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ABSTRACT

Q-learning with neural network function approximation (neural Q-learning for
short) is among the most prevalent deep reinforcement learning algorithms. De-
spite its empirical success, the non-asymptotic convergence rate of neural Q-
learning remains virtually unknown. In this paper, we present a finite-time analy-
sis of a neural Q-learning algorithm, where the data are generated from a Markov
decision process and the action-value function is approximated by a deep ReLU
neural network. We prove that neural Q-learning finds the optimal policy with
O(1/T) convergence rate if the neural function approximator is sufficiently over-
parameterized, where 7' is the number of iterations. To our best knowledge, our
result is the first finite-time analysis of neural Q-learning under non-i.i.d. data
assumption.

1 INTRODUCTION

Q-learning has been shown to be one of the most important and effective learning strategies in
Reinforcement Learning (RL) over the past decades (Watkins & Dayan), |1992; Schmidhuber, 2015;
Sutton & Barto, [2018)), where the agent take an action based on the action-value function (a.k.a., Q-
value function) at the current state. Recent advance in deep learning has also enabled the application
of Q-learning algorithms to large-scale decision problems such as mastering Go (Silver et al., 2016
2017), robotic motion control (Levine et al.| | 2015} |Kalashnikov et al.| 2018)) and autonomous driving
(Shalev-Shwartz et al., 2016; Schwarting et al.l [2018). In particular, the seminal work by Mnih
et al.| (2015) introduced the Deep Q-Network (DQN) to approximate the action-value function and
achieved a superior performance versus a human expert in playing Atari games, which triggers a
line of research on deep reinforcement learning such as Double Deep Q-Learning (Van Hasselt
et al.,[2016) and Dueling DQN (Wang et al., 2016).

Apart from its widespread empirical success in numerous applications, the convergence of Q-
learning and temporal difference (TD) learning algorithms has also been extensively studied in the
literature (Jaakkola et al.,|1994; Baird, [1995; Tsitsiklis & Van Roy, [1997} |Perkins & Pendrith, 2002;
Melo et al.| |2008; Mehta & Meyn, |2009; Liu et al., 2015 |Bhandari et al.| 2018} [Lakshminarayanan
& Szepesvari, [2018} [Zou et al., 2019b). However, the convergence guarantee of deep Q-learning al-
gorithms remains a largely open problem. The only exceptions are |Yang et al.|(2019) which studied
the fitted Q-iteration (FQI) algorithm (Riedmiller, 2005 Munos & Szepesvari, [2008) with action-
value function approximation based on a sparse ReLU network, and |Cai et al.|(2019) which studied
the global convergence of Q-learning algorithm with an i.i.d. observation model and action-value
function approximation based on a two-layer neural network. The main limitation of the afore-
mentioned work is the unrealistic assumption that all the data used in the Q-learning algorithm are
sampled i.i.d. from a fixed stationary distribution, which fails to capture the practical setting of
neural Q-learning.

In this paper, in order to bridge the gap between the empirical success of neural Q-learning and
the theory of conventional Q-learning (i.e., tabular Q-learning, and Q-learning with linear function
approximation), we study the non-asymptotic convergence of a neural Q-learning algorithm under
non-i.i.d. observations. In particular, we use a deep neural network with the ReL.U activation func-
tion to approximate the action-value function. In each iteration of the neural Q-learning algorithm,
it updates the network weight parameters using the temporal difference (TD) error and the gradi-
ent of the neural network function. Our work extends existing finite-time analyses for TD learning
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Table 1: Comparison with existing finite-time analyses of Q-learning.

Non-i.i.d. Neural Approximation Multiple Layers Rate

Bhandari et al.| (2018) v X X o(1/T)
Zou et al.[(2019b) v X X o(1/T)
Cai et al.[(2019) X v X O(1/VT)
This paper v v v o(1/T)

(Bhandari et al., 2018)) and Q-learning (Zou et al., 2019b)), from linear function approximation to
deep neural network based function approximation. Compared with the very recent theoretical work
for neural Q-learning (Yang et al.,|2019;|Cai et al.,[2019), our analysis relaxes the non-realistic i.i.d.
data assumption and applies to neural network approximation with arbitrary number of layers. Our
main contributions are summarized as follows

e We establish the first finite-time analysis of Q-learning with deep neural network function ap-
proximation when the data are generated from an Markov decision process (MDP). We show that,
when the network is sufficiently wide, neural Q-learning converges to the optimal action-value
function up to the approximation error of the neural network function class.

e We establish an O(1/T) convergence rate of neural Q-learning to the optimal Q-value function
up to the approximation error, where 7' is the number of iterations. This convergence rate matches
the one for Q-learning with linear function approximation (Zou et al., 2019b). It is worth noting
that although we study a more challenging setting where the data are non-i.i.d. and the neural
network approximator has multiple layers, our convergence rate is still faster than the O(1/v/T)
rate proved in (Cai et al.| (2019) with i.i.d. data and a two-layer neural network approximator.

To sum up, we present a comprehensive comparison between our work and the most relevant work
in terms of their respective settings and convergence rates in Table

Notation We denote [n] = {1,...,n} forn € N*. ||x||2 is the Euclidean norm of a vector x € R<.
For a matrix W € R™*", we denote by ||W/||2 and ||W || its operator norm and Frobenius norm
respectively. We denote by vec(W) the vectorization of W, which converts W into a column
vector. For a semi-definite matrix 3 € R%*? and a vector x € RY, ||x||s = Vx ' Ix denotes the
Mahalanobis norm. We reserve the notations {C;},—¢ 1, .. to represent universal positive constants
that are independent of problem parameters. The specific value of {C;};=12 .. can be different
line by line. We write a,, = O(b,,) if a,, < Cb,, for some constant C' > 0 and a,, = O(b,,) if
an = O(by,) up to some logarithmic terms of b,,.

2 RELATED WORK

Due to the huge volume of work in the literature for TD learning and Q-learning algorithms, we
only review the most relevant work here.

Asymptotic analysis The asymptotic convergence of TD learning and Q-learning algorithms has
been well established in the literature (Jaakkola et al.| |1994; [Tsitsiklis & Van Royl |1997; [Konda &
Tsitsiklis, [2000; |Borkar & Meyn, 2000; Ormoneit & Senl 2002; Melo et al., 2008} |Devraj & Meyn),
2017). In particular, [Tsitsiklis & Van Roy| (1997) specified the precise conditions for TD learning
with linear function approximation to converge and gave counterexamples that diverge. Melo et al.
(2008) proved the asymptotic convergence of Q-learning with linear function approximation from
standard ODE analysis, and identified a critic condition on the relationship between the learning
policy and the greedy policy that ensures the almost sure convergence.

Finite-time analysis The finite-time analysis of the convergence rate for Q-learning algorithms has
been largely unexplored until recently. In specific,|Dalal et al.|(2018)); [Lakshminarayanan & Szepes-
vari| (2018)) studied the convergence of TD(0) algorithm with linear function approximation under
ii.d. data assumptions and constant step sizes. Concurrently, a seminal work by Bhandari et al.
(2018) provided a unified framework of analysis for TD learning under both i.i.d. and Markovian
noise assumptions with an extra projection step. The analysis has been extended by Zou et al.
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(2019b) to SARSA and Q-learning algorithms with linear function approximation. More recently,
Srikant & Ying| (2019)) established the finite-time convergence for TD learning algorithms with lin-
ear function approximation and a constant step-size without the extra projection step under non-i.i.d.
data assumptions. [Hu & Syed| (2019) further provided a unified analysis for a class of TD learning
algorithms using Markov jump linear system.

Neural function approximation Despite the empirical success of DQN, the theoretical convergence
of Q-learning with deep neural network approximation is still missing in the literature. Following the
recent advances in the theory of deep learning for overparameterized networks (Du et al., 2019bja;
Allen-Zhu et al., 2019; |Zou et al., 2019a; (Cao & Gu, 2019a; [Zou & Gu, 2019), two recent work
by Yang et al.| (2019) and |Cai et al.| (2019) proved the convergence rates of fitted Q-iteration and
Q-learning with a sparse multi-layer ReLU network and two-layer neural network approximation
respectively, under i.i.d. observations.

3 PRELIMINARIES

A discrete-time Markov Decision Process (MDP) is denoted by a tuple M = (S, A, P, r,~v). S and
A are the sets of all states and actions respectively. P : S x A — P(S) is the transition kernel
such that P(s’|s,a) gives the probability of transiting to state s’ after taking action « at state s.
r: S8 x A — [—1,1] is a deterministic reward function. v € (0, 1) is the discounted factor. A policy
m: S — P(A) is a function mapping a state s € S to a probability distribution 7(+|s) over the
action space. Let s; and a; denote the state and action at time step ¢. Then the transition kernel P
and the policy 7 determine a Markov chain {s;};—¢,1,... For any fixed policy , its associated value
function V™ : § — R is defined as the expected total discounted reward:

VT (s) =E[} 2o v'r(st,a)|so = s], VseS.
The corresponding action-value function Q™ : § x A — R is defined as
Q7 (s,a) =E[Y ;2 v'r(se,ar)|s0 = s,a0 = a] =7(s,a) + ’yfs V™ (s"YP(s']s,a)ds,

forall s € S,a € A. The optimal action-value function Q* is defined as Q* (s, a) = sup,. Q™ (s, a)
for all (s,a) € S x A. Based on Q*, the optimal policy 7* can be derived by following the greedy
algorithm such that 7*(a|s) = 1 if Q(s,a) = maxpe 4 @*(s,b) and 7*(als) = 0 otherwise. We
define the optimal Bellman operator 7 as follows

TQ(s,a) =r(s,a) +v-E[maxyc4Q(s',b)|s" ~ P(|s,a)]. 3.1
It is worth noting that the optimal Bellman operator 7 is y-contractive in the sup-norm and Q* is
the unique fixed point of 7~ (Bertsekas et al., [1995).

4 THE NEURAL Q-LEARNING ALGORITHM

In this section, we start with a brief review of Q-learning with linear function approximation. Then
we will present the neural Q-learning algorithm.

4.1 Q-LEARNING WITH LINEAR FUNCTION APPROXIMATION

In many reinforcement learning algorithms, the goal is to estimate the action-value function Q(-, -),
which can be formulated as minimizing the mean-squared Bellman error (MSBE) (Sutton & Barto,
2018):

g%ln) ]Ep,,mp [(TQ(S,G) - Q(Saa))2]> (4])

where state s is generated from the initial state distribution y and action a is chosen based on a
fixed learning policy w. To optimize (@.1)), Q-learning iteratively updates the action-value function
using the Bellman operator in (3.1), i.e., Q+1(s,a) = TQ:(s, a) for all (s,a) € S x A. However,
due to the large state and action spaces, whose cardinalities, i.e., |S| and |.A[, can be infinite for
continuous problems in many applications, the aforementioned update is impractical. To address this
issue, a linear function approximator is often used (Szepesvaril 2010} [Sutton & Barto| 2018)), where
the action-value function is assumed to be parameterized by a linear function, i.e., Q(s,a;0) =
#(s,a)7 @ for any (s,a) € S x A, where ¢ : S x A — R? maps the state-action pair to a d-
dimensional vector, and @ € ® C R? is an unknown weight vector. The minimization problem in
then turns to minimizing the MSBE over the parameter space ©.
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Algorithm 1 Neural Q-Learning with Gaussian Initialization

1: Input: learning policy m, learning rate {7;}:—o,1,..., discount factor -y, constraint set ®, Ran-

domly generate the entries of Wl(o) from N(0,1/m),l=1,...,m
Initialization: 6, = (W', ... w({" )T
fort=0,...,7T—1do
Sample data (s¢, at, ¢, S¢41) from policy 7
Ar = f(0s;¢(st,ar)) — (re +ymaxpea f(Or; ¢(st41,0)))
8:(0:) = Vo f(0i; 0(s1,a1)) Ay
0,11 = H@(et - ntgt(0t>)
end for
Output: 61

RN AR ol

4.2 NEURAL Q-LEARNING

Analogous to Q-learning with linear function approximation, the action-value function can also be
approximated by a deep neural network to increase the representation power of the approximator.
Specifically, we define a L-hidden-layer neural network as follows

[(0:x) = VmWirop(Wr_1---o(Wix)- ), (4.2)
where x € R? is the input data, W; € R™*¢ W, € RY>*™ and W, € R™*™ forl =2,...,L —
1,0 = (vec(W1)T,...,vec(WL)T)T is the concatenation of the vectorization of all parameter
matrices, and o(z) = max{0,z} is the ReLU activation function. Then, we can parameterize

Qés7 a) using a deep neural network as Q(s,a;0) = f(0; ¢(s,a)), where € @ and ¢ : S x A —
R¢ is a feature mapping. Without loss of generality, we assume that ||¢(s, a)||2 < 1 in this paper.
Let 7 be an arbitrarily stationary policy. The MSBE minimization problem in can be rewritten
in the following form

g.lgi(g E,-p [(Q(s7 a;0) — TQ(s, a; 0))2]. 4.3)

Recall that the optimal action-value function Q* is the fixed point of Bellman optimality operator T
which is y-contractive. Therefore Q* is the unique global minimizer of @.3).

The nonlinear parameterization of Q(-, ) turns the MSBE in to be highly nonconvex, which
imposes difficulty in finding the global optimum 6*. To mitigate this issue, we will approximate the
solution of by project the Q-value function into some function class parameterized by €, which
leads to minimizing the mean square projected Bellman error (MSPBE):

glelﬁr-)l EM,T&',P [(Q(57 a; 0) - H]:TQ(S? a; 0))2} ’ 44

where F = {Q(-,;0) : 8 € O} is some function class parameterized by 6 € ©, and IIx is a
projection operator. Then the neural Q-learning algorithm updates the weight parameter 6 using the
following projected descent step: 01 = e (0; — 17::(0:)), where the gradient term g;(6;) is
defined as

g:(0:) = Vo f(0s;d(s4, at))(f(9t§ B(st,a1)) — re — ymaxpea f(0r; ¢(St41, b)))

&« A5ty a8, 5i4150:) Vo f(Os; d(se,ar)), 4.5)

and A, is the temporal difference (TD) error. It should be noted that g; is not the gradient of
the MSPBE nor an unbiased estimator for it. The details of the neural Q-learning algorithm are
displayed in Algorithm [I} where 6y is randomly initialized, and the constraint set is chosen to be
© = B(6y,w), which is defined as follows

B(6o,w) & {6 = (vec(W1)T,...,vec(W) )T+ |[W, =W |p<w,i=1,...,L} (46)

for some tunable parameter w. It is easy to verify that ||§ — 6'||3 = Zlel W, — W2

5 CONVERGENCE ANALYSIS OF NEURAL Q-LEARNING

In this section, we provide a finite-sample analysis of neural Q-learning. Note that the optimization
problem in (@.4) is nonconvex. We focus on finding a surrogate action-value function in the neural
network function class that well approximates Q™.



Under review as a conference paper at ICLR 2020

5.1 APPROXIMATE STATIONARY POINT IN THE CONSTRAINED SPACE

In Algorithm I} the initial point 8 is randomly initialized with entries independently sampled from
N(0,1/m). We remark that|Cai et al.[(2019) uses N (0, 1/d) as the initialization distribution. More-
over, they have an additional 1/m factor in the definition of the neural network function as compared
to (@.2)). Therefore, the function value of f(6y) still remains in the order of O(1) as is in our paper
and thus their definition of f(0) and the initialization are directly comparable to our setting. To
ease the presentation, we abbreviate f(0; ¢(s,a)) as f(0) when no confusion arises. We define the
function class Fe ,,, as a collection of all local linearization of (@) at the initial point 8y

Fom ={f(60) +(Vaf(0y),0 —6) : 0 € O}. 5.1
According to the implicit linearization analysis of overparameterized deep neural networks (Cao
& Gul 2019agb; |Cai et all 2019), the function class Fg ,, Will contain the optimal action-value
function Q* when the number of nodes m in each layer is sufficiently large. Unlike the explicit
linearization in [Bhatnagar et al.| (2009), this local linearization is only implicitly implied by the
overparameterization of the DNN. We now define the approximate stationary point of Algorithm 1]

Definition 5.1 (Cai et al.[(2019)). A point 8* € @ is said to be the approximate stationary point of
AlgorithmT]if for all @ € O it holds that

E,u.jr,P [ﬁ(s, a, 8/; 9*)<v9]?(0*a ¢(Sa a))7 0 — 9*” > Oa (5.2)
where f € Feo,m and the temporal difference error Ais

A(s,a,';0) = F(8;6(s,a)) — (r(s,a) +ymaxpe f(8; 6(5',0))) = (0) —~ TF(8). (5.3)
For any f € Fe.m. it holds that (Vo f(8%),0 — 6%) = (Vaf(6,),0 — 6*) = F(6) — F(6%).
Definition [5.T]immediately implies

Eprp[(F(07) = TF(07)(f(6) - f(67)] >0, VvOc®O. (5.4)

According to Proposition 4.2 in|Cai et al.[(2019), this further indicates f(0*) = Iz, . 7 f(6*). In

o~

other words, f(6*) is the unique fixed point of the MSPBE in @I) Therefore, we can show the
convergence of neural Q-learning to the optimal action-value function Q* by first connecting it to

~

the minimizer f(6*) and then adding the approximation error of Fg .

5.2 THE MAIN THEORY

Before we present the convergence of Algorithm([I] let us lay down the assumptions used throughout
our paper. The first assumption controls the bias caused by the Markovian noise in the observations
through assuming the uniform ergodicity of the Markov chain generated by the learning policy 7.

Assumption 5.2. The learning policy 7w and the transition kernel P induce a Markov chain
{8t }1=0,1,... such that there exist constants A > 0 and p € (0, 1) satisfying

sup,esdry (P(s; € -|so = s),m) < Apt, forallt=0,1,...

Assumption [3;2] also appears in Bhandari et al.| (2018)); Zou et al.| (2019b)), which is essential for
the analysis of the Markov decision process. The uniform ergodicity can be established via the mi-
norization condition for irreducible Markov chains (Meyn & Tweediel 2012; [Levin & Peres| 2017).

For the purpose of exploration, we also need to assume that the learning policy 7 satisfies some

~

regularity condition. Denote bmax(6) = argmax,c 4 f(0; S, bmax(0)). Similar toMelo et al.| (2008);
Zou et al.|(2019b), we define

f)w =1/mE, [ng(a; s,a)Vg]?(H; s,a)T], (5.5)

$5(0) = 1/mEx [Vo [ (65 5, binax(8)) Vo f(8; 5, binax(6)) 7] (5.6)

Note that EAL, is independent of 8 and only depends on the policy 7 and the initial point 8 in the

definition of f. In contrast, 3% (0) is defined based on the greedy action under the policy associated

with 0. The scaling parameter 1/m is used to ensure that the operator norm of 3 to be in the order
of O(1). When f is linear, 3 reduces to the covariance matrix of the feature vector.
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Assumption 5.3. There exists a constant o > 0 such that %, — 7222(0) > od for all  and 6.
Here I is the identity matrix.

Assumption[5.3|is also made for Q-learning with linear function approximation in[Melo et al.| (2008);
Zou et al.|(2019b). |Cai et al|(2019) imposed a slightly different assumption but with the same idea
of quantifying how much information the learning policy 7 can provide about the greedy policy.
Theorem 5.4. Suppose Assumptions and [5.3]hold. The constraint set © is defined as in (4.6).
We set the radius as w = Com~'/2, the step size in Algorithm [1{as 7 = log T//(aumT), and the
width of the neural network as m > C; max{dL?log(m/d),w=*3L~%/3log(m/(wé))}, where
§ € (0,1). Then with probability at least 1 — 2§ — L? exp(—Cym?/3L) over the randomness of the
Gaussian initialization 6y , it holds that

-~ -~ 2
- ~ e CsE[(f(80) — f(87))7|60] = CyL*logmlog(T/s)
E[(f(6r; é(s,a)) = F(67))"|60] < o7 + /3
Cs(a+ 1)7*1log(T/6)log T
+ 3 )
a*T
where 7* = min{t = 0,1,2, ... |\p" < nr} is the mixing time of the Markov chain {s;, a; }1—0.1....,

and {Ci},;:07.__7 5 are universal constants independent of problem parameters.
Remark 5.5. Theorem [5.4] characterizes the distance between the output of Algorithm [I] to the

o~

approximate stationary point defined in function class Fg ;,,. From (5.4)), we know that f(6*) is the
minimizer of the MSPBE (@.4). Note that 7* is in the order of O(log(m1'/logT)). Theorem
suggests that neural Q-learning converges to the minimizer of MSPBE with a rate in the order of

O((log(mT))3 /T + logmlog T /m!/3), which reduces to O(1/T") when the width m of the neural
network is sufficiently large.

In the following theorem, we show that neural Q-learning converges to the optimal action-value
function within finite time if the neural network is overparameterized.

Theorem 5.6. Under the same conditions as in Theorem with probability at least 1 — 35 —
L? exp(—Com?/3 L) over the randomness of @y, it holds that

< BE[(ITr,,, Q" (s,a) — Q*(s,a))’] N C1E[(f(60) — f(6%))?]

E[(Q(s,a;07) — Q*(s,a))?]

(1—7)? ol
N CoL*(aL* 4+ log(T/d)) logm N Cs7*1og(T/8) log T
am!/3 a2(a+ 1)~

where all the expectations are taken conditional on 8y, Q* is the optimal action-value function,
d € (0,1) and {C; }i=0,...,3 are universal constants.

The optimal policy 7* can be obtained by the greedy algorithm derived based on Q™.
Remark 5.7. The convergence rate in Theorem [5.6|can be simplifies as follows

E[(Q(s,a; 07) — Q*(s,a))?|60] = O(E[(Ize.,. Q" (5,a) — Q*(s,a))’] + m™ /3 +T71).
The first term is the projection error of the optimal Q-value function on to the function class Fg p,
which decreases to zero as the representation power of Fg ,,, increases. In fact, when the width m
of the DNN is sufficiently large, recent studies (Cao & Gu, 2019a3b) show that f(€) is almost linear

S

around the initialization and the approximate stationary point f(6*) becomes the fixed solution of
the MSBE (Cai et al.,|2019). Moreover, this term diminishes when the @) function is approximated
by linear functions when the underlying parameter has a bounded norm (Bhandari et al. 2018}, |[Zou
et al.,[2019b).

As m goes to infinity, we obtain the convergence of neural Q-learning to the optimal Q-value func-

tion with an O(1/T) rate. It is worth noting that our convergence rate is faster than the O(1/v/T)
rate in |Cai et al.|(2019) proved under stronger data assumptions and a two-layer neural network.

6 PROOF OF MAIN RESULTS

In this section, we provide the detailed proof of the convergence of Algorithm|[I] To simplify the
presentation, we write f(0; ¢(s,a)) as f(0; s, a) throughout the proof when no confusion arises.
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We first define some notations that will simplify the presentation of the proof. Recall the definition
of g:(+) in @3). For any 6 € O, we define

8(0) =E, ~»r[Vaf(0;5,a)(f(0;s,a) —r(s,a) — ymaxpe 4 f(0;5,b))]. 6.1)
For all 8 € ©, we define the following gradient terms based on the linearized function f € Fo,m
m;(0) = A(st,at, St41; G)ng(e), m@)=E,.p [3(8, a,s’; G)ng(e)], (6.2)

where A is defined in (5.3), and a population version based on the linearized function. Next, we
present the following technical lemmas that characterize the linearization error, stochastic bias and
estimation error of Algorithm|[I]

Lemma 6.1. The gradient of neural network function is close to the linearized gradient. Specifically,
if 0, € B(©,w) and m and w satisfy

m > Co max{dL?log(m/d),w 3 L™83log(m/(wd))},
and O1d*?L'm3/4<w< C’gL‘G(log m)_3, ©3)
then it holds that
(g0(6) — my(6,), 8, — 8")] < Cs(2 + 7)w/* L \/imTog m1og(T/3) |6, — 6" |3

+ (C’4w4/3L11/3m\/10g m+ C’5w2L4m) |6 — 072,

with probability at least 1 —25 —3L? exp(—Cgmw?/? L) over the randomness of the initial point, and

llg:(0:)]]2 < (2+7)Cry/mlog(T/§) holds with probability at least 1 — & — L? exp(—Cgmw?/3L).
where {C; > 0},—0,... 7 are universal constants.

Lemma 6.2. Suppose the step size sequence {19, 71, ..., nr} is nonincreasing. Then it holds that

E[(m;(6;) —m(6;),0; — 67)|60] < Co(mlog(T/8) +m*w?) T hmax{o,t—r+},

ceey

for any fixed ¢ < T, where Cy > 0 is an universal constant and 7% = min{t = 0,1,2,...|[\p’ <
N} is the mixing time of the Markov chain {s;, a¢}t—01,....

Lemma 6.3. Under Assumption[5.3] m(-) defined in (6.2) satisfies
(m(0) —m(0*),0 — 0*) > am/2|6 — 6*|5, VO <€ ©.

Now we can integrate the results and obtain proof of Theorem [5.4]

Proof of Theorem By Algorithm [T]and the non-expansiveness of projection Ilg, we have
18041 — 6°[I3 = e (8; — me:) — 0713
< 16: — mge — 0*[|3
= 110 — 07[13 + 7l I3 — 2 (g, 6, — 67). 6.4)

We need to find an upper bound for the gradient norm and a lower bound for the inner prod-
uct. According to Definition the approximate stationary point 8* of Algorithm [I] satisfies
(m(6*),0 — 6*) > 0 for all @ € O. The inner product in (6.4) can be decomposed into

(gt,60r — 07) = (g — my(6:),0; — 6") + (my(0;) — m(6;),0; — 0%) + (m(6;),6; — 07)
> (gt —my(6;),0, — 0") + (my(0,) —m(6,),0, — 6%)
+ (m(0;) — m(0*),0;, — 0%). 6.5)
Combining results from (6.4)and (6.5)), we have
1641 — 6713 < |16, — 613 + 07 llgell5 — 2 (g — my(6:), 6, — 67)
Iy
— 277t <mt(0t) — ﬁ(@t), Ot — 0*> —27]t <ﬁ(0t) — ﬁ(a*), 9,5 — 0*> . (66)

Iz IS
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Recall constraint set defined in (.6). We choose ® = B(0y,w) = {0 : |W,; — Wl(o) lr <w,Vl=
1,...,L} and let m and w satisfy the condition in (6.3).
Term I, is the error of the local linearization of f(6) at 6y. By Lemma with probability at least
1 — 26 — 3L2 exp(—C1mw?/3 L) over the randomness of the initial point 8, we have

(g8 —my(6,),0, — 6%) < Ca(2+7)L*m™"/*log mlog(T/) (6.7)
holds uniformly for all 8;,0* € ©.

Term I is the bias of caused by the non-i.i.d. data (s;, a;, s;+1) used in the update of Algorithm
Conditional on the initialization, by Lemmal6.2] we have

EKmt(at) - m(975)7 0t - 0*>|00] < CS(m 1Og(T/5) + m2w2>7*nmax{0,t77*}7 (68)

where 7* = min{t = 0,1,2,... |\p" < nr} is the mixing time of the Markov chain {s¢, a; }t—0.1,....
Term I3 is the estimation error for the linear function approximation. By Lemma[6.3] we have
(m(0;) —m(0*),0;, — 6%) > am/2||0;, — 073, (6.9)

Substituting (6.7)), and into (6.6), we can obtain
16241 — 6713 < (1 — amny) |6 — 6713 + C2(2 +7)L*'m™"/* log m log(T/8)n;
+ 04(2 + V)Zm log(T/é)ntQ + C& (m log(T/(S) + m2w2)7_*77max{07t77'*}77t7

with probability at least 1 — 26 — 3L? exp(—Cymw?/3L) over the randomness of the initial point

6o, where we used the fact that ||g; || < C4(2+4v)+/mlog(T/d) from Lemma Letng =mn =
... =n7r-1 < 1/(am), then we have

E[16r — 6°[3186] < (1 — camno) 18 — 63 + Ca(2 + 7)o~ Lim~*/* log m log(T'/3)
+ C4(2 4 v)2a " og(T/8)no + C3(log(T/§) + mw?)T*no,
where we used the fact that Zf:_ol(l — ammng)t < 1/(amng). Note that (1 — amn)? <
exp(—amnoT'). We further choose 19 = log T//(amT') and w = 1/y/m. Then we have

160 — 63
T

E[||6r — 67[[360] < +Co(2+7)a  Lrm ™ log mlog(T/6)

Ci(2+7)%2a2log(T/6)logT  Csa~t(log(T/8) + 1)7*log T
+ + .
mT mT
Note that Assumptionalso implies that 3, > oI since ¥,(80) >~ 0 by definition, which implies
Ny 7\ 2 * * *
E[(f(80) — f(67))"|60] =E[|(Ve.f(B0), 00 — 0)|*|60] =ml||6o — 07| > aml||fy — 673
Since f(-) € Feo.m» by Lemma it holds with probability at least 1 — 26 — 3L? exp(—Cym?/3L)
over the randomness of the initial point 6 that
Iy /%) 2 *
E[(/(07) — (67))7|60] < ComE[[|6r — 67|3]60]
0, — 6* 2 .
< M + Co(2 4 y)a L LAm ™3 log m log(T/6)
Cy(2+7)%log(T/8)logT ~ C3(log(T/d) + 1)7*log T
+ + :
T oT
~ = 2
CoE[(f(6) — f(6%))"|60] | CoL*logmlog(T/s)
< +
aoT aml/3
Cs(a+ 1)7*1log(T/d) log T
+ 3 ;
o?T
where we used the fact that v < 1. O

7 CONCLUSIONS

In this paper, we provide the first finite-time analysis of Q-learning with neural network function
approximation (i.e., neural Q-learning), where the data are generated from a Markov decision pro-
cess and the action-value function is approximated by a deep ReLLU neural network. We prove that
neural Q-learning converge to the optimal action-value function up to the approximation error with
O(1/T) rate, where T is the number of iterations. Our proof technique is of independent interest
and can be extended to analyze other deep reinforcement learning algorithms.
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A PROOF OF THEOREM

Before we prove the global convergence of Algorithm[I] we present the following lemma that shows
that near the initialization point 6y, the neural network function f(6;x) is almost linear in 0 for all
unit input vectors.

Lemma A.1 (Theorems 5.3 and 5.4 in|Cao & Gu|(2019a)). Let 6y = ( (()1)T, . ,WéL)T)T be
the initial point and @ = (W™ .. ' WIT)T ¢ B(0y,w) be a point in the neighborhood of 6.
If

m > Cy max{dL?log(m/d),w 3 L=%31log(m/(wd))}, andw < CoL~°(logm) /2,

then for all x € SS9, with probability at least 1 — 4 it holds that

L L
1£(8:%) = [(0;%)] <w!PL¥3/mlogm Y [WO = WP ||, + CsL3vm > [|[WO — wl|[Z.
=1 =1

Under the same conditions on m and w, if 8; € B(0y,w) forallt = 1,...,T, then with probability
at least 1 — &, we have | f(0y; ¢(s¢, ar))| < Cyr/log(T/9) forall t € [T7.

Proof of Theorem[5.6] By triangle inequality, it holds that

Q(s,a;07) — Q*(s,a) < f(Or;s,a) — f(Or;s,a) + f(Or;s,a) — F(0%:s,a)

~

+ f(0%;5,0) = Q"(s,a). (A.D)

Recall that f(60*; -, -) is the fixed point of IT#7 and Q* (-, -) is the fixed point of 7. Then we have

F(0%5,0) — Q*(s,a) = [(0%;5,0) — 7o, Q" (s, 0) + Iz, Q"(5,0) — Q" (s,a)
= H]:e’mT]?(H*; s,a) —rg , TQ"(s,a) + 5y, Q" (5,a) — Q*(s,a)

~

< ’7|f(0*;87a) - Q*(s,a)\ + H]:@,mQ*(Sva) - Q*(S7a)7

where we used the fact that Iz, 7T is y-contractive. This further leads to

~

(1 =If(0%5,a) = Q*(s,0)| < [Urg ,,Q"(s,a) — Q"(s,a)].

To simplify the notation, we abbreviate E[-|6] as E[-] in the rest of this proof. Therefore, we have

E [(Q(s’ a; 0T) - Q*(Sa a))2]

< 3]E[(f(0T, s,a) - f(GT;‘S?a))Q] + SE[(]C(BT’ S,a) - A(e*’ Saa’))Q]
+ 3E[(f(0*; s,a) — Q" (s, a))2]
< 3]E[(f(6Ta S,(L) - f(0T§S7a)>2] + BE[(f(HTv Saa’) - A(e*; 870’))2]

_ . . 2
+3(1 =) ’E[(Il£e.,.Q"(s,a) — Q*(s,a))"].
By Lemmal[A.1]and the parameter choice that w = Cy/\/m, we have
E[(f(01;s,a) — f(Or;5,a))?] < Co(w3L*/mlogm)? < C1Com™ Y3 L¥logm

with probability at least 1 — §. Combining the above result with Theorem 5.4} we have

* * 2 N Trpx) 2
3E[(H-7:e,mQ (s,a) —Q (S,a)) ] CgE[(f(eo) — f(e )) }

+
1= oT

n CyL*(aL?* +log(T/6))logm n Cs7*log(T/0) logT
am!/3 a?(a+1)-1T 7

E[(Q(s,a; 0r) — Q*(s,a))Q] <

with probability at least 1 — 36 — L? exp(—Cgm?/3L), which completes the proof. O
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B PROOF OF SUPPORTING LEMMAS

B.1 PROOF OF LEMMA[6.1]

Before we prove the error bound for the local linearization, we first present some useful lemmas
from recent studies of overparameterized deep neural networks. Note that in the following lemmas,
{C;}i=1,... are universal constants that are independent of problem parameters such as d, 0, m, L
and their values can be different in different contexts. The first lemma states the uniform upper
bound for the gradient of the deep neural network. Note that by definition, our parameter 8 is a long
vector containing the concatenation of the vectorization of all the weight matrices. Correspondingly,
the gradient Vg f(6; x) is also a long vector.

Lemma B.1 (Lemma B.3 in |Cao & Gu (2019b)). Let 8 € B(6y,w) with the radius satisfying
Cyd3?L'm=3/2 < w < CyL=%(logm)~3/2. Then for all unit vectors in R%, ie., x € S9!,
the gradient of the neural network f defined in (£.2)) is bounded as ||V f(0;x)||2 < C3/m with
probability at least 1 — L? exp(—Cymw?/3L).

The second lemma provides the perturbation bound for the gradient of the neural network function.
Note that the original theorem holds for any fixed d dimensional unit vector x. However, due to the
choice of w and its dependency on m and d, it is easy to modify the results to hold for all x € S~

Lemma B.2 (Theorem 5 in|Allen-Zhu et al.[(2019)). Let 8 € B(0,w) with the radius satisfying
C1d®2L=32m =32 (logm) ™%/% < w < CoL™2(logm) 5.

Then for all x € S, with probability at least 1 — exp(—Csmw?/3L) over the randomness of 6,
it holds that

Vo f(0;%) — Vo f(B0;%)|l2 < Caw/L3\/logm||Ve f(80; )|

Now we are ready to bound the linearization error.

Proof of Lemma[6.1] Recall the definition of g;(6;) and m,(6,) in (4.5) and (6.2)) respectively. We
have

|g:(6:) — m¢(6;)]|2 = Hvef(et; Sty at)A(s¢, ag, s141;04) — Vef(eﬁ St,at)ﬁ(st,at, St+15 et)H2
< H(vef(et; 5¢,at) — Vef(et; St,a¢))A(S¢, at, Se415 Ot)HQ
+ ||VQf(0t, st,at)(A(st,at,st+1;0t) — ﬁ(st,at,st+1;0t))||2. (Bl)

-~ ~ ~

Since f(0) € Fe,m. we have f(0) = f(6) + (Vo f(60),0 — 6p) and Vg f(0) = Vo f(6). Then
with probability at least 1 — 212 exp(—Cymw?/3L), we have

||(V9f(9t§ St, Q) — Vef(et;St,at))A(St,at,StH%@t)Hg
= |A(st, at, 81415 64)] - H(Vef(et;st,at) - Vef(eo;snat))HQ

< Cow' /L3 /mlogm|A(sy, ar, 415 04)),

where the inequality comes from Lemmas and By Lemma [A.T] with probability at least
1 — 4, it holds that

[A(s¢, at, 5413 64)] = ‘f(eﬁstaat) — T — ’beﬂea}f(et;sﬁhb)‘ < (2+7)C3/1og(T/6),

which further implies that with probability at least 1 — § — 2L? exp(—Cymw?/3L), we have

||(V9f(9t; Sty Q) — Vej?(et; sty at))A(St, at, Se+1; 0t)||2
< (24 7)CyCaw P L3\ /mlog mlog(T/6).

For the second term in (B.I), we have

V6 f (e 50, ar) (A(se, ar, 50415 0:) — A(se, ap, 51415 60;)) I,

13
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< Hvoﬂet; Sty at)(f(0t§ Sty Q1) — f(eﬁ Sty at)) H2
+ Hvef(et; Stﬂt)(fbngiif(@t; St41, b) - fglgi( f(eﬁ St41, b)) H2
< Hvoﬂet; 3t7at)H2 : ‘f(oﬁ St,at) — f(et;stuat”
+ ||V9]?(9t; s5¢,at)l2 Ibngii ’f(eﬁ S¢11,0) — ,]?(0; St+1, b)| (B.2)
By Lemma|[A.T] with probability at least 1 — § we have

| £(O4; 5¢,a1) — f(@t; sty a0)| < wBLYM3\/mlogm + Cyw?L*/m,

for all (s,a;) € S x A such that ||¢(s¢,at)|l2 = 1. Substituting the above result into (B-2)
and applying the gradient bound in Lemma [B.I] we obtain with probability at least 1 — § —
L2 exp(—Cymw?/3 L) that

Hvef(et; St, at)(A(Su at, St41;04) — 3(St,at, St+15 0t)> H2
< Csw3 LM 3y logm + Cew?Lm.

Note that the above results require that the choice of w should satisfy all the constraints in Lemmas

[AT]and [B.2} of which the intersection is
Crd* L~ tm=3/* <w < Cs L %(logm) 2.

Therefore, the error of the local linearization of g;(8;) can be upper bounded by

|(g(6:) — m(6:),0; — 67)] < (2 +7)CoCaw'/*L*\/mlog mlog(T/5)||0; — 6%
+ (C5w4/3L11/3m\/10gm + Cow?L'm)||0; — 6* |2,

which holds with probability at least 1 — 26 — 3L? exp(—Cymw?/3L) over the randomness of the
initial point. For the upper bound of the norm of g;, by Lemmas and we have

lgtll2 = HVOf(Bt;Staat)(f(etQ3t7at) -7 — vr&e}icf(et; stﬂ,b)) H2

< (24 7)Cor/mTog(T/0)

holds with probability at least 1 — § — L? exp(—Cymw?/3L). O

B.2 PROOF OF LEMMAI[6.2]

Let us define (;(0) = (m;(6) — m(0),0 — 0*), which characterizes the bias of the data. Different
from the similar quantity ; in|Bhandari et al.|(2018)), our definition is based on the local linearization
of f, which is essential to the analysis in our proof. It is easy to verify that E[m,(6)] = m(0) for
any fixed and deterministic 6. However, it should be noted that E[m;(6;)|0; = 0] # m(0) because
0, depends on all historical states and actions {s;, a¢, $¢—1,a¢—1,...} and m;(-) depends on the
current observation {s;, at, s¢+1 } and thus also depends on {s;_1,a¢—1, St—2, a2, . . .}. Therefore,
we need a careful analysis of Markov chains to decouple the dependency between 8; and my (+).

The following lemma uses data processing inequality to provide an information theoretic control of
coupling.

Lemma B.3 (Control of coupling, (Bhandari et al., 2018)). Consider two random variables X and
Y that form the following Markov chain:

X = sy = 8447 — Y,

where ¢ € {0,1,2,...} and 7 > 0. Suppose Assumption [5.2]holds. Let X’ and Y be independent
copies drawn from the marginal distributions of X and Y respectively, i.e., P(X' = -, Y' =) =
P(X =) @ P(Y = ). Then for any bounded function h : S x S — R, it holds that

[E[R(X,Y)] —E[A(X",Y")]| < 2sup |h(s,s")|Ap".

14



Under review as a conference paper at ICLR 2020

Proof of Lemma@ The proof of this lemma is adapted from [Bhandari et al.| (2018)), where the
result was originally proved for linear function approximation of temporal difference learning. We
first show that (;(@) is Lipschitz. For any 6,0’ € B(6,w), we have

Ct(6) — G(0') = (my(0) —m(6),0 — 07) — (my(0') —m(0'),0" — 67)
= (my(0) —m(0) — (my(0') —m(6')),0 — 67)
+ <mt(0/) - (01)7 0— 9/>7

which directly implies
16(0) = Cu(0")] < [[m(6) — my (6)]|2 - [|6 — 67|z + [[m(6) — M(6")]]2 - |6 — 672
+ [my (6") — m(0") ]2 - [|6 — 0[]
By the definition of my, we have
[m;(6) — m(6")]2
— . _ /. _ .o _ I,
— |[ V07 (00) ((£(8:5,0) = £(8's 5.)) = (max £ (65 ',) — max f(0':'.0)) )|
< (1+7)C5ml|@ — €'z,

2

which holds with probability at least 1 — L? exp(—Cymw?/3L), where we used the fact that the
neural network function is Lipschitz with parameter C3+/m by Lemma Similar bound can also
be established for ||m;(0) — m,(0’)]| in the same way. Note that for @ € B(0y,w) with w and m
satisfying the conditions in Lemmal6.T} we have by the definition in (6.2) that
Imu(8) 2 < (17855, )| + r(s,a) + | max f(8; 5',)]) Vo f(B)I:
<2(2+7)(f(80)| + Ve f(6o)ll2 - [0 — 60oll2)[ Ve f(60)l2
< 2(2 +7)C3(Csgv/mn/1og(T /) + Camw).

The same bound can be established for ||m;|| in a similar way. Therefore, we have |(;(0)—(:(0")] <
U, 1]|@ — 0’2, where £,,, 1, is defined as

b1, = 2(1 +7)C3mw + 2(2 + 7)C3(Csv/my/log(T/5) + Camw).

Applying the above inequality recursively, forall 7 = 0, . .., ¢, we have
t—1
Gi(0:) < Cu(Or—2) + b Y, [8i1 — 6ill2
i=t—T

t—1
< G(0r—r) +2(2 +7)Cs(Cs/m\/1og(T/8) + Camw)lm . Y mi  (B.3)

i=t—T1

Next, we need to bound (;(6;_.). Define the observed tuple O; = (s, at, S¢+1) as the collection of
the current state and action and the next state. Note that 8;,_, — s,_, — s; — O, forms a Markov
chain induced by the target policy 7. Recall that m;(-) depends on the observation O;. Let’s rewrite
m(6,0;) = m,(0). Similarly, we can rewrite (;(0) as (0, 0;). Let ; and O} be independently
drawn from the marginal distributions of 6, and O; respectively. Applying Lemma [B.3]yields

E[C(Ot—‘ra Ot)} - E[C(Oii T Oé)] < 2 Séug |<(07 O)|/\pTa

where we used the uniform mixing result in Assumption E By definition @;__ and O; are inde-
pendent, which implies E[m(6;, O;)|0;] = m(0;) and

E[((6}_.,0;)] = E[E[(m(6;,0;) — m(6}),0; — 67)]|6;] =0
Therefore, for any 7 = 0, .. ., ¢, we have

E[G(0:)] < EG(0:—r) +2(2 + 7)C3(Cs/my/log(T/8) + Camw) by 1. Z ni

i=t—T7
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< 2sup Ap” + 2(2 + ) C5(Cs/m/10g(T/8) + Csmw)lo L7017 (B.4)
Define 7* as the mixing time of the Markov chain that satisfies
™ =min{t =0,1,2,...|\p" <nr}.
When t < 7*, we choose 7 = t in (]E[) and obtain
E[¢:(60:)] < E[¢:(80)] + 2(2 + ) C3(Csv/mn/10g(T/8) + Camw)lp. .10
=2(247)C; C’s\/ﬁm+ Csmw)ly, 1,710,

where we used the fact that the initial point 8y is independent of {s;, as, $¢—1,a¢—1, - . ., S0, ao } and
thus independent of ;(-). When ¢ > 7*, we can choose 7 = 7* in and obtain

E[¢:(0:)] < 2nr + 2(2 + 7)C5(Csv/m/1og(T/8) + Csmw )l .7 1t — 7+
< E(mog(T/8) + m*w?) -

where C' > 0 is a universal constant, which completes the proof. O
B.3 PROOF OF LEMMA[6.3]
Proof of Lemma[6.3] To simplify the notation, we use E to denote E,, - », namely, the expectation

over s € pi,a ~ m(+|s) and s’ ~ P(-|s, a), in the rest of the proof. By the definition of m in (6.2),
we have

—~

m(0) —m(6*),6 — 6%)

x [(ﬁ(s,a, §':0) — A(s,a,s'; 0%))(Vof(00;s,a),0 — 6%)]

< [(7(6:5,0) = (67 5,)) (Vo S (80;5,a),6 — 07)]
f'y]EﬂKmaxf(O s, b) — maxf(@* s’ b))(Ve)f(Oo;s,a),OfG*ﬁ,

E
E

where in the first equation we used the fact that Vg f(6) = Vg f(6) forall @ € © and f € Fo.,m-
Further by the property of the local linearization of f at 8, we have

f(0:5,a) = F(0";5,a) = (Vo /(00;5,a),0 — 07,
which further implies
E[(f(6;5,a) — f(6";5,a))(Vof(80;5,a),0 — 67)|0]
= (60— 0")"E[Vof(60;s,a)Vaf(8;5,a) 60](0 —6%)
=m0 —0"[%

where ﬁw is defined in Assumption For the other term, we define by,.x(0) =
argmaxyc 4 f(0;s',0) and byax(0*) = argmax,c 4 f(0*;s",b). Then we have

E, [(maxf(@ s',b) — meaxf( ))(ng(@o;s,a),0—9*>}

= Ex[(f(0: ' binax) = (073 8" b)) (Vo f (803 5,), 0 — 07)]. (B.5)
When (Vo f(0o;s,a),0 —0*) >0, can be upper bounded by
Ew[( F(8; 5 bmax) — (0755, b)) (Vo f (B0 5,0), 0 — %))
Er [(£(0: 5 bmax) = F(07: 8", bmax) + F(075 8 brnax) — F(0%: 8, b)) (Vo f (B0 5, 0), 0 — 67)]
< B [(F(85 5, bunax) = F(0%5 5, bmax) ) (Vo f (805 5, 0), 0 — 67)]
=E-[(6 —0%) Vo [(80; 5, bmax) Ve f(Bo;5,a) (6 —6%)],

where the inequality comes from the optimality of b} .. and the last equality follows the fact that
£(0;-,-) is linear. Applying Cauchy-Schwarz inequality, we have

E-[(6 —60%) Vo f(60;5,bmax)Vef(0o;s,a)" (6 —6%)]
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< \/]E 0 0~ Tvﬂf(a()zs bmax)) :I w[(VBf(Bo;S,a)T(a— 0*))2]
— )0~ 05, )10 0°l5,_.

where we used the fact that s and s’ have the same marginal distributions. When (Vg f(6o; s,a),0—
0*) < 0, using the same argument, we can upper bound (B.3) as follows

~

[( 0 S/’ bmax) ( ’ max)) <v9f(003 S a) 0 — 0*>]

=B [(F(0: 5, bmax) — f(9 5 Bna) + F (058 0ia) = F(075 5, b)) (Vo £ (803 5,),0 — 07)]
< Er[(F(8; 5, bnn) — (0758 b)) (Vo (B0: 5,0),0 — 67)]

= (0 —6")"Ex[Vof(60; 5, bax) Ve f(80;5,a) ] (6 — 67)

<m0 - 67[|g. o160 — 7|5

Combining the above results, we obtain
E, £(0;s',b) — F(0%: 8, b 6o; 0 — o
li(rgléﬁ(f( 78 ) Igg}f( 38 ))<v9f( 07870’)7 >]

<m[|f — 07[|g max{[|f — 675, 4,10 = O[5 o)}

which immediately implies
(m(6) —m(6"),6 — 67)
>ml0 0|5, - (10015, —ymax {0 0|5 (6.0~ 0"l5. 01 })

i:w*)}

10 — 9*||§;(9*)}

(16— 67

* |2 2 *
16— 67112~ max {16 - ewyw

—m|6 - 6|5, -
16 - 6*5, +7max{]

am .

where the last inequality is due to Assumption O
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