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Abstract

We consider the bandit optimization problem with the reward function defined over
graph-structured data. This problem has important applications in molecule design
and drug discovery, where the reward is naturally invariant to graph permutations.
The key challenges in this setting are scaling to large domains, and to graphs
with many nodes. We resolve these challenges by embedding the permutation
invariance into our model. In particular, we show that graph neural networks
(GNNs) can be used to estimate the reward function, assuming it resides in the
Reproducing Kernel Hilbert Space of a permutation-invariant additive kernel. By
establishing a novel connection between such kernels and the graph neural tangent
kernel (GNTK), we introduce the first GNN confidence bound and use it to design
a phased-elimination algorithm with sublinear regret. Our regret bound depends
on the GNTK’s maximum information gain, which we also provide a bound for.
While the reward function depends on all N node features, our guarantees are
independent of the number of graph nodes N. Empirically, our approach exhibits
competitive performance and scales well on graph-structured domains.

1 Introduction

Contemporary bandit optimization approaches consider problems on large or continuous domains
and have successfully been applied to a significant number of machine learning and real-world
applications, e.g., in mobile health, environmental monitoring, economics, and hyperparameter
tuning, to name a few. The main idea behind them is to exploit the correlations between the rewards
of “similar” actions. This in turn, has resulted in increasingly rich models of reward functions (e.g.,
in linear and kernelized bandits [37, 12]), including several recent attempts to harness deep neural
networks for bandit tasks (see, e.g, [45, 29]). A vast majority of previous works only focus on
standard input domains and obtaining theoretical regret bounds.

Learning on graph-structured data, such as molecules or biological graph representations, requires
designing sequential methods that can effectively exploit the structure of graphs. Consequently, graph
neural networks (GNN5s) have received attention as a rapidly expanding class of machine learning
models. They deem remarkably well-suited for prediction tasks in applications such as designing
novel materials [20], drug discovery [22], structure-based protein function prediction [16], etc. This
rises the question of how to bridge the gap, and design bandit optimization algorithms on graph-
structured data that can exploit the power of graph neural networks to approximate a graph reward.

In this paper, we consider bandit optimization over graphs and propose to employ graph neural net-
works with one convolutional layer to estimate the unknown reward. To scale to large graph domains
(both in the number of graphs and number of nodes), we propose practical structural assumptions
to model the reward function. In particular, we propose to use permutation invariant additive Kernels.
We show a novel connection between such kernels and the graph neural tangent kernel (GNTK)
that we define in Section 3. Our main result are GNN confidence bounds that can be readily used
in sequential decision-making algorithms to achieve sublinear regret bounds (see Section 4.3).
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Related Work. Our work extends the rich toolbox of methods for kernelized bandits and Bayesian
optimization (BO) that work under the norm bounded Reproducing Kernel Hilbert Space assumption
[37, 14, 42, 12]). The majority of these methods are designed for general Euclidean domains and
rely on kernelized confidence sets to select which action to query next. The exception is [43], that
consider the spectral setting in which the reward function is a linear combination of the eigenvectors
of the graph Laplacian and the bandit problem is defined over nodes of a single graph. In contrast,
our focus is on optimizing over graph domains (i.e., set of graphs), and constructing confidence sets
that can quantify the uncertainty of graph neural networks estimates.

This work contributes to the literature on neural bandits, in which a fully-connected [45, 44, 19],
or a single hidden layer convolutional network [25] is used to estimate the reward function. These
works provide sublinear cumulative regret bounds in their respective settings, however, when applied
directly to graph features (as we demonstrate in Section 4.3), these approaches do not scale well with
the number of graph nodes.

Due to its important applications in molecule design, sequential optimization on graphs has recently
received considerable attention. For example, in [28], the authors propose a kernel to capture
similarities between graphs, and at every step, select the next graph through a kernelized random
walk. Other works (e.g., [17, 18, 23, 38]) encode graph representations to the (continuous) latent
space of a variational autoencoder and perform BO in the latent space. While practically relevant for
discovering novel molecules with optimized properties, these approaches lack theoretical guarantees
and deem computationally demanding.

A primary focus in our work is on embedding the natural structure of the data, i.e., permutation
invariance, into the reward model. This is inspired by the works of [6, 32] that consider invariances
in kernel-based supervised learning. Consequently, the graph neural tangent kernel plays an integral
role in our theoretical analysis. Du et al. [15] provide a recursive expression for the tangent kernel
of a GNN, without showing that the obtained expression is the limiting tangent kernel as defined
in Jacot et al. [21] (i.e., as in Eq. (3)). In contrast, we analyze the learning dynamics of the GNN
and properties of the GNTK by exploiting the connection between the structure of a graph neural
network and that of a neural network (in Section 3). We recover that the graph neural tangent kernel
also encodes additivity. Additive models for bandit optimization have been previously studied in [24]
and [35], however, these works only focus on Euclidean domains and standard base kernels.

Finally, we build upon the recent literature on elimination-based algorithms that make use of maximum
variance reduction sampling [13, 8, 7, 9, 40, 30]. One of our proposed algorithms, GNN-PE, employs
a phased elimination strategy together with our GNN confidence sets.

Main Contributions. We introduce a bandit problem over graphs and propose to capture prior
knowledge by modeling the unknown reward function using a permutation invariant additive kernel.
We establish a key connection between such kernel assumptions and the graph neural tangent kernel
(Proposition 3.2). By exploiting this connection, we provide novel statistical confidence bounds
for the graph neural network estimator (Theorem 4.2). We further prove that a phased elimination
algorithm that uses our GNN-confidence bounds (GNN-PE) achieves sublinear regret (Theorem 4.3).
Importantly, our regret bound scales favorably with the number of graphs and is independent of
the number of graph nodes (see Table 1). Finally, we empirically demonstrate that our algorithm
consistently outperforms baselines across a range of problem instances.

2 Problem Statement

We consider a bandit problem where the learner aims to optimize an unknown reward function via
sequential interactions with a stochastic environment. At every time step ¢ € {1,..., T}, the learner
selects a graph G from a graph domain G and observes a noisy reward y; = f*(G¢) + €, where f* :
G — Ris the reward function and ¢; is i.i.d. zero-mean sub-Gaussian noise with known variance proxy

2. Over a time horizon T', the learner seeks a small cumulative regret Ry = Zthl f(G*)—f*(Gy),
where G* € argmaxgcg f*(G). The aim is to attain regret that is sublinear in T', meaning that
Ry /T — 0as T — oo, which implies convergence to the optimal graph. As an example application,
consider drug or material design, where molecules may be represented with graph structures (e.g.,
from SMILES representations [1]) and the reward f*(G) can correspond to an unknown molecular
property of interest, e.g., atomization energy. Evaluating such properties typically requires running



costly simulations or experiments with noisy outcomes. To identify the most promising candidate,
e.g., the molecule with the highest atomization energy, molecules are sequentially recommended for
testing and the goal is to find the optimal molecule with the least number of evaluations.

Graph Domain. We assume that the domain G is a finite set of undirected graphs with N nodes.!
Without exploiting structure, standard bandit algorithms (e.g., [3]) cannot generalize across graphs,
and their regret linearly depends on |G|. To capture the structure, we consider reward functions de-
pending on features associated with the graph nodes. Similar to Du et al. [15], we associate each node
j € [N] with a feature vector hg,; € RY, for every graph G € G. We use hg = (ha ;), € RNV
to denote the concatenated vector of all node features, and N (j) as the neighborhood of node j,
including itself. We define the aggregated node feature he,; = 3= nr(j) ha,i/ |l 2ien() Pa.ill2 as

the normalized sum of the neighboring nodes’ features. Similarly, he € RN? denotes the aggregated
features, stacked across all nodes. Lastly, we let Py be the group of all permutations of length IV,
and use ¢ - G to denote a permuted graph, where a permutation ¢ € Py is a bijective mapping from
{1,..., N} onto itself. Permuting the nodes of a graph ¢ - G produces a permuted feature vector
h.g:= (hcyc(j))é\le, and the same holds for the aggregated features h..c; .

Reward Model. Practical graph optimization problems, such as drug discovery and materials
optimization often do not depend on how the graphs’ nodes in the dataset are ordered. We incorporate
this structural prior into modeling the reward function, and consider functions that are invariant to
node permutations. We assume that f* depends on the graph only through the aggregated node
features and gives the same reward for all permutations of a graph, i.e., f*(c- G) = f*(G), for any
G € G and ¢ € Py. To guarantee such an invariance, we assume that the reward belongs to the
reproducing kernel Hilbert space (RKHS) corresponding to a permutation invariant kernel

_ 1 _ _
k(G,G/) = Z k(hc'thc"G’)a

- 2
|PN| c,c/€EPN

where k can be any kernel defined on graph representations hq. This assumption further restricts
the hypothesis space to permutation invariant functions defined on N d—dimensional vector repre-
sentations of graphs. This is due to the reproducing property of the RKHS which allows us to write
f(G)={f,k(G,")) ={f,k(c-G,-)) = f(c-G). To make progress when optimizing over graphs
with a large number of nodes IV, we assume that £ decomposes additively over node features, i.e.,
o 1 X L
k(hg,he) = N > kD(hg ke ).

=1

Thereby, we obtain an additive graph kernel that is invariant to node permutations:

N
= 1 1 o _
k(G7G/) = ‘PN|2 § N E k(j)(hG7c(j)ahG’,c’(j))' (D

c,c’€PN Jj=1

For an arbitrary choice of k), calculating k requires a costly sum over (N!)? operands, since
|Py| = N!. In Section 3, we select a base kernel for which the sum can be reduced to N2 terms. We
are now in a position to state our main assumption. We assume that f* belongs to the RKHS of &
and has a B-bounded RKHS norm. The norm-bounded RKHS regularity assumption is typical in the
kernelized and neural bandits literature [37, 12, 45, 25]. Note that Eq. (1) only puts a structural prior
on the kernel function, i.e., it describes the generic form of an additive permutation invariant graph
kernel. Specifying the base kernels £/ determines the representation power of k. The smoother the
base kernels are, the less complex the RKHS of k will be. In Section 3, we set the base kernels k@)
such that k£ becomes the expressive graph neural tangent kernel.

3 Graph Neural Networks

Graph neural networks are effective models for learning complex functions defined on graphs. As
in Du et al. [15], we consider graph networks that have a single graph convolutional layer and L

!This assumption is for ease of exposition. Graphs with fewer than N nodes can be treated by adding
auxiliary nodes with no features that are disconnected from the rest of the graph.



fully-connected ReLU layers of equal width m. Such a network fonn(G;0) : G — R may be
recursively defined as follows:

fY(hg;)=WDhe

fO(ha ) = ,/3W<l>arelu(f<l*1>(ﬁg,j)) eR™1<I<L o

fGNN(G 9 Z \fW(LJrl Orelu (f(L)(BGJ))a

where 60 = (W(i))ig L+1 is initialized randomly with standard normal i.i.d. entries, and
Orelu(x) = max(0, x). The network operates on aggregated node features h ; as typical in Graph
Convolutional Networks [27]. For convenience, we assume that at initialization fonn(G; 00) =0,
for all G € G, similar to [25, 45]. This assumption can be fulfilled without loss of generality, with
a similar treatment as in [25, Appendix B.2].

Embedded Invariances. In this work, we use graph neural networks to estimate the unknown reward
function f*. This choice is motivated by the expressiveness of the GNN, the fact that it scales well
with graph size, and particularly due to the invariances embedded in its structure. We observe that the
graph neural network fan is invariant to node permutations, i.e., for all G € G and ¢ € Py,

fann(G;0) = fann(c- G;0).

The key step to show this property is proving that fognn can be expressed as an additive model of
L-layer fully-connected ReL.U networks,

fann(G; 0) ZfNN (hq.j;0)

where fyn has a similar recursive definition as fGNN (see Equation A.1). The above properties are
formalized in Lemma A.1 and Lemma A.2.

Lazy (NTK) Regime. We initialize and train fgny in the well-known lazy regime [11]. In this
initialization regime, when the width m is large, training with gradient descent using a small learning
rate causes little change in the network’s parameters. Let gann(G,0) = Vo fann(G, 8) denote
the gradient of the network. It can be shown that during training, for all G € G, the network
remains close to fann (G, 0°) + g&yn (G, 0°)(8 — 0°), that is, its first order approximation around
initialization parameters 6°. Training this linearized model with a squared error loss is equivalent to
kernel regression with a tangent kernel kann (G, G') := gL (G5 0°) gann (G'; 0°). For networks
of finite width, this kernel function is random since it depends on the random network parameters
at initialization. We show in Proposition 3.1, that in the infinite width limit, the tangent kernel
converges to a deterministic kernel. This proposition introduces the Graph Neural Tangent Kernel
as the limiting kernel, and links it to the Neural Tangent Kernel ([21], also defined in Appendix A).

Proposition 3.1. Consider any two graphs G and G’ with N nodes and d-dimensional node features.
In the infinite width limit, the tangent kernel konn (G, G')/m converges to a deterministic kernel,

kann(G,G) = lim kenn(G,G')/m. 3)
which we refer to as the Graph Neural Tangent Kernel (GNTK). Moreover,
1 & o
konn (G, G') = Nz > kan(hag, har ) “4)
3ig'=1

where kxy : S x S4 — R is the Neural Tangent Kernel.

The proof is given in Appendix A.1. We note that h¢ ; lies on the d-dimensional sphere, since
the aggregated node features are normalized. The NTK is bounded by 1 for any two points on the
sphere [5]. Therefore, Proposition 3.1 implies that the GNTK is also bounded, i.e., kann (G, G') < 1
for any G, G’ € G. This proposition yields a kernel which captures the behaviour of the lazy GNN.
While defined on graphs with Nd dimensional representations, the effective input domain of this



kernel is d-dimensional. This advantage directly stems from the additive construction of the GNTK.
The next proposition uncovers the embedded structure of the GNTK by showing a novel connection
between the GNTK and k, the permutation invariant additive kernel from Eq. (1). The proof is
presented in Appendix A.1.

Proposition 3.2. Consider k from Eq. (1), where for every 1 < j < N the base kernel k') is set
to be equal to knn,

N
_ 1 1 _ .
KG.G) = [Py Y. v 2wl here)-

c,c' €PN j=1

Then the permutation invariant additive kernel and the GNTK are identical, i.e., for all G, G' € G,

k(G,G") = kenn (G, G").

This result implies that kgnN inherits the favorable properties of the permutation invariant additive
kernel class. Hence, functions residing in Hgnn, the RKHS of kgnn, are additive, invariant to node
permutations, and act on G through its aggregated node features. While we use the GNTK as an
analytical tool, this kernel can be of independent interest in kernel methods over graph domains. In
particular, calculating kgnn requires significantly fewer operations compared to a kernel &£ with an
arbitrary choice of k(7), for which calculating k(G, G") requires super-exponentially many operations
in N (See Eq. (1)). In contrast, due to the decomposition in Eq. (4), calculating kgnn only costs
a quadratic number of summations.

4 GNN Bandits

The bandit literature is rich with algorithms that effectively balance exploration and exploitation to
achieve sublinear regret. Two components are common in kernelized bandit optimization algorithms.
The maximum information gain, for characterizing the worst-case complexity of the learning problem
[37, 24, 12, 40]; and confidence sets, for quantifying the learner’s uncertainty [4, 39, 36, 12, 31].
Our first main result is an upper bound for the maximum information gain when the hypothesis space
is Hann (Theorem 4.1). We then propose valid confidence sets that utilize GNNs in Theorem 4.2.
These theorems may be of independent interest, as they can be used towards bounding the regret
for a variety of bandit algorithms on graphs. Lastly, we introduce the GNN-PE algorithm, together
with its regret guarantee.

4.1 Information Gain

In bandit tasks, the learner seeks actions that give a large reward while, at the same time, provide
information about the unknown reward function. The speed of learning about f* is commonly
quantified via the maximum information gain. Assume that the learner chooses a sequence of actions
(G1,...,Gr) and observes noisy rewards, where the noise is i.i.d. and drawn from a zero-mean
sub-Gaussian distribution with a variance proxy A. The information gain of this sequence calculated
via the GNTK is

1
I(Gl, RN GT; kGNN) = 5 log det(I + A_lKGNN’T)

with the kernel matrix Konn e = [kann(Gi, G;))i,j<r. The maximum information gain (MIG)
[37] is then defined as:

YGNN,T = @ max I(Gy,--- ,Grikann)- %)
VEG/ G

In Section 4.3, we express regret bounds in terms of this quantity, as common in kernelized and

neural bandits. In Theorem 4.1 we obtain a data-independent bound on the MIG. The proof is given

in Appendix B.

Theorem 4.1 (GNTK Information Gain Bound). Suppose the observation noise is i.i.d., and drawn
from a zero-mean sub-Gaussian distribution, and the input domain is G. Then the maximum informa-
tion gain associated with kann is bounded by

Yenn,r = O (Td% log T) .



We observe that the obtained MIG bound does not depend on N the number of nodes in the graphs.

To highlight this advantage, we compare Theorem 4.1 to the equivalent bound for the vanilla neural

tangent kernel which ignores the graph structure. We consider the neural tangent kernel that operates
on graphs through the Nd-dimensional vector of aggregated node features h,

FLG FI,G/

G,G") = — .

o (G.6) = o (18,1

(6)

For knn the maximum information gain scales as yxn,p = O(TNd=1/Nd|ogl/Nd ) where
N appears in the exponent [25]. This results in poor scalability with graph size in the bandit
optimization task, as we further demonstrate in Section 4.3. Table 1 summarizes this comparison.

4.2 Confidence Sets

Quantifying the uncertainty over the reward helps the learner to guide exploration and balance it
against exploitation. Confidence sets are an integral tool for uncertainty quantification. Conditioned
on the history H;_1 = (G4, y:)i<t, for any G € G, the set C;_1(G, §) defines an interval to which
f*(G) belongs with a high probability such that,

P(VG €G: f*(G) € Ct_1(G,0)) > 1 4. @)

An approach common to the kernelized bandit literature is to construct sets of the form C;_; (G, §) =
[pi—1(G) £ Bror—1(G)] where 5, depends on the confidence level é. The center of the interval, char-
acterized by p;—1(+), is the estimate of the reward, and the width 8;0;_1(+), reflects the uncertainty.
In this work, we utilize GNNs for construction of such sets. To this end, we train a graph neural
network to estimate the reward. We use the gradient of this network at initialization to approximate

the uncertainty over the reward, as in [45]. Let fonn(G; Bt(i)l) be the GNN trained with gradient
descent for J steps and by using learning rate 7 on the loss

1
£(0) = 2 Y (forn(Gi,0) - vi)a+mA|6 - 62,

i<t
where ) is the regularization coefficient, and 8° the network parameters at initialization. We propose
confidence sets of the form

Ci1(G,0) = [-1(G) £ Bio1-1(G)],

where the center and width of the set are calculated via,
fu—1(G) = fann(G;017)),

t—1
62 (G) = 9&nn(G;60°) ()\I—F% gGNN(Gi§00)g£NN(Gi§00))_19GNN(G§00). ®)
vm Z m vm
i=1

Here gonn(G;0°) = Vo fann(G; 0°) denotes the gradient at initialization. Moreover, we use
A0 := Amin (Kenn) > 0 to denote the minimum eigenvalue of the kernel matrix calculated for the
entire domain, i.e., Konn = [kann(G, G')]¢.¢reg. Theorem 4.2 shows that this construction gives
valid confidence intervals, i.e., it satisfies Eq. (7), when the reward function lies in Hgnn and has a
bounded RKHS norm.

Theorem 4.2 (GNN Confidence Bound). Set 6 € (0, 1). Suppose f* € Hygny With a bounded norm
£ honny < B- Assume that the random sequences (G;)i<y and (€;)i<¢ are statistically independent.
Let the width m = poly (t, L, B,|G|, A, /\517 log(N/(S)) , learning rate n = C(Lm + m\)~! with
some universal constant C, and J > 1. Then for all graphs G € G, with probability of at least 1 — 6,

|f(G) = fi—1(G)| S Bi61-1(G),
where [i;_1 and &+_1 are defined in Eq. (8) and

By~ V2B + %\/210g2|g|/5.

The "~" notation in Theorem 4.2 omits the terms that vanish with ¢, i.e., are o(1). An exact version
of the theorem without the aforementioned approximations is given in Appendix C.1.




Setting | MIG Bound, 77 | Cumulative Regret (Phased Elimination)

Neural O (T%Q1 log ¥4 T) 0] (T% log 7V T)
Graph Neural | O (T% log @ T) O (T% log2a T)

Table 1: Summary of main bounds for the NN and GNN approaches. Here 1" denotes the bandit
horizon, N the number of nodes in each graph, and d the dimension of node features. The GNN
guarantees are independent of N.

4.3 Bandit Optimization with Graph Neural Networks

The developed confidence sets can be used to assist the learner with controlling the growth of regret.
In this section, we give a concrete example on how our GNN confidence sets (Equation 8) can be
used by an algorithm to solve bandit optimization tasks on graphs.

We introduce GNN-Phased Elimination (GNN-PE; see Algorithm 1) that consists of episodes of pure
exploration over a set of plausible maximizer graphs, similar to [7, 30]. Each episode is followed
by an elimination step, that makes use of GNN confidence bounds to shrink the set of plausible
maximizers. More formally, at step ¢ during an episode e, the learner selects actions via G =
arg maXgeg, Oe,¢—1(G), where G is the set of graphs that might maximize f* according to the
learner’s current knowledge. Once the episode is over after T, steps, the set G, is updated to contain
graphs that still have a chance of being a maximizer according to the confidence bounds [fie 7, (G) £
Br,6¢1,(G)] where fi. 1, and 6. 1, are only computed based on the points within episode e.

Theorem 4.3 shows that GNN-PE incurs a sublinear control over the cumulative regret. We provide
the proof in Appendix C. We use O(+) notation to hide polylog(T) factors.

Theorem 4.3. Set § € (0,1). Suppose [* € Hyqy with a bounded norm || f*|,.. < B. Let the
width m = poly (t, L, B, |G|, A, )\51, log(N/(S)) , learning rate 1 = C(Lm + m\)~! with some
universal constant C, and J > 1. Then with probability at least 1 — §, GNN-PE satisfies

e = 0 (V/Tma (B+ 7 VoGl ).

We can observe the benefit of working with a graph neural network by comparing the bound in
Theorem 4.3 with the regret for a structure-agnostic algorithm. Recall xnn the vanilla NTK, defined
over the concatenated feature vectors (Equation 6). For the sake of this comparison, we ignore the
geometric structure and assume that f* € Hyn. Swapping out kgnn for Ky, and respectively the
GNN with an NN as defined in Eq. (A.1), we obtain NN-PE, the neural network counterpart of
GNN-PE. This algorithm accepts IV d-dimensional input vectors as actions. Similar to Theorem 4.3,

we can show that NN-PE can satisfy a guarantee of O(T(2Nd*1)/2Nd logl/sz T) for the regret.
This bound suggests that as N grows, finding the optimal graph can become more challenging for the
learner. Working with kg to encode the structure of the bandit problem, and consequently using the
GNN to solve it, removes the dependency on N in the exponent. This result is summarized in Table 1.

We provide some intuition on why working with a permutation invariant model is beneficial for bandit
optimization on graphs. Confidence sets which are constructed for member of Hyy are larger, and
result in sub-optimal action selection. Further, training the neural network is a more challenging task,
since permutation invariance is not hard coded in the network architecture and has to be learned from
the data. This results in less accurate reward estimates. We refer the reader to Appendix A.3 for a
more rigorous discussion. There we compare Hann and Hyn, the hypothesis spaces corresponding
to the two models, through the Mercer decomposition of their kernels.

5 Experiments

We create synthetic datasets which may be of independent interest and can be used for evaluating
and benchmarking machine learning algorithms on graph domains. Each dataset is constructed from
a finite graph domain together with a reward function. The domains are generated randomly and



differ in properties of the member graphs that influence the problem complexity, e.g., number of
nodes and edge density. Each domain G, x consists of Erd6s-Rényi random graphs, where each
graph has IV nodes, and between each two nodes there exists an edge with probability p. The node
features are i.i.d. d = 10 dimensional standard Gaussian vectors. We choose N € {5,20,100},
p € {0.05,0.2,0.95}, and thereby sample a total of 9 different domains each containing 10000
graphs. For instance, Gy o5 5 denotes the domain with sparse and small graphs, while Gy 95,100 is the
domain of dense graphs with many nodes. For every domain, we sample a random reward function
f : Gp. v — R that is invariant to node permutations. We use GP (0, kgnn) as a prior, and sample f
from its posterior GP. The posterior is calculated using a small random dataset (G, y;)i<5, Where y;
are drawn independently from N(0, 1) and G; are randomly chosen from G,, n. The corresponding
dataset is then D, y = {(G;, f(G;))|Gi € Gp.n}-

Experiment Setup. Every performance curve in the paper shows an average over 20 runs of the
corresponding bandit problem, each with a different action set sampled from G, . The shaded
areas in all figures show the standard error across runs. In all experiments, the reward is observed
with a zero-mean Gaussian noise of variance ¢ = 1072, We always set width m = 2048 and
layers L = 2, for every type of network architecture. Four algorithms appear in our experiments.
In addition to our main algorithm GNN-PE, we introduce GNN-UCB, which selects actions via
Gy = argmax [i;—1(G) + B:6¢—1(G), the classic UCB policy based on the GNN confidence sets.
The pseudo-code is given in Appendix D.3. NN-UCB, introduced by [45], is the neural counterpart
of GNN-UCB, and NN-PE as discussed in Section 4.3. To configure these algorithms, we only tune
Aand 3 = B, and we do so by using the simplest dataset Dy o5 5. We find that the algorithms are not
sensitive to domain configurations and work for all D,, - out of the box. Therefore, the same values
for A\ and S are used across all experiments. We include the complete result of our hyperparameter
search in Figure 5.

Lazy training. We initialize the graph neural networks (and the NNs) in the lazy regime as described
in Eq. (2) (and Eq. A.1). Training a network in this regime with gradient descent causes little change in
the weights. Consequently, it is challenging to effectively train a lazy network in practice. Therefore,
the stopping criterion for gradient descent plays a crucial role in achieving sublinear regret. Inaccurate
estimation of the reward function disturbs the balance of exploration and exploitation, and leads the
learner to poor optima. To prevent this issue, we devise a stopping criterion that depends on the history
H;_4, such that, as ¢ grows, the network is often trained for more gradient descent steps J. This
criterion can be employed by any neural bandit algorithm and may be of independent practical interest.
The details of training with gradient descent, stopping and batching are given in Appendix D.2.

Regret Experiments. We assess the performance of the algorithms on bandit optimiza-
tion tasks over different domains. In Figure 1, we show the inference cumulative regret
Ry = Yoier [H(G*) — maxgeg fi—1(G), for which we select graph domains with NV = 20 nodes
and edge probability p = 0.2. Figure 6 shows the regret for all dataset configurations. To verify
scalability with |G|, we run the algorithms on action sets of increasing size |G| € {200,500, 1000}.
Figure 1 presents the results: GNN-PE consistently outperforms the other methods. It is evident that
the algorithms built with GNN confidence sets find the optimal graph, regardless of the size of the do-
main. The GNN algorithms exhibit competitive performance, and attain sublinear regret for all dataset
configurations. The neural methods however, may fail to scale and find the optima in limited time.

Scalability with Graph Size. In Section 4.3, we argue that using a neural network which takes
he € RV as the input, causes the regret to grow with O(T(2N4=1)/2Nd) The additive structure
of the GNN, however, allows the learner to work on a d-dimensional domain, independent of graph
size. Figure 2 reflects this behaviour. Fixing p = 0.2, and |G| = 200, we run the algorithm over
domains with two graph sizes N € {20,100}. GNN-PE achieves sublinear regret in both cases,
and manages to find a global maxima within roughly the same number of steps. This is in contrast to
NN-PE, which is more affected by increasing graph size. A similar comparison for all configurations
and algorithms is plotted in Figure 7, and the same behaviour is observed across all settings: the
performance of GNN methods scales well with IV, while this is not the case for NN methods.

Effect of Graph Density. As a final observation, we discuss the effect of edge density. Consider
a complete graph G with (];[ ) edges. The neighborhoods are symmetric and the aggregated node fea-

tures hg ; are identical for all # < N. Permutations on this graph will not change the output of either
fann or fyn. Therefore, we expect that for dense graphs, i.e., large values of p, using a permutation
invariant model comes with fewer benefits for the learner. This is opposed to when the graph is sparse
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Figure 1: Regret Ry over a time horizon of 500 and 1000 steps with N = 20 and p = 0.2. GNN-PE
consistently outperforms other algorithms and scales well with size of the action set |G|.
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Figure 2: Increasing IV has little Figure 3: Increasing the edge density of the graphs reduces
effect on GNN-PE. the performance gap between GNN-UCB and NN-UCB.

and the neighborhoods are asymmetric. To verify this conjecture, we fix N = 20, |G| = 200, and run
the algorithm over domains with graphs of different edge probability p € {0.05,0.2,0.95}. Figure 3
shows that while GNN-UCB always achieves sublinear regret, it takes longer to find the optima
when the graphs are more dense. NN-UCB however, improves as the edge probability p grows,
since, roughly put, the graphs in the domain are becoming invariant to permutations. Therefore
Figure 3 confirms that the performance gap between the two method is reduced for graphs that are
more dense. In Figure 8, we plot the effect of graph density for other dataset configurations and
bandit algorithms. This behaviour is observed predominantly for the UCB algorithms.

6 Conclusion

We analyze the use of graph neural networks in bandit optimization tasks over large graph domains.
The main takeaway is that encoding the natural structure of the environment into the model, reduces
the complexity of the task for the learner. By selecting a kernel that embeds invariances, we introduce
structure into the algorithm in a principled manner. Importantly, we propose key structural assump-
tions on the graph reward function and establish a novel connection between additive permutation
invariant kernels and the GNTK. We construct valid graph neural network confidence sets, and use it to
build a GNN bandit algorithm that achieves sublinear regret. While all node features contribute to the
graph’s reward, our bounds are independent of the number of nodes. This result holds for GNNs with
a single convolutional layer and graphs with node feature representation. An immediate next step is
to generalize this approach to other more complex graph neural network architectures and representa-
tions (e.g., by including information about graph edges) and investigating their effectiveness for bandit
optimization. Our analysis opens up two avenues of future research. The proposed kernel and the
graph confidence sets may be used in other algorithms for sequential decision-making tasks on graphs.



Additionally, our approach of embedding the environment’s permutation invariant structure into the
algorithm may inspire further work on structured bandit optimization in presence of invariances.
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Supplementary Material:
Graph Neural Network Bandits

A The Neural Tangent Kernel and its Connection to the GNTK

Let f(x;0) : RY — R be a fully-connected network, with L hidden layers of equal width m, and
ReLU activations, recursively defined as follows:

(@) =wDg,

Oz \/7W()01 (f4 V(@) eR™ 1<1<L (A1)
fNN((II 0) 2W(L+1)U elu (f(L)( )) e R.

The weights W (%) are initialized to random matrices with standard normal i.i.d. entries, and 8° =
(W(’))ig r+1. Consider the first order approximation of fxn(x, @) around the initial parameters 6°,
i.e.,

Fun(;0) = giin (@, 6°)(6 — 6°),

since the network is defined to be zero at initialization. By considering a fixed dataset and a square

loss, training with the linear model fxn (z, @), is equivalent to regression with the tangent kernel
[21], defined as

kxn(z, 2') = giin (x;0%)gnn (25 0°). (A.2)

The tangent kernel is random since it depends on 8°. Jacot et al. [21] show that in the infinite width

limit, ]NCNN (G, G") converges to a deterministic kernel, which they call the Neural Tangent Kernel
(NTK),

lim knn(z,2')/m = knn(z, ).
m— 00
The NTK satisfies the Mercer condition and has the following Mercer decomposition [5],

M(d,r)

knn (2, ') Z > V(@)Y (@), (A3)
s=1

r=

where {Y; , } o< M(d,r) form an orthonormal basis for V'(d, r) the space of degree-r polynomials on

S?-1. They eigenvalues ), decay at a r~¢ rate [5]. The eigenfunction Y, is the s-th spherical
harmonic polynomial of degree r, and M (d, r) = dim(Vy,,.) gives the total count of such polynomials,

where
2k+d—2(r+d—3
r d—2 )’

The NTK adopts a recursive definition (see Appendix A.2 ). Its properties and connections to
infinite-width fully-connected networks are studied in detail [2, 5, 10].

M(d,r) =

A.1 Properties of GNN and GNTK

We first note the connection between fonn and fyn-.

Lemma A.1 (GNN as sums of NNs). Consider fonn the graph neural network defined in Eq. (2),
and the feedforward network fxn as given in Eq. (A.1). Then,

1
fGNNGG*NZ n(he,;,0)
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Proof of Lemma A.1. According to Eq. (A.1), the two layer NN with width m decomposes as:
fan(@:0) = V2> 0wl o ((wi, x)), (Ad)
j=1

where w'") € R are weights in the first layer and wj(-z)

the two layer GNN (see Eq. (2)) is given by:

€ R are weights in the second layer. Similarly,

m

fGNN G 9 N Zzw Urelu §'1)aﬁG,i>) (A.5)
i=1 j=1
1 & _
= Z Inn(ha,i; 0), (A.6)
=1

where Eq. (A.6) follows from Eq. (A.4). The relation in Eq. (A.6) holds trivially for arbitrary L. [

We are now ready to show the permutation invariance property.

Lemma A.2 (Geometric Invariance of fann). The graph neural network fonn is invariant to node
permutations, i.e., for all G € G and c € Py,

foann(G; 0) = fann(c- G;0)

Proof of Lemma A.2. Consider any permutation ¢ € Py. By Lemma A.1,
fann(c- G; ) ZfNN he(); 0) = ZfNN (hc.i;0) = fann(G; 0). (A7)

Since the summation over fNN(f_LG7C(j); 0) for all j, contains the same terms as a sum over
fNN(hG,i§ 0) for all 7. L]

‘We now prove that kg as defined in Section 2, is deterministic and can be written as a double sum
of knn’s evaluated on hg ; aggregated features of different nodes of the graph.

Proof of Proposition 3.1. For any 6° we first show that,
- 1 X
kenn(G,G') = e Z kxn(ha,j, har ), (A.8)

J,3'=1

where ExN (+,-) is from Eq. (A.2). Then, we take the m — oo limit. Starting from the definition of
kann (see Section 3) and by omitting 8° for simplicity of notation, we have:

kann (G, G') = g&nn(G)gann(G')

N
Lemma A1 1 =
— Z NQNN (ha J) Z NQNN(hG’,j’)
j'=1

Jj=1

N
1 _
vz 2 9&n(ho el (hory)
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The chain of equations above prove Eq. (A.8). Plugging in the definition of the GNTK, we obtain:
kGNN(G, G/> = lim ];GNN<G7 G')/m
m—o0

N
LN
= lim 2 Z kNN(hG,jva'»j/)/m

m— 00 o
J,j'=1

N2 Z hm kNN hGJ,th /)/m

J,3'= 1"

N
1 _ _
= Y kan(ha i ha ),
J,j'=1
where the second equality holds since l;:NN is continuous, and for continues functions, limit of finite
sums is equal to sum of the limits. This concludes the proof. O

Proof of Proposition 3.2. From Proposition 3.1, we have

1
kann(G,G') = e Z knw(ha g, b j)-

J,j'=1

It then suffices to show that k(G,G") (as defined in Eq. (1)) is equal to the right hand side of
the above equation. Consider Py the set of permutations of N elements. Every permutation
¢ € Py gives a mapping from (1,---,j,--- ,N) to (¢(1),--- ,c(4), -+ ,¢(N)), where ¢(j) € [N]
denotes the element that is placed at the j-th position. We define a restricted set of permutations
Pyj—i = {c € Py : c(j) = i}, such that
N
Py = Pnjjosie (A9)
i=1
Moreover, for any 1 < j < N, { Py j_n»}f\;l are disjoint sets and the cardinality of each restricted
permutation set is
| Pjjoi| = (N = 1)L, (A.10)
which implies that the mapping j — 1 is repeated (N — 1)! times across the elements of Py. Back to
definition of k(G, G') we may decompose Py and write

_ 1
k(G,G') = N > N! Z ZkNN he ciys har o))
c'€Pn L CGPN j=1
[ N
1 11 _ _
=N > ﬁﬁz > kn(be ey o e )
c'ePn L j=1cePn
Eq. (A9) 1 _
= NI Z NlNZZ Z kan(ha.e() Bor (7))
" /ePy J=1i=1 c€Py ;i

Now, by definition of Py ;, we have c(j) = i for all c in this set. Therefore,

k(G,G") = ]\1” Z N'NZZ Z knn(heyi, har )

c'€Pn Jj=11i=1ce€PyN|j—;

N N

Eq.(A.10) 1 11 B B
= M Z NN (N — 1)!ZkNN(hG,iﬂhG/,c/j))
c’ €PN j=1 i—1



Now, we consider the restricted permutations Py|j — ¢’ and repeat a similar treatment for ¢’ € Py,

_ 1 Mg N L
kG, G = Zﬁ Z ZkNN(thhG’,c’(j))
Jj=1

c’ePn i=1

Z > ZkNNthhG' ()

! i/=1c'€Pn|j—i’ i=1

> Z ke (h.is har i)

c¢’€Pn|j—i’ =1
N — —
(N —1)!ZkNN(hG,i,hG',i')

i=1

< \
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kxn(ha.is hgrir).

O
Lemma A.3 (Mercer Decomposition of the GNTK). The GNTK is Mercer and can be decomposed as

0o M(d,r)

k?GNNGG ZA Z Zsr hG sT(hG’)

where Ay, are identical to eigenvalues of knn. The algebraic multiplicity of each X, is M (d, r). The
eigenfunctions {Zs ; } s< n(a,r) are degree-r polynomials with the permutation invariant additive

structure
B 1 X _
Zsr(hg) = ¥ Z; Y, (haj)
=

where Y . are degree-r spherical harmonics.

Proof of Lemma A.3. Plugging in the Mercer decomposition of knn as given in Eq. (A.3) into
Proposition 3.1 we get,

N 00
kann (G, G") % Z Z

T)
a r hG] (hG',j/)

M(d,r)

(d
A >
s=1

pat
1§: o

1 _
r(ha,j) N > Yir(hery) (A.11)

tnqg

ﬁ
I
=)

p"qg

Z ST(FI’G/)‘

%
I
o

A.2 Recursive Expression for the NTK

For the sake of completeness, we provide a closed-form expression for the NTK function used in
Eq. (4) (for more details, see Section 2.1 in [5]). We limit the input space to S?-1 since, by the
definition, our feature vectors are always normalized, i.e., |hy||2 = 1 for every u € V(G). For a
ReLU network with L layers considered in Eq. (A.1) with inputs on the sphere (by taking appropriate
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limits on the widths), the corresponding knxn(z, ') ([21]) depends on Z(x, ') and is given by

knn(z, ') = ml(\ﬁ\,) (xTx") where KI(\,?\I) (+) is defined recursively as follows:

ra() = () = u,
kO (1) = Ky (H(l_l)(u)), (A.12)

fil(\,ll)\,(u) = /fl(\llgl)(u) . /i()(m(l_l)(u)) + kW) for2<i<L,

where

ko(u) = %(w — arccos(u)),

K1(u) = %(u(ﬂ —arccos(u)) + V1 — u2).

Finally, we note that /@T(\#\I)(l) = 1 (Bietti and Bach [5]), and hence knn(x,z’) < 1 for all
xz,x’ €S,

A.3 Effect of Structure on the Hypothesis Space

In Section 4, we demonstrated that the additive permutation invariant structure of kgnn help produce
tighter bandit regret and information gain bounds, when the reward function is also permutation
invariant. We now characterize how this invariance alters the hypothesis space, independent of
the bandit setup. Bietti and Bach [5] give the Mercer decomposition of an NTK defined on a
Nd-dimensional sphere. Applying their result we may decompose xKnN as
N(Nd,r)
(G, G7) Z)\NNT Z Ysrnia(ha)Ysrna(her)
r>0

where Y, : S¥9=1 — R is the s-th degree-r spherical harmonic polynomial. Each eigenvalue
ANN,r corresponds to the eigenspace Vg4 ., the space of degree-r spherical harmonics, defined on an
Nd-dimensional domain. The algebraic multiplicity of each eigenvalue is M (Nd, ) and equal to
the dimension of its eigenspace,

2k+d—2 d—3
dim(Vya,) = M(Nd,r) = e 2(r+ — N2,
' T d—2
Lastly, the eigenvalues decay at a A\xn - =~ ¢(Nd, L)r~N? rate. The dependence of ¢(Nd, L) on Nd
is exponential, but linear in L, as shown by [5].

We compare this kernel to the GNTK, which has the invariances encoded in its construction. In
Lemma A.3 we show that it may be written as

N(d,r)
kann (G, G') Z)\GNNT > Zernalha)Zsrna(har),
r>0 s=1

where the eigenvalues Agnn - decay at a c(d, L)r~? rate, and have an algebraic multiplicity of

M(d,r) ~ cr?=2. The eigenvectors Z  are degree-r polynomials with the permutation invariant

additive structure
N

Zs1Nd = Z GT‘thj
where Y ,. 4 are degree-r spherical harmonics, deﬁned on S41. Let ‘_/Nd,r be the eigenspace
corresponding to Agnw,» the r-th eigenvalue. Due to the specific structure of the Z ;. y¢ polynomials,
there exists a bijection between VNd’T and Vg, the space of degree-r spherical harmonics defined
on del. The two vector spaces are isomorphic and thus have the same (finite) dimensionality,
dim(Vng,r) = dim(Vy,,). This implies that the r-th eigenspace of the GNTK is smaller than the
r-th eigenspace of the NTK

dim(VNd’r) _ dim(der) < rd 1

dim(VNd r) B dim(VNd r) - m - rd(N=1)"

Further, note that V. C Vg, This connection is shown in Figure 4.

=
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Vndr (Hxn)
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Vivar (Hexx)

Var (Hxx)

Figure 4: Relation between the GNN and NN hypothesis space

B Information Gain Bounds

In this section, we present a bound for the maximum information gain (defined in Eq. (5)) of
the graph neural tangent kernel using the fact that a GNTK can be decomposed as an average of
lower-dimensional NTKs (see Eq. (4)).

Proof of Theorem 4.1. We follow a similar technique as in Vakili et al. [41]. Consider an arbitrary
sequence of graphs (G;);<r, where each G; € G. Let KgnN € RT*T denote the corresponding
GNTK matrix where

M(d,r)
[KGNN] i,j — kGNN(GzaG Z Z)\ Z Ysr hG u sr(hG u)

uu/ 1r=0

holds by Lemma A.3. We decompose kann (Gi, G) into kp (G, G;) + ko(Gi, G;) where

M(d,r)
(GMG Z ZA Z Y;rhGu sr(h u)
uu’ 1r<D s=1
M(d,r)
ko(G]',G N2 Z Z Ar Z }/sr hG U sr(hGJ,u)
u,u’'=1r>D+1 s=1

The kernel kp is reproducing for Hy,,, a finite-dimensional subspace of Hy,, ., thatis spanned by the
eigenfunctions corresponding to the first D distinct eigenvalues. The kernel K is reproducing for
Hy., which is orthogonal to Hy,,. Moreover kp (G, G;) = ¢5(G;)¢p(G;) where the concatenated

feature vector ¢p(G) is defined as
N
VA - VA
¢p(G) = (]V();Ys,o(hc,u%) SRR ( 2 ZYsD (hau) >

s<N(d,0) s<N(d,D)
Here, ¢(G) € RD where
D D
. _ D+ 1)1
= M(d,r) ~ =2 < (7 B.1

since by Stirling’s approximation M (d, r) grows with =2 [5].

Recall that the information gain is I (yr; fr) = % log det(I + A" Kgnn). Defining Kp and Ko
such that [KD]i.,j = kJD(G“Gj) and [KO}i,j = ko(Gi,Gj), we get Kgnny = Kp + Ko and
therefore,

I(yr; fr)

1
3 logdet(I + A\ (Kp + Ko))
. ) (B.2)
=5 logdet(I +\"'Kp) + 5 logdet(I 4+ (I +A\"'Kp) ' Kop).
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We bound each term separately, starting with the first term.

Consider the T' x D feature matrix ®p = [¢p(G1), - ,¢p(Gr)]. Then Kp = ®p®@L and by
the Weinstein-Aronszajn identity,

1 1
5 logdet(T + M Kp) = 5 log det( + M lelTap).

For positive definite matrices P € R™*", we have logdet P < nlogtr(P/n). Applying this
identity we get,

1 1~ -1
ilogdet(I—i— A 1Kp) < §Dlog (1 + /\D tr (@%@,ﬂ)
1 - Al
=5 Dlog |1+ ;%(G»%(Go

1 - Al )
= 5Dlog [ 14+ [lén(Gy)ll3

A\

| —
)
3

-2

AN
-
2
VR /\/:\A N
_|_
Sl
[M]=
§ Mb
kg
=
w
2
~
] =
5,3"<1
5
=
Q
S
~
[V

IN

1~ T/\
§D10g <1 + g > .
(B.3)

The last inequality holds since by definition, kgnn is uniformly bounded by 1 on the unit sphere
(this holds since kn is also uniformly bounded by 1 on the same domain; see Appendix A.2).

For bounding the second term, we again use the log det P < nlog tr(P/n) inequality and write,

T tr (I + A 1Kp) 'K,
21og<1+ r((+ D) O)>

IN

1
51ogdet(1+(1+A—1KD)—1KO) 7

IN

glog (1+tr (Ko)/T).

The second inequality holds due to (I +X~1Kp)~? being positive definite, with eigenvalues smaller
than 1. To bound tr(Ko ), note that

1 N M(d,r)
[KO]i,j = m Z Z Ar Z Ys,r(hGi,u)}/;,r(th,u/)
u,u’'=1r>D+1 s=1

I
2|~
] =

A M(d, ) Pr((hy i, by )

wu'=1r>D+1
1 &
<% 2. DL AM(dr)
u,u'=1r>D+1
< A M(d,T)

r>D+1

The second equality follows from S Y, (x)Y, .(x') = M(d,r)P.(x"a'), where P, is
the degree-r Legendre polynomial [5]. The Legendre basis is bounded in [0, 1], resulting in the
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first inequality. By Bietti and Bach [5, Corollary 3], there exists a constant ¢ (d, L) such that
A < c1(d, L)r—9. Stirling’s approximation states that n! ~ v/27n(n/e)". Therefore, there exists
a constant ¢, such that M (d, r) < cor?=2. Therefore, there exists a constant ¢(d, L) such that,

d, L
[Mmﬁéz:MMwﬂgdim:zrdgﬂﬁl
r>D+1 r>D41
where the second inequality comes from

e 1
2< “2dr = —.
D R

D

Therefore, we may bound the second term of the information gain as follows,

%logdet(IJr (I+X"'Kp) 'Kp) < glog <1 + C(dbL)> (B.4)
From Eq. (B.2), Eq. (B.3) and Eq. (B.4),
1- TAY T c(d, L)
; <= — — . .
I(yT,fT)_2D10g (1-1— B )-I— 2log(l—&— ) ) (B.5)

For the first term to dominate the second, D has to be set to

ho { e(d, )T a W
I \og(1+T/)) '
This results in

d—1 d—1
T ¢ T [log(1+ L)\ *
—o[— ) g1 (LX) ,
T <log(1 + f)) o8 A ( T

that is itself O(T% log% T'), therefore concluding the proof. O

C Proof of Theorem 4.2 and Theorem 4.3

Proof of Theorem 4.3. The proposed algorithm GNN-PE (see Algorithm 1) is a variant of the
Phased GP Uncertainty algorithm proposed in [7]. The following analysis closely follows the one of
[7] (but ignores misspecification), with important differences pertained to the introduction of GNN es-
timator and GNTK analysis. The algorithm runs in episodes of exponentially increasing length T, and
maintains a set of potentially optimal graphs G.. To compute the set of potentially optimal graphs after
every episode, it uses the confidence bounds from Theorem 4.2. The total number of episodes is de-
noted with E, and it holds that E' < [log, T'], since the length of the episode is growing exponentially.

To bound the regret of GNN-PE, we make use of the finite-dimensional tangent kernel. With
a slightly different notation from Section 3, we set kann(-,-) = gdan(;0°)gann(-; 0%)/m,

where gy (+;0°) denotes the gradient of the GNN at initialization. We argued in the main
text that this kernel can well approximate kgny. The feature map corresponding to this kernel,

#(G) = gann(G)/m can be viewed as a finite-dimenional approximation of ¢ gy, the (infinite
length) feature map of the GNTK.

Throughout the proof, we denote the posterior mean and variance calculated via GP(0, l%GNN) by
f1;—1 and 64_1, respectively. Recall that the posterior mean and variance function after observing
the data (G, y; )i<: is calculated via

fu—1(Gs kan) = k{1 (G) (K1 + M) 'y,

&?ﬁl(G; ];'GNN) = l;'GNN(G7 G) - ’Aﬂgll(G) (Kt—l + )\I)_llzit_l(G),
where the constant A is the variance proxy for observation noise. Here y;—1 = [y;];<: is the vector

of observed values, I%t,l(w) = [l%GNN(:c, @;)]i<t, and K, = [I%GNN(:I:i7 x;)]i j<¢ is the kernel
matrix.

(C4)
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Algorithm 1: GNN PHASED ELIMINATION (GNN-PE)
Input: m, J, n, \, T
Set episode index e = 1, episode length T, = 1, and set of potentially optimal graphs G. = G
Initialize network parameters to a random 6°.
fort=1,...,T.do
For all G € G, calculate 6,1 (@) as defined in Eq. (8).
Select

Gy = argmax 62 (Q) (C.1DH
GeGe

end
Receive {y1,...,yr. }, such that

v = f*(Gy) +e for te{l,...,T.}

Calculate 8'”) = TrainGNN (m, J,m,\, 0%, (Gy, yt)3;1>
Use (3 and ¢ as defined in Equation (C.7) and Equation (C.8) and update

Getr ¢ {G € Ge: fann(G0L7) + for, (G) + 22 > max (faxn(G;0L) = B6r.(G)) },

(C.2)
Set Te41 < 2T,, e < e+ 1 and return to the Initialize step
Qutput: Terminate after 7 total evaluations (F total episodes) and return
Gr = arg max fonn(G; ngl) (C.3)

Geg

Algorithm 2: TrainGNN
Input: m, J) 7, )‘, 00? (Giayi)i<t ) )
Define £(0) = 1 3, _, (faxn(Gi;0) — y:)” +mA||6 — 6°| ]
Initialize 8(©) = §°
for;=1,...,Jdo
| 0U) =9U-1) —pvL(eU-D)
end
Output: (/)

We note that GNN-PE uses 6;_; as the variance estimate, while instead of ji,_1, the algorithm
makes use of the GNN predictions, i.e., fann(G; Gt('])) for the center of the confidence set.

As will become clear soon, since GNN-PE uses ;_1, this yields a regret bound depending on 47,
the information gain corresponding to the approximate kernel kann. Lastly, in Lemma C.1, for
appropriately set width m, we bound 47 with yenn, 7 (maximum information gain corresponding
to the exact GNTK). We use this result in our steps bellow.

Step 1 (Max variance bound) Consider any fixed episode e, and recall that 7, denotes the episode
length. By the exploration policy of GNN-PE (Equation (C.1)), at any step ¢ (within an episode)
and for any graph G € G, we have 6;_1(G) < 6:—1(G}). From Eq. (C.4), since the covariance
matrix is positive definite, conditioning on a larger set of points reduces the posterior variance
and thus 67, (G) < 6¢-1(G), for all G € G, and t < T,. Putting the two inequalities together,
o7, (G) < miny<r, 64—1(G;), which gives

1 &
&%E(G) < A 57_1(Gy).
€ =1
For any s € [0,1/A], it holds that
1
e _log(1+s?).
S S Nog 4 1/ o8 T
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For any Gy, we have 62 (Gy) /A < kaxn (Gy, Gi) /A < 1/\. Therefore,

67-1(G) < log(1 +A7%67_1(Gy)).

1
~ log(14+1/))
From Srinivas et al. [37, Lemma 5.3], we can conclude that,

Te

D log(1+A7167_1(Gy)) = 21(Gh, -+ , Grs kann) < 29,
t=1

where 47, is the maximum information gain corresponding to this episode and the kernel kann.
This inequality allows us to bound the posterior variance at the end of episode e as follows. For
any G € G,
. 2,
2 e
G) < . C5
7.0 S T iog + A D) €3)

Step 2 (Confidence bounds) Consider an episode e, and let § = §/(3E), where E < log T is the
number of episode. From Theorem C.2, for all G € G, with probability at least 1 — 4,
|fann(G3 687 — £1(G)| < Bom, (G) + e, (C6)

where for simplicity we use

- o 5. |28 _ J/2
8= \/§B+ﬁ\/2log2|g|/5+,/m77A (ﬁ+(1 mn) ) €7
. B\2/3
e:=CL3 ()\> v/mlogm. (C.8)

m

Applying the union bound Eq. (C.6) holds for every G € G and e € [E] with probability at least

1 — §/3. Finally, by using 6 = /3 in Lemma C.1 and by applying the union bound, we have that
both events in Lemma C.1 and in Eq. (C.6) hold jointly with probability at least 1 — 2§/3. In the
rest of the proof, we condition on the joint event holding true. This implies that G* € G, for every
e € [E], i.e., according to the rule in Eq. (C.2), the algorithm will not eliminate G*.

Step 3 (Cumulative Regret) We use R, to denote the episodic regret, and write

Ry = ZR <m B+ ZZ FHGEN). (C.9)

e=2 t=1

The first inequality follows since kgnn is uniformly bounded by 1 and the RKHS norm of f* is

bounded by B. We also add an additional superscript e in G (e), to denote a graph selected in episode
e at time step .

Consider any episode e, the following holds due to Eq. (C.6):

16 = 17(G) < fonn(G07)) + Bor,_,(G) + 2
~ (fann(G17:6)) — o, (G17).
Moreover, we use the elimination rule in Eq. (C.2) to obtain:
1@ = £1(C) < (fann (G 07) = Bor., (G7) —e)
+ 2867, _,(G*) + 4e
~ (faxn(Gy: 0.0 + pomr., (GI) + <)

+ 2861, _,(G)
S 46T571+1 GIGDQQX 6”1171 (G) + 4e. (CIO)

e—1
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Next, we combine Eq. (C.10) and Eq. (C.9) and write:

E T
Ry <mB+ ZQ lewn vt max o7, (G) + de (C.11)

e t
z 297,

<mB+ ;4@5\/%1 log(i e +4T,¢ (C.12)
& 2T 1 AT,y

:mlBJr;Sﬂ m +4T.e (C.13)
. 2Ty

<m B+ Z; 83 og(1 1 2T + 4T, (C.14)

< my B + 8(log(T) + 1) (ﬂ o + 4Ts> (C.15)

< maB + 8(log(T) + 1) (By/2EAEELD. 4 4T ), (C.16)

where Eq. (C.12) follows since T' > m, for every e and Eq. (C.5) and Eq. (C.13) since T, = 27, _;.
To obtain Eq. (C.14), we use that T > T._; and 47 > 47, _1. Finally, Eq. (C.15) follows since the
number of episodes F < [logT'|, and Eq. (C.16) follows from Lemma C.1.

Step 4 (Putting everything together) Plugging in the expressions for 5 and e we obtain

Ry <8v2(log T + 1),/ ot (B+ g lollosT41) [ b (\f +( mnk)m))
~ B\ 2/3
+ B +32(logT +1)CTL? (m) V/mlogm

Since m = poly(t) and 7 ~ 1/m, the last term and €(m) vanishes with T" at a o(1) rate, and the
gradient descent error term becomes a constant factor. Then we obtain with probability at least 1 —

Ry =0 <\/T7T (B n 7 log 19! logT>> . (C.17)

O

Lemma C.1 (Bounding MIG with its approximation). Ser 6 € (0,1). If m =
poly (t, L, |G|, \, B, /\61, log(N/é)), then with probability at least 1 — 0,
Ar <y + €(m),

where yr is the maximum information gain of the GNTK over G as defined in Eq. (5), and e(m) =
o(m=1/%).

Proof of Lemma C.1. The proof follows from Lemma C.6, by repeating the technique given in
Lemma D.5, [25]. Here we repeat it for the sake of completeness.

Consider an arbitrary sequence of graphs (G;)i<r. Consider the feature map q?)(G) =
gann(G;0°) /y/m. For the kernel kqnn, which corresponds to this feature map, the information
gain after observing 7" samples is

log det (I +\"'GrGT/m),
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where G = [g(Gy)]7. ;. Let [Kcnnlij<r = kann(Gi, Gj;) with k the NTK function of the
fully-connected L-layer network.

~ 1 _
Ir = 5 log det (I + /\_1KGNN + A_l(GTG%:/m - KGNN))

(@) 1 _
<3 logdet (I + A" 'Kann) + (I + A "Kann) L A (GrGT/m — Kanw))

< Ir XA ) [ Gr G/~ Kl i)

~
INT

IT + )fl\/THGTég/m — KGNNHF

©
< Ip+ A\"1TVTe

(d)
< yr + e(m).

Inequality (a) holds by concavity of log det(-). Inequality (b) holds since I < I + A" 'Kgnn.
Inequality (c) holds due to Lemma C.6. Finally, inequality (d) uses the polynomial choice of m, and
requires that m grows with at least O(7T"°). Equation C.18 holds for any arbitrary context set, thus it
also holds for the sequence which maximizes the information gain. O

C.1 Proof of Theorem 4.2

We first present the formal version of Theorem 4.2.

Theorem C.2 (GNN Confidence Bound, Formal). Ser § € (0,1). Suppose f* € Hyny With a

bounded norm || f* ||, < B- Samples of f are observed with zero-mean o2-sub-Gaussian noise.

Assume that the random sequences (G;);<; and (¢;);<; are statistically independent. Set J > 1,
choose the width m = poly (¢, L, |G|, \, A\ ', log(N/6)) , and learning rate 1 = C(Lm + m\) ™
with some universal constant C. Then for all graphs G € G, with probability of at least 1 — §,

i 2/3
P (G) = fur(G)| < B(G) + CL? (,fA) Jmlogm

where

B=+2B+ \% 2log (2|G|/0) + U%(\/ﬁ—i—(l —mn\)7/?)

for some constant C.

To prove the theorem, first we state the necessary lemmas.
Lemma C.3 (Confidence interval for fonn around fi,_1). Assume history Hy = {(G;, yi)}i<t
with (G;)i<¢ and (;)i<¢ statistically independent. Let m = poly (t7 L, )\,log(|g|N/5)). There

exists C, such that for any § > 0, if the learning rate is picked n = C1(Lm + m\)~1, then for a
graph G € G, with probability of at least 1 — 9§,

2/3
Fann(G:0) — u(G)] < &1(G), | ﬂ% (V3 + (1 - mp\)7/2) + CL° (n{i) Jmlogm

for some constant C, where [i; and &, are as defined in Eq. (C.4).

Proof of Lemma C.3. We define Z := \I + GTG/(Tm) and b = > i<t ¥ig(Gy)/(T/m). Recall

that G = [g(G)]%= 1. Let the sequence (6U ))}‘1:1 denote the gradient descent updates on the
following loss function ‘

£(6) = 257 ((9(Gi), 6 — 8% — ;)2 + m||6 — 692

i<t

Note that 8° = 8° and 8¢ also depends on ¢ the number of data points. We omit the ¢ index, for
simplicity of the notation during the proof of this lemma.
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< CVTLm and we have,

w.h.p 1
Z < (A+CL)I<x—I, (C.19)
mn
since 7 is set such that n < C'(mA + Lm)~!. Therefore, for any = € R?, ||z| , < \/%Hmﬂz Now
consider z, " € RP?, using Eq. (C.19) together with Cauchy-Schwarz implies,
/ / whp ] /
(@.2) < 2l gle 70 < el (€20)
Applying the inequality above, we may write
(9(G),0") —6°) = (g(G),6'") — 6 +(g(G), 6" — 6°)
w.h.p 1 ~ ~
< 3@ |0 =8|+ (a(c),0 — 6°)
NG z 2 (€21
B -
g(G),0") —6°

For the last inequality of Eq. (C.21) we have used Lemma C.8. Decomposing the second term of the
right hand side in Eq. (C.21) gives,

~ Zb Zb
G () _ g% — (g == G o_ “=
(9(G),6) - 6 = (g(G), m>+<g<a> 0 -0~ 22
whp g7 (G 5() _ go_ Zb
< o -0 - —— , (C.22)
w.h.p g 2B
2 b J/2
< mn/\(l nmA)

where the first inequlity is a consequence of Eq. (C.20). The second inequality follows from the
convergence of GD on the proxy loss £, given in Lemma C.8. By the definition of posterior mean
and variance (Eq. C.4) when the regularization parameter is set to A < ¢\ we have,

g'(G)Zb

fie(G) = W?

- H Vm
The final upper bound on fann(G;0)) — ji;(G) follows from plugging in Equation C.22 into
Equation C.21, and applying Lemma C.10. Similarly, for the lower bound we have,

zZ-1

w.h. - 2/3

— fan(G;09)) < (g(G),8° — 0 + CL? (BA> Vmlogm (C.23)
m
~ w.h.
(3(6),6° ~ 89 "<" 1 (G) + @)y | 22 (1~ )2 (€24
mmn

= 0 _ gy VEP . b = 5(7) _ go
(9(G),07 —6'") < 264(G) m"‘@(G)ﬁ - 6°) (C.25)

Where inequality C.23 holds by Lemma C.7, and the next two inequalities are driven similarly to
equations C.21 and C.22. The lower bound results by putting together equations C.23-C.25, and
this concludes the proof. Note that we are implicitly taking a union bound over the 6 inequalities
that all hold with high probability. The conditions of the used lemmas require that m is picked at a
poly(log(NN/0)) rate, and a constant number of union bounds do not affect this rate. O

The next lemma gives a confidence interval over members of Hp -
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Lemma C.4 (RKHS Confidence Interval from Vakili et al. [40]). Let f* € H;, with ||f*||, < B, and
the observation noise to be sub-gaussian with parameter o*. Assume Hy = {(z+,y;)} with (z+ )<t
and (e;)-<y statistically independent. Then for a fixed input x, with probability greater than 1 — ¢,

/(@) — w(@)| < (B + %\/z 10g(2/0))0, ().

The following lemma shows that members of H ., are well described by the first-order Taylor
approximation of a GNN around initialization.

Lemma C.5 (Approximation by a linearized GNN). Let f be a member of Hy .,y With bounded
RKHS norm || f|l . < B- Set 0 € (0,1) and let N denote an upper bound on the possible number

of nodes for a graph. If m = O (LG\Q|4/)\3 log(|g|2LN/5)), then with probability greater than
1 — 9, there exists 0* € RP such that for all G € G

f(G) = (gann(G;60°),0%),  /m|0*||, < V2B.
Proof of Lemma C.5. The proof follows the technique for Lemma 5.1 Zhou et al. [45] with some
modifications.

From Egq. (C.30) proof of Lemma C.6, for m = O(L®/e*1og(LN/6)), and for G; and G in the
domain,

|kann(Gi, Gj) — gban (Gi; 0°)gann (G5 6°)| < (L + 1)e
with probability greater than 1 — §. Let Ky, be the GNTK matrix calculated for all G € G and

Grun = [9&xn (G5 0°))geg- Then applying a union bound over all G € G, and setting § + §/|G|?,
if m = O(L°/e*log(|G|>LN/6)) , then

| Ktan — G Grun/m|| » < |Gle
with probability greater than 1 — 0. Now applying this inequality when e = X\y/2|G|, we get that if
m = O(L°|G|* /x5 log(|G|?LN/¥))
then HKqu — G'gméfun /mH < Ao /2, with probability greater than 1 — §. Via the Triangle
inequality we get that
GinGra/m = K — || Ktan — G Gran/m|| . = Kgan — % = K /2 - 0. (C.26)

Since \g > 0, Gy, is positive definite and may be decomposed as Gy = PAQT, where
P c RP*I91 P ¢ RI9IXI9] are unitary and A = 0. Let f = [f(G)]ceg be the vector of function
values. We show that * = PA~'Q7 f satisfies the statement of the lemma. By definition of 8*,

Gin0" = QAPTPAT'Q"f=f
which implies for all G € G, (gann(G;6°),0*) = fann(G). As for the norm of 8* we may write,

. - T AT - 2 _ 2B?
16°]1> < F7QAT*Q" = F1(GLuGln) ' F < —FT K f <=

where the next to last inequality holds due to Eq. (C.26), and the last inequality follows from
1 < B* 0

We are now ready to present the proof of our main confidence interval bound.

Proof of Theorem 4.2. Consider Lemma C.4, when the kernel function is k(G,G’) =
g7 (G)g(G")/m and choose the regularization parameter t\. Subsequently, the posterior mean
and variance after observing ¢ samples will be [i;(G) and 64(G). Then this lemma states that for
[ € H;, with a norm bounded by B, with probability greater than 1 — §/2,

o

f(G) — u(G)| < &y (B—i— 7 210g4/6> .
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By Lemma C.5, for m large enough the reward function can be written as
(@) = (genn(G:6°),67), v/m|67]l, < V2B.

for all G € G, indicating that f* € HkGNN with || f ”chNN < v/2B. Therefore, following Lemma C.4
with probability greater than 1 — /2,

|f(G) — (G)| < 64 <\/§B + % 210g4/5)

for some fixed G. Further, Lemma C.3 bounds the difference between fi;—1(-) and fi;—1(-) with
probability higher than 1 — /2. Plugging in fi;—1 and 6;_1 gives,

\/§B+§ 2log4/d + 4/ %(\/ﬁ—i— (1- mn)\)‘]/Q)]

. ./ B 2/3
+CL o v/mlogm
m

with probability greater than 1 — §. Setting § < §/|G| and taking a union bound over all G € G
concludes the proof of Theorem C.2. The informal version of the theorem is achieved by considering
that m = poly(t) and omitting all the terms that are o(t 1) with ¢. O

lie—1(G) = f(G)] < 64(G)

C.2 GNN Helper Lemmas

Lemma C.6 (Norm concentration of Gram matrix and GNTK matrix at initialization). Ser
e>0,0 € (0,1), and let N = |V (QG)| denote the number of nodes for every graph G € G. For width
m = Q(L®/e*log(LNT?/5)) in Eq. (2), the following holds with probability at least 1 — §:

||KGNN — GTG/mHF § Te.

Proof of Lemma C.6. We make use of the connection between the GNN as defined in Eq. (2) and a
fully-connected neural network. In particular, let fyn (x; 8) : R* — R be a fully-connected network,
with L hidden layers of equal width m, and ReLU activations as defined in Eq. (A.1). Then, we have

fann(G; 0) \F Z fan(hy; 6).

veV(G)

Let G be a matrix with 7" columns where each column i € [T'] contains gradient vector gann (Gi; 6°).
Then, the matrix GT G is a T x T matrix and represents the Gram matrix of the network for the
parameters 0°. For all 4, j < T, we have

o 1 & _ _
(GGl =+ > g"(hy)g(hy), (C.27)
v=1

where g(x) = Vg fan(x; 8°) denotes the gradient of fxy at initialization. It follows by the definition
of the neural tangent kernel that

kann(Gi, Gj) ZkNN (R, b (C.28)

For some fixed ¢ > 0 and § € (0,1), the result of Arora et al. [2, Theorem 3.1] states that when
m = Q(L’/e*log(L/J)), the following holds for any 2, ' with unit norms and probability at least
0:

[knn (, &) — g7 (®)g(2')/m| < (L +1)e. (C.29)
Next, by using equations C.28 and C.27, and the triangle inequality for any two input graphs Gj,
G; we get

N
1 o _ _
|kGNN(Gz'aG ) — 9&nn(Gi; 0° )gGNN(ijo N Z|kNN (ho, 9" (hy)g(h.)|.
e (C.30)

28



Then, since h, € S?! for every node v irrespective of the correspondmg graph, we can use
Eq. (C.29) together with the union bound over all (k¢ y, b ., ) pairs and m = Q(LS /e* log(LN/6)),
to obtain that for any G; and G; with probability at least 1 — 4:

’kGNN(Gia Gj) - ggNN(Gi; BO)QGNN(GJ‘% 00)/m} < (L+1e.
To arrive at the main result we consider the difference in the Frobenius norm:

= 2
HKGNN - GTG/mHF = Z (kGNN(Gi»Gj) - ggNN(Gi;00>9GNN(GJ;00)/m) :
§,§<T

By setting € < €/(L + 1) and again applying the union bound over each (G;,G;) pair, for
m = Q(L®/e*log(LNT?/6)), the following holds with probability at least 1 — J:

| Kexx — GTG/m||,. < Te.
O
Lemma C.7 (Gradient descent norm bounds). Consider the fixed set {Gi}igt of inputs. Let
G = (gL \n(Gi;6° )]i< be the matrix of gradients at initialization and GY) = gl (Gi; 0(j))]iTSt
The vector of network outputs after the j-th update is denoted by fg&N = [fonn(Gy; O(j))]igt.
Assume T is set such that ||09) — @°||, < 7 forall j < J. If m = poly (t, L log(N/(S)), then
with probability greater than 1 — 9,

|G|, < CivimL (C31)
HG‘ - C:U')HF < Cyr3LT2 ftmlogm (C.32)
H G(J) o) — 00)H2 < Cym*3L3\/tmlogm (C.33)

for some constants Cf, CQ, Cs.

Proof of Lemma C.7. We follow the recipe introduced in Zhou et al. [45], and reproduce gradient
norm bounds for when the network is a GNN.

From Lemma B.3 Cao and Gu [10], we get ||gGNN (Gi; 0% ||2 < Cv/'mL with probability of at least
1 — 6/3. By the definition of Frobenius norm, it follows,
h.p

3| < 90| < _
HG’|F—\/£I?2§(CHQGNN(GHG )|, < CVimL

For Eq. (C.32) we may write,
HGU) - GHF = ﬁm?ngGNN(G“e(j)) *QGNN(GZ-;OO)HQ

< Vg Y [o(hui69) - g(heso”)|
ueV(G;)
w.h.p \/g 1/373
< Fr{lgx Cor/3L3\/logm Hg h.,;8°) ||2
ueV(G;)
w.h.p

< Oy 7'1/3L7/2\/tm10gm

with probability greater than 1 — §/3, where the next to last inequality holds by Lemma B.5 Zhou
et al. [45] and the last inequality follows directly from Lemma B.6 Zhou et al. [45].

As for Eq. (C.33), by definition of the single-BLOCK GNN and Lemma B.4 Zhou et al. [45],
Hféjlzm — GY (W) — 90)H2 < \/gfglggi‘fGNN(Gi;e(j)) — (gann(Gy; 09)),00) — 90>’

S%max 3 ’f(l_zv;e(j))—<g(ﬁv;0(j)),0(j)—00>’

uweV(G;)
w.h.p
< Cym3L3\/tmlogm
with probability greater than 1 — §/3. O
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Lemma C.8 (Convergence properties of the proxy optimization problem). Let the sequence
(09)) denote the gradient descent updates on the following loss function,

£0) =3 ((genn(Gii 69,0 — 0 — )% + mal|o — 6°] .

t 4
i<t
then if m = poly (T, L, B, |G|, )\51, A1, 1log(N/§)) and the learning rate n < C'(mL +m\)~*
Hé@) - 00H < /BJm,
2

|69 =60 — (A1 + GTG/(tm) ! Gy em) || < (1= )i/ /2B mA.

Proof of Lemma C.8. This lemma adapts Lemma D.8 Kassraie and Krause [25] to our setting. We

repeat the proof for the sake of completeness. Note that Lis mA-strongly convex, and C(mL + m\)-
smooth, since

. TG G|
V2L = g +2mAI < 2(HtHF +mA)I < C(mL+mM)I,

where the second inequality follows from Lemma C.7. Strong Convexity of £ guarantees a monotonic
decrease of the loss if the learning rate is smaller than the smoothness coefficient inversed. Therefore,

o R I o A A
<o oo o

2
_ Iyl
-t
<B

From the RKHS assumption, the true reward is bounded by B and hence the last inequality follows
since the size of the training set is t.

Gradient descent on smooth and strongly convex functions converges to optima if the learning rate is

smaller than the smoothness coefficient inversed. Under this condition the minima of £ is unique and
has the closed form

6" = 6° + (\T + G"G/(mt)) " GTy/(mt)

Having set n < C(mL+m\)~*, we get that o) converges to 6* with the following exponential rate,

Hé@ — 0" — (\[+ GTG/(mt)) " éTy/(mt)H <(1- nm)\)(j)% (5(00) - ﬁ(é*))

2
2
201 —gmA) |yl
mA\ t
2B(1 — nmA)J
mA ’

O
Lemma C.9 (Gradient descent parameters bound). Let the sequence ') denote the J-th gradient
descent update on the GNN loss,
~ 1 2 2
L(0) =< (fann(Gi;6°) — i), +mAl|0 — 6°|];.

t 4
1<t

If m = poly(T, L, B, |G|, \g}, A\~ 1, log(N/6)) and n < C(mL + m\)~! for some C, then with
probability greater than 1 — 6,

Ha@’) - 90H2 < 2/B/mA.
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Proof of Lemma C.9. Following Zhou et al. [45] we introduce the sequence (é(j )) which denotes
the gradient descent updates on the following proxy loss,

1

£0) = 5 3" (lgann(Gir0%).0 — 6°) — )+ mAfj0 — 0°]].
i<t
By Lemma C.8,
- B
(J) _ po _
[ —el, < /o

It remains to show that [|8() — 8(/)||, < /B/mX, which concludes the proof due to triangle
inequality. By writing out the gradient descent updates of the two sequences we get,

H"”*”—‘}MHQ—Hh—nm)( —00) = NGV - &) (S~ v)

nGT( GNN G(9 -6 + G(g(ﬂ‘) _ g(j)))

2
tle —a & -, + F161, |5 - ce - o]

+ || = n(mAI + GGT /1) HQHW) -9,

| /\

2

We bound each term separately. In the rest of the proof, Lemma C.7 is always used with 7 = y/B/mA.

Lemma C.3 Zhou et al. [45] dlrectly holds for fonn, and states that H GNN —yll2 < (B+ 1)Vt
Then Eq. (C.32) Lemma C.7 gives,

1/6
n . w.h.p
16—t -l "2 s (5 s oy

Recall that fann(G; 6°) = 0 by design. Then for the second term, using Equations C.31 and C.33
from Lemma C.7,

MEl 1£9 — G —gn| “2P BN\ .
EHGHQHfGNN_G(GJ -0 )H2 < nCs (m>\> L'*m+/logm
As for the last term, first note that by Eq. (C.31) Lemma C.7, with high probability

_ w.h.p
n(m)\I + GGT/t) < nimAI+CymLI) < 1T
where the last inequality holds since 7 is chosen to be small enough. Therefore,

= n(mAI + GGT) H Hg(] g(J)H 21) 1777m)\)H0(j)76(j)H2'

We put the three terms back together and unroll the recursive inequality. Then if m is picked to be
large enough at the above stated polynomial rate,

Hgm_ng vir | B
2 = mA

O

The next lemma shows that the first order approximation of a GNN at initialization can still describe
the network after it has been trained with gradient descent for J steps.

Lemma C.10 (Taylor approximation of a trained GNN). If m =
poly(T, L, B, |G|, \g ', A\~ 1, 1og(N/8)) and for some constant C, ) = C(mL +m\)~", then

i B \2/3
fann(G;0)) — fann(Gi;8°) — (gann(Gy; 6°), 01 — 9O>’ <CL? (m) vmlogm

with some constant C and any t < T, with probability greater than 1 — 4.
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Proof of lemma C.10. By Lemma 4.1 Cao and Gu [10], if m =
poly (T, L, B, |G|, \g ', A\~ 1, log(1/8)) and 7 is set according to the statement of the lemma,
then for a fixed x with probability greater than 1 — 4,

’fNN(a:;O(J)) ~ fan(@:0°) — (g(a: 6°),0) — 00>‘ < Cr3L3\/mlogm

where ||0(J) - 00”2 < 7. We use this inequality with = (BSJ‘)) for all u € V(G;). Setting
d < §/2N and applying the union bound gives

> aw(AP;0) = S fan(R500—( Y g(h{);6°),61) — 6°)

weV(G;) weV(G;) weV (G;)

< CNTY3L3\/mlogm

Therefore, if m = poly(T, L, B, |G|, )\51, A~1 log(N/§))) with probability greater than 1 — &,

\f(GZ-; 0')) — f(Gi;0°) — (gann(Gi; 6°),0') — 0°>\ < Or'L3/mlogm  (C34)

It remains to bound ||@(7) —@°||, in order to calculate 7 in Equation C.34. From Lemma C.9, we have

[[0¢7) — 6°||, < 21/B/mA. Setting § < 6/T and taking a union bound over all ¢ < T concludes
the proof. Note that the added log T" term from union bound does not change rate for m, since it is
already growing polynomially with 7T'. O

D Experiments
We include the details of the experiments in Section 5, together with the supplementary plots.

D.1 Synthetic Permutation Invariant Datasets

To test our permutation invariant additive model, we pick the GNTK as the kernel function and create
18 datasets that inherit this structure. As explained in Section 5, each dataset consists of a finite
domain of size G = 10000 together with a reward function, both of which are generated randomly.
The domains are sets of Erd6s-Rényi random graphs, where each graph has N nodes, and between
each two nodes there exists an edge with probability p. The node features are i.i.d. d-dimensional
standard Gaussian vectors.

For every domain, we sample a random reward function. We use GP (0, kgnn) as a prior, and sample
f from its posterior GP. The posterior is calculated using a small random dataset (G;, y;)i<5, where
y; are drawn independently from N'(0, 1) and G; are randomly chosen from G, y. We choose the
posterior GP over the prior as it produces somewhat smoother samples. We note that functions drawn
from this GP do not reside in Hgnn. Table 2 shows the characteristics of the datasets, which will be
released together with the code to generate them from scratch.

\ N=5 N =20 N =100
p=0.05 | d € {10,100} d € {10,100} d € {10}
p=02 | de€{10,100} d e {10,100} d e {10,100}
p=0.95 | d € {10,100} d € {10,100} d € {10,100}
Table 2: Parameters of the synthetic datasets

D.2 Practical Details

The python code to our algorithms, bandit environment, and experiments will be released.

Algorithm. There are some differences between how we utilize the algorithm in practice and the
pseudo-code inAlgorithm 1. We list these modifications for transparency.

* When calculating ;1 we approximate K,_, withits diagonal so that the matrix inversion
takes o(t) operations.
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* GNN-PE suggests to discard data from previous episodes, so that the decisions are non-
adaptive. In practice we keep the history for training the network.

e Wesetall 7T, = 1.

* Only from ¢t > T5 = 80 we follow Eq. (C.2) and intersect the sets of plausible maximizers.
For the first 15 steps construct them via

Get1 = {G €G: fann(G;007)+Br.67.(G) = max (faxn(G; 0L)) = fr.67.(G)) }-

Network Architecture. We set the width of all architectures to m = 2048 and depth to L = 2.
This combination is picked primarily to keep computations light, while somewhat adhering to the
theoretical setup. To calculate 5;_; we approximate the gram matrix G* G with its diagonal, which
gets worse as the number of network parameters grow. The picked values for m and L producing a de-
scriptive network, and allow us to use this diagonal approximation with a negligible cumulative error.

Graph Neural Tangent Kernel To implement this kernel function, we use the NTK class from the
Neural Tangents library [33], and sum the base NTK via Eq. (4). This library offers the tangent
kernels of every network architecture, however it is unclear how the kernel is derived for a GNN,
therefore we use our own expression.

Initialization. We initialize the networks by directly following the definition of Eq. (2). The scaling
with 1/4/m is crucial in activating networks in the lazy regime. If this condition is not met, the
confidence sets [fonn(+;0) £ 6+—1(-)] may not be valid, since 6;_1 no longer accurately describes
the posterior variance of fonN-

Training. When analyzing the training dynamics of fgnn, we consider SGD on the ¢5-regularized
loss. In practice, however, we train the network with the Adam optimizer [26] from PYTORCH
[34], and without weight decay. The learning rate is set to n = 0.001. We allow Ty = 40 steps of
random exploration, to mimic some form of pre-training. The random exploration steps are included
in our regret plots. For the first 773 = 100 steps, we train the network from scratch (using the same
initialization @) at every step t, as described by the algorithm, and then in batches of Tz = 20 just
to keep computations light. At every step ¢ we run the Adam optimizer for J; gradient descent steps,
where J; is calculated via the following stopping criteria

Jy=min J
ALET — Ac)
ALY

s.t. L(Og)l) <Ly or, < dy

where we set £y = 1074, 5o = 1073, and
J J J—1
ALy”, = r(0/7) - oY),

The above criterion targets both value of the loss function and the rate at which it is decaying.
Effectively, this rule stops training if either the loss is lower than a threshold Ly, or if the loss has
plateaued, i.e. the relative change in the the loss is lower than a threshold §y. Roughly put, the two
conditions on value and decay of the loss, cause the training algorithm to run longer for larger ¢ and
prevent over-fitting when ¢ is small. The hyperparameters of the optimizer, i.e., , g, Lo, T8, To, and
T are selected by hand and not automatically tuned.

D.3 GNN-UCB & NN-UCB

In Section 5, we compare GNN-PE with NN-PE, GNN-UCB and NN-UCB as baselines. The
pseudo-code is laid out in Algorithm 3 and Algorithm 4.
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Algorithm 3: GNN-UCB

Input: m, J) m, )\7 615’ T R
Initialize network parameters to a random 0°, and Ky = o*1I.
fort=1---Tdo
for G € G do
67-1(G) + g&nn(G; 0°) K gann (G5 6°) /m
Ug, < fann(G:0{7)) + Bi61-1(G)
end
Gt = argmaxgeg Ug,
Select Gy and append the rewards vector y; by the observed reward.
Set Ky M+ 3, ., gann (G 0% gl \n(Gi; 0°)/mt

Calculate Ot(‘]) = TrainGNN (m, J,n, X, 6°, (G, y:)i<t)

end

Algorithm 4: NN-UCB

Input: m, J7 UB >‘7 ﬂtv T
Initialize network parameters to a random 0°, and K, = o°1I.

fort=1---Tdo
for G € G do B )
57-1(G) + gin(he; 0°) K~ gnn (he; 6°) /m
Uoi  fux(ha; 0.7)) + Bioi1 (G)
end
Gt = argmaxgeg Ug,s
Select G¢ and append the rewards vector y; by the observed reward.
Set K; + M\ + Zigt gnn(ha;; Bo)ggN(hGi ; 00)/mt
Calculate 8" = TrainNN (m, J,m, A, 0°, (ha,,yi)i<t)

end

Algorithm 5: TrainNN

InplIt: m, Jv 7, )‘7 00’ (iLGwyi)i<t
Define £(0) = 23", _, (fan(hai;0) — yi)* +mA||6 — 6°|
Initialize (*) = §°
for;j=1,...,Jdo
‘ ) =eU-1 — v L)
end
Output: (/)
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Figure 5: Results of hyper-parameter search for all algorithms. The GNN methods then to perform
well for many configurations of A and j3.
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Figure 6: Comparing performance of GNN-PE, GNN-UCB, NN-PE, and NN-UCB for all dataset
configurations. The GNN methods consistently outperform NN methods. Hyper-parameter tuning is
done only for N = 5, p = 0.05 and the same is used across all setting.
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Figure 7: Effect of graph size on performance of GNN-PE, GNN-UCB, NN-PE, and NN-UCB.
GNN methods perform well regardless of value of N. Inference on sparse small graphs is challenging
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since the random graphs tend to have very few edges.
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Figure 8: Effect of edge density on performance of GNN-PE, GNN-UCB, NN-PE, and NN-UCB.
The NN algorithms tend to improve as p grows.
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