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A  Proofs

A.1 Proof of Theorem

Proof. We first rewrite L,; as a matrix decomposition objective
2
Etri(f) = _QEm,z+f(m)TSf(x+) +E.E,- (f(x)TSf(x ))

2
= Z (‘D‘A:va’H + Dy Dyrgy (f(x)TSf(xl))Q — QAxm’f(l‘)TSf(.’L‘/)> + const (16)

= ||A- FSFT|>.
According to the Eckart-Young Theorem [Eckart and Young}, [1936]], the optimal solutions F™*, S*
satisfy
F*S*(F*)T — UkE(Vk)T,

where ¥ € R**¥ is a diagonal matrix with the k-largest eigenvalues of A and U € RY** contains
the corresponding eigenvectors of the k-largest eigenvalues. When the regularizer Lpe. is minimized,
F* satisfy (F*) T F* = I. In the next step, we prove the uniqueness of the optimal solution.
We denote H = F*S(F*)T. As (F*)TF* = I, we obtain HH " = F*S*(S*)T(F*)T.If ¢, o are
a pair of eigenvector and eigenvalue of HH ", we have

HH'¢=F*$*(8")" (F)'¢ = a¢,

S5 T =a(F)TC, (17)

SHS)T((FNT) =0 (F)7C)

So the eigenvalues of HH " are the eigenvalues of S*(S*) . As the positive eigenvalues of HH "
are uniquely determined and S* has a descending order, S* is also determined and S* = 3.

We note that HH " = F*S*(S*) " (F*)T,i.e., HH'F* = F*S*(S*)T, which means that the k
columns of F'* are the eigenvectors of HH ' and the corresponding eigenvalues are o7 - - - 0. As

HHT only has k different non-negative eigenvalues o, - - - , 0, the eigenspace of each eigenvalue
is one-dimensional. When we consider the real number space, any two eigenvectors (;, ¢! of the

same eigenvalue o; satisfy ¢; = cC/. As (F*)T F* = I, we obtain ¢ = £1. As f(z) = \/%Fm, we
obtain -

1
Dmc

fi@) == (U3);,5" = diag(on, ..., %), (18)

O

A.2 Proof of Theorem 3.1

We first introduce a lemma which theoretically guarantees the generalization performance of spectral
contrastive learning.

Lemma A.1 ([HaoChen et al., |[2021]]). For the optimal solutions to spectral contrastive learning
(SCL), we have

(07

)

E(fser) < O(

where we denote o as the probability that the natural samples and augmented views have different
labels, i.e., « = Bzop, By a(z)1[y(Z) # y(v)] and o141 as the (k + 1)-th largest eigenvalue of

1 =0kt

the normalized adjacent matrix A.

Then we construct the generalization guarantee of tri-contrastive learning.

Proof. Following the proof of Theorem[4.5] we know that the optimal solutions learned by triCL are
Fr=U*
S* =diag(oy,- - o).
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So we know that the optimal encoder of triCL satisfies, Vo € D

1
\/Da:x

Compared with the optimal solutions of spectral contrastive learning (Eq. [2), we know

(diag(o1, - ox)R) " fricr (@) = ficL (@), (19)

where f7 .1, f5c denote the optimal solutions of tri-contrastive learning and spectral contrastive
learning. As diag(oy, - - - o) R is an invertible matrix, we then prove that the invertible matrix can
be absorbed in the linear probing. We denote diag(oy,- - ox)R as Q and we denote the linear

classifier as B, i.e., g(f(z)) = f(z)T B. For a linear classfier B, let B = BQ~'. We then obtain
firicr(@) B = fscp ()" B.
So

(@) = wh "

Efivior) = E€(f50L)-
With lemma[A.T] we have

(6
E(fE. <O(—).
(ftrzCL) = (1*O—k+1

A.3 Proof of Theorem

Proof. Based on the proof of Theorem[4.5] we know that the ¢-th dimension of the optimal solutions
satisfies

F* =Uf,
S; = diag(ay,---o1):.
With the analysis in Eckart-Young theorem [Eckart and Young| [1936], we have

1A = FFSE(ED) T3 = | A = Uf diag(on, -+ 0x)e(UF) |17
t—1 k
DR I

i=1 i=t+1

As o is the i-th largest eigenvalues of A, so
|A = FyST(F) M7 < - <[ A= FSp(F) 13-
Following Eq[I6] we obtain
Levicr(fi, Se) = [|1A = FfSE(FF) |3 + const,

we obtain

LivicL(f1,57) < -+ < Luicr(fr, Sk)-

A.4 Feature Identifiability of Asymmetric Tri-contrastive Learning

We first extend the augmentation graph to an asymmetric form. The asymmetric augmentation graph
is defined over the set of all samples with its adjacent matrix denoted by Pp. In the augmentation
graph, each node corresponds to a sample, and the weight of the edge connecting two nodes x 4 and
x g is equal to the probability that they are selected as a positive pair, i.e.,(Po)z, o, = Po(Zq, Tp).
And we denote P as the normalized adjacent matrix of the augmentation graph, i.e., (Po)g, o, =

Po(za,zp)”
PA(LEQ)PB (Ib) :

13
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Similar to the symmetric form, we then rewrite L;; as a matrix decomposition objective

Loilfa f5,S) = —2B, 1, fa(wa) " Sfp(m) + B, o (Falay) Sp(x;))"

-y <7m T Para) P () (Falra)T SFa(en))

Tq,Th
—2Po(zq, xb)fA(xa)TSfB(xL)) + const
= ||Po — FASFS %

According to the Eckart-Young Theorem [Eckart and Young||1936], the optimal solutions F'}, S*, F'5
satisfy

Fi8*(Fg)T =US(VM)T,

where . € R¥** is a diagonal matrix with the k-largest eigenvalues of Pp and U € RN4** contains
the corresponding eigenvectors of the k-largest eigenvalues. When the regularizer Lpe. is minimized,
F% and F}; satisfy (F5) " F5 = I, (F5) " F, = I. In the next step, we prove the uniqueness of the
optimal solution.

We denote H = F3%F%, and we obtain HH ' = F3S*(S*)T(F3)". If ¢, o are a pair of
eigenvector and eigenvalue of HH ', we have

HH'(=F3S*(S") " (Fx) "¢ =0,
S*S) T (FR) ¢ =a(F})T¢, (20)
S*SHT((FR)T¢) =0a ((F1) Q).

So the eigenvalues of HH T are the eigenvalues of S*(S*) . As the positive eigenvalues of HH "
are uniquely determined and S* has an increasing order, S™* is also determined and S* = .

We note that HH " = F48*(S*)T(F})T,ie, HHTF} = F45*(S*) ", which means that the k
columns of I’} are the eigenvectors of HH T and the corresponding eigenvalues are o1 - - - 0. As
HHT only has k different non-negative eigenvalues o, - - - , 0}, the eigenspace of each eigenvalue
is one-dimensional. When we consider the real number space, any two eigenvectors (;, ¢! of the
same eigenvalue o; satisfy ¢; = c(/. As (F;) " F; = I, we obtain ¢ = +1. Then we eliminate the
ambiguity of sign following Eq[TT|and F'} is unique. Similarly, F; is also unique. So the optimal
solution of Licr1p 1S unique.

B Experimental Details

B.1 Experiment Details of Section [6.1]

We first generate a random matrix A with size 5000 x 3000, and make sure that it does not contain
multiple eigenvectors (which is easy to satisfy). For the matrix factorization problem ||A — FG T ||2,
we apply off-the-shelf algorithms and repeat this process ten times. We then calculate the mean and
variance of the /5 pairwise distance between the obtained solutions of F'. For the trifactorization
objective ||A — FSGT||%, we use SVD to obtain an initial solution, and apply the sign identification
procedure to determine the sign of each eigenvector. Similarly, we also repeat this process ten times
and calculate the mean and variance of the [, pairwise distance between different solutions.

B.2 Experiment Details of Section [6.2]

Pretraining Setups. For different evaluation tasks (k-NN, linear evaluation, image retrieval), we use
the same pretrained models. We adopt ResNet-18 as the backbone. For CIFAR-10 and CIFAR-100,
the projector is a two-layer MLP with hidden dimension 2048 and output dimension 256. And for
ImageNet-100, the projector is a two-layer MLP with hidden dimension 4096 and output dimension
256. We pretrain the models with batch size 256 and weight decay 0.0001. For CIFAR-10 and
CIFAR-100, we pretrain the models for 200 epochs. While for ImageNet-100, we pretrain the models
for 400 epochs. We use the cosine anneal learning rate scheduler and set the initial learning rate to
0.4 on CIFAR-10, CIFAR-100, and 0.3 on ImageNet-100.

14



511
512

513
514
515
516
517

518

519
520
521
522
523

524
525
526
527

528

529
530

531
532
533

535
536

537
538
539

As the importance matrix is learned on the projection layer, we conduct the downstream tasks on the
features encoded by the complete networks (containing both the backbones and the projectors).

The Distribution of the Importance Matrix. When observing the distribution of feature importance
discovered by the importance matrix .S, we first apply the softmax activation functions on the
diagonal values of S and sort different rows of .S by the descending order of corresponding diagonal
values in S. We denote the non-negative ordered diagonal values of S as (s1,---,sx). When
we present the distribution of them in Figure 2(a)l we normalize the diagonal values and obtain

(sl/ij1 Sy 78k/§:1 8i)-

The K-NN Accuracy on Selected Dimensions. For k-NN evaluation on 10 selected dimensions, we
do not finetune the models. We sort the dimensions of f(x) by the descending order of corresponding
diagonal values in the importance matrix. The k-NN is conducted on the standard split of CIFAR-10,
CIFAR-100 and ImageNet-100 and the predicted label of samples is decided by the 10 nearest
neighbors.

Linear Evaluation on Selected Dimensions. We train the linear classifier on 20 dimensions of the
frozen networks for 30 epochs during the linear evaluation. We set batch size to 256 and weight
decay to 0.0001. For triCL, we sort the dimensions by descending order of the importance matrix.
And for SCL, we randomly choose 20 dimensions.

C More Extensions of Tri-contrastive Learning

In this section, we apply tri-contrastive learning to another representative contrastive learning objec-
tive: the non-contrastive loss [Grill et al., 2020, |Chen and He, 2021]].

Besides contrastive learning, non-contrastive learning is another popular self-supervised framework
that throws the negative samples in contrastive learning and learns the meaningful representations
only by aligning the positive pairs. Taking the state-of-the-art algorithm BYOL [Grill et al., 2020 as
an example, they use an MSE loss:

g(x)" f(a™)
lg(z)ll2 - [1f (@)’ 2D

where g(z) and f(z) are two different networks to avoid the feature collapse. Then we consider
adapting the tri-term loss to the non-contrastive learning, i.e.,

9(@)"Sf (")
lg(@)ll2 - [1f (z*)]l2

It is noticed that BYOL utilizes the stop-gradient technique on the target network f and it is updated
by exponential moving average. So we only calculate the feature decorrelation loss on the online
network g.

EMSE(fv g) =2-2- Ea;w‘*’

Luoivse(f,9) =2—-2-E, .+ + |[Esg(z)g(z) " — IH2 ) (22)
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