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Abstract

Quantum kernels are reproducing kernel functions
built using quantum-mechanical principles and
have emerged as a centerpiece of quantum ma-
chine learning. The initial enthusiasm for quan-
tum kernel machines has been tempered by recent
studies suggesting that quantum kernels could not
offer significant computational or statistical ad-
vantages when learning from classical data. How-
ever, most of the research in this area has been
devoted to scalar-valued kernels in standard clas-
sification or regression settings for which clas-
sical kernel methods are efficient and effective,
leaving very little room for improvement with
quantum kernels. In this position paper, we ar-
gue that progress in this field requires moving
beyond scalar-valued kernels toward more expres-
sive kernel frameworks. Scalar-valued kernels
lack the degrees of freedom necessary to fully
exploit intrinsically quantum resources such as
entanglement and are not rich enough to deal with
complex learning tasks where classical learning
methods struggle. Building on recent advances in
operator-valued kernel learning and C'*-algebraic
kernel representations, we propose a roadmap for
designing quantum kernels capable of leveraging
entanglement and non-commutative structures to
tackle complex structured prediction problems.
To support this viewpoint, we present an initial
proof-of-concept illustrating how quantum entan-
gled operator-valued kernel formulations can re-
veal structural dependencies that remain difficult
to access for scalar-valued kernel methods. This
shift in focus could open a pathway toward a new
generation of quantum kernel machines and a
more faithful exploration of their potential ad-
vantages.
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1. Introduction

Quantum machine learning (QML) is an emerging field of
research at the intersection between machine learning and
quantum computing with the goal of using quantum com-
puting paradigms and technologies to improve the speed
and performance of learning algorithms (see Figure 1) (Bia-
monte et al., 2017; Du et al., 2025). Since the seminal works
by Havlicek et al. (2019) and Schuld and Killoran (2019),
quantum kernel machines have generated a lot of enthusi-
asm in this field, especially for exploring the applications
of noisy intermediate-scale quantum computers to machine
learning (Mengoni and Di Pierro, 2019; Blank et al., 2020;
Wang et al., 2021; Heyraud et al., 2022). This enthusiasm
has been tempered by recent studies that have suggested that
quantum kernels could not offer speed-ups when learning on
classical data (Huang et al., 2021; Kiibler et al., 2021; Jerbi
et al., 2023). However, these works have dealt with standard
classification and regression tasks for which classical kernel
methods are efficient and effective, leaving very little room
for improvement with quantum kernels. We strongly believe
that we have to focus on more complicated ML tasks where
classical kernel methods face clear limitations in order to
reveal the full potential of quantum kernels. This is the lens
through which we will explore quantum kernel machines,
relying on recent advances in classical ML. We present here
our point of view on this ongoing field of research and argue
that quantum kernel research should move beyond the
restrictive setting of scalar-valued kernels and shift its
attention toward more expressive kernel frameworks to
realize the full potential of quantum kernels.

Operator-valued kernels (OVKSs) generalize standard ker-
nel functions and offer the possibility of tackling various
ML problems ranging from multitask learning to multi-
view learning and differential equations modeling (Mic-
chelli and Pontil, 2005; Alvarez et al., 2012; Evgeniou et al.,
2005; Kadri et al., 2016; Lim et al., 2015; Huusari et al.,
2018; Stepaniants, 2023). In this paper, we advocate for the
adoption of operator-valued kernels for QML. The operator-
valued kernel framework is flexible and gives rise to more
expressive quantum feature spaces. We also discuss C*-
algebra-valued kernels as a generalization of OVKs. This
could open up a new way to apply mathematical theories
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Figure 1. Quantum machine learning (QML) is a recent field of
research at the intersection between quantum computing (QC) and
machine learning (ML). The interaction is two-sided: quantum-
enhanced ML (from QC to ML), and ML-based quantum comput-
ing (from ML to QC). Most of the interest has concentrated on the
use of quantum computing paradigms to improve machine learn-
ing algorithms. Quantum scalar-valued kernels (QSVKs) have
generated a great deal of interest in the field of QML due to their
natural alignment with the kernel trick and their compatibility with
hybrid quantum-classical architectures. However, recent findings
suggest that their expressive power may be limited in classical data
regimes. Quantum operator-valued kernels (QOVKSs) offer a more
general and expressive framework, potentially unlocking richer
hypothesis spaces that are inaccessible to classical or quantum
SVKs. QOVKs generalize QSVKs and provide opportunities to
go beyond classical expressivity.

to QML for more complicated tasks such as structured pre-
diction. Structured output learning is the task of learning a
mapping between objects of different nature that each can
be characterized by complex data structures such as curves,
trees and graphs (Tsochantaridis et al., 2005; Geurts et al.,
2006; Kadri et al., 2013; Brouard et al., 2016). Quantum
structured prediction should extend the application scope of
quantum kernels. To substantiate our viewpoint, we outline
a possible quantum implementation of OVKs and provide
a proof-of-concept demonstration on quantum channel esti-
mation, highlighting how operator-valued formulations can
outperform traditional scalar-valued kernels.

Notation The so-called ‘bra-ket’ notation is used to de-
scribe the state of a quantum system. A column vector v
is represented as ‘ket’ |¢/). The conjugate transpose (Her-
mitian transpose) of a ket, a row vector, is denoted by ‘bra’

(1p| := |1b)T, where 1 denotes the conjugate transpose. The
inner product of two vectors |¢) and |¢)2) can be written
in bra-ket notation as (1)1 [t)2), and their tensor product, can

be expressed as [1)1) [12), i.e., [11) ® [1)a).

2. Kernels from Classical to Quantum

Machine learning is the branch of artificial intelligence that
seeks to develop computer systems which detect patterns
in data in order to improve their performance automatically
with experience (Jordan and Mitchell, 2015). The wide-
spreading development of acquisition tools together with
increasing storage capacities has had us witness an explo-
sion in the amount of available data, as well as the urge
to develop methods to handle them properly. In this con-
text, it is crucial to design new large-scale machine learning
systems that are able to deal with big data.

Quantum machine learning is a relatively recent field of re-
search (Biamonte et al., 2017; Ciliberto et al., 2018; Dunjko
and Briegel, 2018). This research field is largely driven by
the desire to develop artificial intelligence that uses quan-
tum technologies to improve the speed and performance of
learning algorithms. There is also interest in investigating
the use of machine learning for tackling quantum computing
and quantum information problems. The field is evolving
rapidly, but many open questions remain and should be ad-
dressed to better understand how quantum computers may
outperform classical computers on machine learning tasks.

This paper identifies potential effective interactions between
the fields of quantum computing and kernel machines and
lays the ground towards a deeper understanding of what
kernel-based learning looks like in a quantum world.

2.1. Classical Kernel Methods

The research work described in this paper belongs to a large
class of learning algorithms, the so-called kernel methods.
Since they were introduced by Boser et al. (1992) as a way to
construct a nonlinear extension of Support Vector Machines,
these methods become very popular. Kernel methods ex-
ploit training data through implicit definition of a similarity
between data points that can be expressed as a dot prod-
uct in a feature space, namely reproducing kernel Hilbert
space (RKHS). The idea is to transform the data via a feature
map ¢ into a suitable feature space in which linear learning
algorithms could be applied. The inner product between fea-
tures can be computed using the kernel function; this is the
well-known kernel trick, i.e., k(z,y) = (¢(x), ¢(y)) (see
Figure 2). It should be pointed out that the notion of kernels
as dot products in Hilbert spaces was first brought to the field
of machine learning by Aizerman et al. (1964), while the the-
oretical foundation of reproducing kernels and their Hilbert
spaces dates back to at least Aronszajn (1950). Kernel meth-
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Figure 2. Kernel feature map. (top) In the classical setting, a
data point x is mapped to a high-dimensional space via an im-
plicit nonlinear feature map ¢. The mapping ¢ may be unknown
but the inner product between two data points,  and y, mapped
by ¢ is equal to the kernel function evaluated at x and v, i.e.,
(¢(x),p(y)) = k(z,y). (bottom) In the quantum setting, the
feature map is known explicitly. Encoding a data point x into a
quantum state |¢(x)) using a unitary matrix (quantum gate) U,
defines a quantum feature map. A quantum kernel is then defined
as the fidelity between two data-encoding quantum feature states,

ie. k(z,y) = [(¢(=)]o(y))]*.

ods became a mature field able to address many problems
in machine learning and statistical data analysis (Hofmann
et al., 2008). The tremendous achievements in the field show
that these methods provide elegant and powerful learning
algorithms for analyzing nonlinear features and processing
complex data structures, and offer a comprehensive suite
of mathematically well-founded nonparametric modeling
techniques for a wide range of learning problems. One ma-
jor limitation of kernel methods is their high computational
cost when the number of training examples is large. This
motivates the study of the impact of quantum computation
in their computational capabilities. This is of importance
since it can give rise to novel and effective strategies to scale
up kernel methods for large-scale problems.

2.2. Quantum Kernels

A major difference between quantum computing and its
classical counterpart is that information is carried by
qubits (Nielsen and Chuang, 2010; De Wolf, 2019). Unlike
bits which have only two possible states, 0 and 1, qubits can
exist in those and any combination of them. More formally,
a qubit is an element of a 2-dimensional Hilbert space H, a
complex inner product space that is also a complete metric
space with respect to the distance function induced by the
inner product. An arbitrary qubit |1)) may be written as
ag [¥o) + a1 |t1), where |1ho) and [t)1) form a complete
orthonormal basis of . Multiple qubit states can be ob-
tained from the tensor product of qubit states. A quantum
machine learning algorithm needs data in the form of quan-
tum states. Therefore, classical data should be first encoded
into quantum states, i.e., the transformation of a classical

data x to a quantum state |¢(z)). Most of the interest in
quantum kernels comes from the observation that encoding
classical data into a quantum computer defines an explicit
feature representation of the data (see Figure 2). Moreover,
all operations that can be performed on quantum feature
states are linear. This draws a parallel with classical kernel
machines (Havlicek et al., 2019; Schuld and Killoran, 2019).
Using the kernel trick, a quantum kernel is then defined as
the fidelity between two data-encoding feature states, i.e.,
k(z,y) = |{(¢(z)|¢(y))|?. Different data-encoding strate-
gies and their quantum kernels have been proposed in the
literature (see, e.g., Schuld and Killoran 2019).

2.3. The Good, the Bad and the Ugly

Quantum kernels have generated a lot of interest in the field
of QML (Blank et al., 2020; Coyle et al., 2020; Kusumoto
et al., 2021; Glick et al., 2024). The analogy between quan-
tum data encoding and kernel feature representation pro-
vides a conceptual framework for understanding and ana-
lyzing quantum machine learning algorithms. This sheds
light on the synergies between kernel machines and quan-
tum computing and leads to more interaction between the
two fields, whether theoretical or practical. Also, quan-
tum kernels provide a scheme with which to realize hybrid
quantum-classical learning. A quantum computer can be
used to create feature representations and compute quan-
tum kernels which are then fed into classical learning al-
gorithms (Liu et al., 2021b). This makes them suitable for
the noisy intermediate-scale quantum (NISQ) era (Preskill,
2018), where quantum computation has to be performed
with limited quantum resources.

From another point of view, this analogy is too narrow to
support a quantum advantage for machine learning. Some
recent studies have argued that supervised quantum ma-
chine learning models are kernel methods (Schuld, 2021)
or showed that random Fourier features, a widely known
method for kernel function approximation, are able to clas-
sically approximate variational quantum machine learn-
ing (Landman et al., 2023). This leads to the question of
whether quantum advantage is the right goal for quantum
machine learning (Schuld and Killoran, 2022). Moreover,
most of quantum data encoding strategies result in kernel
functions that are already known and/or efficiently com-
putable by a classical computer. Whether there are inter-
esting kernel functions that can be computed via quantum
states and are classically intractable is still an open question.

More problematic is the generalization ability of quantum
ML methods based on kernel functions. Recent studies ana-
lyzed generalization error bounds for learning with quantum
kernels and the results appear to be negative (Huang et al.,
2021; Kiibler et al., 2021). The expressive power of quan-
tum models may hinder generalization. Finding suitable
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quantum kernels is not easy because the kernel evaluation
might require exponentially many measurements. In other
words, when using a large number of qubits, the kernel
matrix (i.e., the matrix obtained by evaluating the kernel
function on all pairs of data points) gets close to the iden-
tity matrix, resulting in overfitting and poor generalization
performance (Suzuki et al., 2022).

2.4. To Be or Not to Be

Most of the previous studies have focused on supervised
learning of scalar-valued functions in the context of standard
classification or regression. Classical kernel machines in
this setting are well-established models and have been exten-
sively studied in the last three decades. Efficient kernel ap-
proximations with randomization techniques have been pro-
posed to reduce their computation and storage requirements
while performing quite well in various applications (Liu
et al., 2021a). Moreover, deep learning, which finds its
root in the field of neural networks, has enabled tremendous
progress for learning on various types of datasets, such as
image, language or audio datasets, and achieved impressive
performance on classification and regression tasks (LeCun
et al., 2015). All these do not leave much space for im-
provement with quantum kernels in the context of standard
supervised learning.

In this paper, we propose moving beyond current quantum
kernel models toward operator-valued kernels, enabling a
shift from simple kernel similarities to a new generation of
quantum kernel machines capable of tackling challenging
learning tasks. To realize this shift, we advocate for a re-
search agenda centered on three pillars: (i) the development
of quantum operator-valued kernels (QOVKSs) that leverage
entanglement as a computational resource, (ii) the adoption
of C*-algebraic frameworks to exploit non-commutative
data structures, and (iii) a strategic focus on quantum struc-
tured prediction. This roadmap integrates advances in sta-
tistical kernel theory and structured output learning with
quantum computing and information.

3. Moving Beyond Scalar-Valued to
Operator-Valued Quantum Kernels

Classical OVKs Operator-valued kernels (OVKs) appro-
priately generalize the well-known notion of reproducing
kernels and provide a means for extending the theory of
reproducing kernel Hilbert spaces from scalar- to vector-
valued functions. They were introduced as a machine learn-
ing tool by Micchelli and Pontil (2005) and have since
been investigated for use in various machine learning tasks,
including multitask learning (Evgeniou et al., 2005), func-
tional or operator regression (Kadri et al., 2016), multiview
learning (Huusari et al., 2018), and PDE (partial differen-
tial equations) learning (Stepaniants, 2023). Despite this
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Figure 3. Diagram representation of the quantum operator-valued
kernel (1). Input data are embedded into a feature matrix o%”.
We dilate the input system by tensorizing oy® with an output
density matrix py to form a larger composite system that enables
interactions between input and outputs. A (unitary) interaction
is then applied via U, resulting in the evolution of the composite
input-output system. By tracing out the input system, we obtain
the final state on outputs, which defines the value of the kernel
function (K (z, z) is a matrix acting on outputs).

progress, the current status of the field of operator-valued
kernels suggests further explorations to shed fresh light on
old questions, frame new ones and potentially offer new
alternatives to existing kernel machines. For more details
on (classical) operator-valued kernels and their associated
reproducing Hilbert spaces, see Appendix A.

From classical to quantum OVKs A major limitation of
operator-valued kernels is their high computational expense.
In contrast to the scalar-valued case, the kernel matrix as-
sociated to a reproducing operator-valued kernel is a block
matrix of dimension np X np, where n is the number of data
samples and p the dimension of the output space. Manipu-
lating and inverting matrices of this size become particularly
problematic when dealing with large n and p. Moreover,
questions on how to design operator-valued kernels, what
sort of interactions they should learn and quantify and how
they should learn them from data are still open. Quantum-
based kernel machines represent a promising approach for
addressing these challenges. The kernel matrix plays a cen-
tral role in solving kernel learning problems. For many
ML tasks, computing the solution involves matrix-vector
operations and solving optimization problems. Quantum
linear system solvers (Morales et al., 2024) and quantum
optimization algorithms (Abbas et al., 2024) hold potential
for addressing these tasks more efficiently than their classi-
cal counterparts. The kernel matrix in the operator-valued
setting can be significantly larger than its scalar-valued coun-
terpart. This suggests that quantum algorithms could have
a more substantial impact in the operator-valued setting,
although the implementation of quantum solvers on current
quantum devices still faces many challenges.

Quantum operator-valued kernels (QOVKSs) have not been
investigated yet. Building on the framework introduced
by Huusari and Kadri (2021), we extend the notion of
operator-valued kernels to the quantum domain, introduc-
ing the concept of entangled quantum operator-valued ker-
nel (QOVK).
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Figure 4. Illustration of inclusions among quantum kernel classes
considered in this paper. Entangled quantum operator-valued ker-
nels (QOVKSs) are not separable, i.e., dependencies between input
and output variables cannot be considered separately. The class
of separable QOVKSs coincides with the class of quantum scalar-
valued kernels (QSVKSs) when the output dimension is equal to
one. If in addition the input feature matrix takes the form of a
product of two pure density matrices, the separable QOVKs class
becomes the fidelity kernel class.

Definition 3.1. (Entangled QOVK)

An entangled quantum operator-valued kernel K : CxC? —
CP*? is defined, Yz, z € C%, p > 1, as

K(z,2) = Trx [UYX (oy ® o—fgz)U;X} RG))

where Uy x € CP™*P™ ig a non-separable unitary matrix
(i.e., a unitary matrix that cannot be written as Uy x =
Ay ® Bx, with A € CP*P and B € C™*™), p is the
dimension of output data, and m is the dimension of input
features. In addition, py € CP*? is a density matrix on the
output space, o'y,” € C”™*™ is a feature matrix extracted
from inputs = and z, and Trx is the partial trace on X.

A diagram representation of entangled quantum operator-
valued kernel is given in Figure 3.

Remark 3.2. It is worth noting that when Uy x is separable
and equals to /® By the kernel K (z, z) in (1) simplifies to a
separable quantum operator-valued kernel computed using
the scalar-valued quantum kernel Tr(oy%), i.e., K(z, z) =
Tr(o")py (recall that By is a unitary matrix).

Remark 3.3. When the output dimension p is equal to one,
the class of separable QOVK coincides with the class of
quantum scalar-valued kernels. Moreover, if 0y* = p% p%.
where p% and p% are pure density matrices (i.e., p% =
[¢(2)) (¢(x)] and p% = |p(2)) (¢(2)]), we recover the
class of fidelity kernels illustrated in Figure 2.

An illustration of inclusions among the quantum kernel
classes discussed above is provided in Figure 4. It is easy
to see that scalar-valued kernels can be recovered from
operator-valued kernels by considering a separable kernel

built using a scalar-valued quantum kernel on inputs and a
density matrix on outputs, i.e., K(z, z) = k(x, z)py. This
results in a kernel matrix G of the form g ® py, where g
is the scalar-valued kernel matrix. If we restrict ourselves
to this class of kernels, QOVKs will suffer from the same
limitations as QSVKs. The crucial question is whether alter-
native classes of OVKS might provide better mechanisms
for addressing these limitations.

Are QOVKs a ‘magic bullet’ for quantum kernel ma-
chines? At present, there is no definitive answer. One
might reasonably suspect that QOVKs inherit some of the
limitations of quantum scalar-valued kernels, which could
raise doubts about their usefulness. However, as operator-
valued kernels strictly generalize scalar-valued ones, they
offer additional structure and degrees of freedom whose
impact remains largely unexplored. Determining whether,
and to what extent, QOVKs overcome the limitations of
QSVKSs therefore calls for a systematic investigation.

The scalar-valued kernel framework may be too restrictive
to effectively demonstrate the potential advantage of quan-
tum kernel machines over classical kernel methods. In other
words, the SVK framework lacks sufficient degrees of free-
dom to effectively address the challenges and exploit the
unique capabilities of quantum kernels. QSVKs are a spe-
cial case of QOVKSs which correspond to simple, separable
QOVKs. Entanglement can be a key resource for achieving
quantum advantage (Jozsa and Linden, 2003; Wang et al.,
2024). The framework of operator-valued kernels provides
a means to investigate entanglement and incorporate it into
the kernel learning process. This allows us to explore richer
and more complex functions that could be learned more
efficiently using quantum computation. Moreover, a key
advantage of operator-valued kernels is their ability to nat-
urally integrate input data from multiple modalities and
targets from multiple tasks. This significantly improves and
expands the application potentials of quantum kernels.

Entangled QOVKSs, unlike separable kernels, do not have a
Kronecker product structure and can be constructed using
quantum correlations. This may open the door for the design
of quantum kernels which can be implemented quantumly
much more efficiently than classically. Entanglement can
play a role in speeding-up quantum computation (Jozsa and
Linden, 2003) and OVKs offer a framework for identifying
how entanglement may contribute to achieving quantum
advantage in kernel-based learning. On the other hand,
operator-valued kernels naturally incorporate more data
structure than scalar-valued kernels. Adding structure could
improve generalization performance and is a well known
technique for mitigating overfitting when enhancing expres-
sivity. Entanglement can also have an impact on the number
of measurements (Nakhl et al., 2024), which could offer
new possibilities for the generalization of quantum kernels.
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4. Call to Action

To enable the transition from scalar-valued to more expres-
sive operator-valued quantum kernel machines, we propose
the following actionable steps.

Action 1: Quantum implementation of OVKs Extending
quantum data-encoding schemes and providing quantum
circuit implementations of OVKs is of great importance
to be able to characterize how well these kernels fit into
a quantum computer. Quantum states can be represented
by density operators, which are positive semi-definite, self-
adjoint operators with unit trace. Identifying and exploring
synergies between density operator formalism and OVKs
is an interesting path to investigate. Furthermore, quantum
superposition, a fundamental concept in QC, is the means
by which quantum algorithms like Grover’s search can out-
perform classical ones (Grover, 1996). The objective is also
to design quantum algorithms based on superposition for
learning with OVKs in order to provide non-trivial improve-
ments in terms of not only their computational complexity
but also their statistical efficiency (Roget et al., 2022).

Action 2: Quantum entangled OVKs Some classes of
operator-valued kernels have been proposed in the literature,
with separable kernels being one of the most widely used for
learning vector-valued functions due to their simplicity and
computational efficiency. These kernels are formulated as a
product between a kernel function for the input space alone,
and a matrix that encodes the interactions among the outputs.
However, there are limitations in using separable kernels.
They use only one output matrix and one input kernel func-
tion and thus cannot capture different kinds of dependencies
and correlations, and assume a strong repetitive structure
in the operator-valued kernel matrix that models input and
output interactions. As discussed above, entangled QOVKs
go beyond separable kernels and offer new opportunities for
quantum kernel design. This class should be better inves-
tigated to shed light on its potential in finding correlations
that cannot be described by classical statistics.

Action 3: A C*-algebraic detour C*-algebras provide a
unified framework for an operational formulation of clas-
sical and quantum mechanics (Bru and de Siqueira Pedra,
2023). Reproducing kernel Hilbert C*-module (RKHM) is a
generalization of reproducing kernel Hilbert space (RKHS)
by means of C*-algebra (Hashimoto et al., 2021). Recently,
Hashimoto et al. (2023b;a) have paved the way for super-
vised learning in RKHMs. This provides a new twist to
the state-of-the-art kernel-based learning algorithms and the
development of a novel kind of reproducing kernels. Ad-
vantages of RKHM over RKHS are that we can make use
of: i) the C*-algebra characterizing the RKHM to construct
rich feature representations and explore a larger function
space (Hashimoto et al., 2023b), and ii) the properties of
C*-algebras such as operator norm and spectral truncation

to achieve better generalization and design kernels that con-
trol local and global dependencies of output data on input
data (Hashimoto et al., 2023a; 2024).

From the perspective of the connection with quantum, C*-
algebra has rich notions related to quantum mechanics. For
example, we can represent quantum gates and density opera-
tors as elements of a C*-algebra. Thus, we can obtain them
as outputs of the kernel machines with RKHMs. While the
application of C*-algebra to QML is a promising way to
design quantum kernels, we need further investigations to
relate theory with practice. It would be interesting to : 1)
Investigate connections between C*-algebra-valued kernels
and quantum information with a particular attention to learn-
ing in RKHM quantum systems (Gebhart et al., 2023); ii)
Study the impact of quantum computing on the computa-
tional complexity of learning in RKHM.

It is worth noting that solving learning problems with
such kernels involves tackling optimization problems
over noncommutative groups. Noncommutative optimiza-
tion (Burgdorf et al., 2016; Biirgisser et al., 2019) is a
promising direction to explore within this framework since it
makes connections with both noncommutative kernels (Be-
linschi et al., 2023; Hashimoto et al., 2024) and quantum
information (Gribling et al., 2018). It will be interesting
to investigate whether noncommutative optimization tech-
niques can improve learning with quantum OVKs.

Action 4: Application to quantum structured prediction
Operator-valued kernels hold promise to expand the applica-
tion realm of quantum kernels. In many practical problems
such as network inference (Lim et al., 2015) and graph
prediction (Shi et al., 2020), we are faced with the task of
learning a mapping between objects of different nature that
each can be characterized by complex data structures (Bakir
et al., 2007). Therefore, designing algorithms that are sensi-
tive enough to detect structural dependencies among these
complex data is of great importance. While classical learn-
ing algorithms can be easily extended to complex inputs,
more refined and sophisticated algorithms are needed to
handle complex outputs. In this case, several mathematical
and methodological difficulties arise and these difficulties
increase with the complexity of the output space. The task
of structured output learning is much more complicated than
binary/multiclass classification or scalar-valued regression,
which leaves room for improvement.

One difficulty encountered when working with structured
data is that usual Euclidean methodology cannot be applied
in this case. Reproducing kernels provide an elegant way
to overcome this problem. Defining a suitable kernel on
the structured data allows to encapsulate the structural in-
formation in a kernel function and transform the problem to
a Euclidean space. Kernel-based approaches for structured
output learning can be found in the literature (Tsochantaridis
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Figure 5. Bit-flip channel (first row) and dephasing channel (second row) estimation results with @ = 0.2, n = 100 and oo = 0.1. Left
plot is the Choi matrix of the correct channel from which data was created. Middle plot is the Choi matrix of the quantum channel
recovered by QSVK (separable). Right plot is the Choi matrix of the quantum channel recovered by QOVK (entangled).

et al., 2005; Geurts et al., 2006; Kadri et al., 2013; Lim et al.,
2015; Brouard et al., 2016; E1 Ahmad et al., 2024). These
methods generally require an exhaustive pre-image compu-
tation (Honeine and Richard, 2011). Of special interest is
supervised learning when input and output data are graph-
structured. This is a complicated task that appears in various
practical applications such as graph link prediction (Zhang
and Chen, 2018). Graph kernels have received a lot of at-
tention in the field of machine learning (Borgwardt et al.,
2020). A few attempts have been made to introduce quan-
tum kernels on graphs (Bai et al., 2015; Tang and Yan, 2022;
Albrecht et al., 2023; Bai et al., 2024; Thabet et al., 2024).
However, further investigations are needed to improve our
understanding of: i) How to build quantum-based structured
kernels and what advantages they offer compared to clas-
sical kernels? ii) How to solve efficiently the pre-image
problem for quantum structured prediction?

5. Support for OVKs in QML

In this section, we provide initial support for our proposed
shift towards quantum OVKs.

5.1. Learning with SPD Matrices: Application to
Quantum Channel Estimation

As a preliminary experimental proof-of-concept, we explore
how moving from quantum scalar-valued to operator-valued
kernels can enhance symmetric positive-definite (SPD) ma-
trix learning. SPD matrices are widely used in machine
learning as they naturally encode covariance structures that
capture relationships between variables (Minh and Murino,
2017). Here, we focus on the classical estimation of quan-
tum channels, a task that can be formulated as a SPD matrix-
valued regression problem. The objective of quantum chan-
nel estimation is to determine the dynamical transformation,

known as a quantum channel, that governs the evolution of
a given quantum system (Fujiwara, 2001).

In our experiment, we consider two prototypical single-
qubit noise models: the bit-flip channel and the dephasing
channel. Each channel depends on a parameter a € [0, 1],
which specifies the probability of a bit-flip or a phase-flip.
These channels provide simple yet instructive examples
of quantum processes and are widely used to characterize
noise in quantum devices. Details of the channels and the
complete experimental setting are provided in Appendix B.
The code used to generate the results reported in this work
will be publicly available in a public Github repository.

We compare kernel learning performance using QSVK
and QOVK. The QSVK is the fidelity kernel, defined as
k(o;,05) = Tr(o;0;), while QOVK is defined by (10),
with 0% = 0;0;. The QOVK formulation is flexible and
gives rise to more expressive kernel feature spaces. The
choice of Uy xis crucial: if it is the identity, QOVK re-
duces to QSVK. To incorporate entanglement, we use a non-
separable Uy x, specifically the composition of a CNOT
and a SWAP gate, enabling quantum correlations between
input and output subsystems. Both models were trained via
kernel ridge regression, with the regularization parameter
selected by cross-validation.

Figure 5 illustrates an example of the true channels along-
side the channels recovered using kernel ridge regression
with SVKs and entangled OVKs. The OVK successfully
captures the underlying structure, whereas the SVK strug-
gles to do so. By treating the input and output spaces within
a unified, entangled Hilbert space, QOVKs offer a more nat-
ural framework. They can encode matrix structure directly
and model correlations between input and output spaces. En-
tangled QOVKs go further by using non-separable unitary
operations to represent richer input—output dependencies
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than separable or scalar-valued kernels can capture. Fur-
ther results on quantum channel recovery with QOVKs and
QSVKs are reported in Appendix B.

5.2. Quantum Implementation

An important question is whether an OVK could be im-
plemented on a quantum computer. Here we present to
our knowledge the first attempt to design a quantum circuit
for OVKs. We build upon previous work on quantum im-
plementation of scalar-valued kernels based on the swap
test (Buhrman et al., 2001; Blank et al., 2020; Di Marcanto-
nio et al., 2023). See Appendix C for more details.

We now present a quantum circuit for computing the OVK
defined in (1). We consider the case where py is a pure
state (i.e., py = [¢)y (#|y). We generalize the quantum
fidelity kernel to the operator-valued setting by introducing
the quantum circuit depicted in Figure 6. See Appendix D
for a detailed description of the circuit implementation. En-
tanglement between inputs and outputs is encoded via the
matrix U acting on registers X and Y. The scalar-valued
kernel can be computed via measurements of the ancillary
qubit, and the separable quantum operator-valued kernel
can be recovered if the operation U is separable, i.e., U
cannot be written as a tensor product of unitaries acting
independently on each subsystem.

The input feature matrix o%° produced by the quantum
circuit is a density matrix, as it is obtained via a partial mea-
surement and is therefore Hermitian. In contrast, the general
definition of an entangled QOVK does not require oy” to
be Hermitian. For instance, in quantum channel estimation
experiments, the QOVK is constructed from products of
density matrices (i.e., oyy* = 0,0), which are generally
non-Hermitian. The quantum circuit described here pro-
vides an initial implementation of a QOVK, but it represents
only a subset of the possibilities enabled by the framework.
Future research should also explore alternative circuit de-
signs that can efficiently realize more general forms of o'3?°.
Other strategies could include computing the vectorization
of the QOVK, which reformulates the kernel in terms of
pure states rather than mixed density matrices. By encoding
the kernel in terms of pure-state representations, vectoriza-
tion may enable more flexible computations and expand the
range of quantum features that can be incorporated, although
it may require additional quantum resources. Continued re-
search in this area is essential for implementing QOVKs
that address complex ML tasks and explore the full potential
of quantum kernels.

6. Alternative view

Can research on scalar-valued kernels lead to new develop-
ments in the field of quantum kernels? Understanding the

|¢>Y //

Figure 6. A quantum circuit for preparing a quantum state corre-
sponding to the value of an operator-valued kernel of the form (1).
The application of the partial trace on the register Z by measuring
the ancillary qubit in the state |0) produces a valid input feature
matrix 0% for the entangled kernel.

generalization abilities of quantum scalar-valued kernels
could be a good alternative to explore the full power of
quantum kernels. It is worth investigating generalization
of quantum kernel machines in both noiseless and noisy
settings (Canatar et al., 2023; Wang et al., 2021; Heyraud
et al., 2022). Most of the research in this topic did not incor-
porate recent findings on generalization of classical learning.
The study of the generalization of quantum kernel machines
should take into account new phenomena of modern ma-
chine learning, such as double descent and benign overfit-
ting (Belkin et al., 2019; Bartlett et al., 2020). Only very few
studies have recently appeared in the literature that attempt
to look at generalization in overparameterized quantum ma-
chine learning models (Larocca et al., 2023; Peters and
Schuld, 2023; Gil-Fuster et al., 2024; Thanasilp et al., 2024;
Kempkes et al., 2025; Tomasi et al., 2025). Another interest-
ing research direction is to learn the quantum feature map of
quantum kernels via quantum neural networks (a.k.a quan-
tum parametrized circuits) (Lloyd et al., 2020; Gentinetta
et al., 2023; Hubregtsen et al., 2022; Rodriguez-Grasa et al.,
2024; Incudini et al., 2024; Glick et al., 2024; Lei et al.,
2024). This should give rise to new quantum kernel features
adapted to the task at hand. Such research avenues may also
inform the design and analysis of quantum operator-valued
kernels.

7. Conclusion

This position paper highlights quantum operator-valued ker-
nels as a promising extension of scalar-valued quantum
kernels, with the potential to exploit entanglement for richer
and more expressive quantum learning models. We outline
key challenges and a roadmap for advancing operator-valued
kernels within QML, aiming to inspire further exploration
of this framework and to foster dialogue across the machine
learning and quantum computing communities.
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A. Operator-Valued Kernels and Vector-Valued RKHSs

Consider the supervised learning problem where the goal is to learn a function f : X — ) given a training set
{(xs,y:)} 11, where x; is in some space X and y is in a Hilbert space ). The space ) can be finite or infinite-dimensional.
For example, in multitask learning where the objective is to solve simultaneously p learning problems, the output space Y
can be RP. In functional regression, output data are curves represented by functions and the output space ) can be the space
L? of square integrable functions. Learning the function f in such situations is more challenging than finding a scalar-valued
function such is the case for standard classification or regression. The framework of scalar-valued kernels is not rich enough
to learn nonlinear vector-valued functions that maps complex input data to complex outputs. Operator-valued kernels
provide an elegant solution to this problem. The kernel in this case is a function that takes two input data points and outputs
an operator rather than a scalar as usual, i.e., K(-,-) : X x X — L(Y), where £(}) is the space of bounded operators
from ) to itself. The operator allows to encode prior information about the outputs, and then take into account the output
structure. More formally,

Definition A.1. (psd operator-valued kernel)
A L£(Y)-valued kernel K on X x X is a function K(+,) : X x X — L£(}); it is positive semi-definite (psd) if:

i. K(x,z) = K(z,x)*, where superscript * denotes the adjoint operator,

ii. and, for every n € Nand all {(x;,y;) 1} € X x J,

D (v K(xi,x5)y;)y > 0.
0,J
Definition A.2. (vector-valued RKHS)

A Hilbert space H of functions from X" to ) is called a reproducing kernel Hilbert space if there is a positive semi-definite
L(Y)-valued kernel K on X x X such that:

i. z+— K(x,z)y belongsto H, Vz,x € X, y €,

ii. VfeH,zeX, ye),
(f. K (x.-)y)3 = (f(x),y)y (reproducing property).

A key point for learning with kernels is the ability to express functions in terms of a kernel providing the way to evaluate a
function at a given point. This is possible because there exists a bijection relationship between a large class of kernels and
associated reproducing kernel spaces which satisfy a regularity property. Bijection between scalar-valued kernels and RKHS
was first established by Aronszajn (1950, Part I, Sections 3 and 4). Then Schwartz (1964, Chapter 5) shows that this is a
particular case of a more general situation. This bijection in the case of operator-valued kernels is still valid.

Theorem A.3. (bijection between vector-valued RKHS and positive semi-definite operator-valued kernel)

An L(Y)-valued kernel K on X x X is the reproducing kernel of some Hilbert space H, if and only if it is positive
semi-definite.

For further reading on operator-valued kernels and their associated RKHSs, see, e.g., (Caponnetto et al., 2008; Carmeli
et al., 2010; Alvarez et al., 2012; Kadri et al., 2016).

B. Additional Experimental Details
B.1. Experimental Setting

We consider a quantum system described by a Hilbert space F, with the associated quantum channel represented as
I:S(F) — S(F), where S(F) denotes the set of density operators over F. The quantum channel T" is a trace-preserving
completely positive map (Watrous, 2018, Chap. 2). Quantum channel estimation can be viewed as a structured prediction
problem in which both the inputs and outputs are quantum states. In our experiment, each quantum state is classically
encoded as a density matrix, which is a Hermitian, positive semidefinite matrix with unit trace. Leveraging the structural
properties of density matrices during learning is essential for accurately reconstructing the quantum channel from observed
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Table 1. Experimental results on quantum channel estimation with quantum scalar-valued and quantum operator-valued kernel ridge
regression. The recovery error measure is ||Channelyye — Channelicamed| 7 -

Channel QSVK QOVK
Bit-flip 0.569 £ 0.304 0.101 4+ 0.035
Dephasing  0.525 £0.297 0.096 + 0.031

data. We apply kernel-based learning algorithms to this setting, considering both quantum scalar-valued kernels (Canatar
et al., 2023) and quantum operator-valued kernels as defined in (1).

We focus on learning general completely positive maps, so that the channel takes as input a SPD matrix of size d x d and
outputs a SPD matrix of size p X p. Now the Choi matrix representation of this channel is a matrix of size dp X dp. For
certain types of channels (especially ones modeling physical systems) the input and output matrices are of the same size. In
our experiment we consider two prototypical single-qubit noise models: the bit-flip channel and the dephasing channel.
These channels represent simple yet instructive examples of quantum processes and are widely used for characterizing noise
in quantum devices. The bit-flip channel models quantum noise where a qubit is flipped from |0) to |1) and vice versa with
probability a. It is defined, for any density matrix o, as

(o) =1—a)og+aXoX,

10
decoherence process that takes a density matrix o to

where X = <O 1> is the Pauli-X operator and a € [0, 1] is the bit-flip probability. The dephasing channel is a very simple

gdeph(a) = (1 - (I)O’ + adiag(a)?

where diag(co) denotes the matrix comprising only the diagonal elements of o, and a € [0, 1] measures the extent to which
the off-diagonal elements, usually called coherences, are reduced in magnitude. The true channel to be estimated is fixed
with a given a and represented in its Choi matrix form ®, which serves as the ground truth in our evaluation. We generate n
training examples by sampling random density matrices o;, ¢ = 1, ..., n, as inputs and passing them through the channel to
produce outputs p;. To simulate noisy situations, we added a small perturbation: each output was replaced by a convex
combination of the channel output and a random density matrix with mixing parameter « € [0, 1], i.e.,

pi = (1 = @)Eug/depn (i) + aT;.

This provides a more challenging estimation problem and tests the models’ robustness to deviations from ideal data. Random
density matrices are generated using QETLAB'.

B.2. Quantum Channel Estimation Results

The recovery errors, defined as ||Channel,, — Channeljeymeq|| £, Where || - || denotes the Frobenius norm, are reported in
Table 1, averaged over 10 repetitions of the experiment. These results report the mean performance for channel estimation,
with parameter a ranging from O to 1 with a step size of 0.1. The OVK regression achieves significantly better performance
than SVK regression.

C. Circuit Implementation of Quantum SVKs via Swap Test

The swap test is a quantum algorithm that estimates the fidelity between two quantum states |¢),.) and |1, ), i.e., F (¢, 9. ) :=
| (th|02) |?. Let |1by) := U, |0;) be an encoding of a data point 2 € X’ into a quantum state of ¢ qubits obtained by applying
a parametrized unitary operation U, to the initial state |0;) := \O>®t. Using the density matrix formalism, the encoding
corresponds to mapping an input data x to a pure (i.e., rank-one) density matrix p, := U, |0;) (0| Ul = [t)2.) ();|. The
fidelity kernel is the function k(x, z) := Tr[p.p.] = | ()x]10.) |*. The quantum circuit implementing the computation of
this kernel using a swap test is given in Figure 7.

"http://www.getlab.com.
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|wz>Z
‘wa:>X

Figure 7. Quantum circuit for computing the fidelity kernel using a swap test. Measuring the ancillary qubit provides the fidelity
between the two quantum states [¢,) and |1).). The probability to measure the ancillary qubit in the state |0) is given by P(|0),) =
1+ 1| (¥e|¥2) | (Schuld et al., 2015).

D. Circuit Implementation of Quantum OVKs via Swap Test

We provide here the details of the computation of the quantum circuit implementing the QOVK given in (1) (see Figure 8).
The circuit uses Hadamard and controlled-swap gates. Recall that the Hadamard gate H maps an basis state |7), i € {0,1}
to the equal-weight superposition of basis states, i.e., H |i) = %(H)) + (=1)"|1)). The controlled-swap gate on two states

|2) x and |1, ) ,, controlled on the single qubit |i) , is defined as

|i>a |¢Z>Z |wr>x ifi = Oa

CSWAP.zx i) [2) 7 [Ye) x = { |8), 1)y 1)y if i = 1.

The initial state of the circuit is

[Wo) = 10), [¥2) 5 ) x D)y - )
Applying a Hadamard gate to the ancilla qubit of |¥y) leads to:
1

(V1) = (Ho © Izxy) Vo) = —=(10), + [1)0) [¥2) 2 [¥2) x |9}y - S

V2
|¥5) is obtained by applying the controlled-swap gate to |¥1):

|Uo) = CSWAP,zx |Ve) = CSWAP,zx (W) [V2) 7 [Vz) x |0)y
= 5 (100 1:by ) + D) b 620 ) by @)
A Hadamard gate is then applied to the ancillary qubit of |¥) giving
93) = (Ho ® Lrxcy) [9a) = (Ho © L) 5 (101, ) W)+ 10, 1005 1)) )y
= 2100}, 1100 [0 7 1) x + (10}, — 10,) 1) 7 isd )y
— 1100, (19025 1) x 1) s ) + 110 (1902 5 ) = i) 16 )] 16)y - )

2

This pure state |¥'3) can be represented by its density matrix p¥3 = |W3) (U3]. Defining p, = [10,) (2], p. = |1.) (0]
and omitting register subscripts for readability, p¥* writes as:

prr=0" @ 19) (4], (6)
where
oV = i 0) (0] @ (p2 ® po + pz ® pz + [¥2) (Y| @ |Ya) (V2] + [¢ha) (V2| @ [2) (¥a])
+10) (1] @ (p2 ® pz — pa @ pz — |¥2) (Va| @ |Ya) (V2| + |¥a) (V2| @ [¢h2) (¥a])
+[1) (0] ® (p2 ® pz — pa @ pz + |¥2) (Vu| @ |a) (V2| = |[Va) (V2| @ [12) (¥a])
+11) (U ® (pz ® po + pa @ pz — [2) (Vo] @ [Ya) (V2] — [Ya) (V2] @ [2) <%D]
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[Wo) (1) [U9) W3) 10y Mmoo n2 Kz, 2)
| | | |

0 | | | |
102 I I I I : : : :
| | | | | | | |

[2)z | | | | | g : : :
I I I I I L I

[Va)x —F——] i i i i i e
| | | | | Colol o |

P L | — —
T | | | | = |

Figure 8. A quantum circuit implementation of the operator-valued kernel given in (1).

The state 7 is then obtained by measuring the ancilla qubit in the state |0), i.e.,

_ Tra[p"s(]0) (0], ® Izxy)]
= e ([0) (0], © Lzxv)]
_ P ® P+ pr @ pe 4 [V2) (Y| © [Pa) (Y| + [Y0) (P2] @ [Y02) (u
21+ [ (0t [P)

The input feature matrix oy” is obtained in the register X after measuring the subsystem Z by partial tracing 7, :

oTF — Pz + Pz + <z/1m‘qu> |¢x> <¢z| + <"/}zwjz> |¢2> <7/}r|
X 2(L+ | (¥:|¥a) ?)

Once we have prepared the feature matrix (8), we can proceed with the evaluation of the operator-valued kernel. First,
entanglement between X and Y is introduced by a non-separable unitary U, giving the state 7:

® |9) (¢l @)

. ®)

2 = Uy x (1) (dly ® 0%*)U} . ®)

The evaluation of the operator-valued kernel is then obtained by measuring the register X of 7o:

K(z,2) = Tex [Uy x (|6) (dly @ 0%7)UY «]. (10)
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