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Abstract

Understanding causal relationships in multivariate time series is crucial in many1

scenarios, such as financial and neurological data. Many such time series ex-2

hibit multiple regimes, i.e., consecutive segments with unknown boundaries, with3

each regime having its own causal structure. Inferring causal dependencies and4

regime shifts is critical for analyzing the underlying processes. However, causal5

structure learning in this setting is challenging due to (1) non-stationarity, i.e.,6

each regime can have its own causal graph and mixing function, and (2) complex7

noise distributions, which may be non-Gaussian or heteroscedastic, while existing8

causal discovery approaches generally assume stationarity or Gaussian noise with9

constant variance. To address these challenges, we introduce FANTOM, a unified10

framework for causal discovery that handles non-stationary process along with11

non-Gaussian and heteroscedastic noises. FANTOM simultaneously learns each12

regime’s Directed Acyclic Graph (DAG) and infers the number and indices of these13

regimes, using a Bayesian Expectation Maximization algorithm that maximizes the14

evidence lower bound of the data log likelihood. On the theoretical side, we prove,15

under mild assumptions, that temporal heteroscedastic causal models, introduced16

in FANTOM’s formulation, are identifiable in both stationary and non-stationary17

settings. In addition, extensive experiments on synthetic and real data show that18

FANTOM outperforms existing methods.19

1 Introduction20

Causal structure learning from multivariate time series (MTS) is a fundamental problem with diverse21

applications in traffic modeling [9], biology [44], climate science [43], and healthcare [47]. However,22

identifying causal relationships in MTS poses several challenges. First, real-world time series are23

often non-stationary, exhibiting multiple unknown regimes, each potentially governed by different24

causal relationships. Examples include changing dependencies across climate conditions [27],25

financial markets [21], and epileptic seizure stages [56]. Second, many MTS display complex noises,26

e.g. non-Gaussian or even heteroscedastic noise, where variance depends on both instantaneous and27

lagged causes. This occurs in fMRI data [46], EEG measurements [22], and financial data [18].28

Recent causal discovery methods capture linear and nonlinear interactions with instantaneous29

and lagged effects [41, 35, 51]. More recently, Gong et al. [15] and Wang et al. [55] explored30

structural equation models with historically dependent noise, where noise variance depends solely on31

time-lagged variables, neglecting heteroscedasticity, and assume a single stationary regime governed32

by a one causal graph. Existing multi-regime methods include RPCMCI [45], which identifies only33

linear, time-lagged interactions and requires prior knowledge of regime numbers and transitions;34

CD-NOD [21], capable of handling causal discovery from non stationary MTS. However, it is limited35

to homoscedastic noise, cannot infer individual causal graph for each regime, and is incapable of36

identifying recurring regimes. CASTOR [39], infers both regime indices and separate causal graphs37
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Figure 1: Illustration of FANTOM processing a MTS with two ground truth regimes (K = 2). The
algorithm recovers the regime indices I∗

1 and I∗
2 and learns a temporal causal graph for each regime

(dashed edges represent time-lagged links; solid arrows indicate instantaneous links). In the E-step,
posterior probabilities p

(
zt = r | xt,x<t

)
are estimated, where zt = r means xt belongs to regime

r. The M-step then infers causal graphs within each regime. Here, Nw is the number of regimes that
converges to K = 2.

per regime, accommodating instantaneous and lagged causal relationships, yet still restricted to38

normal noise. Consequently, the previous methods cannot jointly infer number of regimes, their39

indices, causal graphs, and effectively manage either non-Gaussian or heteroscedastic noises.40

To address these limitations, we propose FANTOM, a new framework for Structural Equation Models41

(SEMs) in multi-regime MTS under either non-Gaussian or heteroscedastic noises. FANTOM is,42

to the best of our knowledge, the first method to handle heteroscedasticity in both stationary and43

non-stationary MTS, as well as non-Gaussianity in non-stationary settings. Given a MTS with44

multiple regimes, FANTOM simultaneously learns each regime’s causal graph and mixing function,45

determines the number of regimes, and infers their indices (Figure 1). It uses a Bayesian Expectation46

Maximization (BEM) [12] procedure to optimize the evidence lower bound (ELBO), alternately47

assigning regime indices (Expectation step) and inferring causal relationships in each regime48

(Maximization step). Unlike Gaussian-based approaches, FANTOM employs conditional normalizing49

flows [12] to handle complex distributions and compute regime membership probabilities. It50

uses Bayesian structure learning that averages across all plausible graphs and naturally filters out51

spurious edges. Under mild assumptions, we prove that temporal heteroscedastic causal models are52

identifiable for both stationary and multi-regime MTS. Across extensive comparisons with existing53

multi-regime causal discovery methods, we show that FANTOM consistently achieves superior54

performance in structure learning and regime detection. Moreover, it outperforms stationary models,55

even when they are provided with ground-truth regime partitions, on synthetic and two real-world56

datasets. The main contributions of this paper can be summarized as follows:57

• We introduce FANTOM, a unified framework for causal discovery in multi-regime MTS that58

handles both homoscedastic non-Gaussian and heteroscedastic noises while simultaneously59

discovering the number of regimes, their indices, and their corresponding DAGs.60

• Under mild assumptions in causal discovery, we prove identifiability of the temporal het-61

eroscedastic causal models in the stationary case and show that the number of regimes, their62

indices, and their graphs are identifiable (up to permutation) in the non-stationary setting.63

• We demonstrate, via extensive experiments, that FANTOM outperforms state-of-the-art64

methods on both synthetic and two real-world datasets.65

Related work. Many works tackle causal structure learning from stationary MTS, Granger66

causality is the primary approach used for this purpose [32, 8]. However, it is unable to accommodate67

instantaneous effects. DYNOTEARS [35], learns instantaneous and time lagged structures and68

leverages the acyclicity constraint, introduced by Zheng et al. in [60], to turn the DAG learning69

problem to a purely continuous optimization problem. However, DYNOTEARS is limited to linear70
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SEMs. Runge et al. [42] proposed a two-stage algorithm PCMCI+ that can scale to large time series,71

PCMCI+ is able also to handle non linear relationships. Neverthless, DYNOTEARS and PCMCI+72

are restricted to homoscedastic noises where variance is a constant over time. For this reason, Rhino73

[15] and SCOTCH [55] introduced models that tackle stationary MTS with historical noise, where74

the noise variance is a function of solely time lagged parents. However Rhino, DYNOTEARS and75

PCMCI+, can not handle heteroscedastic noise and are limited to stationary MTS.76

Several studies have sought to tackle the challenge of causal discovery in non-stationary MTS77

[21, 17, 45, 33]. Remarkably, Huang et al. [21] address the setting of time series composed of78

different regimes by modulating causal relationships through a regime index. CD-NOD detects79

change points and outputs a single summary causal graph, but it overlooks recurring regimes and80

provides neither regime-specific graphs nor their count. RPCMCI by [45] provides a graph for each81

regime, yet it assumes prior knowledge of the number of regimes, restricts edges to time-lagged links,82

and offers no identifiability guarantees. Balsells-Rodas et al. [5] establish identifiability for first-order,83

regime-dependent causal discovery in multi-regime MTS with Gaussian noise and offer a practical84

algorithm, but their framework allows only a single time-lagged edge and excludes instantaneous85

links. Finally, CASTOR [39] jointly infers regime labels and their causal graphs, capturing both86

instantaneous and lagged links, under an equivariant Gaussian noise assumption. However, none87

of these models can simultaneously learn the number of regimes, their indices, and their structures88

under non-Gaussian noise, nor do they offer identifiability guarantees. FANTOM fills this gap and89

even generalises to richer heteroscedastic noise settings while providing identifiability results. More90

detailed related work is provided in Appendix A).91

2 Problem formulation92

In this section, we introduce our notation, define a temporal causal graph, and then we present a new93

Structural Equation Models (SEMs) with non Gaussian/Heteroscedastic noise for multi-regime MTS.94

Notation. Matrices, vectors, and scalars are denoted by uppercase bold Gτ , lowercase bold xt and95

lowercase letters xit−τ , respectively. Ground-truth variables are indicated with an asterisk, such as G∗.96

We assume all distributions have densities p (xt) w.r.t. the Lebesgue measure. The notation [|0 : L|]97

represents the set of integers {0, ..., L} and | · | denotes set cardinality. (xt)t∈T = (xit)i∈V,t∈T98

represent a MTS of |V| = d components and length |T |, T is the time index set and x<t refers99

{xt−L, ...,xt−1}.100

Definition 2.1 (Temporal Causal Graph [39]). The temporal causal graph, associated with the MTS101

(xt)t∈T , is defined by a DAG G = (V, E), represented by a collection of adjacency matrices102

Gτ∈[|0:L|] = {G0, . . . ,GL}, and a fixed maximum lag L. Its vertices V consist of the set of103

components x1t′ , . . . , x
d
t′ for each t′ ∈ [|t− L : t|]. The edges E of the graph are defined as follows:104

∀τ ∈ [|1 : L|] variables xit−τ and xjt are connected by a lag-specific directed link xit−τ → xjt in105

G pointing forward in time if and only if xi at time t− τ causes xj at time t. Then the coefficient106

[Gτ ]ij associated with the adjacency matrix Gτ ∈ Md(R) will be non-zero and xi ∈ PajG(< t); the107

lagged parents of node i in G. For instantaneous links (τ = 0), we can not have self loops i.e. i ̸= j.108

If τ = 0, we have an edge xit → xjt and xi ∈ PajG(t); the instantaneous parents of j at the current109

time t, if and only if xi at time t causes xj at time t.110

In many real world scenarios, a non stationary MTS (xt)t∈T may exhibitK distinct, non-overlapping111

regimes, where non-stationarity is not modeled by continuous changes but rather by piecewise-112

constant regimes, as in climate science [27], finance [18], and epileptic recordings [56]. Every regime113

r is a stationary MTS block, has its own temporal causal graph Gr (definition 2.1). At each time114

t = 1, 2, . . . , |T | there is a discrete latent state zt ∈ {1, 2, . . . ,K} that models the regime partition,115

i.e., zt = r means that xt belongs to regime r and we denote Ir = {t|zt = r, ∀t ∈ T } the set of all116

time indices at which regime r appears. We gather these sets into I = (Ir)r∈[|1:K|], yielding a unique117

time partition of the MTS (xt)t∈T composed of K regimes. In addition, the observation xt follows,118

a novel and general SEM that takes into account non stationarity, and handles both non-Gaussian119

case and heteroscedastic setting, that we introduce as follows, ∀r ∈ [|1 : K|],∀t ∈ Ir:120

xit = f i,r
(
PaiGr (< t),PaiGr (t)

)
+ gi,r

(
PaiGr (< t),PaiGr (t)

)
· ϵi,rt , (1)

where f i,r and gi,r are general differentiable functions, with gi,r strictly positive, and ϵi,rt follows an121

arbitrary probability density. We assume E(ϵi,rt ) = 0 and E((ϵi,rt )2) = 1 without loss of generality.122
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We denote the set of these temporal causal graphs as G = (Gr)r∈[|1:K|]. In the case of non stationary123

MTS, regimes appear sequentially with at least a minimum duration ζ, and a subsequent regime v124

(where v = r + 1) begins only after at least ζ time units from the start of regime r. Additionally, if125

regime r reoccurs, its duration in the second appearance is also no less than ζ samples. We refer126

to the phenomenon, where each regime persists for at least ζ consecutive time steps, as the regime127

persistent dynamics assumption and we define it as follows:128

Assumption 2.2. For a MTS with K multiple regimes (xt)t∈T where the SEM is defined in Eq(1).129

Given variable i, we call a regime r ∈ [|1 : K|] ζ-persistent if the parents (PaiGr (< t),PaiGr (t)) and130

functional dependencies (f i,r, gi,r, ϵi,rt ) are stationary for ζ consecutive time steps t.131

Our persistence assumption enables us to capture different regime dynamics, whether arising from132

changes in the causal graph across regimes, commonly observed in climate science [27] and epileptic133

recordings [56], or from shifts in functional dependencies, which correspond to soft interventions134

in causal discovery. Our newly introduced SEM in Eq(1) generalizes several existing approaches135

in three novel aspects: (1) when K = 1, if gi,1(PaiG1(< t),PaiG1(t)) = 1 for all i ∈ [|1 : d|], we136

recover the classical additive noise models in causal discovery. Thus, allowing gi,1 to be a strictly137

positive and differentiable function, not only extends Rhino’s SEM [15] but also yields a new,138

general SEM for stationary multivariate time series with heteroscedastic noise. (2) When K > 1,139

if gi,1(PaiGr (< t),PaiGr (t)) = 1, and ϵi,rt ∼ N (0, σr) for all i ∈ [|1 : d|], we recover the setting140

introduced in [39, 4]. Then, allowing ϵi,rt to follow an arbitrary probability density then yields the141

first SEM for non-stationary MTS composed of multiple regimes with non-Gaussian noise. Finally,142

(3) permitting gi,r to be a strictly positive, differentiable function leads, to the best of our knowledge,143

to the first general SEM for non-stationary MTS with heteroscedastic noise.144

3 FANTOM: Flow based approach for Dynamic Temporal Causal models145

3.1 ELBO formulation146

Many real-world time series e.g., EEG data [22, 40], climate data [27, 16], and financial data [18]147

are non-stationary and exhibit complex noise distributions. Existing causal discovery methods148

cannot jointly recover the number of regimes, their indices, and their structures under either non-149

Gaussian or heteroscedastic noises. With FANTOM, our objective is to close this gap, simultaneously150

learning the number of regimes K, their indices I = (Ir)r∈[|1:K|], and DAGs G = (Gr)r∈[|1:K|]151

in both homoscedastic non-Gaussian and general heteroscedastic settings. Because the exact data152

log-likelihood is intractable, we instead optimize its ELBO. Proposition 3.1, proved in Appendix G,153

formalises this ELBO for Nw > K provisional regimes. Section 3.2 outlines the initialization trick154

that instantiates these Nw regimes, and the E-step progressively merges them until Nw settles at K.155

Proposition 3.1. Let (xt)t∈T a MTS composed of multiple regimes and following the SEM described156

in Eq(1). The data likelihood admits the following evidence lower bound (ELBO):157

log pΘ (xt∈T ) ≥
|T |∑

t=1

Eqϕ(G)
[
Ep(zt|xt,x<t) [log pθzt (xt | x<t,Gzt) + log p (zt)] +H (p(zt|xt,x<t))

]

+

Nw∑

r=1

Eqϕr (Gr) [log p (Gr)] +H (qϕr (Gr)) ≡ ELBO(Θ),

(2)
where ∀t ∈ T : zt ∈ [|1 : Nw|] are the discrete latent variables and Nw is the number of regimes.158

Here, log pθzt (xt | x<t,Gzt) represents the observational log likelihood of xt belonging to regime159

zt ∈ [|1, Nw|], qϕr (Gr) represents the variational distribution that approximates the intractable160

posterior pθr

(
Gr | xt∈Ir

)
, and p(zt|xt,x<t) represents the posterior distribution of the latent161

variables zt. p(Gr) is the graph prior and p (zt) represents our prior belief about the membership of162

samples to the causal models; typically we model it as a time varying function.163

3.2 BEM algorithm and model parametrization164

FANTOM maximises the ELBO (Eq. 2) with a BEM scheme. However, the BEM algorithm needs165

prior knowledge of the number of regimes. To overcome this challenge, we use an Initialization trick.166
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Initialization trick. FANTOM initially divides the MTS into Nw > K equal time windows in the167

initialisation step (the length of the initialized windows is greater than ζ minimum regime duration),168

where each window represents one initial regime estimate. Our initialization scheme builds some169

initial pure regimes (regimes composed of samples from the same ground truth regime) and other170

impure ones (regimes composed of samples from two neighboring ground truth regimes). After our171

initialization scheme, FANTOM alternates between updating the regime indices I = (Ir)r∈[|1:Nw|]172

and the number of regimes Nw, by canceling regime with few samples, during the E-step (subsection173

3.4), and learning the accurate graphs (Gr)r∈[|1:Nw|] while handling the heteroscedastic noises by174

using a bayesian structure learning procedure with conditional normalizing flows (CNFs) during the175

M-step (subsection 3.3). This process repeats until a maximum number of iterations is reached.176

BEM choice motivation. We argue that inferring regimes and learning their associated DAGs177

are interdependent tasks, making the BEM algorithm particularly well-suited for this problem. A178

two-step alternative, detect change points with KCP [1], then run causal discovery on each segment179

breaks down: First, change point detection methods like KCP [1] fail to detect regime shifts driven by180

changes in causal mechanisms, because changes in causal mechanisms involve shifts in conditional181

distributions(See Appendix F.2.5). It also treats recurring regimes as distinct, forcing redundant182

model fits and raising computation costs. Second, heteroscedastic noise further degrades existing183

causal methods (Table 2). FANTOM addresses all three issues by coupling CNFs, which capture184

heteroscedasticity, with Bayesian structure learning that prunes spurious edges.185

erτ,j

Linear

Layer Norm

Linear &
LeakyReLu

Layer Norm

Linear &
LeakyReLu

x̂t

Neural
Network block

er0,iConcat

∑L
τ=0
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j=1G

r
τ ·

Neural
Network block

Concat
Neural

Network block

Inputs

Figure 2: Temporal graph neural network
(TGNN) used by FANTOM.

Time varying weight modeling. We use time-186

varying weights, initially proposed for financial data187

modeling [59, 57], as priors for the discrete latent188

variables zt. To support smooth regime transitions189

consistent with our persistence assumption, we adopt190

a flexible functional form based on the softmax trans-191

formation of learnable parameter ωr ∈ R2 and time192

index t: p (zt = r) = πt(ω
r) =

exp(ωr
1 ·t+ωr

0)∑Nw
j=1 exp(ωj

1·t+ωj
0)
.193

This formulation encourages that, if xt belongs to194

regime r in the current iteration, it is allowed only to195

remain in the same regime r or smoothly transition to196

neighboring regimes (r−1, r+1) in the next iteration.197

See Section 3.4 and Appendix B for details.198

Bayesian structure learning. Following [14, 15,199

55], FANTOM employs Bayesian structure learn-200

ing. We approximate the intractable posterior pθ(G |201

xt∈T ) using the variational distribution qϕ(G) =202 ∏Nw

r=1 qϕr (Gr) δ(θr),where δ denotes the Dirac delta203

function. Following [14, 15, 55], we model qϕr (Gr)204

as a product of independent Bernoulli variables and compute its expectation with a single Monte205

Carlo sample using the Gumbel-Softmax trick [26]. Additional details are in Appendix C.206

Likelihood of SEM. Using the functional form Eq(1), we have yi,rt = gi,r
(
PaiGr (< t),PaiGr (t)

)
·207

ϵi,rt = xit − f i,r
(
PaiGr (< t),PaiGr (t)

)
then we can write the observational likelihood:208

pθr

(
xit | PaiGr (< t),PaiGr (t)

)
= phetero

(
yi,rt | PaiGr (< t),PaiGr (t)

)
(3)

where phetero refers to the density function of the heteroscedastic conditions. To estimate f i,r, we209

build upon the model formulation of [14], which uses neural networks to describe the functional210

relationship f i,rθr : Rd → R. Specifically, we propose flexible functional designs for f i,r, which211

must respect the relations encapsulated in Gr. Namely, if xjt−τ /∈ PaiGr (< t) ∪ PaiGr (t), then212

∂f i,r/∂xjt−τ = 0. We design213

f i,rθr

(
PaiGr (< t),PaiGr (t)

)
= ψr




L∑

τ=0

d∑

j=1

Gr
τ,ji ϑr

(
xjt−τ , e

r
τ,j

)
, er0,i


 , (4)

where ψr and ϑr are neural network blocks illustrated in Figure 2 with all the other colored blocks.214

Instead of using, a neural network block per node, we adopt a weight-sharing mechanism by using215
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a trainable embeddings eτ,i for τ ∈ [|0 : L|] and i ∈ {1, · · · , d}. For the heteroscedastic term, we216

introduce an invertible mapping ℓi,rθr : R → R such that: ℓi,rθr

(
gi,r

(
PaiGr (< t),PaiGr (t)

)
· ϵi,rt

)
=217

ni,rt ,where ni,rt ∼ N (0, 1). The design of ℓi,rθr needs to properly balance the flexibility and tractability218

of the transformed noise density. We choose a conditional normalizing flows, for heteroscedastic219

noise, called conditional spline flow [10], that transforms our heteroscedastic noise distribution to a220

fixed normal noise ni,rt for regime r. The spline parameters are predicted using a hyper-network with221

a similar form to Eq(4) to incorporate heteroscedasticity. Due to the invertibility of ℓi,rθr , the noise222

likelihood conditioned on all parents is:223

phetero

(
gi,r

(
PaiGr (< t),PaiGr (t)

)
· ϵi,rt | PaiGr (< t),PaiGr (t)

)
= pni,r

(
ni,rt

) ∣∣∣∂ℓ
i,r
θr

∂ϵi,rt

∣∣∣, (5)

where pni,r (·) is the standard normal density. In the non-Gaussian, non-heteroscedastic case, FAN-224

TOM learns base distribution based on a composite affine-spline transformation of a standard Gaussian.225

Finally, the system parameters comprise the learnable parameters of the time varying weights ωr,226

of the variational inference ϕr and of the neural networks θr. We use Θ to note all the learnable227

parameters of FANTOM, and we have the set of parameters is: Θ = {(ωr, ϕr, θr)}Nw

r=1 .228

3.3 M step: graph learning229

FANTOM applies BEM to maximize the ELBO described in Proposition 2. It begins by initializing the230

regime partitions βr
t = p(zt = r|xt,x<t) using equally sized windows, selected via a hyperparameter.231

Note that these binary regime indices βr
t are updated during the E-step. Then, in the M-step, FANTOM232

incorporates βr
t in the ELBO Eq(2) to estimate the DAGs for each regime and learn the parameters233

ωr that align πt(ωr) with βr
t and we have:234

argmax
Θ

{
Eqϕ(G)




|T |∑

t=1

Nw∑

r=1

βr
t log pθr (xt | x<t,Gr)


+

Nw∑

r=1

Eqϕr (Gr) [log p (Gr)] +H (qϕr
(Gr))

+

|T |∑

t=1

Nw∑

r=1

βr
t log πt(ω

r)
}
,

(6)
The maximization of the aforementioned equation can be decomposed into two distinct and separate235

maximization problems. The first problem, regime alignment, focuses on aligning πt(ωr) with βr
t .236

While the second one, graph learning, involves estimating DAGs for every regime.237

For the graph prior p (Gr) for all r ∈ [|1 : Nw|] have to combine two components:238

DAG constraint and graph sparseness prior. Inspired by [60, 15, 14], we propose the239

following unnormalised prior p (Gr) ∝ exp
(
−λs ∥Gr

0:K∥2F − ρh2 (Gr
0)− αh (Gr

0)
)
. Us-240

ing Eq(3), we have log pθr (xt | x<t,Gr) =
∑d

i=1 log phetero

(
yi,rt | PaiGr (< t),PaiGr (t)

)
,241

Figure 3: Illustration of πt (ωr) after Fan-
tom’s first iteration with equal windows of
1500 samples for an MTS of 4500 samples
with two ground-truth regimes: I∗

1 = [|0 :
1999|] and I∗

2 = [|2000 : 4500|].

where phetero and yi,rt are defined in Eq(5). The242

parameters θr, ϕr are learned by maximizing the243

graph learning maximization problem Eq(6) teal244

color, where the Gumbel-softmax gradient estimator245

is used [26]. We also leverage augmented Lagrangian246

training similar to [35, 39, 14], to anneal α, ρ.247

3.4 E step: Regime learning248

In the E-step, FANTOM updates the posterior prob-249

ability βr
t = p(zt = r|xt,x<t) (see Eq(7), with250

derivation provided in Appendix B):251

βr
t=

p (zt = r) p (xt | x<t, zt = r,Gr)
∑Nw

j=1 p (zt = j) p (xt | x<t, zt = j,Gj)

∝ πt(ω
r)p (xt | x<t, zt = r,Gr),

(7)

where p(xt | x<t, zt = r,Gr) denotes the observa-252

tional likelihood of xt being generated by the SEM253
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from Eq (1) for regime r. This probability is computed using the CNFs trained during the M-step,254

following the same reasoning as in Eq(3).255

The probability of xt belonging to regime r is influenced by two main factors: the observation’s256

position within its current regime and whether that regime is designated as pure or impure. For257

example, if xt is in a pure regime r but is near the boundary in the current iteration, πt(ωr) and258

πt(ω
r+1) are nearly equal (e.g., πt∈[1100,1500](ω

1) vs. πt∈[1100,1500](ω
2) in Figure 3). Nonetheless,259

since regime r was learned from pure data, p(xt | x<t, zt = r,Gr) stays high, keeping βr
t at its260

maximum value and maintaining xt in regime r for the next iteration. In the other hand, if xt is in261

an impure regime r + 1 near the boundary during the current iteration, πt(ωr) and πt(ωr+1) are262

also close in value (e.g., πt∈[1501,1800](ω
1) vs. πt∈[1501,1800](ω

2) in Figure 3). However, because the263

causal graph for regime r is more reliable (having been derived from pure data), p(xt | x<t, zt =264

r,Gr) > p(xt | x<t, zt = r + 1,Gr+1). As a result, xt moves from regime r + 1 to r in the next265

iteration. For simplicity reasons, we explicit these cases from one border but the same thing happens266

in the other border which accelerates convergence, more details about other cases and Figures that267

illustrate the idea could be found in Appendix B. After updating βr
t , for each sample xt, FANTOM268

assigns a value of 1 to the most probable regime r (with the highest βr
t ), and 0 to others. Additionally,269

FANTOM filters out regimes with insufficient samples (fewer than ζ, the minimum regime duration,270

defined as a hyper-parameter). Discarded regime samples are then reassigned to the nearest regime in271

terms of probability βr
t in the subsequent iteration which is in general a neighboring regime ensured272

by the way we set up the probability βr
t ∝ πt(ω

r)p (xt | x<t, zt = r,Gr).273

4 Identifiability results274

Identifiability is an important statistical property to ensure that the causal discovery problem is275

meaningful. In causal analysis, the whole point is to find out which variable causes others; if the276

model is not identifiable, the analysis is not possible at all. This section proves that causal discovery277

from multi-regime MTS is identifiable in the FANTOM framework namely, when (i) the noise is278

non-Gaussian or heteroscedastic and (ii) the latent variable zt has a time-varying-parent prior. We279

first formalize identifiability for this setting, then state three theorems covering both stationary and280

multi-regime MTS under the two noise assumptions.281

Definition 4.1. The conditional distribution of multi-regime MTS with a time varying prior is:282

p(xt|x<t) =
∑K

r=1 πt(ω
r)pθr (xt|x<t,Gr). We say this model is identifiable up to permutation and283

translation, if:284

- ∀r ∈ [|1 : K|] the causal model (θr,Gr) is identifiable.285

- For any two models with parameters (ωr, θr,Gr)Kr=1 and (ω̃r, θ̃r, G̃r)K̃r=1, such that for any t ∈ T :286

p(xt|x<t) = p̃(xt|x<t), we have K = K̃ and it exists a permutation σ and translation function287

ϱ : R2 → R2 such that θr = θ̃σ(r) and ωr = ϱ(ω̃σ(r))288

Following [15, 39, 7], we use the common assumptions of causal discovery settings (Causal Markov289

property H.2, stationarity H.2, minimality H.2, sufficiency H.2), see Appendix H.1 for precise290

statements. We present our first theoretical results, theorem 4.2, states that for any stationary MTS,291

composed of K = 1 regime and following Eq(1) with ϵit ∼ N (0, 1) the ground truth solution G∗ is292

uniquely identifiable, the detailed proof can be found in Appendix H.293

Theorem 4.2 (Identifiability of Temporal Heteroscedastic Gaussian noise model (THGNM)). Assume294

Causal Markov property, stationarity, minimality, sufficiency and let (xt)t∈T be a MTS following a295

THGNM, ∀t ∈ T :296

xit = f i
(
PaiG(< t),PaiG(t)

)
+ gi

(
PaiG(< t),PaiG(t)

)
· ϵit, (8)

where f i and gi are differentiable functions, with gi strictly positive and ϵit ∼ N (0, 1) are mutually297

independent normal noises. The THGNM is identifiable if 1
gi is not a polynomial of degree two.298

Identifiability of Temporal Restricted Heteroscedastic noise model (TRHNM). We present and299

prove in Appendix H.3 our second identifiability results of a TRHNM (Theorem H.10), where ϵit can300

follow any arbitrary density distribution. We states the results for bivariate time series, in which we301

show, if a backward model exists, a differential equation will always hold. Then inspired from Peters302

et al. [38], Immer et al. [25], and Strobl et al. [50], we define TRHNM and show its identifiability.303

Our last theoretical result states that the mixture of identifiable temporal causal models with either304

non Gaussian or heteroscedastic noises is also identifiable as defined in definition 4.1.305
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Table 1: Average SHD, F1 scores, NHD and Ratio for different models with d = 10 nodes and K = 3
regimes. Split denotes whether regime separation is automatic (✓) or manual (×), and Type classifies
the graph as window (W) or summary (S). Inst. refers to instantaneous links, and Lag to time-lagged
edges.

Homoscedastic non Gaussian noise Heteroscedastic noise
Model Split Type Inst. Lag Regime Inst. Lag Regime

SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD ↓ Ratio ↓ Acc. SHD ↓ F1↑ NHD ↓ Ratio↓ SHD↓ F1↑ NHD ↓ Ratio↓ Acc.
PCMCI+ × W 17.5 74.9 0.02 0.24 14.5 88.3 0.01 0.11 × 46.1 11.1 0.05 0.88 46.0 19.0 0.05 0.80 ×
Rhino × W 2.50 96.8 0.002 0.03 6.00 95.2 0.006 0.04 × 44.5 5.11 0.06 0.94 53.5 64.7 0.07 0.35 ×
DYNOTEARS × W 42.0 54.4 0.06 0.45 21.5 82.1 0.02 0.17 × 89.5 31.5 0.14 0.68 118.0 37.5 0.17 0.61 ×
CASTOR × W 22.0 66.2 0.03 0.33 17.0 84.4 0.01 0.15 × 104.0 23.4 0.19 0.76 133.5 34.8 0.24 0.64 ×
RPCMCI ✓ W - - - - - - - - - - - - - - - - - -
CASTOR ✓ W 47.0 34.8 0.05 0.65 59.5 39.4 0.07 0.60 51.6 - - - - - - - - -
FANTOM ✓ W 0.33 99.5 0.00 0.00 12.5 89.1 0.01 0.10 99.4 5.67 93.3 0.006 0.06 12.3 90.9 0.012 0.08 97.1

SHD↓ F1↑ NHD↓ Ratio ↓ Acc. SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 42.5 31.8 0.42 0.67 × 42 6.15 0.61 0.93 ×
FANTOM ✓ S 4.5 95.6 0.04 0.04 96.6 4.5 96.5 0.04 0.03 96.8

Theorem 4.3 (Identifiability of the mixture of identifiable temporal causal models). Let F be a306

family of K identifiable temporal causal models, F = (pθr (·|·,Gr))
K
r=1 that are linearly independent307

and let MK be the family of all K-finite mixtures of elements from F , i.e.308
{
p(xt|x<t) =

∑K
r=1 πt(ω

r)pθr (xt|x<t,Gr), pθr (·|·,Gr) ∈ F ,∀t ∈ T : πt(ω
r) > 0 and

∑K
r=1 πt(ω

r) = 1
}
.

Then the family MK is identifiable as defined in definition 4.1.309

Identifiability is important in causal discovery as shown in several papers [7, 15, 35, 5]. Our novel310

theoretical results thus offer important guarantees in FANTOM’s setting. Further convergence rates311

or finite-data bounds are however extremely challenging due to the non-convexity of the acyclicity312

constraint in a BEM procedure. Yet, we empirically demonstrate, in the experiments section, that313

FANTOM converges in both non-Gaussian and heteroscedastic cases.314

5 Experiments315

5.1 Synthetic data316

Data generation. We conduct extensive experiments to evaluate FANTOM’s performance on317

synthetic datasets. For ground truth graph generation, we use the Barabási-Albert model (degree 4)318

for instantaneous links and the Erdos–Rényi model (degree 1–2) for time-lagged relationships. For319

data generation process, fri , g
r
i are chosen to be randomly initialized MLPs with one hidden layer320

and activation functions randomly chosen from {Tanh, Exp}. We evaluate the different models on321

multiple complex noise distributions; non stationary MTS with either (1) heteroscedastic noise or (2)322

non Gaussian homoscedastic noise, details in Appendix E.1. We consider L = 1, while additional323

experiments with multiple lags are provided in the Appendix F.1. Regime durations are randomly324

selected from {1000, 1500, 2000, 2500}. We test different numbers of nodes {5, 10, 20, 40} and325

varying regime counts (K ∈ {2, 3}). Each combination of K and d nodes is repeated three times,326

resulting in over 24 distinct datasets.327

Benchmarks. We benchmark our model against several baselines, including causal discovery328

methods for MTS with multiple regimes, such as CASTOR [39], CD-NOD [21] and RPCMCI [45].329

Since CD-NOD returns a summary graph (see Appendix F.1), we compute a comparable summary330

graph from FANTOM’s output for fair evaluation. FANTOM is also compared with models for331

single-regime MTS, including Rhino [15], PCMCI+ [42], DYNOTEARS [35]. Given that these332

models cannot deal with multiple regimes, we put them in a more favorable position than ours333

and provide these models with the true regime partition information. This is done by training the334

aforementioned models on each pure regime separately (regime governed by the same causal model).335

Evaluation Metrics. We assess the performance of our proposed method for learning the DAGs using336

four key metrics: 1) F1 score, representing the harmonic mean of precision and recall. 2) Structural337

Hamming Distance (SHD), which counts discrepancies (e.g., reversed, missing, or redundant edges)338

between two DAGs; 3) Normalized Hamming Distance (NHD) measures how many edges differ339

normalized by the total possible edges. 4) Ratio NHD that compute the ratio between the NHD and340

the baseline NHD of an output with the same number of edges but with all of them incorrect. For341

regime detection task, we use Accuracy (Reg Acc) metric.342

Results and discussion. Table 1 shows results on MTS with multiple regimes under heteroscedastic343

noise (right part of the table) and homoscedastic non-Gaussian noise (left part of the table). In344
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the homoscedastic, non-Gaussian scenario, baselines generally perform better, yet FANTOM345

still surpasses them on regime detection, 99.4% accuracy, and instantaneous links, 99.5% F1. For346

the regime detection task, CASTOR succeeds to detect the regimes but with low accuracy (51.6%)347

compared to FANTOM (99.4%) and this due to the fact that CASTOR assumes equivariance normal348

noise with, however RPCMCI does not converge in this case too. For time-lagged connections,349

Rhino (95.2% F1), that has access to the ground-truth regime labels and this by training it on pure350

regime separately, slightly outperforms FANTOM (89.1% F1) that learns simultaneously the number351

of regimes, their indices and structures. In the heteroscedastic setting, FANTOM consistently352

outperforms both multi-regime baselines (CASTOR, RPCMCI, CD-NOD) and stationary approaches.353

It achieves the top scores on all metrics: for instantaneous links, an F1 of 93.3%, a 60% improvement354

over the second-best, and a ratio of 0.06, 0.64 lower than the next-best DYNOTEARS. For time-355

lagged links, an F1 of 90.9%, 25% higher than Rhino, and a ratio of 0.08. FANTOM also detects the356

correct number of regimes and their indices with over 96% accuracy. By contrast, RPCMCI struggles357

to converge due to its homoscedastic assumption and time-lag-only dependencies, CASTOR relies358

on Gaussian noise and cannot detect regime labels in the absence of ground truth, DYNOTEARS,359

PCMCI+, CD-NOD, and Rhino likewise fail in this heteroscedastic scenario, even when given regime360

labels. Although Rhino models history-dependent noise, it does not handle general heteroscedasticity.361

Appendices F.2.1 and F.2.2 report additional results with standard deviations, confirming that FAN-362

TOM sustains its performance when scaled to graphs of 20 and 40 nodes. Ablation study in the363

Appendix F.1 further shows FANTOM’s robustness towards the choice of initialized window and ζ.364

5.2 Real world data365

Table 2: Performance on Wind Tunnel data evalu-
ated on summary causal graph.

Split SHD↓ F1↑ Ratio↓ Reg Acc.

PCMCI+ × 37 22.9 0.77 ×
DYNOTEARS × 34 0 1 ×

CASTOR × 104 17.2 0.82 ×
CD-NOD × 40 20.0 0.80 ×

Rhino × 47 32.0 0.68 ×
CASTOR ✓ 120 19.5 0.80 49.9
FANTOM ✓ 29 38.5 0,61 99.9

Wind Tunnel. We use the wind tunnel datasets366

from Gamella et al. [13], featuring two con-367

trollable fans pushing air through a chamber,368

barometers measuring air pressure at various lo-369

cations, and a hatch controlling an external open-370

ing. The dataset comprises 16 variables across371

two regimes of 10,000 samples each: the first372

is observational, while the second involves soft373

interventions on five variables (see Appendix374

E.4.1). We compare FANTOM to the aforemen-375

tioned baselines, with results in Table 2. FAN-376

TOM is the only model that detects the regime377

with 99.9% accuracy and outperforms all base-378

lines on the graph learning task, achieving 38.5% on F1 score. Notably, FANTOM surpasses all these379

models even when they are given the ground-truth regime partitions.380

Epilepsy detection. Huizenga et al. [22] show that scalp potential fields are contaminated by381

heteroscedastic noise in EEG measurements. We evaluate FANTOM’s performance in detecting382

epileptic regimes using EEG signals from 10 different patients in the Temple University Hospital EEG383

Seizure Corpus (TUSZ) dataset [40, 52]. We treat this as an unsupervised regime detection problem,384

analyzing roughly 100 seconds of recordings at a 250 Hz sampling rate for each patient, capturing385

both normal and seizure states (see Appendix E.4.2). The recordings consist of 19 electrodes, each386

considered a causal variable. FANTOM detects the correct regime partitions with an average 82.7%387

accuracy across all patients. The seizure regime’s learned graph is denser and more connected than388

that of the normal state, which aligns with the generalized seizures affecting multiple brain regions.389

Full details and illustrations are provided in Appendix E.4.2.390

6 Conclusion391

We introduced FANTOM, a unified framework for multi-regime MTS that jointly infers (i) the392

number of regimes, (ii) their boundaries, and (iii) their corresponding causal DAG, under either393

non-Gaussian or heteroscedastic noises. Under mild assumptions in causal discovery, we prove394

identifiability of the temporal heteroscedastic causal models in the stationary case and show that395

the number of regimes, their indices, and their graphs are identifiable (up to permutation) in the396

non-stationary setting. Extensive experiments on synthetic and real-world data show consistent397

gains over strong baselines. FANTOM offers a principled means to uncover regime-specific causal398

dynamics, enhancing regime detection, and causal discovery with potential applications in various399

domains such as finance, climate science, and neuroscience.400

9



References401

[1] Sylvain Arlot, Alain Celisse, and Zaid Harchaoui. A kernel multiple change-point algorithm402

via model selection. Journal of machine learning research, 2019.403

[2] Charles K Assaad, Emilie Devijver, and Eric Gaussier. Survey and evaluation of causal discovery404

methods for time series. Journal of Artificial Intelligence Research, 2022.405

[3] Karim Assaad, Emilie Devijver, Eric Gaussier, and Ali Ait-Bachir. A mixed noise and constraint-406

based approach to causal inference in time series. In ECML PKDD, 2021.407

[4] Carles Balsells-Rodas, Yixin Wang, and Yingzhen Li. On the identifiability of switching408

dynamical systems. arXiv preprint arXiv:2305.15925, 2023.409

[5] Carles Balsells-Rodas, Yixin Wang, and Yingzhen Li. On the identifiability of switching410

dynamical systems. In Forty-first International Conference on Machine Learning, 2024.411

[6] Albert-László Barabási and Réka Albert. Emergence of scaling in random networks. Science,412

1999.413

[7] Philippe Brouillard, Sébastien Lachapelle, Alexandre Lacoste, Simon Lacoste-Julien, and414

Alexandre Drouin. Differentiable causal discovery from interventional data. In Advances in415

Neural Information Processing Systems, 2020.416

[8] Bart Bussmann, Jannes Nys, and Steven Latré. Neural additive vector autoregression models417

for causal discovery in time series. In Discovery Science, 2021.418

[9] Yuxiao Cheng, Ziqian Wang, Tingxiong Xiao, Qin Zhong, Jinli Suo, and Kunlun He. Causaltime:419

Realistically generated time-series for benchmarking of causal discovery. arXiv preprint420

arXiv:2310.01753, 2023.421

[10] Conor Durkan, Artur Bekasov, Iain Murray, and George Papamakarios. Neural spline flows.422

Advances in neural information processing systems, 32, 2019.423

[11] Doris Entner and Patrik O Hoyer. On causal discovery from time series data using fci. Proba-424

bilistic graphical models, 2010.425

[12] Nir Friedman. The bayesian structural em algorithm. arXiv preprint arXiv:1301.7373, 2013.426

[13] Juan L Gamella, Jonas Peters, and Peter Bühlmann. The causal chambers: Real physical427

systems as a testbed for ai methodology. arXiv preprint arXiv:2404.11341, 2024.428

[14] Tomas Geffner, Javier Antoran, Adam Foster, Wenbo Gong, Chao Ma, Emre Kiciman, Amit429

Sharma, Angus Lamb, Martin Kukla, Nick Pawlowski, et al. Deep end-to-end causal inference.430

arXiv preprint arXiv:2202.02195, 2022.431

[15] Wenbo Gong, Joel Jennings, Cheng Zhang, and Nick Pawlowski. Rhino: Deep causal temporal432

relationship learning with history-dependent noise. Preprint arXiv:2210.14706, 2022.433

[16] Wiebke Günther, Urmi Ninad, Jonas Wahl, and Jakob Runge. Conditional independence testing434

with heteroskedastic data and applications to causal discovery. Advances in Neural Information435

Processing Systems, 35:16191–16202, 2022.436

[17] Wiebke Günther, Oana-Iuliana Popescu, Martin Rabel, Urmi Ninad, Andreas Gerhardus, and437

Jakob Runge. Causal discovery with endogenous context variables. Advances in Neural438

Information Processing Systems, 37:36243–36284, 2024.439

[18] James D Hamilton and Raul Susmel. Autoregressive conditional heteroskedasticity and changes440

in regime. Journal of econometrics, 64(1-2):307–333, 1994.441

[19] Uzma Hasan, Emam Hossain, and Md Osman Gani. A survey on causal discovery methods for442

iid and time series data. arXiv preprint arXiv:2303.15027, 2023.443

[20] Stefan Haufe, Klaus-Robert Müller, Guido Nolte, and Nicole Krämer. Sparse causal discovery444

in multivariate time series. In causality: objectives and assessment, pages 97–106. PMLR,445

2010.446

10



[21] Biwei Huang, Kun Zhang, Jiji Zhang, Joseph Ramsey, Ruben Sanchez-Romero, Clark Glymour,447

and Bernhard Schölkopf. Causal discovery from heterogeneous/nonstationary data. Journal of448

Machine Learning Research, 21(1), 2020.449

[22] Hilde M Huizenga and Peter CM Molenaar. Equivalent source estimation of scalp potential450

fields contaminated by heteroscedastic and correlated noise. Brain topography, 8:13–33, 1995.451

[23] Antti Hyttinen, Frederick Eberhardt, and Matti Järvisalo. Constraint-based causal discovery:452

Conflict resolution with answer set programming. In UAI, pages 340–349, 2014.453

[24] Aapo Hyvärinen, Kun Zhang, Shohei Shimizu, and Patrik O Hoyer. Estimation of a structural454

vector autoregression model using non-gaussianity. Journal of Machine Learning Research,455

11(5), 2010.456

[25] Alexander Immer, Christoph Schultheiss, Julia E Vogt, Bernhard Schölkopf, Peter Bühlmann,457

and Alexander Marx. On the identifiability and estimation of causal location-scale noise models.458

In International Conference on Machine Learning, pages 14316–14332. PMLR, 2023.459

[26] Eric Jang, Shixiang Gu, and Ben Poole. Categorical reparameterization with gumbel-softmax.460

arXiv preprint arXiv:1611.01144, 2016.461

[27] Soufiane Karmouche, Evgenia Galytska, Jakob Runge, Gerald A Meehl, Adam S Phillips, Katja462

Weigel, and Veronika Eyring. Regime-oriented causal model evaluation of atlantic–pacific463

teleconnections in cmip6. Earth System Dynamics, 2023.464

[28] Nan Rosemary Ke, Olexa Bilaniuk, Anirudh Goyal, Stefan Bauer, Hugo Larochelle, Bernhard465

Schölkopf, Michael C Mozer, Chris Pal, and Yoshua Bengio. Learning neural causal models466

from unknown interventions. Preprint arXiv:1910.01075, 2019.467

[29] Ilyes Khemakhem, Ricardo Monti, Robert Leech, and Aapo Hyvarinen. Causal autoregressive468

flows. In International conference on artificial intelligence and statistics, pages 3520–3528.469

PMLR, 2021.470

[30] Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. arXiv preprint471

arXiv:1412.6980, 2014.472

[31] Lars Lorch, Jonas Rothfuss, Bernhard Schölkopf, and Andreas Krause. Dibs: Differentiable473

bayesian structure learning. In Advances in Neural Information Processing Systems, 34:24111–474

24123, 2021.475

[32] Sindy Löwe, David Madras, Richard Zemel, and Max Welling. Amortized causal discovery:476

Learning to infer causal graphs from time-series data. In Conference on Causal Learning and477

Reasoning, 2022.478

[33] Sarah Mameche, Lénaïg Cornanguer, Urmi Ninad, and Jilles Vreeken. Spacetime: Causal479

discovery from non-stationary time series. arXiv preprint arXiv:2501.10235, 2025.480

[34] Mark Newman. Networks. Oxford university press, 2018.481

[35] Roxana Pamfil, Nisara Sriwattanaworachai, Shaan Desai, Philip Pilgerstorfer, Konstantinos482

Georgatzis, Paul Beaumont, and Bryon Aragam. Dynotears: Structure learning from time-series483

data. In International Conference on Artificial Intelligence and Statistics, 2020.484

[36] Jonas Peters, Dominik Janzing, and Bernhard Schölkopf. Causal inference on time series using485

restricted structural equation models. Advances in neural information processing systems, 26,486

2013.487

[37] Jonas Peters, Dominik Janzing, and Bernhard Schölkopf. Elements of causal inference: founda-488

tions and learning algorithms. The MIT Press, 2017.489

[38] Jonas Peters, Joris M Mooij, Dominik Janzing, and Bernhard Schölkopf. Causal discovery with490

continuous additive noise models. The Journal of Machine Learning Research, 15(1):2009–491

2053, 2014.492

11



[39] Abdellah Rahmani and Pascal Frossard. Causal temporal regime structure learning. In The 28th493

International Conference on Artificial Intelligence and Statistics, 2025.494

[40] Abdellah Rahmani, Arun Venkitaraman, and Pascal Frossard. A meta-gnn approach to per-495

sonalized seizure detection and classification. In IEEE International Conference on Acoustics,496

Speech and Signal Processing (ICASSP), 2023.497

[41] Jakob Runge. Causal network reconstruction from time series: From theoretical assumptions to498

practical estimation. Chaos: An Interdisciplinary Journal of Nonlinear Science, 28(7), 2018.499

[42] Jakob Runge. Discovering contemporaneous and lagged causal relations in autocorrelated500

nonlinear time series datasets. In Conference on Uncertainty in Artificial Intelligence, pages501

1388–1397. PMLR, 2020.502

[43] Jakob Runge, Peer Nowack, Marlene Kretschmer, Seth Flaxman, and Dino Sejdinovic. Detecting503

and quantifying causal associations in large nonlinear time series datasets. Science advances,504

2019.505

[44] Karen Sachs, Omar Perez, Dana Pe’er, Douglas A Lauffenburger, and Garry P Nolan.506

Causal protein-signaling networks derived from multiparameter single-cell data. Science,507

308(5721):523–529, 2005.508

[45] Elena Saggioro, Jana de Wiljes, Marlene Kretschmer, and Jakob Runge. Reconstructing regime-509

dependent causal relationships from observational time series. Chaos: An Interdisciplinary510

Journal of Nonlinear Science, 30(11), 2020.511

[46] Christof Seiler and Susan Holmes. Multivariate heteroscedasticity models for functional brain512

connectivity. Frontiers in neuroscience, 11:696, 2017.513

[47] Xinpeng Shen, Sisi Ma, Prashanthi Vemuri, and Gyorgy Simon. Challenges and opportunities514

with causal discovery algorithms: application to alzheimer’s pathophysiology. Scientific reports,515

2020.516

[48] Le Song, Mladen Kolar, and Eric Xing. Time-varying dynamic bayesian networks. In Advances517

in Neural Information Processing Systems, 22, 2009.518

[49] Peter Spirtes, Clark N Glymour, Richard Scheines, and David Heckerman. Causation, prediction,519

and search. MIT press, 2000.520

[50] Eric V Strobl and Thomas A Lasko. Identifying patient-specific root causes with the het-521

eroscedastic noise model. Journal of Computational Science, 72:102099, 2023.522

[51] Xiangyu Sun, Oliver Schulte, Guiliang Liu, and Pascal Poupart. Nts-notears: Learning nonpara-523

metric dbns with prior knowledge. arXiv preprint arXiv:2109.04286, 2021.524

[52] Siyi Tang, Jared A Dunnmon, Khaled Saab, Xuan Zhang, Qianying Huang, Florian Dubost,525

Daniel L Rubin, and Christopher Lee-Messer. Self-supervised graph neural networks for526

improved electroencephalographic seizure analysis. arXiv preprint arXiv:2104.08336, 2021.527

[53] Sofia Triantafillou and Ioannis Tsamardinos. Constraint-based causal discovery from multiple528

interventions over overlapping variable sets. The Journal of Machine Learning Research,529

16(1):2147–2205, 2015.530

[54] Sumanth Varambally, Yi-An Ma, and Rose Yu. Discovering mixtures of structural causal models531

from time series data. arXiv preprint arXiv:2310.06312, 2023.532

[55] Benjie Wang, Joel Jennings, and Wenbo Gong. Neural structure learning with stochastic533

differential equations. arXiv preprint arXiv:2311.03309, 2023.534

[56] Xiaojia Wang, Yanchao Liu, and Chunfeng Yang. Ictal-onset localization through effective535

connectivity analysis based on rnn-gc with intracranial eeg signals in patients with epilepsy.536

Brain Informatics, 11(1):22, 2024.537

[57] Chun S Wong and Wai K Li. On a logistic mixture autoregressive model. Biometrika, 88(3):833–538

846, 2001.539

12



[58] Sidney J Yakowitz and John D Spragins. On the identifiability of finite mixtures. The Annals of540

Mathematical Statistics, 39(1):209–214, 1968.541

[59] Shuguang Zhang, Minjing Tao, Xu-Feng Niu, and Fred Huffer. Time-varying gaussian-cauchy542

mixture models for financial risk management. arXiv preprint arXiv:2002.06102, 2020.543

[60] Xun Zheng, Bryon Aragam, Pradeep K Ravikumar, and Eric P Xing. Dags with no tears:544

Continuous optimization for structure learning. Advances in neural information processing545

systems, 31, 2018.546

[61] Shengyu Zhu, Ignavier Ng, and Zhitang Chen. Causal discovery with reinforcement learning.547

Preprint arXiv:1906.04477, 2019.548

13



Table of content549

550

A Detailed related works 15551

B Expectation step: Derivation, intuition and illustration 16552

C Maximization step: Details about variational inference 17553

D Limitations 18554

E Data generation and Baselines 18555

E.1 Synthetic data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18556

E.2 Baselines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18557

E.3 Optimization parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19558

E.4 Real world data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19559

E.4.1 Causal Chambers data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19560

E.4.2 Epilepsy data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20561

F Additional Experiments 22562

F.1 Ablation studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22563

F.2 Additional results on synthetic data . . . . . . . . . . . . . . . . . . . . . . . . . . 23564

F.2.1 Heteroscedastic noise with different number of nodes and regimes . . . . . 23565

F.2.2 Non Gaussian noise with different number of nodes and regimes . . . . . . 25566

F.2.3 Illustrations of learned graphs . . . . . . . . . . . . . . . . . . . . . . . . 28567

F.2.4 Time complexity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 31568

F.2.5 Regime detection experiments . . . . . . . . . . . . . . . . . . . . . . . . 32569

G Proof of proposition 33570

H Proofs of our theoretical contributions 34571

H.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34572

H.2 Proof of theorem 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35573

H.3 Identifiability results in the case of Temporal General Heteroscedastic Noise Models 36574

H.4 Proof of theorem 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38575

576

14



xt

zt

x<t

Θ

t = L, · · · , |T |

1

Figure 4: Graphical model of FANTOM. Observed variables (xt) are in gray, while latent variables
(zt) and parameters (Θ) are in white. Blue edges represent parameter-variable interactions.

A Detailed related works577

Causal structure learning from IID data. Causal structure learning has become an active area of578

research. hasan et al. [19] recently presented a comprehensive review of causal discovery methods for579

IID data and time series. For IID data, several approaches rely on conditional independence to infer580

causal relationships from observational data, such as the classical PC algorithm [49]. Additionally,581

some methods extend beyond observational data, incorporating interventional data to enhance causal582

inference, including COmbINE [53] and HEJ [23]. These approaches utilize data collected from583

controlled interventions to uncover causal relationships. A novel research direction introduced in584

[60] addresses the combinatorial challenges of structure learning by formulating it as a continuous585

constrained optimization problem, thus avoiding computationally costly combinatorial searches.586

Similarly, Zhu et al. [61] utilize the acyclicity constraint but employ reinforcement learning techniques587

for estimating directed acyclic graphs (DAGs). In contrast, Ke et al. [28] propose an approach that588

learns DAGs from interventional data by optimizing an unconstrained objective function. [7] provide589

a comprehensive analysis of continuous-constrained methods, offering a generalized framework590

applicable to interventional data scenarios. Another significant method, DiBS [31], estimates the full591

posterior distribution over Bayesian networks from limited observations, enabling quantification of592

uncertainty and assessment of confidence in causal discovery.593

Causal structure learning from stationary MTS. The previously mentioned state-of-the-art methods594

primarily target independent observations rather than temporal dependencies. Assaad et al. [2]595

provide a comprehensive review of approaches specifically designed for causal discovery from596

MTS. To model causal relationships involving time dependencies, researchers frequently employ597

Dynamic Bayesian Networks (DBNs), which effectively capture discrete-time temporal dynamics598

within directed graphical frameworks. Some methods neglect contemporaneous (instantaneous)599

dependencies and focus exclusively on recovering time-lagged causal links [20, 48], and tsFCI600

[11], the latter adapting the Fast Causal Inference algorithm [49] for time series data. Runge601

et al. [43] introduced PCMCI, a scalable two-stage algorithm for time series, initially focusing602

only on time-lagged relationships. They subsequently extended it to PCMCI+ [42], enabling the603

identification of contemporaneous causal connections. Additionally, models addressing non-Gaussian604

instantaneous effects have been developed, such as VARLINGAM [24], which integrates non-605

Gaussian instantaneous models with autoregressive components. Another significant method is Time-606

series Models with Independent Noise (TiMINo) [36], which studies nonlinear and instantaneous607

effects using constrained SEMs. Pamfil et al. [35] recently proposed DYNOTEARS, leveraging608

an algebraic characterization of graph acyclicity from [60] to estimate both instantaneous and time-609

lagged relationships from time series data. DYNOTEARS utilizes a score-based DBN learning610

approach optimized via an augmented Lagrangian framework, enabling causal graph inference611

without assumptions on the underlying topology. In contrast, methods like NBCB [3], a noise-612

based/constraint-based approach, aim to learn a summary causal graph directly from observational613

time series data, going beyond Markov equivalence constraints even in the presence of instantaneous614

relationships. Rhino [15] introduced the first model that tackle stationary MTS with historical615

noise,where they assume that the noise variance changes over time as a function of solely time lagged616
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Figure 5: Illustration of πt (ωr) after Fan-
tom’s first iteration with equal windows of
1500 samples for an MTS of 4500 samples
with two ground-truth regimes: I∗

1 = [|0 :
1999|] and I∗

2 = [|2000 : 4500|].

I∗
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Figure 6: Example of initialization with
Nw = 3 windows, I1 and I3 are pure
regimes while I2 is impure (composed of sam-
ples from two ground-truth regimes I∗

1 and
I∗
2 ,K = 2 ).

parents. All the aforementioned methods does not handle heteroscedastic setting and also fail short in617

the case of MTS with multiple regimes.618

Causal structure learning from MTS with multiple regimes. Some research have aimed to address619

this challenge by developing methods for causal discovery in heterogeneous data. An example of such620

a method is CD-NOD [21], tackles time series with various regimes. By using the time stamp IDs as621

a surrogate variable, CD-NOD output one summary causal graph where the parents of each variable622

are identified as the union of all its parents in graphs from different regimes. Then it detects the623

change points by using a non stationary driving force that estimates the variability of the conditional624

distribution p(xi|union parents of xi) over the time index surrogate. While CD-NOD provides a625

summary graph capturing behavioral changes across regimes, it falls short in inferring individual626

causal graphs, also CD-NOD cannot handle either non Gaussian or heteroscedastic noise. The overall627

summary graph does not effectively highlight changes between regimes. Additionally, CD-NOD628

detects the change points but fails to determine the regime indices, rendering it incapable of inferring629

the precise number of regimes. In scenarios involving recurring regimes, CD-NOD is unable to detect630

this crucial information. Another relevant work dealing with MTS composed of multiple regimes631

is RPCMCI [45]. In this paper, the model [45] learns a temporal graph for each regime. However,632

they focus initially on inferring only time-lagged relationships and require prior knowledge of the633

number of regimes and transitions between them. [5] addresses first-order regime-dependent causal634

discovery from MTS with multiple regimes. They proved that first-order Markov switching models635

with non-linear Gaussian transitions are identifiable up to permutations. Their work offers also a636

practical algorithms for regime-dependent causal discovery in time series data. However, its primary637

limitation is the assumption of solely time-lagged relationships, with the theory being restricted638

to a single time lag. CASTOR [39] learns regime indices and their corresponding causal graphs,639

including instantaneous and time-lagged relationships, under the assumption of normally distributed640

noise with equivariance. However, like other causal discovery methods for non-stationary MTS, it641

does not address non-Gaussian or heteroscedastic noise. [54] tackle a different setting in which they642

aim to discover a mixtures of Structural Causal Models from a datasets of MTS. They assume that643

they have different stationary MTS in the same dataset, one regime per MTS, and each one could644

be explained by one causal model in the mixture. In their case, they assume that every MTS in the645

dataset is stationary but the whole dataset is a mixture. In our case, we assume that we have only one646

non stationary MTS and it is composed of different regimes where we do not know when the regime647

starts and ends, and our goal is to identify the regimes and the corresponding causal graphs.648

B Expectation step: Derivation, intuition and illustration649

βr
t = p

(
zr = 1 | xt,x<t,G

r
{0:L}

)

=
p (zt = r) p (xt | x<t, zt = r,Gr)

∑Nw

j=1 p (zt = j) p (xt | x<t, zt = j,Gj)

∝ πt(ω
r)p (xt | x<t, zt = r,Gr),
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where p(xt | x<t, zt = r,Gr) denotes the likelihood of xt being generated by the SEM from650

Equation (1) for regime r. This probability is computed using the normalizing flows trained during651

the M-step, following the same reasoning as in Eq(3).652

The probability of xt belonging to regime r is influenced by two main factors: the observation’s653

position within its current regime and whether that regime is designated as pure or impure. In order654

to clarify the intuition behind pure and impure regimes, Figure 6 shows an example of such case. It655

presents an initialization of three equal windows while the MTS is composed of two ground truth656

regimes presented by green color I∗
1 and red one I∗

2 . In such case, the regimes I1 and I3 are pure,657

because they are composed of samples coming from the same ground truth regime (I∗
1 for the regime658

I1 and I∗
2 for the regime I3), while I2 is an impure regime and has samples from the two ground659

truth regimes.660

We highlight all the different cases for a sample xt either near to the border or not of regime r and661

also either the causal graph learned for r is on pure or impure data:662

Case 1: If xt is in a pure regime r and is far from the boundary in the current iteration, πt(ωr) takes663

a high value (for example, πt∈[0,1000](ω
1) in Figure 3). Because regime r was trained on pure data,664

its causal graph is more accurate, leading to a high likelihood p(xt | x<t, zt = r, Gr). Consequently,665

βr
t ∝ πt(ω

r) p(xt | x<t, zt = r, Gr) remains dominant, causing xt to stay in regime r at the next666

iteration.667

Case 2: If xt is in a pure regime r but is near the boundary in the current iteration, πt(ωr) and668

πt(αu+1) are nearly equal (e.g., πt∈[1100,1500](ω
1) vs. πt∈[1100,1500](ω

2) in Figure 3)). Nonetheless,669

since regime r was learned from pure data, p(xt | x<t, zt = r,Gr) stays high, keeping βr
t at its670

maximum value and maintaining xt in regime r for the next iteration.671

Case 3: If xt is in an impure regime r + 1 near the boundary during the current iteration, πt(ωr)672

and πt(ωr+1) are also close in value (e.g., πt∈[1501,1800](ω
1) vs. πt∈[1501,1800](ω

2) in Figure 3).673

However, because the causal graph for regime r is more reliable (having been derived from pure674

data), p(xt | x<t, zt = r,Gr) > p(xt | x<t, zt = r + 1,Gr+1). As a result, xt moves from regime675

r + 1 to r in the next iteration.676

Case 4: xt belongs to impure regime r + 1 and is far from the border (e.g., t ∈ [1801, 2500] in677

Figure 3). In this case, it’s uncertain whether xt will switch regimes in the next iteration. However,678

as the pure regime r expands with each iteration, xt will eventually be near the border of regime679

r + 1, bringing us back to Case 3.680

C Maximization step: Details about variational inference681

We provide the detailed formulations for qϕr (Gr). In order to model the temporal adjacency matrices682

Gr
k where τ ∈ [|1 : K|], we use two learnable matrices U τ ,Qτ ∈ Rd×d such that:683

pk,ij =
exp (uk,ij)

exp (uk,ij) + exp (qk,ij)
(9)

For instantaneous graphs Gr
0, we used the same trick as in [15, 54], in which we employ three lower684

triangular learnable matrices U0,Q0,E0 ∈ Rd×d to characterise three scenarios: (1) i → j; (2)685

j → i; (3) no edge between them. For node i > j:686

p(i→ j) =
exp (uij)

exp (uij) + exp (qij) + exp (eij)

p(j → i) =
exp (qij)

exp (uij) + exp (qij) + exp (eij)

p( no edge ) =
exp (eij)

exp (uij) + exp (qij) + exp (eij)
.

(10)

With this formulation, the instantaneous adjacency matrix is free of self-loops, eliminating any687

length-1 cycles.688
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D Limitations689

FANTOM’s performance deteriorates when a regime contains only a handful of samples or is recorded690

at an extremely low sampling rate. This shortcoming is not surprising, estimating a separate causal691

graph for each regime is intrinsically difficult in the presence of multiple regimes and heteroscedastic692

noise. Yet this very ability to pinpoint which edges vanish or emerge from one regime to the next is693

what makes FANTOM valuable in domains such as healthcare and climate science, where regime694

shifts carry substantive meaning. Importantly, in realistic settings where each regime offers sufficient695

data, for example, epileptic seizures that last several minutes at 250 Hz, FANTOM delivers strong696

results and provides insights unattainable with existing methods.697

E Data generation and Baselines698

E.1 Synthetic data699

We employ the Erdos–Rényi (ER) [34] model with mean degrees of 1 or 2 to generate lagged700

graphs, and the Barabasi–Albert (BA) [6] model with mean degrees 4 for instantaneous graphs. The701

maximum number of lags, L, is set at 1. We experiment with varying numbers of nodes {10, 20, 40}702

and different numbers of regimes {2, 3}, each representing diverse causal graphs or mixing functions.703

The length of each regime is randomly sampled from the set {1000, 1500, 2000, 2500, 3000}.704

• Heteroscedastic case. In heteroscedastic settings, noise variance shifts across both variables705

and observations, making the underlying DAG much harder to recover from data. Given a706

random set if directed acyclic graphs G = (Gr)r∈[|1:K|], we generate observations from the707

SEMs in Eq 1 as follows:708

∀r ∈ {1, ...,K},∀t ∈ Ir : xit = f i,r
(
PaiGr (< t),PaiGr (t)

)
+ exp(gi,r

(
PaiGr (< t),PaiGr (t)

)
) · ϵi,rt ,

where f i,r, gi,r are chosen to be randomly initialized MLPs with one hidden layer of size709

number of nodes and tanh activation functions. ϵi,rt follows either a normal distribution710

N (0, 1) or a more complex one obtained by transforming samples from a standard Gaussian711

with an MLP with random weights and sin activation function.712

• Homoscedastic non-Gaussian case. The formulation used to generated the data is:

∀r ∈ {1, ...,K},∀t ∈ Ir : xit = f i,r
(
PaiGr (< t),PaiGr (t)

)
+ ϵi,rt ,

where f i,r is a general differentiable non-linear function. The function f i,r is a random713

combination between a linear transformation and a randomly chosen function from the set:714

{Tanh, Exp}. ϵi,rt follows either a Triangular distribution or a more complex one obtained715

by transforming samples from a standard Gaussian with an MLP with random weights and716

sin activation function.717

E.2 Baselines718

DYNOTEARS [35]. DYNOTEARS formulates causal discovery for multivariate time series through719

a linear vector autoregressive (VAR) model that simultaneously captures lagged and instantaneous720

causal effects. Its key innovation is the DAGness penalty a smooth, continuously differentiable721

relaxation of the acyclicity constraint optimized via an augmented Lagrangian scheme alongside a722

mean squared error loss. DYNOTEARS emerges as the special case of FANTOM obtained by setting723

K = 1, using linear component functions f i,1, fixing the noise scaling to gi,1 = 1 and ϵi,1t ∼ N (0, 1)724

in Eq(1). For comparing with this model, we use publicly available package causalnex1.725

PCMCI+ [42]. a scalable two-stage algorithm for time series, enabling the identification of contem-726

poraneous causal connection. As DYNOTEARS, PCMCI+ is a special case of FANTOM, obtained727

by setting K = 1, using linear or non linear component functions f i,1, fixing the noise scaling to728

gi,1 = 1 and allowing ϵi,1t to follow any distribution. For the comparison, we use publicly available729

package Tigramite2.730

1https://causalnex.readthedocs.io/en/latest/
2https://jakobrunge.github.io/tigramite/
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Rhino [15]. Gong et al. propose the first structural equation models with historically dependent731

noise, where noise variance depends solely on time-lagged variables, the Rhino’s SEM is as follow:732

xit = f i
(
PaiG(< t),PaiG(t)

)
+ gi

(
PaiG(< t), ϵit

)
, (11)

where ϵit ∼ N (0, 1). Rhino neglects heteroscedasticity, and assumes a single stationary regime733

governed by a one causal graph. By our SEM proposed in Eq(1), we can recover the Rhino’s SEM by734

setting K = 1 and making gi,1 a function of only time lagged parents. In Rhino, they took a non735

linear transformation of normal noise which is equivalent in our case to allowing ϵi,1t to follow any736

distribution. To compare with Rhino, we used the open package causica3.737

RPCMCI [45]. RPCMCI learns regime indices and time lagged causal relationships from multi-738

regime MTS. FANTOM’s SEM in Eq(1) generalize it. We can recover RPCMCI settings by making739

f i,r depends only on time lagged relations and gi,r = 1. For the comparison, we use publicly740

available package Tigramite4.741

CASTOR [39]. CASTOR learns number of regimes their indices and also their corresponding742

DAGs including instantaneous and time lagged causal relationships from multi-regime MTS. But they743

assume that they only have gaussian noise with equivariance. FANTOM’s SEM in Eq(1) generalize it.744

We can recover CASTOR settings by making gi,r = 1 and ϵi,rt ∼ N (0, 1). For the comparison, we745

use publicly available code CASTOR5.746

E.3 Optimization parameters747

Heteroscedastic settings. Unless noted (i.e., in the synthetic-data study), we set the model lag to the748

true value of 1 and allow FANTOM to capture instantaneous effects. The variational posterior qϕr (Gr)749

is initialized to prefer sparse graphs (edge probability < 0.5). Heteroscedastic noise is modeled with750

conditional normalizing flows (CNFs). Every neural block is a two-layer MLP with 32 hidden units,751

residual connections, and layer normalization.752

Gradients for discrete edges are estimated via the Gumbel–Softmax trick, using a hard forward753

pass and a soft backward pass with temperature 0.25. All spline flows employ 128 bins, and each754

transformation uses an embedding dimension equal to the number of nodes.755

The sparsity penalty is fixed at λs = 50. For graphs with 10 or 20 nodes we use ρ = 1 and α = 0,756

whereas for 40 nodes we set ρ = 0.001. Models are optimized with Adam [30] at a learning rate757

of 0.005. We establish ζ = 900 as the minimum regime duration, and we use 1000 as initial window758

size.759

Homoscedastic non-Gaussian settings. Unless noted (i.e., in the synthetic-data study), we set760

the model lag to the true value of 1 and allow FANTOM to capture instantaneous effects. We use761

the same parameters as the heteroscedastic settings. The main difference is the use of a composite762

of affine-spline transformation. All spline flows employ 16 bins, and each transformation uses an763

embedding dimension equal to the number of nodes.764

The sparsity penalty is fixed at λs = 5. For graphs with 10 or 20 nodes we use ρ = 1 and α = 0,765

whereas for 40 nodes we set ρ = 0.001. Models are optimized with Adam [30] at a learning rate766

of 0.005.767

E.4 Real world data768

E.4.1 Causal Chambers data769

We use the wind tunnel datasets from Gamella et al. [13], featuring two controllable fans pushing air770

through a chamber, barometers measuring air pressure at various locations, and a hatch controlling an771

external opening. The tunnel is a chamber with two controllable fans that push air through it and772

barometers that measure air pressure at different locations. A hatch precisely controls the area of an773

additional opening to the outside (see Figure 7). The dataset comprises 16 variables: controllable774

load of the two fans Lin, Lout, their measurable speed (ω̃in , ω̄out ), the current draw by the fans775

3https://github.com/microsoft/causica/blob/main/README.md
4https://jakobrunge.github.io/tigramite/
5https://github.com/arahmani1/CASTOR

19

https://github.com/microsoft/causica/blob/main/README.md
https://jakobrunge.github.io/tigramite/
https://github.com/arahmani1/CASTOR


Figure 7: Figure taken from Gamella et al. [13]. Diagrams of the wind tunel causal chamber and
its main components, including the amplification circuit that drives the speaker of the wind tunnel.
The variables measured by the chamber are displayed in black math print. Sensor measurements are
denoted by a tilde. Manipulable variables, that is, actuators and sensor parameters, are shown in bold
symbols.

(
C̃in , C̃out

)
( C̃in , C̃out ), the resulting air pressure inside the chamber ( P̃dw , P̃up ) or at its intake (776

P̃int ), and the hatch H . In the circuit that drives the speaker, we can manipulate the potentiometers777

( A1, A2 ) that control the amplification, monitoring the resulting signal at different points of the778

circuit
(
S̃1, S̃2

)
and through the microphone output (M̃). ˜̃Pamb is the ambient pressure measure by779

the outer barometer.780

We evaluate all the models on two regimes of 10,000 samples each: the first is observational, while781

the second involves soft interventions on five variables:782

• Tout , the resolution of the tachometer timer that measures the elapsed time between suc-783

cessive revolutions of the fan. Choosing microseconds yields a higher resolution in the784

fan-speed measurement. Hence intervention on Tout yields to a change on ω̄out .785

• Oup the oversampling rates when taking measurements of the current ( C̃in , C̃out ), amplifier786

( S̃1, S̃2 ) and microphone signals (M), and of air pressure at the different barometers787 (
P̃up, P̃dw, P̃amb, P̃int

)
.788

• Rin , Rout , R2 the reference voltages, in volts, of the sensors used to measure the current (789

C̃in , C̃out ), and amplifier ( S̃2 ), respectively.790

For the training procedure, we start by a window of 6000 samples, which gives us three different791

initial regimes then FANTOM converges smoothly to the exact number of regimes K = 2. We set our792

lag to 8 time lagged and we allow the presence of instantaneous parents. Regarding the parameters,793

we use a sparsity coefficient equal to 50, spline of 8 bins and MLPs of size 32.794

We compare FANTOM to the baselines mentioned in the main text, with results in Table 2. FANTOM795

is the only model that detects the regime with 99.9% accuracy and outperforms all baselines on796

the graph learning task, achieving 38.5% on F1 score. Notably, FANTOM surpasses all the models797

tailored for stationary MTS, even when they are given the ground-truth regime partitions.798

E.4.2 Epilepsy data799

Huizenga et al. [22] show that scalp potential fields are contaminated by heteroscedastic noise in800

EEG measurements. We evaluate FANTOM’s performance in detecting epileptic regimes using EEG801

signals from 10 different patients in the Temple University Hospital EEG Seizure Corpus (TUSZ)802

dataset [52]. The dataset encompasses multiple seizure types; in this study, we focus on generalized803

seizures, which engage the entire brain. Each patient’s record contains scalp EEG signals from 19804

channels (Figure 8), each considered a causal variable.805
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Figure 8: EEG signals for patient of id 7170, session 1 in the TUSZ data.

State-of-the-art methods [52] use graph neural networks (GNNs) for seizure detection, typically806

building a fixed distance graph and feeding Fast Fourier Transform (FFT) coefficients from 10–12807

seconds EEG windows as node features. These approaches (i) train a single model for all patients,808

offering no personalization; (ii) cannot operate in zero-shot or unsupervised settings; and (iii) reuse809

an identical graph for both seizure and normal periods. FANTOM addresses these limitations: it810

detects seizures in a personalized manner without any training data and learns distinct temporal causal811

graphs for normal and seizure states.812

Preprocessing. We apply FANTOM to 10 different patients from TUSZ dataset, we treat this as an813

unsupervised regime detection problem, analyzing roughly 100 seconds of recordings at a 250 Hz814

sampling rate for each patient, capturing both normal and seizure states. Before running FANTOM,815

we filter out the EEG signals by a band pass filter of order 6, the lower frequency is 0.5Hz while the816

highest frequency is 50Hz.817

Table 3: Seizure detection accuracy using FANTOM for 10 different patients
Patient id Regime Acc

0002 84.8
0021 80.8
0302 76.6
0492 86.6
6440 86.1
6520 80.2
7128 94.1
7170 81.1
7936 82.0
8303 75.1

Avg 82.7±5.2

We segment each EEG recording into fixed 12 s windows (3000 samples). FANTOM is initialized818

with eight initial regimes and reliably converges to the two ground-truth states; quantitative results819

appear in Table 3. We employ a temporal lag of eight samples and allow instantaneous parental820

links. Averaged over all patients, FANTOM achieves 82.7% regime-assignment accuracy. The graph821

learned for the seizure state is substantially denser and more interconnected than that of the normal822

state (Figure 9), consistent with the widespread neural involvement of generalized seizures.823
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Figure 9: Figure illustrates the summary causal graph per regime learned by FANTOM for different
patients

F Additional Experiments824

F.1 Ablation studies825

Table 4: FANTOM ablation study when we use two different minimum regime duration ζ and two
different window size, in the case of heteroscedastic noise and 2 regimes.

K = 2 and d = 10

Inst. Lag Regime
ζ window SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc iter time

1200 1500 0 100 0 0 3 96.9 0.007 0.03 98.2 4 17’ 11s
900 1000 1 97.8 0.002 0.02 1 98.9 0.002 0.01 98.6 5 27’ 40s

Table 5: FANTOM ablation study when we use two different minimum regime duration ζ and two
different window size, in the case of heteroscedastic noise and 3 regimes.

K = 3 and d = 10

Inst. Lag Regime
ζ window SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc iter time

1200 1500 5 94.2 0.005 0.05 8 94.4 0.009 0.05 96.4 4 20’ 40s
900 1000 8 90.6 0.008 0.09 15 90.1 0.01 0.09 93.0 5 39’ 7s

We conduct extensive experiments to evaluate FANTOM’s performance on synthetic datasets. We use826

the same generation process and conditions as explained in Appendix E.1. FATNOM demonstrates827

robustness in handling heteroscedastic noise and non stationarity, Table 4 and 5, regardless of the828

choice of minimum regime duration or window size. The primary impact of these parameters is on829

the number of iterations and the overall running time.830
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F.2 Additional results on synthetic data831

F.2.1 Heteroscedastic noise with different number of nodes and regimes832

Table 6: Average SHD, F1 scores, NHD and Ratio for different models with d = 10 nodes and K = 2
regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers to
instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 2 and d = 10

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 34.3±3.7 14.2±2.5 0.09±0.0 0.85±0.1 26.0±4.3 25.6±4.8 0.07±0.0 0.74±0.0 ×
Rhino × 28.0±5.6 8.56±4.9 0.09±0.0 0.92±0.0 38.5±6.3 58.4±11.7 0.13±0.0 0.43±0.0 ×

DYNOTEARS × 58.5±4.9 31.2±2.8 0.22±0.0 0.68±0.0 79.5±3.5 33.9±4.4 0.27±0.0 0.66±0.0 ×
CASTOR × 90.0±0.0 28.1±2.9 0.38±0.0 0.74±0.0 90.5±3.2 35.6±3.4 0.42±0.0 0.64±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 4.67±1.5 91.7±3.2 0.005±0.0 0.04±0.0 11.6±1.1 88.2±2.1 0.02±0.0 0.08±0.0 96.6±1.1

Table 7: Average SHD, F1 scores, NHD and Ratio for different models with d = 10 nodes and K = 3
regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers to
instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 3 and d = 10

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 46.1±4.7 11.1±2.1 0.05±0.0 0.88±0.0 46.0±0.8 19.0±3.3 0.05±0.0 0.80±0.0 ×
Rhino × 44.5±6.5 5.11±1.9 0.06±0.0 0.94±0.0 53.5±1.5 64.7±4.6 0.07±0.0 0.35±0.0 ×

DYNOTEARS × 89.5±3.5 31.5±0.4 0.14±0.0 0.68±0.0 118.0±4.0 37.5±1.2 0.17±0.0 0.61±0.0 ×
CASTOR × 104.±3.7 23.4±0.9 0.19±0.0 0.76±0.0 133.5±2.8 34.8±1.2 0.24±0.0 0.64±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 5.67±3.3 93.3±4.2 0.006±0.0 0.06±0.0 12.3±6.3 90.9±1.0 0.012±0.0 0.08±0.0 97.1±0.0

Under heteroscedastic conditions, d = 10 node graphs with either two or three regimes, FANTOM833

outperforms every baseline. Among methods explicitly designed for multi-regime MTS, it is the834

only one that converges to the true regime partitions, attaining 97.1% (Table 7) in regime detection835

accuracy. CASTOR and RPCMCI break down in heteroscedastic settings.836

To give stationary MTS baselines the best possible chance, we supply them with the ground truth837

regime partitions. This is done by training the aforementioned models on each pure regime separately838

(regime governed by the same causal model). Yet, FANTOM still dominates the structure learning839

task, while learning the number of regime and their indices as well, achieving an F1 of 93.3 % and840

an NHD of 0.006 (Table 7). Because NHD penalizes every missing, extra, or mis-oriented edge, a841

value of 0.006 implies that FANTOM not only recovers the graph skeleton but orients edges with842

high precision.843

Table 8: Average SHD, F1 scores, NHD and Ratio for different models with d = 20 nodes and K = 2
regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers to
instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 2 and d = 20

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 84.0±17. 39.7±2.6 0.03±0.0 0.6±0.0 42.5±12. 76.9±1.0 0.14±0.0 0.22±0.0 ×
Rhino × 70.0±6.0 1.26±1.2 0.04±0.0 0.98±0.0 188.0±30. 26.3±9.8 0.14±0.0 0.73±0.0 ×

DYNOTEARS × 221.5±9.5 26.9±1.2 0.22±0.0 0.72±0.0 45.0±7.0 61.5±3.9 0.02±0.0 0.38±0.0 ×
CASTOR × 377.5±1.5 14.9±0.1 0.41±0.0 0.84±0.0 379.5±1.5 19.1±1.0 0.41±0.0 0.80±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 9.00±3.0 89.1±5.7 0.006±0.0 0.10±0.0 26.0±5.0 85.4±1.3 0.01±0.0 0.14±0.0 97.8±0.2
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Table 9: Average SHD, F1 scores, NHD and Ratio for different models with d = 20 nodes and K = 3
regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers to
instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 3 and d = 20

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 83.5±15. 39.9±1.6 0.03±0.0 0.59±0.0 38.0±2.0 77.8±0.9 0.01±0.0 0.22±0.0 ×
Rhino × 108.5±11. 1.6±1.2 0.02±0.0 0.98±0.0 292.0±62. 25.8±8.9 0.09±0.0 0.74±0.0 ×

DYNOTEARS × 325.±14. 27.6±1.0 0.14±0.0 0.72±0.0 55.5±0.5 69.8±7.6 0.01±0.0 0.29±0.0 ×
CASTOR × 412.3±2.5 13.8±0.0 0.20±0.0 0.86±0.0 570.±2.0 17.5±0.4 0.28±0.0 0.81±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 13.5±6.5 88.2±6.2 0.05±0.0 0.11±0.0 46.5±9.5 84.6±2.5 0.01±0.0 0.14±0.0 97.8±1.4

Under heteroscedastic conditions, d = 20 node graphs with either two or three regimes, FANTOM844

outperforms all the baselines. Among methods explicitly designed for multi-regime MTS, it is the845

only one that converges to the true regime partitions, attaining 97.8% in regime detection accuracy846

(Table 8). CASTOR and RPCMCI break down in heteroscedastic settings, also in the case of 20847

nodes.848

To give stationary MTS baselines the best possible chance, we supply them with the ground truth849

regime partitions. This is done by training the aforementioned models on each pure regime separately850

(regime governed by the same causal model). Yet, FANTOM still dominates the structure learning851

task, while learning the number of regime and their indices as well, achieving an F1 of 89.1 % and an852

NHD of 0.006 for instantaneous links and an F1 of 85.4% and and an NHD 0.01% for time lagged853

(Table 8).854

Table 10: Average SHD, F1 scores, NHD and Ratio for different models with d = 40 nodes and
K = 2 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 2 and d = 40

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 146.5±5.0 25.8±0.1 0.02±0.0 0.74±0.0 109.0±15. 58.0±4.5 0.01±0.0 0.42±0.0 ×
Rhino × 137.0±7.1 0.0±0.0 0.02±0.0 1.00±0.0 700.0±87. 28.2±5.7 0.12±0.0 0.71±0.0 ×

DYNOTEARS × 137.5±9.2 17.1±1.4 0.020±0.0 0.82±0.0 129.0±15. 36.6±4.9 0.01±0.0 0.63±0.0 ×
CASTOR × 151.0±11. 0.0±0.0 0.03±0.0 1.00±0.0 333.0±9.3 19.6±5.6 0.050±0.0 0.80±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 27.00±6.0 85.6±3.7 0.005±0.0 0.14±0.0 26.5±0.5 91.9±1.0 0.004±0.0 0.08±0.0 99.9±0.1

Table 11: Average SHD, F1 scores, NHD and Ratio for different models with d = 40 nodes and
K = 3 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Heteroscedastic noise, K = 3 and d = 40

Model Split Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × 222.0±1.4 25.2±0.4 0.01±0.0 0.75±0.0 142.0±17. 62.4±1.0 0.01±0.0 0.37±0.0 ×
Rhino × 210.5±9.2 0.0±0.0 0.01±0.0 1.00±0.0 1005.±146. 29.3±5.4 0.08±0.0 0.7±0.0 ×

DYNOTEARS × 203.0±14. 15.2±2.2 0.01±0.0 0.85±0.0 161.0±1.4 51.3±15. 0.01±0.0 0.49±0.1 ×
CASTOR × 224.0±10.2 0.00±0.0 0.01±0.0 1.00±0.0 501.0±21. 23.1±1.2 0.03±0.0 0.76±0.0 ×
RPCMCI ✓ - - - - - - - - -
CASTOR ✓ - - - - - - - - -
FANTOM ✓ 52.0±9.0 82.2±5.1 0.004±0.0 0.19±0.0 65.0±7.0 87.9±0.6 0.004±0.0 0.11±0.0 99.8±0.0

Under heteroscedastic conditions, d = 40 node graphs with either two or three regimes, FANTOM855

outperforms every baselineand shows that it can scale to large graphs even in this complex setting.856

Among methods explicitly designed for multi-regime MTS, it is the only one that converges to the857

true regime partitions, attaining 99.9% in regime detection accuracy. CASTOR and RPCMCI break858
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down in heteroscedastic settings (Table 10). Large scale graphs helps FANTOM to differentiate859

between the different regimes and increases the regime detection accuracy by 2% compared to 20860

node graphs settings.861

To give stationary MTS baselines the best possible chance, we supply them with the ground truth862

regime partitions. This is done by training the aforementioned models on each pure regime separately863

(regime governed by the same causal model). Yet, FANTOM still dominates the structure learning864

task, while learning the number of regime and their indices as well, achieving an F1 of 85.6 % and an865

NHD of 0.14 (Table 10).866

F.2.2 Non Gaussian noise with different number of nodes and regimes867

Table 12: Average SHD, F1 scores, NHD and Ratio for different models with d = 10 nodes and
K = 2 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 2 and d = 10

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 6.00±0.0 88.1±0.5 0.01±0.0 0.12±0.0 8.00±5.0 90.7±6.1 0.01±0.0 0.09±0.0 ×
Rhino × W 2.50±0.5 96.0±0.1 0.004±0.0 0.04±0.0 4.00±1.0 96.0±0.4 0.006±0.0 0.04±0.0 ×

DYNOTEARS × W 42.0±11. 51.8±7.9 0.12±0.0 0.48±0.0 8.00±1.0 86.8±0.5 0.02±0.0 0.12±0.0 ×
CASTOR × W 17.0±3.0 62.6±8.5 0.055±0.0 0.37±0.0 11.0±1.0 85.2±0.7 0.02±0.0 0.15±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W 34.0±20. 42.5±27. 0.09±0.0 0.57±0.2 45.0±31. 47.0±25. 0.13±0.1 0.52±0.2 77.0±13.
FANTOM ✓ W 1.00±0.0 98.2±0.1 0.002±0.0 0.01±0.0 8.00±4.0 91.0±4.9 0.02±0.0 0.08±0.05 98.6±0.2

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 33.0±3.0 47.0±5.9 0.41±0.0 0.52±0.0 ×
FANTOM ✓ S 7.5±2.5 93.1±2.2 0.07±0.0 0.06±0.0 99.6±0.0

Table 13: Average SHD, F1 scores, NHD and Ratio for different models with d = 10 nodes and
K = 3 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 3 and d = 10

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 17.5±2.1 74.9±5.0 0.02±0.0 0.24±0.0 14.5±2.1 88.3±1.6 0.01±0.0 0.11±0.0 ×
Rhino × W 2.50±0.7 96.8±1.3 0.002±0.0 0.03±0.0 6.00±1.4 95.2±1.6 0.006±0.0 0.04±0.0 ×

DYNOTEARS × W 42.0±33. 54.4±11.2 0.06±0.0 0.45±0.1 21.0±1.4 82.1±1.6 0.02±0.0 0.17±0.0 ×
CASTOR × W 22.0±2.8 66.2±2.5 0.030±0.0 0.33±0.0 17.0±4.2 84.4±1.8 0.01±0.0 0.15±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W 47.0±17. 34.8±30. 0.05±0.0 0.65±0.2 59.5±31. 39.4±19. 0.07±0.0 0.60±0.2 51.6±8.9
FANTOM ✓ W 0.33±0.4 99.5±0.6 0.00±0.0 0.00±0.0 12.5±6.8 89.1±3.7 0.01±0.0 0.10±0.0 99.4±0.1

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 42.5±2.5 31.8±1.1 0.42±0.0 0.67±0.0 ×
FANTOM ✓ S 4.5±2.0 95.6±1.5 0.04±0.0 0.04±0.0 96.6±0.2

Under homoscedastic, non-Gaussian noise with d = 10 node graphs and either two or three regimes,868

FANTOM outperforms every baseline on instantaneous-link inference, reaching an F1 of 98.2 %869

and an NHD of 0.002. Among methods explicitly designed for multi-regime MTS, both FANTOM870

and CASTOR recover the exact number of regimes, whereas RPCMCI fails to converge to the true871

partitions. FANTOM further surpasses CASTOR in regime detection (98.6 % vs. 77.0 %) and in872

DAG learning (F1 = 98.2 % vs. 42.5 %).873

To give the stationary-MTS baselines their best chance, we supply them with the ground-truth regime874

labels and train each model on the corresponding pure regime. Even in this favorable setting, only875

Rhino exceeds FANTOM on time-lagged links, achieving an F1 of 96.0 % compared with FANTOM’s876

91.0 %.877
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Table 14: Average SHD, F1 scores, NHD and Ratio for different models with d = 20 nodes and
K = 2 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 2 and d = 20

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 46.0±2.8 54.9±0.6 0.03±0.0 0.45±0.0 17.0±4.2 88.7±0.5 0.009±0.0 0.11±0.0 ×
Rhino × W 17.5±14. 82.5±16. 0.007±0.0 0.17±0.1 29.5±3.5 83.5±2.1 0.01±0.0 0.16±0.0 ×

DYNOTEARS × W 44.5±3.5 44.9±3.1 0.03±0.0 0.55±0.0 46.5±12. 55.8±5.2 0.025±0.0 0.44±0.0 ×
CASTOR × W 139.5±13. 41.8±5.3 0.10±0.0 0.58±0.0 186.0±28. 40.1±2.3 0.13±0.0 0.60±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W 68.0±8.5 37.2±12. 0.04±0.0 0.62±0.1 86.0±9.9 37.4±7.8 0.06±0.0 0.64±0.0 46.6±19.
FANTOM ✓ W 3.50±1.5 97.2±1.2 0.002±0.0 0.02±0.0 11.5±2.5 93.1±1.6 0.006±0.0 0.06±0.0 100.±0.0

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 106.±4.0 26.0±4.1 0.31±0.0 0.73±0.0 ×
FANTOM ✓ S 4.0±0.0 98.3±0.0 0.01±0.0 0.01±0.0 100.±0.0

Under homoscedastic, non-Gaussian noise with d = 20 node graphs and two regimes, FANTOM878

outperforms every baseline on instantaneous-link and time lagged link inference, reaching an F1 of879

97.2 % and an NHD of 0.002 for instantaneous links and an F1 of 93.1% on time lagged relationships.880

Among methods explicitly designed for multi-regime MTS, both FANTOM and CASTOR recover881

the exact number of regimes, whereas RPCMCI fails to converge to the true partitions. FANTOM882

further surpasses CASTOR in regime detection (100. % vs. 46.6 %) and in DAG learning (F1 = 97.2883

% vs. 37.2 %).884

To give the stationary-MTS baselines their best chance, we supply them with the ground-truth885

regime labels and train each model on the corresponding pure regime. Even in this favorable setting,886

FANTOM out performs all the baselines, achieving an F1 of 97.2 %.887

Table 15: Average SHD, F1 scores, NHD and Ratio for different models with d = 20 nodes and
K = 3 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 3 and d = 20

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 66.5±2.1 55.1±2.5 0.02±0.0 0.45±0.0 24.5±12. 88.9±3.0 0.007±0.0 0.11±0.0 ×
Rhino × W 27.5±14. 82.1±11. 0.007±0.0 0.17±0.1 50.5±3.5 81.8±1.4 0.01±0.0 0.18±0.0 ×

DYNOTEARS × W 69.0±4.2 43.6±3.7 0.02±0.0 0.56±0.0 54.5±10.6 66.3±2.4 0.01±0.0 0.34±0.0 ×
CASTOR × W 167.0±9.9 38.3±4.6 0.05±0.0 0.61±0.0 264.5±34. 41.2±1.5 0.08±0.0 0.58±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W 121.5±27. 34.3±9.6 0.03±0.0 0.65±0.1 181.5±17. 33.7±7.8 0.05±0.0 0.66±0.0 79.8±4.3
FANTOM ✓ W 7.00±0.0 96.1±0.0 0.001±0.0 0.03±0.0 45.5±23.0 85.2±6.1 0.01±0.0 0.14±0.0 100.±0.0

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 133.±1.5 31.5±1.8 0.43±0.0 0.61±0.0 ×
FANTOM ✓ S 6.0±1.0 98.2±0.2 0.01±0.0 0.01±0.0 100.±0.0

Under homoscedastic, non-Gaussian noise with d = 20 node graphs and three regimes, FANTOM888

outperforms every baseline on instantaneous-link inference, reaching an F1 of 96.1 % and an NHD889

of 0.001. Among methods explicitly designed for multi-regime MTS, both FANTOM and CASTOR890

recover the exact number of regimes, whereas RPCMCI fails to converge to the true partitions.891

FANTOM further surpasses CASTOR in regime detection (100. % vs. 79.8 %) and in DAG learning892

(F1 = 96.1 % vs. 34.3 %).893

To give the stationary-MTS baselines their best chance, we supply them with the ground-truth regime894

labels and train each model on the corresponding pure regime. For this scenario of 20 nodes and 3895

regimes and benefiting from regime labels, PCMCI+ exceeds FANTOM and Rhino on time-lagged896

links, achieving an F1 of 88.9 % compared with FANTOM’s 85.2%.897
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Table 16: Average SHD, F1 scores, NHD and Ratio for different models with d = 40 nodes and
K = 2 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 2 and d = 40

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 91.0±2.8 56.7±0.1 0.01±0.0 0.43±0.0 25.0±1.4 91.9±0.8 0.003±0.0 0.08±0.0 ×
Rhino × W 24.5±2.1 90.7±0.9 0.004±0.0 0.09±0.0 34.5±5.0 89.8±0.9 0.005±0.0 0.10±0.0 ×

DYNOTEARS × W 100.0±5.7 40.8±3.7 0.015±0.0 0.59±0.0 58.5±17. 76.4±5.4 0.009±0.0 0.21±0.0 ×
CASTOR × W 94.0±46. 67.3±5.0 0.010±0.0 0.33±0.0 100.0±49. 78.6±3.4 0.01±0.0 0.21±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W - - - - - - - - -
FANTOM ✓ W 29.5±1.5 88.1±0.2 0.004±0.0 0.11±0.0 32.3±0.5 90.8±0.2 0.005±0.0 0.08±0.0 100.±0.0

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 260.±5.0 17.8±3.6 0.18±0.0 0.82±0.0 ×
FANTOM ✓ S 39.5±4.5 92.4±0.6 0.02±0.0 0.07±0.0 100.±0.0

Under homoscedastic, non-Gaussian noise with d = 40-node graphs and two regimes, FANTOM is898

the only method that recovers the correct number of regimes, whereas CASTOR and RPCMCI fail899

to converge. FANTOM achieves 100% regime-detection accuracy and an 88.1% F1 score in DAG900

recovery.901

For a fair comparison with stationary-MTS baselines, we provide these models with the ground-truth902

regime labels and train them separately on each pure regime. In this advantaged setting, Rhino903

surpasses FANTOM on instantaneous links (F1 = 90.7% vs. 88.1%), while PCMCI+ leads on904

time-lagged links (F1 = 91.9% vs. 90.8%).905

Table 17: Average SHD, F1 scores, NHD and Ratio for different models with d = 40 nodes and
K = 3 regimes. Split denotes whether regime separation is automatic (✓) or manual (×). Inst. refers
to instantaneous links, and Lag to time-lagged edges.

Homoscedastic non-Gaussian noise, K = 3 and d = 40

Model Split Type Inst. Lag Regime
SHD↓ F1↑ NHD↓ Ratio↓ SHD↓ F1↑ NHD↓ Ratio↓ Acc.

PCMCI+ × W 141.5±12. 56.5±4.5 0.008±0.0 0.43±0.0 37.5±9.2 91.6±2.8 0.003±0.0 0.08±0.0 ×
Rhino × W 53.5±26. 85.5±7.4 0.004±0.0 0.14±0.0 52.0±5.7 89.2±2.2 0.004±0.0 0.11±0.0 ×

DYNOTEARS × W 152.0±4.2 40.8±3.7 0.01±0.0 0.59±0.0 91.0±17. 75.8±3.4 0.006±0.0 0.24±0.0 ×
CASTOR × W 93.5±2.1 65.9±7.6 0.009±0.0 0.34±0.0 94.0±8.5 78.6±4.5 0.009±0.0 0.21±0.0 ×
RPCMCI ✓ W - - - - - - - - -
CASTOR ✓ W - - - - - - - - -
FANTOM ✓ W 35.3±0.7 90.9±0.4 0.002±0.0 0.09±0.0 46.3±0.3 90.7±1.3 0.003±0.0 0.09±0.0 100.±0.0

SHD↓ F1↑ NHD↓ Ratio ↓ Acc.
CD-NOD × S 342.±4.3 17.1±3.2 0.24±0.0 0.82±0.0 ×
FANTOM ✓ S 57.0±2.5 92.8±0.7 0.03±0.0 0.07±0.0 100.±0.0
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F.2.3 Illustrations of learned graphs906

Figure 10: The estimated temporal causal graphs for two regimes, in Heteroscedastic case, consist of
one matrix of 10 rows and 10 columns representing instantaneous links and another of 10 rows and
10 columns delineating time-lagged relations (with a maximum lag L = 1 in this case). Dark red
indicates a value of one (presence of an edge), while gray symbolizes a value of 0 (absence of an
edge). The second column displays the ground-truth causal graphs, and the final column highlights
the difference between the estimated and true graphs.
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Figure 11: The estimated temporal causal graphs for three regimes, in Heteroscedastic case, consist
of one matrix of 10 rows and 10 columns representing instantaneous links and another of 10 rows
and 10 columns delineating time-lagged relations (with a maximum lag L = 1 in this case). Dark red
indicates a value of one (presence of an edge), while gray symbolizes a value of 0 (absence of an
edge). The second column displays the ground-truth causal graphs, and the final column highlights
the difference between the estimated and true graphs.
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Figure 12: The estimated temporal causal graphs for three regimes, in Heteroscedastic case, consist
of one matrix of 40 rows and 40 columns representing instantaneous links and another of 40 rows
and 40 columns delineating time-lagged relations (with a maximum lag L = 1 in this case). Dark red
indicates a value of one (presence of an edge), while gray symbolizes a value of 0 (absence of an
edge). The second column displays the ground-truth causal graphs, and the final column highlights
the difference between the estimated and true graphs.
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Figure 13: The estimated temporal causal graphs for three regimes, in Non-Gaussian case, consist of
one matrix of 40 rows and 40 columns representing instantaneous links and another of 40 rows and
40 columns delineating time-lagged relations (with a maximum lag L = 1 in this case). Dark red
indicates a value of one (presence of an edge), while gray symbolizes a value of 0 (absence of an
edge). The second column displays the ground-truth causal graphs, and the final column highlights
the difference between the estimated and true graphs.

F.2.4 Time complexity analysis907

We start first by computing the time complexity of our Temporal Graph Neural network illustrated in
Figure 2. We note d the input size, e the embedding size used for eij and h hidden layer size. After
the first NN block,

TNN−1 = O((d+ e)h+ hd) +O(d) = O(h(d+ e))
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then after the matrix multiplication block and the second NN block, we have :

Tforward = O
(
Ld2 + 2h(d+ e)

)
,

where L is the maximum lag.908

Using the same architecture for a Conditional normalizing flow has a time complexity of :

TCNF = O
(
Ld2 + h (e+ dK)

)
.

The complexity of FANTOM per iteration is O
(
Nw|T |(2Ld2 + h (e+ dK)

)
, where K is the909

number of bins, Nw is the number of regimes, and |T | is the number of samples.910

F.2.5 Regime detection experiments911

We compare FANTOM to CASTOR [39] and KCP [1] in the task of regime detection. KCP is a912

multiple change-point detection method designed to handle univariate, multivariate, or complex data.913

Being non-parametric, KCP does not necessitate knowing the true number of change points in advance.914

It detects abrupt changes in the complete distribution of the data by employing a characteristic kernel.915

CASTOR is a causal discovery model specifically designed for multi-regime MTS. CASTOR is916

learns number of regime and their indices and their corresponding causal graphs without any prior917

knowledge. But it is limited to normal noise with equivariance. FANTOM learns the regime indices,918

while handling heteroscedastic noises.919

We opted to perform regime detection with 10 nodes and three different regimes. For a fair comparison,920

we chose three regimes without re-occurrence, as KCP only detect change points and cannot identify921

the re-occurrence of a specific regime.922

Regarding the models employed, we use the open-source code of CASTOR implemented in Python923

by the authors6. For KCP, we employ the Rupture package7.924

Figure 14: Comparison between FANTOM, CASTOR and KCP on regime detection for a MTS with
heteroscedastic noise and composed of 3 regimes using accuracy metric. The number of nodes is
d = 10.

From Figure 14, it is evident that FANTOM outperform CASTOR and the change-point detection925

method KCP. This outcome can be attributed to the limitation of KCP in detecting changing points926

within causal mechanisms that are represented by conditional distributions. FANTOM outperforms927

6https://github.com/arahmani1/CASTOR
7https://centre-borelli.github.io/ruptures-docs/

32

https://github.com/arahmani1/CASTOR
https://centre-borelli.github.io/ruptures-docs/


CASTOR in detecting regime indices. This result can be explained by the fact that CASTOR fails928

in handling heteroscedastic noises and fails to learn meaningful graphs which also lead to poor929

performance in regime detection.930

From this analysis and the other experiments shown in the different tables, we can conclude that931

in scenarios involving MTS with multiple regimes with non-Gaussian or Heteroscedastic noises,932

FANTOM offers a robust solution. Additionally, employing other methods to split the regimes and933

learn the causal graph through traditional causal discovery methods may not be an optimal solution:934

• We demonstrate that regime indices are not well recoverable by other state-of-the-art change935

point detection method KCP. Therefore, employing KCP to learn the regimes and subse-936

quently using methods like DYNOTEARS, PCMCI+, or Rhino to learn the graph may not937

constitute an optimal solution.938

• In cases of regime recurrence, the aforementioned methods are unable to accurately detect939

the exact number of regimes. Therefore, if a user employs KCP and subsequently uses940

the regime partitions revealed by KCP as an input to a causal discovery method (such as941

PCMCI+, DYNOTEARS, Rhino, etc.), the running time will be significantly high.942

943

• We show throughout all our experiments, that FANTOM outperforms all causal discovery944

method in DAG learning task, even when these models are in more favorable scenarios, by945

having access to the regime labels beforehand.946

G Proof of proposition947

In this section, we are going to provide the entire proof of our proposition 3.1. As we state before, we948

note G = (Gr)r∈[|1:Nw|].949

Proof. we have:950

log pΘ (xt∈T ) =
|T |∑

t=1

log pΘ (xt|x<t)

=

|T |∑

t=1

log
∑

G
pΘ (xt|x<t,G) p(G)

qϕ(G)
qϕ(G)

≥
|T |∑

t=1

Eqϕ(G) [log pΘ (xt|x<t,G) + log p(G)− log qϕ(G)]

Let’s focus on the first term of our last inequality log pΘ (xt|x<t,G), we have:951

log pΘ (xt|x<t,G) = log
∑

zt

pθzt (xt|x<t,G, zt) p(zt)
p(zt|xt,x<t)

p(zt|xt,x<t)

≥ Ep(zt|xt,x<t) [log pθzt (xt|x<t,Gzt) + log p(zt)− log p(zt|xt,x<t)]

≥ Ep(zt|xt,x<t) [log pθzt (xt | x<t,Gzt) + log p (zt)] +H (p(zt|xt,x<t))

Including this result in the previous equation gives us the following:952

log pΘ (xt∈T ) ≥
|T |∑

t=1

Eqϕ(G)
[
Ep(zt|xt,x<t) [log pθzt (xt | x<t,Gzt) + log p (zt)] +H (p(zt|xt,x<t))

]

+

Nw∑

r=1

Eqϕr (Gr) [log p (Gr)] +H (qϕr (Gr))

≡ ELBO(Θ),

we note that the priors p(Gr) and the variational estimations qϕr (Gr) are independents.953
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H Proofs of our theoretical contributions954

In this section, we concentrate on establishing the identifiability of regimes and causal graphs955

within the FANTOM framework. Before diving into the details, let us set and clarify the required956

assumptions.957

H.1 Assumptions958

Definition H.1 (Causal Stationarity, [41]). A stationary time series process (xt)t∈T with graph G is959

called causally stationary over a time index set T if and only if for all links xi
t−τ → xj

t in the graph960

xit−τ ⊥̸⊥ xjt | x<t \ {xit−τ}.
961

This elucidates the inherent characteristics of the time-series data generation mechanism, thereby962

validating the choice of the auto-regressive model.963

Assumption H.2 (Causal Stationarity for MTS with multiple regime). A MTS (xt)t∈T with K964

regimes, graph set (Gu)u∈[|1:K|], and regime partition E = (Eu)u∈[|1:K|] is causally stationary over965

the time index set T if, for each regime u ∈ [|1 : K|], the sub-series (xt)t∈Eu is causally stationary966

with graph Gu as defined in definition H.1.967

Definition H.3. (Causal Markov Property, [37]). Given a DAG G and a joint distribution p, this968

distribution is said to satisfy causal Markov property w.r.t. the DAG G if each variable is independent969

of its non-descendants given its parents.970

This is a common assumptions for the distribution induced by an SEM. With this assumption, one971

can deduce conditional independence between variables from the graph.972

Assumption H.4 (Causal Markov Property (CMP)). A set of joint distributions (p(·|Gr))r∈[|1:K|]973

satisfies the CMP with respect to the DAGs (Gr)r∈[|1:K|] if, for each r ∈ [|1 : K|], the distribution974

p(·|Gr) satisfies the CMP relative to the DAG Gr. Specifically, in every regime r, each variable is975

independent of its non-descendants given its parents.976

Assumption H.5 (Causal Minimality). Given a set of DAGs (Gr)r∈[|1:K|] and a set of joint distribu-977

tion (p(·|Gr))r∈[|1:K|], we say that this set of distributions satisfies causal minimality w.r.t. the set978

of DAGs (Gr)r∈[|1:K|] if for every r: p(·|Gr) is Markovian w.r.t the DAG Gr but not to any proper979

subgraph of Gr.980

Assumption H.6 (Causal Sufficiency). A set of observed variables V is causally sufficient for a981

process xt if and only if in the process every common cause of any two or more variables in V is in982

V or has the same value for all units in the population.983

This assumption implies there are no latent confounders present in the time-series data.

Causal
graph

Causal
Markov

Causal
sufficiency

Faithfulness
/ Minimality

Heteroscedastic
noise

Stationarity
per regime

DYNOTEARS W ✓ ✓ × ×
PCMCI+ W ✓ ✓ F × ×
RPCMCI W ✓ ✓ F × ✓

Rhino W ✓ ✓ M × ×
CD-NOD S ✓ ✓ F × ✓
CASTOR W ✓ ✓ M × ✓
FANTOM W ✓ ✓ M ✓ ✓

Table 18: Summary of the main assumptions of algorithms considered in the paper. For causal
graphs, S means that the algorithm provides a summary causal graph and W means that the algorithm
provides a window causal graph; F corresponds to faithfulness and M to minimality. An empty cell
mean that the information given in the corresponding column was not discussed by the authors of the
corresponding algorithm.

984
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The table 18 illustrates that most assumptions (causal sufficiency, causal Markov, faithful-985

ness/minimality) are commonly shared among various state-of-the-art models in causal discovery.986

However, FANTOM, CASTOR, RPCMCI, and CD-NOD relax the assumption of stationarity and987

instead assume that the MTS (Multivariate Time Series) are composed of different regimes. While988

CD-NOD predicts only a summary causal graph, FANTOM, CASTOR and RPCMCI predict a989

window causal graph, which can subsequently be used to reconstruct a summary graph. FANTOM is990

the only model that can handle heteroscedastic noise.991

H.2 Proof of theorem 4.2992

We start first by proving theorem 4.2. To do so, we will prove identifiability in the case of bivariate993

time series, Lemma H.7. Then we will prove identifiability in the case of MTS.994

Lemma H.7. Assume Causal Markov property, minimality, stationarity, sufficiency and (x1t , x
2
t )t∈T995

be a bivariate time series such that (x1t , x
2
t )t∈T following Eq(1) where K = 1 and ϵit ∼ N (0, 1). We996

have x1t , x
2
t follow Gaussian distribution, if f1, f2 are non linear and 1

g1 ,
1
g2 are not a polynomial997

of degree two then the bivariate Temporal heteroscedastic Gaussian noise (THGNM) model is998

identifiable.999

Proof of the Lemma. Let’s assume we have two temporal causal graph G and G′ for the bivariate1000

TGHNM.1001

Disagreement in time lagged relationships. Assume that G and G′ do not differ in the instantaneous1002

effects. ∀i ∈ {1, 2}: PaiG(t) = PaiG′(t). Hence and Wlog, there is some k > 0 and an edge1003

x1t−k → x2t in G but not in G′. From G′ and the Causal Markov property, we have that x1t−k ⊥⊥ x2t | S ,1004

where S = ({xit−l, 1 ≤ l ≤ L, i ∈ {1, 2}} ∪NDt)\
{
x1t−k, x

2
t

}
, and NDt are all Xi

t that are non-1005

descendants (wrt instantaneous effects) of x2t . Applied to G, causal minimality leads to a contradiction1006

because x1t−k ⊥̸⊥ x2t | S in G, and the above reasoning shows that it exists a subgraph G′ of G that is1007

Markovian to the joint distribution of the data.1008

Disagreement on instantaneous parents. Now, let’s assume we have a forward model, ∀t ∈ T :1009

x1t = f1
(
Pa1G(< t), x2t

)
+ g1

(
Pa1G(< t), x2t

)
· ϵ1t ,

We will prove by contradiction that a backward model

x2t = f2
(
Pa2G(< t), x1t

)
+ g2

(
Pa2G(< t), x1t

)
· ϵ2t ,

can not exists.1010

We note ht = Pa1G(< t) ∪ Pa2G(< t). We know that ϵ2t ⊥⊥ (x1t ,Pa1G(< t),Pa2G(< t)) and1011

ϵ1t ⊥⊥ (x2t ,Pa1G(< t),Pa2G(< t)), using Lemma 36 in Peters et al. [38], we have:1012

x1t |ht = f1
(
pa1<t, x

2
t |ht

)
+ g1

(
pa1<t, x

2
t |ht

)
· ϵ1t ,

x2t |ht = f2
(
pa2<t, x

1
t |ht

)
+ g2

(
pa2<t, x

1
t |ht

)
· ϵ2t ,

where xit|ht is xit conditioned on ht. This last result contradicts the theorem states by Khemakhem et1013

al. [29]. Hence, our bivariate TGHNM is identifiable.1014

1015

Let’s prove this results in the case of MTS (Theorem 4.2). In the case of Disagreement in time lagged1016

relationships, we can use the same proof for the bivariate case.1017

Disagreement on instantaneous parents. Let’s assume we have two temporal causal graph G and G′1018

such that G ≠ G′. According to the Propostion 28 in Peters et al [38], for G and G′ be two different1019

DAGs over a set of variables V , such that xt is generated by our HNM and satisfies the Markov1020

condition and causal minimality with respect to G and G′. Then there are variables x1t , x
2
t ∈ V such1021

that for the set Q := Pa1G(t)\{x2t},Y := Pa2G′(t)\{x1t} and S := Q ∪ Y , we have: 1) x2t → x1t1022

in G and x1t → x2t in G′. 2) S ⊆ NDG
x1
t
\{x2t} and S ⊆ NDG′

x2
t
\{x1t} . Pa1G(t) is the set of parent1023

variables of x1t in graph G. NDG
x1
t

is the set of non-descendant (wrt instantaneous effects) of x1t in1024

graph G.1025
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We consider S = s with p(s) > 0. Denote x1,∗t := x1t | S = s and x2,∗t := x2t | S = s. Lemma 371026

in Peters et al. [38] states that if p(xt) is generated according to the SEM models as follows:1027

xit = fi
(
PaiG(< t),PaiG(t), ϵ

i
t

)
, i ∈ {1, 2, · · · , d}, xit ∈ V

with corresponding DAG G, then for a variable xit ∈ V , if S ⊆ NDG
xi
t

then ϵit ⊥⊥ S. Our TGHNM1028

can be viewed one specific class of the SEM in the aforementioned equation. Hence, Lemma 371029

holds under our TGHNM and renders ϵ1t ⊥⊥ (x2t ,S) and ϵ2t ⊥⊥ (x1t ,S), using Lemma 36 in Peters et1030

al. [38], we have:1031

x1,∗t |ht = f1
(
q, pa1<t, x

2,∗
t |ht

)
+ g1

(
q, pa1<t, x

2,∗
t |ht

)
· ϵ1t ,

x2,∗t |ht = f2
(
y, pa2<t, x

1,∗
t |ht

)
+ g2

(
y, pa2<t, x

1,∗
t |ht

)
· ϵ2t ,

where xit|ht
is xit conditioned on ht. This results contradict our previous proved Lemma, then1032

THGNM is identifiable model under the conditions stated in the theorem.1033

Theorem H.8 (Identifiability of Temporal Non Gaussian noise model (TNGNM)). Assume Causal1034

Markov property, stationarity, minimality, sufficiency and let (xt)t∈T be a MTS following a TNGNM,1035

∀t ∈ T :1036

xit = f i
(
PaiG(< t),PaiG(t)

)
+ ϵit, (12)

where f i is a differentiable function, and ϵit are mutually independent noises and follow a non1037

Gaussian distribution. The TNGNM is identifiable.1038

Proof. The proof of this theorem could be concluded from theorem 1 in Rhino [15]. Eq(12) is a1039

special case of Rhino SEMs.1040

H.3 Identifiability results in the case of Temporal General Heteroscedastic Noise Models1041

In this section, we will present our identifiability results for the case of Temporal General Het-1042

eroscedastic Noise, where a MTS has the following SEM :∀t ∈ T :1043

xit = f i
(
PaiG(< t),PaiG(t)

)
+ gi

(
PaiG(< t),PaiG(t)

)
· ϵit, (13)

where f i and gi are differentiable functions, with gi strictly positive and ϵit are mutually independent1044

normal noises and can have any arbitrary density distribution. We assume E(ϵit) = 0 and E((ϵit)2) = 11045

without loss of generality.1046

We will start first by showing that if backward model, respects to instantaneous links, exists in the1047

bivariate case then, the data generating mechanism must fulfill the a Partial Differential Equation1048

(PDE). Then, following Peters et al. [38] and Strobl et al. [50] for defining Restricted SEM on iid,1049

we will define a Temporal Restricted Heteroscedastic Noise model and show its identifiability.1050

Lemma H.9. Assume Causal Markov property, minimality, stationarity, sufficiency and (x1t , x
2
t )t∈T1051

be a bivariate time series. Then we have time lagged parents are identifiable, and a backward model1052

with respect to instantaneous links can be fit i.e. ∀t ∈ T :1053

{
x̃1t = x1t |ht

= f1
(
x̃2t

)
+ g1

(
x̃2t

)
· ϵ1t

x̃2t = x2t |ht
= f2

(
x̃1t

)
+ g2

(
x̃1t

)
· ϵ2t .

(14)

We note ht = Pa1(< t) ∪Pa2(< t), and let ν1(·) and ν2(·) be the twice differentiable log densities
of X̃1

t and ϵ2t respectively. For compact notation, define

νX̃2
t |X̃1

t
(x̃2t | x̃1t ) = log

(
pX̃2

t |X̃1
t
(x̃2t | x̃1t )

)

= log

(
pϵ2t

(
x̃2t − f2(x̃1t )

g2(x̃1t )

)
/g2(x̃1t )

)

= ν2

(
x̃2t − f2(x̃1t )

g2(x̃1t )

)
− log(g2(x̃1t )) and

G(x̃2t , x̃
1
t ) = g1(x̃2t )(f

1)′(x̃2t ) + (g1)′(x̃2t )[x̃
1
t − f1(x̃2t )].
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Assume that f1, g1, f2, and g2 are twice differentiable. Then, the data generating mechanism must1054

fulfill the following PDE for all (x̃2t , x̃
1
t ) with G(x̃2t , x̃

1
t ) ̸= 0.1055

0 = ν′′1 (x̃
1
t ) +

(g1)′(x̃2t )
G(x̃2t , x̃

1
t )
ν′1(x̃

1
t ) +

∂2

∂(x̃1t )
2
νX̃2

t |X̃1
t
(x̃2t | x̃1t )+

g1(x̃2t )

G(x̃2t , x̃
1
t )

∂2

∂x̃1t∂x̃
2
t

νX̃2
t |X̃1

t
(x̃2t | x̃1t ) +

(g1)′(x̃2t )
G(x̃2t , x̃

1
t )

∂

∂x̃1t
νX̃2

t |X̃1
t
(x̃2t | x̃1t ).

(15)

We drop the time-lagged parent in Eq (14) to simplify the notation, since conditioning on the history1056

makes it redundant.1057

Proof of the Lemma. Let’s assume we have two temporal causal graph G and G′ for the bivariate1058

temporal heteroscedastic causal models where the noise distribution could follow any arbitrary1059

distribution.1060

Disagreement in time lagged relationships. Assume that G and G′ do not differ in the instantaneous1061

effects. ∀i ∈ {1, 2}: PaiG(t) = PaiG′(t). Hence and Wlog, there is some k > 0 and an edge1062

x1t−k → x2t in G but not in G′. From G′ and the Causal Markov property, we have that x1t−k ⊥⊥ x2t | S ,1063

where S = ({xit−l, 1 ≤ l ≤ L, i ∈ {1, 2}} ∪NDt)\
{
x1t−k, x

2
t

}
, and NDt are all Xi

t that are non-1064

descendants (wrt instantaneous effects) of x2t . Applied to G, causal minimality leads to a contradiction1065

because x1t−k ⊥̸⊥ x2t | S in G, and the above reasoning shows that it exists a subgraph G′ of G that is1066

Markovian to the joint distribution of the data.1067

Disagreement in instantaneous parents. Now, let’s assume we have a forward model, after1068

conditioning on ht = Pa1G(< t) ∪Pa2G(< t), ∀t ∈ T :1069

x̃1t = x1t |ht
= f1

(
x̃2t

)
+ g1

(
x̃2t

)
· ϵ1t

We want to prove that if a backward model

x̃2t = x2t |ht = f2
(
x̃1t

)
+ g2

(
x̃1t

)
· ϵ2t

exists then the PDE in Eq(15) is fulfilled.1070

Our conditioning trick on time lagged parents makes the use of Immer et al. [25] theorem 1 feasible1071

in our case. We employ the change of variables from
{
x̃2t , ϵ

1
t

}
to

{
x̃1t , ϵ

2
t

}
and the proof will be1072

the same as Immer et al.. Hence, we leverage Theorem 1 of Immer el al. and we conclude that if a1073

backward model exists the PDE Eq(15) is verified.1074

Theorem H.10 (Identifiability of Temporal Restricted Heteroscedastic noise model (TRHNM)).1075

Assume Causal Markov property, minimality, sufficiency and let (xt)t∈T be a MTS following Eq(1)1076

where K = 1. The graph G is uniquely identified if ∀i ∈ [|1 : d|],∀j : xjt ∈ PaiG(t) and S such1077

that
(
PaiG(t)\xjt

)
⊆ S ⊆

(
Nd

(
xit
)
\xjt

)
, there exists S = s where p(s) > 0 ht = PaiG(<1078

t) ∪PajG(< t) and p
(
xit, x

j
t | s,ht

)
do not satisfy PDE of Equation 15, and we call the model that1079

verify this condition, the Temporal Restricted Heteroscedastic noise model.1080

Proof of the theorem. We will follow the same steps in the proof of theorem 4.2. Let’s assume1081

we have two temporal causal graph G and G′ for the multivariate TRHNM. We assume also that1082

∀i ∈ [|1 : d|],∀j : xjt ∈ PaiG(t) and S such that
(
PaiG(t)\xjt

)
⊆ S ⊆

(
Nd

(
xit
)
\xjt

)
, there exists1083

S = s where p(s) > 0 ht = PaiG(< t) ∪ PajG(< t) and p
(
xit, x

j
t | s,ht

)
do not satisfy PDE of1084

Equation 15.1085

We will start by showing that time lagged parents are identifiable. Same reasoning in the bivariate1086

case.1087

Disagreement in time lagged relationships. Assume that G and G′ do not differ in the instantaneous1088

effects. ∀i ∈ {1, 2}: PaiG(t) = PaiG′(t). Hence and Wlog, there is some k > 0 and an edge1089

x1t−k → x2t in G but not in G′. From G′ and the Causal Markov property, we have that x1t−k ⊥⊥ x2t | S ,1090

where S = ({xit−l, 1 ≤ l ≤ L, i ∈ {1, 2}} ∪NDt)\
{
x1t−k, x

2
t

}
, and NDt are all Xi

t that are non-1091

descendants (wrt instantaneous effects) of x2t . Applied to G, causal minimality leads to a contradiction1092

37



because x1t−k ⊥̸⊥ x2t | S in G, and the above reasoning shows that it exists a subgraph G′ of G that is1093

Markovian to the joint distribution of the data.1094

Disagreement on instantaneous parents. Let’s now assume we have two temporal causal graph G1095

and G′ such that G ̸= G′. According to the Propostion 29 in Peters et al [38], for G and G′ be two1096

different DAGs over a set of variables V , such that xt is generated by our TRHNM and satisfies1097

the Markov condition and causal minimality with respect to G and G′. Then there are variables1098

x1t , x
2
t ∈ V such that for the set Q := Pa1G(t)\{x2t},Y := Pa2G′(t)\{x1t} and S := Q ∪ Y , we1099

have: 1) x2t → x1t in G and x1t → x2t in G′. 2) S ⊆ NDG
x1
t
\{x2t} and S ⊆ NDG′

x2
t
\{x1t} . Pa1G(t) is1100

the set of parent variables of x1t in graph G. NDG
x1
t

is the set of non-descendant (wrt instantaneous1101

effects) of x1t in graph G.1102

We consider S = s with p(s) > 0. Lemma 37 in Peters et al. [38] states that if p(xt) is generated1103

according to the SEM models as follows:1104

xit = fi
(
PaiG(< t),PaiG(t), ϵ

i
t

)
, i ∈ {1, 2, · · · , d}, xit ∈ V

with corresponding DAG G, then for a variable xit ∈ V , if S ⊆ NDG
xi
t

then ϵit ⊥⊥ S. Our TRHNM1105

can be viewed one specific class of the SEM in the aforementioned equation. Hence, Lemma 371106

holds under our TRHNM and applying it to x1t renders ϵ1t ⊥⊥ (x2t ,S) and x2t ϵ
2
t ⊥⊥ (x1t ,S).1107

Using now Lemma 36 in Peters et al. [38], and we denote x1,∗t := x1t | S = s and x2,∗t := x2t | S = s.1108

We have:1109

x1,∗t |ht = f1
(
x2,∗t |ht

)
+ g1

(
x2,∗t |ht

)
· ϵ1t

x2,∗t |ht = f2
(
x1,∗t |ht

)
+ g2

(
x1,∗t |ht

)
· ϵ2t ,

(16)

where xi,∗t |ht is xit conditioned on ht,S and ht = Pa1G(< t) ∪ Pa2G(< t) in this case, which1110

is also equal to ht = Pa1G′(< t) ∪ Pa2G′(< t), because we proved identifiability of time lagged1111

parents. Eq(16) raise a contradiction because, having these forward and backward models imply the1112

verification of PDE 15. But we chose s such that this PDE is not verified hence contradiction. Then,1113

the identifiability of our Temporal Restricted Heteroscedastic noise.1114

H.4 Proof of theorem 4.31115

In this section, we want to prove the identifiability of mixture of Temporal causal models either in the1116

case of Temporal Heteroscedastic Gaussian noise, Temporal Restricted Heteroscedastic noise and1117

Homoscedastic NonGaussian noise.1118

Proof. Let F be a family of K identifiable temporal causal models either from TGHNM or TNGNM,1119

F = (pθr (·|·,Gr))
K
r=1 that are linearly independent and let MK be the family of allK-finite mixtures1120

of elements from F , i.e.1121

MK =
{
p(xt|x<t) =

∑K
r=1 πt(ω

r)pθr (xt|x<t,Gr), pθr (·|·,Gr) ∈ F ,∀t ∈ T : πt(ω
r) > 0 and

∑K
r=1 πt(ω

r) = 1
}

First, we introduce a result from Yakowitz & Spragins [58] that established a necessary and sufficient1122

condition for the identifiability of finite mixtures of multivariate distributions.1123

Theorem H.11 (Identifiability of finite mixtures of distributions, Yakowitz & Spragins [58]). . Let1124

F = {F (x;α), α ∈ Rm, x ∈ Rn} be a finite mixture of distributions. Then F is identifiable if and1125

only if F is a linearly independent set over the field of real numbers.1126

We will further assume that it exists two distribution such that ∀(xt,x<t) covering the space value of1127

random variables (Xt,X<t):1128

p(xt|x<t) =

K∑

r=1

πt(ω
r)pθr (xt|x<t,Gr)

p(xt|x<t) =

K̃∑

r=1

πt(ω̃
r)p̃θ̃r (xt|x<t, G̃r)

(17)

38



Our objective is to show first that K = K̃, it exists a permutation σ and a translation function1129

ϱ : R2 → R2: (θr,Gr) = (θ̃σ(r), G̃σ(r)) and ωr = ϱ(ω̃σ(r)).1130

Using that F = (pθr (·|·,Gr))
K
r=1 are linearly independent and fixing t:1131

K∑

r=1

πt(ω
r)︸ ︷︷ ︸

ar

pθr (xt|x<t,Gr) =

K̃∑

r=1

πt(ω̃
r)︸ ︷︷ ︸

br

p̃θ̃r (xt|x<t, G̃r)

K∑

r=1

arpθr (xt|x<t,Gr) =

K̃∑

r=1

brp̃θ̃r (xt|x<t, G̃r),

and this true ∀(xt,x<t) covering the space value of the random variable Y = (Xt,X<t). By1132

using theorem H.11, we can conclude that: K = K̃ and it exists a permutation σ such that:1133

(θr,Gr) = (θ̃σ(r), G̃σ(r)) and ∀t ∈ T : πt(ω
r) = πt(ω̃

r).1134

To proof our identifiability as defined in definition 4.1, we still need to prove that ωr = ϱ(ω̃σ(r)).1135

We have ∀t ∈ T : πt(ω
r) = πt(ω̃

r), we take two indices r, s ∈ [|1 : K|] :1136

{
πt(ω

r) = πt(ω̃
σ(r))

πt(ω
s) = πt(ω̃

σ(s))
(18)

To handle time varying weights identifiability, we will consider ratios of mixture weights:1137





πt(ω
r)

πt(ωs)
=

exp(ωr
1 ·t+ωr

0)∑K
j=1 exp(ωj

1·t+ωj
0)

exp(ωs
1·t+ωs

0)∑K
j=1 exp(ωj

1·t+ωj
0)

πt(ω
σ(r))

πt(ωσ(s))
=

exp
(
ω

σ(r)
1 ·t+ω

σ(r)
0

)
∑K

j=1 exp
(
ω

σ(j)
1 ·t+ω

σ(j)
0

)
exp

(
ω

σ(s)
1 ·t+ω

σ(s)
0

)
∑K

j=1 exp
(
ω

σ(j)
1 ·t+ω

σ(j)
0

)
By Equation 18:1138

πt(ω
r)

πt(ωs)
=
πt(ω

σ(r))

πt(ωσ(s))

⇔ exp [(ωr
1 − ωs

1) t+ (ωr
0 − ωs

0)] = exp
[(
ω
σ(r)
1 − ω

σ(s)
1

)
t+

(
ω
σ(r)
0 − ω

σ(s)
0

)]

⇔∀t ∈ T : (ωr
1 − ωs

1) t+ (ωr
0 − ωs

0) =
(
ω
σ(r)
1 − ω

σ(s)
1

)
t+

(
ω
σ(r)
0 − ω

σ(s)
0

)

As a consequence of the last equation, we have for all the indices:1139

{
ωr
1 − ωs

1 = ω
σ(r)
1 − ω

σ(s)
1

ωr
0 − ωs

0 = ω
σ(r)
0 − ω

σ(s)
0

1140 {
ωr
1 − ω

σ(r)
1 = ωs

1 − ω
σ(s)
1 = ∆1

ωr
0 − ω

σ(r)
0 = ωs

0 − ω
σ(s)
0 = ∆0

Hence it exists a translation function ϱ : R2 → R2, such that ∀r ∈ [|1 : K|]:

ωr = ϱ(ω̃σ(r)).

Hence our mixture of temporal causal models is identifiable as defined in definition 4.1.1141
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such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1444

approvals (or an equivalent approval/review based on the requirements of your country or1445

institution) were obtained?1446

Answer: [NA]1447

Justification: -1448

Guidelines:1449

• The answer NA means that the paper does not involve crowdsourcing nor research with1450

human subjects.1451

• Depending on the country in which research is conducted, IRB approval (or equivalent)1452

may be required for any human subjects research. If you obtained IRB approval, you1453

should clearly state this in the paper.1454
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• We recognize that the procedures for this may vary significantly between institutions1455

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1456

guidelines for their institution.1457

• For initial submissions, do not include any information that would break anonymity (if1458

applicable), such as the institution conducting the review.1459

16. Declaration of LLM usage1460

Question: Does the paper describe the usage of LLMs if it is an important, original, or1461

non-standard component of the core methods in this research? Note that if the LLM is used1462

only for writing, editing, or formatting purposes and does not impact the core methodology,1463

scientific rigorousness, or originality of the research, declaration is not required.1464

Answer: [NA]1465

Justification: -1466

Guidelines:1467

• The answer NA means that the core method development in this research does not1468

involve LLMs as any important, original, or non-standard components.1469

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1470

for what should or should not be described.1471
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