
in terms of total variation [2]. However, this approach doesn’t inherently
offer insights into the specific parameters themselves. The second approach
involves the estimation of each individual parameter of I', namely w;, u;,
and X;, with a "good precision”. To elaborate, let’s clarify the term ”good
precision”.

Definition 1. For a given I' as in (0.1), an algorithm is said to learn
the parameters of I with e-precision if, for every p;,%;, and w; in (0.1), it
produces fi;,%;, and &; such that |, —fi;| < €, |2;—%;| < €, and |w;—&;| < €.

Parameter estimation of a GMM dates back to the 18th century and was
initially introduced by Pearson[12]. Subsequently it has been studied in
various aspects [9, 4, 3, 6, 7, 8]. If the parameters of the mixture all well
separated, it can be shown that around €2 samples are sufficient to esti-
mate parameters with e-precision [9, 3]. Despite the rich body of work on
this problem there are not many results that link the parameter distribution
to sample complexity. This constitutes a central theme of the present paper.
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Our work is inspired by the paper of Hardt and Price [9]. They ex-
plored the case of k = 2 and demonstrated that ¢ !? samples are both
necessary and sufficient for determining the parameters of a 2-mixture with
e-precision. If the means are well-separated, merely €2 samples are enough.

For k = 2, there are 5 parameters to learn. Exponent 12 suggests that
we need a factor of €2 samples to distinguish between each of these param-
eters. When this is done, with an extra e~2 samples we can reach e-accuracy.

For arbitrary k, there are 3k — 1 parameters to learn. Hardt and Price [9],
considered a k-mixture with 3k — 2 parameters !, and showed that at least
€~%%+2 samples are necessary for this case. This leads us to anticipate the
optimal lower bound, for the general case, to be ¢ %, which raises the
following question: are ¢ % ii.d. samples adequate for determining the
parameters of a GMM with e-precision?

Our Contribution. We answer the above question affirmatively, in the
uniform spherical case, where w; = 1/k and o; = 1. Further, we establish a
connection between pair correlation of the means of the mixture (y;’s) and
the sample complexity of learning its parameters. In essence, we prove that
the distribution of spacing between the p;’s greatly influences the sample
complexity. This connection is a novel part of this paper.

Note that in the uniform spherical case with mean zero, we have k — 1
parameters to recover.Therefore, we expect e 2* samples to suffice.

Corollary 0.1. Let I' be a uniform spherical mixture of k Gaussians dis-
tribution with mean equal to zero and variance equal to o®. Assume that

€ <minz; (| — ), and let c(o, k) = ‘k2(1+k:02)k/2(20)k60'5(k/")2‘2 . Then
10%c(o, k)e 2"
samples are sufficient to learn parameters of T' with €/100-accuracy.

Corollary 0.1 shows that in the worst case scenario, we requires e 2¥

samples to learn parameters with e-accuracy. However, this is not always the
case. There are many instances where we can learn parameters of a GMM
with fewer samples. Next, we demonstrate how the sample complexity is
contingent upon the distribution of spacing between the mixture’s means.

0.1. Pair correlation of means and sample complexity. Hardt and
Price [9] have shown that if | — po| = Q(0), roughly ¢ 2 samples are
sufficient for determining the parameters of a 2-mixture with e-precision.
In general, without this separation, e 12 samples would be required. This
implies that pair correlations of means can impact the sample complexity.
We expand on this phenomenon for general k.

1They assume that at least two of the parameters cannot be very close to each other,
which saves a factor of e~2 samples. See [9] the paragraph before Theorem 2.10.
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To explain the pair correlation’s role, assume that we have gaps of length
€ between consecutive means in our mixture. However, these gaps are iso-
lated, meaning that if i, .1 —p,, = €, then the adjacent gaps are significantly
larger: fi,40 — pne1 > 1, and p,, — p,—1 > 1. Further assume that we are
aiming to learn y;’s with €/100-accuracy. In this situation our result shows
having roughly c(k, o)e™* samples will suffice.

Now let us alter the situation by allowing two consecutive gaps of length €
in our mixture .i.e. f,11— pbn = €, and p, — pt,—1 = €. As before, we assume
that other surrounding gaps remain significantly larger: i, 1o — ptpa1 > 1,
and f,—1 — ptp—2 > 1. Under this modified scenario, our required sample
complexity swells to c(k,o)e .

Let us define a function that captures the essence of the pair correlation
for our purpose. Let

k
(02) P(Mm) = H |:um - ,un|'

n=1

n#m
When an e-vicinity of p,, contains [ means, then P(u,,) ~ €. Our next
corollary shows the maximum number of means that are located in an in-
terval of length about € determines the sample complexity.

Corollary 0.2. Let I" be a uniform spherical mizture of k Gaussians dis-
tribution with mean equal to zero and variance equal to o*. Then, given
1 c(o, k) 5

(0.3) log () i, P )

Y

samples from T, where c(o, k) = |k*(1 + ko?)k/2 (20 )ke0-5(k/2)* 2 with prob-
ability 1 — 0, we can approzimate I'’s parameters with e-precision.

Next we state our main theorem.

Theorem 0.3. Let T = ¢ 27’;:1 N (i, 1), where its mean is zero and vari-

2

ance is 0%. Assume that we are given log (%)e_ samples from I' with

P(pim)
(1 + || ?) B D72(20 ) ke05(k /)2

Then our algorithm returns fi,, such that

k2(l + ’Mm|2)k/2(20)k60'5(k/0)2
(0.4) om — il < 3
P (km)
0.2. Related work. We have already mentioned the work of Hardt and
Price [9]. Parallels to our approach, they too employ the method of mo-
ments. Their scope, however, is constrained to mixtures of two Gaussians.

€<k2
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Similarly to our work, a main aspect of their work revolves around the cor-
relation between the separation of parameters and sample complexity.

A substantial separation between parameters intuitively simplifies the
task of clustering samples. In this genre, for the Spherical GMM, Liu and
Li [3] proposed an algorithm that operates within a poly(d, k) time frame.
Their result is contingent on the condition:

i = | > (log k)
where d signifies the dimension. It’s noteworthy that when the separation

between parameters exceeds 1, our algorithm attains e-accuracy with ap-
proximately €2 samples.

1/2+¢

For scenarios where d < logk, Qiao et al. [4] further refined the results
of Liu and Li. Their sample complexity though, with respect to e-precision,
is quasi-polynomial i.e., e~¢lo8(1/¢)

What sets our method apart is the absence of assumptions regarding pa-
rameter separation, and the optimal bound on sample complexity subject to
accuracy. Additionally, we clearly describe the circumstances under which
more than €2 samples—a theoretical minimum-—are required.

0.3. Proof Overview. Let P be a polynomial of degree k£ with roots cor-
responding to the parameters of our mixture; we’ll refer to P as our “pa-
rameter polynomial”. We aim to approximate coefficients of P with a good
precision and relate this approximation to the number of samples we use.

We employ the method of moments combined with Newton’s identity to
derive a polynomial whose coefficients are close to the coefficients of P. In
practice, since we are using samples to calculate the moments of our mix-
ture, we need to consider the empirical error. Therefore, we need to have
a sense of how much of this error would spill into our approximation of the
parameter polynomial. Following this process we end up with a polynomial
whose coefficients are within a certain distance to P. This distance is pro-
portional to the number of samples we use to calculate empirical moments.

Lastly, we must establish an argument that connects the similarity be-
tween the coefficients of two polynomials to the difference between their
roots. Here we use a theorem from real analysis which measures this rela-
tion.

1. THE METHOD OF MOMENTS

One way of approaching the problem of parameters estimation of GMM’s,
is through the method of moments, see [6, 7, 9]. For a one dimensional
Gaussian we have the r-th moment equals

(1.1) M, (1, 0) = — /xreé(%)g,

oV 2T
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which is a polynomial in terms of u, o and easily calculable.
For a k-mixture, to simplify the problem, assume that w; = 1/k, and

consider the one dimensional case that covariance matrices >; = o; are real
numbers. Therefore, moments of the k-mixture are

kZM Wiy 0) =
= %ZMQ(/M,U@') =
i=1

wIH
=

@
I
—

| =
'M»
wIH

&
Il
—

(1.2)
1 Rl o
n = g Ml o) =13 D a0
i=1 i=1 j=0
Here we have 2k variables pq--- , ur and o7 --- , 0%, and as many equa-

tions as we desire. Intuitively, to find our variables it suffices to look at first
2k moments. In other words, using moments, we can form a system of 2k
equations and we try to solve it.

There are various ways to solve a system of equations, however the first
barrier here is that we can only approximate M;, 1 < ¢ < 2k, using the
empirical data.

Given n ii.d. samples z;---z, from our mixture, the m-th empirical
moment is

(1.3) My, =23 .
j=1

Note that Mm is random variable with mean M; and variance o*™ /n, where
o2 is the variance of the k-mixture. By Chebyshev’s inequality we have

- o™ 1
1.4 P\ M, — M| >r—| < —.
( ) |:| | T\/ﬁ} 7"2
Take n > €2, then the portion of samples for which we have
|M,, — M,,| > rea™,

is bounded by r~2. This would suffice for our purposes, take for example
r = 10, then we know that for 99% of samples we have

|M,,, — M,,| < 10ec™

This can be improved by taking samples in groups, calculate M,, for each
group and look at the median of these estimates. In [5][Lemma 3.2] Hardt
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and Price proved that given n > log(1/d)e 2, samples from the mixture,
with probability 1 — ¢ we have:

Going forward we will use (1.5).

1.1. System of Equations and Perturbation of Coefficients. In prac-
tice, we often have to approximate these moments. Consequently, a relevant
question arises: How robust is the system (1.2) when subjected to pertur-
bations in its constant terms?

Problem 1. Let M, be defined as in (1.1), and consider the following
system of equations:

k
1
M1+€1:E E M1<,U/Z',O'i)
=1

k
1
M2 + &9 = E E MQ(,Ui,O'i)
=1

(1.6)
1k
Moy, + 9, = 7 ;M%(Ni; ;).
We know that for e = e9 = -+ - = g9, = 0, the system has a real solution:
X = (Ml)"' y Mk 015" " 7Uk)-
Now consider the system with perturbation € = (e1,--- ,e9) subject to
g; < ea’, where 0 > 0 is fized. Let X. = (i1, - , fix, 01, ,0%) be a solu-

tion to the system with perturbation c.

Is it possible to establish a bound such as
(1.7) | X — X, |2 < Cre™,
where C), and oy, are constants that depend on k?

We solve this problem in the context of the uniform spherical case. Our
approach involves constructing a polynomial whose coefficients closely re-
semble those of our parameter polynomial. Subsequently, our objective is
to demonstrate that the roots of this polynomial provide a robust approxi-
mation of the parameters we seek to learn.

In general, roots of polynomials are sensitive to the perturbation of the
coefficients. A famous example is Wilkinson’s polynomial:

w(z)=(x—1)(x—2)---(z —20).

If the coefficient of 2'? is decreased from —210 by 272% to —210.0000001192,
then the the root at = 20 grows to x ~ 20.8
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2. THE UNIFORM SPHERICAL CASE

In this section we prove some necessary lemmas that will help us recover
parameters of the mixture. We assume that all variances are equal to 1.
This assumption simplifies equation (1.2).

Our final goal is to estimate coefficients of the following polynomial:

k

P(a) =[x — po).

=1

using information we get from (1.2).

Define
We can write each moments in (1.2), in terms of P,, and vice versa. For

example
1
M1 = EP1<:M17 te 7Mk)
1
My =1+ Epz(ﬁbl, e k)
(2.1)
1 [m/2]
Mm = E Z CmJPm_Qj.

J=0

Using (2.1), and given M; for i < m, recursively we can find P; for i < m,
in terms of M;. For example

Py = kM,
(2.2) Py =kM, —k
Py = kM; — 3kM, - --

Let us precisely calculate ¢, ; first, then we move to approximate F,,
using imperial moments we obtain in (1.3).

Lemma 2.1. For m > 1 we have that

m/2

(2.3) Mo (11, 1) = ™ +Z( ) m=2i(9i — 1),

where (20 — 1) is the product of odd numbers less than 2i — 1.

Remark 1. Using the above lemma we immediately have the expansion of
M, in terms of P, :

m/2

(2.4) kM, = P, +Z( )22—1"Pm 2
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In the next lemma we show that
m/2

(2.5) = kM, +k2 ( ) (20 = DN Mis.

Proof of Lemma 2.1. We have
1

Mo (p, 1) = \/_/x e~3(n)
— \/_2_7r /(m + M)me_%g”2 = Z (n;) p" B (),

where x ~ N(0, 1).

We use E(zf(z)) = E(f'(2)), therefore we have
E(z™) = E(zz™ ) = (m — 1)E(z™?).
Also note that E(z™) is zero if m is odd. This will give the lemma. d

We now define a new object that is a empirical approximation of P,,.

Definition 2. Let M,, be as (1.3), following (2.5), we define
m/2

(2.6) _kM’+k§: ( )m—lemm

Lemma 2.2. We have that P,, satisfy:
m/2

(2.7) = kM, +kz ( ) (20 — MMy

Moreover, Let €, = Pm — P, and A, = Mm — M,,. We have that
m/2

(2.8) = kA, +kZ ( )zz—l)”Am 2

Proof. We proceed with using induction, we have that kM; = Py(pq, - -, i)
and kMy = 14 Py(pq, -+, pg). This gives us (2.7) and (2.8) for the base
cases. We assume (2.8) for m — 2, m — 4, --- and we prove it for m.

Using (2.4), we have the following recursive identity relating &, to A,, and
Em—2,Em—4," "
m/2 m
2.9 =k, — ) (20 — D)e,, ;.
(2.9) . > (o) ei- e
We use our induction hypothesis in (2.9) and we get everything in terms

of A,,,A,_a,---. Only thing remaining is to calculate the coefficients of
A9 for 0 < i < m/2.
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The term A,,,_o; appears in (2.9) expansion of €,,, €2, * , Em_2;. There-
fore its coefficients equal to

(2.10) — (g;) (21—1)!!+§(—1)"1 <;7;> (;’Z - ;Z) (2n—1)1(2i—2n—1)!!

If 7 is odd, then all terms cancel each other except n = i, which gives

(-1)1’(22) (2i — 1)L,

When i is even we have (2.10) equals to m(m — 1) --- (m — 2i + 1) times

i—1

@1t Z(—1>"<2n — N2 — 20— 1!

| 1(27 — |
21! — 2n!(2i — 2n)!
S o P ) R o )
Zagmniain(i —n)l 20l &= pl(i - n)!
1 - 1
= (1-1) = 1) = —.
(== =55

Therefore the coefficient of A,,_»; equals to

L m—1) - (m—2i+1) = (;’?)(21'—1)!!.

2iq! 1
O
Now if we have > log(1/§)e~? samples, using (1.5) we have that
A, L eo™.
Therefore, Using the above lemma we get
(2.11) Em = P — P < ko™e®5(5 )",
We obtain (2.11) by considering the Taylor expansion of 60'5(%)2 and com-

paring it to (2.8).

3. NEWTON’S IDENTITIES AND ROOTS OF POLYNOMIALS

So far we established that in the case of spherical Gaussian using the
method of moments we can easily calculate P,,. Now consider the following
polynomial:

(3.1) P(z) = [J(x — ) = 2" — era®" + -+ (= 1)Fex

i=1

Recall that P is our parameter polynomial. By using Newton’s identities
we can write coefficients e,,, in terms of P,,, with m < n. For example we
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have

e1 =P

2e9 = Pl2 — P

3e3 = %Pf’ — %PlPQ + P,
In general we have

(3.2) en =Y (~1)en ;P

j=1
Similar to the definition 2.6 we define

Definition 3. Let éy =1 and é; = ]51. Recursively we define

(3.3) = Z ) én_;P

By this definition and (1.5) and by some calculation we obtain
é1 = O(eko)
269 = —k(0? — 1) + O(eka?)
3é3 = KM; + O(ek*(o® + 1)).
Next we estimate how close é,, is to e,,.

Lemma 3.1. Assuming we have < log(1/8)e? samples from our mizture,
and P, = 0, and we have that

m 2
(3.4) e — | < eK (20)m(7)
Proof. Let E,, = é, — e,. Using (3.3) and (3.2), we have that
(35) En < Z <en—i5i + En—sz + En—igi)
i=1
We use following bounds on each of the terms:
(1) For ¢ > we have
P, <o™.
(2) Using (2.11) we have
Em K ko™e OSm/U)2

(3) Using induction hypothesis for i < n
. n—i\>2
E, < k:(ZU)”_Zeo's(T) :
(4) From [11] we have

n

en K
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Applying these bound to the first term inside the summation in (3.5) we
get

n

Zen—igz‘ < ez (&)(n_i)/Qo-n—iO.ie()ﬁ(i/a)?

’ , n—1
i=1 i=1

ko™ Z ( Ge .>(n_i)/260.5(i/0)2 < ko050
n—1i
i=1

As for the term
> E..P
i=1

using mentioned bounds gives (3.4). The third error term is obviously
smaller than the other two. U

We prove that in the spherical case having first k-moment is enough to
uniquely determine parameters of the mixture.

Lemma 3.2. Let G be a k-mizture of spherical Gaussian (KGMM):

k
i=1
We have that first k moments of G uniquely determine parameters jiy, - - , fig-

Proof. By using (2.2) knowing My, - - -, My, we can uniquely find pq, - -+, pg.
Assume that M, --- , M, would also give us pi,--- ,pr. Then, using the
first equation in (2.2) we have M; = M;, by the second equation, we have
My = MQ, and so on.

Since we have Pj,---, Py, using Newton’s identities we can determine
coefficients of P(z) in (3.1). This polynomial has at most k-distinct roots,
and we know that puq,---,u, are roots of P, therefore first £ moments
uniquely determine parameters of the mixture. Il

4. APPROXIMATING COEFFICIENTS USING SAMPLES

Using results in the previous section we can construct a polynomial whose
roots are close to puq,-- -, pg. Let

k
P(z) = Z énx”,
n=0

where we obtain &, as in (3.3). By using Lemma 3.1 we have that P(z) is
an approximation of P. Our task is to measure how close are roots of P to
the roots of P. We apply the following theorem of Beauzamy [10]
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Let Q(x) = Z?:o a;xz’ be a polynomial with complex coefficients and
degree k. The Bombieri’s norm of () is defined as
|a;
(4.1) BQ) = (D%

1/2
i=0 (z)> .

Theorem (Beauzamy). Let P and P be polynomials of degree k. Assume
that B(P — P) < e. If x is any zero of P there exist zero y of P with

B(L+ [af?)2

k | 2

(4.2) lz —y| < -
| P ()]
If € is small enough, namely
1P
k(1 + |z|?)k-1/27
then
k(1 + |z|?)*/?

|P'(2)]

Proof of Theorem 0.3. We apply the above theorem to examine how close
are roots of P to roots of P. Using Lemma 3.1 we know that if we have

= log(1/6)e~2 samples from the mixture, then the Bombieri’s norm of P — P
is bounded by

k . \9 .
. E2e(i/9)% (94)20N 1/2
B(P - P) < s( 3 e—(”)) < k309 (25,

%
pur N ¢
Therefore by Beauzamy’s theorem, if

[Tz (B — 15)
(1+ |Ium|2)(k—l)/2(20-)k;60.5(k/a)2

8<k2

there exist a root fi,, of P such that
k;2(1 + |Mm|2)k/2(20.)k60.5(k/a)2
Hj;ém(:um — i)
This gives us the proof of Theorem 0.3. U

(4.4) | i = | <

Proof of corollary 0.2. First note that in the statement of Beauzamy’s the-
orem and the proof of Theorem 0.3, we used ¢ to indicate the distance
between coefficients of polynomial. Going forward we use € to indicate the
accuracy we expect the statement of the corollary.

To get Corollary 0.2, LHS of (4.4) must be smaller than the accuracy :

| — | < e,

for all m.
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In order to have this, ¢ in the RHS of (4.4), must be smaller than e.
Therefore we must have

__ [z (B — 15)
= B2 [ D)2 (20 ) k0B R
Number of samples we need to get this accuracy is
[z (B — 15)
K2(1 + || 2)H/2 (20 ) Fe05(k/0)?

> log(6™He™? = log (6 1)e?

We use
14 p2, < 1+ ko?,
and we set
c(a,k) = |K2(1 + ko?)H/?(20)k 050/ |2
Therefore, the sample complexity is

-1 C(Ua k) -2
(4-5) lo (5 )—2 € "
TN

We complete the proof of the corollary by taking the minimum over m. [

Proof of corollary 0.1. We assumed min,,;(u; — ;) > €, therefore applying
Corollary 0.2, we have that min,, P(i,,) > €. This indicates that the
denominator in (4.5) is bigger than ¢*~1. We would like to learn our pa-
rameters with €/100-accuracy. Therefore the number of samples we need
is

1
10* log (5)67%”0(0, k) e 2.
This completes the proof. O

Description of the algorithm. Using samples from the mixture we we
easily compute My, .-+, My by (1.3).

~

We use (2.6) and from Mj, - -, M, we recover P, -, P

Next, by using (3.4) from Py, -, Py, recursively we obtain é;, - - - , é5. At
this point we have coefficients of our empirical parameters polynomial.

Finally we use one of algorithms for finding roots of univariant polyno-
mials. For example one can use the Aberth method [1]. Theorem 0.3 gives
us a guarantee in terms of how close are roots of the empirical parameters
polynomial to parameters of the mixture.
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