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A Proof of Proposition 1

To facilitate the analysis, we make the following definition. For two real-valued sequences {a,, } and
{bp}, if lim, o 1/nlog(a, /b,) = 0, we call them logarithmically equivalent, denoted by a,,=b,,.

We first analyze 1 — P{I} = I*}. Note that 1 — P{I}} = [*} = IE”{ U 6; > 91;)} and we have
Al

maxP(0; > 0r;) < IP’{ g 0; > 9,;)} < (k= 1) maxP(0; > 0r;).

Then 1 — P{I}; = I*}=max;r- P(0; > 0;:). Inround n, 6; — 01 follows N (fi,,; — u,%[;,aij +
o7 ;+). Let ®(-) and ¢(-) be the cumulative density function and probability density function of the
standard normal distribution, respectively. We have

P(; > 0:) =1 — @(lwt_um)

/ 2 2
Jn,i + Un,I;;
Hn, 1% —Hn,i

Let 2 = ——==2—— and z > 0. By the following property of the cumulative probability function of

2
J?L,i+”11,1fl

the standard normal distribution
z 1
—<1-® < -
T (2) < 26(2)

and fin, 1x — pn > 0, we have

i * n,t — Mn,l* 2
P(g; > le)iqﬁ('un’l'un’h‘)iexp (_(,uufn)> (A1)
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Denote 75, ; as the number of samples for arm ¢ before round ¢, i.e., T} ; £ f;é 1{I, =i}. By (1)

in the main text, we have
1
2

g, ;= .
M0} [ T) T+ oo
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Then

. (,Ufnz*,ufn I*)Z
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Hence

L 2
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Notice that the sampling rate w; of each arm ¢ of the KG algorithm has been characterized in [1]], with

D) _ 2 gy 29 :(““)*““ oWy w93 kandi £

W)y 02) weny (B = 1) /o6

Together with Zle w; = 1, we have

o 1 -1
wy = (0_<2> 3 o + 1) (A3)

(1) i#1 Ci

1
:(%(Z U<1>>) L i=23,.. ..k (A.4)
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and

Plugging into (A.2),
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B Proof of Proposition 2

Similar to the proof of Proposition 1, we have

1 (i = pr-)?
T — Jim — =1 —P{Ir =T .
A,y loslt = PUn = I"0) = min 5rcm 1 507 ey

Since for the TTEI algorithm,

(i — MI*)2 (Mz" - MI*)2 . "
= , Yi#Ed £I7T,
2(02/w; + ot Jwr=)  2(0F Jwi + 0% Jwrs) FiF
we have
(s = pr)?
PTTEL _ Hi = 1 Vi # I*.

2(07 /wi + 0. fwr-)
According to (A.3), for the KG algorithm, w1y = (0(2) /01y 2221+ 1/c(iy +1) 7. Now by setting 3
of the TTEI algorithm to the same value, the samphng rates of the best arm from these two algorithms

will be the same. According to Theorem 2 of [2l], among algorithms allocating the same proportion
of the samples to the best arm, I'TTE! of the TTEI algorithm is optimal, i.e., XS < ['TTEL

C Proof of Propositions 3,4 and 5

Propositions 3, 4 and 5 give the expressions of iKGy ;, iKGj ; and 1KGF Below we introduce a
lemma first, which will be used in the proofs of the three proposmons

Lemma C.1. If arm i is sampled from N (ji1i,07) in round t, 0; and 0 follow N (pui,07 ;) and
N (ptir, 07 ;1) respectively. Then,

]EUP)(GZ > 91/)] = exp < (,u‘t,i - ,Uftﬂ")z )

2(0t2+1,i + UtQ,i’ + UiQ(Ut2+1,i/Uz'2)2>




Proof of Lemmal[C. 1t
We know that 6, ; follows N (yu¢ ;, 07 o?). Then by (1) of the main text, we have

=2 =20, . 1
Tust i+ 07 b ifI, =i — if L =1,
_ - 2 t ) 2 _ ) o242
Hi+1,i = Ori +0; and oy ;=4 %t T
fiti if I, # 14, ot if Iy # .
Recall that
(be,i = pa 1y )?
P(8; > 0r)=e — .
( 4 I; ) XP ( 2(0}2’2' T U?J;)
Then

]E[P(QIL > 91/)] =FE

exp | — Pt p,ir)?
2(Ut2+1,i + 0152,1")
—2 —2
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_ 1 /00 exp _( gt—_f“. ot g ) exp | — (Gt T R ) b, .
V2mo; oo 200714 +074) 202 "
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2071, + 07y + 07 (07, 1,:/07)?)
Proof of Proposition 3:

For the best arm identification problem, if 4 # I,
iKGtﬂ' = E[Un(T(Sf, i, Gm)) — Un(St)}

-1 Z exp [ — (pe,ir — Ht,l:)Q —exp | - (pit,i — ,ut,I;‘)2
it I 208y + UtQ,I:) 20741+ 015271;‘ +03(0741,4/07)?)
(peir — p,1;)°
— 1= exp | - Tt 2
( Z; ( 2007 + ‘7752,1;)
—exp [ - (ki — perz)®\ oxp [ - (ki = pe1;)*
2(07,; + ‘72,1;) 2071+ JtQ,Ij + 0707 1.4/07)?)
iKGy,; = E[vy (T (S, 7,01,:)) — vn(St)]
(pt,ir — p I*)2 Mtz Mt I*)2
=1- exp | — ! L exp Sl LA ol R
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Proof of Proposition 4:
We explore the expression of E[v,, (Sy,)] in the e-good arm identification problem first. We know that

E[vn(Sn)fl—ZPH <maxf; —€) — Z P(6; > max 6, —€).

i€GE i'cA IEA\GY, i'ch

Note that in round n, 0; — 07 + € follows N (pin,i — pin,1: + €,0% ; + 07 ;.). Similarly as in the
proof of Proposition 1, we can know that if i € G,

n,g — Mn,I* + 2
P(e < max@ r — e)fexp < ('u ’ ,LL /In 6) >’

i’ €A 2(07 ;i + 0721,1;)



and ifi € A\ G5,

(Knyi = Hn,1z +€)2
9>max9/—e—ex . L .
P( i’ €A ) p( 2(0121,i+03712)

Then

n,t n*+€2
Efv, _1_ZCXP< ( M,In2 ))

1?51* n,i + O-TL,IT’;)
For the e-good arm identification problem, if ¢ # I},

iKG;; = E[vn (T (St,4,0:)) — vn(St)]

1 Z exp (e — gy + €)? e - (pe,i — pie, 1z +€)?
ey 2007y + 0t r;) 20741, T 07 07 (0F1,/07)?)

(e — porr +€)?
—[1- exp | —— -t
( z; < 2(0752,1" + UE,I;)

(t,i — poe 17 =+ €)? (tt,i — pe 1y + €)?
=exp | — 2 2 —eXp|—5 2 2 2/ 2 N E
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Ifi= I,

iKG;; = E[vn (T (S:,4,0:.:)) — vn(St)]
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=1- exp | — . - exp
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Proof of Proposition 5:
We explore the expression of E[v,, (S, )] in the feasible arm identification problem first. We know that

Efva(Sn)] =1= Y Y Pl >v)— >, [ POy <)

ieS) j=1 i€s2 jeg?,

Note that in round 7, 6;; — ~; follows N (pin,; — 7;, 07 ;). Similarly as in the proof of Proposition

1, we can know that if i € S} and measure j € {1,2,...,m},
: (v = bnis)®
B0, > 7y)= exp | — L bmial ),
v o
and if i € S and measure j € £ ;,
. (= Hn.ij)?
B(6;; < )= exp [~ Hmis) )
T 207 35
Then
2
Vi — fhnij
i€St j=1 ” i i€S2 jee2 [



For the feasible arm identification problem,

iKG}; = E[vn (T (St,4,01)) — vi(Se)]
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D Proof of Theorem 1

Our proof of Theorem 1 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG algorithm.

We first show the consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n
goes to infinity. Since

exp [ — (pei = pe,ry) e (pei = pe,1y)
2(02 /T + 0?*/Tt 1*) 2((Tr: +2)02/(Tr +1)2 + U,*/Tt ;)
iKG,, —

('Y Mt 1])2
Z 2( 2

t+1 iJ + JL] (Jt—i-l 17

= ))1{268 }>

Z 7o (v ;Mt,;j) /U%j)2)1{ieé‘f}>.

ifi £ I7,

i ALE VALY

(D.1)
it is obvious that iKG;; > 0 for t > 0. To prove the consistency, we define aset V £ {i € A :
Y >0 H{I = i} < oo}. It suffices to prove that V' = (), and then the claim is straightforward based
on the Strong Law of Large Numbers. For any §; > 0 and arm 7 ¢ V/, there exists N7 such that when
n > Ni, |pn,; — pi| < d1, because arms not in V' will be infinitely pulled. Since the exp(-) is a
continuous function and 02 /T; ; — 02(Ty; + 2)/(Ty.i + 1)* = 02 /((Ty.; + 1)*T; ;) — 0 holds for
arm ¢ ¢ V, then for any d; > 0, there exists Vo such that when n > Ny, iKG; ; < ds.

Arms i’ € V are pulled for only a finite number of rounds. Then max; ¢y T} ;- exists and we have
03 [(Ty,0 +1)*Ty,0) > ming2g: 07 / maxy ey (Tyi +2)/(Ty,i0 +1)%. According to the continuity
of the function exp(-), there exists 03 > 0 such that iKG; ;» > d3. Since 0 is arbitrary, let J; < Js,
and then iKGy ;; >1KGy ; holds, which implies I; € V. As the total number of rounds tend to infinity,
V' will become an empty set eventually. In other words, all the arms will be pulled infinitely and
I* = I* = (1) holds with probability 1.

We next analyze the sampling rate of each arm by the iKG algorithm. Let 64 = 265 > 0, we know that
when n is large, iKG,, ; < 02 = d4/2 for all i € A. Then [iKG,, ;—iKG,, ;| <iKG,, ;+iKG,, ;» <

Z exp (i M“ Z exp (peie =, I*) ifi = I
0% /T + 0% [Thry) o [Toir + (Teay +2)0f /(Tery +1)%) )7 "



84/2 + 04/2 = b4, where i # i'. Forany ¢,i’ € A andi # ¢ # (1),
[iKG,,,; — iKGy, i/

=|exp | — (N’n,z — Mn7<1>)2 —exp | — (/J'n,i’ - ﬂn,(l))Q
2(01‘2/Tn,i + 0(21>/Tn7(1)) 2(01%/Tn,i’ + 0<21)/Tn,(1>)
+exp | — (it — Hon, <1>)2 —exp | — (Bni — un,(1>)2
2((Tn,i/ + 2) /( n,i’ + ) + 0(21>/Tn,(1>) 2((Tn,i + 2)012/(Tn,i + 1)2 + 0'<21>/Tn,<1>)

(n,i — Nn,(l}) (fn,ir — ﬂn,(l))z
exXp | — 3 2 —exp | — 2 )
Q(Oi /Tn,i + U(l)/Tn,(l)) Q(Oi’/Tn,i’ + 0(1)/Tn,(1))
exp [ —n (,Um - ﬂn,<1>)2 —exp | —n (,Un,i’ - Hn,(l))2
2(0§/wi+0<21>/w<1>) 2(01.2,/11)1»/ —|—0<21>/w<1>) ’

where w; = T}, ;/n is the sampling rate of arm i. For any §5 = 67 > 0, we have [iKG,, ; —iKG,, /| <
04 if and only if

<2

=2

(i — M(l))2 _ (pir — M(1>)2
2007 /wi + oy Jwy) 207wy + 0fy fwgy)
by the continuity of the function exp(-) and |pp, ; — ;| < d1. For arms ¢ # (1),

|iKGn7i — iKGn’<1>|
(Un i :un (M”vi' - M”1<1>)2
=|exp | — exp
( 2(0’12/Tn71 + O’ /Tn (1) Z (0'12/ /Tn,i/ + U<21>/T7L,(1))

i’ #1

< 05 (D.2)

(Hnir — b, (1y)? (Hnyi — tn,(1))?
+ Z exXp 2 2y | —&XP | — 2 2 2 '
05 /T + (T 1y +2)073 /(T 1) + 1)2) 2((Th,i +2)07 /(Tnyi +1)* + 07,y /T 1))

i #£(1)

Notice that (T}, ;+2)0? /(T i+1)* = 02 /(Tn,i+1/(Tyi+2)). When n is large enough, 1/(T5, ; +2)
is sufficiently small according to the consistency of the algorithm. Then

lim exp | — (Mn,i - Mn,<1>) —exp | — (Mn,z‘ - Mn,<1>)
oo 2(07 /T + 0<21>/Tn,(1>) 2((Thi +2)07 [ (Toi + 1) + ‘7<21>/Tn,<1>)

- (i —tn (1)) - (B —Hn, (1))
8<e"p ( 2<o$/Tn,i+a§1>/TH,<1>>)) 3<6Xp ( N30 wito?, Jwy)

- 8Tm— - 8wi '
Since [iKG,, ; — iKG,, (1y| < d4 fori # (1), given dg > 0, we have

(I“l i— <1>) (Nn i Mn (1))
(’)(exp ( 302w, +0’<1>/w<1))>> 8<6Xp ( 207 w; +U<1)/w<1>)>>
1-86 < <
6 Z 8w<1> awl '
i#£(1)
By (D.2), we have
B (Hn,i—ﬂn,u))z — (M"’i/_u"’U))z
8<exp ( nQ(aff/wrFU(Ql)/wu)))) 5(6)(}) ( n2(aﬁ/wy+o%>/ﬂ)<1>)
ow; N Owi '
Then
B (Hw,,i_#n,<l>)2 _ (#n,,i_y’n,<l>)2
a<exp ( n2<a$/wi+”?1>/w<1>)>> 8<exp ( "ot witoT, )
1—66 < < 10
" ; dw Owi 6



Hence )

w 2
(1) wj

— E ) < dg.

oW ey 7

lv

Since dg can be arbitarily small, <1> = i) Ly

o5

We have shown that

1-—P{I; =(1)}=exp (— (i — M”( >)2 )

<1> 2(0— n/Tn i+ J n/Tn (1) )

Then ( )?
ke = lim —= 10 1-P{I = = min Sa_ ) (D-3)
. g( { L} i) 2(02 Jw; + U<21>/w(1>)
By (D.2). 2
pro___ (o) g, D4

2(07 /wi + 0y /wiy)’
where w; in (D.3) and (D-4) is the solution of (8) in the main text.
Next, we will show that for any BAI algorithms, lim,,—,oc — log(1 — P{I}; = (1)}) < I'KS. Let

W2 {w=(w,...,w): Zle w; = 1 and w; > 0,Vi € A} be set of the feasible sampling rates
of the k arms. The proof of this claim is divided into two stages. First, suppose that w;, = « is

L 2
fixed for some 0 < v < 1. We will show that maxyew,w,;,=o Mz (1) % is achieved
$ /Wi

when
(i — py)? (pir — p1y)? .
w; =1 — and = ) %7£l/7é<1>- D.5

Z;) 2(0? /w; + 0(21>/a) 2(02 Jwir + 0(21>/a) (D.35)
In other words, in this stage, we will prove the first and third equations in (8) of the main text. We
prove it by contradiction. Suppose there exists a policy with sampling rates w’ = (w/, w5, ..., wy},)

L 2 . i— M 2

of the k arms such that min, ) 2(0(2%,—% = MAXw Wy, =a Milix (1) 2(0(2%1’—%

(i —1y)?

Since the solution of lb is unique, there exists an arm ¢’ satisfying 3002 ful, o7, o)

o 2
min, z(1) 2(02%,—% We consider a new policy. There exists §7 > 0 such that @; = w}, — &7 €

(0,1) and w; = w; + é7/(k —2) € (0,1) for i # ¢’ # (1). Then
(i — pay)? . (i — p1y)? . (1i — p >)2

min - in = m X min ,
i) 2(07 /Wi + 07y /) T i) 2007 /wi + 07y /) weWway=aiA(1) 2(07 /w; + 0 /)

which yields a contradiction. Therefore, the first and third equations in (8) of the main text hold.

In the second stage, we will prove the second equation in (8) of the main text. Consider the following
optimization problem

max z
a€e(0,1)

(i —pay)® (= pw)?
2(07 Jwi + 07y /e) 207 Jwi + 07 /)
(i — pqy)? .
>z, i# (1),
202 wn + 0%, fa) &

Z w; = 1—a.
i (1)

The Lagrangian function of (D.6) is

2
— K1)
L(a, \) *ZJFZ Q/wl—i—a /a)fz)+)\1(lzwifl+a),
i#(1) i7#(1)

S.t.

i,i" # (1) and i # 4/,

(D.6)




where \;’s are the Lagrange multipliers. By the KKT conditions, we have

Aia(%)/awi—b\l = Oforalli # (1) and ¥, Aia(%)/awuwh =

0. Then
O iznw)® /g
Z (Q(Jf/wi-‘ra’?l)/a))/ W(1)

(pi—pay)? ]
i) sz aron, )/ Owi

2

S

2

w
. (1) __ w
Le, o2, = Zi;&(l) p

sl

Remark: The conditions in (8) of the main text coincide with the optimality conditions developed in
[3]] using the OCBA method under normal sampling distributions.

E Proof of Theorem 2

Our proof of Theorem 2 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG-¢ algorithm.

We first show consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n goes
to infinity. Since

ox B (14t M1y + €) e B (pe,i — M1y + €)
P\ 20T+ on T )~ P\ AT + 207 (T + D2+ 03, [Ty )

i ALE ALY

(E.D
itis obvious that iKGj ; > 0 for ¢ > 0. To prove the consistency, it suffices to prove that V' = (0, and
then the claim is stralghtforward based on the Strong Law of Large Numbers. For any g > 0 and
arm ¢ ¢ V, there exists N3 such that when n > Ny, |1y, ; — pi] < dg, because arms not in V' will be
infinitely pulled. Since the exp() is a continuous function and 02 /T ; — 02(T; ; +2)/ (Tt +1)? =
02/((Ty; +1)2T;;) — 0 holds for arm i ¢ V/, then for any ¢ > 0, there exists N4 such that when
n > Ny, iKGf ; < do.

Arms i’ € V are pulled for only a finite number of rounds. Then max; ¢y T} ;» exists and we have
o2 /(Ty,o +1)2Ty,) > mingzy: 0%/ maxyey (Th,i +2)/(Ty,i +1)%. According to the continuity
of the function exp(-), there exists 610 > 0 such that iKG§ ;, > d10- Since dg is arbitrary, let o9 < 10,
and then iKG; ;, >iKGj ; holds, which implies I; € V. As the total number of rounds tend to infinity,
V will become an empty set eventually. In other words, all the arms will be pulled infinitely and
I* = I* = (1) holds with probability 1.

We next analyze the sampling rate each arm by the iKG-e algorithm. Let 617 = 259 > 0, we know that
when n is large, iKG¢, ; < dg = 011/2 holds fori € A. Then |1KG ,—iKGy, /| <iKGy, ;+iKGy, ; <

n,s n,i’

511/2+511/2:511,Wherez7£z.Foranyz,z €Aandi#7 # (1),

n, 7

[iKG;, ; — iKGy, ;|

“Jexp [ - (ni = pn,y +€)* exp | — (Hnir = b g1y +€)°
2((71»2/T"7i —+ O’<21>/Tn7<1)) 2((71'2//Tn,i' —+ O’<21>/Tn7<1>)

3 exp Nt v — perr +€)° Sy e (peir — parr +€)°
/th +U[*/Tt ]* /T;S i/ (Tt,I;f +2)U?2‘/(Tt’1: + 1)2

ifi £ I7,

>7 ifi=1I7,

+exp | — (fin,ir — pinyg) + €) —exp | — (s — pon,qy + )
2((Tn,i/ + 2)01‘2'/(7171,,1'/ + 1)2 + 0(21)/Tn7<1)) 2((Tn i+ 2) /(Tn i+ 1)

<2

exp | — (i = .y + ) —exp | — (pim,ir = pin, 1) + €)?
207 T + 00y T 1)) 2(07 /Tt + 031/ To1y)

=2|exp [ —n (Hn.i = pn,(1) +€)? —exp [ -n (Hnir = g1y +€)°
2(a$/wi+a<21>/w<1>) Q(Ug/wir —|—a<21>/w<1>) ’

2
0(21>/Tn,(1>)



€ . €
n.i—iKGy, /| <

T, i/n is the sampling rate of arm i. For any 612 = 65 > 0, we have |iKG
(E.2)

< 612

where w; =T, ;
011 if and only if

(hi —py +€?  (wr —ppy +e
(07 /wir + 07y /w(y)

2(07 /wi + 0,y Jway)
wi| < ds. For arms ¢ # (1)

by the continuity of the function exp(-) and |y, ;
KGS,, — iKGY, |
(Hni = fin, 1) + (Hnir = g1y +€)°
=|exp | — exp
( 2(01.2/Tw~+a /T 1) /;:1 " 2(02 Ty +a /Tn7<1>)
(/J'n i’ Mn,(1) + 6) —exp | — (,un,i — Hn, (1) + 6)2
02Tt + (Tu 1y + )03,/ (To ) + 1)) 2((Thi +2)07 /(Tni + 1)? + 071y /T i))

A1) (
n,(1) + 6)2
0<1>/Tn,(1))

£y ew

Notice that (T}, ;+2)02 /(T i+1)* = 02 /(T,i+1/(Ty i+2)). When n is large enough, 1/(T5, ; +2)

is sufficiently small according to the consistency of the algorithm. Then
(Hn,i —

Jo?/(Tni+1)°

’I‘L,(l) + 6)2 — exXp _

lim exp (/;nﬂ e D)
n— 00 (Ji /Tn,z + J(l)/Tn»<1>)
— (Bn,i=Hn, (1) +€)° _ (B i =t 1) +€)
3<eXP ( 2(07/Tn.it+olyy /To.a )>> a(eXp ( "3 ek, fw )
aTn,i 5‘wz
Since [iKG}, ; —iKGj, (1y| < 611 for i # (1), given d13 > 0, we have
(,“‘71 i lj'n +F) (/L" L /L” +F)2
8<exp ( 3002 /w1+0<1>/w<1>)>> 8<exp < 37 /w%+‘7<1>/w<1>)>>
i < < 1+413.
13 Z Ow 1y wi e
i7(1)
By (E.2), we have
(i, 1y +€)? (o7~ . (1) €)
3<eXp ( n2(0i2/wi+a<21>/w<l>)>> 6<6Xp ( 20w +o? /w<1>>>>
6wi - awi/
Then
(pn,i— i, 1) +6)° (i =i, 1) )
8<exp <_n2(0?/wi+"?1>/w<1>)>> 8<exp< "RaF ity o)
g1 < < 1+44d13.
5< Y B o o
i#(1)
Hence
2
oy,
Ty oz 7
2
3

Since d13 can be arbitarily small, <<1> — Z#
U (01 < 0(1) — 6) U (91 > 0(1) — 6)},
i€A\GY,

We know that
1-P{G, =G} —IP’{
i€Ge



and

P P
max(gg}f (0; <01y —€), z&%xe (0; > 01y —¢€))
S]P’{ U (0; < 9<1> —e)U U (0; > 9<1> — 6)}
i€Gs, i€A\Ge,
<k P(0; < 01y — P(0; > 01y — €)).
< max(}ggg (0; <0y —e), g rﬁz\%é (0; > 01y —¢€))
Then
. (:U/n i = Hn, (1) + 6)2
1-P{GS = G}= _ ’ .
P{GS = G }=exp ( 2(07 ,+02 1))
We have )
(i — pa > +€)
I'“ = lim ——10 1-P{G;, =GY}) = . E.3
n—00 g< { }> z;ﬁ ( 2/71)1 + 0' /w(l)) ( )
By (E.2), ,

2(07 fwi + 07y, wqy)’
where w; in (E:3) and (E-4) is the solution of (12) in the main text.

Next, we will show that for any e-good arm identification algorithms, lim,,_, —% log(1 — P{G¢, =

GY) <Te LetW & {w = (wy,...,w) : Zle w; = 1 and w; > 0,Vi € A} be set of the feasi-

ble sampling rates of the k arms. The proof of this claim is divided into two stages. First, suppose that

w(yy = ais fixed for some 0 < o < 1. We will show that maXy e w,uw,;, —a MiN;x (1) %
w

is achieved when

(i — prgry + €)? (e — py + €2
w;=1-— and = i#i #(1). ([ES5
5 207 Jwi + 07y Ja) 2o /wz o7 ja) E-3)
In other words, in this stage, we will prove the first and third equations in (12) of the main text. We
prove it by contradiction. Suppose there exists a policy with sampling rates w’ = (w], w5, ..., w},)
: (pi—py+e)? . (i—p gy +e)?
of the k£ arms such that mlni¢<1> W‘iq?n/a) = manGW’wu):a mlni¢<1> 2(0?/107—4;‘?1)/04)

il — +e)?
Since the solution of (| is unique, there exists an arm 7’ satisfying %
5 il (1)

ming(q) %% We consider a new policy. There exists d;4 > 0 such that w;; =

wl, — 014 € (0,1) and w; = w) + 014/(k — 2) € (0,1) for i # ¢’ # (1). Then
(i = paay +€)° (ki — gy +€)? (1i =y + €)?

in min = a min ,
201 2(02/w; + o 1>/oz) i#(1) 2(02 Jwl + CT<21>/05) weWwX =ai£(1) 2(02 Jw; + o*<21>/oz)

which yields a contradiction. Therefore, the first and third equations in (12) of the main text hold.

In the second stage, we will prove the second equation in (12) of the main text. Consider the following
optimization problem

max z
a€(0,1)
(i = pyy + ©)” (nir — pqay +€)? o Ly
t _ g
s 2(07 Jw; + a<21>/a) 2(02 Jwir + 0<21>/a)7 i,i" # (1) and i # i,
(ki — py +€)? E6)

N fwi + Tyl = L F

Zwi—lfa

i#(1)
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The Lagrangian function of (E.6) is

fi — fuay +€)?
( 2/wz —|—c7<1)/a)

L(a, A —z—i—Z)\ —z)—i—)\l(Zwi—l—&—a),

i (1)

where Ai’s are the Lagrange multipliers. By the KKT condit’ions we have
i — (1) TE . i — (1) TE
0. Then

(Hi_ﬂ(1>+€)2
5(2(01_2/,1”_,_0?“/&) )/aw(l) B
Z o Himrmy+O? 5 =1
i#(1) (2(a§/w,-+a§1>/a))/ Wi

2

2
w
: 1) w;
ie. T = Dlir(1) o

F Proof of Theorem 3

Our proof of Theorem 3 will be divided into the analysis of the consistency, sampling rates and
asymptotic optimality of the iKG-F algorithm.

We first show consistency, i.e., each arm will be pulled infinitely by the algorithm as the round n goes
to infinity. Since

KG;, =Y <exp (Wl{z € s}}) — exp < ey f;) u;(JT) — S1{ie $§}>)

j=1

—|—exp(— Z %l{ie& )—exp( Z 2T“ f;g})t’z_’_l)zl{iESf}).

ee2 £2
jegt’i JEEL,;

(F.1)

It is obvious that 1KG3;Z > 0 for ¢ > 0. To prove the consistency, it suffices to prove that V' = (} and
then the claim is stralghtforward based on the Strong Law of Large Numbers. For any d;5 > 0 and
i ¢ V, there exists N5 such that when n > N, |fy,,; — its| < 015, because arms not in V' will be
infinitely pulled. Since the exp(-) is a continuous function and 02 /T ; — 02(T; ; +2)/ (Tt +1)? =
02/((Ty; + 1)2Ty;) — 0 holds for arm i ¢ V/, then for any 816 > 0, there exists Ng such that when
n > Ng, IKGEJ < 016.

Arms i’ € V are pulled for only a finite number of rounds. Then max; ¢y T} ;+ exists and we have
02 /(T +1)°Ty ) > mingep 02/ maxyey Ty + 2)/ (T, + 1)%. According to the continuity
of the function exp(-), there exists d;7 > 0 such that iKGf}i, > 017. Since 614 is arbitrary, let
d16 < 617 and then iKGy ;, >iKG} ; holds, which implies I; € V. As the total number of rounds
tend to infinity, V' will become an empty set eventually. In other words, all the arms will be pulled
infinitely.

We next analyze the sampling rate each arm by the iKG-F algorithm. Let 615 = 2016 >
0, we know that when n is large, iKGfm- < 016 = 018/2 holds for ¢ € A. Then

11



iKG;, ,—iKG}, ;/| <iKG}, ;+iKGy, ;, < d18/2 + 018/2 = d15, Where i # i'. Forany 4,7’ € A,
|iKGF — iKG}, ;|

( 7;:1) 1{¢es;}> Zexp( ’;”Tﬂ) 1{1-'63,{})

(v = Pnsig)® - - 2 (Vi = b)) 2
+ D e - D S |
0Xp< 9 2/Tnz {ieS;} exp 5 ?/j/Tn,i’ {i" € &7}

jegfw jegi)i/

+exp | — (v = pin,ir)? 1{i’ € 81} | —exp (v —fin ij)? s1{i e St}
2T +2)05;/(Tnir 4+ 1)? " 2T + 2) L (T +1)2 "

texp|— ) 0 = pgs) {i' eS| —exp|— > (0 = fins)” 1{i € 82}
2Ti + 2)0%, /(T + 1) n Wi + 2002 ) (Ts +1)2 n

JEE JEE2
<9 iexp 7M1{i €Sy ZeXp Ml{i' esh
= 207 [Tos n Ts "
2 Y
vep (- 3 W tmilypegny) o (- Y Qi e s
ice? 53/ Tn.i g2 505/ T,
JEEL ]Egn,i’
(= i) e e (V= bnir)® o
<2mmaxex 2 1{ieS§ —m max exp | ———>—"-1{i' € S
e p< s e sl ) - e (- b g e s))
2 Y
vep (- 3 Wil e gny) e (- Y Qi e s
ice? 53/ Tn.i g2 515/ T,
jegn,i jegn,i’
(i) @ (i)
=2\me —w; min ~——"Y7 1 S —me —wy min 7Jl i'esS
P ( P 20% { nt P jeeL , 201/J { nt
2 L
+ exp (—wi Z 0 = Hn.ig)” 2,u2n’”) 1{i e SZ}) — exp (—wi/ Z 7(% 2,u2n,”) 1{i’ € Sﬁ}) i7
jeez, i je€? , 71

where w; = T, ;/n is the sampling rate of arm ¢. We have shown that |p,, ; — p;| < 015 for
any 015 > Oand ¢ = 1,2,..., k. We can find a sufficiently large positive mteger n’ such that
when n > n/, S} = S, 52 = S%, &}, = & and £2, = &£2, where i = 1,2,...,k and

j = 1,2,...,m. Note that S}lﬁSg = fPand S'NS? =0. Ifi € S} = S, \1KGfM—

J

. 3 i—Hn,ij) ,“n 7.7) i . (Vi —Hn z’])
1KGn s < Qm‘ exp | —w;minjeer }) — exp (—wzl minjegs |~ <

. j—ij—015)2 : (75 —Hr+815)°
om|exp [ —w; min, g1 Q=86 =017V ) o | gy ming o pr Q9EZ5E015)7 1| Wwe have shown
p 4 JEE] 2,7i2j } p t JEE, 202,

i’ j
e F - (i p)® o (—ha)?
that [iKG,, ; — iKG,, ;/| < d13. Hence ‘wl Jrrellgq % — wyr ];2‘18111 (Jgizj)‘ < 419 for any
819 = 825 > 0 by the continuity of the function exp(-). We can get similar result when i € S2 = 52
Hence, [iKG;, ; — iKG}, ;| < 615 if and only if

02
w; min Ml{z €S +w; Z Ml{z c S?}
jEE} 20’ij e 20”

(F2)

2 2
—wy min B € 81 4y 3 Qi Z 1) 1 e 87| < 61

. 2
1 2 2
je&l 207, Pt 207,
K2
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by the continuity of the function exp(-) and |y, ; — 1| < 015.
‘We have known that

1—P{5$=51}=P{U (U (0i; >%> U (ﬁ(gij<%‘)>}~

iesy N j=1 iesz Nj=1
We have
P 0; P 0i; <
s (Ut >0) s ( e )
SP{ U (U(eij >7j)> U U (ﬂ(%‘ SWJ‘))}
€Sy “y=1 €S2 “j=1
<k P 0; P 05 <
< maX(?é%flf (L_J J>7]>max (O y 'yj)>>
Then

1-— IP’{S}l = Sl}imax (maXP(

i€SL

1Cs

(0i; > vj))gggp(

n

1D

(05 < %‘)))-

max IE”(HU > ;) < IE”( U (Bi5 > ;) ) < m max ]P’(Gw > ;).
]eg ]GS

Forarmi € S},

j=1

For arm i € S2,

IP< ﬁ(eij < ’Vj)) —>]P’< () (6 S%‘))

Jj=1 jee?

n,i

because lim,, oo ]P’( N (6 < 73‘)) — 1. Hence
jeEr

n,i

- )2
1-P{S! = S'}=exp (— min Ml{z € S} }Hexp (— Z Ml{z € SZ})

. 2 2
ieS) QJij/Tn,i jeet | 20; /Tnz
We have
)2

F = lim —— 1 1V — i o i (vj = 1) . 1 ) (v — wig)* 1 2y

Jim log(l P{S, =S'}) min w; min 207 1{i € S }Hw; Z ooy {i € §%}

i i jee? i
(E3)

By (F2),

I = w; min %meslhwz 3 %1{2682}, ViedA,  (F4)

Jee; ij

JeE? v
where w; in (F3)) and (F4) is the solution of (16) in the main text.

Next, we will show that for any feasible arm identification algorithms, lim,, f% log(1 —P{S} =

S < TF Let W 2 {w = (wy,...,wg) : Yor_,w; = landw; > 0,Vi € A} be set of the
feasible sampling rates of the k arms. We prove it by contradiction. Suppose there exists a policy
with sampling rates w’ = (w}, ws, ..., w},) of the k arms such that

wgminwl{ €S +w) g Ml{ €S%)
1 20 202
i 7,] JGS? ij

C )2

= max min w; min Ml{z €S} 4w Z Ml{z € S?}.
weW ichA  jegl 207 ! 20”

Jee;
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.. 2
We will show that max,,cp min;ea w; jneugn (”2#1{2 €S} +w; 2]652 %l{z € S?}
is achieved when

C )2
w; min Ml{z €S +w; Z %7/%])1{2 € S?}
o

: 2
jegl 203 jeg ij
:

(s — 1ss)? (s — 1ss)? ()
= wy min %l{i' €S +wy Z il{z €S, i#d.
jeey 2"1‘/;’ ! 202
¢ JEES i'j
Since the solution of (F.5) is unique, there exists an arm ¢’ satisfying
(i = mig)® s e (i = 1) s 2
wi, 71161‘1;1 Ti%jl{Z/ €S} + wi Z T%-I{Zl €S8}
]eg,?l v
. () (v = 1) e o2
> IirélélU); ]Helf‘;l} 202 1{i € S'} + w; Z 557 1{i € §°}.
i ]egiz 1)
We consider a new policy. There exists dz9 > 0 such that w; = w}, — dy0 € (0,1) and w; =

w} + d20/(k —2) € (0,1) for ¢ # i'. Then

s~ : (7j _/’Lij)Q . 1 ~ (’Y :U/Z_]) 2
%llglwi?éls?Tfjl{z €S+ w; ;52 Tl{z €S}
Jee;

(’7j _/J'ij)Q : 1 / (7 ,uzg) 2
>151€1£w ;rengr}ngl{zeS } 4 w; %Tl{zes }
J

= max min w; min Ml{z €S} +w; Z Ml{z € 8%,
weW ieA  jeg!l 20” o2 20”
JEE]

which yields a contradiction. Therefore, the equations in (16) of the main text hold.

G Additional Numerical Results

In this section, we provide additional numerical results for the experiments conducted in Section 5
of the main text. Figures 1(a)-7(a) show how the probabilities of false selection of the compared
algorithms change with the sample sizes for the best arm identification problem, and Figures 1(b)-7(b)
show the sampling rates of the algorithms on some selected arms. It can be observed in Figures
1(a)-7(a) that the proposed iKG algorithm performs the best, followed by TTEI, KG, EI and the equal
allocation. On the log scale, the probability of false selection (PFS) values of the iKG algorithm
demonstrate linear patterns, indicating the potentially exponential convergence rates. For both EI and
KG, the rates of the posterior convergence are not optimal, which might influence their empirical
performances. The equal allocation performs the worst in general. In Figures 1(b)-7(b), we can see
that TTEI always allocates half samples to the best arm when /3 = 0.5, EI allocates too many samples
to the best arm while KG allocates too few samples to the best arm.

Figures 8(a)-14(a) show how the probabilities of false selection of the compared algorithms change
with the sample sizes for the e-good arm identification, and Figures 8(b)-14(b) show the sampling
rates of the algorithms on some selected arms. It can be observed in Figures 8(a)-14(a) the proposed
iKG-¢ algorithm performs the best and demonstrates a linear pattern on the log scale. (ST)? and APT
are inferior, and the equal allocation performs the worst. In Figures 8(b)-14(b), we can see that APT
allocates too few samples to the best arm and too many samples to the arms near the threshold. ST?
allocates too few samples to the best arm, which influences the accuracy of the threshold.

Figures 15(a)-21(a) show how the probabilities of false selection of the compared algorithms change
with the sample sizes for the feasible arm identification, and Figures 15(b)-21(b) show the sampling
rates of the algorithms on some selected arms. The results in Figures 15(a)-21(a) are similar to
those in Figures 1(a)-14(a). The proposed iKG-F algorithm has the best performance, followed by
the compared MD-UCBE, equal allocation and MD-SAR. In Figures 15(b)-21(b), we can see that
MD-UCBE and MD-SAR allocate too many samples to the arms near the constraint limits.
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Figure 1: PFS and sampling rates of selected arms for the best arm identification (Example 1)
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Figure 2: PFS and sampling rates of selected arms for the best arm identification (Example 2)
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Figure 3: PFS and sampling rates of selected arms for the best arm identification (Example 3)
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Figure 4: PFS and sampling rates of selected arms for the best arm identification (Dose-Finding Problem)
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Figure 5: PFS and sampling rates of selected arms for the best arm identification (Drug Selection Problem)
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Figure 6: PFS and sampling rates of selected arms for the best arm identification (Caption 853)
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Figure 7: PFS and sampling rates of selected arms for the best arm identification (Caption 854)
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Figure 8: PFS and sampling rates of selected arms for the e-good arm identification (Example 1)

0 2000

10000

4000 6000 8000 12000

Sample size n

(@)

08

0.7

06

Sampling Rates
o
g

02}

7

Selected arms

(b)

Figure 9: PFS and sampling rates of selected arms for the e-good arm identification (Example 2)
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Figure 10: PFS and sampling rates of selected arms for the e-good arm identification (Example 3)
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Figure 11: PFS and sampling rates of selected arms for the e-good arm identification (Dose-Finding Problem)
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Figure 12: PFS and sampling rates of selected arms for the e-good arm identification (Drug Selection Problem)

wonReRg B[R] Jo ANIqeqold

08 1 12 14 16 18 2
«10*

0.6

0.4

a)

Sample size n

Figure 13: PFS and sampling rates of selected arms for the e-good arm identification (Caption 853)
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Figure 14: PFS and sampling rates of selected arms for the e-good arm identification (Caption 854)
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Figure 15: PFS and sampling rates of selected arms for the feasible arm identification (Example 1)
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Figure 16: PFS and sampling rates of selected arms for the feasible arm identification (Example 2)
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Figure 17: PFS and sampling rates of selected arms for the feasible arm identification (Example 3)
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Figure 18: PFS and sampling rates of selected arms for the feasible arm identification (Dose-Finding Problem)
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Figure 19: PFS and sampling rates of selected arms for the feasible arm identification (Drug Selection Problem)
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Figure 20: PFS and sampling rates of selected arms for the feasible arm identification (Caption 853)
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Figure 21: PFS and sampling rates of selected arms for the feasible arm identification (Caption 854)
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