
A Derivation of Bayes-optimal ridge estimator for w1

Given a set of context samples, we derive the Bayes-optimal ridge estimator for w. We begin by2

placing a Gaussian prior on w, assumed to be a random vector with distribution w ∼ N (µ0,Σ0),3

where µ0 denotes the prior mean and Σ0 the prior covariance matrix. Let the observed context data4

consist of centered input vectors X̄ = [x̄1, . . . , x̄l−1]
T and centered labels ȳ = [ȳ1, . . . , ȳl−1]

T .5

Under the assumption of i.i.d. Gaussian noise with variance σ2, the likelihood of the data given w is6

expressed as7

p(ȳ|X̄,w) =

l−1∏
i=1

p(ȳi|x̄i,w) =

l−1∏
i=1

1√
2πσ2

exp

(
− (ȳi −wT x̄i)

2

2σ2

)
, (S1)

p(ȳ|X̄,w) ∝ exp

(
− 1

2σ2
(ȳ − X̄w)T (ȳ − X̄w)

)
, (S2)

where ∝ denotes proportionality, and the second expression reformulates the likelihood compactly in8

matrix notation.9

Applying Bayes’ theorem, the posterior distribution of w conditioned on the observed data is10

proportional to the product of the likelihood and the prior:11

p(w|ȳ, X̄) ∝ p(ȳ|X̄,w) p(w). (S3)

Substituting the previously derived expressions for the likelihood and the prior yields:12

p(w|ȳ, X̄) ∝ exp

(
− 1

2σ2
(ȳ − X̄w)T (ȳ − X̄w)

)
exp

(
−1

2
(w − µ0)

TΣ−1
0 (w − µ0)

)
. (S4)

To determine the form of the posterior distribution, we complete the square in the exponent by13

collecting all terms involving w. Expanding the exponent in the joint expression from above, we14

obtain:15

− 1

2σ2

(
ȳT ȳ − 2ȳT X̄w +wT X̄T X̄w

)
− 1

2

(
wTΣ−1

0 w − 2µT
0 Σ

−1
0 w + µT

0 Σ
−1
0 µ0

)
. (S5)

Grouping the quadratic and linear terms in w, we arrive at:16

−1

2
wT

(
X̄T X̄

σ2
+Σ−1

0

)
w +wT

(
X̄T ȳ

σ2
+Σ−1

0 µ0

)
+ terms independent of w. (S6)

Defining the posterior precision and linear coefficient terms as Σ−1
l = X̄T X̄

σ2 + Σ−1
0 and bl =17

X̄T ȳ
σ2 +Σ−1

0 µ0, the exponent can be rewritten as18

−1

2
wTΣ−1

l w +wT bl = −1

2
(w − µl)

TΣ−1
l (w − µl) + const, (S7)

where µl = Σlbl denotes the posterior mean. Expanding this expression gives:19

µl =

(
X̄T X̄

σ2
+Σ−1

0

)−1(
X̄T ȳ

σ2
+Σ−1

0 µ0

)
. (S8)

Hence, the posterior distribution of w given the observed data is Gaussian:20

w | ȳ, X̄ ∼ N (µl,Σl), (S9)

where µl is the posterior mean and Σl is the posterior covariance matrix.21

Under a squared error loss, the Bayes-optimal estimator corresponds to the posterior mean. Therefore,22

the Bayes-optimal estimate of w is given by23

ŵRidge = E[w | ȳ, X̄] = µl =

(
X̄T X̄

σ2
+Σ−1

0

)−1(
X̄T ȳ

σ2
+Σ−1

0 µ0

)
. (S10)

This expression defines the Bayes-optimal ridge estimator, derived under the assumptions of a24

Gaussian prior w ∼ N (µ0,Σ0) and additive Gaussian noise in the labels. The result minimizes the25

expected squared error with respect to the posterior distribution.26
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B Derivation of linearized softmax27

The softmax function softmax : Rl → Rl is defined component-wise as28

softmax(z)i :=
ezi∑l
j=1 e

zj
∀i ∈ {1, 2, . . . , l}. (S11)

To obtain a linear approximation, we apply a first-order Taylor series expansion around the origin29

z = 0:30

softmax(z) ≈ softmax(0) + Jsoftmax(0)(z − 0), (S12)

where Jsoftmax(0) denotes the Jacobian matrix of the softmax function evaluated at z = 0. We now31

evaluate the first term in the expansion:32

softmax(0) =
e0∑l
j=1 e

0
1 =

1∑l
j=1 1

1 =
1

l
1. (S13)

Next, we compute the Jacobian matrix Jsoftmax(0) by evaluating its entries:33

Jsoftmax(0)ii = softmax(0)i (1− softmax(0)i) =
l − 1

l2
, ∀i ∈ {1, 2, . . . , l}, (S14)

Jsoftmax(0)ij = −softmax(0)i · softmax(0)j = − 1

l2
, ∀i ̸= j. (S15)

Combining these expressions, we obtain a compact matrix representation:34

Jsoftmax(0) =
1

l
I − 1

l2
11T . (S16)

We can now write the linearized softmax function as35

softmax(z) ≈ softmax(0) + Jsoftmax(0)z, (S17)

=
1

l
1+

1

l
z − 1

l2
11Tz, (S18)

=

1

l
− 1

l2

l∑
j=1

zj

1+
1

l
z, (S19)

which yields the linearized attention formulation in Eq. (5). From a practical perspective, such36

linearized attention mechanisms have been empirically evaluated and shown to attain performance37

comparable to that of the standard softmax attention [11].38

C Linear vs. linearized attention for in-context learning39

Here, we highlight the distinction between linear attention and linearized attention in the context of40

the linear regression problem defined in Eq. (2). Analytically, the key difference lies in the fact that41

the linearized attention model operates on centered input data, whereas the linear attention model42

uses raw data without centering. Apart from this centering step, both mechanisms are equivalent,43

except that linearized attention includes an additional bias term (bAtt in Eq. (10)). However, this bias44

term is inconsequential in our linear regression setting and does not affect the predictive outcome.45

Thus, the data-centering operation is the principal differentiator in our analysis. Specifically, linear46

attention’s omission of centering makes it sensitive to shifts in the input mean, whereas linearized47

attention remains robust under such transformations. We illustrate this phenomenon in Figure S1,48

where we simulate a shift in the input mean at test time. The results demonstrate that linear attention49

fails to recover Bayes-optimal performance under mean shift, indicating its limitations for in-context50

learning in this setting. In contrast, linearized attention successfully compensates for the mean shift51

and achieves Bayes-optimal performance as the number of context points l increases.52

Therefore, in the presence of possible distributional shifts—particularly in the input mean—linearized53

attention offers a more robust and theoretically grounded alternative to linear attention for in-context54

learning.55
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Figure S1: Comparison of linear and linearized attention under a shift in input mean. The plot
illustrates the impact of a test-time shift in input mean on the performance of linear attention and
linearized attention. While linear attention degrades under the distribution shift and fails to recover
the Bayes-optimal performance, linearized attention remains robust and asymptotically matches the
Bayes-optimal predictor as the number of context length l increases.

D Expanded form of linearized attention56

Using block matrix notation, the prediction from the linearized attention model can be expanded as:57

ŷ(Z;V ,M) = Ad+1,l, (S20)

=
1

l
Vd+1,:Z

 (KZ)T (QZ:,l)

τ
− 1

l

l∑
j=1

(KZ:,j)
T (QZ:,l)

τ
+ 1

 , (S21)

=
1

l
[vT

21 v22]Z

ZTMZ:,l

τ
− 1

l

l∑
j=1

(Z:,j)
TMZ:,l

τ
+ 1

 , (S22)

=
1

l
[vT

21 v22][X y]T

 [X y]M [xT
l 0]T

τ
− 1

l

l∑
j=1

[xT
i yi]M [xT

l 0]T

τ
+ 1

 , (S23)

=
1

l
[vT

21 v22][X y]T
(
1

τ

[
X − 1sTx y − sy1

] [M11 ∗
mT

21 ∗

]
[xT

l 0]T + 1

)
, (S24)

=
1

l
[vT

21 v22][X y]T
(
1

τ

(
X − 1sTx

)
M11xl +

1

τ
(y − sy1)m

T
21xl + 1

)
, (S25)

=
1

l

(
vT
21X

T + v22y
T
)(1

τ

(
X − 1sTx

)
M11xl +

1

τ
(y − sy1)m

T
21xl + 1

)
, (S26)

=
1

τ

(
vT
21

(
XTX

l
− sxs

T
x

)
+ v22

(
yTX

l
− sys

T
x

))
M11xl,

+
1

τ

(
vT
21

(
XTy

l
− sysx

)
+ v22

(
yTy

l
− s2y

))
mT

21xl + vT
21sx + v22sy, (S27)

=
1

τ

(
vT
21Cxx + v22C

T
xy

)
M11xl +

1

τ

(
vT
21Cxy + v22Cyy

)
mT

21xl + vT
21sx + v22sy, (S28)

=
1

τ

((
vT
21Cxx + v22C

T
xy

)
M11 +

(
vT
21Cxy + v22Cyy

)
mT

21

)
xl + vT

21sx + v22sy, (S29)

where the summary statistics are defined as:58

sx :=
1

l

l∑
i=1

xi, sy :=
1

l

l−1∑
i=1

yi,

Cxx :=
1

l

l∑
i=1

xix
T
i − sxs

T
x , Cxy :=

1

l

l−1∑
i=1

yixi − sysx, Cyy :=
1

l

l−1∑
i=1

y2i − s2y.
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Then, we define59

ŵAtt(Cxx,Cxy, Cyy;M ,V ) = MT
11 (Cxxv21 + v22Cxy) +

(
vT
21Cxy + v22Cyy

)
m21, (S30)

bAtt(sx, sy;V ) = vT
21sx + v22sy, (S31)

which allows us to write60

ŷ(Z;V ,M) =
1

τ
ŵAtt(Cxx,Cxy, Cyy;M ,V )Txl + bAtt(sx, sy;V ). (S32)

E Derivation of the pretraining for ICL by mimicking the Bayes-optimal61

estimator62

Here, we derive the pretraining of the linearized attention model by mimicking the Bayes-optimal63

ridge estimator (9). Recall that the prediction of the linearized attention model is64

ŷ(Z;V ,M) =
1

τ
ŵAtt(Cxx,Cxy, Cyy;M ,V )Txl + bAtt(sx, sy;V ), (S33)

which is derived in Appendix D. Furthermore, the Bayes-optimal ridge regression model’s prediction65

is66

ŷBayes = ŵT
Bayesxl. (S34)

Therefore, we select the parameters M and V such that67

ŵAtt(Cxx,Cxy, Cyy;M ,V ) ≈ ŵBayes, bAtt(sx, sy;V ) ≈ 0, (S35)

which makes the prediction of the linearized attention model approximately equal to that of the68

Bayes-optimal regression. Furthermore, we consider τ = 1 for the pretraining. Let’s first focus on69

ŵAtt(Cxx,Cxy, Cyy;M ,V ) as follows70

ŵAtt(Cxx,Cxy, Cyy;M ,V )

=
(
MT

11 (Cxxv21 + v22Cxy) +
(
vT
21Cxy + v22Cyy

)
m21

)
, (S36)

=

(
MT

11

(
X̄T X̄

l
v21 + v22

X̄T ȳ

l

)
+

(
vT
21

X̄T ȳ

l
+ v22

ȳT ȳ

l

)
m21

)
. (S37)

To reach the last line, we use the fact that Cxx := XTX/l − sxs
T
x = X̄T X̄/l, Cxy := XTy/l −71

sysx = X̄T ȳ/l and Cyy = ȳT ȳ/l, where X̄ := X − sTx and ȳ := y − sy denote centered input72

matrix and centered label vector. Now, recall that the Bayes-optimal ridge estimator is73

ŵBayes =

(
X̄T X̄

σ2
+Σ−1

w

)−1(
X̄T ȳ

σ2
+Σ−1

w µw

)
, (S38)

as derived in Appendix A. Looking at equations (S38) and (S37) together, we can see that setting the74

parameters as follows would make ŵAtt = ŵBayes hold75

M11 =
l

σ2

(
X̄T X̄

σ2
+Σ−1

w

)−1

, v21 =
σ2

l

(
X̄T X̄

l

)−1

Σ−1
w µw, m21 = 0, v22 = 1.

(S39)

However, while Bayes-optimal estimator ŵBayes is different for each sample, the attention model76

should be pretrained and fixed. Thus, we replace X̄T X̄ in (S39) with X̂T X̂/m as follows, where77

X̂ ∈ Rml×d is the centred input matrix including all the (pre)training data consisting of ml samples.78

M11 =
l

σ2

(
X̂T X̂

mσ2
+Σ−1

w

)−1

, v21 =
σ2

l

(
X̂T X̂

ml

)−1

Σ−1
w µw, m21 = 0, v22 = 1.

(S40)

In practice, the variance of noise σ2, the mean µw, and covariance Σw of the task vectors are79

unknown. Yet, we can use their estimates based on the (pre)training data.80
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Now, we can focus on making bAtt(sx, sy;V ) ≈ 0 hold as follows81

bAtt(sx, sy;V ) = vT
21sx + v22sy, (S41)

where sx and sy are based on data so we have no control over them. Instead, by using Assumptions82

3.1 and 3.2, we can choose v21 and v22 such that bAtt → 0 as l, d → ∞. Note that Assumption83

3.1 makes vT
21sx + v22sy bounded with high probability for v21 and v22 given in (S40). Therefore,84

multiplying v21, v22 given in (S40) with 1/d would make bAtt → 0 as d → ∞. To fix the impact of85

the multiplication for ŵAtt, we can multiply M11 with d as well. So, by applying the mentioned86

multiplications, we reach the following pretrained parameters mimicking the Bayes-optimal regression87

model88

M11 =
dl

σ2

(
X̂T X̂

mσ2
+Σ−1

w

)−1

, v21 =
σ2

dl

(
X̂T X̂

ml

)−1

Σ−1
w µw, m21 = 0, v22 =

1

d
.

(S42)

F Characterization of generalization error for ICL under distribution shift89

Here, we characterize the generalization error for in-context learning under distribution shift, given90

that M and V are pretrained and fixed. So, the impact of pretraining distribution Dtrain is captured91

by M and V . Suppose that Dtest denotes the test distribution. To avoid additional notations, here,92

we again use µx,µw,Σx,Σw, σ
2 to denote means and covariances for input and task vectors and93

noise variance for the inference (test). However, note that these can be different from those used for94

pretraining. We begin studying the generalization error defined in (8) as follows95

G(V ,M) := E(Z,yl)∼Dtest

[
(yl − ŷ(Z;V ,M))

2
]
, (S43)

= E(Z,yl)∼Dtest

[(
1

τ
ŵAtt(Cxx,Cxy, Cyy;M ,V )Txl + bAtt(sx, sy;V )− yl

)2
]
, (S44)

= E(Z,yl)∼Dtest

[(
1

τ

(
MT

11 (Cxxv21 + v22Cxy)
)T

xl − yl

)2
]
, (S45)

where we use the parameters from pretraining (S42) together with Assumptions 3.1 and 3.2 to reach96

the last line. Then,97

G(V ,M) = E(Z,yl)∼Dtest

[(
1

τ

(
MT

11 (Cxxv21 + v22Cxy)
)T

xl − yl

)2
]
, (S46)

= E


1

τ

MT
11

1

l

∑
i≤l

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄i(x̄
T
i w + ϵi)

T

xl −wTxl − ϵl


2 ,

(S47)

= E


1

τ

MT
11

1

l

∑
i≤l

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄i(x̄
T
i w + ϵi)

T

xl −wTxl


2+ σ2

(S48)

where x̄i := xi − sx = xi − 1
l

∑
i≤l xi and we use ϵl ∼ N (0, σ2) to reach the final line. We98

continue by defining99

wdiff :=
1

τ
MT

11

1

l

∑
i≤l−1

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄i(x̄
T
i w + ϵi)

−w, (S49)

which allows us to write100

G(V ,M) = E
[(
wT

diffxl

)2]
+ σ2, (S50)

= E
[
wT

diffExl
[xlx

T
l ]wdiff

]
+ σ2, (S51)

= E
[
wT

diff

(
µxµ

T
x +Σx

)
wdiff

]
+ σ2, (S52)
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by the law of total expectation since wdiff is independent of xl. Note that when writing (S50), we101

safely ignore terms with (1/l)x̄lx̄
T
l v21 in (S48) since they vanish as l → ∞ by Assumptions 3.1-3.2102

and 4.5. Letting A := µxµ
T
x +Σx, we write103

G(V ,M) = E
[
wT

diffAwdiff

]
+ σ2, (S53)

= E
[
Tr
(
wT

diffAwdiff

)]
+ σ2, (S54)

= E
[
Tr
(
Awdiffw

T
diff

)]
+ σ2, (S55)

= Tr
(
AE[wdiffw

T
diff ]

)
+ σ2, (S56)

where we first apply the cyclic property of trace and then use the linearity of expectation and trace to104

reach the last line. Now, we need to calculate E[wdiffw
T
diff ], for which we first take the expectation105

over w. To do so, we rewrite wdiff as106

wdiff =
1

τ
MT

11

1

l

∑
i≤l−1

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄iϵi


︸ ︷︷ ︸

e

+

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i − I


︸ ︷︷ ︸

D

w,

(S57)
= e+Dw, (S58)

where we define107

e :=
1

τ
MT

11

1

l

∑
i≤l−1

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄iϵi

 , (S59)

D :=

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i − I

 . (S60)

Since e and D are independent of w, we can easily calculate Ew[wdiffw
T
diff ] as follows108

E
[
Ew[wdiffw

T
diff ]

]
= E

[
Ew[(e+Dw)(e+Dw)T ]

]
, (S61)

= E
[
eeT

]
+ E

[
eµT

wD
T
]
+ E

[
Dµwe

T
]
+ E

[
D(µxµ

T
x +Σw)D

T
]
, (S62)

= E
[
eeT

]
+ E

[
Dµwe

T
]T

+ E
[
Dµwe

T
]
+ E

[
DBDT

]
, (S63)

where we first apply the law of total expectation, then take the expectation over w and finally, we109

define B := µxµ
T
x +Σw to reach the last line. Note that µw and B are fixed while e and D are110

random in the last line. Therefore, we are required to calculate the three expectations that appeared in111

(S63).112

Before getting into the calculations of the aforementioned expectations, we provide the following113

lemma that is useful for the calculation of the expectations.114

Lemma F.1. Let x̄ ∼ N (0,Σ), where x̄ ∈ Rd. Let x̄i be l − 1 independent samples of x̄ for115

i = 1, . . . , l − 1. Furthermore, let A be a fixed d× d matrix. Then, the following holds116

E

1

l

∑
i≤l−1

x̄ix̄
T
i

A

1

l

∑
i≤l−1

x̄ix̄
T
i

 =
l − 1

l
ΣAΣ+

1

l
ΣATΣ+

1

l
Tr(AΣ)Σ. (S64)

Proof. This is proven by using Isserlis’ theorem [12] in Appendix G.117

Note that our inputs x̄i are centered, i.e., x̄i = xi − 1
l

∑
i≤l xi, so their distribution is N (0,Σx) as118

l → ∞. Therefore, Lemma F.1 is directly applicable in our setting.119
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Next, we start the calculations of the expectations in (S63) with E
[
eeT

]
as follows120

E
[
eeT

]
=

1

τ2
MT

11E

1

l

∑
i≤l−1

x̄ix̄
T
i v21 + v22

1

l

∑
i≤l−1

x̄iϵi


·

1

l

∑
i≤l−1

vT
21x̄ix̄

T
i + v22

1

l

∑
i≤l−1

x̄T
i ϵi

M11, (S65)

=
1

τ2
MT

11

E

1

l

∑
i≤l−1

x̄ix̄
T
i v21

1

l

∑
i≤l−1

vT
21x̄ix̄

T
i


+

v22
1

l

∑
i≤l−1

x̄iϵi

v22
1

l

∑
i≤l−1

x̄T
i ϵi

M11, (S66)

=
1

τ2
MT

11

E

1

l

∑
i≤l−1

x̄ix̄
T
i

v21v
T
21

1

l

∑
i≤l−1

x̄ix̄
T
i

+

v222
σ2

l2

∑
i≤l−1

x̄ix̄
T
i

M11,

(S67)

=
1

τ2
MT

11

(
Σxv21v

T
21Σx +

1

l
Tr
(
v21v

T
21Σx

)
Σx + v222

σ2(l − 1)

l2
Σx

)
M11, (S68)

=
1

τ2
MT

11

(
v222

σ2

l
Σx

)
M11, (S69)

where we first use the independence of the random variables and ϵi ∼ N (0, σ2) to simplify the121

equation. Then, we apply Lemma F.1 and use the fact that E[x̄ix̄
T
i ] = Σx to get the penultimate line.122

Finally, we drop the vanishing terms and simplify the result using Assumptions 3.1-3.2 and 4.5 in123

order to reach the last line.124

We continue with the calculation of E
[
Dµwe

T
]

as125

E
[
Dµwe

T
]

=
1

τ
E

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i − I

µw

1

l

∑
i≤l−1

vT
21x̄ix̄

T
i + v22

1

l

∑
i≤l−1

x̄T
i ϵi

M11,

(S70)

=
1

τ
E

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i − I

µw

1

l

∑
i≤l−1

vT
21x̄ix̄

T
i

M11, (S71)

=
1

τ

v22
τ

MT
11E

1

l

∑
i≤l−1

x̄ix̄
T
i

µwv
T
21

1

l

∑
i≤l−1

x̄ix̄
T
i

M11

− µwv
T
21E

1
l

∑
i≤l−1

x̄ix̄
T
i

M11, (S72)

=
1

τ

v22
τ

MT
11

(
Σxµwv

T
21Σx +

1

l
Σxv21µ

T
wΣx +

1

l
Tr
(
µwv

T
21Σx

)
Σx

)
M11

− 1

τ

l − 1

l
µwv

T
21ΣxM11, (S73)

=
v22
τ2

MT
11

(
Σxµwv

T
21Σx +

1

l
Tr
(
µwv

T
21Σx

)
Σx

)
M11 −

1

τ
µwv

T
21ΣxM11, (S74)

where we again first use the independence of the random variables and ϵi ∼ N (0, σ2). Then, we126

apply basic algebraic manipulations. To reach the penultimate line, we utilize Lemma F.1 together127

with the fact that E[x̄ix̄
T
i ] = Σx. Using Assumptions 3.1-3.2 and 4.5, we reach the last line.128
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Finally, we calculate E
[
DBDT

]
as follows129

E
[
DBDT

]
= E

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i − I

B

v22
τ

1

l

∑
i≤l−1

x̄ix̄
T
i M11 − I

 , (S75)

= E

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i

B

v22
τ

1

l

∑
i≤l−1

x̄ix̄
T
i M11


− E

v22
τ

MT
11

1

l

∑
i≤l−1

x̄ix̄
T
i

B

− E

B
v22

τ

1

l

∑
i≤l−1

x̄ix̄
T
i M11

+B, (S76)

=
v222
τ2

MT
11E

1

l

∑
i≤l−1

x̄ix̄
T
i

B

1

l

∑
i≤l−1

x̄ix̄
T
i

M11

− v22
τ

MT
11E

1

l

∑
i≤l−1

x̄ix̄
T
i

B − v22
τ

BE

1

l

∑
i≤l−1

x̄ix̄
T
i

M11 +B, (S77)

=
v222
τ2

MT
11

(
ΣxBΣx +

1

l
Tr (BΣx)Σx

)
M11 −

v22
τ

l − 1

l
MT

11ΣxB

− v22
τ

l − 1

l
BΣxM11 +B, (S78)

=
v222
τ2

MT
11

(
ΣxBΣx +

1

l
Tr (BΣx)Σx

)
M11 −

v22
τ

MT
11ΣxB − v22

τ
BΣxM11 +B, (S79)

where we first do basic algebraic manipulations. Then, we use Lemma F.1 and E[x̄ix̄
T
i ] = Σx to get130

the penultimate line. For the final line, we utilize l → ∞ by Assumption 3.2.131

Putting the found expectation results into (S63), we get132

E
[
Ew[wdiffw

T
diff ]

]
= E

[
eeT

]
+ E

[
Dµwe

T
]T

+ E
[
Dµwe

T
]
+ E

[
DBDT

]
, (S80)

=
1

τ2
MT

11F1M11 −
1

τ
F2M11 +

1

τ
MT

11F
T
2 +B. (S81)

where matrices F1 and F2 are defined as133

F1 := v222
σ2

l
Σx + v22

(
Σxµwv

T
21Σx +

1

l
Tr
(
µwv

T
21Σx

)
Σx

)
(S82)

+ v22

(
Σxµwv

T
21Σx +

1

l
Tr
(
µwv

T
21Σx

)
Σx

)T

+ v222

(
ΣxBΣx +

1

l
Tr (BΣx)Σx

)
,

=

(
ΣxB̂ +

(
v222

σ2

l
+

1

l
Tr
(
B̂Σx

))
I

)
Σx, (S83)

F2 := µwv
T
21Σx + v22BΣx = (µwv

T
21 + v22B)Σx, (S84)

with B̂ := v22µwv
T
21 + v22v21µ

T
w + v222B.134

Going back to generalization error in (S56), we have135

G(V ,M) = Tr
(
AE[wdiffw

T
diff ]

)
+ σ2, (S85)

= Tr
(
A

(
1

τ2
MT

11F1M11 −
1

τ
F2M11 +

1

τ
MT

11F
T
2 +B

))
+ σ2, (S86)

where F1 =
(
ΣxB̂ + 1

l

(
v222σ

2 + Tr
(
B̂Σx

))
I
)
Σx, and F2 = (µwv

T
21 + v22B)Σx. Further-136

more, B̂ is defined as B̂ := v22µwv
T
21 + v22v21µ

T
w + v222B.137
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G Proof of Lemma F.1138

We first restate the lemma as follows.139

Let x̄ ∼ N (0,Σ), where x̄ ∈ Rd. Let x̄i be l independent samples of x̄ for i = 1, . . . , l. Let A be a140

fixed d× d matrix. Then, the following holds141

E

1

l

∑
i≤l

x̄ix̄
T
i

A

1

l

∑
i≤l

x̄ix̄
T
i

 = ΣAΣ+
1

l
ΣATΣ+

1

l
Tr(AΣ)Σ. (S87)

Proof. Let Sx = 1
l

∑l
i=1 x̄ix̄

T
i . First, note that E[x̄ix̄

T
i ] = Σ since x̄i ∼ N (0,Σ).142

Thus, E[Sx] =
1
l

∑l
i=1 E[x̄ix̄

T
i ] =

1
l

∑l
i=1 Σ = Σ. We have143

SxASx =
1

l2

l∑
i=1

l∑
j=1

x̄ix̄
T
i Ax̄jx̄

T
j (S88)

Taking the expectation, we get144

E[SxASx] =
1

l2

l∑
i=1

l∑
j=1

E[x̄ix̄
T
i Ax̄jx̄

T
j ] (S89)

When i ̸= j, x̄i and x̄j are independent, so145

E[x̄ix̄
T
i Ax̄jx̄

T
j ] = E[x̄ix̄

T
i ]AE[x̄jx̄

T
j ] = ΣAΣ (S90)

When i = j,146

E[x̄ix̄
T
i Ax̄ix̄

T
i ] = E[x̄x̄TAx̄x̄T ] (S91)

Let x̄ = [x1, x2, . . . , xd]
T . Then, from Isserlis’ theorem [12], we have147

E[xixjxkxl] = ΣijΣkl +ΣikΣjl +ΣilΣjk (S92)

Let A = [aij ]. Then, x̄TAx̄ =
∑

i,j aijxixj . Thus, we reach148

x̄x̄TAx̄x̄T = x̄x̄T
∑
i,j

aijxixj , (S93)

E[x̄ix̄
T
i Ax̄ix̄

T
i ] = Tr(AΣ)Σ+ΣAΣ+ΣATΣ. (S94)

There are l2 terms in the double sum. l terms are of the form E[x̄ix̄
T
i Ax̄ix̄

T
i ] and l2 − l terms are of149

the form ΣAΣ. Therefore, we can write150

E[SxASx] =
1

l2
[l(Tr(AΣ)Σ+ΣAΣ+ΣATΣ) + l(l − 1)ΣAΣ], (S95)

=
1

l
(Tr(AΣ)Σ+ΣAΣ+ΣATΣ) +

l − 1

l
ΣAΣ, (S96)

= ΣAΣ+
1

l
ΣATΣ+

1

l
Tr(AΣ)Σ, (S97)

which completes the proof.151

H Analysis of optimal temperature for ICL under distribution shift152

Here, we find the optimal temperature minimizing the generalization error. First, recall that we have153

the following generalization error.154

G(V ,M) =
1

τ2
Tr
(
AMT

11F1M11

)
− 1

τ
Tr
(
A
(
F2M11 +MT

11F
T
2

))
+ Tr (AB) + σ2, (S98)
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as specified in Theorem 4.6. So, we can express the generalization error as,155

G(τ ;V ,M) =
a

τ2
− b

τ
+ c, (S99)

where a := Tr
(
AMT

11F1M11

)
, b := Tr

(
A
(
F2M11 +MT

11F
T
2

))
, and c = Tr (AB) + σ2. There-156

fore, we have the following optimization problem157

τoptimal := argmin
τ

G(τ ;V ,M), (S100)

= argmin
τ

{
a

τ2
− b

τ
+ c

}
. (S101)

To find the optimal value of τ that minimizes the given function, we can take the derivative of the158

expression with respect to τ and set it to zero. From now on, we consider generalization error as a159

function of τ , written as G(τ).160

Next, find the derivative of G(τ) with respect to τ as161

G′(τ) = −2aτ−3 + bτ−2. (S102)

To find the critical points, set G′(τ) = 0 as follows162

G′(τ) = −2aτ−3 + bτ−2 = 0, (S103)

Solving this equation for τ , we reach the following critical point163

τ =
2a

b
. (S104)

Now, we need to check if this is a minimum by taking the second derivative, which is164

G′′(τ) = 6aτ−4 − 2bτ−3. (S105)

Evaluate G′′(τ) at τ = 2a
b as follows165

G′′
(
2a

b

)
= 6a

(
2a

b

)−4

− 2b

(
2a

b

)−3

= 6a

(
b4

16a4

)
− 2b

(
b3

8a3

)
=

b4

8a3
. (S106)

Since a, b > 0, we reach G′′ ( 2a
b

)
= b4

8a3 > 0, which means the function has a minimum at τ = 2a
b .166

Therefore, τoptimal =
2a
b is the solution minimizing the generalization error G(τ). Writing a, b back167

into the optimal solution, we get168

τoptimal =
2Tr
(
AMT

11F1M11

)
Tr
(
A
(
F2M11 +MT

11F
T
2

)) , (S107)

which concludes our derivation of the optimal temperature τoptimal.169

I Experimental details and GPT-2 experiments170

This section provides details of our experiments involving the GPT-2 model and other large language171

models.1172

I.1 GPT-2: Transformer with MLP layers173

After testing the linearized attention model, we explore whether the optimal temperature benefits174

more complex Transformer models in linear regression tasks. We experiment with the GPT-2 model175

[23] under a shift in input covariance, as shown in Figure S2. We observe that distribution shift176

significantly degrades performance, as noted in prior work [9, 35], even causing nonmonotonic177

1The code for our experimental results will be released before the camera-ready version of this work.
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generalization error with respect to context length l. However, the optimal temperature mitigates this178

nonmonotonicity and improves generalization performance for in-context learning.179

Figure S2: Experiments on GPT-2 [23] under a shift in input covariance. GPT-2 exemplifies the
Transformer architecture [27], incorporating multi-layer perceptron layers and multi-head softmax
self-attention. The model used here is pretrained by [9] on linear regression tasks defined in (2). We
consider a shift from Σtrain

x = I to Σtest
x = 3I in the input covariance. The attention temperature

at each layer is scaled as τ
√
dk, where dk is the key dimension, to ensure dimension-independent

temperature τ values.

I.2 Details of the GPT-2 experiments in Figure S2180

For the GPT-2 experiments, we use the standard GPT2 architecture [23], as implemented in Hug-181

gingFace [32]. We utilize the pretrained model by [9]. The training data is the same as ours while182

the training procedure is slightly different. Their loss function is auto-regressive, so the objective183

function is the average over the full length of the context sequence, where the full context length184

is l = 40. We also use the embedding method employed during the training [9]. Input dimension185

is d = 20, number of layers is 12, and number of heads is 8. We run the GPT-2 experiments on an186

NVIDIA Tesla V100 GPU, and it takes approximately 10 minutes to finish.187

I.3 Details of the LLM experiments in Figure 3188

For our experiments with large language models, we use Llama2-7B model [26] and SCIQ dataset189

[31]. The dataset consists of science questions with additional supporting information. We generate190

in-context learning (ICL) problems from the dataset following a prior work [8]. The in-context191

demonstrations are selected based on the TopK [17] retrieval technique so that the demonstrations are192

relevant to the test question. An ICL sample generated from the SCIQ dataset is illustrated in Table S1.193

For the distribution shift, following [8], we consider in-context demonstrations with noisy labels that194

are wrong but related to the original labels (see Appendix I.4 for the motivation). Table S2 illustrates195

an example of in-context demonstration with a noisy label. Note that the noisy ratio is the ratio of196

noisy-labeled demonstrations to all demonstrations. Thus, 0.6 means 60% of the demonstrations are197

with noisy labels. For our experiments, we modify and use the code base provided by [8], which also198

utilized Huggingface [32] and OpenICL [34]. We run the LLM experiments on an NVIDIA A40199

GPU, and a single Monte Carlo run for each plot (in Figure 3) takes a couple of hours to complete.200

I.4 Why in-context demonstrations with noisy labels as an example of distribution shift?201

At first glance, the relationship between introducing noisy labels to the in-context demonstrations and202

its effect as a distribution shift can look unclear. Indeed, measuring distribution shifts from pretraining203

to test time for pretrained LLMs is challenging since the datasets used for the pretraining are complex204

mixtures of different data sources [26]. However, we conjecture that high perplexity, an empirical205

measure of uncertainty in generating new tokens with an LLM, can indicate a distribution shift for206

pretrained LLMs, and it has been shown that the noisy demonstrations lead to higher perplexity207

[8]. Particularly, any input that exists (or relates to existing text) in the training set would lead to208

generation with high confidence (low perplexity), while any input that contradicts texts in the training209

set would result in generation with low confidence (high perplexity). Since noisy demonstrations210
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are expected to contradict the existing text in the training set, such noisy demonstrations lead to211

high perplexity. Therefore, the noisy labels introduced into the in-context demonstrations can be212

considered as a distribution shift from pretraining to test time.213

In-context demonstration 1
Support: Cells are organized into tissues, tissues are organized into organs.
Question: What is considered the smallest unit of the organ?
Answer: Cells

In-context demonstration 2
Support: . . . four basic types of tissue: connective, muscle, nervous, and epithelial.
Question: The four basic types of tissue are epithelial, muscle, connective, and what?
Answer: nervous

...

Test example
Support: All forms of life are built of at least one cell. A cell is the basic unit of life.
Question: What are the smallest structural and functional units of all living organisms?
Output: ???

Table S1: A sample illustration of in-context learning on the SCIQ dataset.

Setting In-context demonstration
True Label Support: Cells are organized into tissues, tissues are organized into organs.

Question: What is considered the smallest unit of the organ?
Label: Cells

Noisy Label Support: Cells are organized into tissues, tissues are organized into organs.
Question: What is considered the smallest unit of the organ?
Label: tissues

Table S2: An example of a true label vs. a relevant but noisy label. A relevant label is related to the
question but is not necessarily true. Therefore, relevant labels can be considered noisy labels.
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