Appendix

A Proof of Proposition

We first introduce some useful notations. Recall the random matrix A € REMXN defined entry-wise
by A = ¢(wg,x;) forall j € [KM] and k € [N] and W € RV¥*N be a diagonal matrix with
entries W ; = ||w;]|. Recall the observation vector y = [Y1,..., Y] € REM. We introduce a
new matrix Ay € REM+N)XN and a new observation vector y € REM+N a5 follows:

A
_ (KM+N)xN < _|Y EM+N
A, = [ TKMW} eR , andy = [O} eR

Then the solution vector ¢ € RY in(5) can be rewritten as
¢=(AJAN Ay = Aly. ©9)
With the notations introduced above, we are ready to bound the Lipschitz constant of the trained

randomized neural network.

Proof of Proposition|l] We first show that the coefficient is upper bounded. Specifically, we have
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Then we can show that the Lipschitz constant is bounded by
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B Bernstein’s Concentration Inequality

In this section, we recall two classical Bernstein’s concentration inequalities from [19]] that estimate
the difference between empirical averages and true mean of random vectors. They are used to prove
the generalization properties of randomized neural networks.

Theorem 5 (Vector-valued Bernstein’s inequality in Hilbert space). Let Z be an H-valued random
variable, where (H, (-,-), || - ||) is a separable Hilbert space. Suppose there exist positive numbers
b > 0 and ¢ > 0 such that

1
E|Z -EZ|P < 5p!a%?’—2 for all p > 2. (10)
For any 6 € (0,1) and N € N, denoting by {Z,,}2_; a sequence of N iid copies of Z, it holds that

P{ Blog(2/s) , [207 1og(2/6)} 516

N N
Lemma 6. Let Z be a uncentered random variable such that

N
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n=1

<

|Z|| < calmost surely and E||Z — EZ||? < v? an

for some ¢ > 0 and v > 0. Then Z satisfies Bernstein’s moment condition with b = 2c and
o =v.If EZ = 0, then taking b = c suffices.
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C Proof of Theorem 4!

In this section, we provide a complete proof of Theorem [ that gives an upper bound of the error
sup,ep |f(2) — f(2)]-
Theorem 7. Let f be a function from F(p). Suppose that the random feature map ¢ satisfies

|p(x,w)| < 1forall x € X and w € R% Then for any § € (0, 1), there exists cf, ..., ¢’ so that the
function

N
F1x) =D ciolx,wr) (12)
k=1
sasties 1251l loa(2/5)
f p208
X)— X)) < — =
F(x) = fi(x)] < N
with probability at least 1 — ¢ over w1, ...,wy drawn i.i.d from p(w).

Proof. We first introduce notations a<7(w) = a(w) 1|4 (w) <7 and as7 = a(w) — a<r(w) for any
T > 0. Then we define
¢ = acp(wy) forall k € [N], (13)

where wy,’s are i.i.d samples following a probability distribution with density p(w), and hence define
f¥(x) in (I2) using c}’s. We can show that

]Efﬂ(x) =K, [agT(w)¢(X7W)] .

By utilizing the triangle inequality, we decompose the error into two terms
|F(x) = FE0)| < |F(x) —EFF ()| + [EfF(x) — ff(x)]. (14)

Iy Iz

We first bound term ;. Recalling the definitions of f and aST(w), we bound term [ as
2 2 2
|f(x) —Eff(x)] Z’Ew [as7(w)d(x, w)] ‘ < Eu [a(w)]* Ew [1a(w)>10(x, )]

2
2
(Bwlat@)?l) 2
T2 -T2
where we use the Cauchy-Schwarz inequality in the first line and the Markov’s inequality in the
second line.

(15)

=E, [a(w)]*P(a(w)? > T?) <

Next, we bound term I». For any x € X, we define random variable Z(w) = a<p(w)d(x, w) and
let Z1,...,Zy be N ii.d copies of Z defined by Z), = Z(wy,) for each k € [N]. By boundedness of
a<7(w), we have an upper bound | Z| < T for any k € [IN]. The variance of Z is bounded above as

0% = Eu|Z —Eu,Z| <Eu|Z|* < ]Ew[a(w)Q] = ||f||;2;
By Lemmal6|and Theorem|35] it holds that, with probability at least 1 — 4,

N
1 4T log(2/9) 2|| f113 log(2/9)
Ix)—Eff(x)|=|=) Zr—E,Z| < L . 1
(%) = Ef*(x)| N,;:l P BuZ) < —2 ~ (16)
Taking the square root for both sides of (I3]), and then adding it to (16)) gives
Eu[a(w)Q]) 4T log(2/6 2[[ 112 1og(2/9)
_ x| < ( 0g(2/6) 7 log
1) = fi0) £ At R e
Selecting T' = v N || f|| , gives the desired result. O

Lemma 8 (Decay Rate of ||c*||3). The coefficient vector ¢* of f* holds, with probability at least

1 — 4, that
< 12[|fllog(2/9)

C*
el < =HHEL

forany 6 € (0,1).
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Proof. By the definition of ¢}, we have

N N
* * 1
le*|5 = Z [ekl* = 52 D_ la<r (@il (17)
k=1 k=1

Define random variable Z(w) = |a<7(w)|? and let Z1, ..., Zy be N i.i.d copies of Z defined as
Zy, = |a<r(wy)|? for each k € [N ] By the boundedness of a<7(w), we have an upper bound
|Z| < T? for each k € [N]. The variance of Z is bounded above as

0% :=Eu|Z — EuZ? <Ey|Z]> < T?Ey, [la(w) ] = T2 f]3.
By Lemmal6|and Theorem|5] it holds with probability at least 1 — § that

2(| |12 5
sz 57 _ AT 1og(2/5) +\/2T Hfll,z,vlog@/ )

Then, we have

3 ’ 272 f||2 log(2/6
™[I = % (11[2 |a<T(wk)|2> < % <||f||2 + AT 1‘;5@/5) +\/ |\f||§V0g( / )) .
k=1

Setting T' = v/N|| f||,, and taking the square root for both side give the desired result. O

Proof of Theorem || For each x € X, we use triangluar inequality to obtain
|[f(@) = f@)| < |f(@) = f*@)| + (@) = f(z)]. (18)
The bound of the first term | f(z) — f*(z)| is directly obtained by applying the result of Theorem
which is
12][f]l,,1og(2/9)

z)— ff(x)] < 19
|f(z) = f*(2)] < Wi (19)
Then we bound the second term | f*(x) — f(x)|.
N
(@) = f(@)] = Dk — éudl(wn, @) + )| < VN|e™ = €]l2.
k=1
It remains to bound ||c* — €||5. Specifically, we have
le” = &ll3 = |l Axe” — ALF(* < |AL[S (A" = y[5 + AKM|[We' ().
The (squared) operator norm of ATA is bounded by
1
AL2 < [|(WVAKMW < (20)
|| )\”2 H( ) ||2 /\KMrnlnke[N] ||wkH2
Moreover, we can show that
KM 2
12|/ f1|,, 1og(2/9)
Ac* —yl|2 = fX‘—f*X‘QSKMSprX—f*XQSKM<p ,
I 12 ;I (%) = £ () xEDI (x) = ()| Wi
21
where we use Theorem [7]to obtain the last inequality. Then we apply Lemma|8]to show that
12| £, log(2/6) | *
W3 < W2c*2<maxw2<p . 22
IWerll2 < IWlizlle”l2 < max llwxllz i (22)

Combining inequalities (20), (21)), and gives the following upper bound

X 1 maxye(n [|wkll2
/() = f(@)] < . 12 f]l,1log(2/6)  (23)
fmlnke[N lwklle  MiNgen] llwkll2 P
Adding inequalities [T9) and 23] together leads to the desired result. O
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D Asymptotic Analysis for the Lipschitz Constant

In this section, we numerically verify the asymptotic if the Lipschitz constant as we set N, d — oo.
We consider the standard Gaussian and the uniform random weights, which are widely used in the
training of randomized neural networks. We depict the results in Figure [d Each point represents the
average of 5 experiments. We observe that the ratio decreases as d — oo and the ratio is not large
when N is large.
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Figure 4: Asymptotic behaviors of the ratio. On the left: dimension d increases. On the right: the
number of neurons N increases.

E More Experiment Results

E.1 Training and Test Samples

In Figure[5] we visualize training (in blue) and test (in orange) samples for all examples.
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Figure 5: Visualization of training (in blue) and test (in orange) data for the simulation studies.

E.2 Hyper-parameter Selection

In this section, we present more experiment results on the hyper-parameter selection. We fix the
number of hidden neurons N = 50 and the variance of Gaussian random weights o2 = 1. The aim is
to empirically verify the impact of regularization parameter A. We report the numerical results of
Non-autonomous ODE and Van der Pol Oscillator in Table[d]and Table [5] respectively. We observe
that the regularized models have better generalization performance and control the Lipschitz constant
as our theory shows. Moreover, the example of Van der Pol Oscillator has more samples resulting in
smaller Lipschitz constant. This observation verifies the theory that the Lipschitz constant decreases
as we increase the number of trajectories K and the number of time stamps M of each trajectory.

E.3 Solution Estimation

In this section, we present more empirical results on the solution estimation. Following the same
experiment setup as Section we use the trained randomized neural network as the right-hand
side and numerically solve for the ODE system using the function odeint from the scipy package in
Python. Instead of considering the noiseless regime, we consider the noisy setting here (1% and 5%).

We depict the true and predicted solutions of three ODE benchmarks in Figures[6 and[7. In the low
noise regime (1%), the predicted solutions are accurate for long time prediction. In the high noise
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Regularization | Test Error Generalization | Recovery Error Lipschitz
Parameter Gap on Full Domain Constant

0 1.95 x 1077 7.59 x 1072 3.75% 45469287.2
0.0001 7.07x10°3 8.66 x 10°° 0.85% 399.6
0.001 714 x 1073 7.01 x 107° 0.91% 2223

0.01 738 x 1077 4.43 x 10°° 0.95% 116.8

Table 4: Numerical results of Non-autonomous ODE: we report regularization parameters, test errors,
generalization gaps, recovery errors on full domain, and Lipschitz constant of randomized neural
networks in the noiseless regime.

Regularization | Test Error Generalization | Recovery Error Lipschitz
Parameter Gap on Full Domain Constant

0 2.69 x 10~° —428x107° [0.23% 0.28% 95.18 196.32
0.0001 270 x 1073 —4.02x107°% [ 0.21% 0.27% 46.81 86.11
0.001 272 x 1073 —724x10°%]0.25% 0.31% 36.87 60.14
0.01 2.80 x 1077 9.43x 107° 0.33% 0.44% 29.86 43.04

Table 5: Numerical results of Van der Pol Oscillator: we report regularization parameters, test errors,
generalization gaps, recovery errors on full domain, and Lipschitz constant of randomized neural
networks in the noiseless regime.

regime (5%), the predicted solutions are accurate for a short time prediction, but they are less accurate
at the end of time interval. In summary, our results indicate that the predicted solutions are accurate.
Therefore, our proposed regularized randomized neural networks are robust in noisy regimes.
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Figure 6: True and predicted solution of three ODE benchmarks. The noise level is 1%.
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Figure 7: True and predicted solution of three ODE benchmarks. The noise level is 5%.

15



