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ABSTRACT

Supervised contrastive loss (SCL) is a competitive and often superior alternative
to the cross-entropy loss for classification. While prior studies have demonstrated
that both losses yield symmetric training representations under balanced data,
this symmetry breaks under class imbalances. This paper presents an intriguing
discovery: the introduction of a ReLU activation at the final layer effectively
restores the symmetry in SCL-learned representations. We arrive at this finding
analytically, by establishing that the global minimizers of an unconstrained features
model with SCL loss and entry-wise non-negativity constraints form an orthogonal
frame. Extensive experiments conducted across various datasets, architectures, and
imbalance scenarios corroborate our finding. Importantly, our experiments reveal
that the inclusion of the ReLU activation restores symmetry without compromising
test accuracy. This constitutes the first geometry characterization of SCL under
imbalances. Additionally, our analysis and experiments underscore the pivotal
role of batch selection strategies in representation geometry. By proving necessary
and sufficient conditions for mini-batch choices that ensure invariant symmetric
representations, we introduce batch-binding as an efficient strategy that guarantees
these conditions hold.

1 INTRODUCTION

The prevalence of deep-neural networks (DNNs) has led to a growing research interest in understand-
ing their underlying mechanisms. A recent research thread, focusing on classification tasks, explores
whether it is possible to describe the structure of weights learned by DNNs when trained beyond
zero-training error. The specific characteristics of this structure will depend on the DNN being used,
the dataset being trained on, and the chosen optimization hyperparameters. Yet, is it possible to
identify macroscopic structural characteristics that are common among these possibilities?

In an inspiring study, Papyan et al. (2020) demonstrates this is possible for the classifiers and for the
embeddings when training with cross-entropy (CE) loss and balanced datasets. Through extensive
experiments over multiple architectures and datasets with an equal number of examples per class,
they found that the geometries of classifiers and of centered class-mean embeddings (outputs of the
last hidden layer) consistently converge during training to a common simplex equiangular tight frame
(ETF), a structure composed of vectors that have equal norms and equal angles between them, with
the angles being the maximum possible. Moreover, they observed neural-collapse (NC), a property
where embeddings of individual examples from each class converge to their class-mean embedding.

Numerous follow-up studies have delved deeper into explaining this phenomenon and further inves-
tigating how the converging geometry changes with class imbalances. The unconstrained-features
model (UFM), proposed independently by Mixon et al. (2020); Fang et al. (2021); Graf et al. (2021);
Lu & Steinerberger (2020), plays a central role in the majority of these follow-up studies. Specifically,
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the UFM serves as a theoretical abstraction for DNN training, in which the network architecture is
viewed as a powerful black-box that generates embeddings without any restrictions in the last (hidden)
layer. For CE loss, the UFM minimizes miny, cra p,eRre ﬁCE({WC}CG[k] , {hi}ie[n]) in which both
classifiers w, for the k classes and embeddings h; for the n training examples are unconstrainedly
optimized over R%. Zhu et al. (2021); Graf et al. (2021); Fang et al. (2021) have verified that the
global minimum of this non-convex problem satisfies NC and follows the ETF geometry observed
in DNN experiments by Papyan et al. (2020). Recent works by Thrampoulidis et al. (2022); Fang
et al. (2021); Behnia et al. (2023) have demonstrated that the global optimum of the UFM changes
when classes are imbalanced. Yet, the new solution still predicts the geometry observed in DNN
experiments, providing evidence that, despite its oversimplification, the UFM is valuable in predicting
structural behaviors.

Expanding beyond the scope of CE minimization, Graf et al. (2021) also used the UFM to determine
whether optimizing with the supervised-contrastive loss (SCL) results in any alterations to the

geometric structure of the learned embeddings. '
SCL CE
R
I...

They proved for balanced datasets that the global _,SCL + Rel.U

solution of miny,,cga ESCL({hi}ig[n]) remains N
a simplex ETF, suggesting that CE and SCL find
the same embedding geometries. In Fig. 1, we
investigate the geometry of class-means in pres-
ence of class-imbalance. The prediction in Graf
et al. (2021) only applies to balanced data (SCL
with R = 1 in Fig. 1) and no prior work has
explicitly characterized the geometry of SCL |
with class imbalances. Observing the middle
column of the figure, note that the geometry of
embeddings changes drastically” as the imbal-
ance ratio R increases. This behavior of SCL
is consistent with the CE embeddings geome- | -
try, which, as discussed previously, also changes -
with the imbalance; see last column of Fig. 1.
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In this paper, we arrive at a surprising finding:

simply introducing a ReLU activation at the fi-  Figure 1: Gram matrices, Gm/max;,; |Gm[i, 5],

nal layer restores the symmetry in SCL-trained
representations. This phenomenon is clearly il-
lustrated in the first column of Fig. 1. Below is
a detailed description of our contributions.

1.1 SUMMARY OF CONTRIBUTIONS

We conduct an in-depth examination of the ge-
ometry of training representations (embeddings)
of SCL, particularly in relation to varying levels

of class-means of learned feature embeddings at
last epoch of training, with ResNet-18 on MNIST.
SCL+ReLU: the mean feature embeddings for dif-
ferent classes are mutually orthogonal, forming an
OF, regardless of imbalance (imbalance ratio R =
1,10, 100). This invariance does not hold in the ab-
sence of ReLLU for SCL. Further, CE feature geome-
try is also sensitive to imbalance. The label distribu-
tion is STEP imbalanced, with the first five classes as
majorities and the rest as minorities. See Sec.E.2 in
SM for more information.

of dataset imbalances. Our study leads us to identify and capture, both analytically and empirically,
and for the first time, the impact on the representation geometry of: (i) a straightforward architec-
tural modification, specifically the incorporation of a ReLU activation at the final layer, and (ii) the
batch-selection strategy.

Impact of ReLU. We find that the addition of a ReLU activation to the last-layer of the architecture
results in an orthogonal frame (OF) geometry. That is, a geometry structure composed of class-mean
embedding vectors that have equal norms and are mutually orthogonal to each other. A preliminary
experimental validation of this finding is illustrated in Fig. 1. The experiments correspond to STEP-
imbalanced MNIST data with five majority/minority classes and imbalance ratio R = 1,10, 100.
Each heatmap represents the pairwise inner products between the class-means of learned feature
embeddings. The figure (first column) reveals that with the addition of ReLU at the last layer, SCL

'SCL is designed to train only embeddings and is an extension of the well-known contrastive loss used for
unsupervised learning, adapted to supervised datasets (Khosla et al., 2020); see Equation (2).
?Analogous finding is reported by Zhu et al. (2022), although not visualized as done here.
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Figure 2: Distance of learned embeddings to the OF geometry measured by || 0 Sm | 7 across

Iy
Gumlr  Tklr
epochs where Gy = M"M is the Gram matrix of class-mean embeddings. For MNIST and CIFAR10 we
use ResNet-18 and for the more complex CIFAR100 and Tiny-ImageNet, we use ResNet-34 and train using
batch-binding (see Sec. 5). Regardless of the imbalance level R, the embeddings consistently converge to

the OF geometry.

learns orthogonal features regardless of class imbalance. This is in stark contrast to the varying
geometries of vanilla SCL (optimized commonly without ReLU) and CE loss. Extensive additional
experiments for Long-tailed (LT) distributions, other datasets and architectures, are presented in Sec. 3
and also Sec. E in the SM. We also present experimental findings that confirm ReLU symmetrises the
geometry without compromising test accuracy.

We support this finding by theoretically investigating the global minimizers of an extended version,
denoted as UFM,,, of the original unconstrained-features model (UFM). This refinement accounts
for the presence of ReLU activations which we impose on the last-layer by minimizing SCL over
the non-negative orthant. Concretely, we show that all global solutions of miny; > £SCL({hi}ie[n])
satisfy NC and the corresponding class-mean features form an OF. This explains the convergence of
feature geometry to an OF as consistently observed in our experiments; for example, see Fig. 2.

Batching and its implications. Furthermore, we identify the crucial impact of batch selection
strategies during SCL training in shaping the learned embedding geometry. Concretely, by analyzing
the UFM,, we establish straightforward criteria for the batching scheme, ensuring that any global
minimizer of UFM,. forms an OF. These conditions explain the substantial degradation in convergence
towards an OF when employing a fixed batch partition instead of randomly reshuffling the batches
at each training epoch. Intriguingly, we demonstrate that any arbitrary batching partition can be
transformed into one that fulfills our theoretical conditions by performing so-called batch-binding.
Through extensive experiments in Sec. 5.2 and in the SM, we show that batch-binding consistently
accelerates the convergence of the learned geometry towards an OF and even improves convergence
to ETF geometry under balanced training in the absence of ReLU.

2 SETUP

Notation. For a positive integer n, [n] := {1, 2,3, ...,n}. For matrix V € R™*™, 'V[i, j] denotes its
(4,7)-th entry, v; denotes the j-th column, V7 its transpose. We denote || V|| z the Frobenius norm
of V. We use V o« X whenever the two matrices are equal up to a scalar constant. We use V > 0
to denote the entry-wise non-negativity, i.e., V[4,j] > 0, Vi € [m], j € [n]. Finally, I,, denotes the
identity matrix of size m.

Consider k-class classification and training set S = {(x;, ;) }", where x; € R%, y; € [k] represent
data samples and corresponding class labels. We use n. to denote the number of examples in class
c € [k], and hg(+) to denote the last-layer feature-embeddings of a deep-net parameterized by 6. We
compute the SCL on a given batch B ¢ [n] of training examples as follows,

1 1
Lp(8) =Y > log[1+ 3 exp(=(ho(x:) ho(xe) ~ ho(xi)he(x;))) |, (1
fBnBy ~1 B t+i,j T

Yj=Yi,J#1
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where 7 is a positive scalar temperature hyper-parameter, and np,, is the number of examples in
batch B belonging to class ¢ = y;. To train a deep-net, we minimize SCL (1) over the network
parameters 0 on a set of batches B chosen from the training set. As introduced by Khosla et al.
(2020), SCL requires normalized features, so we assume |hg(x;)| = 1. Furthermore, we assume that
d>kandn.,np.>2,ce[k].> Welet Hyyy, = [h1,-+,h,,] denote an embeddings matrix where each
column corresponds to one of the examples in the training set, i.e., h; := hg(x;). The embeddings
geometry or so-called implicit geometry* refers to the norms and pairwise-angles of these vectors
h;,i € [n]. Note these quantities correspond exactly to the entries of the Gram matrix H'H. To
characterize the geometry, we need the following definitions.

Definition 1 (Neural Collapse (NC)). NC occurs ifh; =h;, V4,7 :y; = y;.

Definition 2 (k-Orthogonal Frame (k-OF)). We say that k vectors V = [v1,-,vi] € R** form a
k-OF if VTV o< I, i.e., for each pair of (3,7) € [k], |vi| = |v;] and v]v; = 0.

When the within-class variation of embeddings is negligible, i.e., H satisfies NC, it suffices to

focus on the class-mean embeddings p. = ni iy=c D, C € [k] and the respective matrices Mgy, =

[p1, -, i ] and Gy = MM instead of H and HTH. With these, we can formally define the OF
geometry for embeddings.

Definition 3 (OF geometry). We say that a feature-embedding matrix H follows an OF geometry if it
satisfies NC and the class-means form a k-OF, i.e., Gpp o< I

3 SCL wiTH RELU LEARNS OF GEOMETRIES: EMPIRICAL FINDINGS

Experimental setup. Following the setup of Graf et al. (2021), our models consist of a backbone
(ResNet, DenseNet, etc) with a normalizing layer to output features with unit norm. For all geometric
convergence results, we apply a ReLLU on output features before normalization. We employ Stochastic
Gradient Descent (SGD) with a learning rate of 0.1, momentum set to 0.9 and with no weight decay.
Furthermore, as in Graf et al. (2021); Khosla et al. (2020), we set the temperature parameter 7 = 0.1
as Khosla et al. (2020) have found that it yields optimal performance. In addition, we empirically
find that convergence to OF is not highly dependent on 7 for values near 0.1, yet the specific choice
affects the speed of convergence.

We study the behavior of models trained with SCL under, 1) R-STEP imbalance having k/2 majority
classes with np,; examples per class and k/2 minority classes with nmyi, = mmi/R examples per
class, and 2) R-Long-tailed (LT) imbalance where the number of training datapoints exponentially
decreases across classes such that n. = ny R-(¢"/#*=1) for ¢ € [k]. Regardless of the imbalance ratio
R, we ensure that n. > 2 by adding a vertically flipped version of each image as a method of batch
duplication. Unless stated, we do not perform any additional data augmentation on the datasets, and
use a batch size of 1024 with random reshuffling.

Finally, when studying the impact of ReLU on generalization, we use a Nearest Center Classifier
(NCC) on the output features to evaluate model performance. For such experiments, following the
setup of Khosla et al. (2020), we employ a projection head by adding a 2 layer non-linear MLP (with
or without ReL.U at the last layer) and compare the test accuracy under difference imbalance ratios.

Metrics. Since in all experiments we observe the within-

P . ) Imbalance Ratio (R) w/o ReLU \ w/ ReLU
class' v'arlatlons of the last-layer en.lb.eddlngs (h;) become i T 172023 7230 2 0.60
negligible towards the end of training (see NC plots in [ 10 (Step) 56.58 £ 0.50 | 58.16 £ 0.76
Fig. 8 in SM), we focus here on the geometry of class- [ 10@D 5710+ 1.04 | 57.88 + 1.05

beddi M. Thus. the dist £ [ 100ten) 4349030 | 43.80£0.25
mean embeddings M. Thus, to measure the distance o 100 (LT) 371957250 1 3071 £0.00
learned embedding to the OF geometry, we compute the
distance metric A PSR e v SR I Table 1: Test accuracy comparison for a

o = l1euts ~ mizlr y comp

ResNet-18 trained using SCL on CIFAR100
Observations on Geometry. In Fig. 2, we plot the distance ~ with and without ReLU after the projection
Ag,, between the learned feature-embeddings and the OF head. We use NCC for classification. Note

geometry as training progresses. We consistently observe that the addition of ReLU does not compro-
mise the accuracy. For details, see E.7 in SM.

*When using SCL, it is common practice to add an augmented version of the datapoints in each batch to itself
(Khosla et al., 2020; Graf et al., 2021). This practice, referred to as batch duplication, helps ensure that each
datapoint in a batch has at least one other example in the same class to compare to during training.

“The specific terminology is adopted from Behnia et al. (2023).
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that the learned features during training converge to the OF geometry, irrespective of the imbalance
level R of the training set and the imbalance pattern (STEP or LT). This suggests that the feature
geometry learned by SCL is invariant to the training label distribution.

Interestingly, the invariance that is revealed by our study is distinct for SCL with ReLU as opposed to
the case of SCL without ReLLU, and that of CE and MSE loss. CE and MSE are known to be sensitive
to imbalances (Thrampoulidis et al., 2022; Fang et al., 2021; Liu et al., 2023; Behnia et al., 2023;
Dang et al., 2023). Additionally, for different values of R, there is no significant difference between
the speed of convergence, unlike the CE loss (Thrampoulidis et al., 2022), where it is empirically
observed that the rate worsens with larger imbalance.

Generalization. To ensure that ReLU does not yield any adverse effects on test accuracy, we trained
ResNet-18 (with a projection head) with and without ReLU on CIFAR10, CIFAR100, Tiny Imagenet
and evaluated the balanced test accuracy when training under label imbalance. Following (Zhu et al.,
2022; Khosla et al., 2020; Chen et al., 2020), we consider the features before a projection head for
evaluating the test accuracy of the models. Our results, e.g. in Tab. 1, indicate that the addition of
ReLU does not compromise test accuracy. For a detailed discussion on the results see E.7 in SM.

4 THEORETICAL JUSTIFICATION: SCL WITH NON-NEGATIVITY CONSTRAINTS

In this section, we analytically justify the convergence of the embeddings learned by SCL to the OF
geometry. For our theoretical analysis, we use the Unconstrained Features Model (UFM) (Mixon
et al., 2020; Fang et al., 2021; Graf et al., 2021; Ji et al., 2021; Lu & Steinerberger, 2020; Tirer &
Bruna, 2022), where we treat the last-layer features H as free variables, removing the dependence to
the network parameters 8. However, we refine the UFM, and consider the SCL minimization over
the non-negative orthant to accommodate for the presence of ReLU activations in the last layer.’
Following Khosla et al. (2020), we further constrain the embeddings h; to be normalized. We prove,
irrespective of the labels distribution, that the global optimizers form an OF. Formally, consider the
following refined UFM for SCL, which we call UFM, for convenience:

He argmin Lscr (H) subj. to H >0 and |h; I =1, Vie[n]. (UFM,)

Recall H > 0 denotes entry-wise non-negativity. We begin our analysis by considering the full-batch
loss in Sec. 4.1, and extend our results to the SCL minimized on mini-batches in Sec. 4.2. We provide
specific conditions that mini-batches must satisfy in order to have the same global optimum as the
full-batch version.

4.1 FuLL-BATCH SCL

Here, we focus on the full-batch SCL, where the entire training set is treated as a single batch.
Specifically, we consider UFM.. with Lgcr (H) being the full-batch SCL defined as,

Lur(H)= 3 —— % log( L exp(bih - hlhy)). @

ie[n] "'yi — 1 J#6,Y5=Yi 0+

Thm. 1 specifies the optimal cost and optimizers of UFM., with the full-batch SCL (2).
Theorem 1 (Full-batch SCL minimizers). Let d > k. For any H feasible in UFM.,., it holds,

L) 3 nctog(o -1+ (=m0 o
ce[k]

Moreover, equality is achieved if and only if H satisfies NC and the class-means form a k-OF.

We defer the proof details to Sec. A in SM. The bound relies on successive uses of Jensen’s inequality
and the fact that for feasible H, each pair of training samples i, j € [n] satisfies 0 <h[h; < 1. We
complete the proof by verifying that equality is attained only if h[h; = 1 when y; = y; and h/h; = 0
when y; # y;. Rather, to achieve the optimal cost, features with similar labels must align (NC) and
the class-mean features must form an OF.

STirer & Bruna (2022) (and several follow ups, e.g. Stkenik et al. (2023)) has also studied incorporating the
ReLU activation in the UFM, albeit focusing on MSE loss.
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10 Loss
Thm. 1 shows that any optimal embedding geometry learned by the full- —
batch SCL with ReLLU constraints uniquely follows the OF geometry 9 _ T:I::
(Defn. 3) and the conclusion is independent of the training label q —_— R 100
distribution. We have already seen in Sec. 3, that this conclusion is L
empirically verified by deep-net experiments. To further verify the - “X—
lower bound on the cost of the SCL loss given by the theorem, we =~ -~
compare it in Fig. 3 with the empirical loss of a ResNet-18 model 0 2%%Och 400

trained with full-batch SCL (2) on R-STEP MNIST dataset and n = .
Figure 3: Full-batch SCL
1000 total examples. Note the remarkable convergence of the loss to
. . L converges to the lower bound
the lower bound (dashed horizontal lines) as training progresses. (dashed lines) in Thm. 1

4.2 MINI-BATCH SCL

Thm. 1 shows that minimizing SCL over the training set as a single batch recovers an OF in the
feature space, regardless of the training label distribution. However, in practice, SCL optimization is
performed over batches chosen from training set (Khosla et al., 2020; Graf et al., 2021). Specifically,
we have a set of batches B and we compute the loss on each batch B € B as in (1). While in the
full-batch SCL (2), all pairs of training samples interact with each other, in the mini-batch version,
two samples (i, j) interact only if there exists a batch B € BB such that 7, j € B. A natural question is
whether the mini-batch construction impacts the embeddings learned. In this section, we study the
role of batching on the embeddings geometry more closely.

Similar to the previous section, we consider UFM., where we directly optimize the SCL over
embeddings H. However, this time we study the mini-batch SCL defined as follows,

L) = ¥ 3 L5 g X enn (bl -him)), @

BeBieB "'B,y; ~ jeB (eB
J#4,Y5=Yi L+i

where recall np . = |{i:i € B,y; = c¢}|. Thm. 2 is an extension of Thm. 1 for the mini-batch SCL (4).
The proof proceeds similarly to that of Thm. 1, where the loss over each batch can be independently
bounded from below. Interestingly, due to the orthogonality of the optimal embeddings in every
batch, the lower bound for each batch can be achieved by the common minimizer. The detailed proof
is deferred to Sec. B in the SM.

Theorem 2 (Mini-batch SCL minimizers). Let d > k and B be an arbitrary set of batches of examples.
For any feasible H in UFM,, the following lower bound holds,

Loach(H) > > Y npclog(npe—1+(np-npc)e). %)
BeB ce[k]

Equality holds if and only if for every B € B and every pair of samples i,j € B, hlh; = 0if y; # y;
andhi = hj lfyl =Yj-

We remark that the only previous study of SCL geometry with batches by Graf et al. (2021) requires
significantly more restrictive conditions on the batch set B to guarantee a common geometry among
all batches B € B. Specifically, Graf et al. (2021) assumes a batch set that includes all possible
combinations of examples. Instead, thanks to the addition of ReLU, our requirements are significantly
relaxed. This is detailed in the following remark. See also Sec. B.2 in SM.

Remark 1 (Comparison to analysis of Graf et al. (2021)). We elaborate on the comparison to
Graf et al. (2021) with an illustrative example below. When optimizing the loss decomposed over
a set of mini-batches, it is crucial to consider whether the individual batch minimizers are also
overall optimal solutions. Consider the following setting: k =d =3,y1 = 1,y2 = 2,y3 = 3,B; =
{1,2}, By = {1,3}, B3 = {2,3}, B = {B1, Ba, B3}. Let us identify the optimal embeddings for the
two scenarios: (i) with and (ii) without non-negativity constraints on the embedding coordinates.

(i) Without non-negativity (UFM), the optimal embedding configurations can be shown to be ETF
with 2 vectors for every batch, which is simply an antipodal structure. In other words, the batch-wise
optimal solutions are h; = —hy, hy = —h3 and hy = —hg, for the batches By, Bs and Bs, respectively.
However, the batch-wise optimal solutions are infeasible due to their contradictory nature. From
Grafet al. (2021), it can be deduced that the overall optimal configuration is instead an ETF with 3
vectors. This example underscores the difficulty in optimizing the loss over every batch separately in
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case of SCL without non-negativity. See (a) in Fig. 6 in SM.

(i) With non-negativity (UFM.,), our results imply that the optimal embeddings form a 2-OF for
every batch, i.e., h; L ho,hy 1 hs and hy 1 hs, for the batches By, By and Bs, respectively. The
three conditions are compatible with each other and the fact that the overall optimal solution is a
3-OF in R3. Therefore, we were able to break down the overall optimization into individual batches.
See (b) in Fig. 6 in SM.

Global minimizer geometry may not be unique. It is easy to verify
that any H following the OF geometry achieves the lower-bound = =
of Thm. 2 and it is also a global optimizer of the mini-batch SCL. [ ] [ ]
However, depending on the choice of B, the lower bound can possibly 0000) ©00®
be attained by other optimal embeddings that do not necessarily satisfy “"“‘
NC or orthogonality. Hence the global optimizer may not have a
unique geometry.

1,0 n\

geometry of UFM. when using the batch-loss, consider the toy exam-

ple in Fig. 4. Suppose we have k = 3 classes and we want to find the

optimal normalized and non-negative features in R® by minimizing

(4) for B = { By, By}. Although the OF satisfies the global optimality Figure 4: A non-OF geome-
condition in Thm. 2, the theorem requires milder conditions for the Y mll;“mlzmg mini-batch SCL
optimal H: h; and Hj need to be aligned (y; = y;) or orthogonal :Vv:g: diff;rirf L;bB;fs}éres ;rgfkl:s
(y: # y;) only if they interact within one of the selected batches. Fig. 4 iwh different colors.

shows one such optimal geometry that does not satisty either of NC

or orthogonality conditions: Firstly, the samples t=1and i = 3 have signiﬁcantly different features
despite belongmg to the same class. Second, hs, h4 allgn with hj, hg although they have different
labels, and h7, hg are not orthogonal to samples hy,h,. With this example, we are now ready to
discuss the role of batching more formally in the next section.

To highlight the importance of B in the characterization of the optimal /
@

5 BATCHING MATTERS

Since the OF may not be the only solution for the UFM, with mini-batch SCL (4), here we study
the role of mini-batches to avoid ambiguous solutions with different geometries. In Sec. 5.1, we
identify necessary and sufficient conditions for a batching strategy to yield a unique global solution
geometry. By this result, in Sec. 5.2, we propose a simple yet effective scheme that provably succeeds
in improving the convergence to an OF.

5.1 WHEN IS OF GEOMETRY THE UNIQUE MINIMIZER?

As discussed in Sec. 4.2 the uniqueness of the global minimizer’s geometry when considering mini-
batches depends on the interaction of samples in the loss function, or, in other words, the choice of
B. Before specifying for which B the minimizer is unique, we need to define the Batch Interaction
Graph, a graph that captures the pairwise interactions of samples within the batches.

Definition 4 (Batch Interaction Graph). Consider an undirected graph G = (V, E) where V := [n].
We define the Batch Interaction Graph for a given set of batches B as follows: vertices u,v € V are
connected if and only if there exists a batch B € B such that u,v € B. Moreover, G denotes the
induced subgraph of G with vertices V, = {u : y,, = c}.

We state necessary and sufficient conditions on B for the minimizer of mini-batch SCL to be unique:

Corollary 2.1. Consider the Batch Interaction Graph G corresponding to B. The global optimizer
geometry of UFM . with mini-batch SCL (4) is unique and forms an OF if and only if G satisfies
the following conditions: (1) For every class c € [k], G. is a connected graph. (2) For every pair
1, ¢ € k], there exists at least one edge between G, and G.,.

Corollary 2.1 serves as a check for whether a given batching scheme yields a unique global minimizer
geometry or not. It also provides guidance for designing mini-batches. We elaborate on this below.
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Figure 5: Convergence to the OF geometry for various batching schemes including the analysis-inspired
scheme “No Batch Shuffling + Batch-Binding”. ResNet-18 trained on CIFAR-10 with a small batch size of
128, see text. See also Fig. 18 in SM

5.2 Batch-binding ENSURES UNIQUE OF MINIMIZER AND IMPROVES CONVERGENCE

Corollary 2.1 shows that an arbitrary set of mini-batches is not guaranteed to have OF geometry as
its minimizing configuration in the embedding space. To enforce the OF geometry as the unique
minimizer, we introduce a simple scheme with low computational overhead as follows. We define
binding examples as a set of examples including exactly one example from every class. This set has,
thus, k elements. The process of batch-binding is simply adding the above set of binding examples
to every mini-batch in the given original set. See Sec. D of SM for an algorithm and Fig. 16 in SM
for a visual example.

Batch-binding adds a constant & to the size of every mini-batch. & is typically smaller than the batch
sizes used to train SCL which could range from 2048 to 6144 (Khosla et al., 2020). While adding
small computational overhead, this method guarantees that B’ satisfies the conditions of Cor. 2.1 and
SCL learns an OF geometry. We conduct a series of experiments to illustrate the impact of batch
binding on convergence to OF.

To verify the role of batch selection on the learned features, we train ResNet-18 on CIFAR-10 under
three batching scenarios: 1) No batch-shuffling: a mini-batch set B that partitions the training
examples once at initialization and is held constant across training epochs. 2) Batch-shuffling: the
examples are divided into mini-batch partition, with a random reshuffle of the examples at every
epoch. 3) No batch-shuffling + batch-binding: we construct a fixed partition of examples into
mini-batches; then, we perform batch-binding. In order to focus on the impact of batch selection
strategies, we consider a relatively small batch-size of 128.

We remark that Thm. 2 and Cor. 2.1 can explain the behaviors of all three schemes. Moreover, the
batch-binding strategy guided by our analytical results is effective at ensuring fast and predictable
convergence of deep-nets to a unique OF geometry. Fig. 5 shows the distance of learned embeddings
to the OF geometry for the three batching scenarios mentioned above. In case of the fixed partition
batching (left), the features do not converge to OF, especially with large imbalance ratios. This
behavior is consistent with the conditions identified by Thm. 2, because in a typical random partition,
the corresponding induced subgraphs are not necessarily connected. On the other hand, when the
batching is performed with a randomly reshuffled data ordering (center), the geometry converges
more closely to the OF, albeit with certain epochs deviating significantly from the convergence
direction. We hypothesize that random reshuffling creates an opportunity for different examples to
interact sufficiently, thus, when trained long enough, to converge close to an OF geometry. Finally,
with the third batching strategy of batch-binding (right), even without shuffling the samples at every
epoch, we observe a consistently fast convergence to the global optimizer, OF. These observations
provide strong evidence supporting our analysis of batching predicting the behavior of SCL trained
deep-nets.

While the above studies the impact of batching itself, we perform a number of additional experiments
in order to illustrate the impact of binding examples. In particular, we observe that batch binding
helps improve convergence to OF geometry when training with less powerful models (see Fig. 19 for
DenseNet experiments in SM), more complex dataset (see Fig. 20 in SM and Fig. 2 for CIFAR100
and TinyImageNet results) and even convergence to ETF in the absence of ReLU under balanced
training (See Fig. 21 in SM). Such results emphasize the importance of batch binding and encourage
further analysis of batching under contrastive learning.
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6 MORE RELATED WORK

The simple concept behind SCL, introduced as an extension of the contrastive loss (e.g., Chen et al.,
2020; Tian et al., 2019) to the fully supervised setting by Khosla et al. (2020), involves pulling
together the normalized features of examples belonging to the same class while pushing them away
from examples of other classes. Despite its simplicity, SCL offers a generalization of existing loss
functions like the triplet loss (Weinberger et al., 2005) and the N-pair loss (Sohn, 2016), and surpasses
the performance of the CE loss on standard vision classification datasets, while also being more
robust to natural corruptions in the data and less sensitive to hyperparameters (Khosla et al., 2020).
The feature geometry of the self-supervised constrastive loss was considered by (Wang & Isola,
2020), where the loss function was shown to optimize uniformity and alignment of features, as the
number of negative examples approaches infinity. Instead, we study the supervised loss, providing
exact non-asymptotic solutions for the corresponding UFM and the impact of batching in detail.

In recent years, there has been a notable interest regarding the properties of the embedding space
and weights learned through unsupervised/supervised contrastive losses, as well as CE. Of particular
importance is the endeavor to uncover the fundamental distinctions between these losses to effectively
harness each of their strengths and formalize principled ways to combine them. Specifically, starting
by Papyan et al. (2020), an increasing series of recent works have focused on uncovering the
embedding geometry of CE, Mean-Squared Error (MSE) losses, and their variants. We highlighted
some of these works in Sec. 1 while numerous other works contribute to these investigation (e.g.,
Zhou et al., 2022a;b; Yaras et al., 2022; Gao et al., 2023; Han et al., 2021; Stkenik et al., 2023).
In addition to the scientific curiosity surrounding such studies, this exploration has paved the way
for novel CE-based approaches to training DNNs on imbalanced data (Behnia et al., 2023; Liang &
Davis, 2023; Xie et al., 2023; Sharma et al., 2023; Dang et al., 2023; Yang et al., 2022).

Less attention has been devoted in the existing literature to a comparable set of results for the SCL.
Graf et al. (2021) is the first to study the geometry of SCL for balanced data and comparing it to
CE. To tackle imbalances, and inspired by Graf et al. (2021) that suggests balanced data is crucial
for obtaining symmetric embeddings, Zhu et al. (2022) have recently proposed and investigated
a modification of the SCL that boosts performance under class imbalances. Our work extends
and complements the two studies by showing that SCL with ReLU can actually learn symmetric
embedding structure even in the presence of imbalances. While preparing the manuscript, we became
aware of a recent work (Cho et al., 2023), where the authors consider the mini-batch optimization of
the unsupervised contrastive loss and propose a choice of mini-batches to speed up convergence.

7 CONCLUDING REMARKS

We have shown consistent empirical and theoretical evidence that SCL learns training embeddings
that converge to the OF geometry irrespective of the level of class imbalance. We believe this finding
contributes a unique result to the growing literature of neural-collapse / implicit-geometry phenomena.
For balanced data, we extend the contributions of Graf et al. (2021) to the case in presence of ReLU
activations. Further, our results identify exact conditions on the mini-batch selection to achieve the OF
geometry, allowing for a wider set of possibilities in batching than found by Graf et al. (2021) for SCL
without ReLU. For imbalanced data, our results are the first explicit characterization of the geometry,
concluding that imbalances do not alter the geometry if a ReLU activation is added at the last layer.
In both cases, these advancements are achieved by analyzing a refined UFM model, UFM_, that
closely aligns with experimental conditions by constraining embeddings to the non-negative orthant.
This model also leads to new findings about the intricate role of batching in SCL optimization, that
may be of independent interest. A future investigation of exact characterization of the geometry
with imbalances and without ReL.U can help complete the understanding of the implicit-geometry of
SCL. Although the majority of implicit geometry characterizations in the literature require d > k, it
is interesting to extend our findings to settings where d < k following the steps of Gao et al. (2023)
for the CE loss. Likewise, our finding regarding the crucial role of batching in geometry opens the
door to further investigations aimed at devising efficient batch strategies in cases with a large number
of classes. Finally, like most studies on neural-collapse phenomena, our results share a common
limitation: they only provide insights into the behavior during training. On the other hand, there
is a line of research that explores algorithmic modifications to SCL (Gunel et al., 2020; Jitkrittum
et al., 2022; Samuel & Chechik, 2021; Li et al., 2022; Kang et al., 2021; Li et al., 2022), often rooted
but not explicitly connected to geometric principles, to enhance generalization under imbalances.
Ultimately, we envision the two research streams merging through the ongoing exchange of ideas.
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Additional Notations. While recalling the notation mentioned in Sec. 1, we note a few more below.
® denotes Kronecker products. We use 1,, to denote an m-dimensional vector of all ones. For
vectors/matrices with all zero entries, we simply write 0, as dimensions are easily understood from
context. V' its Moore-Penrose pseudoinverse. Vv £ € R™*" is the gradient of a scalar differentiable
function £(.) with respect to V.

List of Frequently Used Abbreviations.

CE Cross Entropy
ETF Equiangular Tight Frame
LT Long-Tailed
MLP Multi-Layer Perceptron
MSE Mean Squared Error
NC Neural Collapse
NCC Nearest Class-Center
OF Orthogonal Frame
ReLU Rectified Linear Unit
SCL Supervised Contrastive Loss
UFM | Unconstrained Features Model

A  PROOF OF THM. 1

For c € [k], let C. = {i : y; = c} be the set of examples belonging to class ¢, and define £;(H) as

follows,

L= log( 3 exp(hlhe—hghj))

jeCy, J#i Le[n], b+i
= Y log( Y exp(hlhe-hlh;))+ Y exp(hjh, - h/hy)). 6)
JeCy, ,j#i LeCy, L#i L¢Cy,
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Then, we can rewrite the full-batch SCL in (2) as,

L) = ¥ ——Li(H) = ¥ —— 3 £,(H),

ie[n] Myi ~ ce[k] T zeC

Now for ¢ € [k], consider example i € C.., and define

1 Z hg, bz = Z hg
le

Co i n=Te ygc,

Note a; is the mean-embedding of all examples in class ¢ but 4, and b; is the mean-embedding of
all examples not in class c. Starting from (6), by applying Jensen’s inequality to the strictly convex
function f;(z) := exp(z —hh;) we have,

Li(H) > Z log ((nc -1)exp(hja; -h/h;)+ (n-n.)exp (h]b; - hzhj))

jeCe,j#i

= > log (((nC -1)exp (hja;) + (n—n.)exp (h]b;)) exp (—hghj))

jeCe,j#i

@ Z log(aiexp(—hzhj))

jeCorji

@ (no-1)log (i exp (~h](

> hj)))

e L jec jzi
= (ne - 1) log(a; exp(~h] a;))

=(ne - 1)log((nC -+ (n- nc)exp(

B Y he-——hl T b)) ()

e g, e = 0eC. b#i

where in (7), we define a; == (n. — 1) exp (h]a;) + (n —n.)exp (h/b;), and in (i), we use the
fact that the function f5(x) := log(a; exp(x)) is an affine function. Now consider all samples i € C..
From (7),

>y log((nc— 1)+ (n- nc)exp( h] > h,- h] > hg))
1. ieC, ~Ne e, ne—1 0eCo 00
>nelog((ne—1) + (n—n.)ex h/h h/h
g((ne =1+ (n-noexp (- _nc)g .- nc<nc_1 ) 0).
e, teC, 0xi

®)

In the last line we use Jensen’s inequality on f3(x) := log((n. — 1) + (n — n.) exp(x)) which is
strictly convex since n. > 1 and n — n. > 0.

By the ReLU constraints we have h; > 0, ¢ € [n], which implies h]h; > 0, Vi, j € [n]. Further, by
Cauchy-Schwarz inequality hlh; < |h; || |h;| = 1, with equality achieved if and only if h; = h;.
Since f3 is non-decreasing, we can s1mphfy the bound in (8) as follows,

ZE(H)>nclog((nc—1)+(n Nne)e” ) 9)

Ne = zeC

Summing over all classes c € [k], we get the final bound on the full-batch SCL:

Lin(H) = ) > ) nclog((nc—1)+(n—nc)e‘1).

ce[k] ZEC ce[k]

To achieve the lower-bound, from (9), we require h; = h; if y; = y; and h]h; = 0 otherwise. This
requirement also satisfies the equality condition for the Jensen inequalities applied in (7) and (8).
Thus, any H achieving the lower-bound follows an OF geometry (Def. 3), which exists as long as
d>k.
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B PROOF OF THM. 2

Consider the mini-batch SCL in (4), repeated below for convenience:

1
Acbatch(H) = Z Z - 4 Z log( Z exp (hzhf - h;rh]))7
BeBieB "By — 1 jeB ]
J#6,Y5=Yi L#i
Denoting the loss over a batch B by
1
Lp(H):=) —— > log( > exp (hhy _h;'rhj))’
ieB "By — 1 jeB leB
J#4L,Y5=Yi L

we have Lyyen(H) = ¥ g Ls(H). Now, for a given batch B, we apply Thm. 1 to get the lower
bound and conditions for equality:

Lp(H) > Z ng.clog (nRC -1+ (np- nBVC)e’l) )
ce[k]

Moreover, equality holds if and only if for every pair of samples 4,j € B: h/h; = 0 if y; # y; and
h; = h; if y; = y;. With this, the overall loss can be bounded from below by summing the individual
lower bounds over different batches:

Loacn(H) > Y Y nplog(npe-1+(np- nB,c)e_l) ,
BeB ce[k]

with equality achieved if and only if for every B € BB and every pair of samples ¢, j € B, h[h; = 0 if
yi # y; and h; = h; if y; = y;. Aslong as d > £, the equality conditions of every individual batch can
be satisfied simultaneously.

B.1 PROOF OF COR. 2.1

From Thm. 2, the optimal configuration of embeddings in UFM.. under the mini-batch SCL depends
on how batch conditions interact with each other. Specifically, recall that the equality in (5) is
achieved if and only if for any batch B € B, and each pair of samples (i,j) € B, h; = h; if y; = y;,
and h/h; = 0 otherwise. The OF geometry clearly satisfies all these conditions and achieves the
minimal cost of UFM... However, as discussed in Sec. 4.2, these equality conditions may be satisfied
by configurations other than OF for an arbitrary batching scheme. So, in Cor. 2.1, we specify the
requirements of a batching scheme in order for the global optimal of the mini-batch SCL to be unique
(up to global rotations), and match the optimal of the full-batch SCL, which is the OF geometry.

To prove the corollary, we separately address the ‘IF” and ‘ONLY IF’ parts of the Cor. 2.1.

o ‘IF’ direction. Assume the batching scheme satisfies both conditions of Cor. 2.1: 1) Vc € [k], the
induced subgraph G, is connected, and 2) V¢ # ¢’ € [k], there exists an edge between G, and G...
We show below that under these two conditions the optimum of UFM, under mini-batch SCL follows
an OF geometry. In other words, we show that the optimal embeddings align if they belong to the
same class (NC) and are orthogonal if they have different labels (mean-embeddings follow k-OF).
(See Def. 3.)

NC: Consider a class c¢. From our assumption, the induced subgraph G, is connected. Thus, a
path exists from any node (representing corresponding example) to any other node in GG.. Consider
three nodes® along a path, indexed by i, 7,1 that belong to class c. Let there be an edge between
i,j and j,l each. By Def. 4 of the Batch Interaction Graph, examples ¢ and j are present in a
batch, say Bj, and examples j,[ belong to a batch Bs that is possibly different from B;. From
Thm. 2, we can infer that at the optimal solution, we have h; = h;, due to equality conditions for
batch B;. Also, h; = hy, due to equality conditions for batch By. Thus, by transitivity, we have
h; = h; = h;. Repeating this argument along any path in G.. for every c € [k], we obtain the NC
property: h; =h;, Vi, 5 :y; =y, = c for every class c € [k].

SThe same arguments and considerations apply when G.. consists of only two nodes.
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k-OF: From our assumption, for any pair of classes ¢; and cg, there exists an edge between G,
and G, connecting at least one pair of nodes ¢,5 : i € G,,,j € G,. By definition of the Batch
Interaction Graph, we know that examples ¢ and j belong in at least one batch. Thus, by Thm. 2,
at the optimal solution, we have h; 1 h; since examples y; = ¢1 # ¢ = ;. Now, by NC, h; = .,
h; = p,, and thus, g, L p.,. This holds for every pair of classes ¢; # co € [k]. Therefore, the
matrix M = [p1, ..., pui ] of class-mean embeddings forms a k—OF.

Combining the two statements above, we conclude that at the global optimal solution, the embeddings
follow the OF geometry, as desired.

e ‘ONLY IF’ direction. For the other direction, it suffices to show that if either of the two conditions
in Cor. 2.1 does not hold, then there exists an optimizer that does not follow the OF geometry.
Specifically, we show that when either of the two conditions is violated and d > k + 1, there exists an
embeddings matrix H attaining the loss lower-bound that does not satisfy one of the two requirements
of the OF geometry: 1) H does not follow NC, or 2) the corresponding mean-embeddings M do not
arrange as a k-OF.

Case 1. Suppose for a ¢ € [k], the induced subgraph G. is not connected, and without loss of
generality, assume ¢ = 1. This means that (1 has at least two separate components. Denote the nodes
in each of the two component by V;! and V2 respectively, and recall for ¢ > 2, V. = {i : y; = c}.
As d > k + 1, we can choose a set of k + 1 vectors [fi1, [i, fiz, i3, ---, fix ] such that they form a

(k +1)—OF. Define H = [hy, ..., h,,] as follows:
vieVi', b=
Vie VP, b=
VieV,, celk], Hi:ﬁc.

Then, H satisfies the equality conditions in Thm. 2 since there is no edge between the nodes in
V! and V2 by the assumption. However, the embeddings in class y = 1 do not align, since i} is
orthogonal to fz3. Thus, H optimizes UFM, while it does not satisfy NC and differs from the OF
geometry.

Case 2. Suppose there exists ¢1 # cq € [k] for which there is no edges between G, and G.,, and
without loss of generality, assume c; = 1, co = 2. Consider an embedding matrix H that satisfies NC,
and the corresponding mean-embedding matrix M = [fi1, iz, ..., fix ] is such that Ve # ¢/ € {2, ..., k},
Blpe =0and @iy = fia. Such an M exists as d > k and all we need is to have [fo, ..., ] be a
(k = 1)—OF in the non-negative orthant. Since, there is no edge between G and G, there is no
B € B that includes samples from classes y = 1 and y = 2 simultaneously. Equivalently, to achieve
the lower-bound of Thm. 2, we do not require orthogonality between any pairs of samples ¢ € C; and
j € Cy. Therefore, H is an optimal solution of the UFM,. However, the mean-embeddings do not
follow a k—OF. In fact, this optimal geometry, does not distinguish the samples in classes y = 1 and
y=2.

Therefore, the global minimizer will be uniquely an OF if and only if the batching scheme satisfies
both the conditions stated in Cor. 2.1.

B.2 BATCH ANALYSIS FOR UFM, vs UFM

Graf et al. (2021, Thm. 2) studies the UFM without ReLU constraints and with balanced labels, and
proves that the global solution is a simplex ETF. The authors note that their proof relies on the batch
construction as the set of all combinations of a given size. In contrast, we have proved that for UFM.,
the global solution is an OF for a wider range of batching scenarios (specifically, as long as they
satisfy the interaction properties characterized in Cor. 2.1). Without ReL U, as noted by Graf et al.
(2021, Fig. 5), the optimal configuration of examples in each batch can have a different geometry,
depending on the label distribution of the examples within the batch. However, with ReLU, the
optimal configuration of every batch is an OF over the classes whose examples are present in the
batch. In particular, there is no contradiction between two mini-batches having both overlapping and
mutually exclusive classes, since the optimal configuration of one batch does not violate the optimal
configuration of another. Furthermore, the overall batch construction can have a unique OF as the
optimal configuration provided the conditions in Cor. 2.1 are satisfied. The conditions include the
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Figure 6: Rem. 1 visualized, (a)(i,ii,iii) indicate the antipodal structure of the optimal embeddings under UFM
in each of the 3 mini-batches respectively, whereas the overall optimal geometry is an ETF (a)(iv). This contrasts
the optimal embeddings under UFM., where each mini-batch (b)(i,ii,iii) is consistent with the overall optima

(b)(@iv).

batching assumed by Graf et al. (2021) as a special case, while being applicable in less restrictive
scenarios. Sec. 5.2 explored the implications of this finding, by studying the criteria for a batching
scheme to lead to a unique minimizer geometry and further suggesting a simple scheme to convert an
arbitrary batching to one satisfying these criteria.

C PROOFS FOR SECTION D.1

C.1 PROOF OF LEMMA D.1

LetV=[vy ... vg]andV =[Vvy ... Vi]. By definition of a k-OF, we know that VTV o< IL.
Without loss of generality suppose the constant of {)roportionality is 1 so that VTV =1 Since all v;s
are orthonormal, this then implies that VTvg = +1; and v, vg = % . These put together gives the
desired as follows:

%
o 1
VIV =(V-vgly) (V-vel}) = VIV -1,vLV - Vival] + (vive) 11y = Ty - Ll

C.2 PROOF OF LEMMA D.2

To rule out the optimality of ETF in imbalanced setups, we show ETF does not minimize the loss
in a k = 3 class example. Specifically, consider a STEP-imbalanced training set with 3 classes of
sizes [ RMmins Tnin, Pmin | With pin > 2 and R > 10. Suppose Hgrr follows the ETF geometry. Then,
from Def. 5 and the feasibility condition, for the mean-embeddings Mgrr we have M;:TFMETF =

% (I, - %lk 1;). Thus, the value of the loss function at ETF is
_3 _3
Efull(HETF) = nmin(Rlog (anin -1+ 2npine” 2 ) +2 log (nmin -1+ nmm(R + 1)6 2 ))

Now, consider H = [[i ® 1, »~B®1, . —p®1] | where fi is an arbitrary unit-norm vector.

TMmin Mmin

Since |fi| = 1, it follows that H is in the feasible set. With this choice of H, we have,
L (H) = nmin(Rlog (anin -1+ 2nmine_2) +2log (2nmin -1+ anme‘z)).

It is easy to check that, for imbalance levels higher than R > 10,

Lt (H) < Legn (Herr).

In other words, ETF does not always attain the optimal cost in UFM.
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D ADDITIONAL DISCUSSION

D.1 DETAILED COMPARISON BETWEEN UFM AND UFM,

Within this section, we provide an in-depth analysis of the disparities between the predictions
generated by the UFM, commonly utilized in previous studies, and the refined version UFM. that we
employ in this work to study the embedding geometry of SCL.

The majority of previous works (e.g., Papyan et al., 2020; Zhu et al., 2021; Fang et al., 2021) study
the geometry of learned embeddings by investigating a proxy unconstrained features model (UFM).
Specifically, the UFM drops the dependence of the learned embeddings H on the network parameters
6, and finds optimal H that minimizes the loss function. In case of SCL, as studied in e.g., Graf et al.
(2021), the corresponding UFM is as follows,

argmin Lscr.(H) subj. to [h; I =1, Vie[n]. (UFM)

As explained in Sec. 4, this paper employs a refined version of the UFM, namely UFM,, to character-
ize the representations learned by SCL. Specifically, UFM, further constrains the embeddings H to
be non-negative, in this way accounting for the ReLU activation commonly used in several deep-net
architectures. Thus the search for the optimal H is restricted to the non-negative orthant.

D.1.1 CENTERING HEURISTIC

Many deep neural network models incorporate ReLLU activations, resulting in nonnegative feature
embeddings at the last layer. In contrast, the UFM does not impose any constraints on the optimal
H, allowing it to contain negative entries. To bridge this gap, previous works (e.g., Papyan et al.,
2020; Zhu et al., 2021; Fang et al., 2021; Zhou et al., 2022a; Thrampoulidis et al., 2022; Zhou
et al., 2022b) apply a heuristic approach called global-mean centering on the learned embeddings
before comparing their arrangement with the theoretical prediction given by the UFM. Specifically,
the centering heuristic is applied as follows: Prior to comparing the geometries, we subtract the
global-mean embedding @ = % Y ce[k] M from all class-mean embeddings p. to form the centered
class-mean embeddings ji.:

He = pe =BG, M:[ﬁl ] .
Indeed, this heuristic centering operation effectively ensures that the mean-embedding matrix M,
after the necessary shifting, is centered at the origin, satisfying M1 = 0. This property also holds
for the global optimizers of the UFM found in the previous work, which served as a motivation for
the heuristic centering.

Unlike the approach mentioned above, our findings do not necessitate any heuristic embedding
processing for comparing the geometries. This is because our model directly provides the geometry
of the embeddings in their original form.

D.1.2 CENTERED OF 1s SIMPLEX ETF

Focusing on the SCL, Graf et al. (2021) have used the UFM to characterize the learned embeddings
and have found that, for balanced classes, the simplex ETF geometry is the global optimizer of UFM.
In other words, the optimal embeddings H adhere to the NC (Defn. 1), and the corresponding mean
embeddings M form a simplex ETF. For the reader’s convenience, we recall below the definition of
simplex ETF from Papyan et al. (2020).

Definition 5 (Simplex ETF). We say that k vectors V = [vy,-+, V] € R&* form a simplex-ETF if

T, .
V'V o< I - +141], ie., for each pair of (i, 7) € [k], | vi| = |v;] and m ===
In this paper, we show instead that the global optimizer of UFM, is an OF. Remarkably, this result
holds true regardless of the label-imbalance profile. However, for the purpose of comparison with the
findings of Graf et al. (2021), let us specifically consider the scenario of balanced data. In this case,
an intriguing question arises:

Specifically for balanced data, how does our discovery that embeddings with ReLU converge to an
OF compare to the previous finding by Graf et al. (2021) that embeddings without ReLU converge to
an ETF?
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The answer to this question lies on the centering trick dis-
cussed in Section D.1.1. Specifically, stating that embed-
dings form an OF implies that centered embeddings form an
ETF. This straightforward fact is formalized in the following
lemma.

Lemma D.1. Suppose that a set of vectors {v1, ..., vy} form
a k-OF in R% with d > k, and their mean-centered counter-
parts are V. = v, — Vg, Ve € [k], where vg = % Zce[k] Ve
Then, the centered embeddings {Vv1, ...,V } form a simplex
ETF spanning a k — 1-dimensional subspace.

Lemma D.1 states that based on our finding that embeddings
form an OF, we can deduce that centered embeddings form
an ETF. This conclusion aligns with the analysis conducted
by Graf et al. (2021) on the UFM (See Fig. 7 for a repre-
sentative comparison). However, the UFM analysis itself
does not provide information regarding the necessity of the
centering technique, which remains heuristic. Additionally,
it is important to note that it is unclear how to establish
that (uncentered) embeddings form an OF if we initially
know that centered embeddings form an ETF. This is due
to the unknown vector used for centering, which cannot be

G\ convergence

— SCLOF |
—— SCLETF

0.8 — CEOF
0.6
0.4
R A
100 2?)0__-_300
Epoch

Figure 7: Convergence of embeddings
geometries for SCL (in green) and CE
(in blue) on balanced CIFAR10 with
ResNet-18. Solid lines track the distance
of uncentered embeddings to OF and
dashed lines track the distance of cen-
tered embeddings to simplex ETF. For
CE, the learning rate and weight decay
and batch size are set according to Pa-
pyan et al. (2020). Note the convergence

determined. of SCL (solid green) to its implicit ge-

ometry is noticeably better compared to

D.1.3 UFM CAN FAIL TO PREDICT THE TRUE CE (dashed blue).

GEOMETRY

In the previous section, we demonstrated that for balanced data, the solution found by the UFM does
not predict the true geometry of the embeddings (i.e., OF) in presence of ReLU, but it can predict the
geometry of the embeddings after the application of a global-mean centering heuristic (i.e., ETF).
Naturally this raises the following question:

Does the UFM consistently provide accurate predictions for the geometry of the centered
embeddings? In other words, does the OF geometry predicted by our refined UFM .. always align
with being a global optimizer of the UFM after centering?

The lemma presented below demonstrates that the answer to this question is negative. Specifically,
it shows that the global optimizer of UFM is sensitive to the label distribution of the training set,
thus ETF is not necessarily a global optimizer in the presence of imbalances. This is in contrast to
UFM,, for which we showed that the global optimizer is consistently an OF, irrespective of the labels
distribution. In other words, the difference between UFM and UFM., cannot be addressed by only
considering the centering of the optimal embeddings in general.

Lemma D.2. If classes in the training set are not balanced, the global solution of UFM is not
necessarily an ETF. Thus, the solution of UFM .. (which according to Thm. 1 is an OF) is in general
different to that of UFM even after centering is applied.

D.2 COMPARING IMPLICIT GEOMETRIES: SCL vs CE — A SUMMARY

We conclude this discussion by providing a summary of the observations on the contrasting implicit
geometries of embeddings between the two loss functions: SCL and CE.

1. The SCL geometry with ReLU is robust to label-imbalances. Specifically, the geometry of SCL
embeddings exhibits symmetry consistently, whereas imbalances introduce distortions in the implicit
geometry of SCL without ReLLU and also for CE (Fang et al., 2021; Thrampoulidis et al., 2022).

2. The convergence of SCL to its implicit geometry is notably superior. The measured geometry
of SCL exhibits a faster decrease in distance from its analytic formula (i.e., OF) with each epoch,
eventually reaching lower values. This holds true not only for label-imbalanced data, where Thram-
poulidis et al. (2022) finds that the convergence of embeddings deteriorates as the imbalance ratio
increases, but also for balanced data, where the convergence of embeddings with CE is inferior
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compared to classifiers (Papyan et al., 2020); see Fig. 7 for visualization.

3. For SCL, batching matters. During CE training, when using any arbitrary batching method,
there exists an implicit interaction among all the examples, that is facilitated by the inclusion of
the classifier vectors in the loss objective. On the other hand, with SCL, the interactions between
examples are explicitly controlled by the mini-batches. Specifically, our analysis of the role of
batches in Secs. 4.2 and 5.1, along with the batch-binding scheme presented in Sec. 5.2 reveal that
the structure of mini-batches critically affects the geometry of the learnt embeddings.

E ADDITIONAL EXPERIMENTAL RESULTS AND DISCUSSION

E.1 DETAILS ON THE MAIN EXPERIMENTAL SETUP

In our deep-net experiments, we focus on two common network architectures, ResNet and DenseNet.
Specifically, we use ResNet-18, ResNet-34 and DenseNet-40 with approximately 63, 11 million
and 200 thousand trainable parameters, respectively. For all models, we replace the last layer linear
classifier with a normalization layer (normalizing such that |h;| = 1 for i € [n]) of feature dimension
d = 512. Specifically, following Graf et al. (2021), we directly optimize the normalized features that
are then used for inference. (We note this is slightly different compared to Khosla et al. (2020), where
the authors train the output features of a projection head, then discard this projection head at inference
time). We use this projection head when studying NCC test accuracy. In particular, we add a 2 layer
non-linear MLP with with and without ReLU to report the test accuracies provided in Tab. 1, Tab. 2
and , Tab. 5. Following Khosla et al. (2020), in addition to the NCC test accuracy on post-projection
feature (final output), we evaluate the accuracies on the pre-projection features (without input to
projector) as well. We remark that both ResNet and DenseNet architectures include ReLU activations
before the final output, which enforces a non-negativity on the learned embeddings. Resnet-18
models with CIFAR10, MNIST have been trained for 350 epochs with a constant learning rate of
0.1, no weight decay, batch size of 1024, and SCL temperature parameter 7 = 0.1 (consistent with
the choice of 7 made in Khosla et al. (2020); Graf et al. (2021)). For CIFAR100 and Tiny-ImageNet
experiments, we train a ResNet-34 under a similar setup, for 500 epochs, (with batch binding in
Fig. 2). For all experiments with other models or datasets, we provide experimental details in the
following sections. All ResNet-18 and DenseNet models have been trained on a single Tesla V100
GPU machine and all ResNet-34 models were trained on a single machine with 2-4 Tesla V100 GPU,
depending on experiment.

E.2 DETAILS ON FI1G. 2 HEATMAPS

Since this particular experiment provides the most insight into the geometric behaviour of features,
we have provided further explanation of the experimental setup and method. ResNet-18 models were
trained for 350 epochs on MNIST using CE, SCL and SCL + ReLU under difference imbalance
ratios. For SCL and SCL + ReL.U we extract the features, calculate the class means and plot a heatmap
of the gram matrices Gs. For CE, following previous work by Papyan (2018); Thrampoulidis et al.
(2022); Zhu et al. (2021) we center the class means by the global mean, ie 7, = p. — % Zfil w; and
then proceed to calculate G ;. In order to have a fair comparison, we normalize all gram matrices by

dividing by the matrix maximum G = —Cu__ No projection layer was implemented for these

max; ;|G|
results. The heatmaps were included to provijde a clear visual, emphasizing the impact of ReLU on
achieving symmetric geometry under imbalance. Each cell [, j] of the G, matrix represents the
inner product p7’ {45, rather a normalized value representing the angle between the two class centers.
In addition, as SCL includes a normalization layer, the diagonals G [, ¢] would be closer to zero as

the features exhibit stronger neural collapse properties.

E.3 ADDITIONAL GEOMETRIC ANALYSIS

In addition to analyzing the convergence of the Gram-matrix of class-mean embeddings Gy to the
OF geometry (as provided in Fig. 2), we also keep track of Neural Collapse (Defn. 1) of individual
embeddings and orthogonality of their class-means (Defn. 2) separately. Furthermore, we qualitatively
study the Gram matrices Gy and Gy and compare them to corresponding matrices for the CE loss
under imbalances.
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Figure 8: Neural Collapse metric Anc := tr(Zw X% )/k for the corresponding experiments in Fig. 2.
Values are usually on the order of 1072 suggesting strong convergence of embeddings to their class means.

E.3.1 NEURAL COLLAPSE

In order to quantify the collapse (NC) of embeddings, h;, i € [n], to their class-means, we measure
Bnc = tr(ZwX ) /k (Papyan et al., 2020). Here, ¥ = ¥ ] (e — ) (pbe — )" is the between
class covariance matrix, pi = 1 Y ce[k] Me is the global mean, and Xy = ¥icpn) (hi— gy, ) (hi=—pay, )"
is the within class covariance matrix.

For the experiments shown in Fig. 2 and Fig. 3 in the main body, the corresponding values of Snc
can be found in Fig. 8 and Fig. 12(b) respectively.

E.3.2 ANGULAR CONVERGENCE

Having confirmed convergence of embeddings to their respective class-means via NC (h; ~ u.. for
1:y,; = c), we can now compare the feature geometry to the OF geometry by calculating the average
Asim (¢, ') = Beber[|p.| || between each pair of classes. Fig. 9 plots the average cosine similarity
Ave .o agim (¢, ¢) between class means for the same experiment as that of Fig. 2. The graphs indicate
strong convergence to orthogonality between feature representations of different classes. Similarly,
results for angular convergence corresponding to Fig. 3 are provided in Fig. 12(c), indicating similar
convergence to OF for the full-batch experiments.

MNIST CIFAR10 CIFAR100 Tiny ImageNet
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08| !

Step
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04l R =100
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0.2

Long-tail

100 200 300 100 200 300 100 200 300 100 500 100 200 300 100 500
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Figure 9: Average cosine similarity between different class means asim (c, c ) = uzuc'/ el g |
for corresponding results from Fig. 2. Final values are mostly on the order of 1072, indicating
strong orthogonality between class-mean embeddings.
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E.3.3 EMBEDDING HEATMAPS

As a qualitative measure, we have generated heatmaps that visually represent the learned embedding
geometries; see Figs. 1, 10, 11. Specifically, we generate heatmaps of the Gram-matrices Gng =
M™™ and Gy = H"H. In Fig. 1 we train ResNet-18 with the full MNIST dataset. In Fig. 10 we
run on a subset of the dataset (n = 10000 total examples) with a batch size of 1000. Specifically
for Fig. 10, when optimizing with CE loss we modify the network (ResNet-18) such that it has a
normalization layer before the linear classifier head. We consider this additional setting to allow for
a comparison where CE features are constrained to the unit sphere akin to our SCL experiments.
Lastly, in Fig. 11 we plot the learned features Gram-matrix Gy for a ResNet-18 trained on CIFAR10
(n = 10000 total examples) with a batch size of 1000.” This heatmap qualitatively shows a more
complete picture as we are plotting Gg = H"H rather than Gy, thus simultaneously illustrating
both Neural Collapse and convergence to the k-OF structure.

E.3.4 EXPERIMENTS WITH MLPs

In Fig. 14 we run experiments with a simple 6 layer multilayer perceptron (MLP) to further explore
the impact of model complexity on geometric convergence. The MLP includes batch normalization
and ReLU activation between each layer. Each layer has 512 hidden units. We train the model with
a batch size of 1000 with random reshuffling at each epoch. Furthermore, we train under R-STEP
imbalanced MNIST. No batch duplication was used. All other aspects of the implementation are
as described in Sec. E.1. As shown in Fig. 14 all metrics Ag,,, Onc, and Ave .../ Ogim(c,er) indicate
strong convergence to the OF geometry, irrespective of imbalance ratio R.
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0.0 06 06
- 4 ’
Q
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Figure 10: Gy Gram-matrices of mean-embeddings for various R-STEP imbalances at last
epoch (350) of training with ResNet-18 on MNIST with n = 10000. To allow for fair comparison,
the CE features are normalized before the classifier head akin to the SCL experiments.

E.4 OPTIMIZATION DYNAMICS

E.4.1 LOSS CONVERGENCE

In order to compute the lower bounds shown in Fig. 3, we use Thm. 1, substituting e~* with e T
using 7 = 0.1 as employed in our experiments; this substitution is allowed thanks to Remark 2.
Furthermore, we compute the lower bounds and £(H) on a per sample basis, thus we divide by
n = 1000 which corresponds to the number of datapoints in our single batch. Lastly, as a method of

"In both Fig. 11 and Fig. 10 no batch duplication is used as described in Sec. 3.
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Figure 11: G Gram-matrices of feature embeddings for various imbalances at last epoch (350)
of training SCL with CIFAR10 and ResNet.
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Figure 12: Full-batch SCL: ResNet-18 trained on a R-STEP imbalanced subset of MNIST of size n = 1000.
(a) Loss converges to the lower bound (dashed lines) computed in Thm. 1. (b) Within-class feature variation
becomes negligible (NC). (¢) The average pairwise cosine similarity of class-means approaches zero. Each
epoch is equivalent to one iteration of gradient descent.

maintaining numerical stability (as implemented in Khosla et al. (2020)) we apply a global scaling of
the loss by a factor 7/7,, where 7, = 0.07 is the base temperature Khosla et al. (2020). The complete
experiment, conducted over 2000 epochs (with axes limited to 500 epochs for clarity in Figure 3), is
available in Figure 12.

E.4.2 EFFECT OF T

Remark 2. The normalization of the embeddings in UFM , corresponds to SCL with temperature
T = 1. More generally, the normalization becomes |h;|*> = 1/7. The conclusion of Thm. 1 is
insensitive to the choice of T, thus stated above for T = 1 without loss of generality. Although the
value of T does not affect the global optimizers of UFM ., we have empirically observed that it
impacts the speed of convergence during training.

As described in Sec. 3 and Sec. 4.1 the optimality of the OF geometry for the UFM, is invariant to
the choice of the temperature parameter 7. However, we have found that the speed of convergence to
the OF geometry is dependent on the choice of 7. Shown in Fig. 13 is a full batch SCL experiment
on n = 1000 samples of MNIST trained on ResNet-18 with 7 = 0.1,1,10. It is clear from Fig. 13
that: (a) the within-class feature variation converges significantly faster for smaller 7; (b) the angles
converge to k-OF faster and smoother for smaller 7 as well (see Fig. 13 (b)). In all cases, values of
Bnc and agim (¢, ¢) continue to decrease, and we anticipate further convergence if the networks are
trained for longer. These results qualitatively agree with the findings of Khosla et al. (2020) which
suggest that smaller 7 improves training speed.
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Figure 13: Full-batch SCL: ResNet-18 trained on a subset of MNIST of size n = 1000 with different temperature
parameters 7. (a) Within-class feature variation (NC). (b) Average pairwise cosine similarity of class-means.
Each epoch is equivalent to one iteration of gradient descent.
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Figure 14: Geometry convergence metrics (a) Ag,,, (b) Onc, and (¢) Ave..s Osim(c,c) for a 6 layer multilayer
perceptron (MLP) model with ReLU activations trained with SCL and MNIST under R-STEP imbalance.

E.4.3 IMPACT OF BATCH SIZE

Khosla et al. (2020) have found performance increases with larger batch sizes, and thus we consider
the effects of batch size on the convergence of the learned features to their corresponding predicted
geometry. We see in Fig. 15 that the features learned when ReL U is applied are more robust to
variations in the batch size. Without ReLU, despite having ETF as the optimal geometry, as predicted
by Graf et al. (2021), convergence is considerably more sensitive to batch size choice. This sensitivity
is exacerbated when the number of classes increases, see CIFAR100 in Fig. 15.

E.5 COMPLEMENTARY RESULTS AND DISCUSSIONS ON BATCH-BINDING

In this section, we describe examples where batching methods and batch-binding help improve the
convergence speed of embeddings geometries to OF.

E.5.1 HOW BATCH-BINDING ENSURES A UNIQUE OF GEOMETRY

Fig. 16 provides a simple illustration demonstrating how adding binding examples can satisfy the
requirements of Cor. 2.1. While there are alternative approaches to satisfy the graph conditions stated
in Cor. 2.1 for ensuring a unique OF geometry, the method of adding the same k£ examples to each
batch is a straightforward technique that is often computationally efficient, considering that batch
sizes typically exceed the number of classes k.

Geometry convergence for different batching schemes. A comparison of OF convergence with
three batch selection schemes was introduced in Sec. 5. We considered three strategies: 1) No
batch-shuffling, 2) Batch-shuffling, and 3) No batch-shuffling + batch-binding. We noted that
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Figure 15: Convergence of learned features Gram matrices, G to predicted geometry; OF in
when ReLU is applied to features and ETF otherwise. Batch size is varied with balanced data.

optimization with batch-binding, even in absence of shuffling is very effective at guiding the solution
to the unique OF geometry.

Further, in Table 5 in the appendix, we present experimental evidence in suggesting that batch binding
does not negatively effect the balanced test accuracy of Nearest Class Center (NCC) classifier. This
observation, paired with the impact of binding examples on OF convergence, motivates further
analysis of the relationship between OF geometry and test accuracy.

Improving convergence for less powerful models. When conducting our experiments, we noticed
that DenseNet-40 converges slower compared to ResNet-18. A reason for this may be related to the
very different complexities of the two models: ResNet-18 has substantially more trainable parameters
compared to DenseNet-40. In an attempt to improve the convergence speed, we reduce the batch
size for DenseNet experiments to 128 to increase the number of SGD iterations. We also train
DenseNet for 500 epochs instead of 350 while reducing the learning rate from 0.1 to 0.01 at epoch
300. Yet, we observe that with much smaller batch sizes, the embedding geometry does not always
converge to the OF geometry, especially when training with high imbalance ratios. Specifically when
training with randomly reshuffled batches, there is a higher chance that the examples do not interact
with each other even if trained for long, suggesting that the optimal solution for all batches is not
necessarily OF. We hypothesize that this likelihood increases when using smaller batch sizes during
training. In order to combat this effect, we ran the DenseNet experiments with the addition of binding
examples to every batch. As shown in Fig. 19, we find that adding such binding examples significantly
improves the convergence to OF, particularly when training on more complex datasets (CIFAR10
compared to MNIST) and under more severe imbalances (STEP imbalance with R = 50, 100). These
results emphasize the impact of batch-binding and provide further evidence regarding our claims
in Sec. 4.2. While the convergence values of Ag,, are higher when compared to ResNet-18, we
deem them reasonable considering the difference in the number of parameters between the two
architectures. Similar to ResNet-18, we provide geometric convergence results for DenseNet-40 on
different datasets in Fig. 23 in the appendix.
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(b) (©

Figure 16: A simple illustration to explain how adding binding examples to each batch satisfies
the requirements of Cor. 2.1, thus leads to unique OF geometry. (a) Gives a 3 class (black, grey
and white) classification example with 3 batches. In addition to the data for each batch (included
in red), the binding examples 1,2, 3 are added to each batch. (b) Gives the Batch Interaction
Graph for the induced subgraph G of the class (black) of example 1 and illustrates how all
batches are connected through examples 1, satisfying the first condition of Cor. 2.1. (¢) Elaborates
on how all three class graphs G'1, G2, G3 are connected through the interactions of data points
1,2, 3, satisfying the second condition of Cor. 2.1.
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Figure 17: Convergence of G to the OF geometry for a ResNet-18 model trained on CIFAR10
under Step and Long-tail imbalance, with data augmentation. Results represent the average run
results over 5 versions of the experiments with randomly chosen binding examples from each

class.
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Figure 18: Convergence to the OF geometry for various batching schemes including the analysis-
inspired scheme “No Batch Shuffling + Batch-Binding”. See text for details. Experiments
conducted with CIFAR-10 and ResNet-18.

In another experiment, we consider the convergence of ResNet-18 embeddings to the OF geometry
when trained with CIFAR100. Models are trained for 500 epochs with a constant learning rate of 0.1
and a batch size of 1024. In Fig. 2, we see that ResNet-18 easily converges to CIFAR10. However,
without batch binding, in Fig. 20 ResNet-18 struggles to convergence. With a large number of classes
(k =100 for CIFAR100), it becomes increasingly more likely for the randomly reshuffled batches
to not allow sufficient interactions between examples. Particularly for large imbalance ratios (e.g.,
R =100, 50), since the number of samples in each minority class could become as low as 5-10, some
batches might never encounter examples from minority classes. This is particularly noticeable for
STEP-Imbalance and large imbalance ratios, where half of the classes are minorities. On the other
hand, including the binding examples in each batch (right side) can improve the convergence of the
feature geometry to OF.

E.5.2 CONVERGENCE IN NON-RELU SETTINGS

In addition to observing that batch-binding improves the convergence of SCL with ReL.U to OF,
we consider the setting without ReLU. In particular in Fig. 21 we compare the convergence of the
Gram matrix of mean embeddings to the ETF geometry with and without batch-binding. We train a
ResNet-18 model with CIFAR-10. We observe that with a reduced batch size of 128 the convergence
can be significantly improved with binding-examples.
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Figure 19: Convergence of G to the OF geometry for a DenseNet-40 model trained on CIFAR10
and MNIST under STEP imbalance with and without batch-binding. While the impact of batch-
bindings is less noticeable when training on a simple dataset such as MNIST, the convergence is
significantly improved, particularly under imbalance, when training on a more complex dataset

such as CIFAR10.
Batch Shuffling
Batch Shuffling + Batch-Binding
14
1.2
1.0
? 0.8
n 0.6
0.4
0.2
14
1.2
= 1.0
0 08
g
3 0.6
0.4
0.2
100 200 300 400 500 100 200 300 400 500
Epoch
Figure 20: Convergence of embeddings geometry to OF as measured by Ag,, = || HGGTMHF -
Hllzﬂcﬁ | 7 for ResNet-18 trained on imbalanced CIFAR100 with SCL and different batching

schemes. Adding binding examples helps with the convergence to the OF geometry, especially
under STEP imbalance with larger imbalance ratios.

E.6 ON THE CONVERGENCE OF BATCH-SHUFFLING TO OF

It can be readily observed that a fixed mini-batch partition without shuffling (No batch-shuffling in the
experiments above) does not satisfy the conditions of Cor. 2.1. Consequently, OF is not the unique
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Convergnece of SCL (no ReLU) to ETF
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Figure 21: Geometry convergence of G,, = M"M to the ETF geometry with and without binding
examples. A batch size of 128 is used, there is no ReLU on the output features.

minimizer geometry in such scenarios. This is clearly manifested by the inadequate convergence
levels observed in our experiments, as depicted for example in Fig. 18. In contrast, in our experiments,
when the examples are randomly shuffled prior to partitioning into mini-batches at each epoch (which
we call Batch Shuffling), the convergence behavior to OF shows a significant improvement compared
to the case of No batch-shuffling. The observed improvement can be attributed to the fact that
shuffling enables interactions among examples across epochs. To elaborate on this notion, we present
a formalization of batch shuffling below.

Let S denote the set of all permutations of [n] = {1,2,...,n}, where n is the total number of training
examples. Additionally, let b denote a fixed batch-size. For simplicity, assume n is an integer multiple
of b. At the beginning of each training epoch ¢, we sample a permutation s; = (i1, i2, ..., i, ) uniformly
from S with replacement. We then define P(s:) := {{i1,-+;%b}, {ib+1s -, 920 }s ooy {in—bi1s -oes in } }
as the collection of total 7 mini-batches obtained by partitioning s;. These are the mini-batches used
at epoch ¢. Thus, SCL in this epoch can be written as follows:

1
L;,(H):= > > Lp(H;i), where Lz(H;i) = — > log( Y exp(hih,-hlh;)),
BeP(s) i€B NB,y; ~ jeB teB
IELY;=Yi b
and recall ng . = |{i : i € B,y; = c}|. Consider also the loss over all mini-batches obtained by
partitioning each permutation of S:

Ls(H):=Y > > Lp(H;i), (10)

seS BeP(s) i€eB

Now, since s; is uniformly sampled from .S, we have the following relation for the expected per-epoch
loss to the total loss given in Eqn. (10): E;, L, (H) = 1/js| Ls(H). Therefore, training with batch-
shuffling can be regarded as a stochastic version of minimizing the total loss in Eq. (10). Regarding
the latter, it can be checked (see Rem. 3 below) that it satisfies the conditions of Cor. 2.1, thereby
making OF its unique minimizer geometry. Taken together, these findings suggest that although the
per-epoch loss £, obtained through batch-shuffling does not satisfy the conditions of Cor. 2.1 for any
specific epoch ¢, it does satisfy them in expectation. In particular, this can be regarded as preliminary
justification of the experimental observation of improved convergence with batch-shuffling compared
to No batch-shuffling schemes. The latter schemes fail to satisfy Cor. 2.1 under any circumstances,
unless in the extreme case of a large batch size where b = n and we recover L. However, it is
important to note that the aforementioned argument is a rough approximation, as it is not feasible
to average over all |S| = n! permutations when optimization is typically performed over a limited
number of epochs. This can explain why, despite exhibiting better convergence compared to the
No batch-shuffling schemes, batch-shuffling schemes still demonstrate non-smooth and inconsistent
convergence patterns in our experiments. This behavior becomes particularly evident when comparing
the convergence levels of batch-shuffling to our batch-binding scheme, which is specifically designed
to satisfy the conditions of Cor. 2.1 at each epoch.

Remark 3. 7o show that Eqn. (10) satisfies Cor. 2.1, we will show that the corresponding batch
interaction graph G is a complete graph. This suffices, because the induced subgraphs G from Def. 4
for a complete graph are connected graphs, and there exist multiple edges between G, and G, for
1, ¢ € [k]. To show that G is a complete graph, we argue as follows. Consider the set B of all mini-
batches obtained by partitioning all n! elements of S. Fix b > 2, so that the mini-batches have at least
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two examples. We will consider a subset B1 € BB of mini-batches and show that the corresponding
batch interaction graph for By is a complete graph, which would then imply the batch interaction
graph of B is also a complete graph. Specifically, let B1 € B denote the mini-batches comprising of
the first b indices in every permutation s € S. In other words, from a given s = (i1,i2,...,1,) €S, we
let By include the mini-batch {iy, s, ...,9}. Since S includes all permutations of [n], By contains
all b-length permutations of the elements of [n], possibly with repetitions. Thus, the batch interaction
graph created by the mini-batches in B is a complete graph. In the definition of the batch interaction
graph, since a repeated presence of a pair of examples does not alter the graph, the batch interaction
graph for B is the same complete graph. Thus, B satisfies Cor. 2.1.

E.7 RELU DOES NOT COMPROMISE ACCURACY

Having discussed the symmetry-preserving value of ReLU activation in SCL training, we now
turn towards the impact on generalization accuracy. While the exact relationship between the
training feature geometry and generalization is an open question, it is conceivable that maintaining
symmetry in features is beneficial to generalization (Behnia et al., 2023; Zhu et al., 2022). In fact,
our experiments with class-imbalance reveal that ReLU improves the test accuracy significantly
in a subset of the cases, while not deteriorating in others. There have been suggestions of loss
function modifications in such a way that the feature geometry is symmetric in presence of class-
imbalance, consequently also achieving improvements in generalization Behnia et al. (2023); Zhu
et al. (2022). Since the role of a projector block is of interest when training with SCL, we compare the
experimental test accuracies both when the projector is retained (post-projection) as well as discarded
(pre-projection) during inference (Khosla et al., 2020; Chen et al., 2020; Zhu et al., 2022).

Pre-Projection Post-Projection
MLP MLP + ReLU MLP MLP + ReLU
R Step LongTail ‘ Step LongTail Step LongTail [ Step LongTail

- 1 91.88 + 0.29 92.04 £ 0.10 91.94 + 0.04 91.79 £ 0.13
% 10 83.70 + 1.09 83.82 £ 0.70 83.41 +0.64 84.40 £ 0.79 82.35 + 0.67 82.97 + 0.83 80.81 + 1.01 82.99 + 1.03
© 100 60.19 + 1.75 68.75 + 0.31 67.12 + 1.04 68.57 + 1.69 55.31 +1.98 63.67 +0.77 59.83 + 1.75 62.65 +2.37
g 1 72.17 £ 0.23 72.32 + 0.60 72.30 + 0.57 72.25 +0.35
% 10 56.58 + 0.50 57.10 + 1.04 58.16 +0.76 57.88 + 1.05 54.57 +0.49 56.27 + 0.45 55.35+0.33 57.08 + 0.82
S 100 43.49+ 0.30 37.19 +2.50 43.80 £ 0.25 39.71 + 0.09 40.29 + 0.33 3529 + 1.64 39.93 +0.33 3721 £0.51
% 1 62.53 +1.23 62.26 + 0.37 62.71 + 1.10 62.48 + 0.40
S
g 10 50.17 + 1.44 50.8 +1.94 49.78 + 0.67 49.81 + 0.82 4891 + 1.6 50.23 +1.83 48.23 £ 0.53 48.76 + 1.18
E 100 39.13 £ 0.63 36.06 + 0.89 40.02 + 0.62 35.84 +1.33 37.41 £0.29 34.57 £ 0.95 37.19 £ 0.68 33.78 + 1.34

Table 2: Comparison of test accuracies for (i) CIFAR-10 (ii) CIFAR-100 (iii) Tiny ImageNet
when ResNet-18 is trained with a 2-layer MLP projection head with and without ReLU on the
output features. Comparisons in both Step and LT imbalance settings. Additionally a comparison
of the performance using features before the projection head (pre-projection), and after the head
(post-projection).

Thus, as noted in Table 2 we make a remarkable observation that simply adding ReLLU to the network
can yield significant improvements in test accuracy in certain cases, while at least matching that of
the case without ReLLU in others. In light of this, our finding of the insensitivity of the embedding
geometry in presence of ReLLU serves a potential explanation. Our analysis therefore paves an
important direction for future empirical investigations into the role of the activation functions in the
projector network on generalization of SCL.

E.8 RELU HELPS IMPROVE WORST CLASS ACCURACY
As illustrated by Fig. 2 and Fig. 1, the use of ReLU results in a symmetric OF feature geometry

and prevents the collapse of the minority feature vectors. While the direct relationship between NC
geometry of train and test features is not yet entirely established, we expect that this symmetric
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geometry could help improve the worst class test accuracies, especially for cases with a large number
of classes where the impact of the imbalance on minority classes is more severe. To this end, we
compare the average test accuracy of the worst quartile of classes (worst 25 classes) for a ResNet-18
model trained on CIFAR-100 (Table 4). Our results indicate that the worst test accuracies improve in
the presense of ReLU which could link to ReLU’s impact on achieving the same train margin for all
minority classes irrespective of the imbalance ratio.

5 10 20 50 100

36.59 £0.19 23.66 £ 0.52 13.59 £ 0.83 6.73 £ 0.39 4.42 £ 0.65

38.52 £ 0.24 27.49 £ 0.37 18.62 £ 0.72 10.41 £0.15 6.49 £ 0.35

MLP + ReLUMLP | =

Table 3: Worst class accuracy for ResNet-18 model trained using CIFAR-10 for different step
imbalances.

MLP MLP + ReLU
R Step Longtail Step Longtail
5 36.51 +£0.12 39.70 + 0.84 38.15+£0.52 41.35+0.83
s 10 23.12£0.78 27.46 £0.18 31.46 £0.14 33.76 £ 0.19
% 20 13.50 + 0.86 23.30 + 1.04 18.66 + 1.05 2552+ 1.11
S 50 6.72 + 0.11 12.18 £ 0.18 10.44 + 0.59 15.39+ 0.19

100 5.44 +£0.37 7.13 £ 0.62 6.48 +0.47 8.99 +0.24

Table 4: Comparison of average test accuracies for the worst 25 classes for ResNet34 trained on
CIFAR-100. For each setup, the test accuracies are evaluated over 5 runs. In all cases, we can see
that the addition of ReLU helps improve the worst class accuracies.

E.8.1 IMPACT OF BATCH-BINDING ON GENERALIZATION

Table 5: NCC test accuracy for Batch-Binding

\ Step Long-tail

Ratio
(R) Reshuffling Reshuffling Reshuffling Reshuffling
+ Batch-Binding + Batch-Binding

10 83.31+£0.656% 83.27+0.27% 85.04+0.28% 85.03+0.57%
100 64.07 +1.79% 64.18 +1.25% 67.75+1.21% 68.08 +0.72%

To study the effect of binding examples on generalization, we consider the Nearest Class Center
(NCQO) classifier. For this, each test example is assigned the label of the class center p. learned
during training that is closest to it (in Euclidean distance). We consider a simple setup of training
a ResNet-18 model on CIFAR10 under imbalances R = 10, 100 both with and without the binding
examples. Models are trained with a batch size of 128 for 350 epochs. We ran the experiments with a
smaller batch size to increase the number of back-propagation steps as adding data augmentations
slows down convergence to OF geometry . We start with a learning rate of 0.1, which is reduced
by a factor of 10 on epochs 250 and 300. Weight decay is set to 5 x 10~%. In addition, we apply
data augmentation as it is common practice when considering generalization and test accuracy. In
particular, rather than simply adding horizontally flipped images (as described in Sec. 3) we allow for
generic augmentations that include simple horizontal or vertical flips and random cropping with a
probability of 0.5. The NCC test accuracy was measured across 5 versions of the experiment with the
k binding examples sampled randomly every time and 5 versions without any batch-binding. The
results for NCC balanced test accuracies are provided in Table 5. While making definitive conclusions
regarding the impact of the embeddings geometries and binding examples on generalization requires
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Figure 22: Convergence of G to the OF geometry for a ViT model trained on CIFAR10 under
Step and Long-tail imbalance.

further investigation, this preliminary investigation suggests that batch-binding does not negatively
impact NCC test accuracy.

Finally, Fig. 17 shows convergence of embeddings geometry to OF for the same experiments. As
expected, the convergence is slightly slower in this case due to the inclusion of data augmentation
(random crops and flips).

E.8.2 EXPERIMENTS WITH ADDITIONAL ARCHITECTURES

In order to ensure that our results are not impacted by the specifics of CNN structure of ResNet
architecture, we perform a series of experiments on DenseNet-40 models and ViT Dosovitskiy et al.
(2021). For the ViT models, we used a 2 layer vision transformer models with 10 attention heads for
the CIFAR-10 dataset with exponential and step imbalances. Fig. 22 and Fig. 23 illustrate how the
feature geometry converges to OF consistently for both networks, further solidifying our findings and
indicating that given a large enough model, assumptions such that UFM., hold for classification tasks
regardless of network architecture.
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(c) Angles between class-means
Figure 23: Geometric convergence of embeddings (as based on Def. 1, Def. 2, and Def. 3)

of DenseNet-40 trained with batch-binding. We measure: (a) Ag,,, (b) fnc, and (¢)
Ave s asim(c, ') as defined in text.
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