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This document provides detailed derivations and additional experiments supporting our paper, Why
Diffusion Models Don’t Memorize: The Role of Implicit Dynamical Regularization in Training. In
Sect. A, we give details about the numerical experiments carried out in Sect. 2 of the Main Text
(MT). In Sect. B we provide additional numerical experiments on simplified score and data models.
Sect. C gives formal proofs of the main theorems of Sect. 3. Finally, Sect. D exposes more details on
the numerical experiments of Sect. 3. Throughout this document, all teal hyperlinks point back to

equations or sections in the MT, while red hyperlinks refer to items in the current supplement.
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A Numerical experiments on CelebA

A.1 Details on the numerical setup

Dataset. All numerical experiments in Sect. 2 of the MT use the CelebA face dataset [15]. We
center-crop each RGB image to 32 x 32 pixels and convert to grayscale images in order to accelerate
the training of our Diffusion Models (DMs). To precisely control the samples seen by a model,
no data augmentation is applied, and we vary the training set size n in the window [128, 32768].
Examples of training samples are shown in the left-most block of Fig. 1.

Architecture. As commonly done in DDPMs implementations [e.g., 10, 25], the network approx-
imating the score function is a U-Net [20] made of three resolution levels, each containing two
residual blocks with channel multipliers {1, 2,4} respectively. We apply attention to the two coarsest
resolutions, and embed the diffusion time via sinusoidal position embedding [26]. The base channel
width W varies from 16 to 64 depending on the experiment, resulting in a total of 1 to 16 million
trainable parameters.

Time reparameterization. Compared to the framework presented in the MT, the DDPMs we
train make use of a time reparameterization of the forward and backward processes with a variance
schedule { ﬁt’}z::p where 7' is the time horizon given as a number of steps, fixed to 1000 in our
experiments. The variance is evolving linearly from 8; = 107% to 31000 = 2 x 1072. A sample at
time ¢/, denoted x(¢'), can be expressed from x(0) as the following interpolation

x(t') = a(t)x(0) + 1 —a(t)E, (1)

where a(t') = Hi/:l(l — Bs), and £ is a standard and centered Gaussian noise. This is a repa-
rameterization of the Ornstein-Uhlenbeck process from Eq. | defined through time ¢ in the MT,

with )
t= —3 log (a(t")) . (2)

Training. All DMs are trained with Stochastic Gradient Descent (SGD) at fixed learning rate
n = 0.01, fixed momentum 3 = 0.95 and batch size B = min(n,512). We focus on SGD
to facilitate the analysis of time scaling, avoiding problems that may cause alternative adaptive
optimization schemes like Adam [14]. We train each model for at least 2M SGD steps, sometimes
more for large values of n displaying memorization only later. We do not employ exponential moving
average or learning-rate warm-up.

Generation. To accelerate sampling while preserving FID, we employ the DDIM sampler of Song
et al. (2022) which replaces the Markovian reverse SDE with a deterministic, non-Markovian update.

Given a trained denoiser &g (x;, t), we iterate fort =T",...,1
x; —+/1—alt X¢, b
X = at—1) = agti Solxut) | /1 —a(t — 1)€o(xs,1), 3)

with 77 = 200. During training, we generate at 40 milestones a set of 10,000 samples to assess
generalization and memorization. Examples of samples obtained from a model trained on n = 1024
samples with base width W = 32 are shown in the middle and right blocks from Fig. 1 for two
training times, 7 = 190K and 7 = 1.62M. At 7 = 190K the model generalizes (fiem = 0%) and
achieve a test FID of 35.1. After too much training, memorization sets in and, by 7 = 1.62M steps,
nearly half the generated samples reproduce training images (fiem = 47.2%).



Training Generated (7= 190K) Generated (7= 1.62M)
FID =35.1, foem = 0% FID =19.1, fuem =34.1%

Figure 1: Training and generation on CelebA. The left-most block shows random training images.
Middle and right blocks show generated samples in the left column (after 7 = 190K and 7 = 1.62M
SGD updates respectively), alongside each sample’s nearest neighbor in the training set in the right
column. All generated images come from model trained on n = 1024 with base width W' = 32.

Statistical evaluation. FIDs [9] are computed using 10,000 generated samples and 10,000 test
samples, averaged over 5 independent runs with disjoint test sets. Error bars in the MT denote twice
the standard deviation. Training and test losses are estimated similarly over 5 repeated evaluation
on n training samples and 2048 test samples, and give negligible confidence intervals. For the
memorization fraction fu,em (7), we report the standard error on the mean obtained via bootstrap
resampling of the 10,000 generated samples. We also verified that the scaling in the memorization
time Tierm 1S insensitive to the choice of the threshold & used to define fi,cm in Eq. 6 by testing larger
and lower values.

Computing resources. Most trainings were performed on Nvidia H100 GPUs (80GB of memory).
A typical run of 2M steps takes approximately 50 hours on two GPUs and vary with the model
size (defined through its base width ). In total, we train 18 distinct models for the several n, W
configurations of the MT. The longest training (n = 32768 and W = 32 in Fig. 2) ran for 11M steps.
The generation of 10, 000 samples over 40 training times takes around an additional hour per model
on the same hardware support.

TUsing the pytorch-fid Python package.


https://github.com/mseitzer/pytorch-fid
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Figure 2: Impact of batch size and optimizer on the scaling of 7., FID (solid lines, left axis)
and memorization fraction fi,em (in %, dashed lines, right axis) against training time 7 for various n.
Inset: normalized memorization fraction fiem(7)/ fmem (Tmax) With the rescaled time 7/n. (Left)
Memorization scaling for B = n. (Right) Generalization—-Memorization transition with Adam
optimizer for W = 64.

A.2 Batch-size effect: repetition vs. memorization

All the experiments in the MT use a fixed batch size B = 512, and in Sect 2 we emphasize that
the observed O(n) scaling of Tyem cannot be explained by repetition over training samples. To
validate this statement, the left panel of Fig. 2 shows FID and memorization fraction curves when we
train the models with full-batch updates (B = n) for n € [128,512]. At any fixed 7, every sample
has been seen exactly 7 times. Yet Ty,em, continues to grow linearly with n, as shown in the inset.
This demonstrates that larger datasets reshape the loss landscape — requiring proportionally more
updates to overfit — rather than simply increasing memorization through repeated exposure of training
samples.

A.3 What about Adam?

We conclude this section by repeating our analysis at fixed W = 64 using the Adam optimizer [14]
instead of SGD with momentum. The learning rate is n = 1 x 10™%, gradient averages take values
(81, B2) = (0.9,0.999), and batch size B = min(512, n). We keep all other settings and evaluation
metrics as above. As shown in the right panel of Fig. 2, Adam yields the same two-phase training
dynamics with first a generalization regime with fier, = 0 and good performances (small FID), and
later a memorization phase at Typem X 12, as shown in the inset. The only difference is that both 74y,
and Tyem Occur after much fewer steps compared to SGD. This also points out that the emergence of
the two well-separated timescales and their scaling is a fundamental property of the loss landscape.

B Generalization-memorization transition in the Gaussian Mixture Model

The aim of this section is to show our results hold for other data distributions than natural images,
and alternative score model that U-Net architectures.

B.1 Settings

Data distribution. We focus on data iid sampled from a d-dimensional Gaussian Mixture Model
(GMM) made of two balanced Gaussians centered on g with unit covariance, i.e.,

1 1
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Figure 3: Basic ResNet architecture of the GMM numerical experiments. Residual network with
three residual blocks, each made of two fully-connected layers followed by a layer normalization.
The width of the network is W, and the input and output sizes are d.

In what follows, we choose to work with g = 14, with 1, = [1,.. ., 1]T € R¢. In this controlled
setup, the generalization score can be computed analytically from Py and reads

Sgen (X, 1) = pe”ttanh (xt . ue_t) — X¢. 5)

Score model. The denoise £€g(x:,t) is implemented as a lightweight residual multi-layer neural
network (see Fig. 3): an input layer projecting RY — R, followed by three identical residual blocks
and an output layer projecting back to R?. Each block consists of two fully connected layers of
width W, a skip connection, and a layer normalization. We encode the diffusion time ¢ via sinusoidal
position embedding and add it to the first feature of each block. The total number of parameter in the
network is p(d, W) = W (2d + 13) + d + 6W?2. For d = 8, and W = 128, the reference setting of
this section, this yields p = 102, 024 trainable parameters.

Training and computing resources. Unless otherwise specified, we train every model of this
section with SGD at fixed learning rate n = 6 x 10 > and momentum 3 = 0.95 using full-batch
updates B = n for n € {128,256,512,1024, 2048, 4096}, running for up to 4M updates. All
experiments are executed on an Nvidia RTX 2080 Ti, with the largest n = 4096 requiring around 10
hours to complete.

Generalization and memorization metrics. In addition to the memorization fraction frem(7),

we exploit this controlled setting where we know the true data distribution [P to directly measure
how closely it matches the generated distribution Pg via the Kullback-Leibler (KL) divergence

Dx1,(Pg|Py) = /dXPg(X) logPg(x) — /dePg(x) log Py (x). (6)

The cross-entropy term Ep,, [log Pg] is easy to estimate using Monte Carlo,
1N
/ dxPo(x) log Bo(x) = 1 3 log Po(%,.). ™
p=1

where {x,,} val are N = 10,000 samples drawn from the model with parameters @(7) at training
time 7. Estimating the negative entropy term Ep, [log Pg] is more challenging, since DMs only give
access to the score function sg(x,t) = Vx log Pg(x) and not the underlying probability distribution
Pg. We can however employ time integration to express it as a function of the score only,

T
Ep, [logPe| ~ / del(t) — glog (2me), (8)
0
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Figure 4: Generalization—-Memorization transition as a function of the training set size n and
width W for ResNet score models on GMM (d = 8). KL divergences (solid lines, left axis)
and memorization fraction f,em (in %, dashed lines, right axis) against training time 7 for various
(Left) n € {256,512,1024,2048,4096} at fixed W = 128. (Right) W € {64, 128,256} at fixed
n = 2048. Insets: Dkr,(Pg|Po) and fiem against the rescaled time 7/n (left) and 7V (right).

©))

with
3 N
t % % 5 2
I(t) = ﬁ [XHSQ(XM, t) + SG(X;M t) ] .
pn=1
This expression assumes that the model learns an accurate representation of the score function. It is
noteworthy to mention that samples are generated using standard Euler-Maruyama discretization of

the backward process 2 of the MT over 7' = 1000 timesteps.

B.2 Scaling of 7., and 7z, with n and W
In Fig. 4, the left panel shows how the KL divergence and memorization fraction evolve with training
time 7 for different training set sizes n at fixed width W = 128, while the right panel fixes n = 2048
and varies W. In both cases, we observe two distinct phases. First, the KL divergence decreases to
near zero on a timescale T,¢, independent of n during which the model fully generalizes (fmem = 0).
Beyond Tgen, both Dkr,(Pg|Po) and frem begin to rise at a time Tem that scales linearly with n, as
highlighted by the inset of the left panel. In contrast, Tem Scales with W1, as shown in the inset of
the right panel. While the precise dependence of 74, with W remains inconclusive in this setting
and require a more careful analysis, these results on the GMM mirror the main findings of the MT:

the training dynamics of DMs unfolds first in a generalization phase and only later — at Typem o< n/W

— memorization begins.

B.3 Discussion on conditional diffusion models
Conditional generation aims to sample from distributions of the form p(x|y), where y denotes a
conditioning variable such as a class label, a text embedding, or any other contextual information.
DMs can naturally be extended to this setting using for instance classifier-free guidance [11]. Al-
though conditioning often improves sample quality in practice, memorization effects have also been

observed in models trained conditionally [22, 27, 5]. Our analysis does not rely on the model being

unconditional since these variables typically enter the model as additional inputs and we expect
our result to hold in this setting as well. To investigate it, we train a classifier-free guidance model
to generate sample from our Gaussian mixture conditionally on the class label, and compute the

memorized fraction as a function of 7 that we report in Fig. 5. In the inset, when rescaling the
training time by n, the curves for n € {256,512, 1024} all collapse perfectly, confirming that the

phenomenon persists in the conditional setting. For more complex datasets, Tiem and 7gen may in
fact depend on the conditioning variable and intermediate regimes could exist where certain classes
have already entered the generalization (or memorization) phase while others have not yet.
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Figure 5: Effect of guidance on 71,6, Evolution of fi,cp, as a function of 7 for n € {256,512,1024}
at fixed W = 64.

C Proofs of the analytical results

In the following we provide the mathematical arguments and the proofs for the statement in the
MT. The section using the replica method is not mathematically rigorous but uses a well established
method of theoretical physics, which has been already shown to provide correct results in several
cases. The final result is rigorous, since it can alternatively be obtained from the rigorous free random
matrix approach of [7], as shown in Sect. C.4.

C.1 Notations

We recall here the notations used throughout Sect. 3 of the MT and Sect. C of the SM.

d : Data dimension (10)

n : Numbers of data points (11

p : Dimension of the hidden layers of the RFNN (12)

I : Identity matrix in dimension d (13)

o(x) : Activation function of the model (14)

P4 : Distribution of the data points (15)

P, : Distribution of the noisy data points at diffusion time ¢. (16)
n

n = — 17

o=~ (17
p

Up=75 (18)

Ap=1—e2 (19)

> = Eyop, [xx7] (20)

S =e 2N+ Ay (21)
Tr(X

Ff _ r(d t) (22)
Tr(X

o2 = 72 ) (23)



o]|? = Ez[o(T2)?] (24)

2
bf = (Eu,q, [vo(e toxu + \/Atv)]) (25)
a; = By p[o(e foxu + \/Ev)%] (26)
e
v} =By pwlo(e foxu+ VAw)o(e toxu + v/ Aw)| — aje * ol 27
52 = |o||* — aZe 02 —v? — b2 (28)

p1(t) = Eyfo(Tiu)u] = \/ e 2to2a? + b2. (29)

Unless specified, all the expectation values are taken for standard Gaussian variables. We will denote
X = [x!|..|x"] € R (30)

the matrix whose columns are the data point vectors and likewise we decompose W as

(W)"
W = : e RPX4, (31)
(W,)"
where W, € R¢ denotes the ith row of W. We recall the definitions of the matrices U and V
1< Wx! wWxt(€)\"
n 4 Vd Vd
Wxy (£)> ]
E i . 33
Z 5 [ ()¢ =

C.2 Closed form of the learning dynamics

Proposition C.1. Let A(T1) be the solution of the gradient flow (10) defined in the MT with initial
conditions A(t = 0) = Ay, then

A(T) 1 Tyr—1 1 Tyr—1 Ay, _22ey,
=- VU + ViUt + =) ¥ 34
VP VA (\/At \/ﬁ)e 34
with
%%
ZEs Xt Wi )y, (35)

Proof. We expand the square in the training loss

T
Conin(A) = 14 (A A gy VA Ay (36)

d VBVE A b

and compute the gradient

LAtéU+ 2y AtVT

Lirain (A = 37
VaLun(A(T) = =51 S0+ 2 G7)
Solving this ordinary differential equation yields the desired result. Consequently, the timescales of
the dynamics of A(7) is determined by the inverse of the eigenvalues of A, U /1), O

C.3 Gaussian Equivalence Principle

As explained in [19, 8, 12], the Gaussian Equivalence Principle which applies in the high dimensional
setting considered here establishes an equivalence between the spectral properties of the original



model and those of a Gaussian covariate model in which the nonlinear activation function is replaced
by a linear term and a nonlinear term that acting as noise,

()

where k1, K, are constants that depend on the distribution of the data and on the activation function o
whose formula we recall

/

+rem, X ~N(0,Ex[xx"]), n~N(0,I,), (38)

k1 = E. [a(oxz>gi1, (39)
Ky = \/E o(0x2)?] — K202 (40)

The expectation function are with respect to z ~ N'(0,1) and 02 = Tr(X)/d. The Gaussian
Equivalence Principle (GEP) holds if the distribution Py of the vector x verifies

(i) Px(x) has sub-Gaussian tails: there exists a constant C' > 0 such that for all A > 0 and
each entry x;,

P(|x;| > A) < 2e~47/C. (41)

(ii) The data covariance matrix ¥ = E,.p, [xx”] is bounded: there exists a constant K > 0
independent of d such that A\« (¥) < K and % < K where A\« (X) denotes the spectral
norm of 3.

In this section, we outline the derivation of the Gaussian Equivalence Principle (GEP) for the matrices
U, U,V and V under arbitrary input covariance. This generalizes the approach developed in [7],
which considered only the case of data drawn from N (0, I;). A more rigorous approach, which
would consist in following [16], is left for future works. We will make use of the Mehler kernel
formula [13] which states that for f a test function defined on R2,

E'u,,vr\d:”Y Z u v~ N (0,12) [H@S( )H@S (v)f(u, U)L (42)

where the expectation on the left-hand side is taken over jointly Gaussian random variables u and v
with zero mean, unit variance, and correlation -, while on the right-hand side the expectation is taken
over independent standard Gaussian variables. He, denotes the s-th Hermite polynomial. We recall
some useful properties of the Hermite polynomials [1]:

o 2/2

* They form an orthogonal base of L?(R, N dz).

* The first Hermite polynomials are Heg(z) = 1, Hey (x) = .

Lemma C.1 (Gaussian Equivalence Principle for U). In the limit n, p,d — oo with ¢, = p/d, ¢, =
n/d and with a dataset {x"}'_, sampled from a distribution Py which verifies assumptions ( i) and
(ii) with ¥ = Ep_[xxT], the matrix

has the same spectrum as its Gaussian equivalent

G GT L ww’

where

\%%
G = eftatﬁx/ + 1,02, 45)

X' € R¥*" is a matrix whose columns x'* are sampled according to N'(0,2) and Q@ € RP*? has
gaussian entries independent of X and W.



Proof. For the sake of clarity, in this proof we explicitly make the covariance of the data 3 appear

by writing the data points are written as x* = 3'/2z” where the vectors z” have variance 1. Let us
focus on the element of U in position (%, j)

1/2 zv (et 1/2 mzY Err
ZEﬁ < (E \)/%l ! +\/7£k)> <W]k( (E 3}}; l +\/A7£k))]’

(46)

where repeated indices mean that there is a hidden sum. We introduce the random variable x; =
Win(e 'SV )zl

+VEER) Tn the high dimensional limit it converges to a Gaussian random variable

Vd
by the Central Limit Theorem (since the tails of the data distribution are sub-Gaussian). If 7 = j, the
diagonal terms concentrate with respect to the data points and we can thus replace the sum by an
average

Ui = Ey[o(x)?] + O(1/n). @7)
The finite n corrections can be discarded because they cannot change the spectrum of U. x can
T
be taken Gaussian with mean 0 and covariance Evy, 5 ¢[x?] = IEWHZ,E[W'i %Wf‘] = Tr(dzf') =T1?
hence
Ui =Ey[o(x)’] + O(1/n) = EuNN(O,l)[G(FtU)Z] = l|o]*. (48)

Ts1/2
If i # j, we denote 1} = e*t%dlz. For now we consider W and the z” fixed and look at £. We

use the Mehler Kernel formula for the random variables u = W7 £/+/d and v = W?E /V/d that
wiw;
d

have correlation E¢ [uv] =
o (771” + \/A»tu) o (77]” + \/A>tv>] (49)
Z 7/d E,[Hes(u (77Z + \/>u) |Eu[Hes(v (77] + \/>v) (50)

We truncate at order s = 1 since the corrections are order O(1/d).

U, = %iEu[o (¢ + VAu) B (0 + VAw)] 5D
+7ZWWJIEI fwor (! + /B Euloo (f + VAw)] (52)
== ZEU[U (n + VAo (n) + VAw)] (53)
+WdW]E ulur (i + /BBy [vo (n; + /A (54)

by neglecting O(1/d) corrections and where the law of 7 can be considered Gaussian with zero mean
e 2t Tr(Z)(S )
~0ij

correlation E[n}'n] = = e~ ?"525;;. The coefficient in front of & is therefore

d
b2 = (Ey o [vo(e togu + /Aw)))2. (55)
Denote a¢(n) = E,[o(n + v/Au)]. We now focus on
1
~ > _oo(n)ou(f). (56)

We use the GEP on o

eftWZTX” . WZTX/V
oo | —=2— | = aze” + v, X" ~N(0,X), Q~N(0,I,), 57
0 ( NG ¢ 7 ¢ (0,%) (0, 1) (57)

10



with a; = Ey [0 (e "oxu) =i5-] = Eyu[o (e oxu + vApv) =#;-] and v = Eyfoo(e toxu)?] —

a?e %02 = By wlo(e toxu + VAw)o(e toxu + VAw)] — aZe~*'02. Hence the truncated
expansion yields for i # j

1< wlxw WTx" ! wWi'w;
U, = - Z ae t—2 + 097 | [ are " —2 +0 Q7|+ b (58)

= Vd Vd d
Now we need to deal with the diagonal term. We need to substract
(afe o2 + v} +b7) I, (59)

The Gaussian equivalent of U reads

G GgT ,wwT

U=———+1b 1 60
\/ﬁ\/ﬁJr g T (©0)
with s? = ||o||? — a?e~2%'02 — v — b2
O
Lemma C.2 (GEP for U). Let
= Wy, Wy r
U=Eylo(—=)o(—=)"|, (61)
vlo( 7 Jo( Nz )"
where the expectation value is taken'y ~ P,. Then the GEP of U reads
wx,w’
u?(t)izl + (ol = pi () Iy, (62)

where y3(t) and ||o||? are defined in Sect. C.1.

w!y
Vd

Wiy Wiy, _ WiSW, 2 i
Ey[ NGB |= = ~ I'} and correlation Ey |

Kernel formula to U

Proof. For a vector y sampled from P;, the are asymptotically Gaussian with 0 mean, variance

T T T i
Wiy Wiv) _ WISW. . we apply Mehler

~ 1 (Wi ()W)’
0= 3 5 (V) Bl @], 6
where the expectation on v and v is standard Gaussian. We keep only terms at order O(1/+/d). If
i # j we keep the terms up to order s = 1.

~ <Wik(2t)klel

U, = T2 ) E.[o(Tpu)u)?. (64)

For ¢ = j we cannot truncate because all terms are O4(1). Hence the diagonals terms are asymptoti-
cally

U, = Eunonlo?(Tez)] = [lo]?. (65)
Taking care of the diagonal terms, the Gaussian Equivalent matrix reads

2 T
- pi(t) WX, W
0= MOWEW L (o) — o) 1, (66)
t

where 1 (t) = Ey[o(Tru)ul.
O

Building on the GEP of U, we prove the following lemma on the scaling of the eigenvalues in the
bulk.

11



Lemma C.3 (Scaling of the bulk of U). We assume that  is positive definite and that the spectral
nOrm Amax(X) stays Oq(1). In the high dimensional limit p > d > 1, the spectrum of U is
asymptotically equal to

1 2 2 1
(1 - w) 0= (lo? = ) + -

where pouik () is an atomless measure whose support is of order O(1,,).

Poulk(A), (67)

Proof. Since p > d and W € RP*? and ¥ € R%*?, the spectrum admits a Dirac mass at A\ =
lo||? — p2(t) with weight (p — d)/p. For the order of magnitude of the eigenvalues in the bulk, let

1/2WWT 1/2

us first observe that the bulk of w is the same as the one of . We can bound the

spectral norm of the product by the product of the spectral norms

s 2wwTsl/? ww7?
)\max( L d t ) S )\max(T))\max(gt) S O(wp)a (68)
since we assumed that Apax (¢) = €72 A nax (B¢) + Ay = O(1) and since )\max(wTWT) = O(¢yp)

is given by the Marchenko-Pastur law [18]. To bound the norm from below we use the following
inequality

ww? »2wwixl/?
)\Inin(zt)Amin(i) S >\min( : t ) (69)
d d
Since 3 is positive definite, the bound is also of order v,,. This concludes that the support of the
bulk is of order 1);,. O

Lemma C.4 (GEP for V and V). Let

Z Eelo @ ——L>0)eT), (70)

V =Exelo (W\X}(O

They can be replaced by their Gaussian Equivalence Principle in the train and test losses.

() VA W
Ly Vd

)E”]. 1)

V=V-= (72)

Proof. The two matrices only differ element-wise by quantity of order O(1/n) and therefore have

the same Gaussian Equivalent matrix. We focus on V. Introduce the random variable n; =

Wi(e ’\‘/"{‘ﬁg") Its has 0 mean, covariance Ey ¢[n?] = w ~ T'? and correlation with &

ii = Ex¢[mi&;] = ‘/T/YV” We apply the Mehler Kernel formula

Vi = Exelo <rt(wi’“(et(2;t)%l V) >> 3 (73)
_ Z - (f) Ey[o(Tyu)Hes(u)|Ey[vHes(v)] (714)

— 0+ X2 Wi o (nuuule, )+ O(3) 7

_ \/EFAZ@V\‘/’E . (76)

O
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C.4 Proof of Theorem 3.1.

We recall the Theorem 3.1 of the MT.
Theorem. Let q(2) = o To(U —21,)" ! r(2) = 5 Te(ZV2WH (U - 21,) " '"WEY2) and s(z) =
2 Te (W' (U — 2I,)"'W), with z € C. Let

1
8(q) = bihp + pr (77)

) 1)[} a2672t
F(r,q) = z ;Z w et (78)
1 + Zt—-  FD _|_ P TPt q

Then q(z),r(z) and s(z) satisfy the following set of three equations:

1
= [ 4O sy )
A
r= [0 QTN ®0
2 7/’1)”1:2 1- ¢p S
_ _ 2o, 81
¢P(8t Z) + 1 + wp + wpvf q q2 ( )

The eigenvalue distribution of U, p(\), can then be obtalned using the Sokhotski—Plemelj inversion
Sormula p(\) = lim+% Tm g(\ + ée).
e—0

We first show that the equations of the Stieltjes transform of p found in Ref. [7] with linear pencils
[3] in the case Px = N (0, I) i.e. ps(A) = §(X — 1) can be reduced to the equations of Theorem ??
with our definitions of 17 (t), s; and v;. The equations of [7] read

Glsi =2+ e piGG +v{G + ApiC) —1=0 (82)

Co(thn + vfpC — €' pnGy) — W = 0 (83)

e (1 + e i GaG) + (1 + (Appfihpi)G) = 0 (84)

e 2 pipCiéala + (14 AppfehpCi)Ca — 1 =0, (85)

with (; = ¢ and (3 3 4 auxiliary variables. We make the following change of variables r = — e—*‘fi T
The second equations relates (s to ¢ and r

G = ! (36)

1+ ”1¢Pr+vtwpq

Injecting this into the second equations gives the second equation of Theorem 3.1. The fourth
equation gives

1
o= . (87)
P TR ia(At eG)
Injecting this into the first equation gives
1
2 -2t 2 —t 2 2
q(s; —z+e r(—e +vilo + A —1=0. (88
(si 1 Gar( ) 7 G2 12251 1+ ,LL%'l/Jpq(At i e—zt@))

After some massaging we find back the first equation of Theorem 3.1.
We now prove Theorem 3.1 using a replica computation, inspired by the calculation done in Ref. [6].

Proof. Our goal is to compute the Stieltjes transform of the matrix U.

1
q= lim ~Ew x o[Tr(U — 2I,) ] (89)
p—oop
1
= -0, lim —Ew x q[logdet(U — z1,,)] (90)
p—oop
1
=20, lim ~Ew x o[logdet(U — 2I,)"1/?]. 91)
p—oo P

13



The so-called replica trick consists of replacing the log = by hm z =1 Applying this identity, we

obtain

g = 20,lim lim —Ew x.aldet(U — 2I,)~%/% - 1], (92)

s—0p—ooPs

where as usual with replica computations we have inverted the order of the limits p — oo and s — 0.
We define the partition function Z as

d 147 (U
Z = det(U - ZIp)_1/2 = /(27r§/2€_2¢T(U Ip)¢_ (93)

We replace U by its Gaussian equivalent proved in Lemma C.1 and write the partition function for an
arbitrary integer s

p/2

H 0397 (z=57)8"
(2m) p/2

v T
*ﬁ%ﬁ‘ﬁ(ate th +v: Q2 )(ate”’w\/’g +vf,9") ¢“e—g—§¢“TWWT¢“]. (95)

do?® a a
Ew x a[2°] = / H 99 R x et O] (94)

We first perform the computation for integer values of s, and then analytically continue the result to
the limit s — 0. To compute the expectation over X, W, and €2, we need the following standard
result from Gaussian integration

1 T T 1 1 —1qT
/dxe_ 5xGx" +Jx e 2 logdet G+5JG™J ; (96)
where G is a square matrix and J a vector.

Averaging over the data set. The dataset dependence enters through

Ex[eiﬁ aT(ate_th Qv )(ate_th +v: QY )Tqﬁa}

2 ) a v v a ’U2
By fem ot TWRIXI W gt S T (WX T axX W et~ arTanTe g7y

We introduce for each replica ¢ a Fourier transform of the delta function by using the auxiliary
variables w®, 0% € R? as'

/ dwad@®ei®” (VP 9" TWE2) _ g (98)

In the following, we do the change of variable X = %/2Z" with Z" a d dimensional Gaussian
random variable with unit variance.

e ) o )

2 —t 2
_afe”?p weT vT ja _ 9t vtVP QY bW ZY 1 _ YL 4aT T .a
= Ez[e 2nd z'z e Tan 2a, 0w ]6 K L (99)

Denote Gz = atp S, wiw ™ and (Jz)¥ = ate:}ﬁ\/ﬁ > o (27 - 9% )w?, then

Ex[e—%ﬂqb“T(ate*tw\/’%V +Ur,QV) (ate th +v: Q2 ")T¢a] _

2dn2

—%lcgdet(l-i-Gz)ea’e v”) >, (27-9%)(QV-¢")w" h(l+GZ)k 1w’ le Ut Lot Ot e" , (100)

where repeated indices mean that there is an implicit summation.

TThroughout the computation, we discard non-exponential prefactors, as they give subleading contributions.

14



Averaging over (2. The terms that depend on 2 are

gl "5 Tu(@ 67 (076" (14 Gy [l o TanT o)
( [ at;;:;)tp(Qv_¢a)(QV.¢b)w”'k(1+Gx)k lw le Ut ¢QTQ QUT¢a]) (101)
— e 1ogdet(1+Gn) (102)
with
@ ,U2 a eitv P a r
(Ga)et = 6 (ﬁéab_# k(1 + Gz w")e" (103)
We are left with
d¢a aj~a L(z—s2)p*p?T _b%JwGT B
Ew x.lZ /H 27rp/2dw’w’e2( $0)970" e=2a =
Ey [ (VP =0 e TWEL/2) e~ logdet(latGz) o~ 5 logdet(la+Ga)), (104)
Averaging over the random features W. W only appears through ¢ ~i&*W" #*3"/?
wle’ Za @a(\/ﬁwa,wwazi/z)] = VP X " (R [Bfmwaiw“(zi/z)m]) (105)
N b g (106)
= ei\/ﬁza &Ja‘wae_%za,b aazwbqﬁa.qﬁb. (107)
We end up with

S i 2
Ew x o[Z2°] = / H dgbadw“d@“e%(zfsf)(ﬁ%”e’%“’ﬂz_lwa VP, @t Wt
a=1
o3 Lap @ B¢’ — B logdet(Ia+Gz) ,— % log det(Ia+Ga) (108)
Averaging over the w”. We can integrate with respect to «w. The only terms that appear with it are

/Hdw“eiﬁza@““e—%Za,b@“m%”@ (109)

Denote J; = i,/pw and GZ? = X ¢ - ¢°, then the integral is of the form

an~a aab -~ b Tr—1
/Hdw“ezw‘L fem 2 Xijap @I GHG) _ o—3logdet(G)+3I7G7T (110)
This gives
Ew x.al2 /Hd¢adw e3(z=s0)0" 6" T = HrLeTE 0 2 log det(Ia+G2)
— 5 logdet(Is+Ga) ,— 3 logdet(G)+3J7G™'J (111)

Introducing the order parameters. We define the order parameters as Q®° = %q&“ - ¢ and

R = iw“ - w?. To enforce these constraints, we use the following delta function representations
_ /anbanbe%Qab(pQ“b—W'¢b)’ (112)

1= /dRa”dA“belf‘“b“R“b—“a'“b), (113)
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Ew yal2°] = / Hd¢“dwadQ“banbdRabdR“b
a=1

e3Q7 Q™ =" ¢") L FR" (AR~ ")

2 —2g 2
o5 (z=s7) Tr Q— 3 log det(Ln+ L2 R) ,— 0" T2 e

e e

2, —2t,2 2 _—2t
o~ 5 log(1+£ (v - 5L R(1+5—R)"HQ)

e—%logdct(E®Q)e—%sz;ll(Q’l)abwf’. (114)

We also introduce S*° = w¢ S ~1w!/d.

EW,X,Q[ZS] — / H d¢adwaanbanbdRabdRadeadeab
a=1

e%Qab(anb—d)a'd)b)e%RQb(dRab—wa'wb)e%éab(dsab—wazilwb)

-2

2 t 2
o3 (z—s3) Tr Q3 log det(I, + “L5—LR) ,— L2 Tx(S)

n p 2 aje2tu2 afv?p o1
o B log(142 (v} — R(1+ 22 R) Q)

n

67%10gdet(2®Q)€7%Tr(SQ_1). (115)

The integration over d¢® and dw® gives

]EW,X,Q[ZS] — / H anbanbdRabdRabdsabdgab
a=1

2 J 2 S ab aab
5 Tr(QQ) ,— 5 logdet Q g R"'R*" [ 8""8"
e_% log det(RI;+S@="1)

aZe—2tp v2p
L PR),— 2L Tx(S)

L(z—s?) TrQ,— % log det(Im+

] 5 aZe—2ty2 aZe=2t,
—% log(1+ % (v; ————+R(I+———R)")Q)

o~} logdet(2@Q) ,— 4 Tr(SQ ") (116)

We need to combine ¢~ 3 108det(Z8Q) and 3 log det(ROI+885 1)
o~ 3 logdet(20Q) ,—§ log det (ROI+S®E ") _ ,—14 log det(QS®I4+QROT) 117)
4 log det(QS) ,— 4 log det (I, ® T, +RS ™' ©%) (118)

—e 2

sa—1
Then for ¢~z logdet(Tm®La+RS @) \e can introduce px: () the density of eigenvalues of X

1 NoA— 1 o
~ 5 logdet(I,, © I + RS 1®2):—§Trlog(Im®Id+RS "o m) (119)

1 —1) a1

:72( “) RS Yo (120)

1>0

d (-1 5a vy

=5 [ s S @SN azn

1>0

d

= —f/d)\pz()\) Trlog(In ® I+ ARS ™). (122)

[\]

We end up with

Ew x,o[Z2"] = /deQdef{deSe_%S(QvaRvR»SS), (123)
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where the action reads

S(Q,Q,R.R.S,S) = ¢, logdet Q — ¢, Tr(QQ) — Tr(RR) — Tr(SS)
2, —2t

— (2 — 82) Tr Q + ¥y, log det(I, + 2 en PR) 4+ b2, Tr S

2, ,—2t,2 2 —2t
+ Yo log(L + 2 (vf — L R(L, + —F

R)7)Q)

+ log det(QS) + /d)\pg()\) Trlog(L, © Iy + ARS ) + Tr(SQ™Y).
(124)

In the high dimensional limit, the partition function is dominated by the saddle point. By derivating
with respect to Q we get

Q =Q (125)
which yields
5(Q,R,R,S,S) = —1, logdet Q — Tr(RR) — Tr(SS)

2,—2t

— (2 — 82) Tr Q + by, log det(I, + en PR) + b2, Tr S

a%e—Qt 2 2,—2t

Ut € " P—1
TR(IS-F - R)7)Q)

3

+ wn IOg(Is + 7(1}152 -

3

+ log det(QS) + / dApx(\) Trlog(I, @ Iy + ARS ™)

+Tr(SQ™1). (126)

Replica Symmetric Ansatz. We introduce a replica symmetric (RS) ansatz for all the the matrices
and moreover suppose that only the diagonal terms are non vanishing i.e. they are of the form
Q = qI,. This ansatz yields

S(q,r,7,s,8)/s = —Yplogq —rf — 55
2,—2t 2
aje "
=Pyt PLg) 1 by
n n

— y(z — $7)q + 1n log(1 +

+log(q) + /d)\ ps(\) log(é + AF) + 2 (127)

Let us differentiate with respect to the 5 variables

a8 R 1
g = —S+b?wp+ 6’ (128)
05 _ i, i (129)
or 14 4 ey g 2y
a8 1
_ L 1

5 [ 0
oS A
a8 v? 1 S
T F L. B - 1 (132)

4 4 I e L
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Hence the saddle point equations read

1
§=bjp+ -, (133)
q
R aZe 2t
P = aii”_zfp ol (134)
1+ ~——r+=*tq
1
— [ dps() 135
s= [ s (135)
r—/d )2 (136)
=) RV
2
1_
Up(s; — 2) + zﬁfvt — + wp—%zo. (137)
1—1—7%6“ pr—i—%q q q

Finally, we observe that the solution ¢* to the saddle point equations corresponds to the Stieltjes
transform of p.

1E[Z5] -1 e~ 58 1 1d
28z—¥=28f62— — —20,-58(¢",r") = q". (138)
P s P m m—0 pQ

O

C.5 Proof of Theorem 3.2.

We recall Theorem 3.2 of the MT.
Theorem (Informal). Let p denote the spectral density of U.
Regime I (overparametrized): v, > 1, > 1.

L4y Yn

1
PO = (1= =72 )30 = D)+ JE () + - el
Regime II (underparametrized): ,, > 1, > 1.
1 1
A)=(1—-— A)+ — pa(A).
P = (1= )+ )

where p1 is a atomless measure with support

2 2
st (1 foiin) st vt (1o o/ ] |

and po coincides with the asymptotic eigenvalue bulk density of the population covariance U =
Ex[U]; p2 is independent of 1), and its support is on the scale 1,,. The eigenvectors associated with
§(\ — s2) leave both training and test losses unchanged and are therefore irrelevant. In the limit
Yp > by, the supports of p1 and po are respectively on the scales 1y, /1y, and 1y, i.e. they are well
separated.

We now proceed to prove Theorem 3.2.

Proof. Delta peak. We first account for the delta peak in the spectrum. We use the Gaussian
equivalence for U computed in Lemma C.1. Let 2¥ € RP? be the vth column of 2 and W; € R? the
ith row of W. Suppose a vector v € RP lies in the kernel of all these

p

Yw=1,....n, > Qv;=0, (139)
i=1
p

VeE=1,....d, Y Wiyv;=0. (140)
k=1
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then Uv = s?v. These are n + d linear constraints on a vector of size p hence there are non trivial
solutions for n + d < p. Hence a delta-peak at sf appears as soon as 1, > 1, + 1. Next, we extract
its weight. Recall that the Stieltjes transform satisfies

i) = [ £ ax

f

and a point mass of weight f at A = s? contributes — ~ { as z — s7 — e. Meanwhile
t

s(z) = %Tr[WT(UfzI)ﬂW], r(z) = %Tr[El/sz(U—zI)*IWZI/Q]

remain finite in that limit, since the corresponding eigenvectors satisfy W v = (0. We substitute this
Ansatz into the equations of Theorem 3.1. The first equation reads

pv?
—t 11— S
Ui, L +abp(s? —2) + L= =0, (141)
1+€ zilpUQT—‘,— th p(t ) q qg
and simplifies to
Yne (1 d)p)g
— + pe =0. (142)
f P f
It readily gives
L Yn
f=1————. (143)
Vp Py

Thus the point mass at s? has weight 1 — i — w—” , in agreement with the counting of degrees of
freedom presented above.

Finally, one checks that these isolated eigenvalues do not contribute to the train and test losses. After
expanding the square they read

A, AT A 2\/At A
'Crain 1 — Tr U A\ 144
(&) = 14 G52 ) T V) (144)
T A
Liest(A) = 1+ﬁT(A fJ)+2 A (AV) (145)

d PP d VP

The terms that appear in the loss are of the form Tr(A” A...) and Tr(AW). The trace can be
decomposed on the basis of eigenvectors of U. The eigenvectors associated with the delta peak
satisfy W”v = 0. Looking at the expression of the matrix A = W7 ... + A, one can easily see
that, for initial conditions Ay = 0, one has v’ AT = 0 and the subspace corresponding to these
isolated eigenvalues does not contribute to the loss.

First bulk. Using the expression for ¢ = Tr and r(z) = %Tr(ElMWT(U -

U—zI, zI
2I)~""WX'/2) we make the following Ansatz in the large 9, limit:
1
q=0y,(1), r=0y,(-). (146)
Up
In this limit the saddle point equations becomes at leading order in 1),
5 = b, (147)
a2e—2t
7= Ypaie = (148)
1+ %y
= O(1/4yp) (149)
= O(1/4p) (150)
2
1
(2—2)+ —t - =0, (151)
1+8tq 4
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We can focus only on the last equation on ¢ only. This is a quadratic polynomial in ¢q. If its
discriminant is negative then the solutions are imaginary and thus the density of eigenvalues is
non-zero. The edge of the bulk are where the discriminant vanishes

A=(s2—A\1- %)vf)Q +4(s2 — A)%vf —0. (152)

2
Ay =87 +0vf (1 + \/g) (153)

which are the edges of the first bulk p;. We have checked this result, and hence validated the Ansatz
solving numerically the equations on r, g. Interestingly at leading order the expression of the first
bulk is independent of px.

Second Bulk. We scale ¢ = Oy, (1/1,) and 7 = Oy, (1/4;,). The equations on 3 and 7 lead to

It vanishes for

1
8 =1h,b7 + — (154)

q
F = pate . (155)

This yields the following equation on ¢
1—¢, 1 dps(N)
2 2 P

— - = =0. 156
Yol = 2) ik g / 1+ qiop (b7 + Aage™) (>0

We denote the shifted variable 2’ = z — s7 — v?. This yields

, 1=, 1 / dps(A)
_ _ = =0. 157
vz + q q.J) 14 qpp(b? + NaZe2t) 0 (157)

We decompose the integral

/ dpn () _ / dpm (N +q¥p(bi + Aage™) — gy (b + Aafe™)) - <o)
1+ g, (b7 + Aaje—2t) 1+ gy, (b7 + Aafe—2t)
dpm (V) (B + AaZe)
—1- 1
qu/ 1+ g, (b7 + NaZe—2t) (159)

By plugging this back in the equation we find

= - z’—/dpz(A)(b?Hat%_%) h (160)
! L4 pq(6F + Aafe ) )

We do the change of variable y = b7 + Aa?e~2!. This yields

—1

p=b;
, 1 / dups (Gre=5 )1 (6l)

= — A
! afe=? 1+ tpqp

An integration by parts give that b7 = A, u?(t) a? = u3(t)/o2. We thus realize that the integral is
over the eigenvalue distribution of 1% (t)(e™2!3 + A1),

dppye s, (W
qz—(z’—/l) . (162)
L+ 4pqp
We recognize the Bai-Silverstein equations [21, 2] for the eigenvalue density of the matrix
. wx,w’
U= u?(t)Tt + (57 + v?)I, = By [U] (163)

which is the population version of U and is thus independent of n. Lemma C.3 concludes on the
order of the eigenvalues in the bulk of ps.
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C.6 Dynamics on the fast timescales

In the following we denote for a matrix A € RP*P,

[Allop = sup  [[Av] (164)
vERP,||v|=1
the operator norm and
P
IAlle = (> AZ)'? (165)
i,j=1

the Frobenius norm. Before deriving the fast-time behavior, we need the following lemma.
Lemma C.5. The operator norm of U — U satisfies
- Y
(U = U)llop = O(—=

Vibn

) (166)

when p > n > d.

Proof. On the one hand,
“ar2 wxX'w’ N vzsmT N e ta,
t d t n ’I'L\/g

and on the other hand,

U=¢ (WXQT + QXTWT) + (2 + v))I, (167)

s ot WEWT ww’

U = /2 7 At,u2T + (57 + v, (168)

We also note the identities b? = A, u?(t) and a? = p3(t).
U-U= afe_Zt:/Ng(Xi(T - E)V\Z + U?(QST —I)+ “:gt OX"WT + wxaT).
1

We can bound its operator norm e

T T
100 = O)len < 1T = 5P oy 4 (B — 1o
\[HQXTWT + WXQT|,p, (170)

where C, Cy, C5 are constants independent of p, n, d. We bound each of the three terms on the right
hand side. We will use the fact that for a symmetric matrix, the operator norm ||.||opis equal to its
largest eigenvalue.

First term.
[—=(—— . ¥) 7T I
\/> n \/& b

XZ(T )L A f and W, i I(XfT — ¥) have the same eigenvalues up to the

171)

‘We observe that

w(
multiplicity of OT. We then use the sub-multiplicativity of the operator norm
W XX w7 W' wW X"
= (—— =) —=lop <ll—= %o II( = 2)llop- (172)
Vi m va =g et i
We can do the same operation by introducing X = ¥Z with Z ¢ RdX” with standard Gaussian
entries,

VAAS

A
— 14 El/QH op < ||(7 - Id)”OpHE”op (173)

xxT

I = D)lop = |ZV2(=

Among our assumptions, we had || 2|, < O(1). The spectrum of (T — I,) is the Marchenko-
W it is order . The bound

Pastur law whose largest eigenvalue is of order y/d/n while for w
reads
=) —|lop £ O(——). (174)

TThey both have the same moments Tr(.)k owing to the cyclicity of the trace.
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Second term.
QT

I L) lop- (175)

We observe that the spectrum of Q€27 /n — I, is Marchenko-Pastur and thus its largest eigenvalue is
order O(p/n) yielding

QT
I = I)|lop < O(p/n). (176)
Third term.
[OXTWT + WX |,y (177)
We first bound the operator norm by the Frobenius norm.
[QX"WT + WXQT|,, < 2|QX "W ||p. (178)
We expand the square
d P n
IQXTWT + WXQT|E =C> D (D QrXiwWy). (179)
k=1i=1 v=1
The Central Limit Theorem yields
ST AXIW, = O(Vr) Wi, (180)
v=1
hence
1 vnd,
— |OXTWT + WXQT ||, = 0 F) = 0(,/?) (181)
Putting all the contributions together yields
- p ¥p
(U—=U)llop < O(—==) = O(—==). (182)
H P dn wn
O
Proposition C.2 (Informal). On timescales 1 < 7 < ¥y, both the train and test losses satisfy
£train =~ Etest ~1- O(At) (183)

Proof. According to the spectral analysis of U conducted previously, there are two bulks in the
spectrum that contribute to the dynamics: a first bulk with eigenvalues of order % and a second
bulk with eigenvalues of order 1), in the 1,1, > 1 limit. Hence, in the regime 1 < 7 < ¥y,

Ay

_2AeT cr . 2B cpy e . .
e N~ 0 if X is in the second bulk and is e A5~ 1if \is in the first bulk. We remind the
expressions of the train and test loss

A, AT A 2\/At A
Erain =1 — Tr U V 184
train (A) T (\f\f )+ ] (\/ﬁ ) (184)
T
Liest(A) = 1+&T(Affﬁ) 2V A, T (V) (185)

d VPP d VP
and use the expression of A (1) in Proposition C.1 that we expand on the basis of eigenvectors
{V/\}AGSp(U)Of U.

A\;) - 1At ViU~ (e "7V 1) (186)
= \/%VTU‘l Z(e*%” —Dvyvl (187)
t A
1
~ ——AtVTU_l > vavy, (188)
AEp2
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where A\ € pa means that the eigenvalue ) belongs to the second bulk. We also have that V and \Y%

have the same GEP % % and they thus cancel each other when computing the generalization

108 Lgen = Licst — Ltrain. It reads

2 T
Ml(t)At T _1WW 1 T ~
Lgen = — % Tr(MZE:p ViU S U (U - 0)) (189)
A ww’ 5
:J?th( > viutt ) U lvyavl (U= U)vy) (190)
7 A NeEps
2 T
1A r1IWW 1 .
== 24 ( Z V,\'YTXV,\VA(U—U)V,\') (191)

AN Epa
(192)

We then use Lemma C.5 — which states that the operator norm of U — U in the subspace spanned

by the eigenvectors of the second bulk is bounded by O( \}Dwi) — to bound Lgen,
2A 1 WW7 1 -~
[Coenl < 1Y V= 3vavE (U = D)) fop (193)
i
AN Epa
2 T 2
MlAt 1 WW 7/)]3 d P 1
< d— <O = 0(—=). (194)
r7a g T s = s T O

We also used the fact that the sums contain d terms — the only terms that matter are the diagonal
ones — and that the eigenvalues scale as 1,. The bound yield that L, vanishes asymptotically in
the large number of data and large number of parameters regime. Therefore, on the fast timescale we
find Lirain =~ Liest- Let us now focus on Lipain

2 T 2 T
- ,LLlAt T 1 WW* 1 T 2At,U,1 TWW 1
'Ctrain =1 + F%d ( Z V)\/YTXV)\V)\UV)\/) — F%d Z V)\ TU v
g AN Epa AEpa
(195)
=1— ,U,%At Z lvT WWTV (196)
- r2d XA N
AEp2

There are d values in the sum and the eigenvalues of U and WZVT are both order O(v,,) hence the

sum divided by d is a positive O(1) quantity thus in this training time regime, 1 < 7 < 1, we
obtain:

Lirain ~ Liest = 1 — O(At) 197)
O

D Numerical experiments for Random Features

Details on the numerical experiments. All the numerical experiments for the RFNN were con-
ducted using 0 = tanh and ox = 1 unless specified. At each step, the gradient of the loss was
computed using the full batch of data points. The train loss was estimated by adding noise to each
data point N = 100 times. The test loss was computed by drawing n new points from the data
distribution and noising each one N times. The error on the score was evaluated by drawing 10,000
points from the noisy distribution P, = N'(0,T'21,).

Effect of t. We present plots for different diffusion times ¢ in Fig. 6 and show that the rescaling
of the training times 7 by Tyem = ¥p /A Amin also makes the loss curves collapse. Of particular
interest is the behavior of Ty,em, and more specifically the ratio Tmem /Tgen, at small £. Recall that

2
)\minstrvf(l Zﬁp) .
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Figure 6: Generalization loss for different diffusion times ¢{. Generalization loss L., against
(Left) training time 7 and (Right) rescaled training time 7 /74en for different v, = 32,d = 100 and
different v, and .

In the overparameterized regime p > n, this ratio is independent of ¢ since v? ~ p2 and s? ~ t.

However, when p ~ n, a nontrivial scaling emerges: since Ay, ~ sf ~ t, it follows that

Trnem 1
~ —

b
Tgen t

implying that the two timescales become increasingly separated. It is unclear whether this behavior
is related to specific properties of the learned score function, and is related to the approach of the
interpolation threshold. We leave this question for future investigation.

Experiments with 02 # 1. In Fig. 7, we present train and test loss curves for o, # 1. We see that
our prediction of the timescale of memorization computed in the MT holds for general data variance.

Scaling of & With n. In the RF model, the error with respect to the true score, as defined in the
main text,

y
sam)(y) + T2

2
1
Escore =SBy nor2r,) l ] : (198)

serves as a measure of the generalization capability of the generative process. As shown in [24], the
Kullback-Leibler divergence between the true data distribution Py and the generated distribution P
can be upper bounded

. d
Dic (P P) < & / At Eseone(Av), (199)

where the integral is taken over all estimations of the parameter matrix A at all diffusion times ¢.
This bound assumes that the reverse dynamics are integrated exactly, starting from infinite time. In
practical settings, however, one typically relies on an approximate scheme and initiates the reverse
process at a large but finite time 7". A generalization of this bound under such conditions can be
found in [4]. We have numerically investigate the behaviour of Egcore 0n Fig. 8. On the fast timescale
Tgen, it decreases until a minimal value &£ .. that depends only on 1, with a power-law 1), with
1 =~ 0.59. We leave for future work performing an accurate numerical estimate of 7 and a developing

a theory for it.

Spectrum of U. In Fig. 9, we compare the solutions of the equations of Theorem 3.1 to the
histogram of finite size realizations of U.

24



Loss

SA
— 4, =80,0,=2.0
1
1
1

| — w.=80.0,=20 e
¥n=160,0, =20 — $,=160,0,=20
o wn TRl / wn =32.0,0,=20 )
II 6 i ‘l
l’ "
: 1
ll I'
/
I/ Lo % /t e
: ! o 1 I,
4 ,’, ’ — ! /1,/
II, ///I /I/
! ’
S 1 J o
g LS 2 7
/// // ’,,/ ’ggy
. . . i - - .
(O TV [ (A 1 10 10 10
! T/THleIIl
1.0 —— 4, =8.0,0,=05 1.0 P——
— ¥, =16.0,0,=0.5 P, =16.0,0, =0.5
— ¥, =32.0,0,=05 Pp =32.0,0,=0.5
0.81 F 0.8
2 172}
: g
—
0.6 0.6
0.4 0.4
102 104 105 e e
T/Tmem

10°
.

Figure 7: Different o:2. Train loss (solid line) and test loss (dotted line) for Yp = 64,t =0.1,d = 100,
different 1, and ox = 2.(top) and o = 0.5(bottom) against the training time 7 and the rescaled

training time 7 /7em-

Numerical experiments with RFNN on Gaussian data show that the
linear scaling of the memorization time with n holds also for the Adam optimizer as shown in Fig.10.

Effect of Adam optimization.
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