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ABSTRACT

Understanding the loss surfaces of neural networks is fundamentally important to
understanding deep learning. This paper presents how the nonlinearities in acti-
vations substantially shape the loss surfaces of neural networks. We first prove
that the loss surface of every neural network has infinite spurious local minima,
which are defined as the local minima with higher empirical risks than the global
minima. Our result holds for any neural network with arbitrary depth and arbitrary
piecewise linear activation functions (excluding linear functions) under most loss
functions in practice. This result demonstrates that nonlinear networks possess
substantial differences to the well-studied linear neural networks. Essentially, the
underlying assumptions for the above result are consistent with most practical cir-
cumstances where the output layer is narrower than any hidden layer. We further
prove a theorem that draws a big picture for the loss surfaces of nonlinear neural
networks from the following respects. (1) Smooth and multilinear partition: the
loss surface is partitioned into multiple smooth and multilinear open cells. (2)
Local analogous convexity: within every cell, local minima are equally good, and
equivalently, they are all global minima in the cell. (3) Local minima valley: some
local minima are concentrated into a valley in some cell, sharing the same em-
pirical risk. (4) Linear collapse: when all activations are linear, the partitioned
loss surface collapses to one single cell, which includes linear neural networks
as a simplified case. The second result holds for one-hidden-layer networks for
regression under convex loss, while all others apply to networks of arbitrary depth.

1 INTRODUCTION

Neural networks have been successfully deployed in many real-world applications (LeCun et al.,
2015; Witten et al., 2016; Silver et al., 2016; He et al., 2016; Litjens et al., 2017). In spite of this,
the theoretical foundations of neural networks are somewhat premature. To the many deficiencies
in our knowledge of deep learning theory, the investigation into the loss surfaces of neural networks
is of fundamental importance. Understanding the loss surface would be helpful in several relevant
research areas, such as the ability to estimate data distributions, the optimization of neural networks,
and the generalization to unseen data.

This paper studies the role of the nonlinearities in activation functions in shaping the loss surfaces
of neural networks. Our results demonstrate that the impact of nonlinearities is profound.

First, we prove that the loss surfaces of nonlinear neural networks are substantially different to
those of linear neural networks, in which local minima are created equal, and equivalently, they are
all global minima (Kawaguchi, 2016; Baldi & Hornik, 1989; Lu & Kawaguchi, 2017; Freeman &
Bruna, 2017; Zhou & Liang, 2018; Laurent & von Brecht, 2018; Yun et al., 2018). By contrary,

Neural networks with arbitrary depth and arbitrary piecewise linear activa-
tions (excluding linear functions) have infinitely many spurious local minima un-
der arbitrary continuously differentiable loss functions.

This result only relies on three mild assumptions that cover most practical circumstances: (1) the
training sample set is linearly inseparable; (2) all training sample points are distinct; and (3) the
output layer is narrower than the other hidden layers.
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Our result significantly extends the existing study on the existence of spurious local minimum. For
example, Zhou & Liang (2018) prove that one-hidden-layer neural networks with two nodes in the
hidden layer and two-piece linear (ReLU-like) activations have spurious local minima; Swirszcz
et al. (2016) prove that ReLU networks have spurious local minima under the squared loss when
most of the neurons are not activated; Safran & Shamir (2018) present a computer-assisted proof that
two-layer ReLU networks have spurious local minima; and a recent work (Yun et al., 2019b) have
proven that neural networks with two-piece linear activations have infinite spurious local minima,
but the results only apply to the networks with one hidden layer and one-dimensional outputs.

The proposed theorem is proved in three stages: (1) we prove that neural networks with one hidden
layer and two-piece linear activations have spurious local minima; (2) we extend the conditions to
neural networks with arbitrary hidden layers and two-piece linear activations; and (3) we further ex-
tend the conditions to neural networks with arbitrary depth and arbitrary piecewise linear activations.
Since some parameters of the constructed spurious local minima are from continuous intervals, we
have obtained infinitely many spurious local minima. At each stage, the proof follows a two-step
strategy that: (a) constructs an infinite series of local minima; and (b) constructs a point in the pa-
rameter space whose empirical risk is lower than the constructed local minimum in Step (a). This
strategy is inspired by Yun et al. (2019b) but we have made significant and non-trivial development.

Second, we prove a “big picture” theorem for the loss surfaces of nonlinear neural networks from
the following aspects:

e Smooth and multilinear partition. The nonlinearities in the piecewise linear activations
partition the loss surface of any nonlinear neural network into multiple smooth and mul-
tilinear open cells. Specifically, every nonlinear point in the activation functions creates a
group of the non-differentiable boundaries between the cells, while the linear parts of acti-
vations correspond to the smooth and multilinear interiors. Zhou & Liang (2018) highlight
the partition of loss surface but do not study the geometrical properties.

e Local analogous convexity. The interior of every cell has analogous convexity, which
guarantees all local minima to be global optimal in the cell. This property demonstrates
that the local geometry within every cell is similar to the global geometry of linear net-
works, although globally, they are substantially different. This result is novel in the liter-
ature. It applies to any one-hidden-layer neural network with two-piece linear activations
for regression under convex loss. We rigorously prove this property in two stages: (1) we
prove that within every cell, the empirical risk R is convex with respect to a variable W
mapped from the weights W. Therefore, the local minima with respect to the variable W
are also the global minima in the cell; and then (2) we prove that the local optimality is
maintained under the constructed mapping. Specifically, the local minima of the empiri-
cal risk R with respect to the parameter I are also the local minima with respect to the
variable W. We thereby prove the local analogous convexity of nonlinear neural networks,
combining the convexity and the correspondence of the minima. This proof is technically
novel and non-trivial, though the intuitions are natural.

e Local minima valley. Some local minima (probably including global minima) are con-
centrated into a valley in some cell, sharing the same empirical risk. Specifically, the
constructed infinitely many spurious local minima are exactly collected in a valley. This
result can help us understand the property of mode connectivity that the minima found by
gradient-based methods are connected by a path in the parameter space with almost invari-
ant empirical risk (Garipov et al., 2018; Draxler et al., 2018; Kuditipudi et al., 2019).

e Linear collapse. Linear neural networks are covered by our theories as a simplified case.
When all activations are linear, the partitioned loss surface collapses to one single cell, in
which all local minima are globally optimal, as suggested by the existing works on linear
networks (Kawaguchi, 2016; Baldi & Hornik, 1989; Lu & Kawaguchi, 2017; Freeman &
Bruna, 2017; Zhou & Liang, 2018; Laurent & von Brecht, 2018; Yun et al., 2018).

Notations. If M is a matrix, M; ; denotes the (7,j)-th component of M. If M is a vector, M;
denotes the i-th component of M. Define E;; as a matrix in which the (4, j)-th component is 1
while all other components are 0. Also, denote e; as a vector such that the i-th component is 1 while
all others are 0. Additionally, we define 1;, € RF*! is a vector whose components are all 1, while
those of 0y, € R™ ™ (or briefly, 0) are all 0. For the brevity, [i : j] denotes {7, -, j}.
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2 RELATED WORK

Some works suggest that linear neural networks have no spurious local minima. Kawaguchi (2016)
proves that linear neural networks with squared loss do not have any spurious local minimum under
three assumptions about the data matrix X and the label matrix Y: (1) both matrices X X7 and
XY7T have full ranks; and (2) the input layer is wider than the output layer; and (3) the eigenvalues

of matrix Y X 7 (X X T) “!' XY are distinct with each other. Zhou & Liang (2018) give an analytic
formulation of the critical points for the loss function of deep linear networks, and thereby obtain
a group of equivalence conditions for that critical point is a global minimum. Lu & Kawaguchi
(2017) prove the argument under one assumption that both matrices X and Y have full ranks, which
is even more strictive. However, in practice, the activations of most neural networks are not linear.
The nonlinearities would make the loss surface extremely non-convex and even non-smooth and
therefore far different from the linear case.

The loss surfaces of over-parameterized neural networks have some special properties. Choroman-
ska et al. (2015) empirically suggest that: (1) most local minima of over-parameterized networks are
equivalent; and (2) small-size networks have spurious local minima but the probability of finding
one decreases rapidly with the network size. Li et al. (2018) prove that over-parameterized fully-
connected deep neural networks with continuous activation functions and convex, differentiable loss
functions, have no bad strict local minimum. Nguyen et al. (2019) suggest that “sufficiently over-
parameterized” neural networks have no bad local valley under the cross-entropy loss. Nguyen
(2019) further suggests that the global minima of sufficiently over-parameterized neural networks
are connected within a unique valley. Many other works study the convergence, generalization, and
other properties of stochastic gradient descent on the loss surfaces of over-parameterized networks
(Chizat & Bach; Arora et al., 2018; Brutzkus et al., 2018; Du et al., 2019; Soltanolkotabi et al., 2018;
Allen-Zhu et al., 2019a;b; Oymak & Soltanolkotabi, 2019).

Many advances on the loss surfaces of neural networks are focused on other problems. Zhou &
Feng (2017) and Mei et al. (2018) prove that the empirical risk surface and expected risk surface
are linked. This correspondence highlights the value of investigating loss surfaces (empirical risk
surfaces) to the study on generalization (the gap between empirical risks to expected risks). Hanin &
Rolnick (2019) demonstrate that the input space of neural networks with piecewise linear activations
are partitioned by multiple regions, while our work focuses on the partition of the loss surface. Sagun
et al. (2016; 2018) present empirical results that the eigenvalues of the Hessian of the loss surface
are two-fold: (1) a bulk centered closed to zero; and (2) outliers away from the bulk. Kawaguchi
& Kaelbling (2019) prove that we can eliminate the spurious local minima by adding one unit per
output unit for almost any neural network in practice. Tian (2017); Andrychowicz et al. (2016);
Soltanolkotabi (2017); Zhong et al. (2017); Brutzkus & Globerson (2017); Tian (2017); Li & Yuan
(2017); Zou et al. (2018); Li & Liang (2018); Du et al. (2018a; 2019); Zhang et al. (2019b); Zhou
etal. (2019); Wang et al. (2019) study the optimization methods for neural networks. Other relevant
works include (Xie et al., 2017; Sagun et al., 2016; 2018; Nguyen & Hein, 2018; Du et al., 2018b;
Haeffele & Vidal, 2017; Liang et al., 2018; Wu et al., 2018; Yun et al., 2019a; Zhang et al., 2019a;
Kuditipudi et al., 2019; Garipov et al., 2018; Draxler et al., 2018; Kawaguchi & Kaelbling, 2019).

3 NEURAL NETWORK HAS INFINITE SPURIOUS LOCAL MINIMA

This section investigates the existence of spurious local minima on the loss surfaces of neural net-
works. We find that almost all practical neural networks have infinitely many spurious local minima.
This result stands for any neural network with arbitrary depth and arbitrary piecewise linear activa-
tions excluding linear functions under arbitrary continuously differentiable loss.

3.1 PRELIMINARIES

Consider a training sample set {(X1,Y7), (X2,Y2),...,(Xn,Ys)} of size n. Suppose the dimen-
sions of feature X; and label Y; are dx and dy, respectively. By aggregating the training sample
set, we obtain the feature matrix X € R4x*" and label matrix Y € Ry x7

Suppose a neural network has L layers. Denote the weight matrix, bias, and activation in the j-
th layer respectively by W; € R%*di-1 p; € R%, and h : REG*" — R%X" where d; is the
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dimension of the output of the j-th layer. Also, for the input matrix X, the output of the j-th layer
is denoted as the Y () and the output of the j-th layer before the activation is denoted as the Y (),

Y@ =w,;yU-b ppal, (1)
YD = p (WjY<j—1> + bilf) . 2)

The output of the network is defined as follows,
Y =hy (Wrhp—y (Wr—ihp—s (...hs (WiX +0,10) .0 +b,017) +0,17) . (3)

Also, we define YO = X, Yy = }A/', do = dx, and d;, = dy. In some situations, we use
Y ([W}]ZL=1 , [bi]le) to clarify the parameters, as well as Y (), Y () etc.

This section discusses neural networks with piecewise linear activations. A part of the proof uses
two-piece linear activations hs_ s, which are defined as follows,

hs_ s, (%) = Liz<oy5-7 + Lizs0y 54, “)
where |s | # [s_| and I,y is the indicator function.

Remark. Piecewise linear functions are dense in the space of continuous functions. In other words,
for any continuous function, we can always find a piecewise linear function to estimate it with
arbitrary small distance.

This section uses continuously differentiable loss to evaluate the performance of neural networks.
Continuous differentiability is defined as follows.

Definition 1 (Continuously differentiable). We call a function f : R™ — R continuously differen-
tiable with respect to the variable x if: (1) the function f is differentiable with respect to x; and (2)
the derivatives f'(x) of the function f with respect to the variable x are continuous with respect to
the variable x.

3.2 MAIN RESULT

The theorem in this section relies on the following assumptions.
Assumption 1. The training data cannot be fit by a linear model.
Assumption 2. All data points are distinct.

Assumption 3. All hidden layers are wider than the output layer.

To our best knowledge, our assumptions are the least restrictive compared with the relevant works in
the literature. These assumptions are respectively justified as follows: (1) most real-world datasets
are extremely complex and cannot be simply fit using linear models; (2) it is easy to guarantee that
the data points are distinct by employing data cleansing methods; and (3) for regression and many
classification tasks, the width of output layer is limited and narrower than the hidden layers.

Based on these three assumptions, we can prove the following theorem.

Theorem 1. Neural networks with arbitrary depth and arbitrary piecewise linear activations (ex-
cluding linear functions) have infinitely many spurious local minima under arbitrary continuously
differentiable loss whose derivative can equal O only when the prediction and label are the same.

In practice, most loss functions are continuously differentiable and the derivative can equal 0 only
when the prediction and label are the same, such as squared loss and cross-entropy loss (see Ap-
pendix A.1, Lemmas 1 and 2). Squared loss is a standard loss for regression and is defined as the Lo
norm of the difference between the ground-truth label and the prediction as follows.

b (Vi i) = R 5)

Meanwhile, cross-entropy loss is used as a standard loss in multiclass classification, which is defined
as follows. Here, we treat the softmax function as a part of the loss function.

lee(Yi, Vi) = me% W%>. (©6)
Jj=1 k

1 Lik
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Our result demonstrates that introducing nonlinearities into activations substantially reshapes the
loss surface: they bring infinitely many spurious local minima into the loss surface. This result
highlights the substantial difference from linear neural networks that all local minima of linear neural
networks are equally good, and therefore, they are all global minima (Kawaguchi, 2016; Baldi &
Hornik, 1989; Lu & Kawaguchi, 2017; Freeman & Bruna, 2017; Zhou & Liang, 2018; Laurent &
von Brecht, 2018; Yun et al., 2018).

Some works have noticed the existence of spurious local minima on the loss surfaces of nonlin-
ear neural networks, which however has a limited applicable domain (Choromanska et al., 2015;
Swirszcz et al., 2016; Safran & Shamir, 2018; Yun et al., 2019b).

A notable work by Yun et al. (2019b) proves that one-hidden-layer neural networks with two-piece
linear (ReLU-like) activations for one-dimensional regression have infinitely many spurious local
minima under squared loss. This work first constructs a series of local minima and then prove
they are spurious. This idea inspires some of this work. However, our work makes significant and
non-trivial development that extends the conditions to arbitrary depth, piecewise linear activations
excluding linear functions, and continuously differentiable loss.

3.3 PROOF SKELETON

This section presents the skeleton of the proof. Theorem 1 is proved in three stages. We first prove a
simplified version of Theorem 1 and then extend the conditions in the last two stages. This two-step
strategy is inspired by Yun et al. (2019b), but the proof in this paper has nontrivial development and
the results are significantly extended. A detailed proof is omitted here and given in Appendix A.

Stage (1): Neural networks with one hidden layer and two-piece linear activations.

We first prove that nonlinear neural networks with one hidden layer and two-piece linear activation
functions (ReLU-like activations) have spurious local minima. The proof in this stage further follows
a two-step strategy:

(a) We first construct local minima of the empirical risk R (see Appendix A.2, Lemma 3). These
local minimizers are constructed based on a linear neural network which has the same network size
(dimension of weight matrices) and evaluated under the same loss. The design of the hidden layer
guarantees that the components of the output Y™ in the hidden layer before the activation are all
positive. The activation is thus effectively reduced to a linear function. Therefore, the local geometry
around the local minima with respect to the weights 1 is similar to those of linear neural networks.
Further, the design of the output layer guarantees that its output Y is the same as the linear neural
network. This construction helps to utilize the results of linear neural networks to solve the problems
in nonlinear neural networks.

(b) We then prove that all the constructed local minima in Step (a) are spurious (see Appendix A.2,
Theorem 3). Specifically, we assumed by Assumption 1 that the dataset cannot be fit by a linear

model. Therefore, the gradient V- R of the emplrlcal risk R with respect to the prediction Y is not

zero. Suppose the i-th row of the gradient VYR is not zero. Then, we use a preparation lemma
(see Appendix A.5, Lemma 6) to construct another point in the parameter space that has smaller
empirical risk. Therefore, we prove that the constructed local minima are spurious. Furthermore,
the constructions involve some parameters that are randomly picked from a continuous interval.
Thus, we constructed infinitely many spurious local minima.

Stage (2) - Neural networks with arbitrary hidden layers and two-piece linear activations.

We extend the condition in Stage (1) to any neural network with arbitrary depth and two-piece linear
activations. The proof in this stage follows the same two-step strategy but has different implemen-
tations:

(a) We first construct a series of local minima of the empirical risk R (see Appendix A.3, Lemma
4). The construction guarantees that every component of the output Y@ in each layer before the
activations is positive, which secure all the input examples flow through the same part of the acti-
vations. Thereby, the nonlinear activations are reduced to linear functions. Also, our construction
guarantees that the output Y of the network is the same as a linear network with the same weight
matrix dimensions.
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(b) We then prove that the constructed local minima are spurious (see Appendix A.3, Theorem
4). The idea is to find a point in the parameter space that has the same empirical risk R with the
constructed point in Stage (1), Step (b) .

Stage (3) - Neural networks with arbitrary hidden layer and piecewise linear activations.

We further extend the conditions in Stage (2) to any neural network with arbitrary depth and arbitrary
piecewise linear activations. We continue to adapt the two-step strategy in this stage:

(a) We first construct a local minimizer of the empirical risk R based on the results in Stages (1) and
(2) (see Appendix A.4, Lemma 5). This construction is based on Stage (2), Step (a). The difference
of the construction in this stage is that every linear part in activations can be a finite interval. The
constructed weight matrices use several uniform scaling and translation operations to the outputs
of hidden layers in order to guarantee that all the input training sample points flow through the
same linear parts of the activations. We thereby reduce the nonlinear activations to linear functions,
effectively. Also, our construction guarantees that the output Y of the neural network equals to that
of the corresponding linear neural network.

(b) We then prove that the constructed local minima are spurious (see Appendix A.4). We use the
same strategy in Stage (2), Step (b). Some adaptations are implemented for the new conditions.

4 A BIG PICTURE OF THE LOSS SURFACE

This section draws a big picture for the loss surfaces of neural networks. We present a theorem
that demonstrates four profound properties of the loss surface that collectively characterize how the
nonlinearities in activations shape the loss surface.

4.1 PRELIMINARIES

The discussions in this section use the following concepts.

Definition 2 (Interior; x p. 3, (Stein & Shakarchi, 2009)). For a subset A C H of a space H, a point
h € A is called an interior point of A, if there exists a positive real r > 0, such that the ball B(h,r)
with center h and radius r is in the subset A: B(h,r) C A. The set of all the interior points of the
set A is called the interior of the set A.

Definition 3 (Boundary; cf. p. 3, (Stein & Shakarchi, 2009)). For a subset A C ‘H of a space H, a
point h € A is called a limit point, if for every r > 0, the ball B(h,r) with center h and radius r
contains point of A: B(h,7) N A # (. The closure A of the set A consists of the union of the set A
and all its limit points. The boundary is defined as the set of points which are in the closure of set A
but not in the interior of set A.

Definition 4 (Multilinear). A function f: X1 x Xy — Y is called multilinear if for arbitrary x}, 23 €
X, 2,22 € Xy, and constants \y, \a, i1, and jia, we have

fOuzi+Xox?, pad+pows) = Mpn f (21, 23) + A pa f (2], 23) +dops f (27, 2) +Aapa f (27, 23).

Remark. The definition of “multilinear” implies that the domain of any multilinear function f is a
connective and convex set, such as the smooth and multilinear cells below.

4.2 MAIN RESULTS

In this section, the loss surface is defined under convex loss with respect to the prediction Y of the
neural network. Convex loss covers many popular loss functions in practice, such as the squared
loss for the regression tasks and many others based on norms. The triangle inequality of the norms
secures the convexity of the corresponding loss functions. The convexity of the squared loss is
checked in the appendix (see Appendix B, Lemma 7).

We now present the theorem to express the loss surfaces of nonlinear neural networks. This theorem
gives four major properties of the loss surface that collectively draw a big picture for the loss surface.
The second property holds for neural networks with one hidden layer, while all the others apply to
networks of arbitrary depth. In addition, the third property needs an assumption (Assumption 3) on
the network architecture, while the other three do not rely on any assumption.
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Theorem 2. The loss surfaces of neural networks with two-piece linear functions under any convex
loss have the following properties:

o Smooth and multilinear partition. The loss surface is partitioned into multiple smooth and
multilinear open cells, while the boundaries are not necessarily differentiable.

e Local analogous convexity. For one-hidden-layer neural networks for regression, within
every cell, all local minima are equally good, and equivalently, they are all global minima
in the cell.

o Local minima valley. Under Assumption 3, some local minima (probably including global
minima) are concentrated as a valley in some cell, sharing the same empirical risk.

e Linear collapse. The partitioned loss surface collapses to one single smooth and multilin-
ear cell, when all activations are linear.

4.3 DISCUSSIONS AND PROOF TECHNIQUES

This theorem characterizes how the nonlinearities in activations shape the loss surfaces of neural
networks. This section discusses the results and the structure of the proofs. A detailed proof is
omitted here and given in Appendix B.

Smooth and multilinear partition. All the activations in the architecture of linear neural networks
(see egs. (2) and (3)) are linear functions, which can also be expressed by matrices. Therefore, the
loss surface of every linear neural network is smooth and multilinear with respect to all the param-
eters. We thus can expect a very good property that all local minima are global. The nonlinearities
in the activations substantially change the loss surface. Intuitively, the nonlinearities introduce the
non-linear and non-differentiable boundaries to the loss surface, and thereby partition the surface
into multiple cells. If the input data flows through the network and meets all activations at the linear
parts, the corresponding loss apparently falls in a multilinear and smooth region on the loss sur-
face. Meanwhile, each nonlinear point in one activation corresponds to a group of boundaries. The
different combinations of the nonlinear points in the activations through the neural network further
determine the boundary between a specific cell pair. Zhou & Liang (2018) highlight the partition
of loss surface but the corresponding geometrical properties remain untraced. A similar but also
markedly different notions recently proposed by Hanin & Rolnick (2019) demonstrate that the input
space are partitioned by multiple regions, while our work focuses on the partition in the parameter
space.

Local analogous convexity. In convex optimization, convexity guarantees that all the local minima
are global minima. This theorem proves that the interior of every cell has the property of analogous
convexity that the local minima wherein are equally good, or equivalently, they are all global minima
in the cell. This result is not surprising provided the excellent training performance of deep learning
algorithms. However, the proof is technically non-trivial.

We first prove that the empirical risk R is a convex function within every cell with respect to a
variable W which is calculated from the weights WW. Therefore, all local minima of the empirical
risk R with respect to W are also globally optimal in the cell. Each cell corresponds to a specific

series of linear parts of the activations. Therefore, in any fixed cell, the activation h,_ ,, can be
expressed by the slopes of the corresponding linear parts as the following equations,
. 1« 1< .
R(Wi, Wa) =~ ;l(yl, Wah(Wii) = — ;z (yi, Wadiag (A.;) Whz,) (7
where A. ; is the i-th column of matrix
Py o (Wiia1) -0 Rl o (Wh)1,.2)
A= : :
P oo (Wi)ayw1) oo B o (Wh)a,,.@n)

Matrix A is constituted by collecting the slopes of the activation h at every point (W7); .z;. Then,
we prove that (see p. 34)

Wodiag (A. ;) Wiz; = AT diag(W2)Wya;. (8)
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Applying eq. (8) to eq. (7), the empirical risk R equals to a formulation similar to the linear neural

networks,
n

o 1 .
R=— le (yi — AT diag(W2)Wiz;) . )
Afterwards, define Wl = diag(W2)W; and then straighten the matrix Wl to a vector W,
W= (W1, -+ (W)a,..),
Also define R
X:(A._yl ®£L’1 A,n®mn)
We can prove the following equations (see p. 35),
(AT Wiz, - AT Wiz,) = (Wi, -+ (Wi)a,,) (Aa@a -+ A, @)
=WX.

Applying eq. (77), the empirical risk is transferred to a convex function as follows,
I T s 1 & o
R== l(i7A.i W i)zf Iy, WX,).
- ; vir (A.3)" Wiy ) = — ; (v )

We then prove that the local optimality of the empirical risk R is maintained when the weights W are
mapped to the variable 1. Specifically, the local minima of the empirical risk R with respect to the

weight W are also the local minima with respect to the variable W. The maintenance of optimality
is not surprising but the proof is technically non-trivial (see a detailed proof in pp. 36-37).

Local minima. Some local minima are concentrated in a valley in some cell and the empirical
risk is invariant in the valley. Specifically, the constructed infinitely many spurious local minima
constructed in Section 3 are exactly collected in a valley. This result partially explains the property
of mode connectivity that the minima found by gradient-based methods are connected by a path in
the parameter space with almost constant empirical risk, which is proposed in two empirical works
(Garipov et al., 2018; Draxler et al., 2018). A recent theoretical work (Kuditipudi et al., 2019) proves
that for dropout stability and noise stability guarantee the mode connectivity.

Linear collapse. Our theories also cover the case of linear neural networks. Linear neural networks
do not have any nonlinearity in their activations. Correspondingly, the loss surface does not have
any non-differentiable boundaries. In our theories, when there is no nonlinearity in the activations,
the partitioned loss surface collapses to a single smooth, multilinear, and analogously convex cell.
All local minima wherein are equally good, and equivalently, they are all global minima as follows.
This result unites the existing results on linear neural networks (Kawaguchi, 2016; Baldi & Hornik,
1989; Lu & Kawaguchi, 2017; Freeman & Bruna, 2017; Zhou & Liang, 2018; Laurent & von Brecht,
2018; Yun et al., 2018).

5 CONCLUSION

This paper reports that the nonlinearities in activations substantially shape the loss surfaces of neural
networks. First, we prove that neural networks have infinitely many spurious local minima which are
in contrast to the circumstance of linear neural networks. This result stands for any neural network
with arbitrary hidden layers and arbitrary piecewise linear activations (excluding linear functions)
under many popular loss functions in practice (e.g., squared loss and cross-entropy loss). This result
significantly extends the conditions of the relevant results and has the least restrictive assumptions
that cover most practical circumstances: (1) the training data is not linearly separable; (2) the training
sample points are distinct; and (3) all hidden layers are wider than the output layer. Second, we prove
a theorem that collects several properties of the loss surfaces of nonlinear neural networks: (1) the
loss surface is partitioned by multiple smooth and multilinear open cells; (2) local minima in any
cell are equally good, and equivalently, they are all global minima in the cell; (3) some local minima
are concentrated as a valley in some cell; and (4) the loss surface collapses to one single cell when
all activations are linear functions, which explains the results of linear neural networks. The second
property is rigorously proved for any one-hidden-layer nonlinear neural networks with two-piece
linear (ReLU-like) activations for regression tasks under convex loss without any assumption and
the others apply to neural networks of arbitrary depth.
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A PROOF OF THEOREM 1

This appendix gives a detailed proof of Theorem 1 omitted from the main text. It follows the skeleton
presented in Section 3.3.

A.1 SQUARED LOSS AND CROSS-ENTROPY LOSS
We first check whether squared loss and cross-entropy loss are covered by the requirements of
Theorem 1.

Lemma 1. The squared loss (defined by eq. (5)) is continuously differentiable with respect to the
prediction of the model, whose gradient of loss equal to zero when the prediction and the label are
different.

Proof. Apparently, the squared loss is differentiable with respect to Y. Specifically, the gradient
with respect to Y is as follows,
1

which is continuous with respect to Y.

2:2(5/—?),

Also, when the prediction Y does not equals to the label Y, we have
112
vy |y -7 #o

The proof is completed. O

Lemma 2. The cross-entropy loss eq. (6) is continuously differentiable with respect to the prediction
of the model, whose gradient of loss equal to zero when the prediction and the label are different.
Also, we assume that the ground-truth label is a one-hot vector.

Proof. For any ¢ € [1 : n], the cross-entropy loss is differentiable with respect to Y;. The j-th
component of the gradient with respect to the prediction Y; is as follows,

o (- zymlog(z )
kle k.
7, - () g
Js% E:eykl

k=1

(10)

which is continuous with respect to Y;. So, the cross-entropy loss is continuously differentiable with
respect to Y;.

Additionally, if the gradient (eq. (10)) is zero, we have the following equations,

dy R dy R
<Z Yw‘) =Yy et =0, =12, m
k=1 k=1

Rewrite it into the matrix form, we have

- dy -

> Vi —Yi =Y Y1 )
k=1 Vi
dy .
—Ya, Do Viei—Yo, o oo —Ya, ez
k=1 . =0.
Yay i
dy Iy
—Ya, e Yo, i D Yii—Ya, .
L i=1 i

12
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dy
Since Y Yj,; = 1, we can easily check the rank of the left matrix is dy — 1. So the dimension of

k=1
the solution space is one. Meanwhile, we have
- dy -
> Yii— Y1 Y1, e Y1,
k=1
dy Y1,
-Y5; Y — Yo, Y, Yo
k=1 . =0.
iy Yay i
=Yy i e ~Yayi 2 Yei—Yayi
L i=1 J

Therefore, 0 # eVei = AY} ;. for some A € R, which contradicts to the assumption that some of
the components of Y is 0 (Y] . is a one-hot vector).

The proof is completed. ]

A.2 STAGE (1)
In Stage (1), we prove that deep neural networks with one hidden layer, two-piece linear activation
hs_ s, » and multi-dimensional outputs have infinite spurious local minima.

This stage is organized as follows: (a) we construct a local minimizer by Lemma 3; and (b) we prove
that the local minimizer is spurious in Theorem 3 by constructing a set of parameters with smaller
empirical risk.

Without loss of generality, we assume that s # 0. Otherwise, suppose that s; = 0. From the
definition of ReL.U-like activation (eq. (4)), we have s_ # 0. Since

hs_,s+ (:L') = h—s+,—s_ (7%),

the output of the neural network with parameters {[Wz]f: 1 [bi]iL: 1} and activation h,_ . equals

11li=1>

W?:—W@b}:—mizlﬂf~,L—ldef:W@JZbesmw{ﬂﬂﬁﬂjmﬁﬂ}%

to that of the neural network with parameters {[W’ - [b;]le} and activation h_,, _,_ where

{[Wi’ ]iL:1 , [bﬂle} is an one-to-one map, it is equivalent to consider either the two networks, with
h_s. —s_(x) has non-zero slope when x > 0.
Step (a). Construct local minima of the loss surface.
Lemma 3. Suppose that W is a local minimizer of
Al - T
1=

Under Assumption 3, any one-hidden-layer neural network has a local minimum at

W, = [ [W].,[de] ] by = [ |:W:|-,dx+1 —ay ] , (12)

O(dl—dy)xdx _771d17dy
and
Wy = [ i-[dy Odyx(dl—dy) } , bo = 771dy7 (13)

where W1 and by are respectively the weight matrix and the bias of the first layer, Wa and by are
respectively the weight matrix and the bias of the second layer, and 7 is a negative constant with
absolute value sufficiently large such that

WX —nlg,1L >0, (14)
where > is element-wise.

Also, the loss in this lemma is continuously differentiable loss whose gradient does not equals to 0
when the prediction is not the same as the ground-truth label.
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.72 .72
Proof. We show that the empirical risk is higher in the neiborhood of { [Wz} , {bz} }, in order
1

1=

.12 .12
to prove that { [Wl} , {bz} } is a local minimizer.
i=1 i=1
The output of the first layer before the activation is

YO X 4 517 = [WX —nlay 175] _

—NnLd, —dy 15

Because 7 is a negative constant with absolute value sufficiently large such that eq. (31)) holds,
the output above is positive (element-wise), the output of the neural network with parameters

(W1, Wa, by, by} is
Y =Wahs s, (WlX + 6112) +by17

:S+W2 (WlX + 8115) + Z)ng;

VX —nly, 17
—s, [ LTay Ouy (s —dy) } {V[inld nddlen] + 1y 17
1—ay ™n
=WX,
where X is defined as
%= {fg] . (15)

Therefore, the empirical risk R in terms of parameters {Wl, Wa, by, 52} is
N 1 — . 1 — < [z -
R (Wi, Wa, by, b ) = P! (Y (WX)) =2t (E,W M) = F(V).

Then, we introduce a sufficiently small disturbance {[5Wi]?:1 ) [5;”-]?:1} into the parameters

.72 .72
{[Wl] , {bq} } When the disturbance is sufficiently small, all components of the output
i=1

i=1

of the first layer remain positive. Therefore, the output after the disturbance is

(e foesll)

= (W2 + 5W2> he_ s, ((Wl + 5W1> X+ (?)1 + 5b1) 1,TL) + (32 + 5b2) 17
© (Wz + 5W2) S+ ((W1 + 5W1) X + (51 + 5b1> 15) + (52 + 5b2> 10" 4 81 17) + bo Ll + 8y017)
=540w2 <<W1 + 5W1> X+ <?)1 + 5b1) 15) + 5. Wabp1 X 4 s, Wabpi1T + 6017
+ Was (Wi X + 0117) + bo1 T
= (8+5W2 <W1 + 5W1) + S+W25W1> X+ <3+W25b1 + 0p2 + 510w2 (81 + 5b1)) 17
+ Wahe o, (Wi X +0117) 4 5,17
=(¥ +5) [fﬂ 7
where eq. (%) is because all components of (Wl + 5W1> X + (b} + 0p1) 17 are positive, and 4 is
defined as the following matrix

0= [S+ (W25W1 + Swa Wi + 5W25W1) 54 Wadp1 + 02 + 540wz (81 + 5b1>} .
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R . 2 R 2
Therefore, the empirical risk R with respect to { [Wz + (5Wl} , [bi + (51,1} } is
i=1 i=1

2

R ([W +dwi] s [bi+ o) j_1> = iil (Y ((7+9) X>)
_ ;Y;z <Y (W +3) [ﬁ])

= f(W +9).

d approaches zero when the disturbances {1, dwa, dp1, dp2  approach zero (element-wise). Since
W is the local minimizer of f (W), we have

R ([ o] ) = 107 < sov 40 = ([ 4 o] [iv ] ). a0

1= =1

Because the disturbances {dw1,0w2,0p1,052} are arbitrary, eq. (16) demonstrates that

2 12
{ [Wl] , {bz} } is a local minimizer.
i=1 i=1

1=

The proof is completed. O

Step (b). Prove the constructed local minima are spurious.

Theorem 3. Under the same conditions of Lemma 3 and Assumptions 1 and 2, the constructed
spurious local minima in Lemma 3 are spurious.

Proof. The minimizer W is the solution of the following equation
Vw f(W) = 0.
Specifically, we have

of (W)

-7 —0.1 1.---.d 1 1’...’d ,
8Wi,j 316{7 aY}a]e{ X}

Applying the definition of f (W) (eq. (11)),
af<W) n - T = n - =
ey = 2 Ot (0 [1]) 2 1] = 20 (ot (e 1), ([7]),

where V; = W ﬁl] Vil (YLW ﬁﬂ) € RY4v Since k, j are arbitrary in {1,--- ,dy} and
{1,---,dx}, respectively, we have

V[XT 1,] =0, (17)

[ ) o))

We then define Y = WX. Applying Assumption 1, we have

where

Y-v = (WX—Y) £0,
Thus, there exists some k-th row of Y — Y that does not equal to 0.
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We can rearrange the rows of W and Y simultaneously, while W is maintained as the local mini-
mizer of f(W) and f(W) invariant'. Without loss of generality, we assume k = 1 (k is the index of
the row). Setu = V; . and v; = }71’1- in Lemma 6. There exists a non-empty separation I = [1 : I']
and J =[I'+1:n]of S={1,2,---,n} and a vector 3 € R9X, such that

(1.1) for any positive constant o small enough, andi € I, j € J, Yy ; — afTx; < f/m —aflzy;

(1.2) Ziel Vi, # 0.
Define

. 1 . -
m =Yy —aflay + = ( min (Yu - OlﬁTxi) - (Yu' - aﬁTSCl')) .
2 \ue{l'+1,...,n}

Applying (1.1), forany i € I
)71.,1' - aﬁTxi —m

- - 1 - -
= (Yl,i — OéﬂTJ?i — Yl,l’ + aﬁTxl/> — = ( min (3/171 — Oé,BTl'i) — (Yl,l’ - aﬁTxl’)>
2 \ie{l'+1,..n}
<0,
while for any j € J,
}7173' — OéﬁT.I‘j —m > 0

- - 1 - N
= (Ylﬁj —afx; — Yi+ aBTxl/) - = ( min (Yl,i - aﬁTx,-) - (Yl,l’ — a/J’Txl/>)
2 \Ge{l'+1,...,n}
1 - -
>— ( min (Ym - OZBT%) - (Yu' - OéﬁTCCl'>)
2 \ue{l'+1,...,n}
>0.
Define v € R which satisfies
1 T
- min aft(z;—x;), U <s
|7| = 2 ie{l/+17"‘75i+1} ( : 7’) B ) (18)
a, I'= 8111
where s, 1 is defined in Lemma 6.

We argue that

1 . - . - -
’2 (ie{ﬁfi?.‘,n} (Vs = af"a;) = (Vi - o ”fl))‘ ~hl>0. (19)

When !’ = s;41, eq. (71) stands. Also,

lim v=0
amor T
lim ( min (ffl,i — aﬂTxi) — (}71 = aﬂTxl/)) = min 171,1- — Yy > 0.
a—0+ \ie{l’+1,...,n} ’ i€{l’+1,...,n} ’

Therefore, we get eq. (19) when « is small enough.
When I’ < s;41, eq. (70) stands. Therefore,
l=gls(  min  (Fii—ase) — (Voo —apar)
= — |= min i i — ’r — ’

v 212 \ie{l'+1,...,n} L oL Ly T

.....

)

which apparently leads to eq. (19).

' is also the function in term of Y.

16



Under review as a conference paper at ICLR 2020

Therefore, for any ¢ € I, we have that
Vii—aple; —m +

1 - -
-3 < min , (Yl,z' - 045T$i> - (Yl,l/ - OéﬂTIl/)> + 1

e{l'+1,.
<0,

while for any j € J,

171,;‘ - Oéﬁij —m — |7

1 . ~ ~

>= ( min (Yu - a,BTxi) - (Yu/ — aﬂTmz/)> —
2 \ie{l'+1,...,n}

>0.

Furthermore, define n; (2 < ¢ < dy) as negative reals with absolute value sufficiently large, such
that for any ¢ € [2: dy] and any j € [1 : n],

Yi;—m >0.

Now we construct a point in the parameter space whose empirical risk is smaller than the proposed
local minimum in Lemma 3 as follows

Wy = , (20)

Wdy,[l:dx]
L O(dlfdyfl)XdX J

ﬁ{l,[dXJrl] —-—m+y
~Wiax+1+m+

- W- _
by = Za[dXJ.rl] M2 ’ on
de,[dxﬂ] — Ndy
L O(dlde71)><1 i
I L ]
‘&FT B S++s— 0 0 e 0 0o --- 0
0 0 i 0
S+
0 0 0 0 L 9 0
L = ]
and
m
= 2
b= . | (23)
Ndy

where W; and b; are the weight matrix and the bias of the i-th layer, respectively.
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After some calculations, the network output of the first layer before the activation in terms of

) B s

X afTX T
—WL.X —l:OéBT:X +m 13; + ’)/13;

1T
FO 2 X + 51T = Wz,.X' 21y,

Wdy,‘)z — Ndy 15
O(dl—dy—l)xn

Therefore, the output of the whole neural network is
Y = Wahs s, (WlX + 5115) +bo1?

[ VT/},‘XN— aftX —m1l +~17 ]
W1 X +aBTX +m1l +~17

~ Wo . X — 1T 5
= Wah, ., 2 TR +b17.

Wdwa — Ndy 15
O(dl—dy—l) Xn

Specifically, if j < I,

(e (B L)), = [3] et

Y1 —afTz;—m+7 <0,

(yfm ({wi} " bl )) _— [xf] BT b

,

=—Yi;+apTz; +m +v>0.

A~ ~ 2 7 2
Therefore, (1, j)-th component of Y’ ({WZ} ) |:b2:| ) is
i=1 i=1

(v (0 B7))

[ W1, X —af”X —m1l + 417 ]
W X +afTX +m1f + 417
W27.X - T]Q].z;

WdeX — Ndy 12
0dy—dy—117

+m
—;h (Vi —apla; —m + )—;h (=Y, + Tz +m +7)
_S+ T s s_,sp \L1l,j J m Y Sy T S_,54 1,7 7 m Y
+m 24)
S_ ~ St ~
=g i m Bl ) = e (Y e o+ )
+m (25)
=V, —afTa; + =t (26)
Wi 7 Sy + 877’
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Similarly, when j > I, the (1, j)-th component is

(r (W BI),

Sy ~ T _ - T
= H(YIJ - Oéﬁ T;—M +'Y) — R (_Yl,j —+ 046 T +m1 + ry) +m
> T Sy —S—
=Y —af e+ Sy s

and

(Y ({Wl}j—l ’ [Ei}j_))i’j = z—I(ff” — i) = Yig, i > 2.

- i~ xX; i~ xZ; = i~ 7 7 i~ xX;
-3 (l(Yg,W[J)—i—Vﬁl(}Q,W[I}) (WQ(Wlxierllf)erQlf—W[l

S (1 () w7 [5]) it (v [5])

=1

Applying egs. (26), (28), and (29), we have

4 n
(%) Sy —S_ Sy —S_
=Y Vii(=afTai+ =)+ > Vii(-afTz - )

S_ S S_
=1 + + i=l'+1 + +
l/
S+ S_
=27 Vi,
= S+ +s_

where eq. (x) is because

ﬂﬂ%ﬁs—jw j=1i<U
Sy S_
~ ~ ~ ~ = xX; _ —
(WQ(WW“”)“”WLD —afTa — =y =i
J S+ s_
0, Jj=2

Furthermore, note that & = O(7y) (from the definition of 7). We have

o ([ () 3 - [])
0 z_; (7 (Wi 1) m))

=o(7).

NE

i=1

I

Il
-

19

27

(28)

(29)

D)

(30)
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l/
Let o be sufficiently small while sgn(y) = —sgn (Z 2=V, |. We have

St++s—

i=1
St (v (W) 1) = o (v [7])

l/
S+ — S_
-9 § i Sl /A
71:1 St +S— 1i+o()

(%)
<0,

where inequality (xx) comes from (1.2) (see p. 15).
.12 12
From Lemma 3, there exists a local minimizer { [Wl} , {bz} } with empirical risk that equals
i=1 i=1
to f (W) Meanwhile, we just construct a point in the parameter space with empirical risk smaller
than f(W).
.12 12
Therefore, { {W,} , [bl} } is a spurious local minimum.
i=1 i=1

The proof is completed. O

A.3 STAGE (2)

Stage (2) proves that neural networks with arbitrary hidden layers and two-piece linear activation
hs_ s, have spurious local minima. Here, we still assume s # 0. We have justified this assumption
in Stage (1).

This stage is organized similarly with Stage (1): (a) Lemma 4 constructs a local minimum; and (b)
Theorem 4 proves the minimum is spurious.

Step (a). Construct local minima of the loss surface.

Lemma 4. Suppose that all the conditions of Lemma 3 hold, while the neural network has L — 1
hidden layers. Then, this network has a local minimum at

Wi = [ [W].,[l;dx] ] b= [ [W],dxﬂ ~ Mlay ] ,

O(dlfdy)XdX —nldl_dY
o1 & 1 & .
Wi=— > Ejj+ . Y By, b =0(=23,.,L—1),
+ =1 tj=dy+1

and
Wi = |: iIdy OdYX(dL—l_dY) ] s b/L =nlg,,

where Wi’ and l;; are the weight matrix and the bias of the i-th layer, respectively, and 1) is a negative
constant with absolute value sufficiently large such that

WX —ni1g,1- >0, (31)
where > is element-wise.
Proof. Recall the discussion in Lemma 3 that all components of WlX + 51 15 are positive. Specif-
ically,

o e Y/_n]-dylfrj;
W1X+b11n = s

_7]1d1*dy ]-Z

where Y is defined in Lemma 3.
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. 1L L
Similar to the discussions in Lemma 3, when the parameters equal to { {W-’ } {b’ } }, the
1 =1

output of the first layer before the activation function is

YO —Wix + 51T = ¥ontat, ,
—T]].dl,dy 12;
and
Y —n1g,17 >0, (32)
—nl4,—ay 1% > 0. (33)

Here > is defined element-wise.

After the activation function, the output of the first layer is
~ A o A Y/ —nla, 15
YW =hy o (WX +0117) = s (WX +511)) = 54
—nld, —dy 12

We prove by induction that for all ¢ € [1 : L — 1] that
Y@ >o, element-wise, (34)

. _Y/ - nldy 1?1,1
YO =g, . (35)

_—Uldi—dy 15

Suppose that for 1 < k < L — 2, Y () is positive (element-wise) and

[V — 14,17
Y(k) =S4+ i

__nldk,*dy 11711
Then the output of the (k + 1)-th layer before the activation is
YO = Wy v ® b1l

dy dity Y — 14y 17

1
37 ZEJJ+ Z 3,(dy+1) | 5+

T
j=dy+1 —nlg, —ay 1,

Y — 771dy1

n

_nldk-pl*dy 15
Applying eqs. (32) and (33), we have
Y —nlg,17
RCI B
_nldk+1—dY 12
where > is defined element-wise. Therefore,
N . Y —nig, 17
YD =y, (VRD) =5 VO =, Y
_nldk-f-l*dy 15
We thereby prove egs. (34) and (35).

Therefore, Y &) can be calculated as
Y Y (L) _ W/ Y(L 1) + bl 1T

| Y —ilay 17 .
= 87 [ IdY OdYx(dL—lde) ] S+ + 771dy 1n
+ —nla,—dy 12
=Y. (36)
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Then, we show the empirical risk is higher around { [W’

. 1L [aqL
{ [WZ' } ) [b;} } is a local minimizer.
i=1 i=1

L [.qL
} , [b;} } in order to prove that
L ,

o L R L
Let { [WZ’ + (5{%} , [b; + 51'711 } be point in the parameter space which is close enough to the
i=1 i=1

1L 9L
point { [W{ ] ) [b;} } Since the disturbances 01, and d;, are both close to 0 (element-wise),
i=1 i=1
. . L . L
all components of Y (*) ({WZ/ + 5’WJ , {bg + 6{4 ) remains positive. Therefore, the output
i=1 i=1

. L . L
of the neural network in terms of parameters { [WZ’ + 5{,‘,1} ) [b; + 61’)1} } is
i=1 i=1

v ([W; o] o] ;)

=V} + )by (oha o (W4 800) X+ (84 042)17) )
+ (IS’L + 6{,L) 17

=(W}, + 8y )54 ( 8y ((W{ + 6’W1) X + (8’1 + 5;,1) 15) )
+ (0 + G ) 11

=M X + M17,

. 1L 1L
where M, and M can be obtained from { [W;} , [b;} } and {[6{,1,1-}?_1 , [5gi]f_1} through
i=1 i=1 = =
several multiplication and summation operations?.
Rewrite the output as

X
M X + M1T = [M; M) [lT] :

Therefore, the empirical risk R before and after the disturbance can be expressed as f (W) and
f([My My)), respectively.

When the disturbances {[5{/Vi]f:1 ) [6{”-]521} approach 0 (element-wise), [M;  Ms] approaches W.

Therefore, when {[5{4/1'}?:1 , [6{72-]5:1} are all small enough, we have

o] v ] )

=f([My Ms])

> (W)
R( W;};, [ZE;}L ) 37)

=1

o L “ L
Since {{Wl’ + 6{4,!} , [b; + 5&] } are arbitrary within a sufficiently small neighbour of
i=1 i=1

. 1L 1L .12 .12
{ [WZ’ } L [b;} ) }, eq. (37) yields that { [Wz’ ] ) [b;] } is a local minimizer. O
i= i= i=1 i=1

Step (b). Prove the constructed local minima are spurious.

2Since the exact form of M7 and M are not needed, we omit the exact formulations here.
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Theorem 4. Under the same conditions of Lemma 4 and Assumptions 1 and 2, the constructed
spurious local minima in Lemma 4 are spurious.

Proof. We first construct the weight matrix and bias of the ¢-th layer as follows,
Wi =Wy, b} = by,

Wgz[ W, ],5;:A1d2+[ b }

O(dz—dY)Xdl O(dz—dY)Xl
B 1 & ~
W =—> Ei;b;j=0(i=34,.,L-1),
S+i=
and
B 1 &
Wi=o D B b= =g,
=1

where Wy, W, by and by are defined by egs. (20), (21), (22), and (23), respectively, and A is a
sufficiently large positive real such that

=1

v ([Wr : MQ ) 14,17 > 0, (38)

where > is defined element-wise.
. L 9L -

We argue that [Wl’ } , [b;} } corresponds to a smaller empirical risk than f(W') which is

i=1 i=1

defined in Lemma 3.

First, Theorem 3 has proved that the point {Wl, Wa, by, 52} corresponds to a smaller empirical risk
than f(WW).
We prove by induction that for any ¢ € {3,4,...,L — 1},

y (@) ([W{} iL:1 , {E;} iL_1> > 0, element-wise, (39)
e e () et
vo (W], [1.,) == W
0(d;—dy)xn

Apparently the output of the first layer before the activation is
= ( [vir]* Ak 71 71T _ 1% ot oo (w17 12
Y {W} L M WX +517 =W X + 017 =7 [W} L [b] )

i=1

Therefore, the output of the first layer after the activation is

0 ([ ) = (70 ([
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Thus, the output of the second layer before the activation is

o ([, ) e (0], ) <

W }y(l)([v‘v{]L ) )+[ b2 }15
10(dy—dy ) xdy i=1 L' ]i=1 O(dy—dy)x1| "
+ >‘1d2 1311
[ /. 2 12
Y ([Wi:| L [bi] ,1> +Alg, 15
I Mg, g, 1%
Applying the definition of A (eq. (38)),
_ . 1L 4L
v (@ ([W;} L [b;} 4 1) > 0, element-wise. (41)
i= i=

Therefore, the output of the second layer after the activation is

ver (] o)) = e (7 ([ )

. . 1L 1L
Meanwhile, the output of the third layer before the activation is Y (%) <[Wl’ } , [b;} ) can be
i=1 1

. 1L 1L
calculated based on Y (?) <[W{ ] , [b;} ) .
i=1

i=1

ye ([WZ/} iLzl’ {B;} iL—1> - WéY(Q) ([WZ’} iL:I ’ [BQLL_l) + Eé’lz;

O(dg—dy))(n
Applying eq. (41),
o . 1L r.qL
y®3) <|:Wz/:| , [b;} ) > 0, element-wise. (42)

i=1 i=1
Therefore, the output of the third layer after the activation is

o ([ )L ) = (70 (11, )

0(d37dy) Xn
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Suppose egs. (39) and (40) hold for k (3 < k < L —2), when k + 1,

v ([wr] L[] ) =y ® (W] i) ) + et

1= =

1 (Z E> ki (], [b]) + atart

1=

O(dk+1—dy)><n

Applying eq. (42),
. . 1L 9L
v (k+1) ([W;} , [b;} ) > 0, element-wise.
i=1 i=1

Therefore, the output of the (k + 1)-th layer after the activation is

v ([ L) b (0 (1, L)
—ren ([w)? o))
()L, B et

O(dk+1—dy)><'n,
Therefore, egs. (39) and (40) hold for any i € {3,4,...,L — 1}.

:S+

Finally, the output of the network is

([ B e (1 )

Applying Theorem 3, we have
R ([W} L f_l) =R ([W] L [Ei};) < F().

The proof is completed.

A.4 STAGE (3)

Finally, we prove Theorem 1.
This stage also follows the two-step strategy.

Step (a). Construct local minima of the loss surface.

25

(43)



Under review as a conference paper at ICLR 2020

Lemma 5. Suppose t is a non-differentiable point for the piece-wise linear activation function h and
o is a constant such that the activation h is differentiable in the intervals (t — o,t) and (t,t + o).
Assume that M is a sufficiently large positive real such that

1 . A
= HW{X +hlf| <o (44)
Let o; be any positive real such that
a1 = 1
O<a;<l,9=2,---,L—1. (45)

Then, under Assumption 3, any neural network with piecewise linear activations and L — 1 hidden
layers has local minima at

1
M

~ N 1 -
Wi, b = —b) + 114, (46)

Wy = L

. I . | NP
W/ =W}, b = —,W/h(t)1a,_, +t14, + J*T“b; (i=2,3,.,.L—1), (47

and
1

I
w =T a
7=2%

MW}, b} = —Mh(t)1q,_, + b}, (48)

. 1L 1L
where { [Wl’ } , {bg} } is the local minimizer constructed in Lemma 4. Also, the loss is con-
i=1 i=1

tinuously differentiable, whose derivative with respect to the prediction Y; may equal to O only when
the prediction Y; and label Y; are the same.

Proof. Define s_ = lim h/(6) and sy = lim R'(0).

roof. Define s Jim (9) and s Jm, (9)

We then prove by induction that for all ¢ € [1 : L — 1], all components of the i-th layer output before
- . 1L 1L

the activation Y (¥ ([W{’ } ‘ [bg’ } A

1 ’ =1
o ([ L) = st S (], L),

1= =1

) are in interval (¢t,t + o), and

The first layer output before the activation is,

%0 ({W{’} ; : [B;’IL ) WX 4 T

i=1

1
M

1

WX + Mlé’llz +t14,17. (49

We proved in Lemma 4 that W{X + 13’1 17 is positive (element-wise). Since the Frobenius norm of
a matrix is no smaller than any component’s absolute value, applying eq. (44), we have that for all
i€[l,di]and j € [1:n],

i Yl 11T
0< (Wix + 617 <o (50)

,

Therefore, (1\14 (W{X + 3312) + t) € (t,t+ o). So,
j

%

v (] i) = (70 (] 1))

* 1 .- 1 4
Dhy_ s, (MW{X + Mblllz;) +h(t) 14,15,

(L LI e

where eq.(x) is because for any x € (t — o, t + 0),

h(z) = h(t) + ha_ o, (z —1). (51)
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Suppose the above argument holds for £ (1 < k < L — 2). Then

L L
v (k+1) il B
Y ([Wz L:1 ’ [bl]i—1)
(k) 171 L n L N/ T
=W\, Y ([Wz L:1’ |:bi:|i_1> + b1y,
:(7ak+1VAVlg+1h( )]‘dk+1

Iy - . . 1L 1L
o + T 1+ iy (7] []))

i=1
R 0k a; e ~ 1L
—aps Wiy <h( 14,17 + =1y ® <[Wi’] ] ))

i=1

R Hk‘+1a
+ _ak+1WIQ+1h(t)1dk +t1dk+1 + —= L g, 112;

Hk I i sy PR -1 E e,
(k) [ {} [ /} =1 / T T
Ty e R W L P L T S s vl /R K 2 PR

e, - . 1L 1L
T 1= T k+1
=ttq,.1f B ([ L[] ).

- . 1L 1L
Lemma 4 has proved that all components of Y (F+1) ({WZ’} ,{b’} ) are contained in
i=1 1

Yy ([Wl’} iL:1 , {lﬂ iL_1>. Combining

1 - . 1L 1L
19,17 < 11417 + MY“) ([W;} L [b;]ﬁ ) < (t+0)141%,

we have

e, o Y L@
tldk+1 15 < t]‘dk+1 12 + l_Tlay(k-H) ([Wil} 1’ [b;} ,_1> (t + J)ldk+11n

Here < are all element-wise, and inequality (x) comes from the property of a; (eq. (45)).

Furthermore, the (k + 1)-th layer output after the activation is

YD) ({W} ] ) _h (WH) ({W} [ ))
i=1 i=1
(st gy ([, B
Oh(t) L, 17 + s, (H%}laif/(HD ( ’

e,
—h(t)1a,,, 1% + %h

where eq. () is because of eq. (51). The above argument is proved for any index k € {1, ...

27
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Therefore, the output of the network is

vo () i)
s () o] ) i

M WL (h(t)ldLllz; + %Y@ﬂ) ([W;}L ’ {52} .L_ >>

e

+ ( Hf]\faz WLh(t)La, -, + BlL) b
gt ([i] L[] ) i
v ([, B

. ([W;/} i —) o ({Wi’] o[ _) =10V,

< 1L L
We then introduce some small disturbances {[6{,’[,1»]521 ) [51’,’1]161} into {{Wi” } ) [b;’ } } in
= i=1 i=1

order to check the local optimality.

Therefore,

Since all comonents of Y (*) are in interval (¢, t+ ), the activations in every hidden layers is realized
at linear parts. Therefore, the output of network is

v ([ e ] )
= (Wi’ +5{3,L) h ( - h ((W{’ +5'v'm> X+ (E’l’ +5{,’1) 15) ) + (Z + 5{,’L) 17
= (WE + ) s (s (W + 000 ) X 4 (B +002) 17) + 7 (010,27 )

P17+ (B o) 17

=M X + Mgln
X
:[Ml MQ] |:1T:| .

Similar to Lemma 4, [M;  M,] approaches W as disturbances {[5Wi]f=1 , [5bi]f=1} approach 0

(element-wise). Combining that T is a local minimizer of (1), we have

R ([VV;’ o] o]

)= am = o == (W] L[] ).

The proof is completed.

Step (b). Prove the constructed local minima are spurious.

Proof of Theorem 1. Without loss of generality, we assume that all activations are the same.

Let ¢ be a non-differentiable point of the piece-wise linear activation function h with
5. = lim h'(9),

Sy = hm n' ().

0—0+
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Let o be a constant such that A is linear in interval (¢ — o, ¢) and interval (¢, ¢ + o).
Then construct that
- 1 .~ - 1
Wlll = MW{, b/ll == Mb/l + t1d17
- 1 -, - 1
WQH = ﬁWé? b/2/ = t1d2 - ﬁh
. - - 1 -
W’L// = W,L/, b;/ = _Wzlh(t)].d171 + tldl + Wb,l” ('L = 374, ,L — ].)

. 1 -
(t)Wéldz + MMb/27

and
W/ =MMW;, b} =b, — MMW/h(t)1p_4,

. 1L 1L
where {W-’ } o, {b;} } 1} are constructed in Theorem 4, M is a large enough positive real such
that

1 - .
= HW{X+b’11£

<o, (52)
F

and M a large enough positive real such that

e () )

Then, we prove by induction that for any ¢ € [2 : L — 1], all components of

y (@ ([WZ”} ;1 , [B;’r ) are in interval (¢, ¢ + &), and

%0 ([W;’} ; (7] Z,L_1> = h(t)14,17 + ﬁym ({W’} ; (2] f_1> :

< o. (53)

First,
- . 1L _ 1L ~ - 1 - -
70 ([, ] -t = it g o

Foranyi € [1:dy]and j € [1: n], eq. (52) implies

1 - - 1.~ .
<M(W{X + bilZ)) <37 HW{X +v17 LS
)
Thus,
1 - -
(M(W{X+b’11§)+t1§11£> €(t—ot+o). (55)
ij

Therefore, the output of the first layer after the activation is

o (e, ) = (o (1) )

1 -~ -
h (M(W{X +b117) + t1g, 1,{)

—~

* 1 ~ ~
2 h()10,17 + by, (M (Wix + b’1)>

= h(t)14,17 + %hs,,ﬂ ((W{X + 5’1))

= hioa 18+ 5y (] L[],
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where eq. () is from eq. (51) forany = € (¢t — §,t + 9).
Also,

ro ([5e] BL) mer ((], ) i

:ﬁ (3) (h(t)1d11£ + %Y(l) ([W} ; (5] :_1)>
1
MM
e (] 1)) ¢ s mant

:Mlef(z) ({W/}L . ML 1) 114,17,

1 . _
+ilg,15 — ﬁh(t)Wéldllz + byl

- . 1L 1L
Recall in Theorem 4 we prove all components of Y (?) ([WZ’ } , [b;} ) are positive. Combin-
i=1 1
ing the definition of M (eq. (53)), we have

L

115,17 <7v® ([Wz”} L: [’3@

)
1 =1

) = MIMY/(Z) ([W’] ; , [E;]f_l)+t1d21,{ < (t4+0)14,17.

Therefore,

ver (] ) = (0 ([, o))
=h <M1MY(2) ([W{} Z_Lzl ) [Ei}j_1> + g, 15)

1 - L
. T (2) /
=h(OLLn + e, (MMY ({th_l ’

Suppose the above argument holds for k-th layer.
The output of (k + 1)-th layer before the activation is

reon (] )
i=1 i=1

Fvdld (k) svald L T L T T
=Wi Y <[W1 ]i:1 ; [biLl) + b1y,

ity (a2t + v (W] L [5]))

- 1 -
+ (‘Wéﬂh(t)ldk +tlg4,,, + MMb;“H> 17

1 . 4L AL -
- (W, y® [Wf} : [b’} B 17 ) 1, 1T
MM ( k41 P i, + k+1+n + dit1+n

1 ~ ~ L . 1L
=y &+l [W—’] M +t1, .17,
MM 7 i=1 ) [ i=1 k+1-n
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- . 1L 1L
Recall proved in Theorem 4 that all components of Y (¥+1) [Wl’ } , [b’} ) except those that
1 1
- . 1L _ 1L
are 0 are contained in Y () <[WZ’ } , [b;} ) We have
i=1 i=1

1=

1 5 k 2] ik T
tldk+11;11“ < WY( +1) <|:W1/:| U |:b;:| 1) +t1dk+11n < (t+ U)ldk+11;1;'

Therefore,

v (]! ) = (7 (0], 1)

= h(t)ldkﬂl,TZ + ﬁy(kﬂ) ([Wq L . [i,;}j—) .

Thus, the argument holds for any k£ € {2,..., L — 1}.
So,

o () v (el ) 2
=3V, (ot t? o+ gy (W] 1))

+ 0,18 — MMW] h(t)14,,,17

—y (@) <[W’] ; , [z};};) . ”
R ({Wiﬂ} ; (o] Z-L_1> =R ({W'] ; : m;) : (56)

From eq. (56) and Theorem 4, we have

R []) <o ().

which completes the proof of local minimizer.

Therefore,

Furthermore, the parameter M used in Lemma 5 (not those in this proof) is arbitrary in a continuous
interval (cf. eq. (44)), we have actually constructed infinite spurious local minima.

O
A.5 A PREPARATION LEMMA
We now prove the preparation lemma used above.
Lemma 6. Suppose u = (uy - - - u,) € RYX™ which satisfies u # 0 and
n
> ui=0, (57)
i=1
while {x1,...,x,} is a set of vector C R™*1. Suppose index set S = {1,2,--- ,n}. Then for any
series of real number {vy, - - -, v, }, there exists a non-empty separation I, J of S, which satisfies

IUJ=S8,1INnJ="0andbothI and J are not empty, a vector 3 € R™*! such that,
(1.1) for any sufficiently small positive real o, i € I, and j € .J, we have v; — a1 z; < v —aBij;

(1.2) Y, ui # 0.
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Proof. If there exists a non-empty separation I and J of the index set .S, such that when 8 = 0,
(1.1) and (1.2) hold, the lemma is apparently correct.

Otherwise, suppose that there is no non-empty separation I and .J of the index set .S such that (1.1)
and (1.2) hold simultaneously when 3 = 0.

Some number v; in the sequence (vy,ve, - - ,v,) are probably equal to each other. We rerarrange
the sequence by the increasing order as follows,

VI =V = =0Vg, < Vgl =" =Vgpy < v+ < Vg ;41 =" = Vg, = Up, (58)
where s, = n.

Then, for any j € {1,2,--- , k — 1}, we argue that

Otherwise, suppose there exists a s;, such that

sj
i=1
Let] ={1,2,...,s;} and J = {s; + 1, ...,n}. Then, when 5 = 0, we have

v —aflz; =v; < v; = v — ab’T:cj, (59)
and _
doui=) ui #0, (60)
icl i=1
which are exactly the arguments (1.1) and (1.2). Thereby we construct a contrary example. There-
fore, forany j € {1,2,--- ,k — 1}, we have

S
i=1

Since we assume that u # 0, there exists an index ¢ € {1,...,k— 1}, such that there exists an index
xS {St + 17 vy St+1} that Uq 7é 0.

Letl € {s¢ + 1,..., St+1} is the index such that z; has the largest norm while u; # 0:

] — arg max ll2;]| - ©1)
je€{st+1,..., Sf,+1}v“j?£0

We further rearrange the sequence (vs,41,...,Vs,,,) such that there is an index I’ € {s; +
1, ey St+1},

x| = max i, 62
|z je{&ﬂ,_“’s“l}’uﬁoH ill (62)
and
Vie {si+ 1,0}, (wp,x) > |lav|? (63)
Vie {l'+1,- ,sep1}, (ar,x) < o] (64)

It is worth noting that it is probably I’ = s;1, but it is a trivial case that would not influence the
result of this lemma.

Let I ={1,...,I'},J={I'"+1,...,n},and 8 = x;,. We prove (1.1) and (1.2) as follows.
Proof of argument (1.1).

We argue that for any i € I, v; — afTz; < vp — afTap and for any j € J, v; — aflz; >
T
vy — aft Ty,
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There are three situations:

(Aie{l,...;s}and j € {sg11 + 1,--- ,n}. Applying eq. (58), forany ¢ € {1,...,s:} and
j € {sty1+1,---,n}, we have that v; < vp and v; > vp. Therefore, when « is sufficiently small,
we have the following inequalities,

v —afTz; < vy —aBlay,

v — aBij > vy —aflay.

B)ie€ {st+1,---,I'}. Applying eq. (63) and because of o > 0, we have
—a(B,z;) < —al|B” = —a{p,av).
Since v; = vy, it further leads to
Vi — OéﬁT.%'i S vy — QBT.’IJ[/.

©)je{l' +1, -, 5441} Similarly, applying eq. (64) and because of o > 0, we have
—a(B,z;) > —a|B|* = —a(B, z).

Since v; = vy, it further leads to
v — aﬁij > vy —aflay,
which is exactly the argument (1.1).
Proof of argument (1.2).
We argue that for any i € {s; + 1,---,I'’ — 1}, u; = 0. Otherwise, suppose there exists an i €
{s¢t +1,---,I' = 1} such that u; # 0. From eq. (61), we have ||a;|| < ||z;/||. Therefore,
(e, ai) < vl < flev]?,
where the first inequality strictly holds if the vector z;; and x; have the same direction, while the
second inequlity strictly holds when x; and x;» have the same norm. Because x;; # x;, we have the
following inequality,
(e @) < |lev]?,
which contradicts to eq. (63), i.e.,
(e i) > ||lzw |2, Wi € {se +1,--- 1}

Therefore,
-1

S
Zuizztui—&— Z U +upy =up #0, (65)
i=1

iel i=si+1
which is exactly the argument (1.2).
The proof is completed. O
Remark. Foranyi € {l'+1,..., 5441}, we have
(vi —afTz;) — (o —apTay) = ap” (zr — ), (66)
while for any j € {si+1 + 1,...,n}, we have
(vj —aBz;) — (v — B ay) = v; — o + B (zp — ;). (67)
Because v; > vy, when the real number « is sufficiently small, we have
afT (wy —xi) < vj—op +af” (zr — a5). (68)
Applying egs. (66) and (67), we have
(vi — aBTzi) — (vl/ — aﬂTxl/) < (vj — aﬂij) — (ful/ — aBTzl/) . (69)
Therefore, if I < s;11, we have
. T T . T
min v, —afx;) — (vp —aB xpy) = min « Ty — X5); 70
ie{l’+1,...,n} ( p ) ( ! b ) ie{l'+1,....8¢41} g ( ! ) 70
while if ! = s411,
. T T : T
i — i) — (o — ) = i — v+ =) (71
oo (vi — aB’z;) — (v — aplay) egln v af” (zy — ;). (1)

Egs. (70) and (71) make senses because I < n. Otherwise, from Lemma 6 we have y__, u; # 0,
which contradicts to the assumption.
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B PROOF OF THEOREM 2

This appendix gives the proof of Theorem 2 omitted from Section 4.

We first check that the squared loss is convex.

Lemma 7. The empirical risk R under squared loss (defined by eq. (5)) is convex with respect to
the prediction 'Y .

Proof. The second derivative of the empirical risk R under squared loss with respect to the predic-
tion Y is A R
02l (Y)Y 0?(y —Y)?
(A Y _ S - S _ 2> 0.
o oY? Y2 .
Therefore, the empirical risk R under squared loss is convex with respect to prediction Y. O

Proof of Theorem 2. 'We prove the four arguments separately.
Smooth and multilinear partition.

If the activations are all linear functions, the neural networks is reduced to a multilinear model. The
loss surface is apparently smooth and multilinear. The nonlinearity in the activations largely reshape
the landscape of the loss surface. Specifically, if the input data flows through the linear parts of every
activation functions, the output falls in a smooth and multilinear region in the loss surface. When
some parameter changes by a sufficiently small swift, the data flow may not move out of the linear
parts of the activations. This fact guarantees that each smooth and multilinear regions expands to an
open cell. Meanwhile, every nonlinear point in the activations is non-differentiable. If the input data
flows through these nonlinear points, the corresponding empirical risk is not smooth with respect to
the parameters. Therefore, the nonlinear points in activations correspond to the non-differentiable
boundaries between cells on the loss surface.

Local analogous convexity.

In every cell, the input sample points flows through the same linear parts of the activations no matter
what values the parameters are.

(1) We first proves that the empirical risk R equals to a convex function with respect to a variable
W that is calculated from the parameters W.

Suppose (W71, W) is a local minimum in some cell. We argue that

n n
D Uy, Wadiag (A.;) Wiwy) = > 1 (ys, ATy diag(Wa) W) , (72)
i=1 i=1
where A. ; is the i-th column of the following matrix
Ry oo (W)r,21) o B o (Wh)h, @)
A= : : (73)
W s (Wiayan) o B o (W), n)

The left-hand side (LHS) is as follows,

LHS = "1 (y;, Wadiag (A. ;) Wia;)

i=1

= Z Uy (Wo)iaAri -+ (W2)1,a, Aay il W) .
i=1
Meanwhile, the right-hand side (RHS) is as follows,

RHS =Y 1 (s, AT diag(Wo) Wya;) |

i=1

= Zl (i, [(Wa)11 A1 -+ (Wa)i,a, Ad, i) Whzs).

i=1

34



Under review as a conference paper at ICLR 2020

Apparently, LHS = RHS. Thereby, we proved eq. (72).

Afterwards, we define

Wl = diag(Wg)Wl, (74)

and then straighten the matrix W1 to a vector W,
W= (W), -~ WM)a.) (75)

Also define

=(A1®x1 - A,Quzy,). (76)

Then, we can prove that the following equations,

(A.J:1W1331 e A.j:nwll”n) = ((Wl)h s (Wﬁdh.) A1 ®z1 - A,Qzp)

=WX. (77)

Applying eq. (77), the empirical risk is transferred to a convex function as follows,

R(Wy, Wa) = Zl(yz, )7 diag(Wa) Wlx): Zl(yl, ) W)

- Zz (s W %) (78)
=1

We can see that the empirical risk is rearranged as a convex function in terms of W which unite the
two weight matrices W7 and W5 and the activation h are together as W.

Applying egs. (74) and (75), we have
W= [(Wo)i(Wi)i, -+ (Wa)ay(Wi)ay,].
(2) We then prove that the local minima (including global minima) of the empirical risk ZAQ with
respect to the parameter W is also local minima with respect to the corresponding variable W.
We first prove that for any i € [1 : d1ds], we have
eif( VvV =0,

where V is defined as follows,
V= [T, (05 (05),) o Ty 10 (W),
To see this, we divide ¢ into two cases: (IW2), # 0 and (W), =

Case 1: (W), # 0.

The local minimizer of the empirical risk R with respect to the parameter W satisfies the following
equation,

ok
oWh)i;
Therefore,
0— OR
O(Wh)i;
o> i(v, (Wx
o(Er(re(v5),))
O(Wh)i;
:k:l[ 0 0 (WQ)l 0 0 ]ka(WX) Z(Y'vk’(WX> k>’ (79)
~—— e
dx (i—1)+j—1 dxdi—dx (i—1)—j
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where (W5) is a vector and (W3); is its i-th component.

Then, divid the both hand sides of eq. (79) with (1¥5);, we can get the following equation,

(edx(i_1)+jX)V = 0

Case 2: (W3), = 0. Suppose u; € R% is a unitary vector, uz € R is a real number, and ¢ is a
small enough positive constant. Then, define a disturbance of W, and W5 as follows,

AW, =[0 -+ 0 euy 0 --- 0],
—— ——
dx (i—1) didx—dxi

AWy =[0 -+ 0 &uy 0 --- 0].
—— ——
i—1 dy—i

When ¢ is sufficiently small, ATW; and AW, are also sufficiently small. Since (W7, Wa) is a local

minimum, we have
L (1 +4) ),

=R(Wy + AWy, Wy 4+ AWy)
>R(W1, Wa)

:iél (Yk, (WX)k) : (80)

where A is defined as follows,

A= [(WQ +AWQ)1(W1 +AW1)1 (WQ +AW2)¢11(W1 +AW1)d1]
= [(Wa)i (W) - (Wa)a, (Wh)a,]
(;)[0 o 0 fug(euy +(Wh);) 0 --- 0.
—— —— 81
dx (i—1) didx —dxi

Here, eq. (*) comes from (WW5); = 0. Rearrange eq. (80) and apply the Taylor’s Theorem, we can
get that

A-XVIY,WX)+0 (||A-X||2) > 0.
Applying eq. (81), we have

[0 - 0 ug(ewg +(Wh);) 0 - 0]XV
—— ——
dx (i—1) dxdy—idx
+e*0 (H[ 0O -+ 0 wuo (Eul—i-(Wl)i) o --- 0 ]X||2)
—— ——
dx (i—1) dxdi—idx
o o 0 Suwy 0 - 0]XV
—— ——
dx (i—1) dxdi—idx
+&40 (H[ 0 - 0 w(ew+()) 0 - 0 ]X||2)
—_— ——
dx (i—1) dxdi—idx
:53[0 o 0 wguy O - O]Xv+0(€3)
dx (i—1) dxdi—idx
>0 (83)

Here, eq. (*%) can be obtained from follows. Because W5 is a local minimizer, for any component

(W2)1 of WQ,
Skt (% (WX),))
o(W3);

:O,
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which leads to

[0 -~ 0 (W); 0 --- 0]XV=0.
N—— N—_——
dx (i—1) dxdi—idx

When ¢ approaches 0, eq. (82) leads to the following inequality,

[0 - 0 wu; 0 --- 0]XV>0.
N—_—— N—_——
dx(ifl) dxdy—idx

Since u; and uy are arbitrarily picked (while the norms equal 1), the inequality above further leads
to

[0 -~~~ 0 ¢ 0 --- 0]XV=0,
—_—— —_—— (84)
dx (i—1) dxdi—tdx

which finishes the proof of the argument.

Therefore, for any ¢ and j, we have proven that
Cao(i-1) 4 XV =0,

which demonstrates that .
XV =0,
which means W is also a local minimizer of the empirical risk 7%,

R(W) = I(Y;, WX,). (85)

i=1
(3) Applying the property of convex function, Wis a global minimizer of the empirical risk R,
which leads to (W7, W5) is a global minimum inside this cell.
Local minima valley.

In the proof of Theorem 1, the parameters «; can be arbitrary as long as «; € (0,1) and M can
be any positive real sufficiently small. When these parameters change, we can get infinitely many
local minima. Also, when the parameters change, the data still flows through the same parts of the
activations. Therefore, all these local minima are concentrated in a valley in some cell. Furthermore,
the corresponding empirical rick remains invariant when the parameters change.

Linear collapse.

When there is no nonlinearities in the activations, there is apparently no non-differentiable regions
on the loss surface. In other words, the loss surface is a single smooth and multilinear cell.

The proof is completed. O
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