Outline of Appendices

In Appendix A, we introduce some basic notation and definitions used throughout all of the appendices.
In Appendix B, we introduce a general framework that allows us to prove our main theorems about
consistent estimation (Theorem 2.1, Theorem 2.2 and Theorem 2.3).

Appendices C to F are devoted to the proofs of theorems from Section 2. Concretely, in Appendix C
we prove Theorem 2.1, Appendix D contains a proof of Theorem 2.2 and in Appendix E we prove
Theorem 2.3. Complementing these algorithmic results, we prove a lower bound (Theorem 2.4) in
Appendix F.

Finally, Appendix G contains the proofs of a few facts about the Huber loss and Appendix H contains
a few facts from probability theory.

A Preliminaries

Notation. For € R? we define the function |||y := 2icld] l[ﬁi:to] . For a subspace Q € R we

denote the projection of B onto Q by Bq. We write Q* for the orthogonal complement of Q. For
N € N we denote [N] :={1,2,...,N}. We write log for the logarithm to the base e.

For a matrix X € R?? we denote by rspan(X) and cspan(X) respectively the rows and columns
span of X, and we write || X|| for the spectral norm of X, || X|| for its Frobenius norm, || X, for

its nuclear norm and || X[ 0% 1= Max; jefn] |Xij|. For a vector v € RN we write ||v|| for its Euclidean
norm, ||v||; = Z£1|0i| and [|vill = max;e[nj|vi|. For a norm ||-]| we write ||-||" for its dual. We
denote by G ~ N (0, 1)"* a random 7-by-d matrix G with i.i.d. standard Gaussian entries. Similarly,
we denote by g ~ N(0, 1) an n-dimensional random vector g with i.i.d. standard Gaussian entries.
For a set S and a metric p : S XS — [0, ), we denote an ¢-net in S by N ,(S). That is, N ,(S)
is a subset of S such that for any u € S there exists v € N ,(S) satisfying p(u, v) < e.

B Meta-Theorem

We present a high-level theorem which will be applied to prove Theorem 2.1, Theorem 2.2 and
Theorem 2.3. Recall the general setting an estimation problem: we start with a family of probability
distributions  := {IPg | 6 € Q} over some space Z and indexed by some parameter 6 € Q. We
observe a collection of n independent samples Z = (Z;,...,Z,) taking value in ZZ, drawn from

an unknown probability distribution Pg- € P. We assume Q € R? and Z < RP for some integers
d and D. Our goal is then to recover 0*. That is, given Z, the goal is to find @ € R? such that for

some suitable error function & : R? — [0, o), the value & (6* - é) is as small as possible. It is clear
that this general setting also captures settings in which the observations are perturbed by oblivious
adversarial noise.

On a high level, we will use the following scheme:

1. Let ||*[leg : R? — [0, o) be a norm, and let ¥ € R be a scalar. Design a cost function
F : R? — R which depends on Z .

2. Foraset C C R?, show that the target parameter (or some approximation of it)
0= argggg(l—"(@) + V”GHreg)

satisfies & (6% — é) < R for some acceptable R > 0 with high probability over the samples
Z.

3. Argue that @ can be computed efficiently.

The norm ||-||reg is often referred to as a regularizer. Its role is to enforce a certain structure on the
target parameter. For example, in the context of sparse linear regression y = Xf* + n with * € R?

being a k-sparse vector, the LASSO estimator: § := arg mingcga (”Xﬁ - y||2 + ‘}/Hﬁ”l) follows the
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description above. In this example, the cost function is the squared euclidean norm and the regularizer
corresponds to a convex relaxation of the norm || ﬁ“o .

If the cost function and the set C are convex and satisfy mild assumptions, the estimator can be
computed efficiently (in polynomial time). The estimators that we use for PCA and sparse linear
regression can be computed in polynomial time. For more details on computational aspects of convex
optimization, see (Vis18).

For convex cost functions the meta-theorem below (which appears in different forms in the literature,
e.g. see (Wail9), section 9.4) can be used to mechanically bound the guarantees of the estimator.
Before stating the theorem, let’s define the following set: for a norm |||y and for a vector subspace

V CR?and b > 1, we denote
Sp(V) = {u eR? | ”u”reg < b””v”reg} ,
where 1, is the orthogonal projection of u on V.

Theorem B.1. Let y, x, R, s be positive real numbers and let C C R? be a convex set. Consider a
vectors space Q C R and let 6* € QN C.

Let ||]lreg : R? — [0, o) be a norm and consider a continuous error function & : R — [0, co) such
that §(0) = 0. Let F : R? — R be a convex differentiable cost function.

Suppose that there exists a vector space Q such that Q € Q € R? and such that the following
properties hold:

(Decomposability) Forallu € Qandv € ﬁl,

”U + u“reg = ”U”reg + ”u”reg . (B.1)
(Contraction) Forall u € 84(5),
”u”reg <s-8(u). (B.2)
(Gradient bound) The dual norm of ||-||wee of gradient of F at 0" satisfies

IVE(O)lfeg < 7/2. (B.3)

reg
(Restricted local strong convexity) Let BR := {u e R? | EWM)=R,0"+uce C}. Then
Vi e BrnSuQ)  F(O" +u) > F(0") + (VF(O"), u) + g(&(u))z. (B.4)

(Bound on radius) Parameters y,x, R and s satisfy

yT’S < R/4. (B.5)

Then, for every 0" € C such that F(6") + y[|0’|leg < F(0") + V|0 lreg ,
&0 -0")<R.

For completeness, we include a proof of Theorem B.1. We will need the following lemma.
Lemma B.2. Consider the settings of Theorem B.1. If 0 € C satisfies

F(O) + 71Olleg < F(6") + y1107[|reg ,
then 6 — 6* € S4(Q).
Proof. Denote A = 6 — 0" . By the decomposability of the regularizer Eq. (B.1),

167+ All

0, + Ag + Aﬁl

reg = ‘ reg
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> |

- ||A5Hreg (Triangle Inequality)

||A .

_ “ Aﬁ“reg . (Decomposability of ||-[|reg )-

reg
By convexity of the cost function and Holder’s inequality,
F(0" + A) = F(0) > =KVF(6"), A)| > =|IVF(0")lreg - [|Allreg -
Hence by the gradient bound and the decomposability of the regularizer,
reg) '

F(O" + A) - F(6°) > —% NAllee = —%(HAQ”reg + ”Aﬁ

Recall that F(0* + A) +  [|0% + Alleg < F(6%) + 7 [|60"||reg. hence

> (16" + Al - | 5mg)+<P(9*+A)—P<G*))
y(n@ + Alleg ~ [0l - (HAollreg +|ag: )
>l - ||AQ||mg) -l o]
- s, - 3Mosih)-

Therefore, we have

|A5L

< 3||AQ|| , and thus

1Al < A

o T 18all < 4llAg]

reg reg’

We are now ready to prove the theorem.

Proof of Theorem B.1. Denote G(0) = F(0) + 7|0|lreg-

Assume by contradiction that there exists 6’ € C such that &(6’ — 0*) > R and G(6’) < G(6%).
By continuity of &, there should exist a point O on the segment between 0’ and 6* such that
&E(O — 6%) = R. Since C is convex, O € C, so 6 — 6* € Bg. By convexity of G, G(0) < G(0).
Denote A = 6 — 0*. We get

F(6"+A) - F(0%) < y(||@*||reg - * reg) (Definition of A & G(6) < G(6%))
<y- HA”reg (Triangle Inequality)
<y-s-&QA). (Lemma B.2 & Contraction (Eq. (B.2)))
By restricted local strong convexity (Eq. (B.4)) and the Gradient bound (Eq. (B.3)), we have
V)2 * A *
(D))" < E(|<VF(6 ), M)+ (F(0" + A) = F(6Y))) (Eq. (B.4))
2 * X * X
< = (KVE@©), M) +y -5 - E(D) (F(6"+A) = F(6) < y-s-&E(R))
%(HVF(@ Mgl Blleg + 75 - £A) (Holders inequality)
y-5-8(A)
<4. — (Eq. (B.3) & Lemma B.2 & Eq. (B.2))
<R-&EA). (Eq. (B.5))
So &(A) < R, leading to a contradiction. Hence every 0’ € C such that G(0’) < G(0*) satisfies
&0 -6*) <R. |
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C Principal component analysis with oblivious outliers (Theorem 2.1)

We will prove Theorem 2.1, that we restate in this section
Recall that for L € R™", Fy(L) = X ic(u] fn (L,-]-), where

1,2
1y for |t| < h

]2 ’

fu(t): {h(|t| _ %) otherwise.

Theorem (Restatement of Theorem 2.1). Let L* € R"™" be an unknown deterministic matrix, let
N* € R™" be a random matrix with independent, symmetrically distributed (about zero) entries and

let a := min; jep, ]P{|N,-ji < C}for some C > 0. Suppose that rank(L*) = r and ||L*||,.x < p/n.

Consider the following estimator:

L= argmin (Fh(Y —L)+yIIL|l
LeR™", HL”max<p/n

(C.1)

nuc)’

where h = C+ p/n and y = 100yn (C + p/n).

Then, with probability at least 1 —27" over N, given Y = L* + N, C and p, the estimator L satisfies

\/m

||£—L* F<O(T)(C+p/7’l)

In light of Theorem B.1, we can prove Theorem 2.1 by showing that the estimator L in Eq. (C.1)
fulfills all the conditions of Theorem B.1 with F(L) := F;,(Y = L) = Fzy 5/, (Y = L), [|*llreg := [I-llnuc>

y = 100y/n(C + p/n) and E(-) := |||
To this end, we define the two vector spaces in Theorem B.1, ) and ﬁ, as follows:
Q:= {L € R | rspan(L) C rspan(L*), cspan(L) C cspan(L*)} , (C.2)
Q = {L e R™" | rspan(L) C rspan(L*)*, cspan(L) C cspan(L*)*} . (C.3)

It is easy to see that Q) C Q and the nuclear norm is decomposable per Eq. (B.1) with respect to Q

and Q. That is, forall L € Qand L’ € ﬁL, we have ||L + L'||,uc = 1L aue + 1L || pue» satisfying
condition Eq. (B.1).

Moreover, since L* has rank r, Eq. (C.3) implies that any matrix in Q) has rank at most 2r. Hence,
we immediately obtain that for all L € S4(Q) = {L € R"™™" | L pue < 4||L§Hmm} ;L e S

427 ||L ||, satisfying condition Eq. (B.2) with s = 4V2r.

It remains to prove the gradient bound of the condition Eq. (B.3), i.e., a bound on the spectral norm
of VF,(Y — L*) (since the dual norm of the nuclear norm is the spectral norm), and the local strong
convexity of the condition Eq. (B.4).

We start with proving the gradient bound:

Lemma C.1 (Gradient bound of spectral norm). Consider the settings of Theorem 2.1, and let
0 € (0, 1). Then with probability at least 1 — 5/2,

[|[VEL(Y = LY)|| < 10h+/n +1og(2/6).

Proof. By definition of the Huber penalty for all 7, j € [n]
—h <Vfu(Yij = Lj) = Vfu(Nij) < h.

That is, entries are independent, symmetric and bounded by & in absolute value. Hence by Fact H.7,
with probability 1 — 6/2 the spectral norm of this matrix is bounded by 10k+/n + log (2/0). O
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Proof of local strong convexity. We first bound the size of an ¢-net for the set of approximately
low-rank matrices (Lemma C.2) and then apply this bound to derive a lower bound for the second-
order integral of the Huber-loss function with penalty & (Lemma C.3).

Lemma C.2 (e-Net for approximately low-rank matrices). Let 0 < ¢ < 1 and s > 1. Define

Lo = {L e R™" | ||Lllpye <SIILlIg, ILIE < 1}

Then Ls has an &-net of size exp[ 165 "]

Proof. Let W be a n-by-n random matrix with i.i.d entries W;; ~ N(0, 1). By Sudakov’s minoration
Fact H.9, we have

2
log’Ng,”.”F(Ls)’ < —E sup(W,L) (Fact H.9)
€ LeLs
2 .e . .
< E sup E||WI| - |IL]| yue (Holder’s inequality)
LeLs
< ? IE||W|| (Definition of L)
4
< S;/E (Fact H.6),
where in the last inequality we use a bound on the expected spectral norm of a Gaussian matrix
Fact H.6. m|

Hence the intersection of the set S4(Q) = {L € R™™" | L] e < 4||L5||nuc} with the ball
{L € R™" | ||L||z < 1} has &-net of size exp[m] < exp[@].
&

Now we can prove the restricted local strong convexity:

Lemma C.3 (Restricted local strong convexity of Huber-loss). Consider the settings of Theorem 2.1.
Let0<6<1,R>0andh > p/n+ C.

Define
Br = {A R [ [|Allp = R, IL" + Allyas < p/m}-
Suppose that
p/n
R > 2000 == - \rn +10g(2/5).
Then with probability at least 1 — §/2, for all A € Br N S4(Q),
Fu(L* + A) 2Fy(L*) + (VER(L), A) +0.01 - a - || A]|%.

Proof. Denote M = p/n. Consider L such that ||L|| .« < M. Since h > C + M, by Lemma G.2,
Fh(L) — Fi(L") = (VFy(L"), L - L")

Lij—L})*1 1 . s
z;z]( I l]) ”LE‘@!—C] HL'] 1,’<C] (Lemma )
=3 2 W= L) <) (I < M < = C& Lij — L = Ny)
l]G[n

We will lower bound this quantity for every L such that L — L* € Bg N S4(Q). Denote Cg :=
Br NS4(Q) and let A := L — L* € Cg. By Lemma C.2, there exists (¢ - R)-net Ner |- (Cr) of
size at most exp[mf#] < exp[%]. (recall that s? = 32r). Thus, we can write A € Cg as a sum
A+ B € R™" where A € N |.|.(Cr) and || Bl| < €R . It follows that

20 N e = D i+ B <

i,j€(n] i,jeln]
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1 2
>3 2 A g 2 Bt

i,je[n] i,je[n]
Let ¢ = \/a/4. Then
2 a - R2
Z B} 1|, |<c] < IBIIF < €*R* < == (C.5)
i,je[n]
Denote E:=E } A “N |<C]- Since A € N¢g|..(Cr) C Cr, we have [|[A||g = R, hence
i,j€[n]

a - R?
>

Moreover, since [|Allmax < [[=L*|lmax + [|A + L*|lmax < 2M (recall A € Bg) and a;j = ]P(|Ni]'| < 0),

we have

E>allAlf >

(C.6)

Al?]. (1[|Nij|<C] - azij)| < 4M?, implying that

4 .
2 ]EAu(l[|Nﬁ|<c1—“w) <aM’ ) EA:])I [Ny <c] ~ “lf|

i,jeln] i,jeln]
= 4M? Z (aij 'Az -0+ (1 —aij)-Alzj -aij)
i,je[n]
= 4M? Z AL (i — )
i,je[n]
< 4M’E

Applying Bernstein’s inequality (Fact H.3) with t > 1 we get

2 2 2 2
P Z Aij(l[INi,'|<C] - (Xi]') >t-2M-VE + 2 -4M?| < Zexp(—t /4) .
i,je[n]
Note that |N€R I ||F(CR)| exp[mg”] < exp[%]. Therefore, if we set

t= \/% +8log(2/6)

and take a union bound over N, ||.|.(Cr), we obtain that with probability at least 1 — 6/2, we have

>y ( (1] <c] — )| <400M - VE /_+1og(2/5)+(400M) (—+log(2/6))

i,je[n]

aR? 1
forall A € N¢g|.|.(Cr). Now since E > and R > 000M Jrn " 1o 2(2/0), we have
2 va \/
-R
VE> 1— va-R > 1400M, /— +1og(2/9),
V2

hence, with probability at least 1 — 6/2,

2
2 2
ZA ( [INg]<c] ~ 0(1']') <§'E+(§) -E < 4E.

i,je[n

By combining this with Eq. (C.4), Eq. (C.5) and Eq. (C.6), we obtain that with probability at least
1 — 6, we have

Z{l A} Ay, j<1] > 5(E = 04E) = —= > 0150 - R* = 0.0625 - R* > 0.08aR
i,je[n]

concluding the proof. |
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Putting everything together. We can now combine the above results with Theorem B.1 to prove
Theorem 2.1.

Proof of Theorem 2.1. By Lemma C.1 and Lemma C.3, we can apply Theorem B.1 with y =

100(C + £)4/n +10g(2/6), k = 0.01a, and s = 4V2r.

It follows that for
’T n +log(2/6

the estimator L defined in Eq. (C.1) satisfies ||ﬁ — L*||z < R with probability at least 1 — 6. With
0 = 27" we get the desired bound. O

D Sparse linear regression with oblivious outliers (Theorem 2.2)

We prove Theorem 2.2, which will be restated below. Before the restatement, for easier reference, we
list the three assumptions in Section 2.2 for the design matrix X € R"*":

1. For every column X' of X, ||X’|| < Avn.

2. Restricted eigenvalue property (RE-property): For every vector u € R? such that'?

””SUPP(B*)Hl > 0.1 |[ull, %llXull2 > A- ||u||2 for some parameter A > 0.

3. Well-spreadness property: For some m € [n] and for every vector u € R? such that
””SUPP(B*)Hl > 0.1 - ||u]|, and for every subset S C [n] with |S| > n — m, it holds that

I(Xu)sll > 311 Xull.

Recall that F>(B) = X1, f2(yi — (Xi, B)), where

1t for [t| <2,
2|t| =2 otherwise.

fa(t) := {

Theorem D.1 (Restatement of Theorem 2.2). Let f* € R? be an unknown k-sparse vector and let
X € R™ be a deterministic matrix such that for each column X' of X, || X"|| < \vn, satisfying the
RE-property with A > 0 and well-spreadness property with m 2 kffzd (recall that n > m). Further,
let 11 be an n-dimensional random vector with independent, symmetrically distributed (about zero)

entries and & = min;e[,) ]P{|1]i| < l}. Consider the following estimator:

= are min (E2(8) + 100 10gd - ], ) (D.1)

Then, with probability at least 1 — d~'0 over n, given X and y = XB* + 1, the estimator p satisfies

2
<O(K'klogd) and 2<O(V klogd)'

A

B-F

Hx(#-)

A a?-n A2 arq
We assume d > 2 since for d = 1 Theorem D.1 is trivially true (since the probability 1 —d~'% = 0 in
this case).

As for principal component analysis (Appendix C), we will prove Theorem D.1 by showing that
the estimator Eq. (D.1) fulfills the conditions of Theorem B.1 with F(8) = F2(B), |[ulleg = llu|l1,

y = 1004/n logd and E(u) = $||Xu||.

Let Q:= { € R? | supp B C supp(B*)} and Q := Q. Clearly, for any v € Q and any v’ € ﬁL,

o +olly = llolly + 121l -

12For a vector v € R? and a set § C [d], we denote by vg the restriction of v to the coordinates in S.
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That is, ||||; is decomposable, satisfying condition Eq. (B.1).

The contraction condition Eq. (B.2) holds for s =4+/k/A since for all v € SyQ) =
{v | o]l < 4||v§||1}, loll, < aVk|jo|| < 4vk/A - \/LHHXUH, where the last inequality comes
from the RE-property.

It remains to provide a gradient bound of the form in Eq. (B.3) and local strong convexity in Eq. (B.4).

Lemma D.2 (Gradient bound). Consider the settings of Theorem D.1. Then, with probability at least
1-96/2,

<204/v -1 - (logd +1og(2/6)).

|[VE2(8)

max

Proof. By definition of f,

V(Z folyi = (Xz’,ﬁ*») =z'X
in1

where z is a n-dimensional random vector with independent, symmetric entries f,(1;) bounded by 2
in absolute value. By Hoeffding’s inequality (Fact H.2), for t > 0,

P(|(z, X))| > 10t -2+ | Xi[]) < exp(~+?) .

Since || X;|| < v/vn, taking a union bound over all j € [d] yields the statement. O

Proof of local strong convexity. We first bound the size of an ¢-net for the set of approximately
sparse vectors (Lemma D.3) and then prove the required local strong convexity bound (Lemma D.4).

Lemma D.3 (e-Net for approximately sparse vectors). Let 0 < ¢ < 1 and

1
,WHXﬁH < 1}.

Then U has an &-net of size exp[wszz—zlogd] in terms of distance p(B, p’) := #”X(ﬁ - ﬁ,)”

U = {ﬁe]Rd

1
Il <5 lxs

Proof. Let w be an n-dimensional random Gaussian vector w ~ N(0, Id,, ). By Sudakov’s minoration
(Fact H.9), for

2 1
A /log|}\/g,p(.,.)(ﬂs)’ <z E 7 sup (w, XB) (Fact H.9)

n Bel
2 1
=—FE— sup (X"w, B)
€ n geu, P
2

< ;. E % ﬁs€115§||XTw||max|| B ” . (Holder’s inequality)

2s 1
<< E W”XTmeax

. 4s+/viogd

&

(Definition of Us),

7

where in the last inequality we use the bound on the expected maximal entry of a vector with
v-subgaussian entries Fact H.4. O

Lemma D.4 (Restricted local strong convexity of Huber-loss). Consider the settings of Theorem D. 1.
Let0 < 6 < 1,R > 0. Define

Br = {u € R?

%nmn =R}.
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Suppose that the set size m from the well-spread property satisfies m > 4R*n and
R > 100- \/vklogd +1og(2/9) .
A-a?-n

Then with probability at least 1 — 6/2, for all u € Br N S4(Q),

B2(B) >Ea(y — XB) + (VE2(B%), u) +0.01 - an - %nmn2 .

Proof. Denote Cr = Br N S4(§) and let u € Cr. By Lemma G.2,

E(f" +u) = B(F7) = (VE(F"), u) > % 2 X w1y ] - el

i€[n]

Note that for any u € By there are at most 4R coordinates of Xu larger than 1/4 in absolute value,
and since X is well-spread for sets of size m = 4R’n,

1
Z (Xi, W)L (x, uy2eja) > 7 [ Xu||?.

i€[n]
Thus
aR?n
4

1
— E o )2 2 _
E:=E (Xl,u> 1[|ﬂi|<1] . 1[(Xi,u)2<1/4] > Z Qe ||Xu|| =

i€[n]
‘We now bound the deviation. We have

foralli € [Tl] ’ <Xi, u)21[|m|<1] . 1[(X1,11>2<1/4] <1

5 2
and E Z [(Xi,u> Ay uye<iyar (1[|,7,.|<1] - Oéi)]

i€[n]
<E Z (Xi, u)? - Ay, uyerja) - L jnl<1]
i€[n]
<E.

Applying Bernstein’s inequality Fact H.3

P <Xi, M)Z . 1[(X,‘,u)2<l/4] . (l[lrli|<l] - 0[1‘) >t- \/E-l- tz < CXp{—t2/4} .
i€[n]
It remains to extend uniformly this bound over all # € Cr. By Lemma D.3 there exists an (¢ - R)-

net Ner(Cg) of size exp[%] (recall that s = 44/k/A). Thus for any u € Cg there exists

u’ € N¢r(Cr) such that \/LEHX(u —u’)|| € R and consequently

2 XYYy Losneera < O Xi ) [y <] Yk b wpz<ye + €R%n

ie[n) i€[n]

<22 (Xi, ”>21[|m|<1] Ay, <] - Y wy<ija + €Rn

ie[n]

+ 22 Xi,t” =) 1<a] Yo+ Logup2<i/a

i€[n]
<2Z (Xi, u)21[|ql_|<1] Ay uye<n) + 3¢2R%n .
i€[n]

The first inequality holds since each term at the first sum that doesn’t appear in the second sum
corresponds to the index i € [n] such that (X;, u — u’)? > 1/4, and since each term is bounded by
1/4, their sum is bounded by e[, (Xi, u — u’)? < e’R%n.
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Setting ¢ = y/a/4 and taking a union bound, with probability at least 1 — §/2 for all unit vectors
u € Ly r we get

S (X w1 ! E 3¢2Rn E\/64vklogd +410g(3)  128vklogd +4log(2)
i i< i u?<a] 27 -V _ i
ieln] | 172 2 Ve Ae
>0.01 - - R%n.
O

Putting things together. We combine the above results with Theorem B.1.

Proof of Theorem 2.2. By Lemma D.2 and Lemma D.4, we can apply Theorem B.1 with y =
100+/v - n(logd +1og(2/6)), x = 0.01 - a - n and s = 4+/k/A. It follows that for

R > \/V'k-(logd + log(2/0))

A-a?-n

the estimatorﬁ defined in Eq. (D.1) with probability 1 — 6 satisfies %”X(ﬁ - ﬁ*) < R. Taking

6 = d~10 we get the desired bound. Since ﬁ — B € 84(Q), we also get the desired parameter error

16 - Bl| < RIVA. -

E Sparse linear regression with Gaussian design (Theorem 2.3)

In this section we will prove Theorem 2.3. As before, we will use Theorem B.1. Recall that in this
setting, our model looks as follows:

y=Xpg +1

where X € R"™ is a random matrix whose rows X|, ..., X, are i.i.d. N(0,Z) and n € R" is
a deterministic vector such that an coordinates have absolute value bounded by 1. We restate
Theorem 2.3 here for completeness:

Theorem E.1 (Restatement of Theorem 2.3). Let f* € R? be an unknown k-sparse vector and let
X be a n-by-d random matrix with i.i.d. rows X1, ... X, ~ N(0, Z) for a positive definite matrix
Y. Further, let 1 € R" be a deterministic vector with a - n coordinates bounded by 1 in absolute
v(X)-klogd
(7min(z:)"12 ’
its smallest eigenvalue. Then, with probability at least 1 — d~'0 over X, given X and y = Xp* + 1,
the estimator Eq. (2.3) satisfies

2 .
<0 v(X)-klogd
Omin(z) ca?en

value. Suppose that n 2 where v(X) is the maximum diagonal entry of . and 0yin(X) is

%”X(ﬁ—ﬁ*) 2<O( v(X)-klogd )

o2 (X)-a-n

) and ||ﬁ -p
As in the previous section, we assume d > 2 since for d = 1 Theorem 2.3 is true (since the probability
1 — d~10 = 0 in this case).

First, we bound the gradient of Huber loss. Then, to prove restricted local strong convexity of Huber
loss, we show that the values of the empirical covariance (as a quadratic form) on approximately k-
sparse vectors are well-concentrated near the values of the actual covariance. The proof first appeared
in (RWY10), but they only stated the result in terms of a lower bound on the values of empirical
covariance and did not discuss an upper bound, though the proof of the upper bound is very similar.
Then we use this concentration to prove well-spreadness and restricted local strong convexity.

Recall that F>(8) = X1, f2(yi — (Xi, B)), where

1,2
5t for || <2
t):=42 7
20 {2|t|—2 otherwise.
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Gradient bound for Gaussian design.
Lemma E.2. Consider the settings of Theorem 2.3. Then with probability at least 1 — 6/2

| <4W(Z) -1 - (logd +log(2/0)).

Proof. By definition of the Huber loss and choice of the Huber penalty

max

n

VE) (") = V(Z folyi = (Xi, 7))

i=1

where z is an n-dimensional vector whose entries f,(1;) are bounded by 2 in absolute value. Since

mz 12XT7 = g ~ N(0, )",

||zTX|| = |lzll - |[Z"2g]| < 2vn - V¥(Z) - 2logd +41log(2/0)),

where we used the union bound over all j € [d] and the standard tail bounds for Gaussian variables
(Zl/zg)j whose variance is Z ;. O

Concentration of empirical covariance on approximately k-sparse vectors. To prove well-
spreadness and restricted local strong convexity in case of Gaussian design X, we will need the
v(X)klogd

. 2
fact that for all approximately k-sparse vectors u, %HX ul® ~ ||Zl/ 2u” aslongas n 2 ===

Formally, we will use the following theorem:
Theorem E.3. Let X be a n-by-d random matrix with i.i.d. rows Xy,...X,, ~ N(0,XZ), where L

is a positive definite matrix. Suppose that for some K > 1, n > 1000 - UV'()-;‘)Z) - Klogd. Then with

probability at least 1 — exp(—n/lOO) for all u € R? such that ||ull; < VK||ull,

St < —=

Xull < 2||=u|. (E.1)

\/_

The first inequality of Theorem E.3 was shown in (RWY 10) (see also (Wail9), section 7.3.3), and
the second inequality can be proved in a very similar way. For completeness, we provide a proof of
second inequality.

Proof of the second inequality of Theorem E.3. Since the inequality is scale invariant, it is enough to
show it for u € RY such that ||Zl/2u|| = 1. For s > 0 denote

1
Us = fu e RJZPull = L llulh < s} and - Mu(X) = sup =1 Xu].

First, we bound the expectation of M (X):

]EMS(X)<1+25\/V(Z)nigd.

Proof. Consider Gaussian process Wy, , = v'Xu for (u,v) € Us x S"~', where $"! is a unit

sphere in R”. Denote P = U; X S"~!. Our goal is to bound \/Lﬁ E sup W,,.
(u,0)eP

Lemma E4.

Denote G = XX~'/2. For all (1, v), (ii,9) € P,

E(W, o — Wi _]E<XT wo _uUT>2 ]E<GT,21/2WT_Z1/2 T>2 ”Z]/qu 21/2ﬁﬁT“;

Now consider another Gaussian process Z,, = gTZI/Zu + K", where g ~ N(0,1d4) and b ~
N(0,1d,). For all (v, u), (3, i) € P,

E(Zuo - Zi5) = Blg, 2Y2(u - 2))? + B(h, v - 5)2 = |[£42u — 224 | + o - 5]
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Note that for every quadruple of unit vectors x, ¥ € R , y, 7 € R,

lxy™ = 27117 =l (x - 2)y" + 2(y" - DI
=Nyl = 2 + 1121lly - §I* + 2 Try(x - ) 2(y" - §7)
=[x = 2>+ lly - 7117 +2(¢x, ) = 1212) - (Iy 1> = (v, 7))
<llx =212 +ly - 711%.

Hence for all (u, v), (i1, 9) € P, E(W,, , — Wﬂ,ﬁ)z <EZ,, - ZM,)2, and by Sudakov—Fernique
theorem Fact H.8,
E sup W,,<E sup Z,,.
(u,0)eP (u,0)eP

Therefore, it is enough to bound E sup gTZI/ 2u+E sup h"v. The second term is just an expectation
uels lloll=1
of x distributed variable, and can be bounded using Jensen’s inequality:

E sup k"o = E|k| < VE|I|? < Vn.

lloll=1

The first term can be bounded as follows:

E sup ¢"Z2u < E|julli - [|IZ2gllmax < 5 EIIZ2glmax < 25Vv(Z)logd,

uels
where we used Fact H.4 to bound the max norm of a vector ©.'/2 g whose entries are v(X)-subgaussian.
Dividing by /1, we get the desired bound. i

Now, we bound the deviation of M;(X):
Lemma E.S. Forallt > 0,
P[IMs(X) - EMs(X)| > t] < 2exp[-nt?/2].

Proof. For A € R™? denote F5(A) = Vi - M(AZ?) = sup,cq, ||AZ!/?1|. Note that for all
A,B e R4,

F2(A) - F2(B) < sup (||Azl/2u|| - ||le/2u||) < sup [[(A - B)ZY2u|| < |A - B|| < ||A — Bl
uelUs uelUs
Hence ¥; is 1-Lipschitz, and by Fact H.5, for all T > 0,
P[|F:(G) - EF5(G)| > 1] < 2exp[-17/2],

where G = XX.~'/2 is a matrix with i.i.d. standard Gaussian entries. Taking 7 = /11, we get the
desired bound. i

Taking + = 0.2, we conclude that with probability at least 1 — 2 exp(—0.02n),

M(X) < 1.2+2s\/1’(2)n$gd.

For 5 = /K/0min(Z) this bound implies that for all u such that ||='/2u|| = 1 and |Ju|l; < VK]|u]|,
with probability at least 1 — 2 exp(—0.02n),

1 ¥)Klogd
L ixul < 1242, EKlogd -, o
\/ﬁ Omin(Z) - 1

and we get the desired bound. |

22



v(X)
Gmin(z)
with i.i.d. rows X, ..., X;; ~ N(0, X) satisfies the RE-property with parameter omin(X)/4 over all
sets of size k where opmin(2) is the smallest eigenvalue of X (it is a consequence of Theorem E.3).

Also, norms of columns of X are bounded by O (\/v(Z)n) with high probability. Hence, X satisfies
Assumption 1 and 2 of Theorem D.1, with high probability.

Well-spreadness of Gaussian matrices. Ifn >

- klogd, then an n X d random matrix X

In the next lemma, we show that it also satisfies the last assumption, namely the well-spreadness
assumption:

Lemma E.6. Let X be a n-by-d random matrix with i.i.d. rows Xi,...X, ~ N(0,X), where ¥

0111:1(11):(:)):) - Klogd. Then with

probability at least 1 — exp(—n/1000), for all u € R? such that ||ull; < VK||u|| and for all sets
S C [n] of size [0.999n],

is a positive definite matrix. Suppose that for some K > 1, n > 10° -

1
[ Xsull > Sl1Xull. (E.2)

Proof. For a set M C [n] of size at most 1/1000 independent of X, Theorem E.3 implies that
I Xpull < 0.14/n-||='/2ul|and [ Xu|| > 0.5y7n-||="/2ul| with probability at least 1 -2 exp(—/100).
Using a union bound over all sets M of size n — [0.99917, with probability

1 —2exp[—n/100 + n log(1000e)/1000] > 1 — exp(—n/1000),

we get
IXpaull® < 0.1 Xull*.

Since for S = [n] \ M, ||Xu||2 = ||XMu||2 + ||X5u||2, we get the desired bound. O
Now we can prove restricted strong convexity.

Restricted local strong convexity of Huber loss for Gaussian design.
Lemma E.7. Consider the settings of Theorem 2.3. Let 0 < 6 < 1,R > 0. Define

BR —{uG]Rd

1
%IIX(u)II = R}-

Suppose that R < 200 Then with probability at least 1 — 3 exp(—an /1000), for all u € Br N S4(Q),

F,(B" +u) > F,(8") + (VE2(B"), u) + m EHX ul*.

Proof. Let u € Br N S4(Q), where Q is the support of f*. By Lemma G.2,

F2(B° + 1) — F2(B) — (VE2(B"), u) > Z (X, )1, <1]  iexiai<n) -

1€[n

Denote A = {1 €] | 1 Inil < 1}. Matrix X4 is an an X d random matrix with i.i.d. rows X ~
N(0,X). By Theorem E.3, with probability 1 — 2 exp(—an/100),

2 an 2 o o
16aR?n = 16a||Xul® > dan|='u|” > |Xaul® > T||21/2u|| > E||Xu||2 = ER%

By Lemma E.6, with probability 1 — exp(—an/1000), X, satisfies well-spread property for sets of
size an /1000 and for all u € S4(K). Since number of entries of X4 u which are larger than 1 is at
most 16aR*n < an/1000, we get

2
Z(Xz/u> <] e wi<i = Z<Xz/u> 1jex;,u)<1] —||XAM|| 6_4R n
i€[n] ieA
Hence with probability at least 1 — 3 exp(—an/1000) we get the desired bound. O
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Putting everything together. Let’s check that the conditions of Theorem B.1 are satisfied for
Q=0 = supp(f*) and E(u) = \/LZHXMH. Decomposability is obvious. As a consequence
of Theorem E.3 X satisfies the RE-property with A > omin(X)/4 with probability at least
1 — exp(—n/100), so contraction is satisfied with s = 8+/k/0min(X). By Lemma E.2, gradient

is bounded by 154/v(X) - 1 - (log d) with probability 1 — d~1°/2. By Lemma E.7, with probability
at least 1 — 3 exp(1/1000), Huber loss satisfies restricted local strong convexity with parameter
x = 0.0lan. Hence for

Y) -kl X)) -kl
S v(X)-klogd nd R> v(X)-klogd
Omin(Z) - a? Omin(Z) - a? - 1
and since then we have ﬁ — B € Br N 84(Q) the estimator ﬁ defined in Eq. (D.1) satisfies

\/LE X(ﬁ - ﬁ*) ” < R with probability at least 1 —d =19, Since ﬁ — B € 84(Q)), we also get the desired
parameter error ||ﬁ - ﬁ“ < 2R/ omin(X).

F Optimal fraction of inliers for principal component analysis under
oblivious noise (Theorem 2.4)

In this section we prove Theorem 2.4. Recall that a successful (&, 6)-weak recovery algorithm
(where €, 6 € (0, 1)) for PCA is an algorithm that takes Y as input and returns a matrix L such that
HL — L*|| < € - p with probability at least I — 6 (where p, Y and L* are as in Theorem 2.1).

Let’s restate Theorem 2.4:

Theorem F.1 (Restatement of Theorem 2.4). Let Y = L* + N € R™", where rank(L*) = 7,
IIL*|lmax < p/n and the entries of N are independent and symmetric about zero. Let C > 0.

Then there exists a universal constant Cy > 0 such that for every 0 < ¢ < 1and0 < 6 < 1, if
a = min; jef, P[IN; j| < ] satisfies a < Co-(1—€2)*-(1=06)-+/r/n, and n is large enough, then
it is information-theoretically impossible to have a successful (e, 0)-weak recovery algorithm. The
problem remains information-theoretically impossible (for the same regime of parameters) even if we
assume that L* is incoherent; more precisely, even if we know that L* has incoherence parameters
that are as good as those of a random flat matrix of rank r, the theorem still holds.

More in detail, we construct distributions over L* and N such that the assumptions of the theorem are
satisfied and if & < Co - (1 — €2)? - (1 = §) - 4/r/n, weak recovery is not possible.

We will assume without loss of generality that 0 < C < p/n = 1. Indeed, weak recovery property is
scale invariant, so we can assume p = 7. We can assume C < 1 since if the theorem is true for C = 1,
then it is true for all C > 1.

A generative model for the hidden matrix

In the following, we will denote the all-zeros vector of dimension # as 0,,. Similarly, we will denote
the all-ones vector of dimension 7 as 1,,.

For the sake of simplicity, we will assume that - is an integer.'> We will divide the the matrix L* into
r blocks of - X n sub-matrices.

For every 1 < k < r, let uy be an arbitrary but fixed and deterministic vector in the set {O(k_ 12 } X

{-1,+1}7 x {O(F_k).% }, and let vi be a random flat vector chosen uniformly from {—1, +1}". We

further assume that the random vectors {vy };<k<, are mutually independent. The hidden matrix L* is
constructed as follows:'*

13 All the subsequent proofs can be adapted for a general 7 with minor modifications.
14For the general case in which & may not be an integer, we divide L* into r blocks of disjoint sub-matrices
of dimensions [ 4| X n and [%] X n.
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Note that L* is a flat matrix, i.e., L* € {—1, +1}"*". Furthermore, the rank of L* is at most r, and
with high probability, L* is incoherent with parameter y < O(log n).

The noise distribution

Let (Nij)i,je[n] be i.i.d. random variables that are sampled according to the distribution

[01/2
—é\/7) ifte2Z=4...,-4,-2,0,2,4,...},
P[N;; = (] = 24/n - 5\/_( (1)

0 otherwise,

where 0 < & < 1/2 is a constant. Furthermore, we assume that N is independent from L*. The
distribution of N is symmetric and satisfies

a :=P[|N;j| < 1] =P[N;; = 0] = % = @(cf 1)

Define
Y=L"+N.

Upper bound on the mutual information

Lemma F.2. The mutual information I(L*;Y) between L* and Y can be upper bounded as follows:
I(L;Y)<O(&-n-r).

Proof. Notice that for every £ € 27Z., we have

sign(£+1)
r
]P[N,‘j ={+2] ZJP[Nl'j ={]- (1—51,5) , (F.2)
where
. 1 ifx >0,
e =1_;  rx <o,

For every L* € {—1,+1}"" and every Y € (2Z + 1)"*", we have

P[Y=Y|L'=L]=P[N=Y L]
= H]P Nij = Yij - ZJ]

_H]PNZJ—YU—H] Lyl
i

O Py = vi - 11 (1 —a\/g)
i

- 3-(1-L;,)sign(Yij)
:P[N:Y—lnlz]‘n(]_éf) ,

ij

%~(1—L;],)-sign(Yi,'—1+1)

= |
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where (#) follows from Eq. (F.2). Therefore, we can write
PlY=Y|L'=L]=P[N =Y -1,1]] - f(L",Y), (E3)

where
) 3(1=L; ))-sign(Yi)

f(L*,Y)=]_[(1—é

ij

]
1
= 1-L7)-sign(Yij
_ (1 - é\/z)2 21t s (F4)
n
. 3-(Lu 1 =L" sign(Y))
V n

where sign(Y) is the 7 X n matrix defined as sign(Y); ; = sign(Y;, ;). Furthermore, from Eq. (F.3) we
can deduce that for every Y € (2Z + 1)"*", we have

S~

PlY=Y]=P[N=Y-1,1]] - 5(Y), (E5)

where
g(Y) =Er[f(L", Y)]. (F.6)

Now from Hélder’s inequality, we have
[(1,1] = L*, sign(Y))| < |15 = L*|| . - Isign(Y)]]
< (01 + 1 ) - sign (¥
= (1 4+ 1L [e) - lIsign(Y)I]-

If L* is in the support of the distribution of L*, then there exist 7 vectors {vy}1<k<, such that
v € {—1,+1}" forevery 1 < k < r,and

r

* __ . T
L —Zuk Vg

k=1

Therefore,
r r
. T B n _on
1L e < Dtk 0 [l = D — Vi = v nr. (E7)
k=1 k=1
Hence,
[(1,1] - L7, sign(Y))| < - (Vr + 1) - |Isign(Y)|| < 21V - |Isign(Y)]I.

By combining this with Eq. (F.4), we get

" nlr-[Isign(Y)l| " —ny/r|sign(Y)||
(1—5\/;) < f(L,Y) < (1—5\/;) . (F.8)

Furthermore, from Eq. (F.6) and Eq. (F.8), we get

— iVl —\ ~VElsign(l|
(1 - é\/;) < g(Y) < (1 - g\/;) . (F9)

The mutual information between L* and Y is given by

P[Y = Y|L* = L*]
P[Y = Y]

I(LY) = Z P[L* =L*,Y = Y] - log,
L*)Y

26



PN =Y - 1,17]- f(L", Y)
PN = Y — 1,17] - 9(Y)

@S P =1, Y = Y] log,
L*)Y

LY
= LZylP[L* =LY = Y] log, f;m )
3 f(L",Y)

B E[log2 g(v) |’

where (1) follows from Eq. (F.3) and Eq. (F.5). Now from Eq. (F.8) and Eq. (F.9), we get

- —2n+r-||sign(Y)||
I(L*;Y) < E|log, (1 — 5,[;)

= —2n\/7'10g2(1 - 5\/;) - E[][sign(Y)][]

2 r .
= —@n\/?'log(l - E\/;) - E[l[sign(Y)][]

(
2 A v g\/g.]E[Hsign(Y)H]

log?2

A&y
~ log2

(F.10)

- E[l|sign(Y)]]],

where (1) follows from the fact that —log(1 — ¢) < 2t forevery ¢ € [0, 1/2].

Now let S = sign(Y). In order to estimate [E[||sign(Y)||] = E[||S]|], we first condition on L* = L*
for a fixed L*:

E[lIs||

L' =1 = E[ls - EISIL = L'] + E[SIL" = L'

L= L*]

< IE[HS _E[S|L" = L]

L= L*] + |E[S|L” = L*]]I.

Notice that

E[S|L* = L*] = E[sign(L" + N)|L* = L"]
= E[sign(L* + N)]
=a-L%
where \/_
EANr
=P[N;;=0]= ———.
e N
Therefore,
E[|SIl|L* = L'] < IE[||§|| L' = L*] ca- I,
where

S=S-E[S|L"=L"]=S—-a-L".

Now given L* = L*, the entries of S are centered and conditionally mutually independent. Further-
more, ||5||max < ISllax + @ - 1L |lax = 1 + @ < 2. Therefore, by Fact H.7, there is a universal
constant C > 2 such that

E[|18]

L= L"] < CVi.

‘We conclude that
E[||sign(Y)|I] = E[|IS|I] < CVn + a - E[|IL*|]]. (F.11)
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Now notice that ||[L*|| = U - VT, where U = [u; ... u,] is the n X r matrix whose columns are
Uy, ..., up,and V=[vy ... v,]is the n X r matrix whose columns are vy, ..., v,. We have:

ENIL7] = E[[ju - V7] < Efjul - [VHI] = v Efv]

(BN RS

where (2) follows from the fact that V is an 1 X ¥ matrix with i.i.d. zero-mean entries and satisfying
[[V|l;hax = 1 and Fact H.7. By inserting this in Eq. (F.11), we get

ENr o
2 - &N N

\c«/_+% c?

E[[lsign(VI] < CVn + —=———=

By combining this with Eq. (F.10), we get

I(L;Y) < —4él’£'r .
< 8¢ 8CE

10g2
=0(&-n-r).

2CVn

Successful weak-recovery reduces entropy

Lemma F.3. [f there exists a (0, €)-successful weak recovery algorithm that takes Y = L* + N as
input and returns a matrix L as output in such a way that

P[||L - n|>1-s,
then the mutual information between L™ and Y can be lower bounded as follows:

(1-¢?)?
8log?2

I(L*;Y) = -1=06)-n-r—1.

Proof. Define the set

r
Q= {Z uk'()]]; : Vk e [7’], Uk € R" and ”vk”mdx =~ 1}

k=1

It is easy to see that Q) is a closed and convex set. Let Lq be the orthogonal projection of L onto Q.
Since L* € Q, we have HLQ - L’*”F < “L - L - Therefore,

]P[||I:Q—L*||F<£-n]> e-n|>1-0.

Using an inequality that is similar to the standard Fano-inequality, we will show that the existence of
a successful weak-recovery algorithm implies a linear decrease in the entropy of the random vectors

(Vi)kelr)-

Define the random variable Z as follows:

Z =1||ig-1+|| <en]-
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Furthermore, for every L € Q, define

Br, = {(vk)ke[r] € {-1,+1}"":

Clearly, if Z = 1, then (Vi )ke[r] € Bj,, .-
Let H ((Vk)ke[,]lfg) be the conditional entropy of (Vi )ke[,] given L. We have:

H((Vk)ke[r]|i0 <H(z, (Vk)ke[r]’t@)
( )+H((Vk)ke |I:Q/
< H(Z) + H((vi)kepr)|La, Z = 0) - P[Z = 0] + H((Vi)kepr1|La, Z = 1) - P[Z = 1]
<l+n-7-P[Z=0]+(1-P[Z=0])H(Viep|La, Z=1),

where the last inequality follows from the fact that Z is a binary random variable (and hence H(Z) <
log,(2) = 1), and the fact that (v )ie,) € {—1, +1}"", which implies thatH((Vk)kE[T”LQ,Z =0) <
log, [{~1,+1}""|=n - .

Since P[Z = 0] < 6 and H((Vk)ke[rﬂfg,z =1) < log, |{—1, +1}”'r| =n - r, we have
H((Vikerri|La) < T+m -7+ (1=0) - H((iker1| Lo, Z = 1).

Now notice that

A (
H((vikein|E, Z = 1) < logs[By, .| < max logy[By.c|,

where (¢) follows from the fact that given Z = 1, we have (Vk)ke[;] € Bj, .- On the other hand, for
every L € Q, we have

|BL,£|
onr

where the last equality follows from the fact that (Vi )ie[,] is uniformly distributed in {—1, +1}"".
Therefore,

logy|BL,c| =1 -1 +log, =1 -1 +1ogy P|(Vi)kepr] € BLe ],

H((Vk)ke[y]ﬁ()) <l+n-r+ (1 - (5) : rlfleag log, ]P[(Vk)ke[r] € BL,g] . (F.12)

r

Now fix L € Q and let (v )ke[r] be k vectors in R” such that ||vgl],,.x < 1 and L = Z ukvlz. We
k=1
have (Vi )ke[s] € B, if and only if [[L* = L||p < € - n. Notice that

T r
IL* - LIt = <Z ug - (v —op)7, Z U - (Ve = Uk')T>
=1

k=1
r T r
=Tr (Z ug - (Vi — Uk)T) : (Z ug - (Vi = ka)T)
k=1 k=1
= Z ZTY (Vi = 0%) - 1] - upr - (Ve = op)T)
Sl k=

wn ZTr (v = 01) - (v — 0)T) = vak—vkn

n 2 2 2
= P Z Z(Vk i — Uk, )= Z Z(Vk,i TOi— 20y, - Vk,i)
k=1 i=1
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® n
>? n- V—Zzzvkl Viils

=1 i=1

where (1) follows from the fact that (1 )ie[,] are orthogonal to each other, and [|u > = 2 for every
k € [r]. Note that (vk ;)1<i<n and (v i)1<i<n are the entries of v and vy, respectively. (1) follows
from the fact that vy € {—1,+1}" for every k € [r]. Therefore,

L~ LI > n? - = Zka, Vi,

=1 i=1
which implies that

P|(Vi)kefs] € Bre| = P[IL" - LIIz < €% - n?]

21’[ r n
<P|n?-=— Zka,i~vk,,<é n?
r
k=1 i=1
T n
1 2
=P szk,i sz>§ 1-&)-n-r
k=1 i=1

Note that the random variables (ki - Vi i)ke[r],ic[n] are independent. Moreover, for every 1 < k <r
and every 1 < i < n, we have

Elvg,i - vk,i] =0

Furthermore, since || vk || . < 1 and vx € {—1,+1}", the random variables (v ; - Vk i )ke[r],ic[n] Can
be uniformly bounded as
[0k, * Viil < okl < 1.

It follows from Hoeffding’s inequality Fact H.2 that

1 - 82 2 . 1’[2 . r2
P[(Vk)kG[r] € BL,S] < exp(_%)

8-mn-r
_ (1-¢?)?
= eXP( 3 n-r|.
Since this is true for every L € Q, we get from Eq. (F.12) that
A (1 — 82)2
H((Vk)ke[r]|LQ) <l+n-r=(1-90)- Slog2 n-r.

Therefore, the mutual information between (v )xe[,] and Lo satisfies:

H((vikerr1s La) = H((vi)kerr1) = H((Vikepn| L)

1-— 2\2
>n-r—1-n-r+(1-9)- —( £) “Hn-r
8log2
(1-¢e%)?
=—— L .(1-6)-n-r—1.
8log?2 ( )oner

Now since (Vi )ke[s = L* = Y — L — Lq is a Markov chain, it follows from the data-processing
inequality that

(1-¢2)?

STog2 -(1=06)-n-r—1.

L5 Y) = I{(vikepr: ¥) > H{(Vikepr: Lo) >
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Putting everything together

Now we are ready to prove Theorem 2.4:

Proof of Theorem 2.4. From Lemma F.2 and Lemma F.3 we can deduce that if there exists a (0, €)-
successful weak recovery algorithm then we must have

8C<E (1-¢??
— n-r2I(L%Y)> ——-(1-96)-n-r—1.
gz TP ILEY) > e (1=0) ey
Therefore, if n is large enough and
(1-¢2)? log2 1
<—7(1-0)- == —,
¢ 64C ( ) 8C r-m

it is impossible to have a (0, €)-successful weak recovery algorithm. Now since a = @(é %), we

get the result. i

G Facts about Huber loss

Fact G.1 (Integration by parts for absolutely continuous functions). Let F, G : R — R be absolutely
continuous functions, i.e. there exist locally integrable functions f,g : R — R such that for all

a,belR
b b
/ f(t)dt = F(b) — F(a) and / g(t)dt = G(b) - G(a).
Then foralla,b € R,

b b
/ f(t)G(t)dt = F(b)G(b) — F(a)G(a) — / F(t)g(t)dt.

Proof.
b b b
/ f(t)G(t)dt = G(a) - (F(b) — F(a)) + / f(t)/ Ljzefa,yg(T)dT dt (By definition of G)
a a . a )
= G(a) - (F(b) — F(a)) + / g(T)/ f(®)ieqr,p)y dt dT (By Fubini’s theorem)
b
= G(a)- (F(b) — F(a)) + / g(t) - (F(b) = F(1))dt (By definition of F)

b
= G(a) - (F(b) = F(a)) + F(b)(G(b) = G(a)) —/ g9(1)F(t)dt

b
= F(b)G(b) - F(a)G(a) — / E(t)g(t)dt .
[

Lemma G.2 (Second order behavior of Huber-loss function). Let h > 0. Forall 1,6 € R, and all
0<t<h,

62
S +8) = fuln) = fr() -6 > —-Apy 4] - Lnisler

Proof. Consider g : R — R defined as g(t) = f(n +t - 6). Note that foralla, b € R,

n+bd
fi(n+b06) = f(n +ad) =/ 1<y dox .

n+ad
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Changing the variable x = 1 + ¢, we get

g()-g'(a) =0 /ab Ljnstor<n) 4t -
By Fact G.1, 1
52/0 Ujpiesian] - (1= £)dt = =g"(0) + g(1) = 9(0) .
Note that g(0) = fi (1), g(1) = fi(7+ 6) and g(0) = 6 f; (). Since for all 0 < T < I, 1, 5cn] >
Ujyicn_e] - Uol<r) and fj (1= £)dt = 1/2, we get the desired bound. o
H Tools for Probabilistic Analysis

This section contains some technical results needed for the proofs in the main body of the paper.

Fact H.1 (Chernoff’s inequality, (Verl18)). Let Gy, ..., G, be independent Bernoulli random vari-
ables such that P(C; = 1) = P(g; = 0) = p. Then for every A > 0,

n e—A pn
; Ci>pn(l+ )) < ((1 A)HA)

and for every A € (0, 1),

n E_A pn
P i < AN << |—] .
;c < pn(1 >) < ((1 _A)I_A)

Fact H.2 (Hoeffding’s inequality, (Wail9)). Let zy, ..., z, be mutually independent random vari-
ables such that for each i € [n], z; is supported on [—c;, ¢;] for some ¢; = 0. Then for all t > 0,

n
t2
P| > (zi—Ez;) 2 t| <exp
; 1 Z ) ( 2211 z)

t2
P t] < 2exp|-——— |-
22?:] Cl-z

Fact H.3 (Bernstein’s inequality, (Wail9)). Let zy, ..., z, be mutually independent random vari-
ables such that for each i € [n], z; is supported on [—B, B] for some B = 0. Then for all t > 0,

n
t2
P zi—Ez;) > t] <exp|-
;(l l) ) p( 22 ]EZ +23t)

Fact H.4 (Subgaussian maxima, (Wail9)). Let d > 2 be an integer and let z be a d-dimensional
random vector with zero mean o-subgaussian entires. Then

]EHZ”max < 20‘\/10gd .

Fact H.5 (Lipschitz functions of Gaussian vectors, (Wail9)). Let g ~ N(0, 1)" for some m € N
and let F : R™ — R be L-Lipschitz with respect to Euclidean norm, where L > 0. Then for all t > 0,

and
n

Z(zi —-Ez)| >

i=1

2
P[|F(g) - EF(g)| > t] < Zexp(—§)~

Fact H.6 (Spectral norm of Gaussian matrices, (Wail9)). Let W ~ N(0, 1)"*¢. Then

E|W| < Vn + Vd.

Moreover, forall t > 0,

]P[||W|| >V +Vd +t| < 2exp(=t2/2).
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Fact H.7 (Spectral norm of matrices with bounded independent zero-mean entries, (RV10)). Let M
be an n-by-n random matrix with independent zero-mean entries M supported on [—1, 1]. Then

E[M| < 2+o(1)Vn

as n — oo. Moreover, for all t > 0,
1P[||M|| > E|M|| + V27 + t] < 2exp(=t2/2).

Fact H.8 (Sudakov—Fernique theorem, (Ad190)). Let © be a compact subset of R™, where m € IN.
Let Wyg and Z g be real-valued sample-continuous zero-mean Gaussian processes indexed by elements

of ©. Suppose that V6, 0’ € ©, E(Wy — Wy )> < E(Zg — Zo')*. Then

E sup Wy < Esup Zg .
0e® 0e®

Fact H.9 (Sudakov Minoration, (Wail9)). Let {gp | 0 € O} be a zero-mean Gaussian process
indexed by elements of some non-empty set . Let p : © X ©@ — [0, 00) be a (pseudo)metric

p(6,6") := (E(go — go)?)">. Then

E sup gg > sup E,/105;|Ng,,3(6)) ,
e>0 2

0T

where |Ng,p(®)| is the minimal size of €-net in © with respect to p.
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