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ABSTRACT

Most traditional causal discovery methods assume that all task-relevant variables
are observed, an assumption often violated in practice. Although some recent
works allow the presence of latent variables, they typically assume the absence of
certain special causal relations to ensure a degree of simplicity, which might also
be invalid in real-world scenarios. This paper tackles a challenging and important
setting where latent and observed variables are interconnected through complex
causal relations. Under a pure children assumption ensuring that latent variables
leave adequate footprints in observed variables, we develop novel theoretical re-
sults, leading to an efficient causal discovery algorithm which is the first one capa-
ble of handling the setting with both latent variables and complex relations within
polynomial time. Our algorithm first sequentially identifies latent variables from
leaves to roots and then sequentially infers causal relations from roots to leaves.
Moreover, we prove trustworthiness of our algorithm, meaning that when the as-
sumption is invalid, it can raise an error signal rather than draw an incorrect causal
conclusion, thus preventing potential damage to downstream tasks. We demon-
strate the efficacy of our algorithm through experiments. Our work significantly
enhances efficiency and reliability of causal discovery in complex systems. Our
code is available at: https://github.com/XiuchuanLi/ICLR2025-ETCD

1 INTRODUCTION

Causality is a fundamental notion in natural and social sciences, which O —— s |
plays a crucial role in explanation, prediction, decision making and
control (Zhang et al., 2018). Particularly, causality has driven signifi-
cant progress in machine learning (Yao et al., 2021; 2023; Huang et al.,
2023; Hong et al., 2024; Lin et al., 2024; Sun et al., 2024). Uncover-
ing causality through analysis of observational data, commonly known
as causal discovery, has garnered significant attention. Most traditional
causal discovery methods (Spirtes & Glymour, 1991; Chickering, 2002;
Shimizu et al., 2006) assume that all task-relevant variables are ob-
served, but in practice, we often fail to collect and measure all of them in practice. Some previous
works can reveal causal relations between observed variables in the presence of latent variables, but
their results are not informative of the number or the causal relations of latent variables. By utilizing
linear models, some recent works can display latent variables and their causal relations explicitly in
their results. However, they often assume the absence of certain special causal relations to ensure
a degree of simplicity, including the measurement assumption (Silva et al., 2006; Xie et al., 2022)
positing the absence of edges from observed variables to latent ones, the purity assumption (Cai
et al., 2019; Xie et al., 2020) positing the absence of edges between observed variables, and the no-
triangle assumption (Huang et al., 2022; Dong et al., 2024) positing the absence of triangles formed
by three mutually adjacent variables. Unfortunately, these assumptions fail in many real-world sce-
narios. Consider the causal structure shown as Fig. 1 where L and O respectively denote latent and
observed variables. Clearly, O, — O3 violates the purity assumption, O; — L violates the measure-
ment assumption, and L, O,, O3 violates the no-triangle assumption. This structure can be found in
business contexts, where O1, L, O, O3 refer to advertisement spending, consumer interest, product

O:— 05
Figure 1: A causal struc-
ture violating all of the
purity, measurement, and
no-triangle assumptions.
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views, and product sales respectively. In this paper, given observational data generated by a linear
non-Gaussian acyclic model (LiINGAM) with latent variables where latent and observed variables
are interconnected through complex causal relations, that is, none of the above three assumptions is
required, we aim to correctly identify the underlying complete causal structure, which is a directed
acyclic graph (DAG) that explicitly represents both observed and latent variables along with their
causal relations.

Adams et al. (2021) first investigate the challenging setting with both latent variables and complex
relations. They develop a causal discovery algorithm under the assumption which is exactly suffi-
cient and necessary for identifiability of LINGAM with latent variables, but it requires the number
of latent variables as prior knowledge and lacks robustness, hence is not advisable in practice. Sub-
sequently, Jin et al. (2024) introduce a stronger assumption that latent variables have pure children,
ensuring latent variables leave adequate footprints in observed variables. Under this assumption,
they propose the first practical algorithm capable of handling this challenging setting, which recov-
ers the causal graph in a bottom-up manner, progressing from leaves to roots. Unfortunately, its has
exponential time complexity with respect to the number of variables, substantially limiting its ap-
plicability. In this paper, under a similar assumption also involving pure children, we propose a far
more efficient algorithm with only cubic time complexity. Our algorithm follows a bottom-up then
top-down pattern. In stage 1, it sequentially identifies latent variables through their pure children,
progressing from leaves to roots. In stage 2, for variables not recognized as others’ pure children in
stage 1, it sequentially infers their causal relations, progressing from roots to leaves.

As mentioned above, we make a pure children assumption to enable a practical causal discovery
algorithm. When this assumption holds, our algorithm can correctly identify the underlying com-
plete causal structure. But when this assumption fails, the recovered causal graph may be incorrect,
which is potentially harmful in practical applications. For instance, in financial markets, a plausible
but incorrect causal conclusion might mislead investors to make poor investment choices and cause
significant financial losses. To overcome this limitation, we additionally prove trustworthiness of
our algorithm, meaning that it can raise an error signal rather than return an incorrect causal struc-
ture when the pure children assumption is invalid. Specifically, if this assumption is violated, we
prove at the end of stage 1, there exists an unidentified latent variable or an identified latent variable
whose recognized pure children are not actually its pure children. In stage 2, this hidden risk will be
triggered, prompting the error signal. To the best of our knowledge, there is a lack of similar results
in the literature of causal discovery with latent variables'.

The major innovations of our work are summarized as follows.

* We investigate an understudied and challenging setting in causal discovery where latent and
observed variables are interconnected through complex causal relations.

e Under a pure children assumption, we develop a series of novel theoretical results, leading to
an efficient causal discovery algorithm, which can handle the setting with both latent variables
and complex relations within polynomial time.

* We prove trustworthiness of our algorithm, meaning that when the pure children assumption is
invalid, it can raise an error signal rather than return an incorrect result.

In summary, our work significantly enhances efficiency and reliability of causal discovery in com-
plex systems. It may both inspire further research in causal discovery and benefit research in natural
and social sciences. Due to space limit, we defer detailed discussion on related works to App. A.

2 PRELIMINARY

We focus on the linear non-Gaussian acyclic model (LiINGAM) with latent variables whose graph
structure Gy is a DAG. Its vertex set is Vo = L U Qg where L and Oy respectively denote the set of
latent and observed variables. We augment Gy to G by creating two children for every O € Oy, each
of which is O plus an independent non-Gaussian noise. We denote the set of such created variables

1Many works employ similar pure children assumptions. While the vast majority of them limit their scope
to the scenario where the assumption holds, Silva et al. (2006) systematically analyze the case where the as-
sumption fails, rigorously characterizing the potential mistakes. Although this is an insightful result, it does not
directly enable us to determine whether the recovered causal graph is correct. Instead, we prove that an error
signal can be explicitly raised if the assumption fails.
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Figure 2: An illustrative example of augmenting (a) Gy to (b) G.

by O, and let O = Og U Oy, V = L U O. Trivially, identifying Gy is equivalent to identifying G.
An example is shown as Fig. 2. Because of the linearity, each variable V; € V follows

Vi = Z al-jVj + €y, (1)
Viev

where ey, refers to an exogenous noise. All exogenous noises have non-Gaussian distributions and
are independent of each other. a;; # 0 iff V; is a parent of V;. Eq. (1) can also be written as

Vi= > mijev,. )

Viev

where M = (I — A)~! with M and A being matrices composed of m;; and a;; respectively. By
convention, we assume the distribution over V is both Markov and bottleneck-faithful (Adams et al.,
2021) to G. Given V € V, we denote its parents, children, neighbors, ancestors, and descen-
dants by Pa(V), Ch(V),Ne(V), An(V), and De(V). Particularly, a variable’s ancestors/descendants
do not include itself. We call a variable’s ancestors/descendants plus itself its generalized ances-
tors/descendants, denoted by GAn(V) and GDe (V). We abbreviate | Jy .y Pa(V) to | Pa(V’).

3 EFFICIENT CAUSAL DISCOVERY

In this section, we develop a series of novel theoretical results under Asmp. 1, leading to an efficient
causal discovery algorithm with only cubic time complexity.

Definition 1. (Pure child) We say V, is a pure child of V, denoted by V, € PCh(V}), if (i) Pa(V,) =
{V1} and (ii) YV € De(V;), |Pa(V)| = 1.

Example. In Fig. 2(a), PCh%(L,) = {07,05,00}. 01, ¢ PCh%(L,) as Pa%(0;;) =
{L2, 010} # {L2}. 019 € PCh9 (L,) as Oy € De9(0)) but [Pa®(01;)| = 2.

Remark. This concept has been widely used in related works, but there is no consensus on its exact
definition. For instance, a pure child in Silva et al. (2006); Kummerfeld & Ramsey (2016); Xie
et al. (2020); Li et al. (2024) must be an observed variable with no child, which is more restrictive
than ours. In Jin et al. (2024), a variable’s pure child can have a descendant with multiple parents
provided that these parents do not include the variable itself, which is less restrictive than ours.

Assumption 1. VL € L, |PCh (L)| > 2 and [Ne9 (L)| > 3.

Example. The graph in Fig. 2(a) satisfies this assumption. For instance, PCh9 (L) = {L3, L4}
and Ne9 (L) = {L,, L3, L4, 02, O¢}.

Remark. This assumption allows each latent variable to leave footprints in observed variables ad-
equate for identification. It naturally holds in the scenarios with many directly measured variables
such as topic model (Arora et al., 2013). Similar assumptions involving pure children were also
made in many previous works (Silva et al., 2006; Kummerfeld & Ramsey, 2016; Cai et al., 2019;
Xie et al., 2020; Zeng et al., 2021; Chen et al., 2022; Xie et al., 2022; Huang et al., 2022; Chen
et al., 2023; Dong et al., 2024; Jin et al., 2024; Xie et al., 2024).

2While the values of observed variables are directly accessible for causal discovery, the causal relations of
latent variables can only be inferred indirectly through their pure children (Def. 1). By introducing O to create
pure children for each observed variable, we can uniformly handle both latent and observed variables through
analyzing their pure children, thereby eliminating the need to repeatedly distinguish between treatments of
latent and observed variables, which keeps our core methodology clear.
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Figure 3: Left: Initial |, where V, and V;, are marked in red and black respectively; Right: Initial
H,, which is exactly Gy, where V, and V. are marked in red and black respectively.

3.1 STAGE 1: IDENTIFYING LATENT VARIABLES

§ High-level Overview. In stage 1, we identify latent variables through their pure children. Con-
cretely, we initialize an active set V, as Op. First, we locate some variables that serve as pure
children of others from the active set (Thms. 1 and 2). Second, we identify these pure children’s
parents (Thm. 3). Third, we update the active set by replacing these pure children with their parents.
Repeating this process until the active set cannot be updated, all latent variables can be identified
finally (Thm. 4). Clearly, we follow a bottom-up pattern in stage 1, progressing from leaves to roots.

§ Initialization. During stage 1, we maintain two sets of variables V,, V;, and a graph H, over
V., UV, Initially, we let V,, V;, be Oy, O respectively and let V; € path (V;)iff V; € Op,V; € Oy,
and V; € Pa¥ (V;). For G shown as Fig. 2(b), the initial 7, is displayed on the left of Fig. 3. Subse-
quently, V,, Vj, and H| will be updated following the rules described later in § Update. Intuitively,
V, consists of identified variables whose causal relations (i.e., both incoming and outgoing edges
of the variable in the underlying causal graph) are not fully identified, V,, consists of identified vari-
ables whose causal relations are fully identified, and H; consists of all identified causal relations.
Clearly, Cond. 1 holds initially, and we will show later Cond. 1 always holds throughout stage 1.

Condition 1. (1) YV € V,, [Pa? (V)| = 1 and Ch"" (V) = PChY (V); (2) VV € V,, Pa™1 (V) = 0,
|ICh” (V)| > 2, and Ch"" (V) € PCh¥ (V).

For ease of exposition, we denote V\(V, U V;) by V. and the induced subgraph of G over V, UV,
by H,. For G shown as Fig. 2(b), the initial V.. is exactly L and the initial H, is displayed on the
right of Fig. 3, which is exactly Gy. Intuitively, while V, U V, consists of all identified variables,
V. consists of all unidentified variables. While H; consists of all identified causal relations, H,
consists of all unidentified causal relations.

§ Locating Pure Children. Ideally, we want to locate pure children in a single step, but this is
infeasible because of the existence of complex causal relations. Instead, we first locate identifiable
pairs (Def. 2) from V, (Thm. 1) and then locate pure children from these identifiable pairs (Thm. 2).

Definition 2. (Identifiable pair, IP) We say {Vi,V,} € V, is an IP, denoted by {V,,V,} € S, if

(1) Pa’™2 (V) = {V}}, Ch"2(V») = 0, and Ne™2 (V))\{V>} # 0. We denote this by {V},V>} € S, or

(2) AVy € Vo UV A\{Vi, Va} s.t. Pa™2(V)) = Pa™2(V,) = {V,}, Ch”2(V)) = Ch"2(V,) = 0, and
Vo € Vg or Ne”2(Vo)\{V1, Va} # 0. We denote this by {V1,V>} € Sy; or

(3) Vo € Vo UV AV}, Vo) st Pa? (V) = (Vp}, Ch"2(Vy) = {Va}, Pa®2(Va) = (Vo Vi}, and
Ch”2 (V) = 0. We denote this by {Vi,V,} € Ss.

Example. In the right sub-figure of Fig. 3, S; = {{01, 03}, {01, 04}}, S2 = {{03,04}, {07, Og},
{07,00},{08,00}{012,013},{012,014},{013, 014}, {015, O16}}, S3 = {{010, O 11 }}.
Intuition. Although #; is unknown, we will show later that identifiable pairs can still be lo-
cated from V,, via statistical analysis (Thm. 1), this is what “identifiable” means. The connection
between identifiable pairs and pure children are as follows:

(1) If {Vi,Vo} € Sy, V5 is V;’s pure child or V; is V,’s pure child.

(2) If {V1,Wr} € S5, V| and V; are both pure children of Vj.

(3) If {V1,Va} € S3, neither V| nor V; is a pure child of any other variable.

Definition 3. (Pseudo-residual (Cai et al., 2019)) Given three variables V,V,, V3 s.t. Cov(V,, V3) #
0, the pseudo-residual of V1, V, relative to Vs is defined as
Cov(Vy,V3)

RVi,W|V3)=V| = ———=V).
Vi,Wa|V3) =V; Cov(Va. Vs) 2

3)
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Figure 4: Left: H after the first update, where V, and V;; are marked in red and black respectively;
Right: H, after the first iteration, where V, and V. are marked in red and black respectively.
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Figure 5: Left: H; at the end of stage 1, where V, and V;, are marked in red and black respectively;
Right: H, at the end of stage 1, where V, and V. are marked in red and black respectively.

Intuition. Pseudo-residual is a simple variant of the conventional residual. The former reduces
to the latter when V, = V3. Before Cai et al. (2019), similar concepts have already been used by
earlier works (Drton & Richardson, 2004; Chen et al., 2017).

Theorem 1. V{V;,V;} C V., {Vi,V;} € S iff there exists Vi € V,\{V;,V;} s.t. Cov(V;,V;)
Cov(V;, Vi)Cov(V;, Vi) # 0 and for each such Vi, R(V;, V;|Vi) L V,\ {V;, V;}.

Remark. This theorem provides a method for locating identifiable pairs from V, via statistical
analysis. In principle, we need to do independence test for each V. But in fact, it is sufficient to
only consider any single Vi (see Prop. 1 in App. C.2.1), reducing the time complexity.

Definition 4. (Quintuple constraint) We say (Vi, Va, Vi, Va, Vs) satisfies the quintuple constraint if
there exist a, B s.t. Vi + aV3 + V4 1L V, and Cov(V| + aV3 + V4, Vs) = 0.

Theorem 2. V{V;,V;} €S, let {V;,,V;,} € Ch™ (V).

(1) R(Vy,, Vi|Viy) L Vi, iff {V;, V,} € Si and V; € Pa9 (V).

(2) Suppose {V;,V;} & S1, Vi, Vir} € S\{{V;, V;}} s.t. {Vir, Vi } 0 {V;, V;} # 0 only if (but not
lf) {Vi, Vj} € Sz.

(3) Suppose {V;,V;} & S1, {Vi,Vi} c U ch™ (v, \{V;, Vit) s.t. (Viy, Vi, Vi, Vi, Vi) satisfies the
quintuple constraint iff {V;,V;} € Sz and V; € Pag(Vj).

Remark. This theorem provides a method to divide S into Si, Sy, S3 via statistical analysis, from
which we can easily locate pure children. Given {V;, V;} € S, we first check whether {V;, V;} € S
based on (1). If it is and V; € Pa¢ (V;), then V; is V;’s pure child. Otherwise, we further check
whether {V;,V;} € S, based on (2,3). If it is, then both V; and V; are pure children of another
unknown variable; otherwise, they are not.

§ Identifying Pure Children’s Parents. As mentioned in Rem. of Thm. 2, for any pair in Sy, its
parent is unknown. To avoid duplicate identification of latent variables, we need to check whether its
parentisin V, or V. (Thm. 3(1)) and whether it shares the parent with other pairs in S, (Thm. 3(2)).

Theorem 3. (1)V{V;,V;} € So, NPa9({V;, V;}) € Vo iff H{Vir, Vi } € Sysit {Vi, ViIn{Vy, Vi } #

0. (2) V{Vi, V;}, {Vir, Vir}} C So, NPa9({V;, V;}) = NP9 ({Vir, Vo)) iff 3{Vin,Vjr} € Sa sit.
Vi, ViY 0 {Vir, Vju} # 0 and {Vir, Vi } O {Vir, Vi } # 0.

Example. In Fig. 3, an example of (1) is that {V;,V;} = {03,004} and {V;»,V;} = {O1,03}; an
example of (2) is that {V;,V;} = {07, 0s} and {V;», Vi } = {V;»,Vin} = {07, O9}.

§ Update. For pairs in S;, we move the children in them from V,, to V;, and add edges from parents
to children into . For pairs in S, whose parents are in V. rather than V,, we merge those pairs
that share a common parent into a set. In particular, if a pair does not share a common parent with
any other, it is itself a set. For each set, we move it from V, to Vj, create and add a new latent
variable into V,, as the its parent, and add edges from its parent to its all variables into ;. For
initialization shown as Fig. 3, the updated result is shown as Fig. 4.
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Algorithm 1: Stage 1: Identifying latent variables (overview)

Input: Observed variables O and O,
Output: V,, V,,, and H,
Initializing V, Vj,, and H; following § Initialization in Sec. 3.1.
while the current V, is not identical to the previous V, do
Locating identifiable pairs S from V,, based on Thm. 1.
Locating pure children from identifiable pairs S based on Thm. 2.
Identifying pure children’s parents based on Thm. 3.
Updating V,, V, and H; following § Update in Sec. 3.1.
end

§ Repeating This Process. After update, Cond. 1 is still valid (see Prop. 2 in App. C.2.1). By
induction, we can repeat the above process® until V,, cannot be updated. Finally, all latent variables
can be identified (Thm. 4). For G shown as Fig. 2(b), the final result of stage 1 is shown as Fig. 5.
An overview of our algorithm in stage 1 is shown as Alg. 1 while a detailed version is deferred to
Alg. 3 in App. E. It has O(R|Oy|?) complexity where R is the number of iterations.

Theorem4. IfS;US, =0, V. =0.

Remark. If both S; and S, are empty, then V, cannot be updated, that is, stage 1 comes to an end.
At this moment, V. = (0, which means that all latent variables are identified.

3.2 STAGE 2: INFERRING CAUSAL RELATIONS

§ High-level Overview. For variables recognized as others’ pure children in stage 1 (i.e., V;, at the
end of stage 1), their causal relations are fully identified in . The aim of stage 2 is to infer those
unidentified causal relations, i.e., to recover H, among V, U V. at the end of stage 1, when V. = 0
based on Thm. 4. We initialize an active set U, as V, at the end of stage 1. First, we identify a
root variable in the active set (Thm. 5). Second, we estimate the root variable’s effects on others
(Thm. 6). Third, we remove the root variable from the active set and also remove its effects on
others. Repeating this process until there is no variable in the active set, we can estimate all causal
effects and then recover Hj,. Finally, we can obtain G by combining H; with H,. Clearly, we follow
a top-down pattern in stage 2, progressing from roots to leaves.

§ Initialization. We initialize U, as V, at the end of stage 1. For the sake of uniform processing,
we view observed variables in U, as latent variables, and assign each V; € U, with two observed
surrogates Xp;-1 and X»;, which can be any variable in GDe™ (Vi;)NO and GDe’t (Vi) N O where
{Vi,, Vi, } C ch(vy). Taking H; shown on the left of Fig. 5 as an example, two observed surrogates
of Ly can be 01, and O 5 while two observed surrogates of O can be O and O/'. Clearly, Cond. 2
holds initially (e’Xj = 0 for any j). We will show later Cond. 2 always holds throughout stage 2.

Condition 2. (1) VV € U,, De’® (V) € U,. (2)VV; € Uy, X2i-1, X2 can be written as

’ 7’
Xoi—1 =21 Z mijey, +ex,  +ex, ., Xoi=cy Z mijey; + ex, +ex, ., 4
VieU, VieU,
where €v,, ..., €y, , ex,, ... x5, (egfl s e;ﬁ, s e%znil), (63(2’ 63(4, s e&zn) are mutually independent.

Without loss of generality, we assume each ca;_1 is positive and each €y, has variance 1.

§ Identifying a Root Variable. This can be accomplished based on Thm. 5.
Theorem 5. VV; € U,, An”2(V;) N U, = 0 iff VV; € U, \{V;}, R(X2,—1, Xai—1|X2i) 1L Xa;.

§ Estimating the Root Variable’s Effects. This can be accomplished based on Thm. 6.

3Readers may have such a question: how to test independence/correlation involving latent variables. For any
latent variable L € V, UV, let O be its any observed descendant in 9. With the fact implied by Cond. 1 that
O can be expressed as scaled L plus a noise independent of all variables except for L’s descendants in H (this
can also be implied by Cond. 3 in Sec. 4.1), any independence/correlation in our theoretical results involving
L holds iff it holds when L is replaced with O. Therefore, when we need to test independence/correlation
involving a latent variable, we can directly replace it with its any observed descendant in .
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Algorithm 2: Stage 2: Inferring causal relations (overview)
Input: V,, V;,, and H; output by Alg. 1
Output: a complete causal structure G
Initialize U, following § Initialization in Sec. 3.2.
while U, # 0 do
Identifying a root variable V; € U, based on Thm. 5.
Estimating V;’s effects on other variables based on Thm. 6.
Removing V; from U, and updating X>;_1, X»; for each V; € U, following Eq. (6).
end
G = H, U H, where H, is recovered from the estimated effects.

Theorem 6. If'V; satisfies Thm. 5, then Cov(Xa;-1, X2;) = cai—1¢2i and ¥VV; € U, \{V;},

Cov(Xa;_1, Xa5)
Cov(Xaj_1, X2j)

Besides, YV, € V,\U,, my; = 0.

sgn(m;;) = sgn( ), Cov(Xpi—1,X2;)Cov(Xa;, X2j-1) = Czi—102i02j—1czjm§i~ &)

Remark. At the current iteration, m ;; cannot be determined since c¢;;j_1c2; is still unknown. Later,
when V; becomes the root variable, c2j_1c2; is known and m; can be determined.

§ Removal. We remove the identified root variable V; from U, and eliminate its effects on
X>j-1, Xp; following Eq. (6) for each V; € U,.

Xoj_1 =R(Xpj_1, X0i-11X2:), Xoj 1= Xp;. (6)

§ Repeating This Process. After removal, Cond. 2 is still valid (see Prop. 3 in App. C.2.2). By
induction, we can repeat the above process until there is no variable in U,,. Finally, all causal effects
can be estimated, from which 9, can be recovered following Egs. (1) and (2). Combining ) with
H,, we can obtain G. An overview of our algorithm in stage 2 is shown as Alg. 2 while a detailed
version is deferred to Alg. 4 in App. E. It has O(|V,|?) time complexity.

3.3 SUMMARY

Theorem 7. Suppose the observed variables are generated by a LINGAM with latent variables sat-
isfying the bottleneck-faithfulness assumption and Asmp. 1, in the limit of infinite data, our algorithm
correctly identifies the underlying complete causal structure.

4 TRUSTWORTHY CAUSAL DISCOVERY

In this section, we prove that our algorithm is trustworthy in the sense that it can raise an error signal
rather than return an incorrect result if Asmp. 1 is invalid. This is quite challenging since we need
to precisely characterize the behavior of our algorithm when Asmp. 1 is violated, that is, we have to
carefully examine, modify, and re-prove all theoretical results in Sec. 3 in the case without Asmp. 1.

Definition 5. (Paired pseudo-pure children) We say {V», V3} is a pair of pseudo-pure children of V,
denoted by {V»,Vs} € PPCh(Vy), if (i) N Pa({V, Va}) = {Vi}, (i) UPa({V2, VaH)\{V1, V2, V3} = 0,
(iii) V2 € Ne(V3), and (iv) ¥V € U De({V2, V3})\{V2, V3}, [Pa(V)| = L

Example. In Fig. 2(a), P3Ch(L,) = {{O10,011}}. In Fig. 6(a), {L,V>} ¢ P3Ch(V;) since V4 €
UDe({L, V2})\{L, V2 } but [Pa(Vy)| = 2.

Intuition. With the edge between V, and V3 removed, they both become pure children of V;.

Definition 6. (Pathological variable, PV) Given a latent variable L, we say a L is a type-I PV
(I-PV) if Pa(L) = {V1} and Ch(L) = {V,, V3, V4} where Pa(V,) = {Vy, L}, |Pa(V)| = 1 for each
V € De(V,), and PPCh(L) = {{V3,V4}}. We say L is a type-II PV (II-PV) if Pa(L) = 0, Ch(L) =
{V1,Va, V3, Vi), and P’Ch(L) = {{V1,V5}, {V3,V4}}. Lis a PV if it is either a I-PV or a II-PV.
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Remark. If a I-PV shown as Fig. 6(a) exists in Vi I

Go, running our algorithm, there might be V| €

V. and Ch” (V}) = {L,V>} sometime; if a II- L= 7 Vi Ve Ve Vi
PV shown as Fig. 6(b) exists in Gy, there might V{>V4 %, v

be L € V, and Ch" (L) = {V;, V,} sometime. (a) (b)

In both cases, neither ch* (L) c PCh¢ (L) nor Figure 6: Illustration of (a) I-PV and (b) II-PV.
(ch*i(L)y = PPché(L).

A pathological variable must satisfy many restrictive conditions, including but not limited to (1) it

is a latent variable; (2) it has just the right number of parents and children; (3) its each descendant
has the just right number of parents.

Assumption 2. (I)VL € L,V € Vo\{L}, Ch9 (L) ¢ Ch% (V) U{V}. (2) ¥V € V, Ch9 (V) is the
unique minimal bottleneck (see Def. 7 in App. C) from Ch9° (V) to Oy. (3) VL € L, L is not a PV.

Remark. It is infeasible to achieve trustwor- L — L L:

thiness without any assumptions. For instance, /¢ ¢ m

suppose Go is shown as Fig. 7(a), then the ob- (), 0: 0; O 0:- 0>
servational distribution (i.e. p(01,03,03)) can (@) (b)

also be explained by the causal graph shown as _, . e

Fig. 7(b) that satisfies Asmp. 1, so Fig. 7(b) will Figure 7: The observational d.15tr1but10n gen-
be returned as the result and no error signal will erated by (a) can also be explained by (b).

be raised. To avoid such cases, we blend (1) and (2) from Adams et al. (2021) which are necessary
for identifiability of LINGAM with latent variables. Besides, (3) is a technical assumption that
significantly eases the readability and accessibility of the proof as it ensures that for every V € V,,
either Ch™" (V) € PCh9 (V) or {Ch" (V)} = P3 ch? (V). Considering that (3) is rather weak since
a PV must satisfy many restrictive conditions, it does not seriously damage the generalizability of
our results.

4.1 STAGE 1: IDENTIFYING LATENT VARIABLES

§ High-level Overview. We provide a variant of each theoretical result in Sec. 3.1. At the end of
Sec. 3.1, all latent variables are identified and each variable’s recognized children are all its actual
pure children. But at the end of this section, there is an unidentified latent variable or an identified
latent variable whose recognized pure children are not actually its pure children. This potential risk
will be triggered in stage 2 such that an error signal can be raised.

Condition 3. (1) ¥V € V,,, |Pa” (V)| = 1 and Ch™ (V) = PCh9(V); (2) VV € V,, Pa™ (V) = 0
and |Ch* (V)| = 2. IfCh™ (V) ¢ PCh9(V), then {Ch" (V)} = P3Chg(V) and V satisfies some
other conditions (more details are deferred to App. C.3.1).

Remark. It is a variant of Cond. 1. Note that {Ch™ (V)} = P>ChY (V) implies that [Ch™ (V)| = 2.

Theorem 8. V{V;,V;} < V., {V;,V;} € S iff there exists Vi € V,\{V;,V;} s.t. Cov(V;,V;)
Cov(V;, Vi)Cov(V;, Vi) # 0 and for each such Vi, R(V;, V;|Vi) L V,\ {V;, V;}.

Remark. It is identical to Thm. 1, so the identifiable pairs can still be located from observed
variables correctly and exhaustively.

Theorem 9. V{V;,V;} €S, let {V;,,V;,} € Ch™i (V).

(1) R(Vy,, V|Viy) L Vi, iff {V;, V,} € S1 and V; € Pa8 (V).

(2) Suppose {V;,V;} ¢ Sy, H{Vir,Vi} € S\{{Vi, V;}} s.t. {Vir, Vi } N {V;, V;} # 0 only if (but not
if) {Vi,V;} € Sa.

(3) Suppose {V;,V;} & S1, H{Vi,Vi} C Uch’ (Va\{Vi, V;}) s.t. (Viy, Vi, Vj, Vi, Vi) satisfies the
quintuple constraint only if (but not if) {V;,V;} € Sz and V; € Pag(Vj).

Remark. (1,2) here are identical to (1,2) in Thm. 2 while (3) here is different from (3) in Thm. 2.
Denote the result of our algorithm at this step by Sj, Sy, S3, this means that all pairs in S; will
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be incorporated into S1, all pairs in S, will be incorporated into S,, but some pairs in S3 will be
incorporated into S; rather than S3. Formally, there is S| = S, Sp 2 S, and S3 C S3.

Theorem 10. (1) V{V;,V;} € S5, NPa9({Vi,V;}) C Vg iff H{Vi,Vy} € §; st {V, V1N
Vi Viy # 0. 2) V{Vi. Vi3 {Vi. Vir}} € S5 NPaS({Vi.V;}) = NPaS({Vir, V) iff
Vi, Vin} € Sy 5.t AV, Vi 0 {Vir, Vin} 2 0 and {Vir, Vi } O {Vin, Vju'} 2 0.

Remark. Similar to Thm. 3, it also guarantees no duplicate identification of latent variables.

Theorem 11. If Asmp. I is invalid, when $; US> = 0, V. # 0 or there exists L € V s.t. Ch’t (L) ¢
PChY(L).

Remark. It is a variant of Thm. 4, which means that at the end of this section, there is an unidenti-
fied latent variable (e.g., Fig. 8(b)) or an identified latent variable whose recognized pure children
(i.e., children in ) are not actually its pure children (e.g., Fig. 8(d)).

L..’ L/
L —— L L: /\
AT TN 2 0000 SRS~ . 0 0 0 0 O
Os> O0s> 05 Os O & 0007 0005 007 0uds 0 02> 05 Oi> Os > Os & 0005 0n i 0105 0% 0
(@) (b) (©) (@

Figure 8: Suppose Gy is shown as (a), H, at the end of stage 1 is shown as (b), where V. = {L,} # 0.
Suppose Gy is shown as (c), H; at the end of stage 1 is shown as (d), where L; € V, Ch’t (Ly) =
{02,03} ¢ PCh9(L)).

4.2 STAGE 2: INFERRING CAUSAL RELATIONS

§ High-level Overview. We provide a variant of Thm. 5 as Thm. 12. In Sec. 3.2, there always exists
a variable satisfying Thm. 5 at each iteration. But in this section, there exists no variable satisfying
Thm. 12 at some iteration, when an error signal can be raised.

Condition 4. (1) VV € V,\U,, Ch”(V;) ¢ PCh9(V;). (2) ¥V € U, U V., De’2(V) c U, U V..
(3)VV; € Uy, Xp;—1, Xo; can be written as

- . .. ’ . = . .. ’
Xoi_1 = C24-1 Z mijey, +ex, | +ex, ., Xoi=cy Z mjjey, +ex, +ex,.,  (7)
V;eU,UV.,. V;€U,UV,.
where €y, ..., €y, (ex,, €x,) ... (€xy,_ 1> €Xy,) (e;(1 , e;(}, s e&zwl), (@;(2, 6‘;(4, s e;(zn) are mutually

independent and ¥j s.t. Ch’h (V) ¢ PCh¢ (Vj), ex,;., L ex,,. Without loss of generality, we
assume each cy;1 is positive and each €v; has variance 1.

Remark. It is a variant of Cond. 2.

Theorem 12. VV; € U,, An”2(V;) N (U, UV,) = 0 and Ch" (V;) € PChY (V) iff VV; € U, \{Vi},
R(X2j-1, X2i-11X2;) 1L X»;.

Remark. It is a variant of Thm. 5, which implies that if at some iteration, there exists no V; € U,
s.t. An*2(V;) n (U, U V,) = 0 and Ch* (V;) € PChY(V;), we cannot find a V; € U, satisfying
the independence condition, when an error signal can be raised. In fact, this must happen before
U, becomes an empty set, more details are provided in the proof Thm. 13.

4.3 SUMMARY
Theorem 13. Suppose the observed variables are generated by a LINGAM with latent variables

satisfying the bottleneck-faithfulness assumption and Asmp. 2, if Asmp. 1 is invalid, in the limit of
infinite data, our algorithm raises an error signal.

5 EXPERIMENT

We first use four causal graphs shown as Fig. 9 to generate synthetic data. For each graph, we draw
10 sample sets of size 2k, 5k, 10k respectively. Each causal strength is sampled from a uniform
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L: Ls L: 0:< 01> 05 O ——— Ls
L: L: Ls L+ Os> Os< Os > O 0: L:>0s=< 0 0Os Os
0 0: 0: Or Os Os O; Os O O 0: 0 O: Os Os O Os O Os 0> 0, 0s 0,
Case 1 Case 3 Case 4

Case 2
Figure 9: Causalaéeraphs satisfying Assumption 1.

Table 1: Comparison on synthetic data. T means higher is better while | means lower is better.

Error in Latent Variables | Correct-Ordering Rate T F1-Score T Running Time(s) |
2k 5k 10k 2k 10k 2k 5k 10k 2k Sk 10k

GIN 0.0£0.0 [ 0.0£0.0 | 0.0:£0.0 | 1.00£0.00 | 1.000.00 | 1.00:£0.00 | 1.00£0.00 | 1.00+£0.00 | 1.00£0.00 | 1.21+0.18 | 1.39£0.13 | 1.63x0.16

Case 1 LaHME 0.3+£0.5|0.120.3 | 0.2+0.4 | 0.83£0.26 | 0.94+0.17 | 0.89+0.23 | 0.93+0.11 | 0.98+0.08 | 0.95+0.10 | 1.39+0.15 1.61£0.11 1.87+0.14
; Po-LINGAM |0.2+0.4 | 0.10.3 | 0.0£0.0 | 0.92+0.16 | 0.98+0.07 | 1.00£0.00 | 0.70+0.19 | 0.93+0.17 | 0.99+0.04 | 61.69+21.19 | 65.24+20.98 | 67.68+13.64
Ours 0.0+0.0 | 0.1+0.3 | 0.0+0.0 | 0.92+0.13 [ 0.91+0.18 | 1.00+0.00 | 0.98+0.03 | 0.97+0.07 | 1.00+0.00 | 1.80+0.19 | 2.18+0.23 2.49+0.11

GIN 1.0£0.0 [ 1.0£0.0 | 1.00.0 | 0.43£0.00{0.43+0.02{ 0.43+0.00 | 0.75+0.00 | 0.74+0.02 [ 0.75£0.00 | 1.29+0.1T | 1.58+0.15 | 1.71x0.18

Case 2 LaHME | 0.0+0.0 | 0.0+0.0 | 0.0+0.0 | 1.000.00 | 1.00+0.00 | 1.00+0.00 | 1.00+0.00 | 1.000.00 | 1.00+0.00 | 1.38+0.13 | 1.6320.24 | 1.81+0.18
i PO-LiINGAM | 0.6+0.5 | 0.4+0.5 | 0.120.3 | 0.73£0.26 | 0.77+0.28 | 0.9420.17 | 0.77+0.16 | 0.900.10 | 0.98+0.06 | 36.54+11.98 | 38.89+10.87 | 37.56+9.16
Ours 0.020.0 | 0.00.0 | 0.0+0.0 | 1.002:0.00 | 1.0020.00 | 1.000.00 | 1.00+0.00 | 1.00+0.00 | 1.00+0.00 | 1.56+0.03 | 1.81+0.05 | 2.26x0.17

GIN 0.02£0.0 [ 0.0£0.0 | 0.0:£0.0 [ 0.00+0.00 [ 0.000.00 | 0.00£0.00 | 0.000.00 [ 0.00+£0.00 [ 0.00£0.00 | 0.54£0.07 | 0.58+0.06 | 0.68+0.06

Case 3 LaHME 1.0£0.0{0.9+0.3 | 1.0£0.0 | 0.00+0.00 | 0.00+0.00 | 0.00£0.00 | 0.00+0.00 | 0.00£0.00 | 0.00+0.00| 7.83+0.79 | 8.71+0.52 | 10.38+0.49
§ PO-LiINGAM | 0.0£0.0 | 0.0£0.0 | 0.0+£0.0 | 0.75+0.22 | 0.79+0.27 | 0.91£0.21 | 0.500.15 | 0.63+0.18 | 0.89+0.19 | 56.88+15.50 | 75.78+12.07 | 89.10+8.05
Ours 0.02:0.0 | 0.00.0 | 0.00.0 | 0.980.04 | 1.00:0.00 | 1.000.00 | 0.92+0.10 | 0.98+0.03 | 0.99+0.01| 3.64+0.10 | 4.20£0.13 | 5.02+0.14

GIN 0.9+0.310.9+0.3] 0.9+0.3 [0.19+0.03[0.20+0.00 | 0.19+0.03 [ 0.28+0.02[ 0.29£0.01 [ 0.27£0.05] 0.91£0.10 | 0.94£0.10 | 1.11x0.11

Case 4 LaHME 1.840.6 | 2.0+0.0| 2.0+0.0 | 0.22+0.02 | 0.20+0.00 | 0.20£0.00 | 0.34+0.03 | 0.32+0.00 | 0.32+0.01 | 2.27+0.34 | 2.61+0.37 | 3.22+0.79
i PO-LINGAM | 0.9£0.5 | 0.4£0.5 | 0.0£0.0 | 0.63+0.31 | 0.71£0.35 | 1.00£0.00 | 0.53+0.24 | 0.73+0.29 | 1.00£0.00 | 36.76+2.13 | 44.31+9.78 | 45.65+4.39
Ours 0.3+0.5 | 0.00.0 | 0.0+0.0 | 0.910.15 | 1.000.00 | 1.000.00 | 0.87+0.19 | 1.00£0.01 | 1.00£0.00 | 4.30+0.25 | 4.90+0.13 | 5.9420.12

distribution over [—2.0,-0.5] U [0.5,2.0] and each noise

is generated from the seventh power of

uniform distribution. We compare our methods with GIN (Xie et al., 2020), LaHME (Xie et al.,
2022), and PO-LiNGAM (Jin et al., 2024). We use 3 metrics to evaluate the performance, including
(i) Error in Latent Variables, the absolute difference between the estimated number of latent vari-
ables and the ground-truth one; (ii) Correct-Ordering Rate, the number of correctly estimated causal
ordering divided by the number of causal ordering in the ground-truth graph; (iii) F1-Score of causal
edges. The results are summarized in Tab. 1, where we also report the running time. In particular,
we set the size of the largest atomic unit in GIN and PO-LiNGAM to 1 for a fair comparison.

With sufficient samples, all methods can handle case 1 properly. GIN does not perform well in case
2 where some latent variable has no observed pure child. Both GIN and LaHME are not suitable for
case 3 and case 4 where the purity or measurement assumption is invalid. While PO-LiNGAM and
our algorithm can both handle all cases properly, ours is far more efficient. PO-LiNGAM alternates
between inferring causal relations and inferring causal relations from leaves to roots, whereas ours
first identifying latent variables from leaves to roots and then infers causal relations from roots to
leaves. The efficiency gap arises from distinct approaches for inferring causal relations. Take case
3 as an example, PO-LiNGAM first identifies Og as a leaf node by finding a subset P C Qg\{O9}
s.t. a particular linear combination of P U {Oy} is independent of Op\{O9}, where P is exactly
Og’s parents {Os, O7}. In contrast, our algorithm first identifies O; as a root node because for any
0; € Op\{01}, R(X2;-1, X1|1X2) L X,. Clearly, PO-LiNGAM needs to traverse the power set of
00\{Oo9} while the ours only needs to traverse Og\{O } itself.

In addition, we also do experiments on data gener- Li< O > L» O > 0> Os

ated by the graphs shown in Fig. 10, where Asmp. 1 Yy v v

is invalid. On 10 sample sets sized 10k for each 0= % % > % O % i % < 6’\\
case, while other algorithms all yield incorrect re- 0, < Os> Os O 0, 0Os> 0s
sults, ours raises an error signal 8 times in case 5 Case 5 Case 6

and 7 times in case 6. Figure 10: Causal graphs violating Asmp. 1.

We also apply our proposed algorithm to real-world data, more details are deferred to App. D.

6 CONCLUSION

In this paper, we focus on the setting where latent variables and observed variables are intercon-
nected through complex causal relations. Under a pure children assumption, we propose an efficient
algorithm, which is the first one capable of handling the setting with both latent variables and com-
plex relations within polynomial time. Also, we prove trustworthiness of our algorithm. To the best
of our knowledge, there is no similar result in the literature of causal discovery with latent variables.

Limitations. First, although Asmp. 1 allows the presence of complex causal relations, it is still
somewhat restrictive, we will attempt to relax it without compromising efficiency significantly in
our future work. Second, this work does not accommodate non-stationary (Liu & Kuang, 2023) and
cyclic (Sethuraman et al., 2023) causal relations, on which we defer the research to our future work.
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A RELATED WORKS

Traditional causal discovery methods mostly assume that all task-relevant variables are ob-
served (Spirtes & Glymour, 1991; Colombo & Maathuis, 2014; Chickering, 2002; Shimizu et al.,
2006; 2011; Hoyer et al., 2009; Peters et al., 2014; Mooij et al., 2016). Unfortunately, latent variables
are pervasive in practice, in which case these methods usually introduce spurious causal relations.
This limitation has inspired extensive works on causal discovery with latent variables. Some early
works can reveal causal relations between observed variables in the presence of latent variables, but
their results are not informative of the number or the causal relations of latent variables. Specifically,
some works (Hoyer et al., 2008; Tashiro et al., 2014; Maeda & Shimizu, 2020; Yang et al., 2022;
Cai et al., 2023) explicitly assume that latent variables are all root variables, which means that there
exists no causal relation between any two latent variables. Others (Spirtes et al., 1995; Claassen
et al., 2013; Claassen & Bucur, 2022) allow the presence of causally-related latent variables, but
they cannot identify latent variables, which means that both the number and the causal relations of
latent variables are unknown. By utilizing linear models, others can identify latent variables and
infer their causal relations (Silva et al., 2006; Anandkumar et al., 2013; Kummerfeld & Ramsey,
2016; Cai et al., 2019; Xie et al., 2020; Zeng et al., 2021; Adams et al., 2021; Chen et al., 2022; Xie
et al., 2022; Huang et al., 2022; Chen et al., 2023; Dong et al., 2024; Jin et al., 2024; Li et al., 2024;
Xie et al., 2024). Among the latter line of works, the measurement assumption is employed by all
except Adams et al. (2021); Dong et al. (2024); Jin et al. (2024) and the purity assumption is used
by all except Silva et al. (2006); Kummerfeld & Ramsey (2016); Adams et al. (2021); Dong et al.
(2024); Jin et al. (2024); Li et al. (2024); Xie et al. (2024). In addition, Huang et al. (2022) employ
the non-triangle assumption that any three variables are not mutually adjacent while Dong et al.
(2024) weaken this assumption slightly by allowing three mutually adjacent variables only if they
are all observed variables. That is, only Adams et al. (2021) and Jin et al. (2024) can handle setting
where latent variables and observed variables are interconnected through complex causal relations,
which are of particular relevance to our work.

Adams et al. (2021) are the first one investigating the important and challenging setting with both
latent variables and complex relations, they present the sufficient and necessary condition for iden-
tifiability of LINGAMSs with latent variables, which is a really profound theoretical contribution.
Also, using this condition as the assumption, they develop a causal discovery method, which is un-
fortunately inadvisable in practice as acknowledged by themselves. First, because it is based on
overcomplete independent component analysis (OICA) which needs to know the number of source
signals (Podosinnikova et al., 2019; Ding et al., 2019), it requires the number of latent variables as
prior knowledge and is computationally intractable. Given the mixing matrix returned by OICA,
it still needs to test which submatrices’ singular values are exact zeros, which is rather sensitive to
noise. Subsequently, Jin et al. (2024) strike a delicate balance between theoretical identifiability
and practical feasibility. Specifically, under a stronger assumption involving pure children similar
to many previous works (Cai et al., 2019; Xie et al., 2020; 2022; Huang et al., 2022; Dong et al.,
2024), they propose the first practical algorithm capable of handling the setting with both latent
variables and complex relations. But this algorithm has exponential time complexity with respect
to the number of variables, seriously limiting its applicability. To overcome this limitation, under
a similar assumption also involving pure children that is moderately more restrictive than Jin et al.
(2024)’s™, we propose an efficient algorithm which is the first one capable of handling the challeng-
ing setting within only polynomial time. Our algorithm differs significantly from theirs. Specifically,
their algorithm follows a bottom-up pattern, which alternates between inferring causal relations and
identifying latent variables, progressing from leaves to roots. Instead, ours follows a bottom-up then
top-down pattern, which first sequentially identifies all latent variables, progressing from leaves to
roots, and then sequentially infers causal relations, progressing from roots to leaves. Also, we prove
trustworthiness of our algorithm, which means that it can raise an error signal rather than return an
incorrect result when the pure children assumption is invalid. To the best of our knowledge, there is
a complete lack of similar results in the literature of causal discovery with latent variables.

40n the one hand, our definition of pure child is more restrictive than Jin et al. (2024)’s as stated in Rem.
of Def. 1, so our assumption is also more restrictive than theirs. On the other hand, the gap between these two
assumptions is narrower than that between Adams et al. (2021)’s and Jin et al. (2024)’s because Adams et al.
(2021) have absolutely no need for pure children, so we say our assumption is “moderately” more restrictive
than Jin et al. (2024)’s.
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Besides our work and that of Jin et al. (2024), many previous studies that allow the presence of
latent variables but not complex relations also make similar pure children assumptions (Silva et al.,
2006; Kummerfeld & Ramsey, 2016; Cai et al., 2019; Xie et al., 2020; Zeng et al., 2021; Chen
et al., 2022; Xie et al., 2022; Huang et al., 2022; Chen et al., 2023; Dong et al., 2024; Xie et al.,
2024). While the vast majority of them limit their scope to the scenario where the assumption is
satisfied, Silva et al. (2006) systematically analyze the case where the assumption fails, rigorously
characterizing the potential mistakes. For instance, their algorithm may fail to identify some latent
variables and may erroneously introduce an edge from a latent into an observed variable that does
not exist actually. Although this is an insightful result, it does not directly enable us to determine
whether the recovered causal graph is correct. Instead, we prove that an error signal can be explicitly
raised if the assumption fails.

While the works discussed above all focus on the linear case, there are also some studies investigat-
ing nonlinear problems, but most assume access to counterfactual data (Brehmer et al., 2022; Ahuja
etal., 2022) or interventional data (Ahuja et al., 2023; Jiang & Aragam, 2023; Buchholz et al., 2023;
Zhang et al., 2023). Notably, without structural restrictions such as the pure children assumption,
even linear causal models satisfying the measurement assumption are unidentifiable without com-
prehensive interventional data obtained by intervening on each latent variable individually (Squires
et al., 2023). To the best of our knowledge, in the presence of latent variables, only Kivva et al.
(2021) and Kong et al. (2023) can handle non-linear problems through only observational data, but
they both make rather strong assumptions. Specifically, Kivva et al. (2021) require that all latent
variables are discrete. Kong et al. (2023) require that the mapping from all exogenous noises to ob-
served variables is invertible. We leave further research on nonlinear problems to our future work.

B NOTATIONS

‘We summarize notations in Tab. 2

C PROOF

Definition 7. (Unique minimal bottleneck) We say B is a bottleneck from J to K (J, K, B need not
be mutually disjoint) if VJ € J and K € K, each directed path from J to K includes some B € B.
Given a bottleneck By from J to K, if any other bottleneck B # B satisfying |B| > |By|, we say B
is a minimal bottleneck. Furthermore, if |B| > |B;|, we say By is the unique minimal bottleneck.

Assumption 3. ForeveryJ C V,K CV, if B is a minimal bottleneck from J to K, then the rank of
MIJ< is exactly |B|, where MIJ( is a submatrix of M with columns indexed by J and rows indexed by
K and M is a matrix composed of m;; in Eq. (2).

Intuition. This assumption implies that

(D) mij # Oifij € GAH(V,)

(2) Suppose m;xm jxmym;; # 0, mix/mjx # my/mj; iff there exist two non-intersecting paths
from {Vi, Vi} to {V;, V;}.

Remark. In the following proof, rather than working directly with the bottleneck faithfulness
assumption itself, we only utilize these two properties derived from it.

For ease of exposition, given V € V and V' C V, we abbreviate Pa(V) N V' as Pay/ (V) in the
following.

C.1 IMPORTANT LEMMAS
In this section, we summarize several important properties of the pseudo-residual (Lem. 1) and the

quintuple constraint (Lem. 2), which serve as the cornerstones of the proofs of many following
theoretical results.
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Table 2: Summary of notations.

Notation Description First appeared

Go Original ground-truth causal graph Sec. 2

L Latent variables Sec. 2

Oy Original observed variables Sec. 2

Vo LUOy Sec. 2

G Augmented ground-truth causal graph Sec. 2

0, Created observed variables Sec. 2

(0] Oy U 0 Sec. 2

A% VoU O Sec. 2

Pa(V) Parents of V Sec. 2

Ch(V) Children of V Sec. 2

Ne(V) Neighbors of V Sec. 2

An(V) Ancestors of V Sec. 2

De(V) Descendants of V Sec. 2

GAn(V) Generalized ancestors of V, that is, An(V) U {V} Sec. 2

GDe(V) Generalized descendants of V, that is, De(V) U {V} Sec. 2

PCh(V) Pure children of V Def. 1 in Sec. 3
P3Ch(V) Paired pseudo-pure children of V Def. 5 in Sec. 4
PDe(V) Pure descendants of V Def. 8 in App. C.2.1
P?De(V) Pseudo-pure descendants of V Def. 9 in App. C.3.1
Vu. Vp Two sets of variables maintained during stage 1 with specific initialization and update rules ~ Sec. 3.1

\ V\(V,UVy) Sec. 3.1

Hi A graph over V, U V;, maintained during stage 1 with specific initialization and update rules Sec. 3.1

H, Induced subgraph of G over V. UV, Sec. 3.1

S Identifiable pairs in V, Def. 2 in Sec. 3.1
S1,82,83 Subsets of S Def. 2 in Sec. 3.1
$1,8,, 85 Subsets of S return by our algorithm when Asmp. 1 is invalid Rem. of Thm. 9 in Sec. 4.1
R(Vi, V2|V3) Pseudo-residual of Vi, V; relative to Vs Def. 3 in Sec. 3.1
U, Active set in stage 2 Sec.3.2

Darmois-Skitovitch (D-S) Theorem. (Kagan et al., 1973) Suppose two random variables V| and V;
are both linear combinations of independent random variables {n; };:

Vi = Z an;, Vo= Zﬁini- (3

Then, if V| 1L V,, each n; for which «;8; # 0 follows Gaussian distribution. That is, if there exists a
non-Gaussian n; s.t. a;8; # 0, Vi L V3.

Definition 3. (Pseudo-residual) Given three variables Vi, V,, V3 s.t. Cov(V,, V) # 0, the pseudo-
residual of Vi, V; relative to V3 is defined as
Cov(V1,V3)
Cov(Va, V3) *

Lemma 1. Given V|, V,, V3, Va4, Vs (it is possible that V3 = V4 = Vs) where Cov(Vy, V2)Cov(Vy, V3)
COV(Vz, V3) # 0,

R(Vi,W2|V3) =V, 9

(1) If Vi = Aie+e] and V) = Aye + e’y where (e, e}) 1L (e,V3,Vy), Var(e) # 0, and 1142 # 0, then
R(V1,V2|V3) L Vs

(2) If there exists V; s.t. only one of my; and my; is non-zero and my; # 0, then R(V1,V5|V3) 4 Vq.

(3) If there exists Vi,V s.t. mymyijmomajmams; # 0 and my;/mi; # myi/myj, then
R(V1,V2|V3) £ V4 or R(V1,V2|V3) 4 V5.
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Remark. (1) provides a sufficient condition for independence involving the pseudo-residual to
hold while (2, 3) provides two sufficient conditions for independence involving the pseudo-residual
to not hold.

Proof. The proofs of are as follows.

Cov(/lle+ei,\/3)

(D) R(Vl, V2|V3) = (/116+e,1)_C0v(/12e+e§,V3)

(dre+e)) = (/lle+e'1)—jll—;(/lge+e’2) = e’l—jll—;e’2 1 Vy.

(2) As only one of my; and my; is non-zero, R(Vj, V2|V3) contains ey,. Since m4; # 0, based on
D-S Theorem, R(Vy, V,|V3) X V.

3) As myimyjmoimy; * 0 and mli/mlj * mzl'/mzj, R(V],V2|V3) contains €y; OI €y;. Since
ma;ms; # 0, based on D-S Theorem, R(V;, V2|V3) & Vi or R(Vy, Va|V3) £ Vs.

]

Definition 4. (Quintuple constraint) We say (Vi, V,, V3, V4, V5) satisfies the quintuple constraint if
there exist @, 8 s.t. Vi + aVs + BV4 1L V, and Cov(V) + V3 + BVy, Vs) = 0.

Lemma 2. Given V{,V5,V3,Vy, Vs,

(1) If there exists V; s.t. mi;my; # 0 and ms; = my; = 0, then (Vy,V, V3, V4, Vs) does not satisfy
the quintuple constraint.

(2) Suppose e, e;, e'1 s e’z, eg, ejl are mutually independent and V, Vs, V3, V4 can be written as
Vi=Aiej+yiej+e), Vo=drei+yrej+es, Vi=Azei+ysej+ey, Vi=Agei+e), (10)

where Var(e;)Var(e;) # 0, 21424344 # 0, and yry2ys # 0. (2.a) If Vs 1L (ej, e}, e, €5, ¢e))
and Cov(Vs,e;) # 0, then (V1,V,,V3,V4,Vs) satisfies the quintuple constraint; (2.b) If Vs 1
(e}, e'l, e’2, eg), Cov(Vs, e;)Cov(Vs, eg) # 0, and A1 /A3 # y1/7v3, then (V, V2, V3, V4, Vs) does
not satisfy the quintuple constraint.

Remark. (2.a) provides a sufficient condition for the quintuple constraint to hold while (1, 2.b)
provides two sufficient conditions for the quintuple constraint to not hold.

Proof. The proofs are as follows.
(1) Asmy; # 0 and m3; = mg; = 0, V1 + aV3 + BV, contains ey,. Since my; # 0, based on D-S
Theorem, for any @, 8, V| + aV3 + V4 L V5.

(2) It Vs L (ej, e}, €}, €5, e;) and Cov(Vs, e;) # 0, let Cov(Vy + aV3 + V4, V2) = 0 and Cov(V; +
aVs + V4, Vs) = 0, we have

A +adz+642=0, yi+ay;=0,
then
Vi+aVs+Va= (A1 +alds+BAs)e; + (1 + ays)e; + e} +ael + fe) = e} +ael + fe) UL V.

If Vs 1L (e, €], €5, e5), Cov(Vs, e;)Cov(Vs,e)) # 0, and A1/43 # y1/y3, let Cov(Vy +aV3 +
,8V4, Vz) =0and COV(V1 +aVs +BV4, V5) =0, we have

A +ad3+BAs #0, yi+ay; £0,

then
Vi+aVi+ V= (A +ads + BAs)e; + (1 + ay3)ej + €] + ael + Be (11)

contains e; and e, so Vi +aV3 + V4 L V5.
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C.2 PROOF OF THEORETICAL RESULTS IN SEC. 3

Definition 1. (Pure child) We say V; is a pure child of Vi, denoted by V, € PCh(V)), if (i) Pa(V,) =
{V1} and (ii) YV € De(V»), |Pa(V)| = 1.

Remark. Based on this definition, if V, € PCh(V}), then Ch(V;) = PCh(V3).

Assumption 1. VL € L, |PCh9 (L)| > 2 and [Ne9 (L)| > 3.
Trivially, if Asmp. 1 holds, then VL € L, [PCh9(L)| > 2 and |[Ne9 (L)| > 3.

C.2.1 PROOF OF THEORETICAL RESULTS IN SEC. 3.1

Condition 1. (1) ¥V € V,, |[Pa” (V)| = 1 and Ch"" (V) = PCh9 (V); (2) WV € V,, Pa®1 (V) = 0,
|ICh” (V)| > 2, and Ch"" (V) € PChY (V).

Before proving theoretical results in the main text one by one, we first introduce two corollaries
(Cors. 1 and 2) readily derived from Cond. 1.

Corollary 1. (1) VV € V,,,Ch9 (V) = Ch"" (V) and Pa% (V) = Pa®™ (V); (2) VV € V.,Ch9 (V) =
Ch:Z(V) and Pa% (V) = Pa®2(V); (3) VV € V,,Ch9 (V) = Ch"" (V) U Ch"2(V) and Pa% (V) =
Pa”2 (V).

Remark. This corollary reveals the properties of variables in V, V., and V,. (1) means that
for each variable in V,, its parents and children in the underlying causal graph G are exactly its
parents and children in #;. (2) means that for each variable in V., its parents and children in
the underlying causal graph G are exactly its parents and children in ;. (3) means that for each
variable in V, its children in the underlying causal graph G are the union of its children in
and its children in #, while its parents in G are exactly its parents in . This corollary is widely
used in the following proofs. To maintain fluency, we will use it without further citation.

Proof. First, if V; € V,, then Ch(H‘(Vi) = PChg(Vi) and there exists V; € V, UV, st
pat(v;) = {V;} based on Cond. 1(1). Moreover, since (i) Chﬂ‘(Vj) = PChg(Vj) itV; €V,
based on Cond. 1(1) and (ii) Ch(H‘(VJ-) - PChg(Vj) if V; € V, based on Cond. 1(2), there
is always V; € PChY9 (V;). Therefore, we can conclude that Pa%(V;) = {Vi} = Pa” (V;) and
Ch9 (V;) = PCh9 (V;) = Ch*™ (V;), this completes the proof of (1).

Second, if V; € V., based on (1) that was just proven, ChY(V;) "'V, = 0 and Pa9(V;) N V,, = 0,
which is equivalent to ChY (V;) = Ch™(V;) and Pa% (V;) = Pa™(V;) based on the definition of >,
this completes the proof of (2).

Third, if V; € V,, then Ch9 (V;) = Chgb (V) u Chgcuva (V;) = Ch™ (V) U Ch"2 (V). Besides, since
Pa” (V) = 0 based on Cond. 1(2), Pa% (V) = Pa®® (V). This completes the proof of (3). O

Definition 8. (Pure descendant) We say V, is a pure descendant of Vi, denoted by V, € PDe(V}), if
Vi € UGDC(PCh(V]))

Example. In Fig. 2(a), PDe(L) = {L3, L4, 012,013,014,015,01¢}.

Remark. Based on this definition, if V, € PDe(V;), then Ch(V,) = PCh(V;) and De(V,) =
PDe(V,).

Corollary 2. ¥V € V,, [PDe§ (V)| > 2. If [De$ (V)| =2, then De§ (V) = PChY (V).
Remark. This corollary means that each variable in V. has at least two pure descendants in V,,

and if it has exactly two descendants in V,, these two descendants are exactly its all pure children.
Intuitively, this enables us to identify variables in V. through analyzing variables in V.

Proof. Note that V. C L, VV € V., we have |PChY (V)| > 2 and PCh9 (V) C V, U V.. If
IPCh§ (V)| > 2, we have [PDe§ (V)| > 2 naturally. Otherwise, PDey (V) 2 PCh§ (V) # 0. Let
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Vi € PDe§ (V) s.t. Ch*2(V;) € V,,, we have [PCh§ (V;)| 2 2,50 [PDe§ (V)| 2 [PChY (Vi)| = 2.
Therefore, VV € V., there is always |PDe‘g, V)] = 2.

Following the above analysis, given V € V, for any V' € PChg (V), we have |PDe‘§, (V)] = 2,50
IDey (V)| = 2[PChY (V)| +[PCh (V). (12)

Note that
[PChY (V)| = [PCh§ (V)| +[PCh§ (V)] = 2, (13)

if [Dey (V)| =2, then PCh (V) = @and Dey (V) =PChy (V), thatis, Dey (V) =PCh9(V). o

Proposition 1. V{V;,V; Vi, Vi} < V., where Cov(V;,V;)Cov(V;,Vi)Cov(V;, Vi) # 0 and
Cov(V;, V;)Cov(V;, V)Cov(V;, Vi) # 0, R(V;, Vi Vi) L V \{Vi, Vi }iffR(V, Vi[Vi) L V\{Vi, V;}

Remark. Given {V;,V;} € V,, denote {V € V,\{V;,V;}|Cov(V;,V;)Cov(V,V;)Cov(V,V;) # 0}
by V;;, this proposition means that there exists no {Vi, Vi} C V;; s.t. R(V;, V;|[Vi) 1L V \{V;,V;}
and R(V;, V;|Vi) £ V,\{V;,V;}. Therefore, if we want to know whether for each V € V;;,
R(V;, V;IV) L V,\{V;,V;}, we only need to consider any single Vi € V;;.

Proof. If R(V;,V;[Vi) L V,\{V;,V;}, then R(V;,V;|Vy) L V;, which means that
Cov(R(V;, V,|Vi), Vi) = 0, that is, ggj((& 33 = g;’jé& 3[; so R(V,,V;|Vi) = R(V;,Vj|Vi) L
V. \{V;,V;}. Similarly, it R(V;, V;|Vi) L V,\{V;, V;}, thereis alsoR(V;, V;|Vi) L V,\{V;, V;}. O

Theorem 1. V{V;,V;} C V., {V;,V;} € S iff there exists Vi € V,\{V;,V;} s.t. Cov(V;,V;)
Cov(V;, Vi)Cov(V; Vk) # 0 and for each such Vi, R(V;, V;|Vi) 1L V \ {V;, V).

Proof Sketch. If {V;,V;} € S, we can prove correlation and independence based on Lem. 1(1).
Otherwise, for each possible case, we can prove either non-correlation or dependence based on
Lem. 1(2,3).

Proof. “Only if”.

(1) Suppose {V;,V;} € Sy. LetV; € pa’t (V;) without loss of generality and Vj € Neﬂz(Vi)\{Vj},
we have GDevz(Vk)\{Vl,VJ-} # 0 andletV; € GDez;(z(Vk)\{Vi,Vj}. Clearly, V;,V;,V; are
correlated to each other. Also, V; =V;+0,V; = a;; Vi +ey; where YV € V,\{V;,V;},(0,€ey;) L
(Vi, Vi, V), so R(V;, V;|[V;) L V,\{V;,V;} based on Lem. 1(1). Combined with Prop. 1, we
reach the conclusion.

(2) Suppose {V;,V;} € S,. Let Pate (V) = Pa("lz(Vj) = {Vi}. f Vi € Vg, weletV,, = V.
Otherwise, let V; € Ne%(Vk)\{Vi,Vj}. Similarly to fn. 5, we have GDez;{j(‘/[)\{‘/[,Vj} 0
and let V,,, € GDe'H 2(Vl)\{Vl, V;}. Clearly, V;,V;,V,, are correlated to each other. Also,
V, = alka + Ev,V = a,ka + €y; where VYV € V \{V“V} (EV,,E\/) 1 (Vk,Vm,V) SO
R(Vi, VilVy) LV, \{Vl, V;} based on Lem. 1(1). Combined with Prop. 1, we reach the con-
clusion.

(3) Suppose {V;,V;} € S3. LetV; € Pa(H?(Vj) without loss of generality and Pa”®(V;) = {V,}.
Similarly to fn. 5, we also have GDe;f,iz(Vk)\{V,-, Vi} # 0andletV; € GDez,{j (ViO\{Vi, Vi)
Clearly, V;, V;, V; are correlated to each other. Also, V; = a; Vi + ey, V; = (ajxaj; + aji) Vi +
(ajiey, + ey;) where YV € V,\{V;,V;}, (ev,, ajiey, + ev;) L (Vi,V, V), so R(V;, V;|Vi) L
Va\{V;,V;} based on Lem. 1(1). Combined with Prop. 1, we reach the conclusion.

SThere are three possible cases. (i) If Vi € V,, we have Vj € GDez,{z(Vk)\{Vi, Vit # 0. (i) If Vi € Ve
and {V;,V;} ¢ PDe9 (V},), based on Cor. 2, we have GDel‘f,{2 (Vio\{Vi, Vi) # 0. (i) If Vi € Ve and {V;, V) } C
PDe9 (Vy), since Vi¢ PChg(Vk), based on Cor. 2, we have GDez,{z(Vk)\{Vi, Vit #0.
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v v Vi v Vi—V

Vi e 1 Vo v v Vi Vi = 1

(i) case (1.a) (i) case (1.b) (iii) case (2.a)

Vi Vi—> V< noon

I/m I/n [/m I/z —_— [// I/H
(iv) case (2.¢) (v) case (2.d)

Figure 11: Ilustration of “if” part in proof of Thm. 1. A dotted arrow from V) to V, means that
Vv, € GDeHZ(Vl). V is marked inred if V € V.

“If”. We prove this part by contradiction. Suppose {V;,V;} ¢ S.

(1) Suppose V; ¢ Ne” (V;), all possible cases are as follows.

(a)

(b)

(©)

Suppose Ch?2(v;) # 0 or Ch”> (V;) # 0, we take the former as an example without loss
of generality. Let Vi € Ch*(V;). Similarly to fn. 5, we have GDe(aj(Vk)\{Vi, Vit #0
and let V; € GDe\(’,'[j (Vio\{Vi,V;}. An illustrative example is shown as Fig. 11(1). If
V¢ De”2(V;), mizmy; # 0 and mj; =0, soforany V € V,\{V;,V;} s.t. V,V;, V; are cor-
related to each other, R(V;, V;|V) 4 V; based on Lem. 1(2), which leads to contradiction.

Otherwise, if V; € De”(V;), without loss of generality, we assume V; € De”2(Vy), in
which case m jgmy; # 0 and my = 0, so for any V € V,\{V;,V;} s.t. V,V;, V; are corre-
lated to each other, R(V;, V;|V) K V; based on Lem. 1(2), which leads to contradiction.

Suppose Ch"(v;) = Ch%(Vj) =0, Pa”>(V;) # 0, and Pa%(VJ-) # 0. Since {V;,V;} ¢
Sy, there exist {Vi,Vi} € Vo UV A\{V,V;} st Vi € Pa’2(V;) and V; € Pa%(Vj).
Similarly to fn. 5, we have GDez,{j(Vk)\{Vi, Vi} #0, GDez/{j(Vl)\{Vi,Vj} # 0 and let
Vin € GDe(2 (VO\{Vi. V;}, Vo € GDey (V)\{V;, V;} (It is possible that V,,, = V,)). An

illustrative example is shown as Fig. 11(ii). If V; ¢ De™(V}) or V; ¢ De™(Vy), we
take the former as an example without loss of generality, then m j;m,; # 0 and m;; = 0,
so for any V € V,\{V;,V;} s.t. V,V;,V; are correlated to each other, R(V;, V;|V) X V,
based on Lem. 1(2), which leads to contradiction. Otherwise, m;im jxm;m; ; # 0. Since
there exist two non-intersecting directed paths from {Vi, V;} to {V;,V;} (e.g., Vi = V;
and V; — V;), mix/my # mj/mji. Also, muxmy # 0. So for any V € V,\{V;,V;}
s.t. V,V;, V; are correlated to each other, R(V;, V;|V) A V,, or R(V;,V;|V) K V,, based on
Lem. 1(3), which leads to contradiction.

Suppose Ne”? (V;) = 0 or Ne%(Vj) = (), we take the former as an example without loss
of generality. Clearly, Cov(V;, V;) = 0, which leads to contradiction.

(2) Assume V; € Pa’ (Vi)orV; e Pa’2(V;), we take the former as an example without loss of
generality, all possible cases are as follows.

(a)

Suppose Ch%(Vj) # 0. Let Vi € ChWZ(Vj). Similarly to fn. 5, we have
GDeZ,{Z(Vk)\{Vi, Vi} # 0 andletV; € GDeZ,{Z(Vk)\{Vi, V;}. An illustrative example
is shown as Fig. 11(iii). Clearly, m;jm;; # 0 and m;; = 0, so for any V € V,\{V;,V;} s.t.
V,V;,V; are correlated to each other, R(V;, V;|V) X V; based on Lem. 1(2), which leads
to contradiction.
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(b)

()

(d)

(e)

Suppose PaWZ(Vj)\{Vi} = 0 and Ch'HZ(Vj) = 0. Since {V;,V;} ¢ Si, we have
Ne(HZ(Vi)\{Vj} = (. Clearly, for any V € V,\{V;,V;}, Cov(V,V;) = 0 which leads
to contradiction.

Suppose Ch™2(V)\(V;} # 0, Pa’2(V)\{V;} # 0, and Ch™2(V;) = 0. Let V; €
Ch(HZ(Vl-)\{Vj} and V; € Pa%(Vj)\{V,-} (It is possible that V; = V;). Similarly to
fn. 5, we have GDe("jj(Vk)\{Vi,Vj} # 0, GDez,{j(Vl)\{Vi,Vj} # 0 and let V,,, €
GDey2 (ViO\{Vi, Vi), Vi € GDed®(V)\{Vi,V;} (It is possible that V,, = V,). An il-
lustrative example is shown as Fig. 11(iv). If V; ¢ De’2(v)), mjimy; # 0 and my; = 0, so
forany V € V,\{V;,V;} s.t. V, V;, V; are correlated to each other, R(V;, V;|V) 4 V,, based
on Lem. 1(2), which leads to contradiction. Otherwise, m;;m;mjmj; # 0, since there
exist two non-intersecting directed paths from {V;,V;} to {V;,V;} (e.g., V; and V; — V}),
mii/my # mji/mj. Also, myimy # 0, so forany V € V,\{V;,V;} s.t. V,V;, V; are cor-
related to each other, R(V;, V;|V) L V,,, or R(V;, V;|V) KV, based on Lem. 1(3), which
leads to contradiction.

Suppose Pa’2(V;) # 0, Ch(Hz(Vi)\{V]-} =0, Pa'HZ(Vj)\{Vi} #+ 0, and ChHZ(Vi) = 0.
Since {V;,V;} ¢ S3, there exist {Vi,Vi} C V, UV A\{V;,V;}st. Vi € Pa’2(V;) and V; €
Pa(HZ(Vj). Similarly to fn. 5, we have GDezfj(Vk)\{Vi, Vit #0, GDez,{j(V[)\{V,-, Vit #0

and let V,, € GDeaf(vk)\{vi, Vi),V € GDe;’fj(w)\{w,vj} (Itis possible that V,, = V,,).
An illustrative example is shown as Fig. 11(v). Then the proof is similar to case (1.b).
Suppose Pa’2(V;) = 0, Ch™2(V)\{V;} = 0, Pa"2(V))\{V;} # 0, and Ch"2(V}) = 0.
Clearly, for any V € V,\{V;,V;}, Cov(V,V;) = 0, which leads to contradiction.

Theorem 2. V{V;,V;} € S, let {Vi,, V;,} € Ch"(V;).

(1) R(Vy,, V;|Viy) LV, iff {V;, V;} € Sy and V; € Pa¥ (V).

(2) Suppose {V;,V;} ¢ S1, Vi, Vir} € S\{{V;, V;}} st {Vir, Vi y 0 {V;, V;} # 0 only if (but not
if) {Vi, Vj} € S,.

(3) Suppose {V;, V;} € S1, 3{Vk, Vi} € UChM (V\{Vi, V;}) sit. (Vi,, Vi, Vj, Vi, V) satisfies the
quintuple constraint iff {V;,V;} € S3and V; € Pa% V).

Proof Sketch. For (1), if {V;,V;} € S; and V; € Pa% (V;), we can prove independence based on
Lem. 1(1); otherwise, for each possible case, we can prove dependence based on Lem. 1(2,3). For
(2), “only if” can be readily derived from the definitions of S;, S;, and S3 while “not if” can be
proven by an example, which is {O7, Og} in Fig. 3. For (3), if {V;,V;} € S; and V; € Pag(Vj),
letting V be the common parent of V;, V; and Vi, V; be respective generalized descendants of V’s
any two pure children, we can prove the quintuple constraint is satisfied based on Lem. 2(2.a);
otherwise, for each possible case, we can prove it is not satisfied based on Lem. 2(1).

Proof. Cond. 1 indicates that VV € V,, Ch™ (V) € PCh9 (V).

o “If’ of (1): Clearly, V;, = a;,;V; + €V, » V; = a;iV; + ey, where (EV[1 ,€v;) L (V;, Vi), so we can
reach the conclusion based on Lem. 1(1).

e “Only if” of (1): We prove this part by contradiction.

— Suppose () {V;,V;} € Siand V; € Pa% (V;), or (i) {V;, Vi} € Sy, or (iii) {V;, V;} € Sz and

Ve Pa% (V;). Since mjimg,; # 0and mj; = 0, R(V;,, V;|V;,) £ Vi, based on Lem. 1(2),
which leads to contradiction.

— Suppose {V;,V;} € S3 and V; € Pag(Vj). Let Pa”2(V;) = {Vi}. Clearly,

miimg mjimjr # 0. Since there exist two non-intersecting directed paths from {V;, Vi }
to {Vl‘], Vj} (eg., Vi =V and V, — Vj), ml-,l-/milk * mjl-/mjk. Also, mi,iMi i # 0, so
R(V;,,V;|Vi,) £V;, based on Lem. 1(3), which leads to contradiction.
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e “Only if” of (2): This follows the definitions of S, S, and S3.

e “Not if” of (2): An example is {O7, Og} in Fig. 3.

 “If” of (3): Let Pa”2(V;) = {Vi}. If Vi € Vi, let {Vi, V;} € Ch” (V). Otherwise, V, € V. C
L, let {Vy,,Vp,} € PCh9 (V},). Similarly to fn. 5, we can obtain GDe;},{j(Vhl )MV, V;} # 0 and

GDey (Vi,\{Vi, V;} # 0, let Vi € JCh” (GDey® (Vi) and V; € U Ch™ (GDey® (Viy)).
In both cases, V;,, Vi,, V;, Vi can be expressed as

Vil = aihai,th +a i€y, + EV,Tl (14)

i = aihaizth + agi€y; + 6\/[.2 (15)

Vj = (a,-haji + ajh)Vh +ajiey, + €v;, (16)
Vk =/lth+er, (17)

where Vi, ev,, €V, > €V, €V}, €y, are independent of each other, V; 1 (ey,, €Vi > €V, €V} ev,)
and Cov(V;, Vi) # 0, so (V;,,Vi,,V;, Vi, V)) satisfies the quintuple constraint based on
Lem. 2(2.a).

29

* “Only if” of (3): We prove this part by contradiction. Suppose (i) {V;,V;} € S3; and V; €
Pa(HZ(Vl-) or (i) {V;,V;} € S,. Clearly, m;;m;,; # 0, mj; = 0, and for any Vi, my; = 0, so
(Viy» Vip, Vj, Vi, Vi) does not satisfy the quintuple constraint based on Lem. 2(1), which leads
to contradiction.

]

Remark. For the proof of (1) and (3), it can be readily verified that if both V;, and V;, are identical
toV; (ie., a;;; = a;,; = 1 and ey, = €v,, = 0). Clearly, when V; refers to any O; € Og, {V;,,V;,}
refers to {O;., 0;.’} C Oy, which are two created children of O ;. This means that in the practical
implementation, we can create 0;. and 0;.’ by directly making two copies of O ;, without the need
to add independent non-Gaussian noises into O ;.

Theorem 3. (1) V{V;, V;} € So, NPa% ({V;, V;}) C V4 iff Vi, Vi } € Sysit {Vi, ViIn{Vi, Vo } #
0. (2) Y{{Vi,V;},{Vir,Vir}} C So, NPaS({Vi, V;}) = NPad ({Vir, Vjr}) iff I{Vir, Vjn} € Ss st
{Vi, ViY 0 {Vir, Vi } # O.and {Vir, Vi } 0 {Vir, Vi } # 0.

Proof. This can be readily derived from the definitions of S; and S,. o
Proposition 2. Cond. 1 is still valid after update.

Proof. Wedenote Vj, Vg, Ve, Hy, Ho, S after update by V,, V7, Vi, H{, H;, S’ respectively. While
Cond. 1 is valid for V) NV, and V, NV, trivially, we focus on V,\V;, and V,\V,.

e IfV; € V)\Vy, then V; € V,, and there exists V; € V s.t. (i) {Vi,V;} € Sy and V; € Pa(HZ(VJ-)
or (ii) {V;,V;} € S,. In both cases, |Pa(HI(Vj)| = 1 because Pa(Hi(Vj) = {V;} in case (i) and
Pa'Hi(Vj) = NPa’2({v;, V;}) in case (ii). Also, based on the definitions of S; and S,, V;
has no pure child in H, so Ch%" (V) ¢ PCh¢ (V) reduces to ch™ (V) = PChY (V;), then
Ch*i(v;) = ch™(v;) = PCh9 (V).

< IfV; € V. \V,, then V{Vi,V;} € Ch™i(V)), Vi, Vi} € 5 and UPa™2 ({Vi, Vi}) = {V;}, so
Ch*i(V;) < PChY(V;). Besides, it is trivial that Pa” (V;) = 0.

Theorem 4. If S; US, =0, V. = 0.

Proof. We prove this by contradiction. Suppose V. # @ and V; € V. C L.
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o If JCh"2(PChY (V;)) = 0, then PChY (V;) C V,,. Conversely, if PChY (V;) ¢ V,,, there exists
Ve PCth (V;) € Land Ch9 (V) = Ch"2(v) = 0, contradicting Asmp. 1. For each {V;, Vi } C
PCh¢ (Vy), itis trivial that {V;, Vi } € S, that is, S» # 0, which leads to contradiction.

* If JCh™2(PChY (V;)) # 0, let V/ = {V|V € PDe¥(V;),Ch"2 (V) # 0, U Ch™2(Ch™(v;)) =
0} and V; € V', then Ch*(V;) C V, as proven by contradiction above. If V; € V,,, then for
any Vi € Ch(HZ(Vj), it is trivial that {V;, Vi } € Sy, thatis, S; # 0. Otherwise, V; € V. C L,
for each {Vi,V;} C Ch’Hz(Vj), it is trivial that {Vy, V;} € Sy, thatis, S, # 0. Both cases lead to
contradiction.

C.2.2 PROOF OF THEORETICAL RESULTS IN SEC. 3.2
Condition 2. (1) VV € U, De(HZ(V) c U,. 2)VV; € U,, X»;_1, Xp; can be written as
X2i—l = Ci-1 Z mijev_l. +ex,  + 63(2'_71, le' = Cp; Z mi]‘EVj +ex, + 63(21_, (18)
VieU, VieU,

’ ’ ’ ’ ’ ’ 3
where EV» s EV,y» €X 5 o €x,,s (exl S €y e ein_q ), (gxz, €y exh) are mutpally independent.
Without loss of generality, we assume each cy;_ is positive and each ey, has variance 1.

Theorem 5. VV; € U, An%(Vi) NnU, = 0 iff VVj € Ua\{Vi}, R(ij_l, Xzi_1|X2,') 1 Xo;.

Proof. When |U,| = 1, the proof is trivial, we focus on the case |U,| > 1.

“Only if”: As An” (V;) nU, =0, Xp;_1 and X»; can be written as
Xz,;] = C2j-1€y; T €x,,_, + 63(21_71, X2i = Ca€y; T+ ex,, t ES(Zi. (19)

o If Cov(Xzj_1, X2;) =0, thenmj; = 0, so R(Xp;-1, Xo;-11X2;) = X251 1L Xo;.
e If Cov(X3j_1,X2;) # 0, thenmj; # 0. X»;_1 can be written as
X2j71 = Coj-1Mmjj€y; + C2j-1 Z m;€y, + Eij_l + 83(2]__1, (20)
VieeUa\{Vi} '

where (ex,, +el 1021 2VeeUL\(Vi} MjkEV, +exy; +e;(2j7]) L (ey,, X2:), so R(Xz-1,
Xoi—1]X2;) 1L Xp; based on Lem. 1(1).

“If”: We prove this part by contradiction. Let V; € Anzfz(Vi). Clearly, X»;-1, X2;, Xoj-1 are cor-
related to each other. Since X»;_; and X»; both contain ey; while X5;_; does not contain ey;, so
R(Xoj_1,X2i-1|1X2;) X X»; based on Lem. 1(2), which leads to contradiction. m]

Theorem 6. If V; satisfies Thm. 5, then Cov(X2;_1, X2;) = c2;—1¢2; and VV; € U, \{V;},
Cov(Xa;_1, X2j)

————— ), Cov(X2i—1,X2;)Cov(X2;, X2i-1) = C2j—_1C2iC2— m>
Cov(ng_l,ij)) (X2i-1, X2;)Cov(Xai, X2j_1) = C2i—1C2iC2j—1C2jm

ji
ey

sgn(m;;) = sgn(
Besides, VYV € V,\Ug, my; = 0.

Proof. 1t is trivial that VV; € V,\U,, m; = 0 because V; ¢ An%(Vj) based on Cond. 2(1). Since
we assume each ey, has variance 1 and each c¢y;_; is positive without loss of generality, VV; €
Ua\{Vl}’
Cov(Xai-1, X2;) Coi-1Mmj; 22)
Cov(Xaj_1,X2j)  cajo1Var(Ty, cu, mjkev,)’
Cov(Xa;-1,X2;)
Cov(Xaj-1,Xa;)

so sgn(m ;) = sgn( ). Besides, it is trivial that
Cov(X2i-1, X2;)Cov(Xai, X2j-1) = C2i—102iC2j—102jm§i’ Cov(Xai-1, Xoi) = cai-1¢2i. (23)

Finally, VVi € V,\Uy, Vi ¢ De9 (V;), so my; = 0. o
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Proposition 3. Cond. 2 is still valid after removal.

Proof. Based on Thm. 5, Cond. 2(1) holds trivially. Besides,

miicri
’ Jir=2j ’
R(X2j-1, Xoi-11X2i) = €21 Z MKy, +ex,;  +ex, |~ T(exzm +ex, )
VieUa\{V;} -
’
updated eijq
(24)
4 ’
X3j = caj Z M€y, +ex,; +ex, =C2j Z M€y, +ex,; + ey, +Cojmji€y,, 25)
VieUq VieUa\{Vi} —_—
updated eg(zj
so Cond. 2(2) is still valid. ]

C.2.3 PROOF OF THEORETICAL RESULTS IN SEC. 3.3

Theorem 7. Suppose the observed variables are generated by a LINGAM with latent variables satis-
fying the bottleneck-faithfulness assumption and Asmp. 1, in the limit of infinite data, our algorithm
correctly identifies the underlying complete causal structure.

Proof. In Stage 1, our algorithm sequentially identifies latent variables and their pure children. Dur-
ing this process, H, records all identified causal relations. According to the theoretical results in
Sec. 3.1, causal relations in | are correct. In Stage 2, with | fixed, our algorithm recovers H.
According to the theoretical results in Sec. 3.2, causal relations in H, are correctly revealed. Com-
bining H; and H,, our algorithm correctly identifies the underlying complete causal structure. O

C.3 PROOF OF THEORETICAL RESULTS IN SEC. 4

Definition 5. (Paired pseudo-pure children) We say {V», V3} is a pair of pseudo-pure children of V,
denoted by {V»,V3} € P3Ch(V1), if 1) N Pa({V,, Va}) = {Vi}, (i) UPa({Va, VaP)\{V1, V2, V3} =0,
(iii) V2 € Ne(V3), and (iv) VV € [ De({V2, V3 ) \{V2, V3}, [Pa(V)| = 1.

Remark. Based on this definition, if {V», V3} € P’Ch(V;) and V, € Pa(V3), Ch(V,) = PCh(V,) U
{V3} and Ch(V3) = PCh(V3).

Assumption 2. (1) VL € L,V € Vo\{L}, Ch9 (L) ¢ Ch% (V) U {V}. (2) VV € Vj, Ch9 (V) is the
unique minimal bottleneck from Ch% (V) to Op. (3) VL € L, L is not a PV.

Trivially, if Asmp. 2 holds, then (1) VL € L,V € V\{L}, Ch9(L) ¢ Ch9 (V) U{V}. 2)VV €V,
Ch9 (V) is the unique minimal bottleneck from Ch9 (V) to O. (3) VL € L, L is not a PV.

C.3.1 PROOF OF THEORETICAL RESULTS IN SEC. 4.1

Definition 9. (Pseudo-pure descendant) We say V, is a pseudo-pure descendant of Vi, denoted by
V, € P2De(V)), if Vo, € De(V)) and there exists no common cause between V| and V.

Example. In Fig. 2(a), P2De(02) = {L], 000 L4, 01, 03, ooop 016}-

Condition 3. (1) VV € V,, [Pa® (V)| = 1 and Ch" (V) = PCh9 (V); (2) VV € V,, Pa? (V) = 0
and [Ch™ (V)| > 2. If Ch™ (V) ¢ PCh9(V), then {Ch* (V)} = P3ChY (V) and A{V;.V,} C
V\{V} st V; € P2De¥ (V) V; £V, and V; 1L V;|V.

Before proving theoretical results in the main text one by one, we first introduce two corollaries
(Cors. 3 and 4) readily derived from Cond. 3.

Corollary 3. (1) VYV € Vy, (i) Pa9 (V) = Pa®™ (V) and Ch9 (V) = Ch"' (V), or (ii) AV’ € V,\{V}
s.t. Pa9 (V) = Pa™ (V) U {V’} and Ch9 (V) = Ch" (V), or (iii) Pa9 (V) = Pa™ (V) and AV’ €
Vp\{V} s.t. Ch9 (V) = Ch" (V)U{V’}; (2)VV € V., Ch¥ (V) = Ch"2(V) and Pa% (V) = Pa”>(V);
(3) WV € V,,Ch9 (V) = Ch" (V) U Ch"2 (V) and Pa% (V) = Pa™2 (V).
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Remark. This is a variant of Cor. 1 in App. C.2.1. While (2,3) here are identical to (2,3) in Cor. 1,
(1) here is slightly different from (1) in Cor. 1 in the sense that for each V € V,, Ch9 (V) or Pa% (V)

might contain one more variable in V; than Cch™ (V) or pa’t (V). This corollary is widely used
in the following proofs. To maintain fluency, we will use it without further citation.

Proof. First, if V; € V,, then Chﬂ‘(Vi) = PChY(V;) and there exists Vi € Vo UV, st
pPa’t(v;) = {V;} based on Cond. 3(1). Moreover, since (i) ch* (Vy) = PChg(Vj) ifV; €V
based on Cond. 1(1) and (ii) Ch™ (V;) < PChY(V)) or {Ch™(V;)} = P3Ché(V;) if V; €
V., based on Cond. 1(2), there is (i) V; € PChg(Vj) or (i) there exists V] € V,\{V;} s.t.
P3Chg(Vj) = {{Vi,V/}}. Therefore, we can conclude that (i) Ch%(V;) = PChé(V;) = Ch’ (V)
and Pa%(V;) = {V;} = Pa™(V;) if V; € PCh¥(V,); or (ii) Ch%(V;) = PCh¥(V;) = Ch™(V;)
and Pa9(V;) = {V;,V/} = Pa™i(V;) U {V/} if P3Chg(vj) = {{Vi,V/}} and V! € Pa%(V;);
or (iii) Ch9(V;) = PChY(V;) U {V/} = Ch"(V;) U {V/} and Pa9(V;) = {V;} = Pa"(V}) if
P3Chg(Vj) ={{Vi,V/}}and V, € Ch¥ (V;). This completes the proof of (1).

The proofs for (2,3) are similar to Cor. 1. ]
Corollary 4. VV € V,, [Dey (V)| 2 2. If [Dey? (V)| = 2, Dey (V) = Ch9 (V).

Remark. This is a variant of Cor. 2 in App. C.2.1, where “pure descendants’ and “pure children” in
Cor. 2 degenerate to “descendants” and “children” here. Although this is not sufficient to identify
variables in V., we can still infer some of their properties through analyzing variables in V.

Proof. 1t is trivial that V is a bottleneck from V, U V. to V, U V,, so for any V' € V, U V,,
U GDe‘g, (V') is a bottleneck from V’ to O given that O € V, U V,,. Forany V € V., Ch9 (V) =

Ch™ (V) cV,UV,,so De;},{j W= GDega (Ch9(V)) is a bottleneck from Ch¥ (V) to O. Based
on Asmp. 2(1,2), we have |De\7,{j(V)| > |ChY (V)| > 2. Furthermore, the first “>” becomes “=" iff
De;f,i2 (V) = ChY (V) because of Asmp. 2(2). O

Theorem 8. V{V;,V;} C V., {V;,V;} € S iff there exists Vi € V,\{V;,V;} sit. Cov(V;,V;)
Cov(V;, Vi)Cov(V;}, Vi) # 0 and for each such Vi, R(V;, V; Vi) L V \ {V;, V;}.

Proof. *Only if”

(1) Suppose {V;,V;} € S;. The proof is similar to case (1) of “only if” part in proof of Thm. I,
except that we obtain GDe;};[2 (Vi)\{Vi, V;} # 0 in a different way?®.

(2) Suppose {V;,V;} € S,. The proof is similar to case (2) of “only if” part in proof of Thm. I,
except that we obtain GDe;f,i2 (VO\{V;, V;} # 0 similarly to fn. 6.

(3) Suppose {V;,V;} € S3. The proof is similar to case (3) of “only if” part in proof of Thm. 1,
except that we obtain GDez,j{2 (Vi\{V:, V;} # 0 in a different way’.

”If”. We prove this part by contradiction. Suppose {V;,V;} ¢ S.

There are three possible cases. (i) If Vi € Vg, we have Vi € GDe;i,—:2 (VioOMVi, Vit # 0. (i) If Vi € Ve
and {V;,V;} £ De’HZ(Vk), based on Cor. 4, we have GDe(‘},{Z(Vk)\{V,-, Vit # 0. (iii) If Vi € Ve and {V;,V;} €
De* (Vi), since V; ¢ Chg(Vk), based on Cor. 4, we have GDe‘(};{j (Vio\{Vi, Vi) # 0.

TIf Vi € Vg, then Vi € GDe;i{j(Vk)\{Vi,Vj} # 0. If V; € V. C L, suppose GDe;i{j(Vk)\{Vi,Vj} =0,
base on Cor. 4, Chg(Vk) ={V;, V;}, which leads to Chg(Vk) cché(v;)u {V;}, contradicting Asmp. 2(1).
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i
I/k I{{ I/I <= = [:/p Vj [/m
Vi v Vi Va

() (i)

Figure 12: Tllustration of case (1.b.ii) of “if” part in proof of Thm. 8. A dotted arrow from V) to
V5, means that V, € GDe’t (V7). A dot-dash arrow from V; to V, means that V, € DeWZ(V]). Vis
marked inred if V € V.

(1) Suppose V; ¢ Ne%t (V;). All possible cases are as follows.

(a) Suppose Ch*2(V;) # 0 or Ch"" (V;) # 0. The proof is similar to case (1.a) of “if” part in
proof of Thm. 1, except that we obtain GDez;(j (Vi)\{Vi,V;} # 0 similarly to fn. 6.
(b) Suppose Ch”2(V;) = Ch™2(V;) = 0, Pa™2(V;) # 0 and Pa”2(V;) # 0. Since {Vi,V;} ¢
S», there are two possible cases.
(i) Suppose PaHZ(Vi) = Pa(H2(Vj) = {Vi} where V, € V. and Ne(HZ(Vk)\{Vl-, Vi} = 08.
Clearly, for any V € V,\{V;,V;}, Cov(V,V;) = 0, which leads to contradiction.
(ii) Suppose there exists {Vi,Vi} € V, U V.A\{V;,V;} st. Vi € Pa’2(V;) and
V, € Pa™(V)). If GDe®(Vi)\{Vi,V;} # 0 and GDey2(V)\{Vi.V;} # 0. the
proof is similar to case (1.b) of “if” part in proof of Thm. 1. Otherwise, let
GDez,'{j (Vi)\{Vi,V;} = 0 without loss of generality, then we have Vy € V. C L
and Ch9 (Vy) = {V;, V;} based on Cor. 4. Also, based on Asmp. 2(1), Ché (V) ¢
Ch9(Vy), so Vi ¢ Ch™(V)), we have GDel®(V)\{Vi,V;} # 0 and let V,, €
GDeZZ f (Vi)\{V;, V;}. An illustrative example is shown as Fig. 12(i).
e Suppose V; ¢ De(HZ(Vl). As mjmuy; # 0and my; = 0, forany V s.t. V,V,,V;
are correlated to each other, R(V;, V;|V) 4 V,,,, which leads to contradiction.
« Suppose V; € De(V;), besides V; ¢ Ch*%(V;) as mentioned above, we can
also derive Vi ¢ Ch"2(V})?, so there exists Vp # Vst V, € De’2(V)) and
Vi € De%(Vp). Based on Asmp. 2(1), Ch9 (Vi) ¢ Chg(Vp), so we have
GDey2 (Vp)\{Vi, V;} # 0 similarly to fn. 6. Let V, € GDey?(V,)\{Vi, V;}
(It is possible that V,, = V). An illustrative example is shown as Fig. 12(ii).
IfVv; ¢ DeWZ(V,,), mipmgp # 0 and mj, = 0, so for any V s.t. V,V;,V;
are correlated to each other, R(V;,V;|V) X V,, which leads to contradiction.
Otherwise, m;ym;p,mjym;, # 0. Since there exist two non-intersecting directed
paths from {V;,V,} to {V;,V;} (e.g.. Vi = V;and V, — ... = Vi), my/m;, #
mji/mjp. Also, mpyymg, # 0, so for any V s.t. V,V;, V; are correlated to each
other, R(V;, V;|V) L V,, or R(V;, V;|V) K V,, which leads to contradiction.
(c) Suppose Ne?(V;) = 0 or NeWZ(Vj) = (. The proof is similar to case (1.c) of “if” part in
proof of Thm. 1.

(2) Suppose V; € Pa(HZ(Vj) orV; € Pa’2(V;), we take the former as an example without loss of
generality. All possible cases are as follows.

(a) Suppose Ch" (V;) # 0. The proof is similar to case (2.a) of “if” part in proof of Thm. 1,
except that we obtain GDez,{2 (Vio\{Vi, V;} # 0 similarly to fn. 6.

8With Asmp. 1 valid, this case is impossible as [Ne9 (Vi)| > 3, so we do not discuss this case in the proof
of Thm. 1.

9We can prove this by contradiction. Suppose Vj, € Ch™2(V;), then Ch9 (V;) U {V; }\{V)} is a bottleneck
from Chg(Vl) to O and |Chg(Vl)| = |Chg(Vl) U {V; }\{Vi }|, contradicting Asmp. 2(2).
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(b) Suppose Pa(HZ(Vj)\{V,-} =@ and Ch” (V;) = 0. The proof is similar to case (2.b) of “if”
part in proof of Thm. 1.

(c) Suppose Ch™2(V)\{V;} # 0, Pa™2(V)\{V;} # 0, and Ch"2(V;) = 0. The
proof is similar to case (2.c) of “if” part in proof of Thm. 1, except that we obtain
GDe;’,{j(Vk)\{Vi, Vi} # 0 similarly to fn. 6 and GDezfj(Vl)\{Vi, Vi} # 0 similarly to
fn. 7.

(d) Suppose Pa™2(V;) # 0, Ch”2(V;)\{V;} = 0, Pa™> (V))\{V;} # 0, and Ch™2(V;) = 0. The
proof is similar to case (2.d) of “if” part in proof of Thm. 1, except that we obtain both
GDey2 (Vi)\{Vi. V;} # 0 and GDe (V)\{Vi, V;} # 0 similarly to fn. 7.

(e) Suppose Pa”2(V;) = 0, Ch™2 (V)\{V;} = 0, Pa’™>(V,)\{V;} # 0, and Ch™2 (V) = 0. The
proof is similar to case (2.e) of “if” part in proof of Thm. 1

Lemma 3. V{V;,V;} € S, Ch”™(V;) € PChY (Vi) and Ch™1 (V) € PChY (V).

Remark. This lemma means that if a variable V is in an identifiable pair, then there is Ch*h (V) c
PCh9 (V), which is consistent with the case where Asmp. 1 holds. This significantly simplifies the
complexity of the proof of some following theoretical results. For instance, with this lemma, most
proof strategies employed in the proof of Thm. 2 can be directly adapted to prove Thm. 9.

Proof. The proofs are as follows.

* Suppose {V;,V;} € S; and V; € Pag(Vj). First, we can easily derive that Ch(H‘(Vj) C
PChY (V;)'°. Second, we suppose Ch”1 (V;) ¢ PChY (V;) and let V; € Ne?2(Vi)\{V;}. Sim-
ilarly to fn. 6, we have GDe;f,iz(Vk)\{Vi, Vit # 0 and let V; € GDe;},iz(Vk)\{Vi, V;}. Clearly,
thereis V; € PZDeg(V,-), Vi £ V;, and V; 1L Vi|V;, contradicting Cond. 3(2).

* Suppose {V;,V;} € S,, similarly to fn. 10, we can easily derive that Ch™ (v;) € PChY (V;) and
Ch™ (V;) ¢ PChE (V).

* Suppose {V;,V;} € Sz and V; € PaY (V;). First, we can easily derive that Ch'H‘(Vj) C
PCh¢ (V;) similarly to fn. 10. Second, suppose Ch*' (V;) ¢ PCh9(V;), based on Cond. 3(2),

we have {Ch" (v;)} = P3Chg(Vi), soV; ¢ O, that is, V; € L. Clearly, V; is a I-PV. This leads
to contradiction to Asmp. 2(3).

Theorem 9. V{V;,V;} € S, let {Vi,, V;,} € Ch"™(V;).

(1) R(Vy,, V;|Viy) L V;, iff {V;,V;} € Sy and V; € Pa% (V).

(2) Suppose {V;,V;} ¢ S1, H{Vir, Vyr} € S\{{Vi, V;}} s.t. {Vir, V3 n{V;, V;} # 0 only if (but not
lf) {Vi, Vj} < Sz.

(3) Suppose {Vi, V;} & S, 3{Vi, Vi} € UChM(V\{V;, V;}) st (Viy, Viy, Vi, Vi, Vi) satisfies the
quintuple constraint only if (but not if) {V;,V;} € Sz and V; € Pa% )

Proof. Combined with Lem. 3, the proofs of (1), (2), and “only if” part of (3) are similar to Thm. 2.
Here we focus on “not if”” part of (3).

10Suppose Ch*1 (V;) ¢ PChY (V;), based on Cond. 3(2), we have {Ch"1 (V})} = p3ch? (Vj),s0V; ¢ O,
that is, V; € L. Let Ch™1(V;) = {V;,V;} where Vi € Pa¥(V)), since Ch"2(V;) = 0, we have Ch9 (V;) =
{V, Vi }. There is Ch9 (V;) € {Vi} U ChY (V}), contradicting Asmp. 2(1).
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Suppose Gy is shown as Fig. 8(c), at the first iteration when V, = {O», ..., O¢}, {02,013} € S3 and
0, € Pa§(03). Let {O,,,02,} € Ch’t (02), then O3,, 02,, O3 can be expressed as

02, = az1az 2Ly + az2€0, + €0, (26)
02, = az1a22 Ly + azy€op, + €0, 27
O3 = (az1az + az1) Ly + axeop, + €o;. (28)

Because a3 # 0, ax1a,/(a21a3 + as1) # axp/az. Forany {0;,0;} € UCh™1(V,\{0,,03}),
they can be expressed as

O; = AL + (yieo, + e;), O;=A;L1 + (7/604 + e;-), 29)

where L1, €0,, €0y, €0, €05, Yi€O, + e; are independent of each other, O; 1 (ep,, €0y, €0, > €0;)
and Cov(Oj, L1)Cov(0},yi€0, + €;) # 0. Based on Lem. 2(2.b), (03, 02,,03,0;,0;) does not
satisfy the quintuple constraint. m

Corollary 5. Given {V;,V;} € S3 and V; € Pa9(V;), let Pa™(V;) = {V},} and {V;,,V;,} C
Ch*(v;).

(1) IfVy, € Vg, then 3{Vi, V;} € Ch" (V, \{V;, Vib) st (Vi Vi,, Vi, Vi, Vi) satisfies the quintuple
constraint.

(2) If {Vu, V) S VoV, V) st v,y € PZDeg(Vh), Vo L Vi, and V,, 1LV, |V, then 3{Vy, V} C
Ch’t (Va\{Vi, V;}) s.t. (Viy, Vi, Vi, Vi, Vi) satisfies the quintuple constraint.

Remark. Given {V;,V;} € S3and V; € PaY (V;), based on Rem. of Thm. 9 in the main text, both
{Vi,V;} € S, and {V;, Vi) e S5 are possible. This corollary provides two sufficient conditions that
Vi, Vi} € ChM (v, \{V;, Vi}) s.t. (Viy, Vi, V;, Vi, V) satisfies the quintuple constraint, that is,
{Vi,V;} € S3. The proof of the following Thm. 10 highly relies on this corollary.

Proof. The proofs are as follows.

(1) We first prove ch(v,) € PChY (V) by contradiction. Suppose Cch* (v,) ¢ PChé(Vy,),
then based on Cond. 3(2), {Ch*" (V;,)} = P3Chg(Vh). In addition, since {V;,V;} € S3, we
have Ch"1 (V;) ¢ PCh9(V;) and Ch"1(V;) < PChY(V;) based on Lem. 3, so {V;,V;} €
P3Ch? (V) = {ChHl (Vi)} C Vp,, which leads to contradiction, thus Ch”* (V},) € PCh¥ (v;,).
Let {Vi, V;} € Ch™(V},), then the proof is similar to “‘if” of (3)” part in proof of Thm. 2.

(2) Let Vi € Ch’t (Vin) and V; € Ch”t (Vi), then the proof is similar to “‘if” of (3)” part in proof
of Thm. 2.

]

Theorem 10. (1) V{Vi,Vj} € Sz, ﬂPag({Vi,Vj}) c V, iff H{Vi/,Vj/} € Sl S.t. {Vi,Vj} N
Vi Vid = 0. @ V{Vi., Vi1 {Vi. Vir}} € 5o, NPad({V;,V;}) = NPad({Vy,Vy}) iff
HVir,Viny € Sp st AV, Vi} 0 {Vinr, Vin} # 0 and {Vi, Vi } 0 {Vir, Vin} # 0.

Proof. As mentioned in Rem. of Thm. 9 in the main text, §1=51,%5,28,,8; ¢S

e Forany {V;,V;} €S, C S5, (1) can be derived from the definitions of S; and S,.

» For {V;,V;} € S,\Ss, the proof of (1) is as follows. Clearly, {V;,V;} € S3. First, based
on the definition of Sy, V{V;,,V;} € § =Sy, {Vi,Vi} n{Vir,V;s} = 0. Second, we have
N Pa(HZ({Vi, Vi}) € Vg, otherwise {V;,V;} € S5 based on Cor. 5(1), which leads to contradic-
tion. This finishes the proof.

 Forany {{V;,V;},{Vi",V;s}} € S» C S», (2) can be derived from the definition of S,.
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e For {V;,V;} € S,\Sy, the proof of (2) is as follows. Clearly, {Vi,V;} € S
First, based on the definitions of Sy and S3, ¥{Vi,,V;} € S\{({Vi,V;}} € (S2 U
SNV, Vit Vi, Viy n {Vir,Vis} = 0. Second, we prove V{V;;,V;} € Sz\{{V,-,Vj}},
N Pa*({V;,V;}) # NPa"({V;/,V;}) by contradiction. Let \Pa™2({V;,V;}) = {V;} and
suppose ﬂPa%({Vi/,VJv}) = {V,}. First, we have V}, € V. C L, otherwise {V;,V,} € S5
based on Cor. 5(1), which leads to contradiction. Second, we also have {V;,V;/} € S3, other-

wise V;r € P2Deg(Vh), Vi LV, and Vi IL Vo |Vy, 50 {V;,V;} € S5 based on Cor. 5(2), which
leads to contradiction. Third, because V}, is not a II-PV based on Asmp. 2(3), there exists V €
Ne® (v,)\{V;, Vi, Vi, Vir} and we can derive GDez,{z(Vk)\ U GDezﬁ({Vi, Vi, Vi,Vir}) #
0''. Let V,y € {Vi,Vy} and V, € GDey(Vi)\ U GDey({Vi, V;, Vir, Vjr}), since Vi €

PZDeg(Vk), Vi M Vi, and Vy, L V| Vi, {V;,V;} € S5 based on Cor. 5(2), which leads to
contradiction.

Proposition 4. Cond. 3 is still valid after update.

Proof. Wedenote Vi, V,, Vo, Hi, Ha, S afterupdate by V, , V. V7, ?(1’ s 7‘(2' S’ respectively. While
Cond. 3 is valid for V} NV, and V, NV, trivially, we focus on V,\V;, and V/\V,.

e If V; € V,\V,, then V; € V, and there exists V; € V s.t. (1) {V;,V;} € Sy and V; € PaWZ(Vj)
or (2){V;,V;} e §,. Based on Lem. 3, Ch™" (V) ¢ PChg(Vj), then the proof is similar to part
1 in proof of Prop. 2.

«If V; € V,\V,, then V; € V. and V{V;,Vi} < Ch™i(V)), (Vi,Vi} € § and

NPa™({V,Vi}) = {V;}. Also, VW € Ch*i(v;), Ch™ (V) < PChY (V) based on Lem. 3.
Furthermore, based on Thm. 10(2), there are two possible cases.
— V{Vi, Vi} € ChM1(V)), {Vi, Vi} € S,. Inthis case, itis trivial that Ch”" (V;) € PChY (V).
- ch”i (V;) € Ss3. In this case, it is trivial that ch*i (V) € P3Chg(Vj). Now we prove
{Ch'H;(Vj)} = P3Chg(Vj) by contradiction. Let Ch(Hi(Vj) = {V;,,V},} and suppose
there exists {Vi,V;} € PSChQ(Vj)\{{Vjl Vit As{V;,Vipin De’2(Vy) = 0, we have
GDe;fIZ(Vk)\{VjI,VjZ} # 0 and let V,,, € GDe(\f,IZ(Vk)\{le,VJ-Z}. Because V; is not a
II-PV based on Asmp. 2(3), there exists V; € Ne%(Vj)\{Vj],ij,Vk,Vl}. Also, there
exists V,, € GDe;f,{z(Vi)\ U GDe;f,{z({le, Vi, Vi, Vi}) # 0 similarly to fn. 11. Clearly,
Vo € PzDeg(Vj), Vi LV, and Vy, LV, |V}, s0{V;,V},} € §3 based on Cor. 5(2), which
leads to contradiction. Therefore, {Ch”"i Vj} = P3Chg(Vj). Likewise, we can conclude

that A{Vy, Vi} € V,\{V;} s.t. Vx € P2Deg(Vj), Vi £ V;, and Vi 1L V;|V;, otherwise there
isalso {V;,V;,} € §5, which leads to contradiction.

Finally, it is trivial that Pa™i (V) = 0.

]

1T There are three possible cases. (i) If Vi € Vg, then Vi € GDe‘(I;(j(Vk)\ UGDe‘qf{j({Vi, Vi,Vir,Vir}) #
0. Gi) If Vi, € Ve and Vi € Ch™(v}), then De?2(V}) n UGDeyj({Vi,vj,w,vf}) = 0,
50 GDe‘(},{j(Vk)\UGDe;’;{j({Vi,Vj,Vir,Vj»}) # 0 based on Cor. 4. (i) If Vi € V. and V; €
Pa’2(V},), then (De"VHj(Vk) U {Vh})\UGDe‘(]/{j({Vi,Vj,Vi/,Vj/}) is a bottleneck from ChY (Vy) to O,
) |(De;},{j(Vk) U {Vh})\UGDe;},{j({Vi,Vj,Vir,Vj/})I > |ChY9 (V)| = 2 based on Asmp. 2(1,2), so
GDey® (Vi)\ U GDeg ({Vi, V;, Vir, Vji}) # 0.
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Theorem 11. If Asmp. 1 is invalid, when S§; US; = 0, V. # 0 or there exists L € V, s.t.
Ch* (L) ¢ PCh9(L).

Proof. The proofs are as follows.

* Suppose 3L; € Ls.t. [PChY9 (L;)| < 2. IfP3Chg(Li) =, there is L; € V. trivially. Otherwise,

— Itis possible that L; € V., e.g., if no pair in P3Chg(Li) is incorporated into S,.
— It is possible that L; € V,, an example is shown as Fig. 8(d). In this case, there must be
Ch* (L;) ¢ PChY9(L;) because [PChY (L;)| < 2 but |Ch* (L;)| > 2 based on Cond. 3(2).
— It is impossible that L; € V;. Suppose L; € Vy, it is trivial that ch* (L;) ¢ PChY(L)),
which leads to contradiction to Cond. 3(1).
« Suppose VL € L, [PChY9(L)| > 2. Since Asmp. | is invalid, 3L; € L s.t. [Ne9(L;)| < 3,
that is, [PChY (L;)| = 2 and Ne9 (L;)\PCh¥ (L;) = 0. According to the definition of S, there is
always PChY(L;) ¢ S, so there is always L; € V.

m]
Corollary 6. If Asmp. [ is invalid, when S U S, = 0, (1) VV; € V., |De$’j(v,-)| >2.(2)VV; € Vg,
s.t. Ch*1(V;) ¢ PChY (V;), [Ded (V)| = 1.

Remark. This lemma means that at the end of stage 1, (1) for any V; € V,, V; has at least two

descendants in V, and (2) for any VV; € V, s.t. Ch(H‘(Vi) ¢ PChY (V;), V; has at least one
descendant in V. This corollary is important for the proofs of the following Thms. 12 and 13.

Proof. The proofs are as follows.

(1) This directly follows Cor. 4.

(2) Based on Cond. 3(2), if Ch™ (V;) ¢ PChY(V;), then {Ch™ (V;)} = P3ChY (V;), so V; ¢ O,
that is, V; € L. Let Ch*(v;) = {Vi,,Vi,} and V;, € Pa%(V;,), we can prove Cch2(v;) £ 0
by contradiction. Specifically, suppose Ch”?(V;) = 0, then Ch9(V;) = {Vi,, Vi, }, note that
Ch9(V;) C Chg(Vil) U {V;, }, this leads to contradiction to Asmp. 2(1). Let V; € Ch’2(v;), it
is trivial that GDe;’;[j (V;) #0,s0 Dez;lj (Vi) #0.

C.3.2 PROOF OF THEORETICAL RESULTS IN SEC. 4.2

Condition 4. (1) YV € V,\U,, Ch"(v;) € PCh9(V;). (2) VV € U, U V., De’2(V) c U, U V...
3)VV; € U,, X1, Xp; can be written as

7’ 7
Xoi-1 = C2i-1 Z mijev; +exy, | +ey, ., Xoi=cy Z mijey; +ex, + ey, , (30)
V;ieUgaUV, VieU,UV,
where evl,...,evn,(ex],exz)...,(exz,qf,,exm),(e;(l,e’xs,...,e;(h_l),(e;(2,e’x4,...,eg(2n) are mutu-

ally independent and V; s.t. Ch’" (Vy) ¢ PCh¢ (Vj), ex,;., L ex,,. Without loss of generality,
we assume each cp;_1 is positive and each €v; has variance 1.

Theorem 12. VV; € U, An%(Vi) N(U,UV,.)=0and Ch’ (V;) € PCh9(V;) iff VYV e U \{V;},
R(Xa;-1, Xoi-1]X2:) 1L X»;.

Proof. When |U,| = 1, there is V. = 0 and the only V; € U, satisfies ch(v;) ¢ PCh9(V;),
otherwise we can derive contradiction to Cor. 6. We focus on the case where |U,| > 1.

“Only if”: The proof is similar to “only if” part in Thm. 5.
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“If””: We prove this part by contradiction. All possible cases are as follows.

« Suppose Ch*™ (V;) ¢ PChY(V;). Based on Cond. 3(2), {Ch™ (Vi)} = P3Ch(V;). Let
Chﬂ‘(Vi) = {V;,Vi,} where V;, € Pag(Viz). Combining Cor. 6(2) with Cond. 4(2),
De{?f(V,-) # QandletV; € Dequj(V,-). Clearly, X5;_1, X2, X»;_1 are correlated to each other.
Since both X5;_; and X,; contain €v;, and X,;_; does not contain €V, » R(Xoj_1, X0i-11X2:) 4
X»; based on Lem. 1(2), which leads to contradiction.

« Suppose Ch” (V;) € PCh¥ (V;) and Angz(Vi) #0,letV; e Angz(Vi). The proof is similar to
“if” part in proof of Thm. 5.

« Suppose Ch™i(V;) € PChY(V), An(®(V;) = 0, and AnJ2(Vi) # 0, let Vi € Pal®(V)).
Combining Cor. 6(1) with Cond. 4(2), Deﬂf(vk)\{v,-} # 0. Besides, there exists V; €
De;’}j (Vi)\{V;} s.t. there exists a directed path from Vi to V; which does not include V;.
Conversely, if for each V € Dezj{j(Vk)\{Vi}, every directed path from Vi to V includes V;,

then {V;} is a bottleneck from Ch¢ (V}) to O, which leads to contradiction to Asmp. 2(1,2).
Clearly, X»;_1, X2, X»j-1 are correlated to each other. If V; ¢ De(HZ(Vi), then X5;,_1 and
Xo; both contain ey, while X,;_; does not contain ey,, so R(X5;_1, X2;_1]|X2;) X X»; based
on Lem. 1(2), which leads to contradiction. Otherwise, X5;1, X3; and X3;_; all contain ey,
and ey,, and there exist two non-intersecting paths from {Vi,V;} to {Xo;_1,Xpi—1} (e.g.,
Vk - ... Vj - ... X2j—1 and Vi — .. X2i—1)’ SO R(ng_l,X2i_1|X2i) »x X2i
based on Lem. 1(3), which leads to contradiction.

Proposition 5. Ifwe can find V € U, satisfying Thm. 12, Cond. 4 is still valid after removal.

Proof. Based on Thm. 12, Cond. 4(1,2) holds trivially. The remaining proof is similar to the proof
of Prop. 3. O

C.4 PROOF OF THEORETICAL RESULTS IN SEC. 4.3

Theorem 13. Suppose the observed variables are generated by a LINGAM with latent variables
satisfying the bottleneck-faithfulness assumption and Asmp. 2, if Asmp. 1 is invalid, in the limit of
infinite data, our algorithm raises an error signal.

Proof. Based on Thm. 11, at the end of stage 1, denote {L € V.|Ch" (L) ¢ PCh9 (L)} by V., if
Asmp. 1 is invalid, V.UV, # 0. Based on Cor. 6, | | GDez,ﬁ(VCUV;N > 2. Based on Cond. 4(1,2),
throughout stage 2, there is always | J GDez,{j(Vc uv,) c U, WhenU, = GDez,{j(Vc uvy)),

there exists no V; € U, s.t. An”2(V;)n (U,UV,) = 0 and Ch”" (V;) € PChY (V;), that is, we cannot
find a V; € Uy, satisfying the independence condition in Thm. 12. Therefore, before U, becomes an
empty set, our algorithm raises an error signal. O

D REAL-WORLD DATA

The ground-truth causal graph of multitasking behavior model is shown as Fig. 13(a), it satisfies
Asmp. 1, on which our algorithm yields a correct result. Moreover, we add some edges (marked
in red in Fig. 13(b)) into the ground-truth graph by replacing some single variable with the sum
of multiple variables, the modified graph violates Asmp. 1, on which our algorithm raises an error
signal.

E ALGORITHM

The details of our proposed algorithm are provided in Alg. 3 and 4.
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Error Errors marking Letters

Average of correctly ans.Ques. (Par. 1)

Average of correctly ans.Ques.(Par. 2)

Average of correctly ans.Ques.(Par. 3)

Behavior

@

Errors marking Letters

Errors marking Figures

Average of correctly ans.Ques.(Par. 1)

Average of correctly ans.Ques.(Par. 2)
Average of correctly ans.Ques.(Par. 3)

Behavior

(b)

Figure 13: (a) ground-truth causal graph and (b) modified causal graph of multitasking behavior
model. Rectangles represent observed variables while circles represent latent variables.
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Algorithm 3: Stage 1: Identifying latent variables (detailed)

Input: Observed variables O and O,
Output: V., V;,, and H,
1 Initialize V, as Og, Vj, as Oy, and let V; € Pa™ (V) iff VvV € Pag(Vz), Vi € Op,and V, € Oy.
2 while the current V, is not identical to the previous V, do
3 Assert Cond. 1 holds if Asmp. | holds.
S:=0.
5 for {V;,V;} € V, do
6 if AV € V,\{Vi,V;} s.t. Cov(V;, Vj) Cov(V;, Vi)Cov(V;, Vi) # 0 and R(V;, Vi|Vi) 1L V,\ {V;,V;} then
7 | S:=Su{{Vi,V;}}.
8
9

IS

end
end
10 Assert S consists of all identifiable pairs satisfying Def. 2 if Asmp. 1 holds.
11 S] = 0,82 = @,83 = 0.
w | for {Vi,V;} € S where {V;,,V;,} € Ch™"(V;) and {V,,V;,} € Ch™1(V}) do

13 if R(V;,, V;|Vi,) 1L'V;, then

1 | S1:=S1U{{Vi.V;}} and V; € Pa¥9 (V).

15 elseif R(V;,V;|V;,) 1LV}, then

16 ‘ St =81 U{{V;,V;}}and V; e Pa%(V)).

17 else if 3{(V/,V; } € S\{{V;, V;}} 5.t. {Vir,Vj»} n{V;,V;} # 0 then

18 ‘ Sy = SzU{{Vi,Vj}}‘

19 else if 3{V,V;} c U Ch%t (Va\{Vi, Vi) s.t. (Vi Vi,, Vi, Vi, Vi) satisfies the quintuple constraint then
0 | S3:=S3U{{Vi,V;}}and V; € Pa(V;).

21 else if 3{V,V;} c U ch™ (Va\{Vi, V;}) s.t. (V},, V), Vi, Vi, Vi) satisfies the quintuple constraint then
2 ‘ S3:=S3 U{{Vi,V;}}and V; € Pa% (V).

23 else

24 ‘ Sy = SzU{{Vi,Vj}}.

25 end

26 end

27 Assert S consists of all type-1 identifiable pairs satisfying Def. 2(1) if Asmp. | holds.
28 Assert S consists of all type-2 identifiable pairs satisfying Def. 2(2) if Asmp. 1 holds.
29 Assert S3 consists of all type-3 identifiable pairs satisfying Def. 2(3) if Asmp. 1 holds.
30 P:=0.
31 for {V,, Vj} €S, do
if Vi,V } €Sy st {Vi,V;} 0 {Vi,Vy} # 0 then

| P=FU{V..V)}).
end

35 end

3 | Assert V{Vi,V;} € P, NPa%({V;,V;}) C V, if Asmp. 1 holds.
37 Sy :=S\P, m :=0.

38 while S, # 0 do

39 Arbitrarily choose {V;,V;} € S.

n m:=m+1,Q, = {{V;,V;}}.

a for {Vir,V;'} € S2\{{Vi. V}}} do

42 if 3{(Vir,Vin} € Sy 5.t {Vi, Vi} 0{Vir, Vi } # 0 and {Vir,Vj:} N {Vir, Vi } # 0 then
e ‘ Qm :==Qn U {{Vi,Vis}}.

44 end

45 end

46 Sz = Sz\Qm.

47 end
as | AssertVk € {1,..,m}and {{V;, V;},{Vir, Vjr}} € Qi, NPa9({V;, V;}) = NPa¥d ({Vir,V;}) C V. if Asmp. 1 holds.
4 for {V;,V;} € S| where V; € Pag(VJ-) do

50 | Va:=V\{V;},Vp =V, U{V;},and H :=H, U{V; = V;}.

51 end

52 fork=1:mdo

53 Introduce a new latent variable L.

54 Vo=V, U{LWN\UQk, Vp :=V, UJQx, and H :=H U{L - V|V € JQg}.
55 end

s6 end

57 Assert V. = 0 if Asmp. | holds.

34



1
2

Published as a conference paper at ICLR 2025

Algorithm 4: Stage 2: Inferring causal relations (detailed)

Input: V,, V;, and H; output by Alg. 3

Output: a complete causal structure G

Initialize U, as V, and assign two observed surrogates X»;_1, Xp; for each V; € U,,.

while |U,| > 0 do

Assert Cond. 2 holds if Asmp. 1 holds.

if There exists V; € Ug s.t. VV; € U \{V;}, R(X2;_1, X2i-1|X2;) 1L X»; then
Assert V; is a root variable among U, if Asmp. 1 holds.
VV; € U,\{Vi}, calculate sgn(m;;), czi_lcziqj_lczjm?i,
YV € Va\Ua, my; :=0.
U, :=U,\{Vi}, Xoj-1 := R(X2j-1, X2i-11X2:), Xoj = Xp;.

else

\ raise error // This happens iff Asmp. | fails
end

and C2;-1C2;.

end
for {V;,V;} C V., do

C2i—-1C2iC2j-1C2jMm

2
mj; :=sgn(m;;) Lifmj; #0

C2i-1C2iC2j-1C2j

end
A :=1- M~ where M is composed of m ;.
H, .= (Vg,0).

for {V;,V;} C V,do
ifa;; # 0 then
| Hy:=H, U{V; = V;}
end

end
G =H UH,
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