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using/curating?

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content?

5. If you used crowdsourcing or conducted research with human subjects...
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A Randomness Condition

In this section, we show that a sub-gaussian random vector with bounded density satisfies Assump-
tion 3

We say a random vector  is o2-sub-gaussian vector with bounded density, if for every v € S ffl,

vT'x is o%-sub-gaussian and its density function exists and is bounded by +y for some ~ > 0. For such

1
dp, =-.1
3nyanp 3 n

particular, [22] shows that when x follows A/ (0, X), with Apin (2) > g, we can have x; = % and

P« = co for constants ¢; and cs.

kind of random vector, [30] shows that it satisfies Assumption [3|with x; =

B Proof of Privacy Guarantee

B.1 Proof of Results in Section 3.1]

Proof of Proposition[3.1] Since we assume that the features and rewards are bounded, ||z¢ q| <
Cg, ||l < ¢ forallt € [IT]and a € [K], by Lemma 2.1} M, is (¢/2,5/2)-LDP and u, is
(£/2.6/2)-LDP. Thus Lemma[2.4]implies that 1)©%* is (e, §)-LDP. O

Proof of Proposition[3.2] Since we assume that the features and rewards are bounded, ||z q| <
C,|lr]] < ¢, forallt € [T] and a € [K], we have (u(z{,,0;—1) — r¢)2t,qa, bounded by 2¢,Cp.
Lemma [2.2]implies that 17 ? is e-LDP. O

B.2 Proof of Results in Section 4.1]

Proof of Proposition .1} We simply denote O by 1, in this proof. At time ¢, for any two
x # ', without loss of generality assuming the action corresponding z and 2’ are a; = 1 and
a; = 2, then the output corresponding z, 2’ is given by (¢ (x, 2761 + €;),1:(0,0),...,1:(0,0))
and (¢(0,0), (2, 2705 + ), ...,1:(0,0)). Since ;(0,0) has the same distribution, we have
for any subset A} x Ay x --- x Ag C R4 with A; a Borel set in R,

P(i(x, 2701 + €;) € A1,1:(0,0) € Ag,...,94(0,0) € Ag)
P(¢¢(0,0) € Ay, (2, 2703 + €;) € Ag, ..., 14(0,0) € Ak)
P, 2701 + ) € A1, 4(0,0) € Ap)
— P(Y(2!, 202 + €;) € Ag,10(0,0) € Ay)

Set 7]1(1)1,132) = (Ye(v1), ¥ (v2)), and (vi,v2) = (2,0), (v}, v5) = (0,2'), then we have (§)
equals to ¢ (v, v2) /1 (v], vh), thus applying Lemma|2.4[to it implies that (8] is upper bounded by
e + 0P(Yy (2, 2705 + €;) € Aa,94(0,0) € A1)~1, leading to the desired result. O

®)

Proof of Proposition[d.2] That is nearly the same as the proof of Proposition .1} but replacing
e + SP(y (2, 270y + €;) € Az, 10(0,0) € A1)~! by €€ in the last step. O

C Proof of Results in Section 3.2

In the following analysis, without special explaination, all the ¢ and C' denote absolute constants.
Sometimes we state the inequality of type A; < C'log(A2/«)As holds with probability at least
1 — a while in proof we derive the results hold with 1 — ca for some constant c. In fact, they are
equivalent by re-scaling v and changing C' to some larger constant.

C.1 Proof of Worst-Case Bounds

Proof of Theorem@] Since x4, is the greedy selection, we have xZat ét_l > xzaét_l for any
time ¢ € [T] and a € [K]. Consequently we have the following upper bound for the instantaneous
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regret at time ¢,
max (¢, — Ty at)T 0" < max (zyq — Tt at)T (9* — ét,l)
sty o , oty \Fo ,
< max (Tyq — $t,a')T (9* - ét—1>

a,a’ €[K]
xza (9* — ét,l)‘ :

For any fixed a € [K], ¢, is independent of 0. By Assumption conditioning on the historical

information up to time t, x/ , (0* — 0,_1)isa e (Chle 0;_1||-sub-gaussian random variable. Now
by the maximal concentration inequality for a sub-gaussian sequence, we have with probability at
least 1 — &

T b

< 2 max
a€[K]

A kylog(KT/a) =~
max |27, (0" — 6, 1) = O ( 44445§4441C42H9 __9t1”>
a€[K] d

To control the regret bound, we bound the estimation error ||¢* — 6;_1 || in each time in the following

lemma.

Lemma C.1 (Estimation Error for OLS). Using the private OLS update mechanism " and
@

estimator 93, for any 8%2%@@ < t < T, we have with probability at least 1 — T

2d+log(T/a)

0, — 0*||2 < C(Cgo.o. sd
[0 | < C(Cpoeo. sd) 2t

. €))

for some C independent of d, K and T.

Lemma C.2 (Estimation Error for SGD). Using the private OLS update mechanism 1y %P and
estimator ;9P| for any 3 <t < T, we have with probability at least 1 — %,

(624 log(log T/ x) + 1)T§,dd2

é _9* 2 <
|| t || = 4&?(2}?215

(10)

Plugging OLS estimation error (9) into the regret bound, denote ¢; := 8%@, the following
holds with probability at least 1 — )
T
max (x4 — :Ct’at)T 0"

i1 a€[K]

T
o log(KT/a) \/d + log(T
<tice+ Y CCBJEUE’(;CZ\/K Og(d /@) Vd +log(T'/0) (11

t=t1+1 Kips V't

Vd+log(T/a)
_glog? +120g(T/a) N CCBJE’JUE\/QM\/WJT

Pk KD«

Plugging the SGD estimation error (I0) into the regret bound, we have
T
T nx
max (Tyq — Toqa,) 0

et a€[K]

T 624 log(log T Dre gVd
<2¢, + ; vV Ky log(KT /o) VA Og(;;glcpio\é/); Jreavd

<t + V(02410808 /) + Dr=aVd /o log(KT/a)VT. (12)

2CK 1P«

So now it suffices to prove the Lemmas and[C.2]
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C.2 Proof of lemmal[C.1]

Lemma C.3. As long ast > 8%‘?”“‘)

, the following lower bound

t
tK
)\min(z xi,aixg:ai) Z C . élp* 9

holds with probability at least 1 — %, for some C' independent of d and T.

Proof. Define F;  as the filtration generated by {%; 4, }ict—1]> {€i }icr—1] and the randomness from
{inLS}ie[t_l]. By greedy algorithm, in each time %, ; 4, is selected as a; = argmaxae[K]xZaéi_l.
Thus by the Assumption [3} we have for any 0 < s < p,,

P(Z(l’f v)? < tri(ps — 5)/d)

< B3 1@l 0)? > s/} < t(p. — ))

i=1

Z 2> ki/dy — E[1{(a7,,v)* > m/d}|F])) < —s)
S exp(—%t),

H—\»—t

where in the last inequality we use the Azuma—Hoeffding’s inequality for bounded martingale-
difference sequence (see Corollary 2.20 in [42]).

For every d x d positive-definite matrix A, with an abuse of notation, we denote N as the e-net of
S ffl for some ¢ > 0 to be determined,

1
)\max(A) < sup xTAx,
1—2¢ zeN.
which then implies
-1
Amin(A) = —Amax(—A4) > sup 27 (—A)x = inf 2T Az.
1—2¢e zen. 1 —2¢ zeN.

By choosing £ = 1/4, we can find an e-net . with cardinality | V.| < 9¢. Therefore

Amin(4) > 2 inf 2T Ax.
N,

S €
Note that
t t
” min Z )? < 2tki(p. — 5)/d) <P _(2],,0)* < tri(p. — 5)/d,Fv € N;)
=1 =1 2t
<9 exp(—7).

By setting s = w, we have whent > 8
o
1 —

T’

%éw with probability at least

t
. Kipst
)\min(z xi,aixzai) = min <xi,aizv>2 > d* .

=1
loll=1 4
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Proof of Lemma|C.1]
By lemmawe know that with probability at least 1 — %,

t
/\min(z Lia; l‘z:ai) > Cl:‘ﬂp*t/d7

i=1
for some C independent of d, K and 7.

Since {W;};c}4 are independent, therefore by concentration bounds for Wigner matrix we have with
probability at least 1 — =,

t
IS Will2 < Coto? (d + log(T/)),
i=1
for some C3 independent of d, K and 7. However, it is important to note that the perturbation
of privacy noise matrix 22:1 W; may destroy the positive definite property of the Gram matrix
2221 a:,aleTa when t is still small. Therefore, we shift 22:1 W; by adding év/t1; where ¢ :=

020'5’5(@ + /1og(T/a)).

We denote A; = S0_ (i 4,27

ia; T Wi) + é\/tI. Therefore, by Weyl’s inequality we have with
probability at least 1 — 7,

t

t
Amin(At) = )\min (Z(:Ci,atixg:ai + Wz) + é\/ild> Z )\min (Z xi,aixzai> Z Clnlp*t/d~

i=1 i=1

So now we we study the OLS estimator with z; ,, €; given above and r; = xTai 0* + ¢;. In that case,

i,

the estimation error of the OLS estimator under LDP constraints at time ¢ is given by

t
O — 0" = A7 (wiari + &) — 0*

=1

t
= At_l Z(xi7aixzai9* + Tia € + &) — 0"

i=1

t t t
= A7 O wiae) — ATV WO+ AT & — VA0
=1 i=1 i=1

Define F; as the filtration generated by {; 4, }ie[s]> {€i }ic[t—1) and the randomness from {9); }ie[;—1)-
Notice that for every unit vector u,

Elexp(A Y~ u" i q,6:)] = E[Efexp(A > " w;.0,6:)| F]]

i=1 i=1
t—1

= IE[H exp( A’ z; 4,6 Elexp(Mu’ Xie;)| Fi]]
i=1

(1) )\202 0,2 t—1
< exp(%)E[H exp(Mul @ 4,6)]

i=1

).

Inequality (2) is due to the mathematical induction using the same technique in the equality (1).
Thus Zle T; a0, € is 02C%t-sub-gaussian vector, and by the concentration of norm for sub-gaussian
vectors, we have then with probability at least 1 — %

) N ChoZt
< exp(%

t
15" @il < Co02CRt(d + log(T/a)),

i=1
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where C'5 is a positive constant independent of d, K and 7.

Therefore,
t ¢
147 O i) I < NATPINO . miasen) 1P
i=1 i=1 (13)
< C302C%d*t(d + log(T /)
o (Clﬂlp*t)2 '
Moreover,
t t
1A Wi |1 < AP wallPller))?
i=1 i=1
t
< JAZHPNY S wa)? (14)
i=1
Cato? ;(d + log(T/a))
- (Crripst)? ’

where the second inequality is from the assumption that ||6*]] < 1.

Third, Since &; are random vector with independent, sub-gaussian coordinates that satisfy
E&2 i= o2 s, 22:1 &, is a random vactor with independent sub-gaussian coordinates that satisfy

EY: & ; = ta? 5. Therefore for all ¢ € [T], with probability at least 1 — &,

t
1Y &ill* < Cato? 5(d + log(T/a)),

=1

for some positive constant Cy independent of d, K and T". Therefore,

t 2 72
Cyto? ;d*(d +log(T/a))
At |12 < Z : 15
|| t ;g H — (Cgl%lp*t)Q ( )
Lastly,
&t

levVEA; 0% < (16)

(Cokipit)?’

holds with probability at least 1 — &. Plugging all bounds (T3) (T4) (T5) and (T6) together we get
then with probability at least 1 — 7,

d+ log(T/«)

é_9*2<c 202 2d2
19, =17 < CootCho o 2

)

for some positive constant Cy independent of d, K and 7. O

Proof of Lemma[CZ] Denote g, as the gradient at time t, §; == W, [(u(z],, 0:) —74)2t.q,] is the LDP
private estimator of g; and Z; = g; — §;. By the unbiasedness of U, in Lemrnawe have

E[W. (1] ,,00-1) — 1) 2 ,0,)" (o1 — 0%)| Fo1]
=E[(u(afy,00-1) — =z o, 0°))l,, (Gr—1 — 0%)|Foi]
>CE[[x],, (01 — 0| Foo1] = Crupa/d||0p—1 — 612,

18



where the last inequality is from Lemma and Markov’s inequality Amin (Eq,, [Ta, 27, [Fi—1]) >
Kips/d. Moreover, notice that ||g;|| = r-,s. Let A := 2r;(p./d and 1y = 55,
16— 6%1* = 116:—1 — mee — 67|
= 01— 0117 — 2005 (Be—1 — 67) + 17141
= 0e-1 = 0"11° = 20097 (o1 — 6") + 20e2] (B — %) + 0 3c?
< (1 =220 — 0717 + 2nt2t (Be—1 = 6") + 171917

_“ — 0?2 + 2(p _p* Ted\?
(1 )|et1 017 + 500 0 + (222

It follows from the same proof as in Proposition 1 in [28], we can obtain for any 0 < o < eiT, T>4
and for all 3 <t < T, with probability at least 1 — a,

(624 1og(log(T)/cx) + 1)r2 4d*
4kjCp2t '

16 — 6% <

C.3 Proof of Problem-dependent Bound

To prove the problem-dependent bound, we need only combine Lemma [C.I|and Lemma|[C.2]together
with the following lemma.

Lemma C.4. Under the (3,~)-margin condition, if we have ||0, — 0*|| < % holds uniformly for

all ty <t < T for some ty and Uy with probability at least 1 — o, we have then with probability at
least 1 — 2aq,

erto + v(LCBUO)Q(logT—F o(1)), g=1
reny <o { s L (LCRU) (T o(1), 0<f<1.

Proof. We have, with probability at least 1 — «,

Uy 2LCBU,
Reg(T) < 2¢,to + (u(xl . 0%) — p(xl, 0))1{]|6; — 0*]| < JAVILS
g(T) < 0(<tt) (w4,4,0%)1{]10: — H\/zt \[}
2LCUy
< 2¢tg +2LC’B 1{At < ———Fh
Vi Vi
1 2LCBU
Denote A; := %1{At < #}, by Hoeffding’s inequality we have with probability at least
1—a,

1
A E[A log T log —.
2y

Noting that E[Y ", A¢] < 2yLCUylogT for f = 1 and E[Y ", A;] < W(LCBUO)ﬁT = for
0 < 8 < 1. Then the claim holds. O

D Proof of Results in Section 4.2]

To lighten the notation, in this section we denote 6; the underlying parameter of arm i. In the following
analysis, without special explaination, all the ¢ and C' denote absolute constants. Sometimes we state
the inequality of type A; < C'log(As/a)As holds with probability at least 1 — « while in proof we
derive the results hold with 1 — ca for some constant c. In fact, they are equivalent by re-scaling o
and changing C' to some larger constant.
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D.1 Proof of Theorem [4.1]

Lemma D.1. If after the warm up stage of length K sq, the estimator 0 K so,i achieves the following
error bound with probability at least 1 — «,

A hsub
sup ||0ks, s — 0l < ho == ,

With h = hgyp in Algorithm we have P{a} € K, KN Ky = 0} > 1 — « holds uniformly for
all Ksg <t <T.

Proof. Firstly, to show a; € K,, without loss of generality we assume that a; # 1, and
argmaxiE[K]u(XtTﬁsz) = 1. Then by the optimality of 6, condition on sup; ¢ [|0xs,,i — il <
ho,
Pla; ¢ Kt) = P(N(XtTéKSmaf) < /’I’(XtTéKSOJ) —h/2)
< P(u(X{ 0ar) — h/8 < p(X[61) + h/8— h/2) = 0.

Now for any j € Ky, we have condition on sup;¢ g HGAKSM' —0;]| < ho,

P(j € Ki) < P(u(X{ Okcspar) — h/2 < w(X{ ks 5))
< P(u(X{ Oay) — 3h/4 < (X[ 0;) +h/4) =0,

where the final equation is due to the sub-optimality gap assumed in Assumption [5] O

Proof of Theorem We first show the following lemma, which converts the regret bound under
margin condition to the estimation error bound:

Lemma D.2. Under the ((,~)-margin condition, given ho defined in Lemma suppose there

exists some so such that with a warm up stage of length K so, sup; ¢ ||étl — 0;]| < ho, and there
exists some to, Up () such that with probability at least 1 — «,

i Uo(a)
su 0 i 62 S 5 Vit S t S T.
S = 0r] < =22 g

1€ Kopt

Then, we have with probability at least 1 — 2a, for some constant C,

crto +v(LOBUy(a))?(log T + o(1)), p=1
Reg(T) < C- 9 ¢ty + 1 jﬁ(LCBUo(Oé))Hﬁ(T% +o(1)), 0<f<L

Proof of Lemma([D.2] Denoting E; := {X N Kgup =0,0af € K’t}, we have with probability at least
1—q,

Reg(T) < 2c,to+L Y X[ (0a; — 0a,)

to<t<T
<ty t LS XT(Bar — o)1l sup [0 — o) < 22 gy
to<t<T 1€ Kopt Vit
<2to+L Y X0 —0u 1 swp 10,01 < D o, < OO gy
to<t<T 1€ Kopt t t
< 2¢tg+ L Z Ml{At < M}.
to<t<T Vit Vit
2LCpU(a)

Let A, = 1{A; < }. Then A, is a sequence of independent 0-1 valued random variable

QLOBU()(Q)
Vi

such that P(4; = 1) < «( )8. Then Hoeffding’s inequality implies with probability at
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least 1 — av,

3 %Atg]E[ > ;%At]Jr\/m)'

to<t<T 1<t<T

1 1
Notice that E[}, ;7 ﬁAt] < CLCpyUp(a)logT when 3 = 1 and E[} ;7 ﬁAt] <
Cﬁ(LCBUO(a))BT%ﬂ when 0 < 3 < 1. This completes the proof. O

Given Lemma|D.2] we need only show that for both the private OLS estimator and the private SGD
estimator, we can find the corresponding s, to and Up(a).

hsu !
Lemma D.3 (Result of OLS estimator). Given hg = b and \g = (2LCB)_1(p—)1/ B ropt 1=
8LCp 27

| Kopt|/ K, under the (3,)-margin condition ,

B CBoc+0es 2
%0 = CK(min{)\o, ho}p/HlTopt) (d+ log(TK/a)),
to = QKSO,
K(Cgoe+ 0c5)y/d+1og(TK /)
Uo(()é) = Iﬂp/ .

satisfy the requirements in Lemma|[D.2]

h ) /
Lemma D.4 (Result of SGD estimator). Given hg = —2 and Ay = (2LCE) " (£-)/5, rops =
SLCB 2’y

| Kopt|/ K, under the (8,~)-margin condition,

Krad 2
=C ’ log(KTlog(KT
» (C/izp’roptmin{)\o,ho}> 0( og(KT)/a),
to = Kso+1,
K+/log((KTlog KT)/a)r
UO(OZ)ZC \/ g(( CM; )/ )E,d’

satisfy the requirements in Lemma|[D.2]

Then Theorem .| follows from combining Lemma [D.2] [D.3|and [D-4]. O

Remark. Notice that in the statement of Lemma [D.3| and Lemma there exists a term Topt.
That is because of our assumption P((vT X)?1{X; € U;} > x;/K) > p'. In fact, a more natural
assumption should be P((vI X)?>1{X; € U;} > ki/|Kopt|) > p'. In that case, we have rop = 1,
which leads to more refined results.

The proof of Lemma and Lemma needs the following result: For a fixed 8 € (0,1],
/

hsu — A
we define hy = -0 = (2LCp) ()% A = {supics,, 00 = Oill < dok Ho =

{sup;eix 10ks0,i — 0:]] < ho}-

opt

Lemma D.5. Define F; the filtration generated by { X;};cp,{€i}icjy) together with all randomness
from {1);};c1y). Then we have:

/
. R .
)\min(E[Xtth{at = Z}|]:t_1]) > pTI(l 1At—11H07 Vi € Kopt~

21



Proof. We have for every unit vector v
E” X X[ v1{a; = i}|Fi_1]
>1H°K [1{|UTX1{X25 €U > ri/K,ar =i, Ay_1}|Fy_1]

>1p, E[1{|vT X1{X; € U}|®? > ri/K} — 1{a; # i, X, € Uy, Ay_1}|Fi_1]

]‘At IK
Z]‘HO]‘At—I?[p/ — ]P’({at # i,Xt S Ul} N HO n At—1|ft—1)]~

P({a; #1, X € U} N HoyN Ap—1|Fio1) = 1p1a, P{ar # 4, Xe € Uiy N E N Ay 1| Feq)
< 1At—11H0P(At < QLCB/\())
< 1At,11H07(2LC’B)\O)ﬁ
/

p
< lAt_11H057

where the last inequality is by the choice of A\g. Then the proof is finished. O

D.2 Proof of Lemma[D.3

We first establish the lower bound of the sample-covariance matrix sampled by the greedy action
based on the following matrix-martingale concentration result:

Lemma D.6 (Theorem 3.1 in [40]). Let 2',. .., 2t be a sequence of random, positive-semidefinite
d x d matrices adapted to a filtration F}, let Z; := Zzzl 2t and Z; = Z§=1 E[2!|F!_,]. Suppose
that Amax (2%) < R? almost surely for all i, then for any p and o € (0, 1),
1

R2
(1 —a)t-« I

]P)P\min(Zt) S (]- - a),u, )\min(Zt) 2 ‘LL] § d(

Now we can show the following result:

Lemma D.7. Fort, <ty € Nsuch that (t2 —t1) - Zl[}; > 10C% log(d/o), for a fixed i € [K] w.
have
ta
POwin(> XXl {ar =i} < 20, sup (10— 6]l < Ao, Ho) <

t=ty t1 <t<t2,i€Kopt

Proof. Denote Sy, 1, = N¢, <¢<t, A¢, by Lemma[D.5| we have

ta

. K,
Auin (Y ELX XT L{a, = i} Fooa]) Z 1, 1p, 2}?

t=t1 t=t1

That implies
. t —to
P(Amin X XI1{a; =i}) < 'Sy 1., H
( (tZZtl t<x¢ {at 7’}) = 4K RIp t1,to 0)
2 th —t2 kip
<PAmin(Y_ Xe X 1{a, = i}) < ?mp',E[XtXtTl{at = i}|Fia]) > (b2 — 1) 5)-
t=t;
. rp'
Then selecting « = 1/2 and p = (o — t1) - 1 o Lemma|D.6| we have
2
Amin (Y Xe X[ 1{ar = i}) < (t2 - tl) Stl t2, Ho) < d( /2)10]%(1’) <a
t=t; e
That leads to the claim. O
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In warm up stage, we have the following lemma.

1
Lemma D.8. As long as so > C(ropikip’) 2 max{log —, d} for some absolute constant C, we have
a

with probability at least 1 — «,

KSO
2
Amin 1{a, =i} X, XN 1< —=  VielK].
(; {a; =i} Xi Xy) = o Tomrt i€ [K]

Proof. Since X are i.i.d. for (i — 1)sg + 1 < t < isg, using classical concentration results for
i.i.d. sub-gaussian covariance matrix result (e.g. Theorem 6.5 in [42] ), we have when sq >

1
C(roptrip’) 2 max{log —, d}, with probability at least 1 — «,
o

KSU

1 , d d logl/a 10 1/
15> tar = XXT —EIXGXTI] < ea(y S+ D)+ cpma 21 1ELL2,

t=1 So
| d [log( 1/a

< ToptP K/Z/Q-

On the other hand, we have by Markov’s inequality
AminE[XleT] Z Z AminE[XleT]-{Xl S Ul}] 2 Topt'y‘:lp,-
1€ Kopt
Thus we have with probability at least 1 — «

Kso
mln Z Xt > S0ToptP '%l/2

Now we can claim our first result about the private OLS-estimator in the warm up stage:

Lemma D.9. Selecting sy as in Lemma[D.8|. For the warm up stage with private-OLS-estimator and
length K sg, we have for any oo > 0, with probability at least 1 — «,

(4CBoc + 0-6)y/t(log(3F) + d)
sup 16;: — 03] < - holds for all Ksy <t <T.
€K S0P ToptRi

Proof. Denote Uy = Y\ (1{as = i} X XT +(1{as = i,5 < Kso}+1{s > Ks0})W,)+&V/tly,
we have
t
Ori = U (O 1{ae = i} Xays + (H{as =i,5 < Kso} + 1{s > Kso})s)
s=1
t
=U; ' (O 1{as = i} [XXT0: + Xoe] + (1{as = i,5 < Kso} + 1{s > Ks0})&,)
s=1
t

=0, + Ut_l(Z(l{as =i} Xses + (L{as =i, < Kso} + 1{s > Kso})(&s — Wb;)) — 5\/7?[6191).

s=1

By HZKSO 1{as, = i}W, + Z’;:KSOH Wil < éVt,VKsyg <t < T,i € [K] with probability at
least 1 — o, we have with probability at least 1 — 2a,

KSO
2
Amin ()] 7! < Ain Ha, =i} X, X' < —"— VKsg<t<T.
Poin ()17 i (3 Uy = XX < Z 0, Wl <1
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On the other hand, we have by the concentration of sub-gaussian random vector, the following bounds
hold with probability at least 1 — o/ (T?K):

t
1" 1{as = i} Xoei]| < CCpoer/t(d + log(TK/a)), (17
s=1
t
||Z(1{as =i,5 < Kso} +1{s > Ks0})&| < Co. 5/t(d + log(TK/a)), (18)
s=1
KS()
1> 1{as = i}W.0; + Z W.0;|| < &Vi|6:]| < Coecsy/t(d+log(TK/a)).  (19)
s=1 s=Kso+1
Gathering all bounds together, we have with probability at least 1 — (2 + ﬁ)a,
A 2C
sup [|0¢; — 0i]| < ———(Cpoc + 0575)\/t(10g(TK/a) +d).
i€[K] S0P ToptKi
That finishes the proof. O
Lemma D.10. As long as
Cpoc+0c5 2
>C : d+log(TK
0 2 OR (Lo OO ETe 20 4 10g(TK o)
we have with probability at least 1 — «,
sup ||0xso,i — 0:]]2 < min{Ao, ho}, (20)
1€[K]
sup ||ész — 0;]l2 < Ao holds uniformly for Kso < s < (K + 1)sq, 21
1€ Kopt
K(Cgo. d+log(TK
K (Cpoc+ 0e5) VA +108(TK/Q) _\ )i toratlt > 26K s, . (22)

Vit — Ksokip'

Proof. To show (20),(ZI), we can just plug the value of s into the upper bound in Lemma[D.9] @)
comes directly from the value of sg.

Now, we can show the following result:

Lemma D.11. With the choice of s same as in Lemma- fort > Ksg, denotet’ =t — Ksqand
to = 2K sq, we have if

Hy holds and ||0y,; — 0;]|5 < min{U,(a), Ao} holds uniformly for i € Kop to <s<t,
v 2
with probability at least 1 — Zj 1 2 — @, then

Hy holds and ||9Am — 0]z < min{US(a), Xo} holds uniformly for i € Kop,to < s <t+1,

41 2
+ —a«, where

with probability at least 1 — ijl >
J

- K(Cpoe+ 0c5) d+log(TK/a)
Us =C
() -t

Proof. Denote Sz, , = {[|0s; — 0;]| < min{Us(a), o}, VK € Kop,Vio < s < t}, A =
{supicx,,,[10:4 — 0:]| < Ui(a)} , we have by Lemma|D.]

t'kip’ S o

t
P(ng,hHOv)\min(ZXsXsl{as = Z}) > SK ) >1-— W

s=1
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Applying the inequalities (T7),(I8) (I9), we have

t’ t

2 3«

P(Ho, S, 1 Arp1) = 1= FO g T > P(Ho, S, 1 Arit, Amin(Y XX 1{a, = i}) <

; 27?
Jj=1 1€Kopt s=1

S

t+1

1—22—(1

By the selection of sq , we have Us(a) < Ao forty < s <t+1,and as aresult, P(Hy, Sfo,t+1) =
P(Ho, S, 45 Ay, 1). Thus the claim holds. O

Proof of Lemma([D.3] Lemma|D.3|is implied directly by Lemma[D.TT]and Lemma[D.T0}

D.3 Proof of Lemma[D.4]

Proof. For the estimator 0 Kso.,i at the end of warm up stage, since the action is independent of the
contexts, every 6 Kso,i €an be seen as an output of performing private gradient descent over s i.i.d.
samples. Without loss of generality, we perform the analysis for the parameter of the first arm 6 Kso,1
(notlce that by the sampling strategy in the warm up stage, we have O s0,1 = 990 1). The result for
other 9sz can be established using the same argument. For 2 < ¢ < s,

10ei — 0:11% = 110c—1.5 — mede — 0:]|>
= [0—1,i — 0il|® — 2107 (Br—1.5 — 03) + 207 | 3|
Here §; := \Pg[(u(XtTém) — r¢)X¢], by the unbiasedness of U, in Lemmawe have
B[ ((1(X] O—1.6) = r0)Xe)" (Br—1 — 0;)| Fo1]
= E[(u(X{ 0r—1,0) — (X7 0:) XE (Gr—1 — 05)| Foi]
> CE[[X] (Bi—1,i — 0:))*| Fo-1]
> ChiToptD |01 — 0i)°.

We get

1615 — 0117 < (1 — 2Cropekap’ne) [0s—1,5 — Ol|* + 200 (EGe| Fim1] — G6) " (Gs—1,5 — 0;) + 207 (| 3¢ |-

Notice ||§¢|3 is upper bounded by 7’5’ 4 Now using the same argument as in the proof of Proposition
1 of [28]] leads to the following result:

Lemma D.12. Ifwe pick n; = 1/(ropiCrip't) in the warm up stage, then with probability at least
1—oq,

log(log(KT)/8) + 1)r2
sup ||0K507, 9¢||2§C( g( g( )/) )55

(23)
i€[K] C2Rird ™ s0

Notice that in our algorithm, when ¢ > Ksq, for any ¢ € K, the private gradient descent formula
is given by

010 = 0,10 —mdr,

25

t'kyp’

4
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with g, = 1{a; = i}g:+1{a; # i} ¥ (0). Again without loss of generality we assume that 1 € K,
and we provide the analysis for 7 = 1, the argument is same for other ¢ € K, p;:

E[G7 (0i—1,1 — 01)|Fi1]) = E[1{a; = i}§7 (O1—1.1 — 61)|Fi-1]
= B[1{ar = i} (X[ 0 11) — (X7 0:) XL (01,1 — 61)| ]
> CE[1{a; = i}[X} (6i—1,1 — 61)]°|Fi 1]
> 1a, b, Chip nel|fr-11 — 61]|°/ K
select gy = K/(Crip't’), witht' =t — (K — 1)so we have then
2K Kre q
Crp't! Crup't!
If we denote S; := N’_ sy As» then using the above inequality recursively until ¢ = Ko + 1(i.e.
until ' = so + 1) , we have

(B[geFem1] = 30) " (Be—1,1 — 01) + 2( )2

. 9 .
[6s1 — 6115 < (1 — ylAt,Ho)Hgtfl,l — 61>+

50(s0 — 1)
v —1)
oK i

+ ElGs|Fio1] — 35) T (0s_1.1 — 61).
(' — 1)t/ Cryp! S:KZSO+1( [g | F 1] gs)" ( 1,1 1)

Then it follows from the same proof as in Proposition 1 in [28]] that for any fixed Ksg < t < T, we
have with probability at least 1 — /T,
80(80 — 1)
vt —1)

K?"E’d
Crp't!

Ls,_y.mll0e1 — 01 < 1050, — 011 + 2( )

K?(log(TK log(TK)/a) + 1)r2
C2Kl2p/2t/ ’
24

s,y ll0e1 — 01 < 10xcs9.1 — 01]* + C

K2(log(TK log(TK)/a) + 1)r2
Now choose sg > 2C ( 2g( 55 /g2( - )/a) 2) E’d, so that the second term in (24) is less or
ToptCARTD min{ g, ho}
equal to \g/2, we have P(Sk,+1, Ho) > 1 — 2 by (23). And by calling (24) recursively we can

oK
get P(Sy_1, Hy) > 1 — 200 — TS% > 1 3a,YKsy < t < T. Then with probability at least

1 — 3a, we have
K?*(log(3TK log(TK)/a))r2 ,

0,1 — 601> < C L VKsg<t<T.
== O g (5 1w e
—1) » — 1) min{ g, h
The above inequality is because the term S;E:/O]-))QKSOJ — 612 < St(;gflo 1)) min{ 207 0}’
which can be absorbed into the constant C'. O

E Proof of Theorem

In this section, we would give a proof on the Theorem [3.2]by combining the argument in [22] and the
divergence contraction inequality in [[15].

Proof of Theorem[3.2] Consider the two-arm stochastic contextual bandit environment: for each
d-dimensional context ¢ = 1 or 2, zy; ~ N(0, %Id) independently. If choosing action ay
at time t, the reward y,; is generated via y; = xtT,atG + € with €; ~;;q N(0,1). Given
any fixed e-LDP bandit algorithm 7 with ¢ < 1, we denote its decision at t-th step by a,
by definition a; can be seen as a function of current contextual x; 1,2 and all history out-

puts (1,41, Y1, T2,a0, Y25 - - - » Tt—1,as_1, Yt—1)- Since the algorithm is under the e-LDP constraint,
each a; can only access Sy = (Mi(z1,4,,y1), M2(Z2.0a5,Y2), s Mi—1(Tt—1,a, 1, Yt—1)) With
Mj, ..., M;_; asequence of e-LDP mechanisms. We denote the distribution of S; by Q}, and we
have

EonqoEG, [(Tt.ar — Tta,) Ol2e1, 2e,2]]

25
=Eonqo(z11 — 4,2)70) 4 Qh(ae(Se, me) = 2) + (w2 — 61)" 0) 4+ Qp(ar(Se, ) = 1)), @
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where (z) denote max{z,0} and Qo denote the uniform distribution over AS{™* with A > 0
some positive number to be determined, we define @1, ()2 as

dQi _ ((wea —22)"0)y  dQ2 (w12 —241)70)4

dQo Zo TdQo Zo ’
where Zo = Eq, [((711 —2¢,2)70) 1] = Eg, [((w¢,2 — 24,1)70) 4] is the normalization factor. Denote
re = ||Te1 — e 2], ur = r;l(xm — Z¢2) , then the right hand side of (23) is lower bounded by

= Zo(Q1 0 Qf(ar(Se, 21) = 2) + Q2 0 Qp(ar(Sy, 1) = 1))
> () Zo(1 = TV(Q1 0 Qp, Q2 0 Qp))

>y 5 exp(-Dice(Q1 0 Q512 0 @5)

Zy
=) 5 = exp(—Dic(Q1 © Q)1Q1 0 Q) _yu79)u,))

Zy
(@) % exp(~Eq, [Dxr(Q5llQh_s(uroy,)): (F1)

where D, (+||) denote the KL-divergence, T'V (-, -) denote the total variation distance and Q; o Q}
means Egq, [Q]. The (a) inequality comes from the fundamental limit of two-point testing (see e.g.
Section 15.2 in [42]), and the (b) inequality comes from Lemma 2.6 of [41], the (c) equality comes
from Lemma 8 in [22]] and the (d) inequality comes from the strongly-convexity of KL-divergence.
Now by chain rule of KL-divergence, the divergence contraction inequality in Theorem 1 of [15] and
the formula of KL-divergence between Gaussian distributions, we have

t—1

Drr(@Qb1Qh-swraye,) = Y Bos 1 [IDRL(PS (1S ) 1Py _s(uraya, (15s-1))]

s=1
t—1
C/ e
<> 5 (e = D*(2(ug 0)*[lu]|?)
s=1

By the argument of in [22], we have (EI)) is lower bounded by

t—1

’/‘tA (6 —1 2A2
C\/gexp(—C F ut thatxtat Ug).

Now taking expectation over x¢ 1, Z¢ 2, and using the convexity of function f(z) = exp(—x) we get

A Cef —1)2A%
:Uzjat] > C\/aexp(_ ( d2) )

]EwEQ]EQé [xt,a; —

Selecting A =< and taking summation over 1 < ¢ < T leads to Q(vTd/(e® — 1)) lower

_da
(ec — 1)Vt

bound, finally noticing e — 1 < Ce for € < 1 leads to the desired lower bound when ¢ < 1. O

F Additional Experiments

In this section, We evaluate all the four methods on two different privacy levels ¢ = 0.5 and 1 in
a larger scale scheme. To be specific, for single-param setting we increase dimension d to 20 and
increase the number of arms K to 20; for multi-param setting we increase dimension d to 10 and
increase the number of the arms K to 10.

In this simulation we change the learning rate scheme of LDP-SGD from 7; = ¢1d/(x;(p«t) to
0y = cod/(Ki1(p«+/t) for some cy > 1 for its better empirical performance, while other details in data
generation process are the same as in Section[5} The first and second columns in Figure [3] are for
single-param and multi-param settings, respectively, which are simulation studies on linear bandits.
As we can see the proposed LDP-OLS and LDP-SGD algorithms can still achieve better performance
against their competitors under different privacy constraints.

27



10§ingle—param (e =0.5, K =20,d = 20) 10&\/Iulti—param (e=0.5,K =10,d =10)
1.5

Cumulative Regret

0.2 0.4 0.6 0.8 1
Time 106 Time 10°

LDP-SGD —+— LDP-OLS — LDP-UCB -::--- LDP-GLOC

105Single—param (e=1,K =20,d=20) Multi-param (¢ = 1, K = 10, d = 10)

-10°

1.5

Cumulative Regret

0 T T T T
0 0.2 0.4 0.6 0.8 1

Time 106 Time .10°

Figure 3: Simulation study in larger-scale scheme. We perform 10 replications for each case and plot
the mean and 0.5 standard deviation of their regrets.

G Auto Loan Experiment Details

We use the same features selection as in [1} [11] in the dataset and select FICO score, the term of
contract, the loan amount approved, prime rate, the type of car, and the competitor’s rate as the feature
vector for each customer. Note that a description of the data set (with descriptive statistics on the
demand and available features) is available in [1]. The objective is to offer a personalized lending
price (from a range of choices) based on personal information such as FICO score to a customer who
will either accept or reject it. In contrast to linear bandits, the binary reward is non-linear. Therefore
we leave LDP-UCB and LDP-OLS out of considerations. To formulate a bandit environment, first we
need to recover the underlying true parameter. Since the lender’s decision, i.e., the price for each
customer, is not presented in the dataset, we follow [} [11] and impute it by using the net-present
value of futher payment minus the loan amount, i.e.,

Term
p = Monthly Payment x Z(l + Rate )™” — Loan Amount .

T=1

After imputing the loan prices, to represent customers’ binary loan choices, we employ the logit
demand model. To be specific, given a price p and a context x € RY, the binary variable apply

takes value of 1 with probability %(p”()v) and takes value of 0 with probability H%p(v) where

the linear predictor v = (x, pz)T#*. We conduct one-hot encoding for categorical features in the
dataset and use the python package sklearn [25] for the estimation of the underlying parameter 6*.
We use the interval [0, 25000] as the feasible region of the prices, which covers the lending prices
computed from the dataset, and we discrete the feasible region uniformly into 25 options {p; };c[25)-
We use LDP-SGD and LDP-GLOC to sequentially compute the loan prices for the 100,000 with
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randomly selected customers in the dataset , and compute the company’s expected regret based on
the population model mentioned above under two privacy constraints scheme € = 0.5 and € = 1.

Real Data (¢ = 0.5) Real Data (¢ = 1)

.104 -10%
------ LDP-GLOC

6 LDP-SGD 67
B
g
24 4
B
s
]
£
S
O 24 2

0 T T T T 0 T T T T

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time .10° Time .10°

Figure 4: We perform 10 replications for each case and plot the mean and 0.5 standard deviation of
their regrets.
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