A (Near) Tightness of stochastic oracle complexity bounds for the sharp case

In this section, we briefly discuss lower bound reductions which imply that our results for Lipschitz
sharp setups are unimprovable in terms of the dependence on ¢e. To keep the discussion simple, we
only focus on the € dependence here and unconstrained settings The near-optimality of our bounds is
implied by the known lower bound for the optimality gap in L-smooth p-strongly convex stochastic

optimization, which is of the order (% e ) in the high noise o2 or low error € regimes; see, for example,

the discussion in [19] (the omitted part of the lower bound comes from the deterministic complexity
of smooth strongly convex optimization and is less interesting in our context). The same lower bound

implies a lower bound of Q( % ) for minimizing the gradlent of a smooth strongly convex function
f. Suppose not (for the purpose of contradiction); i.e., suppose that there were an algorithm that

constructs a point x with E[||V f(x)||?] < € in o(%j) oracle queries to the stochastic gradient. By
p-strong convexity of £, this would imply that we get E[ f(x) —min, f(u)] < 2u E[|Vf(x)[?] < o
with o( % ) oracle querles to the stochastic gradient. Setting € = /€, we get that this would imply

oracle complexity o(—), and we reach a contradiction on the lower bound for the optimality gap.

Hence, Q( ) lower bound applies to the minimization of the gradient of smooth strongly convex
functions in stochastic regimes. Observe that the gradients of smooth strongly convex functions
are Lipschitz and strongly monotone (thus also sharp), so a lower bound for this problem class
implies a lower bound for the class of sharp Lipschitz monotone inclusion problems. Thus, we can
conclude that our result from Section E]for sharp Lipschitz monotone inclusion problems that gives

O( ?(utL) log(J|luo— /e )+ L% [lug—u*|*
pn3e

the dependence on ¢ and e (but suboptimal in terms of the dependence on the remaining problem

parameters, due to [[7}134]).

) stochastic oracle complexity is near-optimal in terms of

B Omitted proofs from Section

Lemma 2.1. Let F' be a monotone operator accessed via stochastic queries ﬁ under Assumptions
Then, the variance of F defined by Eq. (2.1) satisfies the following recursive bound: for all k > 1,

Bl — o) < g+ () (B P ) ~ Pl + wagﬁ“”})

Proof. Using the definition of ﬁ, conditional on Fj_1, we have for all £ > 1
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where Fj,_y = o({F (u;)}j<k—1) is the natural filtration, as defined in Section |§ Note that both
Ug—1 € Fr—1 and ug € Fj_1 by the updating scheme considered in this paper, so we have

| | Fowo —F<uk>H2|fkf1}

2
ZPkEzmm © ZF u, z; F(uk)H ]

T
559
~ 1 ~ ~ 2
+ (1 — pk) Ez(k) |:HF(11]€71) + W Z (F(u,“ Zl(k)) — ‘F(L].k;fl7 Z’L(k))) — F(uk)H i| .
2 i=1

Ta
(B.1)

Here we use E ) to denote taking expectation with respect to the randomness of random seeds

(k) LR P, sampled at iteration k.

For the term 77, we have

o |y > P ) |

(B.2)

] [ P

where (4) is due to z( ) p, and]E[ (ug, l( ))} F(ug).
For the term 75, we have

(k)
E.a [Hﬁ(mc Ut m Sz: ( uy, 2§ ﬁ(uk—lasz))) —F(uk)HQ}

0, bl 3 (P )~ o £99) ] [
+E.0 [HF(uml) Pl }

() E.w [% Z HF(uk> 1( )) ﬁ(ukqazi(k)) = (F(ug) = F(ug-1)) Hj

(Sz ) i=1

+E,m {Hﬁ(uk—l) - F(uk—1>HQ]v

where (¢) and (zz) can be verified by expanding the square norm and usmg the assumption that all

zgk) are i.i.d. and F(x, zi(k)) is unbiased. Since E[|| X — EX||*] < E[|| X|?] for any random variable
X, and using Assumption [3]for the stochastic queries, we have

S
A 2
zm[ (k)QZHFuk,Z ~ Plug1,2) = (Fug) = P(ue-)) | ]

s““’

2
ZE [P — Fup_1, 2 m < Lo lue — W
S(k) ® ks 2 z k—15 <4 Sék)
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So we obtain
Fo)

~ 1 2 ~ —~ 2
E.w [HF(ukq) +—m Z (F(uk,zgk)) — F(ug_1, zi(k))> - F(uk)H ]
Sy = (B.3)
L2 [|uy, — wy o |
S¢
Plugging Inequalities (B.2) and (B.3) into Eq. (B.1), we have

oo - oo 7]

~ 2
< [ Fue) = Pla)|| +

2
ag
<Pk

1 —pi) L2 lug — wgeq |)?

S5

Taking expectation with respect to all the randomness on both sides, and by the tower property of
conditional expectations, we now obtain

B[Pt - P[] < e ]+ 1 - [ o) - P
1

+ (1 —pr) Hﬁ(uk_l) _ F(uk—l)H2 N (

|ug *uk—lﬂj
b

S5

which leads to the inequality in the lemma when S ik) are deterministic, thus completing the proof. [J

+( —pk)LQE{

Corollary 2.2. Given a target error € > 0, if for all k > 1, pj, = ==, S%k) > (ﬁ},sg’“) >

k+1 pk€2
(B2, shen E[[| Flwe) = Flug)|)] < %

Proof. We prove it by induction whose base step is
2

pro? e
8

<é,
s

oo - o[ <2

where we use that p; = 1.

Assume that the result holds for all j < k; then by Lemma 2.1, we have that at iteration k

B[ Ao — P[]

o? ~ 2 wp — wp |
< pk(k) + (1 —Pk)E{ HF(UkA) - F(“kA)H } +(1 —Pk)LQE[w}
51 Sy
Plugging in our choice of py, Sik) and Sgk), we have
2 2.2 _ 2 2(1 _ 2
= pres | (L—pr)es  pi(l —pr)e
B[ [P - Pl ] <
(we) = Flw)l| | < T+ 57 +7 3
(@) p2e? - 2 (1) ¢2
Qo Uop)e L 1Yl
4 k1 k12 k+l k
where (i) is due to M < pigz , and (74) is because k(k +2) < (k -+ 1)2. Hence, by induction,
we can conclude that the result holds for all &£ > 1. O

C Omitted proofs from Section

C.1 Unconstrained settings

Our argument for bounding the total number of stochastic queries to F' is based on the use of the
following potential function, which was previously used for the deterministic case of Halpern iteration
in [12013]],

A
= FEIFI? + B (), we ). €D
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where { Ay }>1 and { By }r>1 are positive and non-decreasing sequences of real numbers, while the
step size Ay is defined by Ay := ﬁ. We start the proof by first justifying that a bound on the
chosen potential function Cj, leads to a bound on || F'(uy)|| in expectation. The proof is a simple
extension of [12, Lemma 4] and is provided for completeness.

Lemma C.1. Given k > 1, let Cy, be defined as in Eq. (C.1) and let u* be a solution to the monotone
inclusion problem corresponding to F. If E [Cy] < E [Ex] for some error term &y, then

By Ly,
Ay

N L
E [I1F ()] < =5 fhuo — w | E[IE )] + - E[&]. (€2)
where the expectation is taken with respect to all random queries to F.

Proof. By the definition of C, we have

E {HF(Uk)“ﬂ < BZJ;’“E [(F(ug), up — ug)] + %E €]
— Bzika [(F(ug),up —u* +u* —ug)] + %E [Ek]
_ Bzikaa (F(ug), up — u)] + BZ?]E (P (), u* — ug)] + fT’;]E (4]

Since u* is a solution to the monotone inclusion problem, as discussed in Section@ it is also a weak
VI (or MVI) solution, and thus

(VE>0) (F(ug),u* —ug) <0.

As a result,
By Ly, N Ly,
E[IF ()] < 2B [(F (), w0 —u)] + 2E[&]
k k
(Z) BkLk Lk
< El[||F —u* —FE
< LB o — ] + L E[E
i) BrL N L
W ZEEE gy —w || B[ Fwp)] + SEE (&,
Ak Ak

where we use Cauchy-Schwarz inequality for (z), while (i¢) holds because ||ug — u*|| involves no
randomness.

Using Lemma @, our goal now is to show that we can provide a bound on E[Cy| by appropriately
choosing the algorithm parameters. In the deterministic setup, it is sufficient to choose L, = O(L)
and \, = (9(%) to ensure that {A;Cy }r>1 is monotonically non-increasing, which immediately

leads to Cp, < %Cl. In the stochastic setup considered here, we follow the same motivation, but
need to deal with additional error terms caused by the stochastic access to F'.

We assume throughout that L is known, and make the following assumption on the choice of { A, }kz 1,
{Bk}r>1, and {Ly };>1, and provide a corresponding bound on the change of Cj, in Lemma Q
Assumption 4. {L};>1 is a sequence of positive reals such that Lj, > L for all k € N. Sequences
{Aj}r>1 and { By }i>1 are positive and non-decreasing, satisfying the following for all k& > 2:
Br_1 . By 1 <1 2By, ) . Ak—l
A Ap+ By’ Ly, A+ Bi)  ApLp_q

Lemma C.2. Let Cy, be defined as in Eq. (C.1), where { Ay, }1>1 and { By }r>1 satisfy Assumption
Let Ly, = 2L for all k > 1. Then, for any k > 2, we have
Ap — A1

2L

Cr—Cr1 < % HF(ukq) — ﬁ(ukq)Hz + <F(uk—1)7F<ulc71> - ﬁ<uk71>> .

Proof. By the definition of Cy,, we have

A
Cr — Ch1 = L—: IF(u)|* + By (F(ug), u — uo)
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Since the operator F' is cocoercive with parameter %, we have
(F(ug) — F(ug—1),ux —ug_1)

> — |[F(ug) = Flug_1)|?

S

1P () = Flaol* + (7 = 7-) 1P = Pl

&=

= IR = 2 (P, ) + 7 [Fe)]?

(3 ) 1P — Pl

By rearranging, we obtain
1 2
P < <F(uk>,uk Cw ot LkF(uk_1>> (F (g u— w)

1 2 1 1 2
— — |[Fu_)|? = (= = = ) |IF(u) = Flue_1)|?.
Lo F ) = (= 2 ) P ) - P
Multiplying Ay on both sides and plugging into Cy, — C,—1, we have
24
Cr,—Cr_1 < <F(uk), Ak(uk — uk_l) + T:F(uk_l) + Bk(uk - u0)>
— (F(ug-1), Ax(ug — ug—1) + Br—1(ug—1 — o))
(T T I )P = A = ) 1P ) = Pl

Since A\, = ﬁ, we have

Bk Ak 2 ~
= - —F _
A+ BT A+ B, (uk YL (s 1))’

which leads to Ag(ur — uk—1) + zﬁf F(ug_1) + Br(up —ug) = 2].1 (F(up—1) — F(ug_1)).
Further, as Bj’;: = % by Assumption we have
(F(ug—1), Ag(up —ug—1) + Br—1(up—1 — up))
By o — A — Bk—luk_1>
Ay Ay

g

= Ay <F(uk—1)7uk -

By, Ay,
= A, { F(ui_ — — _
k< (ug—1),up Ak+Bku0 Ak+BkUk 1>

= — A <F(uk1) 2’4’“13(11“)>.

" Li(Ag + By)
. 1 2B _ Ara .
Moreover, by Assumptlon we have ic (1 -7 +’;3k) = AL, sowe obtain

(F(ug—1), Ag(ur —ug—1) + Br—1(up—1 — ug))

2A; ~
— Ag <F(uk_1), MF(Uk_1)>

= - <F(uk1)> (%: + é::)ﬁ(ukl)>~

Since by hypothesis L;, = 2L for all £ > 1, we have
A ~ A+ Ap—1 ~
i~ Cor = (), P ) = Fluo) ) + (Flun, 5 Flu) )

af(

- % 1 () |* ~ % 1F(ug) = Flup-y)|?
D2 B~ Plugor), Fluer) — Flug)) — 25 [ Flug) — Flu)

- (Plowen), S5 (Pl - Flan) )
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where (i) is derived by rearranging and grouping terms. Using that 2 (p, ¢) — [|p||* < ||¢||> holds for
any p, g € R%, we finally obtain

A it (g ) Plaes) — Fl)).

thus completing the proof. O

Cr —Cr_1 < % HF(ukq) — ﬁ(ukq)Hz +

By Lemma if we choose A, = O(k?) and By = O(k) satisfying Assumption E, and take
sufficiently large size of samples queried to ensure that E[|| F(uy,) — F(uy) HQ] < < for k > 0, then
we can obtain O(1/k) expected convergence rate in the norm of the operator by induction. Observe
that we do not need an assumption that F is an unbiased estimator of F for any point except for the

initial one; all that is needed is that the second moment of the estimation error, || F'(uy) — F(ug)||3,
is bounded.

Theorem 3.1. Given an arbitrary uy € R?, suppose that iterates uy, evolve according to Halpern
iteration from Eq. (3.1) for k > 1, where L, = 2L and M\, = l%i-l Assume further that the stochastic
estimate F () is unbiased for u = ug and E[||F(ug) — F(up)||?] < %. Given € > 0, if for all
k > 1, we have thatE[HF(uk) - ﬁ(uk)Hz] < % then for all k > 1,

A
E[|F(u))[] < 57 + Ase, (3.2)

where Ag = T6L ||ug — u*|| and Ay = 4\/% As a result, stochastic Halpern iteration from Eq. (3.1)
returns a point uy, such that E[||F(uy)||] < 4e after at most N = (%W = O(M) iterations.
Proof. Observe first that the chosen sequence of numbers Ay, By, satisfies Assumption E, and thus
Lemma[C.2applies. Observe further that, by Jensen’s Inequality,
1
2.\ 2
EllIF(u)lll < (EIFu)?])"
and, thus, to prove the theorem, it suffices to show that there exists Ay and A; such that for all £ > 1

(Bl )" < 52 + A

We prove this claim by induction on k. For the base case k£ = 1, in which u; = ug — ﬁF(uO), we
have

¢ = 7 P + 2 (F(m),w — ) = 7 (1F@)I - (F), Fu)) ). (©3)

Further, since the operator F' is cocoercive with parameter %, it is also cocoercive with parameter ﬁ,
and thus we have

[P (a) = F(uo)|f* < 2L (F(uy) = F(uo),u — uo) = (F(ur) ~ F(uo), ~F(uo) )

Expanding and rearranging the terms, we have

1P () > < (F(uo), Flug) = Fuo) ) + 2 (F(ur), F(uo)) — (F(u), F(u))

Recall that, by assumption, E[F'(ug)] = F(up). Subtracting <F(u1), F (u0)> from both sides in the
last inequality and taking expectation with respect to all the randomness on both sides, we have

E[ P ()]~ (F(u), Flu)) |
< B[ {F(ug). Flug) ~ F(uy)) +2 (F(w). F(uo)) —2(F(uy), Flug)) |
_ 2]E[<F(u1), F(uo) — ﬁ(uo)”

9

< B[l + 2l ) - Frao|?)

=
=
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where for (i) we use Young’s inequality. Plugging into Eq. (C.3), we obtain that
~ 2
BIC)] < S [ ()| + 2| F(uo) — Fluo) ).

Note that Ay = By = 2 and Ly = 2L, by Lemma[C.T we have

B ()] < 25 o — w | BN ()] + 5755 1F )] + 27 (uo) - Fao) ]

= 9L [jag — | B F(w)[[] + B[ 5 | F ()] + 2] F o) ~ Fluo)[|*]

Subtracting E[3 || F(u1)]|”] on both sides and using that (by Jensen’s inequality) E[[|F(uy)]|] <
1
2

(E[||[F(u1)[|*])* and (by assumption) E[|| F(ug) — F(uo)]|?] < %, we have

2
2 % 5, €

E[[IF(u)]*] < 4L [luo — u*|| (B[ F(u1)[*)) * + 5

which is a quadratic inequality in (E[|| F(u;)||*])2. Bounding the solution to this quadratic inequality
by its larger root, we have

1 . 1
(B ()P} < 2L g — ] + 31622 g — w4 26

1
< 2L [lug — || + 5 (4L [juo — u’[| + v/2¢)
<A4Ll|jug—u*||+e€
S AO +A16.

This completes the proof for the base case. Moreover, we can get a bound for E[C;] as follows

Bl < 1E[3 IRl + 2 | Fu) — Fouw)|]
@ 1

3 2 ¢2
< —(24L2 lug — u*|? 72) i
*QL( lwo = w*"+ 5 + 73

2 €
=12L|ug —u*||" + T

where (i) can be verified by the bound we get above for E[||F(u1) || ] and by applying Young’s
inequality and that, by assumption, E[||F(ug) — F(u0)]||?] < 68 .

For the inductive hypothesis, assume that the result holds for all 1 < ¢ < k£ — 1, and consider iteration
k. By Lemma|C.2, we have for Vi > 2

(wi—1) — ﬁ(uifl)HQ + %

(Z) 51(z+ 1) ~ 2 i
ST pru F(u,_ H L
H e Ty

A
Ci—Ci-1 < 5T

<F(ui71),F(ui71) - ﬁ(ui71)>

2
£ (wi—1)[],

where we use Young’s inequality and A; = i(i + 1) for (¢). Taking expectation with respect to all
randomness on both sides and telescoping from ¢ = 2 to k, we obtain

E[C] < E[C1 + Z (MHF (wi-1) — Flui)|* + m ||F(11i71)|\2)}

ﬂﬁ;fﬁglemiﬂ—ﬁmiwr+&m+nuﬂmlm)} c

1=

2
€
+12L [lup — u*|* + 7
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Using that, by assumption, for k > 1, E[||F(u;) — F(u)||?] < %, we further have

k kom.g
5i(i 4+ 1) 2 5i(i +1) €2
F(u;- F(u;_ < — 57—
{Z P - P ] ; 20 i—1
(1) &= 5(i + 1)€2 (C.5)
v ot +1)e” .
< ; 7
5k +4)(k— 1)
B 2L ’
where (i) is because 5 < 2 for all # > 2. By induction, we have
5[y 7' F (1<) L 72A2 2AZe?

h\“ EM»

< 2 (A = (k—l)A%eQ) €5
_ 2 2
N %(AM + . Z)Ale )

where (i) follows from induction and =5 < 1, and (44) is due to ) |

k x2
12(11)§Zi1%:6~
Combining Egs. (C.4)—(C.6), we get

2 5k+4) (k-1 1 /A37%  (k—1)A%é
< w2, € 0 1 .
E[Ck] < 12L|jug —u*||" + — + 5 + ( + )

Applying Lemma|[C.T to the bound on C}, from the last inequality, we have

E[||F (u)|?]
BkLknu | B[ F ()]

€2 _ 2 2,2 _ 2.2
—|—%<12LHuo—u P+t 5(k+4)(k—1)e*  Ajm (k—1)Afe )

L 2L 24L AL
2L .
= w0 — w1 (up)ll

1 2 w2 2 )2 Agﬂz (k = 1ATe?
WD (2422 llug — w[]* + 262 4+ 500k + 4)(k — 1)e? + =0 4 IR0
© 2L i 24L2 lug — u*|)? A2 ,  A2r?
< 7 o —wBIF@ol]+ (Z—5 55—+ (3+ 505 1)¢ + 1)

, k1) (k— .
where (i) is due to k(k+1) < & % < 6 and k(k+1) < 5. Since E[||F(ug)]] <

(E[||F(uk)|| ]) by Jensen’s inequality, we have

E[ || F(u)]]

2L i 3 2402 |ug — u*|? A2 ,  AZr?
< 5 oo —wll (BLIF@II])" + (0 + (34 550ig)¢ + 1)
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which is a quadratic inequality with respect to (E[|| F(uy)||*]) 2. Similarly as for k& = 1, bounding its
solution by its larger root, we obtain

(E[IF@I])

L . AL ) 2412 ||lug — u*|? A2 A2m2
< 7 lluo ¥l + 5 \/kQ [up — u|| +4(—+(8+ 1 ))e2+ 0 )

S

k2 2(k+1 12k2

() 2L 5L||LIO —U*H A2 Aoﬂ'
< Zu —u|+ (——— 8+ €+
< = o — w4+ (2 O mk)
 TLuo - utl + 3o% A2

3 2(k+1)°
(i) A
< ?0+A16

where (i) is due to the fact that \/) | | X? < Y " | |X;|, and (i) is because of our choice of
Ag, A1. Hence, the result also holds for the case k. Then by induction we know that the result holds
forall £ > 1.

Finally, when k& > %, we have % < €/2. Also, since we have A; = 4\/2 < 3.5, we obtain

BP0l < (5 +4y/2)e < e

Hence, the total number of iterations needed to attain 4e norm of the operator is
2A Llu—u*
V2] ot )
€ €

thus completing the proof. O

Then we provide the deferred proof for Corollary on the oracle complexity using a simple
mini-batch estimator.

Corollary 3.2. Under the assumptions of Theorem if F(ug) = S% Zf:kl F(uy, zi(k)), where

(k) 1P then setting Sy, = %for all' k > 0
w)

F(uk, (k )) satisfies Assumption |1 |: and z;
guarantees that B[|| F (u,)||] < 4e after at most O ( queries to F.

Proof. The averaged operator from the theorem statement is unbiased, by Assumption[I] Further, as
by Assumptionlll |F(ug,) — Fuy, )2 < 02, it immediately follows that || F(uz,) — F(u,)||2 <
g—i = ke—; Applying Theorem , the total number of iterations /N of Halpern iteration until
E[|F(un)|] < 4eis N = O(M) To complete the proof, it remains to bound the total

number of oracle queries F' to F, which is simply Zg:o Sk = O(N622‘72) = O(M) O

Lemma 3.3. Given an arbitrary initial point ug € R , let {uy}i>1 be the sequence of points

produced by Algorithm Assume further that \j, = k+1’ Lk = 2L forall k > 0. Then,

72 |1 F(uo) |2 ifk=1,
lug — g |f* < {“2

2 i ~ . (3.3)
e [ F (e )| + S0 o | F )l ifk > 2.

Moreover, if for 1 < ¢ < k — 1, all of the following conditions hold (same as in Theo-
rem .' (i) E[|F(w)]]] < % + Aie, where Ay = T6L |lug —u*| and Ay = 4,/2, (ii)
E[||F(w;) = F(w)||) < 5. and (iii) € < 42, then El|jug — wp1 7] = 0 (L2ol2).
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Proof. Fork =1,u; = Jug+ 1 (uo — %ﬁ(uo)), which leads to ||u; — ug|? = ||—iﬁ(u0)H2 =
~ 2 . .

ﬁ“fj(uo)u . For k > 2, recursively applying E/\q , weNhave W, — U1 = Ax(ag —ug—1) —

1220 By 1) = Mg (1= A1) (g — wyg) 4+ U2t By o) — 1220 F(uy, ), leading to

1 - 2y kel N
U = Up1 = ——F kF(u/c—l)‘f'ka( H (1 —Aj))F(ui)-
=0 j=it1

2

)

Recalling that A, = 72, we have [Juy, — w1 = H—%ﬁ(ukfl) + Zf;oz mﬁ(uz)

which gives us Inequality (3.3) by applying a generalized variant of Young’s inequality
2

HZfil Xi| < 3K, K||1X,]]* twice (first to the sum of —%

term, then to the summation term, while noticing that % <1.

F(ug_1) and the summation

For the second claim, by the lemma assumptions and the analysis in the proof for Theorem [3.1]
2 * (|12 ~
we have E[|F(w)[?] = O(F il for i < k-1 < O(L), thus E[|F(u)]?] <

2R[||F(w)[|]2 + 2E[|| F(w,) — F(u,)|?] = O(X L "I%)  plugging this bound into Inequal-
* |2
ity 3:3). we get E[|[u — wp—a||?] = O(ozl). O

C.2 Constrained setting with a cocoercive operator

To extend the results to possibly constrained settings, similar to [[12], we make use of the operator
mapping defined by

Gy(u) :n(u—Hu(u— %F(u))), (C.7)

where U C R% is the closed convex constraint set and IT;,(u) is the projection operator. Operator G,
is a valid proxy for approximating (MI); see [[12] for further details.

The extension of our results to constrained stochastic settings is not immediate; the reason is that
the stochastic query assumptions (Assumptions |I and |Z) are made for the operator F, not G,,.
Nevertheless, as we show in this subsection, it is not hard to match the stochastic oracle complexity
of the unconstrained setups by proving an additional auxiliary result that bounds the variance of an

operator mapping corresponding to F' (Lemma @).

We begin by recalling that whenever F' is %-cocoercive and n > L, the operator mapping G/, is

%—cocoercive (see, e.g., [12, Proposition 7] and [4, Lemma 10.11]).

Proposition C.3. Let F be %—cocoercive and let G, be defined as in Eq. (C.7), where n > L. Then
G is %-cocoercive.

To state the variant of stochastic Halpern iteration for constrained settings, we also define the operator
mapping corresponding to the stochastic estimate F' by

Gp(u) = n(u—Hu(u— %ﬁ(u))) (C.8)

In the following lemma, we bound the error between the stochastic operator mapping and true operator
mapping by the variance of stochastic queries.

Lemma C4. Let G, (-) and én() be defined as in Eq. (C.7) and Eq. (C.8), respectively. Then, for
any u € U and any n > 0, we have

1Gy(w) = Gy()[* < [|F(u) — F(u)]*. (C9)
Proof. By the definition of gradient mapping, we have

0~ = - 2r) - - )
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Since the projection operator is non-expansive, we obtain
~ 2 1 1~ 2 - 2
o G < (a- L) - (a2 = e P,

thus completing the proof. O

Similar to the unconstrained setup, we define the following stochastic Halpern iteration for the
constrained setup:

Wp1 = N1ty + (1= Ap) (W, — G, (wg) /L), (C.10)
where L, > L, Vk > 0. By the cocoercivity of the operator mapping and the error bound in
Lemma|[C.4] we can immediately obtain the results for the iteration complexity and stochastic oracle

complexity as in the unconstrained case, by applying Theorem 3.1|and Corollary @ to Gz and Gz
This is summarized in the following Theorem [C.6]and Corollary To prove these, we make use of
the potential function as in the unconstrained settings

2L
and first bound the change of Cy, in the following Lemma |C_T For short, we denote G, as G below.

Lemma C.5. Let Cy, be defined as in Eq. (C.11), where Ay, and By, satisfy Assumption[d. Assume
that L is already known and we set Ly, = L for any k > 1. Then for any k > 2, we have

Cr |GL, ()| + By (Gr, (ug), up — o) , (C.11)

&~ Cir < 7 G — G|+ B (Gu), ) — Gl

Proof. By the definition of Cy, we have

A
Cie = Chm1 = 5 Gr (o)l + Bi (G (ue), we = wo)
Aj_
- 2ka_11 HGLk,_l(uk:fl)H2 — Bi—1{(Gr,_,(Wp—1),up_1 —ug).

Since G'1,, is cocoercive with parameter & when L; > L, we have

(Gr,(ug) — Gr, (ug—1), 0 — ug-1)

3
=N G L, (ur) = Gr (ur—)]?
1 2 2
= 57— (16, )I? = 2(Gr, (W), Gu, (i) + G () )
k
1
i G L, (ur) = G, (ax—1)|*

Multiplying A on both sides and rearranging the terms, we obtain

A A
A 16 ()P < (). AnCun = wems) + 2, () )
— (G, (up—1), Ap(up —ugp_1))
Ak 2 Ak 2
T |GL, (up—1)[|" — i, 1GL, (ug) — G, (up—1)[”.

Plugging this into Cy, — C,—1, we have
A
Crh—Cr_1 < <GLk(uk)7Ak(uk —up—1) + f:GLk(uk—l) + By (u;, — uo)>

—(Gr, (1), Ap(a, —up—1)) + (G, (Wg—1), Br—1(up—1 — 1))

A A 2
~ (57 e (P 57 |G (i)
A

~ i, IG L, (ur) — G, (we—n)|>.
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Since A\, = %, we have

Bk Ak ( ~
. = L G _ L .),
i Ay + By Uo + Ay, + By, Ui—1 Lk—l(uk 1)/ Lg
which leads to Ag(ur — up—1) + %:GLk(uk—l) + Bp(ug — ug) = %:(Gkal(uk—ﬁ B

éLkﬂ(uk,l)).

Further, as Bj: = Aﬁ’“‘Bk by https://www.overleaf.com/project/5fe36b9ad2991b26777b720d Assumption
we have

(Gr, (ug—1), Ax(ug — ug_1) + Br_1(ug—1 — uo))

By._
= Ay <GLk(uk1)auk —uy g + (Wp—1 — u0)>

Ay
= Ay <GLk(uk1);uk - ﬁukﬂ - Akf—kBkuO>
= A <GLk(uk—1), AkéLkl(uk—l)/Lk> .
Ay + By,
Moreover, by Assumption we have L%(l — Aff’jgk )= A‘:Zil , SO we obtain

(Gr, (up—1), Ag(up — ug—1) + Br_1(up—1 — ug))

A ~
= Ay <GLk(uk—1)7 _Ak_:BkGLkl(uk—l)/Lk>

! Ar Ap gy ~
=3 <GLk(uk1)7 (LT@ + T, )GLkl(uk1)> .

Having L; = L and denoting G, = G for short, we have

Cr = Ch1 = <G(uk)v %(G(uk—l) - é(uk—l))> + <G(uk_1)’ ‘Ll’f;fk—lé(uk_l)>
- % |G (ae—n)|” ~ f{ 1G(wi) — Glu—1)|?
- % <G(uk)’ G(up-1) — é(uk—1)> - % 1G(ug) — G(ug—1)|?
_ At A

5L <G(uk71),G’(uk,1)_é(uk71)>
_ A

(@) — Gl ), Glu) — Glu ) — 251G (ug) — Glug )P

o A (G ), Gl ) - ).

Since 2 (p, q) + ||p||* < [lq||” for any p, g € R?, we have

At (). Glonr) — Gl

thus completing the proof. O

Cr —Cr_1 < % HG(ukﬂ) _ é(ukﬂ)Hz .

Theorem C.6. Given an arbitrary uy € R?, suppose that iterates u;, evolve according to Halpern
iteration for the constrained setup from Eq. (C.10) for k > 1, where Ly, = L and A\, = ﬁ Given
€ > 0, if we have that E[|| F(uo) — F(ug)||?] < % and E[||F(uy) — ﬁ(uk)H2] < %for allk > 1,
then forall k > 1,

A
E[|G(u))[) < 7 + Ase, (C.12)

where Ao = 20L ||ug — u*|| and Ay = V/13. As a result, stochastic Halpern iteration from Eq. (3.1)
returns a point uy, such that E[||G(uy)||] < 5e after at most N = (%1 = (’)(M) iterations.
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Proof. First note that since I is convex and closed, and u;, — G(uy)/L = Il (uk - ﬁ(uk)> ,
then we have for Vk > 0.

Upt1 = A1 + (1 — Agg1) (uk — é(uk)/L)

bl

1 ~
= )\k;+]_u0 + (1 — )\k+1>HZ/l (uk — ZF(uk)) EU.

Then we come to prove the convergence. By Jensen’s Inequality, we have for £ > 1

1
2 2
E[Gu)ll] < (EIG(u))
So it suffices to show that there exists Ag and A such that forall k& > 1
1
A
(BlG@P)" < 22+ Are.
We prove it by induction. First, we consider the basis case k¥ = 1 in which u; = ug — ié (ug),
s0 we have C; = L [|G(up)|* + 2 (G(uy), uy — u0> = (G - (G (ul),é(u0)> ). Also,
since the operator G is cocoercive with parameter

thus cocoercive with we have

4L’
|G lun) = Glwo)|* < 2L (Glar) = Gluo) wy = uo) = (Glur) = Glug), ~G(uo) ) -

Expanding and rearranging the terms, we have

|G| < (Gluo), Gluo) = Glug) ) +2 (Glur), Glug)) — (Glur), Gluy))

2L’

Subtracting <G (uy), G (u0)> and taking expectation with respect to all randomness on both sides,

we have
E[ G = {Gw), Gluo) ) |
< E[<G(u0), G(up) — G(u0)> +2(G(u1), G(uo)) — 2 <G(u1), é(u0)>]
CE[L 16 + L jewn)? + 2 ) - G| ],
where for ( ) we use Young’s Inequahty Smce u* is the solution of monotone inclusion, then we
have G(u*) = 0. So we have

@)
1G(wo)|I* = |G (uo) — G(u")||* < 10L7 [[ug — u’||*,

where () can be verified by Young’s Inequality and using the fact that the projection operator is
non-expansive. Also using the results in Lemma[C.4; we obtain that

1 1 5 ~ 2
Elcy] < £E[5E2 o — | + 5 [G(un)[|* + 5 || F(wo) = F(uo)|]

Proceeding similar to Lemma|C.T, we have

2B, L §
E[||G(w)|"] < 1;1 = [[uo — u*|| (|G (uy)]]

2L1 2 ~ 2

B[ o - P + g G + 2 ) — Ao

= 2L [lup — u*[| E[[|G(a)]l]
9 wn2 1 2 O ~ 2
+E[5L2uo — w'|* + 5 G (un) P + 5 | F(wo) = Fuo) | ].
Subtracting E[2 |G (uy)]||?] on both sides and using the fact that E[[|G(u;)]]] < (]E[HG(ul)HQ])%
~ 2 .
and E[HF(UO) - F(uo)H ] < %, we have

B[ )| < 4L o — | (S{IG(m)|)F + 1022 g - w'|? + 25
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which is a quadratic function with respect to (E[[|G(u1)||%])2. So by its larger root we have

(EIGID? < 2L fug | + 55622 g — w4 2o

V10

<2L||110—ll||+ (2\/ LHH()—LI||+ 9

§6L||U()—ll ||+€§A0+A16.

So the result holds for the basis case. Moreover, we can get a bound for E[C;] as follows

€)

B[] < %E[w o =+ 5 G )|+ 5 || Fuo) - ﬁ<u0>H2}
5 €

< % 2 *112 7) v
5L|\u0 uH+ (OL lup — u*||” + —¢ +2L8

2
S 30L ||u0 — l.l*H2 + f7

where (7) can be verified by using the bound we get above for E[||G(u;)]|*] and applying Young’s

Inequaltiy, and the fact that E[ HF ug) — F (uo) H 1< %

Assume that the result holds for all 1 < ¢ < k — 1, then we come to prove the case k. By Lemma
we have for Vi > 2

Ci—Ci1 < A (w—1) — é(ui—l)H2 + % <G(ui_1), G(ui-1) - é(ui—1)>
< M 6tuim) - G|+ gy G0l
(i) 732 HF u;_1) — ﬁ(ui—l)'r + m ||G(u1-_1)||2,

where we use Young’s Inequahty and A; = i(i + 1) for (i), and (i7) is due to Lemma|C.4] Taking
expectation with respect to all randomness on both sides and telescoping from 7 = 2 to k, we obtain

3i(i+1) ~ 2
< - 7 . -
ElCy] E[cl+z( P - Faa |+ gy 16t
€2 ul
< k|2 . v
< 30L fuo —wl + Z +E[ Y gy 16l
koo
Ji(e+1 ~ 2
o3 o]
i=2
By Corollary 2.2] we have
3i(i+1) 2
{2 -
k Nk
3z(z+1 62 (1) < 6( z+1 3(k+4)(/€*1)62
< _ <
<y 2y (02,
=2 1=2
where (7) is because % < 2 for all ¢ > 2. By induction, we have
k i
2
E[H sty Gl

) L1 A2

< — (2—2 2022

;SL((i—1)2+ 16)

(1) 1 2 1 /A272 (k:—l)A262

< 2 (p2™ _ 2 2 :7( 0 1 )
_4L<A06+( 1>A16) \ o T 4 ’
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where (i) follows from induction and iy < 1, and (i) is due to 3 r_, rririie=T%
We now obtain

it
(=2}

2 k+4)(k—1) 1 /A3m? k—1)A%¢2
E[Ck] < 30L Jup — w2 4 & + S AE = 1)e +2 (7% (k= LAje ).

L L 24 4
By the same derivation of Lemma [C.T}, we have
BkL
E[[|Gup)]?] < [uo — u*|| E[[|G(uy)|]
Lk 3(k+4)(k—1)e2  AZr?  (k—1)A3¢2
—(30L - —
+A( Ilo “HJFLJr L 24T AL )
L 30L2 ||lup — u*|?
== — 2| EllG Do el |
£ Il — w Bl G0 ) + 2
1 9 o A% (k—1)A%é?
- kot d)(k—1 )
+k(k:+1)<€ Fak k= D+ =7 4
0 L 30L2 [lug — u*|? A2 AZr?
< = —u'|E . (— 11+ =L)e? 0 )
2 L g — e B ) + (2 1+ fhe 4 200
where (i) is due to m < L, % < 10 and k(kk+11) < #. Since E[[|G(u)|] <

(E[|G(uz)||*])2 by Jensen’s Inequality, we have

1

E[ 6] < 7 lhuo —w | (B[[G(m)]])*

30L2 |lug — u*||2 A? 2 AZn?
S Mo w428 )
+ ( 2 + (114 3¢+ 54

which is a quadratic function with respect to (E[[|G(uy)||*]) 2. So by its larger root we obtain

(Ellcw?])’

L L 1 JL2 30L2 [[ug — u* A2 AZm2
<|m—uu+2¢wnm—uﬂﬂ4(”°'<u+>2+ )

2 k2 4k 24k2
(@) L \/%L ||ll() - u*|| A2 Aoﬂ'
< g — w4 (X R 1 2
fk||u0 u||+< + +2fk'>
(1+v30)L [lup — u* ||+ 2oz LN
(21) A
?0 +A16,

where (i) is due to the fact that \/) ;. X? < > " | |X;|, and (i) is because of our choice of
Ag, A1. Hence, the result also holds for the case k. Then by induction we know that the result holds
forall k > 1.

Finally, when k& > %, we have % < €/2. Also, since we have A; = /13, we obtain

E[|G (o)) < (5 +VI3)e < 5e

Hence, the total number of iterations needed to attain 5¢ norm of the operator is

o) 2o A

N:[ +1==

)

€ €

thus completing the proof. O

Corollary C.7. Given an arbitrary uy € R%, suppose that iterates uy, evolve according to Halpern

iteration from Eq. (C.10) for k > 1, where Ly, = L, and \;, = k%—l Assume further that the
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stochastic estimate F ( ) is defined according to Eq. 2.1), with its parameters set according to
Corollary2.2] Then, given any € > 0, stochastic Halpern lterattonfrom Eq (C.10) returns a poznt

uy, such that E[||G(uy)||] < 5e with at most O(Z “Lluo—u H:L o —u” ) oracle queries to F in
expectation.

Proof. Let my, be the number of stochastic queries made by the estimator from Eq. (2.1) at iteration
k. Conditional on Fy, and using Corollary [2.2} since each stochastic gradient mapping G(uy,) only
involves one PAGE invariant stochastic estimate F'(uy,), we have

802 8L2 |lu — gy |
E [mpet1 | Fr—1] = pr [W Pr) [ e W

(i) /802 8L2 |[uy — up_1|)?
<o (37 1) o - (S el
Pre€ D€

where (%) is due to the fact that [z] < x + 1 for any = € R. Taking expectation with respect to all
randomness on both sides, and rearranging the terms, we obtain

802 16(1 7pk)L2E[ ||11k — Up_ 1” ]
6

|+20-

E[mk+1] < — 5 + 2.
pk€
By the same derivation as Lemma[3.3] we have
- 2
1 | Gluo)| ith=1,
[ug — up | < , (C.13)
2 =~ 2(i+1 ~ :
etz (|G H + 35 % G(w)|| ifk>2.

By the corollary assumptions, we have E[||G/(u,)[*] < (’)(LH“‘;%“”) fori < k—1by Theorem
Then we obtain

E[[G||'] < 22 ] ja)?] + 22 ] |G - atu)|]
< 2k [ 6 )] + 22 | Fra) - P
<ol —vll u*HQ),

where (i) is due to Lemma[C.4.

Plugging it into Inequality (C.13), we have E[||u;, — up_1|*] = (’)(““027;1*“2), which leads to

o2+ L? |lug — u*H2>
2

E[mg41] = (9(

€

using p. = =25 = O(1/k).

Further, by Theorem|C.6] the total number of iterations to attain 5¢ norm of the operator in expectation
—u* 2 .
is N = O(M) and m; = S;O) = O(% ), we conclude that the total number of stochastic

queries to F'is
N 2 * 3 %113
02L lup — w*|| + L? ug — u’|
= E =
[ m] =of 5 )
k=1
thus completing the proof. O

D Omitted proofs from Section 4]

We use the potential function, previously used by [S1],
Vi = 14]6-”1‘7'(1,%)”2 + By, <F(uk), up — u0> + CkLQHUk — Vk_1||2, (D.1)

prove Theorem Here Ay, By, and ¢y, are positive parameters to be determined later. We start by
bounding the change of V}, under the following assumption on the parameters.
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Assumption 5. \; € [0,1), nx > 0, and Ay, By, and ¢, are positive parameters satisfying By1 =
By B

(1= A2 — Mng) Mg 17k
(1 — Mr]ﬁ) (1 — )\k)>\k ’

where M = 3L?(2 + 6) and 6 > 0 is some parameter that can be determined later.

o1 (1= Ax)
Mgy

0<Mpy1 = Mni+Xi <1, and mp < , (D.2)

The following lemma gives a bound on the difference between the potential function values at two
consecutive iterations with the control of the parameters above.

Lemma D.1. Let Vy, be defined as in Eq. (D.1), where the parameters satisfy Assumption[5. Then
the difference of potential function between two consecutive iterations can be bounded by

A
Vigr =W < — L2 (M 5 - Ck+1> k1 = vl = L?(ex — Ap)[a = vi—1|®
24 ' 2 = 2 (B3
+ 2 HF Vi) F(vk)H +AkHF(vk,1) —F(vk,l)H .
Proof. By the iteration scheme in Eq. (4.1), we can deduce the following identities:
West — w = Ak(wo — wg) — i F(vi)
Ak Me 7
Upt1 — U = - (up —upy1) — 1— s F(vy) D.4)
Uyl — Vi = — g (15 (Vi) — f(vkq))
Further, by the definition of the potential function V, we can write
Vi = Vi1 = AglIF (w)||* = Ao | F (upeyr)|
T
+ By (F (ug) ,ur — ug) — Brg1 (F (Wpg1) , Upy1 — o) (D.5)

Tiz)
+ o L2 lug = via|* = eka L2 s — vie|*.
To obtain the claimed bound, in the rest of the proof we focus on bounding 7j;; and 7o)

To bound 7y, by the Lipschitz continuity of F', we have
2

)

IF (i) = F ()l> < L2 g = vil* = 2202 |F (vi) = F ()|

where in the last step we used the third identity from Eq. (D.4). Further, for any 6 > 0
~ 2
[P (wesn) = F ()| + 012 fagsn = v
~ 2
<2F (1) = F (i)l +2||F (vi) = F || +0L2 Jugsr = velP ©.6)

2 ~ 2
<HRLA(2+6) [F (vi) = F (vi)|| +2|[F (vi) = F (va)

where again in the last step we used the third identity from Eq. (D.4). Notice that

)

Hﬁ(vk) - F(vk,l)H2
- Hﬁ Vi) —F(uk)—i—F(uk)—F(vk,l)—i—F(vk,l)—ﬁ(vk,l)HQ
<3HF vi) = F (u )H +3|F (wg) = F (vie_s)| 2+3HF vk_l)—ﬁ(v,f_l)H2
<12 w0, Fow) s [Fo”) 52

+3HF V1) — F (vi_ 1)H2.
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Let M := 3L2(2 + 6). Expanding the term || F(ug41) — F/(v})|? on the LHS in Inequality
and combining with the inequality above, we have

17 () + | E o) = 2 (F i) F () + 027 s = v
< ot (1 Gl = 2F () F ) + |[F ) + 22 s = vieal?

+Amﬂpmw4)—ﬁwmgW+QHng—ﬁ@%W%

Multiplying both sides by A?T’;Q , rearranging this inequality and subtracting Ay 1 || F(ugs1)|” on
k
both sides, we obtain

Ty = Ap |F () — Aper [ F (i)

Ag 2 Aw (1= Mni) 1= 2
> (an —Ak+1> [F (ag41)[|” + o HF(Vk)H
2Ak 1-— ]\4’172 ~ ~
- (Mnik) <F (Ug1), F (Vk)> — 24 <F (Upp1) = F (ug) aF(Vk)> (D.7)
2
S s = vl = A2 = vi
24 ~ 2 ~ 2
—M%MFWQ—FWQH—AAFWFQ—FWMQH.

To bound 7’[2] , notice that F' is monotone, so we have
(F (Up41) s upq1 — ug) > (F (ug), Wppr — ug) .
Using the first line in Eq. (D.4)) for the RHS and the second line for the LHS, we can obtain

Ak
1—Xg

(F (W) 0 — W) > A (F (we) w0 — ) — e (F (we) , F (v )

+1T&<Fumﬂyﬁww)

Multiplying both sides by f—: and using that By = f—f\k by Assumption we have

B ~ B ~
T2y 2 ﬁjk/\k) <F(uk+1),F(Vk)> - ::k <F(uk) aF(Vk)> o8

= Bueme (F (uesn) P (v) + 228 (F (i) = F (w)  F ().

Combining Inequalities and and plugging the bounds into Eq. (D.3), we obtain

Ay o Ap(1—Mn}) |~ 2
Vie = Viy1 = (MTIE - Ak+1> 1 (wer1) ™ + g HF(Vk)H

Ay (1 — Mn? 17 a
2( k (1]\47724771@) B Bk+2 ]k) <F(uk+1)aF(Vk)>

(B o)

A0
# 22 (55 = cun ) s =il + 22 (e = 40) o = vl
k
24 N - 2
- kHme—FwwH—Aqﬁwhg—meﬂH.

Mun?
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By Assumption we choose Ay = B2’fTZ’“ Define:

gll._ Ap Ay = By, _ Breni+1
R M2 oM e 2(1— M) Aest

o A (L= Mnf) _ By (1- Mng)

S? B =
M’I]k 2M77k)\k
gl2 . A (1 — M) _ Bryine _ (1 — A — Mng) By,
k Mn3? 2 2M (1 — M) Memge

Then, we obtain
~ 2 ~
Vi = Vs = SEIF ()P + 2 |F ()| = 2882 (F (@), F ()

A0
L (Mkn2 - Ck+1> gt — viell” + L (e — Ag) lug — vi_1|?
k
QAk

HF Vi) F(V,C)H2 ~ A HF(vk_l) - ﬁ(vk_l)’f .

Suppose that St > 0, 572 > 0 and /S{1S2? = S;%. Then, we can conclude
2

Vie = Vis1 = H SIF (1) — \/SBF (vi)
Ake 2 2 2
L? — L — A — Vi
22 (3 — e ) Dok =l + 2 G = 40 o = vic |
24 2
_ Mn% HF(vk) F(vk)H — A HF Vi1) — F(vy 1)”
ALl
> 12 (255 —cpn ) apsr = viell? + L2 (ex — Ap) [lug — via |2
Mﬂk
QA;€ 2

P P - x| P - Fovo)|[

To complete the proof, let us argue that the assumptions that S}! > 0, S72 > 0 and 1/S}1S22 = S)2
we made above are valid. First, notice that S}' > 0 is equivalent to 741 < %1":’“) and S32 > 0
is equivalent to Mn? < 1, which are both included in Assumption E Moreover, since B, > 0,

V/SitS# = S}? is equivalent to
O—Mﬁy(l Mk )ZC—M—M%Y
My, Mng (1= Ag) Akt M (1= Ag)

A 1—Mn2—\2 .
W - i, provided that Mn? + A7 < 1. Both

these inequalities hold by Assumption|[5] thus completing the proof. O

which is further equivalent to 11 =

Motivated by Assumption|5|and Lemma|D.1| we make the choice of A;, and 7, as
(1= A2 — M) Aegrmn
(1—Mn3) (1 =)\’

where M = 3L2 (2+6) and 0 < 1y < \/7 The sequence {7 }x>1 given by Eq. (D.9) is actually

non-increasing and has a positive limit. We summarize this result in the following lemma for
completeness, and the proof can be found in [S1].

Lemma D.2. Given M > 0, the sequence {ny} generated by Eq. is non-increasing, i.e.
V3

1
)\k = m and Nk+1 =

(D.9)

M1 <M < Mo < ST Moreover, if 0 < ng < \/7 we have that 0, := limy_, o, Ny exists and
no (1 —2Mng)
—_——— > 0. D.10
Me 27= N (D.10)
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We now prove the results for the iteration complexity and the corresponding oracle complexity for
Algorithm[2}

Theorem 4.1. Given an arbitrary initial point uy € R? and target error € > 0, assume that the
iterates uy, evolve according to Algorithm2|for k > 1. Then, for all k > 2,

Ag
E{Fu 24902 g — vi 2}<7+A 2 42

([ (u)| Jup = v [I"] < Gy e (4.2)

2 ot
where Ay = AL UOTF;Z,H“O I and Ay = 5(1+;Qno) In particular, ]E[HF(u]\/)H2 +

2 B - L|lup—u* . .
2% luy — vy a7 ] <206 = O(EQ) afterzat most*N :3 (W‘/AT”EL: O(M) iterations.
The total number of oracle queries to F is O(Z Lluo—u H:;L l[uo—u”| ) in expectation.

Eq. and Lemma|D.2] we know that {7} is non-increasing and 7, = limy_, 1, > 0, so the

first condition in Eq. ) is satisfied. Also, as 0 < n;, < 179 < \/ﬁ, we have Mn? < Mn2 <

F<1- W So the second condition in Eq. (D.2) holds. Moreover, since 11 < 7, the third

Proof. We start with verifying that the conditions in Eq. (D.2) of Lemma[D.I]are all satisfied. By
(D.2]

condition holds if n? < )\Hzl\/g\:\k) = Mlzlj:ifi)' Due to the fact that % > o3 and n, < 1 for
all £ > 1, we can have this condition hold if 7y < —L_ Hence all the conditions hold with our

V3M”®
1
V3M®

parameter update and letting 1y <

Let c;, = Ay, then we obtain

A0
% ( 6 _ +) laies — vl + L% (ex — Au) g — vis |

Mo
Ak9 2
=17 —A -
(3757 = 4w ) o =l
_ L’By ( o Mk+1 ) 1 — vil?
2 \MMeme Apg1 (1= Ag) i
Here we choose the parameters such that ngnipr1 < 0)"“3\14(;}:“‘) = Jef(kktlg) to ensure
( 7 fknk — /\H?’(“If /\k)) > 0. Since Nx11 < Mg, the required inequality holds if 7 < 1‘31(&':13)),
which is satisfied if we let 99 < 4/ 3% asm, <o forall k > 1.
Combining the two conditions on 7, and choosing § = 1, we have
< 1 1 1
=T8N T 3LvZ10  3LV3
which is required by Algorithm [2]and thus satisfied.
Hence, with 0 < ng < ﬁ, we have
2 Ake 2 2 2
Vi = Vi1 > L ( 5 — Ck+1> lugs1 — vl + L7 (cx — Ax) |[ug — vi—1]|
My
2A ~ 2 ~ 2
= =25 [P = Fow)|| = Ax [ Fvien) = Fvia)| D.11)
My
2A ~ 2 ~ 2
> - =% HF(Vk)_F(Vk)H _AkHF(Vk—l)_F(Vk—l)H :

- My}
Consider C, = Ay, || F(ug)||® + By (F(ug), up — ug). Then:

(@)
Cr > Ag[|F(up)|” + By (F(uy) — F(u*), ux — u*) + By (F(ug), u” — )

(#1) Ay B? .
> Ag |F(ug)])? - Ty 1P (ug)|” - ﬁ [ug — u*?
Ap 2 B} .
B | F(ap)|” — m lug —u*||”,



where (4) is due to u* being the solution to the monotone inclusion problem so an (SVI) solution as
well, and we use monotonicity and Young’s Inequality for (i¢). So we obtain

2

A B;
S IF )+ AL g = vie | < Gt AL fJuge = vi [P g —

32
—V +HHUO—U*H2.

Since By11 =

-and A, = k+2, we have By, = (k + 1) By for any By > 0. Then we obtain
A = ¢, = BQ’;Z’“ = Bo(kﬂ)(k“)"’“ . By Lemma. we know that 0 < 1 < . < . < 10, SO

]w <Ap=¢ < W' By Inequality (D.11) and noticing v_; = ug, we
ave

Bon(k+1)(k +2)
4

A
< S IF Q) + AL g — i |

BonL2(k +1)(k +2)
2

2 2
| F(ap)|” + lur — vi—1]]

2

B 2
< k. —u*
*Vk+2Ak [up — u”||

32 2A
<Vier gy o — w4+ T

2 ~ 2
o HF Ve_1) — F(vk,l)H +Ak,1HF(vk,2)—F(vk,2)H .

Unrolling this recursive bound down to 1, we obtain

Bon(k +1)(k +2) BonL*(k+1)(k +2)
— 17 () ||* + —= 5 Huk _Vk71||2
- - 2
v0+—||u R +Z—HF v;) — F(vy) F(vi_1) (vi_l)H
0) s Bo(k+1)? 2
< Bono |F + 0T gy —ut
k—1
Bo(2+1)z+2 H ~ 2
———— 2 |\|F(vy) — F(v;
+ 2 My vi) (vi)
le(z+1)(z+2 ~ 2
+ 2 9 )10 HF Vi-1) F(Vifl)‘ )
i=0
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where we plug in the bound for A; and 7; in (¢). Taking expectation with respect to all randomness
on both sides and using the variance bound from Corollary [2.2] we obtain that

E (I (ue) | + 222 [[ug = vi ]

4
Bon(k +1)(k +2)

+ kz:; —BO(i +]\27(Z - 2)]E[ HF(Vz) - ﬁ(vl)

<

Bo(k +1)2 .
[30770|F(u0)||2+ ok + 1) oo

n(k+1)(k+2
]

+’§ Bo(i + 1)2(”2)”0151[HF(W_1> ﬁ(vi_l)HQH

5

(@)

L S 7 PR WV E I G S, e
S DT \Fety ) I My T MTIN)S
k1, : k=1 :
(i +1)(i + 2) €2 (i+1)(i+2)m €
+; Mn i +; 2 i—1
@) 4 (LPnon + 1) [ug — u*|)? L+ 2Mnno 2
2(k+1)(k + 2) Mn(k+1)(k+2)

AE =1+ o Aw(b—2)(k+3)
Mn?(k+1)(k+2) n(k+1)(k+2)
) 4 (Lo + 1) [[uo — u*||® . (1 +2Mnno) P (1 + Mnon) P
n?(k+1)(k +2) Mn*(k+1)(k +2) Mn? ’
where we use Lipschitz property and variance bounds by variance reduction for (7). For (i7), we use

the fact that -2 < 2 and “2 < 4 and sum over 2(i + 1), respectively. Moreover, (iii) is due to

k—1)(k k—2)(k ..
% <1 and % < 1 and by combining the last two terms.

. 2 T
When f > Y% — O(Ll\uoe—u n)’ where Ag = AEPmarIno—w Py S(+Mam)

Q2 Mﬂ2 ’
have A
E (I (ue)* + 222 f[ug = vir ] < nfos o Are? < 200 €2,
Claimed stochastic oracle complexity follows from Lemma [D.3|below. O

Lemma D.3. Let ug € R? be an arbitrary initial point and assume that iterates uy, evolve according

to AlgorithmE. Then, Algorithlereturns a point uy such that E| | F(un)]|? | < 2A1€2 after at
2 * 3 * (13

most 0(ff Lluo—u II:gL [luo—u™|| )

stochastic queries to I

Proof. Let my, be the number of stochastic queries made by the variance reduction method at iteration
k for k > 1. Conditional on F;_1, we have

E[mk+1‘]:k,1] =E {kaYC) +2(1- pk)Sék) ‘.7:]@71}

802 8L2 ||vi — vi_1 |
=y 2] |
Dk ’7ka2—‘ +2(1 = px) p2e

() /82 8L2 ||vi — vi1]?
< (g 1) 200 =g ( [ve = Vi +1),
Pk€ D€

where (7) is due to the fact that [z] < z 4 1 for any 2 € R. Taking expectation with respect to all
randomness on both sides, and rearranging the terms, we obtain

802  16(1 — pp)L°E[ ||vi — vi_1 2
Elmp] < — + 2[|| )
€2 p? €2

k

+ 2.
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With mg = m; = S5\ = [86%2], let M be the total number of stochastic queries up to iteration N
such that E[|| F(ug)||]] < 2A;eforall k > N, we have

E[M] :E[imk} :2[86%2] +E[§:mk]

k=0 k=2
1602 N 802 16(1 — pi) L2E[ ||vi — vi_1 ]
< (T + 2.2 + 2)
—1 € pkE
() 802A 1602  2A  16L% e (1 — po)E[ v — vioa |
- ML= LRSS
€ € € €2 £ D
k=1
where (i) follows from N < £ with A = ;\T‘l’ +eandl —p, <1

Then we come to bound E[ [|[v;, — vix_1|* ]. Notice that for & > 1
Vi — Vik—1 = Vi — Ugy1 + Ugy1 — Ug + U — Vi1
@ (= ~ ~ ~
= me(F(vie) = F(vi—1)) = k-1 (F(vie—1) — F(vig—2)) + upy1 — ug

= e F (Vi) = (e + 1) F(Vi—1) + o1 F(Vi—2) + Wep1 — ug,

where (i) is based on the third line in Eq. (D.4). To estimate uy+1 — uy, we recursively use the first
line in Eq. (D.4), and obtain for k > 2,

Wep1 — g = Ag (g — ug) — g F (Vi)

= i (1 — A1) (o — W 1) + M1 F (Vie—1) — i F ()

=\ ( H ))mF(vi) + A1 F (Vie_1) — i F (Vi)
1= j=i+1
2 40 -

0 E(vi) + L F(visy) — mF(vi,).

—(k+2)(k+1)" k+2
So we have
—noF (vo) if k=0,
Wes1 — uy, = { MnoF(vo) — mF(vy) ifk=1 (D.13)

k—2 i ~ .
Zl 0 7(k+2;'_(i+1)7hF(Vi) + Zk+21F(vk71) — nkF(Vk> if k> 2.
Then we obtain for k > 3

Ivi = Vil

v Fen| e ) P
< . — _ viR—me
< 3(k:+2 Tk ”’H) Flvi)|| +3(me + (k+1)(k+2)> F(vi-2)

3z+2 -2) ,
Z k12
a +

~ 2 ~ 2 Z—I—Q
<2 5P ) + 5 22t

P42 -
D) 1)77iF(Vi)

k+2

k—2
Nk—1 )~ =~
— —n._1 | F _ 1 F _
( Me — =1 ) F'(Vi—1) + =1 F (Vi 2)+l§ T

2

F(VZ)

2

Taking expectation with respect to all randomness on both s1des, we have

3(2 +2

~ 2 = 2
E||vi — Vk71||2 < ng (IQE HF(V}C71)H +5E HF(VIWQ)H ) WU

OEHF (vi)
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Note that for £ > 1, we have

~ 2 ~ 2
E|Fve)| < 2B IF (i) + 4B F(ursn) = Fvll* +4E | F(vi) = Fvi|
(%) 9 9 9 €2
< 2 (|| F () I +2L2 fug = vill*) + 45

(i1) A 62

<2 Aqé? 4—

((k T 1) + 1€ ) + L )

where (4) is due to the Lipschitz property and the variance bound, and we use the result of Theorem

_ 2
for (ii). Proceeding similarly, we have E HF(VO) H < 2 (Ao + Are?) + %, so we obtain for
2 4’

E vy — vi-1|”

- 2 - 2y 2233422 L=, 2
Sﬁg(mHF(kal)H +5HF(V1<72)H )Jrzk;((k:—i—l)Qng HF(Vi)
=0
Ao €2 €2
3[24<k2+Ae +2 )+10(( e + As€? +2k 2)]
k— 3
1277(2] Z+2 2 Ao 2 €2
——— [2(Ag+ A A 2—
R g 2Rt e ; REkr 20\ G T T
k
AO 0 A162 262
§40n§(k_1)2+3577(2)(/\1+ € +6nOZ( PUEEE 7
§4On2(k g +35m2 (A + 1) e +6n0<k+1 (A1 +2)e )
40 24
2
—UOAO((kq)? + (k+1)2) AL (A +2) €2
Sincepk:k%_l,wehaveforkzél

E|vi—veil®  (k+12[, 40 24 ) )
<
7 =1 ’7°A°((k: —1r s 1)2) Al (A +2) €

< 30maAg + 11m3 (Ay +2) 2(k +1)2
© 2 2 2A2
< 30m5 80 + 11175 (A1 +2) € —

=30n2Ao + 1173 (Ay + 2) A?,

where (i) is due to k < N < £. So we obtain

E[||vi — vi-1]?]
Py

i 1= p)E[[|vi, — vi1]*] <

k=4 pk

IN

P 1M= I

[30m3 Ao + 1103 (A1 +2) A?]

30n§A0 + 1173 (A1 4 2) A?)
- :

For k = 3, we have

(1 - p3)E ||lvs — va?
P3

= 2E |[vs — v < 2(10773A0 + 3572 (A +2) €2>.

38



Moreover, we have

1—p)E|va —vi|> 3
( pQ) HV2 V1|| _ E”Vg—Vl”Q

P3 T4

3 Mo 2~ 2 3m 2 ~ 2
< — — —_
< S wn)’ e+ (2 )’ )]

3 549 s 9 49 /Ao ) )
< 5770 |:36 (2A0+2A16 +e€ /2) +T6(7+2A16 + 4e )
< TnEAo + 14 (A) +2) €%

Note that p; = 1, so we have
802A 1602 2A  16L2 <n (1 — pp)E[||ve — vie_1|?
EM] <=+ =0 + 24 22 Z( P) [HQ’“ el
€ € € € — i
k=1
802A 1602 2A  16L2A (24n2Ag + 512 (A1 + 2) A2
§03+;7+7+ (77003770(1))
€ € € €
2 2 2 2 2 2 2
32L (107;0A0+35n0 (A1—|—2)6> 16L (7770A0+14 (Ar+2)e )
+ 2 + 2
€ €
_o("QLIIuo—u*i+L3|uo—u*“3)
— 5 ,

where we assume without loss of generality that L ||ug — u*|| > 1, thus completing the proof. [

E Omitted proofs from Section [5]

Theorem 5.1. Given L-Lipschitz and p-sharp F and the precision parameter €, Algorithm 3| outputs
uy with Elluy — u*[|?] < ¢ as well as E[||F(uy)|?] < L2 after N = O (5 log M)

o? (ptL) log(|[uo—u”||/€)+L* [uo—u”||* )
n3e2

iterations with at most (’)( queries to F in expectation.

Proof. Let Gj,_1 be the natural filtration of all the random variables used up to (and including) the
(k — 1)'" outer loop. By Theorem we have

ALY
(K+1)(K +2)

4(LPnon+1)|lup—1 —u*|? dAk — 5(14+Mnno)
QQ an 1 = 7N[ﬂ2

E {117 (a)|? G| < AP, E1)

where A(()k) =

By the sharpness condition, we have

1 " *
[y, — u*||* < m (F(ug) — F(u"),u, —u’)
(i) 1
< — (F(ug),u; —u®)
I
(i) 1 y
< " £ (ue) || flug —u™|[,

where (4) is because u* is a solution to (SVI), and we use Cauchy-Schwarz inequality for (i7). Taking
expectation conditional on Gj_1 on both sides, we have

E (I (ue) | 1Gx1] = B [ g = u* | |Gea |

which leads to
k
A

1
p? | (K +1)(K +2)

2 + Agk)ei] .

E [y — w1 [Gi ] <
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4y/L2non+1
If we choose K > — o we have

(k) 2 w2
(K+[1‘)‘)(K+2) < H Hu’“’i W On the other hand, by our

choice of ¢, in Algorithm[3] we obtain

AW o B Mum)  pPEMy® e
LR =" M2 20 (14 Moo) — 4
So we have ) )
u;_1 — u’ €
]E[ — w2 (G } T e
[ug, —u*[|" [Gr-1| < ) +

Taking expectation with respect to all the randomness on both sides, we obtain

2

(12
ur_1—u
-1 | ]+€Z' (E.2)

4

E
B -] < 5L
Recursively using Inequality (E.2) till £ = 0, we have

L

E[us —u|*] < 5

2 K 62 1 2 > 62 1 2 62

* * *

[up — u|| +ZE < EHUO*U | +ZE < 476”110*11 [ T3
i=1 i=1

Hence, after [log (W)—‘ outer loops, the Algorithm E can output a point uy such that

E[[lu, — u*|]?] < €2 as well as E[ | F(uy,)||°] < L2¢%. More specifically, the total number of
iterations such that the algorithm can return a point uy, such that E ||u;, — u*||> < €2 will be

o (LBt (I Y 1 el

] €

Next we come to bound the expected number of the stochastic oracle queries for each call to Algorithm

/T2
A. Denote i-th iterate in k-th call as ul(.k) and vz(k), and let K = FLM%H-‘ , then proceeding as
in the proof of Corollary [D.3] we obtain -

E[M|Gr—1] = E{XK: mz('k) ‘gk—l}
i=0

K 2 k) _ ) |7
160.2 80.2 16(1 —pl)L E[‘ VZ — VZ IH ’gk—1:|
S ——+2+ Z (T + 2.2 + 2)

“k =1 %k Pick

2
1602 802K L 16(1— pi)LQE{ vak) —v® ’ ‘QH}

= +2K+1)+——+> s ,

€k €k i=1 Pich

(E.3)
where Mj, is the total number of queries at the k" call. Notice that K = [LLQ%QH—‘ =0 (5)

wn I
o) 112
E ng)_"&)l”}

2 2 2
poe Mn _ 2 92 . . .
(M) — O (u2€?), then it remains to bound R — for1 <i < K. The

proof of Lemma|D.3]shows that for i > 4

£+ )

p?

2 _
and €7 =

< 302A% 1+ 1142 (Ag’“) + 2) (i +1)2.

2[[v v, | A
[v v, ]:O(Lﬂuk,l uH)

On the other hand, for 1 <7 < 3, we have Z?:1 P p

, We obtain

16(1 —pi)LQEH

v o] oVl —w)

Py e

M
El V]

i=1
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Combining last inequality with Inequality and taking expectations on both sides, we obtain

o?(u+ L) + L*E[ [Ju—1 — u*|?] )

E[M;] = O e

Telescoping from k = 1to N = {log (W)—‘ and noticing that

E[[lu —u*||2]<1E[Hu —u*||2]+i<i||u —u*Hz-l-é
k =7 k—1 1 = grIwo 3
we have
>kl P - w30 L N ot N
ur—1 —u Up —u — —_— —_— _—.
i = 10 fqk T3 = 3 3

Hence, we finally arrive at

N . .
B[] = o(Zt Dloallue —w') /9 + 2o ~w'y
=1

which completes the proof.
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